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De Morgan lassifying toposesOlivia CaramelloDPMMS, University of Cambridge,Wilberfore Road, Cambridge CB3 0WB, UKO.Caramello�dpmms.am.a.ukAugust 11, 2008AbstratWe present a general method for deiding whether aGrothendiek topos satis�es De Morgan's law (resp. the law ofexluded middle) or not; appliations to the theory of lassifyingtoposes follow. Spei�ally, we obtain a syntati haraterization ofthe lass of geometri theories whose lassifying toposes satisfy DeMorgan's law (resp. are Boolean), as well as model-theoreti riteriafor theories whose lassifying toposes arise as loalizations of a givenpresheaf topos.
1 The De Morgan topologyIn this setion we �rst introdue, in the ontext of elementary toposes, thenotion of De Morgan topology; this is shown to play, with respet to DeMorgan toposes, the same role that the well-known notion ofdouble-negation topology plays with respet to Boolean toposes. Then weprovide expliit desriptions of the De Morgan topology on a presheaf topos(in terms of the orresponding Grothendiek topology) and on a loalitopos (in terms of the orresponding loale).Let us reall the following de�nitions.De�nition 1.1. An Heyting algebra H is said to be a De Morgan algebraif and only if for eah p ∈ H , ¬p ∨ ¬¬p = 1.1
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De�nition 1.2. An elementary topos E is said to satisfy De Morgan's law(equivalently, to be a De Morgan topos) if its subobjet lassi�er Ω is aninternal De Morgan algebra in E .There are many di�erent known haraterizations of De Morgan's law intoposes (we refer the reader to [6℄ for a omprehensive treatment); we willmake use of the following ones:(1) A topos E is De Morgan if and only if the anonial monomorphism
(⊤,⊥) : 2 = 1 ∐ 1  Ω¬¬ is an isomorphism in E (here Ω¬¬ denotes theequalizer in E of the pair of arrows 1Ω : Ω → Ω and ¬¬ : Ω → Ω, that is thesubobjet lassi�er of the topos sh¬¬(E)).(2) A topos E is De Morgan if and only if the arrow ⊥ : 1 → Ω (that is, thelassifying map of the least subobjet 0 : 0  1 of Sub(1)) has aomplement in the Heyting algebra Sub(Ω).Let us reall from [1℄ (or from [5℄) that, given an elementary topos E and atopology j on it suh that j ≤ ¬¬, shj(E) is Boolean if and only if j = ¬¬;in other words, ¬¬ is the least topology j on E among those whih satisfy
j ≤ ¬¬ suh that shj(E) is Boolean.Theorem 1.3. Let E be an elementary topos. Then there exists a topology
m on E whih is the least topology j on E among those whih satisfy j ≤ ¬¬suh that shj(E) is De Morgan.The unique topology m on E satisfying the ondition of the proposition willbe alled the De Morgan topology on E , and the topos shm(E) will be alledthe DeMorganization of the topos E .Proof First, a remark on notation: given a loal operator (i.e. a topology)
j on E , we denote by Ωj the equalizer in E of the pair of arrows 1Ω : Ω → Ωand j : Ω → Ω, that is the subobjet lassi�er of the topos shj(E), and by
aj : E → shj(E) the assoiated sheaf funtor.We de�ne m to be the smallest loal operator j on E suh the anonialmonomorphism (⊤,⊥) : 2 = 1 ∐ 1  Ω¬¬ is j-dense; suh an operatorexists by a theorem of A. Joyal's (see Example A4.5.14 (b) p. 215 [5℄).If j is a topology suh that j ≤ ¬¬ then sh¬¬(E) ⊆ shj(E) and Ω¬¬ ≤ Ωj in
Sub(Ω); from this it easily follows that (Ωj)¬¬ = Ω¬¬, equivalently
sh¬¬(shj(E)) = sh¬¬(E) (fr. the proof of Lemma A4.5.21 p. 220 [5℄).Sine Ω¬¬ is a j-sheaf and the equality (Ωj)¬¬ = Ω¬¬ holds, the fat theassoiated sheaf funtor aj : E → shj(E) preserves oproduts implies thatthe anonial monomorphism (⊤,⊥) : 2 = 1 ∐ 1  (Ωj)¬¬ for the topos
shj(E) an be obtained as the result of applying aj to the anonialmonomorphism (⊤,⊥) : 2 = 1 ∐ 1  Ω¬¬ for the topos E . Hene, realling2



that a monomorphism m is j-dense for a loal operator j on E if and only if
aj(m) is an isomorphism in shj(E), we onlude that m satis�es thefollowing property: for eah loal operator j suh that j ≤ ¬¬, shj(E) is DeMorgan if and only if m ≤ j; this in partiular implies that m ≤ ¬¬ (as
sh¬¬(E) is always De Morgan being Boolean) and hene our thesis. �Let us prove an analogous haraterization for the double-negationtopology.Theorem 1.4. Let E be an elementary topos. Then the double-negationtopology ¬¬ on E is the least topology j on E suh that the anonialmonomorphism (⊤,⊥) : 2 = 1 ∐ 1  Ω is j-dense.Proof Let us denote by b the smallest loal operator j on E suh that
(⊤,⊥) : 2 = 1 ∐ 1  Ω is j-dense; again, suh an operator exists byExample A4.5.14 (b) p. 215 [5℄.The anonial morphism a¬¬(Ω) → Ω¬¬ is an isomorphism; indeed, thisfollows from Proposition A4.5.8 [5℄ in view of the fat that the identity
¬¬(¬¬h ∨ h) = 1 holds in any Heyting algebra. Hene, sine a¬¬ preservesoproduts, a¬¬((⊤,⊥)) is an isomorphism if and only if the anonialmonomorphism (⊤,⊥) for the topos sh¬¬(E) is an isomorphism, and this isthe ase sine sh¬¬(E) is Boolean. So we have that (⊤,⊥) is ¬¬-dense andhene b ≤ ¬¬. Now, if j ≤ ¬¬ then (⊤,⊥) fators through Ωj  Ω, so if
(⊤,⊥) is j-dense then the fatorization (⊤,⊥) : 2 = 1 ∐ 1  Ωj is j-dense(reall that the omposite of two monomorphisms is dense with respet to atopology if and only if both of them are), in other words, shj(E) is Boolean;in partiular, shb(E) is Boolean (as we have observed above that b ≤ ¬¬).Now, the fats that b ≤ ¬¬ and shb(E) is Boolean together imply that
b = ¬¬, by the remark before Theorem 1.3.Note that it is possible to avoid invoking the existene of the topology b inthis proof by arguing as follows. If j ≤ ¬¬ then (we have observed abovethat) (⊤,⊥) j-dense implies shj(E) Boolean, that is j = ¬¬. For a general
j, onsider the meet j ∧ ¬¬ in the lattie of topologies on E . From the fatthat meets in this lattie are omputed �pointwise� and (⊤,⊥) is ¬¬-dense(whih we have observed above), we have that if (⊤,⊥) is j-dense then
(⊤,⊥) is (j ∧ ¬¬)-dense; so, sine j ∧ ¬¬ ≤ ¬¬, we an refer to theprevious ase and onlude that j ∧ ¬¬ = ¬¬ (equivalently, ¬¬ ≤ j). �The following proposition states a ouple of useful fats on the De Morgantopology. 3



Proposition 1.5. Let E be an elementary topos and m the De Morgantopology on it. Then(i) shm(E) = E if and only if E is a De Morgan topos;(ii) For any topology j on E suh that j ≤ ¬¬, shm(shj(E)) = shk(E) where
k = m ∨ j in the lattie of topologies on E .Proof Part (i) is an immediate onsequene of Theorem 1.3 as
E = sh1(E), where 1 is the smallest topology on E . Let us then prove part(ii). To prove our equality, we verify that the topology k = m ∨ j on Esatis�es the universal property of the De Morgan topology on shj(E) givenby Theorem 1.3. For a given topology l on shj(E) suh that l ≤ ¬¬shj(E),
shl(shj(E)) is a dense subtopos of shj(E); but shj(E) is a dense subtopos of
E by hypothesis, so shl(shj(E)) is a dense subtopos of E (as theomposition of dense inlusions is again a dense inlusion); then, byde�nition of De Morgan topology on E , we have that shl(shj(E)) is DeMorgan if and only if shl(shj(E)) ⊆ shm(E), if and only if
shl(shj(E)) ⊆ shm(E) ∩ shj(E) = shm∨j(E). �Now, our aim is to desribe expliitly the De Morgan topology on apresheaf topos [Cop,Set]. To this end, we rephrase riterion (2) above for atopos to be De Morgan in the ase of a Grothendiek topos E = Sh(C, J).Reall that the subobjet lassi�er ΩJ : Cop → Set of the topos Sh(C, J) isde�ned by:
ΩJ (c) = {R | R is a J-losed sieve on c} (for an objet c ∈ C),
ΩJ (f) = f ∗(−) (for an arrow f in C),where f ∗(−) denotes the operation of pullbak of sieves in C along f .The arrow ⊥ : 1 → ΩJ is the lassifying map of the smallest subobjet
0 : 0 → 1 in SubE(1), whih is the subfuntor of 1 de�ned by:
0(c) = 1(c) = {∗} if ∅ ∈ J(c) and 0(c) = ∅ if ∅ /∈ J(c). A formula p. 142 [7℄then gives:

⊥(c)(∗) = {f : d→ c | ∗ ∈ 0(d)} = {f : d→ c | ∅ ∈ J(d)} .(despite the notation, here and below the domains of the arrows areintended to be variable).Let us put for onveniene Rc := {f : d→ c | ∅ ∈ J(d)}, for c ∈ C.By using formula (19) p. 149 [7℄ we get
(¬⊥)(c) = {R ∈ ΩJ(c) | for any f : d→ c, f ∗(R) = Rd implies f ∈ Rc},for any c ∈ C. 4



Let us now alulate ⊥∨ ¬⊥ by using formula (5) p. 145 [7℄:
(⊥∨¬⊥)(c) = {R ∈ ΩJ(c) | {f : d→ c | f ∗(R) = Rd or f ∗(R) ∈ (¬⊥)(d)} ∈ J(c)},for any c ∈ C.Hene we onlude that ⊥ ∨ ¬⊥ = 1ΩJ

(equivalently, Sh(C, J) is DeMorgan) if and only if for every objet c ∈ C and J-losed sieve R on c
{f : d→ c | (f ∗(R) = Rd) or (for any g : e→ d, g∗(f ∗(R)) = Re implies g ∈ Rd)}belongs to J(c).Let us now restrit our attention to Grothendiek topologies J on C suhthat all J-overing sieves are non-empty. Under this hypothesis, we havethat Rc = ∅ (for eah c ∈ C) and hene

(¬⊥)(c) = {R ∈ ΩJ(c) | for any f : d→ c, f ∗(R) 6= ∅},This motivates the following de�nition: a sieve R on c ∈ C is said to bestably non-empty if for any f : d→ c, f ∗(R) 6= ∅.Let us put, for any sieve R on c ∈ C,
MR := {f : d→ c | (f ∗(R) = ∅) or (f ∗(R) is stably non-empty)} .Then we have

(⊥ ∨ ¬⊥)(c) = {R ∈ ΩJ(c) | MR ∈ J(c)} .So, under the hypothesis that every J-overing sieve in non-empty, we getthe following simpli�ed form of our riterion: Sh(C, J) is De Morgan if andonly if for every objet c ∈ C and J-losed sieve R on c, MR ∈ J(c).Remarks 1.6. (a) For any sieve R on c ∈ C and any arrow f : d→ c in C,
f ∗(MR) = Mf∗(R).(b) If r : c′ → c is a monomorphism in C then, given a sieve R′ on c′ anddenoted by R the sieve {r ◦ f | f ∈ R′} on c, we have that r∗(MR) = MR′ .Indeed, by (a) we have r∗(MR) = Mr∗(R), so it is enough to prove that
r∗(R) = R′; one inlusion is obvious, while the other holds sine r′ is moni.This implies that if J is a Grothendiek topology on C then MR ∈ J(c)implies MR′ ∈ J(c′); thus, in heking that the ondition of our riterion issatis�ed, we an restrit our attention to any olletion F of objets in Cwith the property that for eah objet c in C there is a monomorphism r in
C from c to an objet in F .() Under the hypothesis that every J-overing sieve in non-empty, if R isthe J-losure of the sieve R, MR = MR; indeed, a sieve R is empty if andonly if its J-losure R is. 5



Remark 1.6() implies that in the simpli�ed form of our riterion above wean equivalently quantify over all sieves R in C. This leads us to give thefollowing de�nition: given a ategory C, the De Morgan topology MC on itis the Grothendiek topology on C generated by the family of sieves
{MR | R sieve in C}. In fat, our riterion says preisely that, for anyGrothendiek topology J suh that every J-overing sieve is non-empty(equivalently, J ≤ ¬¬[Cop,Set]), Sh(C, J) is De Morgan if and only MC ≤ J .This, together with the observation that every MC-overing sieve isnon-empty, proves that the De Morgan topology MC on C is exatly theGrothendiek topology on C orresponding to the De Morgan topology onthe topos [Cop,Set].Summarizing, we have the following result.Theorem 1.7. Let C be a ategory. There exists a Grothendiek topology
MC on C, alled the De Morgan topology on C, whih satis�es the followingproperty: for any Grothendiek topology J suh that every J-overing sieveis non-empty, Sh(C, J) is De Morgan if and only MC ≤ J . MC is theGrothendiek topology on C orresponding to the De Morgan topology on thetopos [Cop,Set] and is generated by the family of sieves
{MR | R sieve in C}.

�Notie that in ase J is the trivial topology the theorem immediately givesthe following haraterization: the topos [Cop,Set] is De Morgan if and onlyif C satis�es the right Ore ondition (this is a well-known result, fr.Example D4.6.3(a) p. 1001 [6℄). Also, if C satis�es the right Ore ondition,then MC is learly the trivial Grothendiek topology on C; as aonsequene, we obtain the following result.Corollary 1.8. Let C be a ategory satisfying the right Ore ondition.Then for every Grothendiek topology J suh that every J-overing sieve isnon-empty, Sh(C, J) is De Morgan.
�Now, let us brie�y turn our attention to Boolean toposes. Starting from thewell-known haraterization: Sh(C, J) is Boolean if and only if ⊥∨⊤ = 1ΩJin Sub(ΩJ), our methods an be easily adapted to prove the followingriterion:

Sh(C, J) is Boolean if and only if for every objet c ∈ C and J-losed sieve
R on c,

{f : d→ c | (f ∗(R) = Rd) or (f ∈ R)} ∈ J(c) .6



If J is a Grothendiek topology on C suh that every J-overing sieve isnon-empty, the riterion beomes:
Sh(C, J) is Boolean if and only if for every objet c ∈ C and J-losed sieve
R on c, BR := {f : d→ c | (f ∗(R) = ∅) or (f ∈ R)} ∈ J(c).In fat, the ondition `J-losed' here an be put in parentheses, by thefollowing haraherization of the double-negation topology ¬¬[Cop,Set] on thetopos [Cop,Set] (and the remark preeding Theorem 1.3).Reall from [7℄ that ¬¬[Cop,Set] orresponds to the dense topology D on C,that is to the Grothendiek topology D on C de�ned as follows: for a sieve
R in C

R ∈ D(c) i� R is stably non-empty .It is immediate to prove that the topology D is given preisely by theolletion of sieves {BR | R sieve in C}; indeed, for any sieve R on c ∈ C,
BR ∈ D(c) and for any R ∈ D(c), R = BR.Suppose now that C satis�es the right Ore ondition and every J-overingsieve is non-empty; the riterion above simpli�es to:
Sh(C, J) is Boolean i� for every objet c ∈ C and J-losed sieve R on c,

R ∪ {f : d→ c | f ∗(R) = ∅} ∈ J(c),i� every non-empty J-losed sieve is J-overing,i� the only non-empty J-losed sieves are the maximal sieves.Finally, let us desribe the De Morgan topology on a given topos Sh(X) ofsheaves a loale X. To this end, we prove the following result, whih is thenatural embodiment of a number of ideas present in [5℄ and [6℄ (thenotation used below being that of [5℄ and [6℄).Proposition 1.9. Let X be a loale. Then there exists a frameisomorphism N(O(X)) ∼= Lop(Sh(X)) from the frame N(O(X)) of nuleion the frame O(X) orresponding to X and the frame Lop(Sh(X)) of loaloperators on the topos Sh(X) (equivalently, a oframe isomorphism betweenthe oframe of subloales of X and the oframe of subtoposes of Sh(X)).Through this isomorphism, an open (resp. losed) nuleus on an element
a ∈ O(X) orresponds to the open (resp. losed) subtopos of Sh(X)determined by a (regarded as a subterminal objet in Sh(X)), and thedense-losed fatorization of a given subloale of X orresponds to thedense-losed fatorization of the orresponding geometri inlusion.Proof Given a geometri inlusion i : E → Sh(X) with odomain Sh(X), iis loali (fr. Example A4.6.2(a) [5℄), hene the topos E is loali (fr.Example A4.6.2(e) [5℄ and Theorem C1.4.7 [6℄), that is there exists a loale7



Y suh that E ≃ Sh(Y ); by Proposition C1.4.5 [6℄ suh a loale Y is uniqueup to isomorphism in the ategory Loc of loales and by Corollary C1.5.2[6℄ the inlusion i : Sh(Y ) → Sh(X) orresponds to a unique subobjet
Y → X in Loc. Conversely, any subloale L of X gives rise to a geometriinlusion Sh(L) → Sh(X) (again by Corollary C1.5.2 [6℄). These twoassignments are learly inverse to eah other, and hene de�ne a bijetionbetween the (equivalene lasses of) geometri inlusions with odomain
Sh(X) and the subloales of X. Now, realling that the (equivalenelasses of) geometri inlusions with odomain Sh(X) are in bijetion withthe loal operators on the topos Sh(X) and the subloales of X are inbijetion with the nulei on the frame O(X), we obtain a bijetion
N(O(X)) ∼= Lop(Sh(X)). This bijetion is in fat a frame isomorphism;indeed, given two subloales of X, they are inluded one into the other ifand only if the orresponding subtoposes are (again, this is an immediateonsequene of Proposition C1.4.5 [6℄ and Corollary C1.5.2 [6℄). Thisonludes the proof of the �rst part of the proposition. Now, if o(a) is theopen nuleus on an element a ∈ O(X) then the subtopos orresponding toit via the isomorphism is the open subtopos õ(a) determined by a, a beingregarded here as a subterminal objet in Sh(X) (fr. the disussion p. 204[5℄); from this we dedue that the losed nuleus c(a) on an element
a ∈ O(X) orresponds to the losed subtopos c̃(a) determined by a, as c(a)and c̃(a) are respetively the omplements of o(a) and õ(a) in the frames
N(O(X)) and Lop(Sh(X)) (fr. setion A4.5 [5℄ and Example C1.1.16(b)[6℄).Reall from [6℄ that every subloale Y of a given loale X has a losure Y ;spei�ally, if j is the nuleus on O(X) orresponding to Y then c(j(0)) isthe nuleus on O(X) orresponding to Y . In passing, we note that Y isharaterized among the subloales of X by the following property: it is thelargest subloale Z of X suh that for eah open subloale A of X
A ∩ Z 6= ∅ (if) and only if A ∩ Y 6= ∅; indeed, by onsidering theorresponding �xsets, it is immediate to see that A ∩ Y 6= ∅ if and only if
a ≥ j(0), where A = o(a). Then we have a fatorization Y → Y → X where
Y → Y is dense and Y → X is losed. We want to show that theorresponing geometri inlusions Sh(Y ) → Sh(Y ) and Sh(Y ) → Sh(X)are respetively dense and losed. We reall from [5℄ that the dense-losedfatorization of a geometri inlusion shj(E) →֒ E is given by
shj(E) → shc̃(ext(j))(E) → E , where ext : Lop(E) → SubE(1) is the rightadjoint to the map c̃ : SubE(1) → Lop(E) sending eah subterminal objetto the orresponding losed subtopos. Now, if E = Sh(X) the map c̃orresponds via our isomorphism to the map c : O(X) → N(O(X)) sendingan element a ∈ O(X) to the orresponding losed nuleus c(a); by arguing8



in terms of �xsets, it is immediate to verify that this map has a rightadjoint given by the map sending a nuleus j to its value j(0) at 0; hene,the dense-losed fatorization of the subtopos Sh(Y ) → Sh(X) is given by
Sh(Y ) → Sh(Y ) → Sh(X), as required. �We are now ready to solve our original problem.Theorem 1.10. Let X be a loale. Then the DeMorganization
Shm(Sh(X)) of the topos Sh(X) is equivalent to the topos Sh(Xm) ofsheaves on the loale Xm de�ned as follows: O(Xm) is the quotient of O(X)by the �lter generated by the family
{u ∨ ¬u | u is a regular element of O(X)}.Proof By de�nition of De Morgan topology, Shm(Sh(X)) is the largestdense De Morgan subtopos of Sh(X). In view of Proposition 1.9 and of thewell-known haraterization `Sh(X) is a De morgan topos if and only if Xis a De Morgan loale (i.e. O(X) is a De Morgan algebra)', it is equivalentto prove that Xm is the largest dense De Morgan subloale of X. This willimmediately follow from the de�nition of Xm, one we have proved that Xmis dense in X. Indeed, if L is a subloale of X with orresponding surjetivehomomorphism of frames l : O(X) → O(L) then L is dense in X if andonly if for eah a ∈ O(X), l(a) = 0 implies a = 0; so, if L is dense in X, lpreserves the operation of pseudoomplementation and hene L is a DeMorgan loale if and only if l fators through the natural projetion
O(X) → O(Xm).Now, if j is the nuleus orresponding to the subloale Xm then to provethat Xm is dense amounts to verify that j(0) = 0. By de�nition of nuleusorresponding to (a subloale regarded as) a surjetive homomorphism offrames, we have that j(0) is the largest element a ∈ O(X) suh that both
a⇒0 and 0⇒a belongs to the �lter in the statement of the proposition; sowe have to prove that for any a ∈ O(X), ¬a belongs to the �lter if and onlyif a = 0. For a to belong to the �lter it is neessary (and su�ient) thatthere exists a �nite number u1, u2, . . . , un of regular elements of O(X) suhthat a ≥ ∨

1≤i≤n
(ui ∨ ¬ui). Now, denoted by O(X)¬¬ the lattie of regularelements of O(X), the double negation operator ¬¬ is a framehomomorphism O(X) → O(X)¬¬ and hene by applying it to theinequality above we obtain that ¬a = ¬¬¬a is the top element of theBoolean algebra O(X)¬¬, equivalently a = 0. �

9



2 The simpli�ation methodThe purpose of this setion is to give a simpli�ed desription of ourriterion for a Grothendiek topos to be De Morgan, and in partiular ofthe De Morgan topology, in several ases of interest.Let us start with an informal desription of our strategy. The main idea isthat the more ategorial stuture we have on C, the more we should be ableto simplify the desription of our riterion. This simpli�ation will in fatbe arried out in three steps; at eah step the ategory C will be supposedto have some more ategorial struture than it had in the previous stepand, as a result, a simpler desription of the riterion will be ahieved.Let (C, J) be a Grothendiek site. Then, denoted by C̃ the full subategoryof C on the objets whih are not J-overed by the empty sieve and by J̃the topology indued by J on C̃, the toposes Sh(C, J) and Sh(C̃, J̃) arenaturally equivalent (fr. Example C2.2.4(e) [6℄). Theorem 1.7 then impliesthat a Grothendiek topos Sh(C, J) is De Morgan if and only if MC̃ ≤ J̃ . Ininvestigating whether a Grothendiek topos Sh(C, J) is De Morgan, wewould then naturally opt for using, beause of its simpliity, this latter formof the riterion whih involves working with the ategory C̃ rather thanwith C. However, while our original ategory C may have a ertain amountof ategorial struture, by passing from C to C̃ it often happens that a lotof ategorial struture is lost. Our stategy will be then to work with thesite (C̃, J̃), but by keeping in mind its relationship with the original site
(C, J) (what we exatly mean by this will be lear later). We will restritour attention to Grothendiek topologies J suh that the only objet of Cwhih is J-overed by the empty sieve is the initial objet 0C (up toisomorphism) (note that for a subanonial topology J , this is always thease). Also, instead of requiring that the ategory C has enough strutureitself, we will more loosely require C to be losed (in the obvious sense)under the ategorial struture on a larger ategory D; that is, we will workin the ontext of (full) embeddings C̃ →֒ C →֒ D, where D is supposed to bea ategory �with enough struture� and C is assumed to be losed underthis struture.First, let us introdue some terminology.Given an embedding C →֒ D, where D is a ategory with pullbaks, and twoarrows f : a→ c and g : b→ c in D with ommon odomain, we denote byp.b.(f , g) the objet p in D forming the pullbak square

p

��

// a

f

��

b g
// c10



in D; of ourse, p is de�ned only up to isomorphism in D.The following proposition represents the �rst step of our simpli�ationproess. Below, for C to be losed in D under pullbaks we mean thatwhenever we have a pullbak square
p

��

// a

f

��

b g
// cin D where f and g lie in C then (an isomorphi opy of) the objet p, andhene the whole square, also lies in C.Proposition 2.1. Let C →֒ D be a full embedding of ategories suh that Dhas pullbaks and a strit initial objet 0 ∈ C and C is losed in D underpullbaks. Then for any objet c ∈ C̃, sieve R on c in C̃ and arrow f : d→ cin C̃ we have:

f ∗(R) = ∅ i� for every arrow r in R , p.b.(f , r) ∼= 0;

f ∗(R) is stably non-empty i� for every arrow g in C̃ s.t. cod(g) = dom(f),there exists r in R with p.b.(g, r) ≇ 0 .(the sieve pullbaks f ∗(R) above being taken in the ategory C̃).Proof Let us prove the �rst assertion, the seond being an immediateonsequene of it.Let us suppose that f ∗(R) = ∅. If for an arrow r in R we had p.b.(f , r) ≇ 0then we would have a pullbak square
p

h

��

k
// d

f

��

b r
// cin D with P ≇ 0; hene, sine C is losed in D under pullbaks, the arrow kwould lie in C̃ and satisfy k ∈ f ∗(R), ontraditing our assumption.Conversely, let us suppose that f ∗(R) is non-empty. Then there exists anarrow k : e→ d in C̃ suh that f ◦ k belongs to R. Hene e ≇ 0 and we havea ommutative square

e

1d

��

k
// d

f

��
e

f◦k
// cThen, 0 being a strit initial objet in D, by the universal property of thepullbak it follows that p.b.(f , f ◦ k) ≇ 0. �11



It is sensible at this point to introdue the following terminology: given twoarrows f and g in C̃ with ommon odomain, they are said to be disjoint(equivalently, f is said to be disjoint from g) if p.b.(f , g) ∼= 0, while f issaid to be stably joint with g if for eah arrow k in C̃ suh that
cod(k) = dom(f) we have p.b.(f ◦ k, g) ≇ 0.We note that Proposition 2.1 implies that, given two arrows f and r in C̃with ommon odomain, f ∗((r)) = ∅ if and only if f and r are disjoint,while f ∗((r)) is stably non-empty if and only if f is stably joint with r.Let us go on to the seond step. Below, for C to be losed in D underover-mono fatorizations we mean that if d ։ c′  c is the over-monofatorization in D of a morphism d→ c lying in C, then (an isomorphiopy of) the objet c′ (and hene the whole fatorization) also lies in C.Proposition 2.2. Let C →֒ D be a full embedding of ategories suh that Dis a regular ategory having a strit initial objet 0 ∈ C and C is losed in Dunder pullbaks and over-mono fatorizations. Given an objet c ∈ C̃, asieve R on c in C̃ and an arrow f : d→ c in C̃, let us denote, for eaharrow r in R, by dom(r) ։ x

r′

 c its over-mono fatorization in D and by
R′ the sieve in C̃ generated by the arrows r′ (for r in R). Then we have:

f ∗(R) = ∅ i� f ∗(R′) = ∅;
f ∗(R) is stably non-empty i� f ∗(R′) is stably non-empty .Proof Of ourse, it is enough to prove the �rst equivalene. This easilyfollows from Proposition 2.1 and our hypotheses. Indeed, we have that

f ∗(R) = ∅ if and only if for eah r in R p.b.(f , r) ∼= 0, if and only if foreah r′ in R′ p.b.(f , r) ∼= 0, if and only if f ∗(R′) = ∅, where the seondequivalene follows from the fat that, given a over d ։ c, c ∼= 0 if andonly if d ∼= 0 (0 being a strit initial objet). �Corollary 2.3. Let (C, J) be a Grothendiek site suh that the only objetof C whih is J-overed by the empty sieve is the initial objet 0 of C (up toisomorphism) and C →֒ D a full embedding of ategories suh that D is aregular ategory having a strit initial objet 0 ∈ C and C is losed in Dunder pullbaks and over-mono fatorizations. Then Sh(C, J) is a DeMorgan topos if and only if for eah sieve R in C̃ generated in C̃ bymorphisms whih are moni in D,
MR = {f : d→ c in C̃ | (f ∗(R) = ∅) or (f ∗(R) is stably non-empty)} is a
J̃-overing sieve.Proof From Proposition 2.2 we have that MR = MR′ ; our thesis thenfollows from the remarks at the beginning of this setion. �12



Let us now proeed to the third step. Below, for C to be losed in D underarbitrary (i.e. set-indexed) unions of subobjets we mean that whenever wehave a set of arrows in C with ommon odomain c ∈ C whih are moni in
D, the union of them in SubD(c) also lies (up to isomorphism) in C.Proposition 2.4. Let C →֒ D be a full embedding of ategories suh that Dis a geometri ategory with a (strit) initial objet 0 ∈ C and C is losed in
D under pullbaks, over-mono fatorizations and arbitrary unions ofsubobjets. Given an objet c ∈ C̃, a sieve R on c in C̃ generated by arrows
{ri, i ∈ I} whih are moni in D, and an arrow f : d→ c in C̃, let usdenote by r the union of the subobjets ri (for i ∈ I) in SubD(c) and by (r)the sieve generated by r in C̃. Then we have:

f ∗(R) = ∅ i� f ∗((r)) = ∅;
f ∗(R) is stably non-empty i� f ∗((r)) is stably non-empty .Proof This immediately follows from Proposition 2.1 and the fat thatunions of subobjets in D are stable under pullbak; indeed, we have that

f ∗(R) = ∅ if and only if for eah ri in R p.b.(f , ri) ∼= 0, if and only if
∪
i∈I

p.b.(f , ri) ∼= 0, if and only if p.b.(f , r) ∼= 0, if and only if f ∗((r)) = ∅. �From Propositions 2.2 and 2.4 we immediately dedue the followingorollary.Corollary 2.5. Let (C, J) be a Grothendiek site suh that the only objetof C whih is J-overed by the empty sieve is the initial objet 0 of C (up toisomorphism) and C →֒ D be a full embedding of ategories suh that D is ageometri ategory with a (strit) initial objet 0 ∈ C and C is losed in Dunder pullbaks, over-mono fatorizations and arbitrary unions ofsubobjets. Then Sh(C, J) is a De Morgan topos if and only if for eaharrow r in C̃ whih is moni in D
M(r) = {f : d→ c in C̃ | (f is disjoint from r) or (f is stably joint with r)}is a J̃-overing sieve.

�The following propositions are the analogues �for the arrows f � ofPropositions 2.2 and 2.4.
13



Proposition 2.6. Let C →֒ D be a full embedding of ategories suh that Dis a regular ategory having a strit initial objet 0 ∈ C and C is losed in Dunder pullbaks and over-mono fatorizations. Given an objet c ∈ C̃, asieve R on c in C̃ and an arrow f : d→ c in C̃, if d f ′′

։ x
f ′

 c is theover-mono fatorization of f in D then
f ∗(R) = ∅ i� f ′∗(R) = ∅;

f ∗(R) is stably non-empty i� f ′∗(R) is stably non-empty .Proof Let us begin to prove the �rst part of the proposition. Oneimpliation is obvious as f fators through f ′; let us prove the other one.Suppose that f ′∗(R) 6= ∅. Then there exists an arrow k : dom(k) → x in C̃suh that f ′ ◦ k belongs to R. Now, sine f ′ is monip.b.(f ′ ◦ k, f ′) = dom(k) ≇ 0 so p.b.(f ′ ◦ k, f) ≇ 0 as f ′′ is a over and 0 isstritly initial. This implies that f ∗(R) 6= ∅ by Proposition 2.1. Thisonludes the proof of the �rst part.Let us now prove the seond part. Again, one diretion is trivial. To provethe other impliation, let us suppose that f ∗(R) is stably non-empty. Givenany arrow g : e→ x in C̃, we want to prove, aording to Proposition 2.1,that there exists an arrow r in R suh that p.b.(f ′ ◦ g, r) ≇ 0. To �nd suhan arrow r, onsider in D the pullbak
y

h

��

k
// d

f ′′

��
e

g
// xAs f ′′ is a over then h is a over, so y ≇ 0 and k is an arrow in C̃; then,

f ∗(R) being stably non-empty, there exists an arrow r in R suh thatp.b.(f ◦ k, r) ≇ 0. From this it is immediate to see (by using that h is aover and 0 is stritly initial) that p.b.(f ′ ◦ g, r) ≇ 0. �Proposition 2.7. Let C →֒ D be a full embedding of ategories suh that Dis a geometri ategory with a (strit) initial objet 0 ∈ C and C is losed in
D under pullbaks, over-mono fatorizations and arbitrary unions ofsubobjets. Given an objet c ∈ C̃, a sieve R on c in C̃ and a set-indexedolletion {fi : di → c | i ∈ I} of arrows in C̃ whih are moni in D, if f isthe union of the subobjets fi (for i ∈ I) in SubD(c) then

f ∗(R) = ∅ i� for eah i ∈ I f ∗
i (R) = ∅;

f ∗(R) is stably non-empty i� for eah i ∈ I f ∗
i (R) is stably non-empty .14



Proof The �rst part of the proposition follows as an immediateonsequene of Proposition 2.1 by using the fat that unions of subobjetsin D are stable under pullbak. It remains to prove the seond part. Oneimpliation is obvious, sine eah fi fators through f . To prove the otherimpliation, suppose that for eah i ∈ I f ∗
i (R) is stably non-empty. ByPropositions 2.2 and 2.4 we an suppose without loss of generality that R isthe sieve generated in C̃ by an arrow r in C̃ whih is moni in D. So weassume that for eah i ∈ I fi is stably joint with r and want to prove that fis stably joint with r. Given an arrow g : e→ d in C̃, let us de�ne for eah

i ∈ I gi to be the pullbak in D of g along the inlusion ji : di → c, as in thefollowing diagram:
yi

hi

��

gi
// di

ji

��

fi

��
=

=
=

=
=

=
=

=

e
g

// d
f

// cNow, 1e = (f ◦ g)∗(f) = (f ◦ g)∗(∪
i∈I
fi) =∪

i∈I
(f ◦ g)∗(fi) =∪

i∈I
hi, henesine e ≇ 0 there exists i ∈ I suh that ei ≇ 0. So gi is an arrow in C̃ andhene by our assumption p.b.(fi ◦ gi, r) ≇ 0; the fat that 0 is a stritinitial objet then implies that p.b.(f ◦ g, r) ≇ 0, as required. �Let us now work under the hypotheses of Corollary 2.5 with the additionalassumption that the topology J on C is indued on C by the anonialtopology on the geometri ategory D (equivalently, the J-overing sievesare exatly those whih ontain small overing families). By using suhexpliit desription of the topology J , we have that, for eah arrow

r : d→ c in C̃ whih is moni in D, M(r) ∈ J̃(c) if and only if there exists asmall overing family {fi | i ∈ I} in C̃ suh that for eah i ∈ I either(1) fi is disjoint from ror(2) fi is stably joint with r.Note that, sine C is losed in D under pullbaks and arbitrary unions ofsubobjets, for eah c ∈ C, the olletion of subobjets in SubD(c) whih lie(up to isomorphism) in C form a subframe of SubD(c); this frame, regardedas a (omplete) Heyting algebra, will be denoted by SubC
D(c).Suppose that for eah i ∈ I ondition (1) holds. Then by Proposition 2.7there exists a over f : dom(f) ։ c suh that f is disjoint from r; thislearly implies (0 being strit initial) that dom(r) = 0, that is r is the zerosubobjet in the Heyting algebra SubC

D(c).Suppose that for eah i ∈ I ondition (2) holds; again, by Proposition 2.7we dedue that for every arrow g : dom(g) → c, g is stably joint with r; this15



is in turn learly equivalent (by Proposition 2.6) to saying that ¬r ∼= 0 in
SubC

D(c).So, provided that r ≇ 0 and ¬r ≇ 0 in SubC
D(c), the sets

I1 = {i ∈ I | fi is disjoint from r} and
I2 = {i ∈ I | fi is stably joint with r} are both non-empty and we andedue by Propositions 2.6 and 2.7 that there exists two arrows
f1 : dom(f1) → c and f2 : dom(f2) → c in C̃ whih are moni in D, jointlyovering and satisfy: f1 is disjoint from r and f2 is stably joint from r. Interms of the Heyting algebra SubC

D(c) this ondition preisely means thatthe union of the subobjets f1 and f2 in SubC
D(c) is 1c, f1 ∩ r = 0 and

χ ∩ r 6= 0 for eah χ in SubC
D(c) suh that χ 6= 0 and χ ≤ f2 (we maysuppose - without loss of generality - χ to be in SubC

D(c) by Proposition2.6). On the other hand, note that the existene of two suh arrows f1 and
f2 implies M(r) ∈ J̃(c).This leads us to introdue the following de�nition.De�nition 2.8. Let H be an Heyting algebra. Then H is said to satisfyDe Morgan property if for eah element r ∈ H suh that r 6= 0 and ¬r 6= 0there exist elements f1 and f2 in H satisfying the following onditions:
f1, f2 6= 0,
f1 ∨ f2 = 1,
f1 ∧ r = 0,
χ ∧ r 6= 0 for eah χ 6= 0 suh that χ ≤ f2.Remark 2.9. This de�nition an be learly put also in the following form:an Heyting algebra H satis�es De Morgan property if and only if for eahelement r ∈ H suh that r 6= 0 and ¬r 6= 0 there exists a omplementedelement f in H suh that f ∧ r = 0 and χ ∧ r 6= 0 for eah χ 6= 0 suh that
χ ∧ f = 0.Proposition 2.10. Let H be an Heyting algebra. Then H satis�es DeMorgan property if and only if it is a De Morgan algebra.Proof Let us use the seond form of the de�nition of De Morgan property.In one diretion, let us suppose that H satis�es De Morgan property. Toprove that H is a De Morgan algebra we need to verify that for eahelement r ∈ H we have ¬r ∨ ¬¬r = 1. Now, if either r = 0 or ¬r = 0 this isobvious; if r 6= 0 and ¬r 6= 0 then there exists a omplemented element f in
H suh that f ∧ r = 0 and χ ∧ r 6= 0 for eah χ 6= 0 suh that χ ∧ f = 0.We have that f ≤ ¬r as f ∧ r = 0. To prove that ¬f ≤ ¬¬r, observe that
¬f ∧ ¬r = 0, as otherwise by taking χ = ¬f ∧ ¬r we would get
¬f ∧ ¬r ∧ r 6= 0, a ontradition. So we have 1 = f ∨ ¬f ≤ ¬r ∨ ¬¬r, thatis ¬r ∨ ¬¬r = 1. 16



Conversely, let us suppose that H is a De Morgan algebra; given r ∈ Hsuh that r 6= 0 and ¬r 6= 0, we take f to be the omplemented element ¬r;this does the work beause obviously f ∧ r = 0 and given χ 6= 0 suh that
χ ∧ f = 0, χ ∧ r 6= 0 as otherwise we would have χ ≤ ¬r and hene
χ ≤ ¬r ∧ ¬¬r = 0. �So we have arrived at the following result.Theorem 2.11. Let (C, J) be a Grothendiek site and C →֒ D be a fullembedding of ategories suh that D is a geometri ategory with a (strit)initial objet 0 ∈ C and C is losed in D under pullbaks, over-monofatorizations and arbitrary unions of subobjets. If J is the Grothendiektopology on C indued by the anonial topology on D then Sh(C, J) is a DeMorgan topos if and only if for eah objet c ∈ C the Heyting algebra
SubC

D(c) satis�es De Morgan property (equivalently, is a De Morganalgebra).
�Finally, let us onsider how our simpli�ation method an be adapted tothe Boolean ase.From the onsiderations in the �rst setion we dedue the followingriterion: provided that every J-overing sieve is non-empty, Sh(C, J) isBoolean if and only if every stably non-empty sieve in C̃ is J̃-overing.Now, if D is a regular (resp. geometri) ategory and J is the Grothendiektopology on C indued via the embedding C →֒ D by the anonial topologyon D, Proposition 2.2 (resp. Proposition 2.4) enables us to restrit ourattention to sieves R whih are generated by a family of arrows whih aremoni in D (resp. by a single arrow whih is moni in D), as in Corollary2.3 (resp. Corollary 2.5). In fat, the following results hold.Corollary 2.12. Let (C, J) be a Grothendiek site and C →֒ D a fullembedding of ategories suh that D is a regular ategory having a stritinitial objet 0 ∈ C and C is losed in D under pullbaks and over-monofatorizations. Then(a) If J is the Grothendiek topology on C indued by the anonial topologyon D then Sh(C, J) is Boolean if and only if every stably non-empty sieve

R in C̃ generated in C̃ by morphisms whih are moni in D is a J̃-overingsieve (equivalently, the maximal sieve).(b) If D is a oherent ategory and J is the Grothendiek topology on Cindued by the anonial topology on D then Sh(C, J) is Boolean if and onlyif every stably non-empty sieve R in C̃ generated in C̃ by morphisms whihare moni in D ontains a �nite overing family.17



Proof (a) One diretion is obvious. Let us prove the other one. If R is astably non-empty sieve in C̃ on an objet c then by Proposition 2.2 thesieve R′ generated by the images in D of the morphisms in R is stablynon-empty and hene J̃-overing. Then, J̃ being indued by the anonialtopology on the regular ategory D, there exists a morphism in C̃ whih is aover in D and belongs to R′. Thus, the identity 1c fators through one ofthe generating morphisms of R′, that is there exists a morphism in R whoseimage is isomorphi to the identity, i.e. whih is a over in D; hene R is a
J̃ -overing sieve.(b) One diretion is obvious. In the other diretion, given a stablynon-empty sieve R, onsider the sieve R′ as above. Then R′ is J̃-overingand hene, J̃ being indued by the anonial topology on the oherentategory D, R′ ontains a �nite overing family. In fat, R′ being generatedby monomorphisms, we may learly suppose the members of suh a familyto belong to this olletion of monomorphisms. Then R ontains a �niteovering family (take the arrows whose images are in the family above), andhene is J̃-overing.

�Corollary 2.13. Let (C, J) be a Grothendiek site and C →֒ D a fullembedding of ategories suh that D is a geometri ategory with a (strit)initial objet 0 ∈ C and C is losed in D under pullbaks, over-monofatorizations and arbitrary unions of subobjets of objets in C. If J is theGrothendiek topology on C indued by the anonial topology on D then
Sh(C, J) is Boolean if and only if for eah arrow r in C̃ suh that r ismoni in D and (r) is stably non-empty, (r) is a J̃-overing sieve(equivalently, the maximal sieve).Proof One diretion being obvious, let us prove the other one. ByCorollary 2.12 we an restrit our attention to sieves R generated by a set
{ri | i ∈ I} of arrows in C̃ whih are monomorphisms in D. Denoted by rthe union of these monomorphisms in SubD(c), we have by Proposition 2.4that (r) is stably non-empty. Then (r) is a J̃-overing sieve, that is (J̃being indued by the anonial topology on the geometri ategory D) (r)ontains a small overing family of arrows lying in C̃. Now, the fat that ris moni in D implies that the sieve (r) is losed in D under taking imagesand unions of subobjets in C̃, so 1c ∈ (r). Thus, {ri | i ∈ I} is a smallovering family and hene R is a J̃-overing sieve. �Analogously to the De Morgan ase, we are led to introdue the followingnotion. 18



De�nition 2.14. Let H be an Heyting algebra. Then H is said to satisfythe Boolean property if the only element r ∈ H suh that for eah χ ∈ H ,
χ 6= 0 implies χ ∧ r 6= 0, is 1.Proposition 2.15. Let H be an Heyting algebra. Then H satis�es theBoolean property if and only if it is a Boolean algebra.Proof In one diretion, let us suppose that H satis�es the Booleanproperty. To prove that H is a Boolean algebra we need to verify that foreah element r ∈ H we have r ∨ ¬r = 1. Now, for any χ 6= 0 we have
χ ∧ (r ∨ ¬r) = (χ ∧ r) ∨ (χ ∧ ¬r) 6= 0 beause otherwise we would have
χ ∧ r = 0, χ ∧ ¬r = 0 and hene χ ≤ ¬r ∧ ¬¬r = 0, whih is absurd; so weonlude that r ∨ ¬r = 1.Conversely, let us suppose that H is a Boolean algebra; then given r ∈ Hsuh that r 6= 1, χ = ¬r satis�es χ 6= 0 and χ ∧ r = 0. �The analogue of Theorem 2.11 is then given by the following result.Theorem 2.16. Let (C, J) be a Grothendiek site and C →֒ D be a fullembedding of ategories suh that D is a geometri ategory with a (strit)initial objet 0 ∈ C and C is losed in D under pullbaks, over-monofatorizations and arbitrary unions of subobjets. If J is the Grothendiektopology on C indued by the anonial topology on D then Sh(C, J) isBoolean if and only if for eah objet c ∈ C the Heyting algebra SubC

D(c)satis�es Boolean property (equivalently, is a Boolean algebra).Proof This immediately follows from Corollary 2.13 by using Proposition2.6. �3 Appliations3.1 Syntati riteriaGiven a geometri theory T, we say that T is a De Morgan (resp. Boolean)theory if its lassifying topos Set[T] satis�es De Morgan's law (resp. isBoolean).In this setion we show how it is possible to dedue from Theorem 2.11(resp. Theorem 2.16) in the last setion a syntati riterion for a geometritheory to be a De Morgan (resp. Boolean) theory.We reall from [6℄ that, given a geometri theory T, its lassifying topos
Set[T] for T an be represented as the ategory Sh(CT, JT) of sheaves on19



the syntati ategory CT of T with respet to the syntati topology JT onit (i.e. the anonial topology on the geometri ategory CT). Taking
C = D = CT the hypotheses of Theorem 2.11 (resp. Theorem 2.16) arelearly satis�ed, so we obtain the following riterion: given a geometritheory T, T is a De Morgan (resp. Boolean) theory if and only if thesubobjet latties SubCT

(c) (for c ∈ CT) are all De Morgan (resp. Boolean)algebras (equivalently, they satisfy De Morgan (resp. Boolean) property).In fat, it is possible to rephrase this latter ondition as a syntatiproperty of the geometri theory T, as in the following results.Below, in the ontext of a geometri theory T over a signature Σ, ageometri formula φ(~x) is said to be onsistent if the sequent φ(~x) ⊢~x ⊥ isnot provable in T.Theorem 3.1. Let T be a geometri theory over a signature Σ. Then T is aDe Morgan theory if and only if for every onsistent geometri formula φ(~x)over Σ suh that ⊤ ⊢~x φ(~x) is not provable in T, there exists two onsistentgeometri formulae ψ1(~x) and ψ2(~x) over Σ in the same ontext suh that:
⊤ ⊢~x ψ1(~x) ∨ ψ2(~x) is provable in T,
ψ1(~x) ∧ φ(~x) ⊢~x ⊥ is provable in T and
χ(~x) ∧ φ(~x) is onsistent for every onsistent geometri formula χ(~x) over
Σ in the same ontext suh that χ(~x) ⊢~x ψ2(~x) is provable in T.Proof For eah geometri formula φ(~x), there is an obviousmonomorphism {~x . φ(~x)} → {~x . ⊤} in the syntati ategory CT, so byRemark 1.6(b), we an restrit our attention to the subobjet latties
SubCT

({~x . ⊤}). Our thesis then follows from the expliit desription ofsubobjets in the syntati ategory CT given by Lemma D1.4.4(iv) [6℄. �Theorem 3.2. Let T be a geometri theory over a signature Σ. Then T isa Boolean theory if and only if every onsistent geometri formula φ(~x) over
Σ suh that χ(~x) ∧ φ(~x) is onsistent for eah onsistent geometri formula
χ(~x) over Σ in the same ontext is provable equivalent to ⊤ in T;equivalently, for every geometri formula φ(~x) over Σ there is a geometriformula χ(~x) over Σ in the same ontext suh that φ(~x) ∧ χ(~x) ⊢~x ⊥ and
⊤ ⊢~x φ(~x) ∨ χ(~x) are provable in T.Proof Similar to the proof of Theorem 3.1. �Now, let us suppose that T is a oherent theory over a signature Σ. Thelassifying topos Set[T] an be represented as the ategory Sh(Coh

T
, Joh

T
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anonial topology Joh
T

on it, that is the topology having as overing sievesthose whih ontain �nite overing families.From Corollary 2.3 and Proposition 2.6, by arguing as above, weimmediately obtain the following result.Theorem 3.3. Let T be a oherent theory over a signature Σ. Then T is aDe Morgan theory if and only if for every family {φi(~x) | i ∈ I} ofonsistent oherent formulae over Σ in the same ontext there exists a �nitefamily ψ1(~x), ψ2(~x), . . . , ψn(~x) of onsistent oherent formulae over Σ in thesame ontext suh that:
⊤ ⊢~x ∨

1≤j≤n
ψj(~x) is provable in T and for eah 1 ≤ j ≤ neither ψj(~x) ∧ φi(~x) ⊢~x ⊥ is provable in T for all i ∈ I orfor every onsistent geometri formula χ(~x) suh that χ(~x) ⊢~x ψj(~x) isprovable in T there exists i ∈ I suh that χ(~x) ∧ φi(~x) is onsistent.

�Theorem 3.4. Let T be a oherent theory over a signature Σ. Then T is aBoolean theory if and only if for every family {φi(~x) | i ∈ I} of onsistentoherent formulae over Σ in the same ontext with the property that foreah oherent onsistent formula χ(~x) over Σ in the same ontext thereexists i ∈ I suh that φi(~x) ∧ χ(~x) is onsistent, there exists a �nite subset
J ⊆ I suh that
⊤ ⊢~x ∨

j∈J
φj(~x) is provable in T.Proof This follows as an immediate onsequene of Corollary 2.12(b) byidentifying formulas with the orresponding monomorphisms in theoherent syntati ategory (as in the proof of Theorem 3.1). �Note that for families {φi(~x) | i ∈ I} formed by just one element, Theorem3.4 says preisely that the subobjet latties in the oherent syntatiategory Coh
T

satisfy Boolean property (equivalently, are Boolean algebras).If T is Boolean, this also implies that they are �nite (fr. the proof ofTheorem D3.4.3 [6℄). On the other hand, given a oherent theory T suhthat all the subobjet latties in Coh
T

are �nite, we may immediately deduefrom Theorem 3.4 that if they are all also Boolean algebras, T is Boolean(under these hypotheses, all the families {φi(~x) | i ∈ I} in the statement ofthe theorem are �nite and hene they an be replaed - for our purposes -by the singletons {φ(~x)}, where φ(~x) is the �nite disjuntion of all the
φi(~x)). In view of Remark 1.6(b), this proves that a oherent theory T isBoolean if and only if all the subobjet latties in Coh

T
of the form21



Sub({~x . ⊤}) are �nite Boolean algebras; we note that this is essentially theontent of Theorem D3.4.6 [6℄.Suppose now that T is a regular theory. The lassifying topos Set[T] anbe represented as the ategory Sh(Creg
T
, J reg

T
) of sheaves on the regularsyntati ategory Creg

T
of T with respet to the anonial topology J reg

T
onit, that is the topology having as overing sieves those whih ontain aover. Sine the ategory Creg

T
satis�es the right Ore ondition (beingartesian) and the topology J reg

T
has no empty overing sieves, we deduefrom Corollary 1.8 that Set[T] ≃ Sh(Creg

T
, J reg

T
) is a De Morgan topos. Wehave thus proved the following result.Theorem 3.5. Let T be a regular theory. Then T is a De Morgan theory.

�Conerning the Boolean ase, we have the following result.Theorem 3.6. Let T be a regular theory over a signature Σ. Then T is aBoolean theory if and only if for every family {φi(~x) | i ∈ I} of onsistentregular formulae over Σ in the same ontext suh that for eah regularonsistent formula χ(~x) over Σ in the same ontext there exists i ∈ I suhthat φi(~x) ∧ χ(~x) is onsistent, there exists i ∈ I suh that ⊤ ⊢~x φi(~x) isprovable in T.Proof This immediately follows from Corollary 2.12(a) (by the usualidenti�ation of formulas with monomorphisms in the relevant syntatiategory). �3.2 Separating sets for Grothendiek toposesWe observe that our simpli�ation method an be easily modi�ed to obtaina version of it for ∞-pretoposes in plae of geometri ategories; inpartiular, we have the following result.Theorem 3.7. Let (C, J) be a Grothendiek site and C →֒ D be a fullembedding of ategories suh that D is an ∞-pretopos D with a (strit)initial objet 0 ∈ C and C is losed in D under pullbaks, over-monofatorizations and arbitrary unions of subobjets. If J is the Grothendiektopology on C indued by the anonial topology on D then Sh(C, J) is a DeMorgan topos (resp. a Boolean topos) if and only if for eah objet c ∈ C thesubobjet lattie SubC
D(c) is a De Morgan algebra (resp. a Boolean algebra).
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From this theorem one an immediately dedue that if C →֒ E is aseparating set for a Grothendiek topos E whih is losed under in E underpullbaks and under taking subobjets in E then E is a De Morgan (resp.Boolean) topos if and only if for eah c ∈ C, SubE(c) is a De Morgan (resp.Boolean) algebra. In fat, the following more general result hold.Theorem 3.8. Let E be an ∞-pretopos with a separating set C. Then E isa De Morgan (resp. Boolean) topos if and only if for eah c ∈ C, SubE(c) isa De Morgan (resp. Boolean) algebra.Proof Given an elementary topos E , it is well-known that E is a DeMorgan (resp. Boolean) topos if and only if all the subobjet latties
SubE(e) for e ∈ E are De Morgan (resp. Boolean) algebras; here we want toshow that, under our hypotheses, it is enough to hek that all thesubobjet latties SubE(c) for c ∈ C are. Given a Grothendiek topos E andan objet e ∈ E , if C is a separating set for E then e an be expressed as aquotient of a oprodut of objets in C, that is there exists a family
{ci | i ∈ I} (where I is a set) of objets in C and an epimorphism
p :

∐
i∈I ci ։ e. Sine p is an epimorphism, then the pullbak funtor

p∗ : SubE(e) → SubE(
∐

i∈I ci)
∼=

∏
i∈I SubE(ci) is (logial and) onservative(fr. Example 4.2.7(a) p. 181 [5℄), hene SubE(e) is a De Morgan (resp.Boolean) algebra if all the SubE(ci) are. �Remarks 3.9. (a) The lassifying topos Set[T] of a geometri theory T isthe ∞-pretopos generated by the geometri syntati ategory CT of T (fr.Proposition D3.1.12 [6℄), so the objets of CT form a separating set for

Set[T]; hene the hypotheses of Theorem 3.8 are satis�ed and we getTheorems 3.1 and 3.2 as an appliation.(b) Another ase of interest in whih the theorem an be applied is whenwe have a pre-bound B for E ; indeed, the subobjets of �nite powers Bnform a separating set for E and hene, in view of Remark 1.6(b), we obtainthe following haraterization: E is a De Morgan (resp. Boolean) topos ifand only if for eah natural number n the Heyting algebra Sub(Bn) is a DeMorgan (resp. Boolean) algebra; in partiular, if Set[T] is the lassifyingtopos of a one-sorted geometri theory T then the underlying objet
MT ∈ Set[T] of the universal T-model is a pre-bound for Set[T] so weobtain the following riterion: T is a De Morgan (resp. Boolean) theory ifand only if all the latties Sub(MT

n) (for n natural number) are De Morgan(resp. Boolean) algebras.
23



3.3 Topologial interpretationsIn setion 2, we have introdued the notions of an Heying algebra satisfyingDe Morgan (resp. Boolean) property; in this setion, we show that thesenotions have a lear topologial meaning in terms of the (generalized) loaleorresponding to the Heyting algebra.Given an Heyting algebra H , we an onsider it as a generalized loale(reall that loales are the same thing as omplete Heyting algebras). Wereall that any subloale Y of a given loale X has a losure Y ; inpartiular, if Y is the open subloale of a loale H orresponding to anelement a ∈ H , then Y is the losed subloale of H orresponding to theelement ¬a ∈ H (note that this notion of losure of an open subloale isliftable from the ontext of loales to that of generalized loales). Now, byusing the haraterization of the losure of a subloale given in the proof ofProposition 1.9, it is easy to see that De Morgan property on an Heytingalgebra is equivalent to the statement that the orresponding (generalized)loale is extremally disonneted (i.e. the losure of any open subloale isopen), while the Boolean property is equivalent to saying that the(generalized) loale is almost disrete, (i.e. the only non-empty dense opensubloale is the whole loale, in other words every open subloale is losed).By regarding a loale L as a geometri ategory, Theorems 2.11 and 2.16(together with Remark 1.6(b)) then give the following results.Theorem 3.10. Let L be a loale. Then Sh(L) is a De Morgan topos ifand only if L is a De Morgan algebra (equivalently, satis�es De Morganproperty), if and only if L is extremally disonneted.
�Theorem 3.11. Let L be a loale. Then Sh(L) is a Boolean topos if andonly if L is a Boolean algebra (equivalently, satis�es Boolean property), ifand only if L is almost disrete.
�These results are more or less well-known, but we feel that, by introduingthe onepts of De Morgan and Boolean property, we have added anotherviewpoint that lari�es the interplay between the topologial and logialnotions.Now, let T be a geometri theory over a signature Σ and M a T-model in aGrothendiek topos E . For eah ontext ~x = (xA1

1 , . . . , xAn
n ) over Σ, thesubobjets of MA1 × . . .×MAn of the form [[φ(~x)]], where φ(~x) is ageometri formula in the ontext ~x over Σ (here [[~x . φ]] denotes the24



interpretation of the formula φ(~x) in the model M) learly form a subframeof SubE(MA1 × . . .×MAn). The loale orresponding to this frame will bedenoted by Defgeom~x (M); we note that, at least when E is the topos Set, thisloale is spatial, so that we have a topologial spae Defgeom~x (M) whoseopen subsets are exatly the subsets of MA1 × . . .×MAn whih arede�nable by geometri formulas.Given a geometri theory T, we now onsider how the property of thelassifying topos Set[T] to be De Morgan (or Boolean) re�ets intotopologial or logial properties of the loales Defgeom~x (M). First, we notethat there is a geometri surjetive funtorIntM~x : SubCgeom
T

({~x . ⊤}) → Defgeom~x (M) whih sends eah formula φ(~x)(identi�ed with the orresponding subobjet {~x . φ(~x)} → {~x . ⊤} in Cgeom
T

)to the interpretation [[~x . φ]] in the model M . As a onsequene of the fatthat IntM~x is geometri we dedue that if SubCgeom
T

({~x . ⊤}) is a Booleanalgebra then Defgeom~x (M) is also a Boolean algebra; however, it is not truein general that if SubCgeom
T

({~x . ⊤}) is a De Morgan algebra thenDefgeom~x (M) is a De Morgan algebra. If M is a onservative T-model, thenlearly IntM~x is onservative and hene an isomorphism, so SubCgeom
T

({~x . ⊤})is a De Morgan (resp. Boolean) algebra if and only if Defgeom~x (M) is. As anappliation of this, onsider the universal model MT of a geometri theory
T lying in the lassifying topos Set[T]; in view of our haraterizationsaying that Set[T] is De Morgan (resp. Boolean) if and only if all thesubobjet latties of the form so SubCgeom

T

({~x . ⊤}) are De Morgan (resp.Boolean) algebras, we obtain the following riterion: T is a De Morgan(resp. Boolean) theory if and only if all the Defgeom~x (MT) are De Morgan(resp. Boolean) algebras.4 Model-theoreti haraterizationsLet us �rst introdue some notation. Given two Grothendiek topologies Jand J ′ on a given ategory C, we write J ′ ⊆ J to mean that every
J ′-overing sieve is a J-overing sieve (equivalently, J ′ ≤ J as topologies onthe topos [Cop,Set]). Given a Grothendiek topology J on a ategory C, wedenote by aJ : [Cop,Set] → Sh(C, J) the assoiated sheaf funtor.Given a Grothendiek topos E and a ategory C, we write Flat(C, E) for theategory of �at funtors C → E and natural transformations between them;for a Grothendiek topology J on C, FlatJ(C, E) will denote the fullsubategory of J-ontinuous �at funtors C → E . The 2-ategory ofGrothendiek toposes, geometri morphisms and geometri transformationsbetween them will be denoted by BTop and, given two Grothendiek25



toposes E and F , we will write Geom(E ,F) for the ategory of geometrimorphisms E → F and geometri transformations between them.Lemma 4.1. Let J and J ′ be two Grothendiek topologies on a givenategory C. Then J ′ ⊆ J if and only if for eah Grothendiek topos E every
J-ontinuous �at funtor C → E is J ′-ontinuous, equivalently the funtor
aJ ◦ y : C → Sh(C, J) is J ′-ontinuous (where y : C → [Cop,Set] is theYoneda embedding).Proof We reall that there is an equivalene of ategories
FlatJ(C, E) ≃ Geom(E ,Sh(C, J)), whih is natural in E ∈ BTop. By thisequivalene, requiring that for eah Grothendiek topos E there is aninlusion FlatJ(C, E) ⊆ FlatJ ′(C, E) as in the statement of the lemma, isequivalent to demanding that for eah E ∈ BTop there is a ommutativediagram

Geom(E ,Sh(C, J))

**UUUUUUUUUUUUUUUU

// Geom(E ,Sh(C, J ′))

ttiiiiiiiiiiiiiiii

Geom(E , [Cop,Set])whih is natural in E ∈ BTop, where the two diagonal arrows are theobvious ones indued by the inlusions. This is in turn equivalent, byYoneda, to requiring that the geometri inlusion Sh(C, J) →֒ [Cop,Set]fators through the inlusion Sh(C, J ′) →֒ [Cop,Set] (equivalently the �at
J-ontinous funtor aJ ◦ y : C → Sh(C, J) is J ′-ontinuous); and from thetheory of elementary toposes we know that this happens preisely when
J ′ ⊆ J . �Given a Grothendiek site (C, J), let us onsider the �redued� site (C̃, J̃),as in Setion 2. As we have already remarked, there is an equivalene ofategories Sh(C, J) ≃ Sh(C̃, J̃), given by the Comparison Lemma. Thisequivalene is in fat a geometri equivalene of toposes
τ : Sh(C̃, J̃) → Sh(C, J), having as its inverse image the obvious restritionfuntor. Indeed, from the proof of Theorem C2.2.3 [6℄ we see (by invokingthe uniqueness - up to isomorphism - of right adjoints), that the geometrimorphism l : [C̃op,Set] → [Cop,Set] indued by the inlusion C̃op →֒ Cop (asin Example A4.1.4 [5℄), restrits to the equivalene τ between thesubtoposes Sh(C̃, J̃) and Sh(C, J), that is we have a ommutative diagram

Sh(C̃, J̃)

τ

��

// [C̃op,Set]

l

��

Sh(C, J) // [Cop,Set]26



in BTop (where the horizontal arrows are the obvious geometriinlusions). Now, for eah Grothendiek topos E , the equivalene ofategories − ◦ τ : Geom(E ,Sh(C, J)) → Geom(E ,Sh(C̃, J̃)) obtained byomposing with τ , indue, via the equivalenes
Geom(E ,Sh(C, J)) ≃ FlatJ(C, E) and Geom(E ,Sh(C̃, J̃)) ≃ FlatJ̃(C̃, E),an equivalene of ategories FlatJ(C, E) ≃ FlatJ̃(C̃, E), whose expliitdesription is given by the following lemma.Lemma 4.2. With the above notation, the equivalene
FlatJ(C, E) ≃ FlatJ̃(C̃, E) has the following desription: one half of theequivalene sends a J-ontinuous �at funtor F : C → E to its restrition
F |C̃ : C̃ → E to the ategory C̃, while the other half of the equivalene sendsa J̃-ontinous �at funtor G : C̃ → E to the its extension G : C → E to Cobtained by putting G(c) = 0 for eah c ∈ C not in C̃.Proof The equivalene Geom(E ,Sh(C, J)) ≃ FlatJ(C, E) (resp.
Geom(E ,Sh(C̃, J̃)) ≃ FlatJ̃(C̃, E)), sends a geometri morphism
f : E → Sh(C, J) to the funtor f ∗ ◦ aJ ◦ y ∈ FlatJ(C, E) (resp. a geometrimorphism f ′ : E → Sh(C̃, J̃) to the funtor f ′∗ ◦ aJ̃ ◦ y ∈ FlatJ̃(C̃, E)) (seefor example [7℄). From the ommutativity of the square above it is thenimmediate to see that the half of the equivalene given by the ompositionwith the inverse image of τ orresponds to the obvious restrition funtor
FlatJ(C, E) → FlatJ̃(C̃, E). The other half of the equivalene neessarilyindue the funtor whih sends a J̃-ontinous �at funtor G : C̃ → E to itsextension G : C → E to C obtained by putting G(c) = 0 for eah c ∈ C notin C̃; indeed, there is at most one J-ontinuous �at funtor G : C → Ewhose restrition to C̃ is a given funtor G : C̃ → E (for G to be
J-ontinuous, G(c) must be equal to 0 for eah objet c ∈ C whih is
J-overed by the empty sieve). �Let us now apply the lemmas above to dedue a model-theoretiharaterization of De Morgan (resp. Boolean) toposes among those whiharise as loalizations of a given presheaf topos [Cop,Set].Reall that in [3℄ we introdued the notion of J-homogeneous model of atheory of presheaf type T with respet to a Grothendiek topology J on theategory (f.p.T-mod(Set))op. Having this notion in mind, we now introduethe following more spei� de�nition (the notation below being taken from[3℄).Given a Grothendiek topos E with a lass of generators G, a geometritheory T lassi�ed by the topos [Cop,Set] (with C = (f.p.T-mod(Set))op),and a olletion S of arrows in Cop with ommon domain, a model27



M ∈ T-mod(E) is said to be S-homogeneous if for eah objet E ∈ G andarrow y : E∗(γ∗E(i(c))) → E∗(M) in T-mod(E/E) there exists an epimorphifamily (pf : Ef → E, f ∈ S) and for eah arrow f : c→ d in S an arrow
uf : E∗

f(γ
∗
E(i(d))) → E∗

f(M) in T-mod(E/E) suh that
p∗f (y) = uf ◦ E

∗
f (γ

∗
E(i(f))).The following results hold.Theorem 4.3. Let T be a geometri theory lassi�ed by the topos [Cop,Set](with C = (f.p.T-mod(Set))op) and T′ a geometri theory lassi�ed by atopos E = Sh(C, J) together with a full and faithful indexed funtor

i : T′-mod →֒ T-mod whih is indued via the universal property of thelassifying toposes by the inlusion Sh(C, J) →֒ [Cop,Set]. If m is the DeMorgan topology on the topos E then shm(E) lassi�es the T′-models whihare S-homogeneous (as T-models via i) for eah MC̃-overing sieve S. Inpartiular, T′ is a De Morgan theory if and only if every T′-model (in anyGrothendiek topos) is (as a T-model via i) S-homogeneous for eah
MC̃-overing sieve S.Proof We have shm(E) = shm([C̃op,Set]) ∩ E by Proposition 1.5(ii). Fromthis it is lear that shm(E) lassi�es the �at funtors on C̃ whih are
J̃ -ontinuous and MC̃-ontinuous (where MC̃ is the De Morgan topology onthe ategory C̃), equivalently (by Lemma 4.2) the J-ontinuous �at funtorson C whih send MC̃-overing sieves to epimorphi families. The thesis thenfollows from Theorems 4.6-4.8 [3℄. The last part of the theorem followsfrom the �rst part together with Proposition 1.5(i) and Lemma 4.1. �Theorem 4.4. Let T be a geometri theory lassi�ed by the topos [Cop,Set](with C = (f.p.T-mod(Set))op) and T′ a geometri theory lassi�ed by atopos E = Sh(C, J) together with a full and faithful indexed funtor
i : T′-mod →֒ T-mod whih is indued via the universal property of thelassifying toposes by the inlusion Sh(C, J) →֒ [Cop,Set]. Then sh¬¬(E)lassi�es the T′-models whih are (as T-models via i) S-homogeneous foreah stably non-empty sieve S in C̃. In partiular, T′ is a Boolean theory ifand only if the T′-models (in any Grothendiek topos) are (identi�ed by iwith) the T-models whih are S-homogeneous for every stably non-emptysieve S in C̃.Proof This is similar to the proof of Theorem 4.3; we omit the details. �
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It is natural at this point to introdue the following notions.Given a theory T lassi�ed by a presheaf topos [Cop,Set] (with
C = (f.p.T-mod(Set))op), we de�ne the theory of De Morgan T-models tobe (the Morita-equivalene lass of) the theory of �at funtors on C whihsend MC̃-overing sieves to epimorphi families. Similarly, we de�ne thetheory of Boolean T-models to be (the Morita-equivalene lass of) thetheory of �at funtors on C whih send stably non-empty sieves in C̃ toepimorphi families; notie that in ase C satis�es the right Ore onditionthe theory of Boolean T-models is the same thing as the theory ofhomogeneous T-models introdued in [4℄.So Theorems 4.3 and 4.4 imply that, up to Morita equivalene, the DeMorgan theories are exatly the �quotients� of the theories of De Morganmodels, while the Boolean theories are preisely the theories of Booleanmodels.Below we see that the theories of De Morgan and Boolean T-models admit(up to Morita-equivalene) natural axiomatizations by geometri sequentsin the signature of T.4.1 AxiomatizationsLet us start with some preliminary observations on the operation ofpseudoomplementation in the Heyting algebras of the form
SubCT

({~x . ⊤}), where CT is the syntati ategory of a geometri theory Tover a signature Σ.We will use the following terminology. A geometri formula φ(~x) over Σ issaid to be onsistent (with respet to T) if the sequent φ(~x) ⊢~x ⊥ is notprovable in T. Two geometri formulas φ(~x) and ψ(~x) over Σ in the sameontext are said to be onsistent with eah other (with respet to T) if theironjuntion is onsistent; otherwise, they are said to be inonsistent witheah other. ψ(~x) is said to be stably onsinstent with φ(~x) if χ(~x) ∧ φ(~x) isonsistent for eah onsistent formula χ(~x) in the same ontext whih
T-provably implies ψ(~x); ψ(~x) is said to be stably onsinstent if it is stablyonsistent with ⊤(~x). From now on we will freely identify a geometriformula φ(~x) over Σ with the orresponding monomorphism
{~x . φ(~x)} → {~x . ⊤} in CT.Let us put, for φ(~x) ∈ SubCT

({~x . ⊤}),Cons(φ(~x)) = {ψ(~x) ∈ SubCT
({~x . ⊤}) | ψ(~x) and φ(~x) are onsistent} (andInons(φ(~x)) equal to the omplement SubCT

({~x . ⊤}) \ Cons(φ(~x))). Notethat this assignment atually de�nes a funtorCons : SubCT
({~x . ⊤}) → P(SubCT

({~x . ⊤})), where P(SubCT
({~x . ⊤})) isregarded as a poset ategory with respet to the inlusion. This is in fat29



an instane of a more general onstrution, whih we desribe now.Given a (omplete) Heyting algebra H , we an de�ne a funtorCons : H → P(H) by Cons(h) = {h′ ∈ H | h′ ∧ h 6= 0}.We an rephrase various onepts involving the operation ofpseudoomplementation ¬ in H in terms of the funtor Cons; for instane,we have the following proposition.Proposition 4.5. Let H be a omplete Heyting algebra. Then(i) For eah h ∈ H, ¬h = 0 if and only if Cons(h) = H \ {0}(ii) For eah h, h′ ∈ H, h′ ≤ ¬¬h if and only if Cons(h′) ⊆ Cons(h), if andonly if h′ is stably joint with h (i.e. a ∧ h 6= 0 for eah a 6= 0 suh that
a ≤ h′).(iii) For eah h ∈ H, ¬¬h = h if and only if for every h′ ∈ H,Cons(h′) ⊆ Cons(h) implies h′ ≤ h.(iv) H is a Boolean algebra if and only if the funtor Cons is onservative.Proof (i) This is immediate from the fat that for eah h ∈ H ,
¬h = ∨

h′∧h=0
h′.(ii) For eah h, h′ ∈ H , h′ ≤ ¬¬h if and only if h′ ∧ ¬h = 0, if and only if

h′ ∧ ∨
a∧h=0

a = ∨
a∧h=0

a ∧ h′ = 0, if and only if Cons(h′) ⊆ Cons(h). The lastequivalene in (ii) is obvious.(iii) For any h ∈ H , ¬¬h = h if and only if ¬¬h ≤ h, if and only if for eah
h′ ∈ H h′ ≤ ¬¬h implies h′ ≤ h, if and only if Cons(h′) ⊆ Cons(h) implies
h′ ≤ h, where the last equivalene follows from (ii).(iv) H is a Boolean algebra if and only for eah h ∈ H ¬h = 0 implies h = 1(one diretion is obvious, while for the other one it su�es to observe that
h ∨ ¬h = 1 for eah h ∈ H as ¬(h ∨ ¬h) = ¬h ∧ ¬¬h = 0), if and only if foreah h ∈ H ¬¬h = h; then our thesis follows at one from (i) and (iii). �Given a omplete Heyting algebra H , we note that H is a De Morganalgebra if and only if for eah pair of elements h, h′ ∈ H , h ∧ h′ = 0 implies
¬h ∨ ¬h′ = 1 that is ∨

a∧h=0 or a∧h′=0
a = 1; as we have observed above, H is aBoolean algebra if and only if for eah h ∈ H ¬h = 0 implies h = 1.These haraterizations are the ingredients of our axiomatizations.
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Theorem 4.6. Let T be a geometri theory over a signature Σ lassi�ed bya Grothendiek topos E . Then the theory T′ obtained by adding to theaxioms of T all the geometri sequents of the form
⊤ ⊢~x ∨

ψ(~x)∈Inons(φ(~x))∪Inons(φ′(~x))ψ(~x), where φ(~x) and φ′(~x) are geometriformulas in the same ontext whih are inonsistent with eah other withrespet to T, is lassi�ed by the topos shm(E) (where m is the De Morgantopology on E).Proof Let us represent E as Sh(CT, JT). Reall that we have an equivaleneof ategories T-mod(E) ≃ FlatJT
(CT, E) (natural in E ∈ BTop) whih sendseah model M ∈ T-mod(E) the funtor F : CT → E assigning to a formula

φ(~x) its interpretation [[φ(~x)]]M in M . As we have observed in the proof ofTheorem 4.3, shm(E) lassi�es the JT-ontinuous �at funtors on CT whihsend MC̃T
-overing sieves to epimorphi families; it remains to show that,via the equivalene above, these funtors orrespond preisely to the

T-models M suh that [[¬φ(~x) ∨ ¬¬φ(~x)]]M = [[⊤(~x)]]M for eah geometriformula φ(~x) over Σ (equivalently, [[¬φ(~x) ∨ ¬ψ(~x)]]M = [[⊤(~x)]]M for eahpair φ(~x) and ψ(~x) of geometri formulas over Σ in the same ontext whihare inonsistent with eah other with respet to T). By our results insetion 2 and Lemma 4.1, we have that the JT-ontinuous �at funtors on
CT whih send MC̃T

-overing sieves to epimorphi families are exatly thosewhih send every family of arrows of the form Mφ(~x) =
{ψ(~x) | (ψ(~x) ∈ Inons(φ(~x)) or (ψ(~x) is stably onsistent with φ(~x))} (fora geometri formula φ(~x) over Σ) to an epimorphi family; by Proposition4.5(ii), this is learly equivalent to saying that the orresponding models Msatisfy [[¬φ(~x) ∨ ¬¬φ(~x)]]M = [[⊤(~x)]]M for eah geometri formula φ(~x)over Σ. �The theory T′ de�ned in the theorem above will be alled theDeMorganization of the theory T.Theorem 4.7. Let T be a geometri theory over a signature Σ lassi�ed bya Grothendiek topos E . Then the theory T′ obtained by adding to theaxioms of T all the geometri sequents of the form ⊤ ⊢~x φ(~x), where φ(~x)is a geometri formula over Σ whih is stably onsistent with respet to T,is lassi�ed by the topos sh¬¬(E).Proof The proof proeeds analogously to that of Theorem 4.6, by usingTheorem 4.4 and the fat that the JT-ontinuous �at funtors on CT whihsend stably non-empty sieves in C̃T to epimorphi families are exatly thosewhih send eah sieve in C̃T generated by a stably onsistent formula (fr.Setion 2) to an epimorphi family. �31



The theory T′ de�ned in the theorem above will be alled theBooleanization of the theory T.From the theorems above we an dedue the following orollaries.Corollary 4.8. Let T be a theory lassi�ed by a topos [Cop,Set] (with
C = (f.p.T-mod(Set))op). Then the DeMorganization of T axiomatizes the
T-models whih are S-homogeneous for every MC-overing sieve S (where
MC is the De Morgan topology on the ategory C).Proof This immediately follows from Theorems 4.3 and 4.6 by usingTheorems 4.6-4.8 [3℄. �Corollary 4.9. Let T be a theory lassi�ed by a topos [Cop,Set] (with
C = (f.p.T-mod(Set))op). Then the Booleanization of T axiomatizes the
T-models whih are S-homogeneous for every stably non-empty sieve S inthe ategory C. In partiular, if C satis�es the right Ore ondition, theBooleanization of T lassi�es the homogeneous T-models.Proof This immediately follows from Theorems 4.4 and 4.7 by usingTheorems 4.6-4.8 [3℄. �5 ExamplesIn this setion we provide some examples of theories whih are De Morganand theories whih are not, fousing our attention on oherent theories(reall that we have proved that every regular theory is De Morgan, fr.Theorem 3.5 above).The �rst theory we onsider is the theory of dense linear orders. Asremarked in [1℄, this theory is not Boolean; however it is a De Morgantheory, as stated in the following proposition.Proposition 5.1. The theory of dense linear orders is a De Morgan theory.Proof By an obvious variation of the arguments in Example D3.4.11 [6℄,the lassifying topos for the theory of dense linear orders an be representedas the topos Sh(Ord

op
fm, J) of sheaves on the opposite of the ategory

Ordfm of �nite ordinals and order-preserving injetions between them withrespet to a Grothendiek topology J on Ord
op
fm with no empty overingsieves. Note that the ategory Ord

op
fm satis�es the right Ore ondition; ourthesis then follows from Corollary 1.8. �32



Next, let us onsider a ouple of theories whih arise as �quotients� of thealgebrai theory of rings.Proposition 5.2. The theory of loal rings is not a De Morgan theory.Proof It is well-known that the oherent theory of loal rings is lassi�edby the Zariski topos Z, that is the topos Sh(Rng
op
f.g., J) of sheaves on theopposite of the ategory C = Rngf.g. of �nitely generated rings with respetto the topology J on Rng

op
f.g. de�ned as follows: given a osieve S in

Rngf.g. on an objet A, S ∈ J(A) if and only if S ontains a �nite family
{ξi : A→ A[si

−1] | 1 ≤ i ≤ n} of anonial inlusions ξi : A→ A[si
−1] in

Rngf.g. where {s1, . . . , sn} is any set of elements of A whih is notontained in any proper ideal of A. Obviously, the only objet of Rngf.g.whih is J-overed by the empty osieve is the zero ring. In order to applyour riterion `Sh(C, J) is De Morgan if and only if MC̃ ≤ J̃ ' (established insetion 2 above) to deide whether Z is De Morgan or not, let us onsiderthe redued site (C̃, J̃). Notie that for A ∈ C̃, the anonial inlusion
ξs : A→ A[s−1] lies in C̃ (i.e. it is not the zero map) if and only if s is notnilpotent. Then we have: S ∈ J̃(A) if and only if S ontains a �nite family
{ξsi

: A→ A[si
−1] | 1 ≤ i ≤ n} of anonial inlusions ξsi

: A→ A[si
−1] in

Rngf.g. where {s1, . . . , sn} is any set of non-nilpotent elements of A whihis not ontained in any proper ideal of A. Indeed, by de�nition of induedtopology, S ∈ J̃(A) if and only if there exists elements s1, . . . , sn and
t1, . . . , tm suh that the set {s1, . . . , sn, t1, . . . , tm} is not ontained in anyproper ideal of A, all the si are non-nilpotent, all the tj are nilpotent and Sontains the family {ξs1, . . . ξs1, ξt1 , . . . ξtm}; but (s1, . . . , sn, t1, . . . , tm) = 1implies (sr1, . . . , s

r
n, t

r
1, . . . , t

r
m) = 1 for any natural number r, in partiularfor an r suh that trj = 0 for eah 1 ≤ j ≤ m and hene (s1, . . . , sn) = 1.For an objet A ∈ C̃ and a non-nilpotent element a ∈ A, let us denote by

SAa the osieve in C̃ generated by the arrow ξa : A→ A[a−1]; note that SAaan be identi�ed with the olletion of arrows f in C̃ with domain A suhthat f(a) is invertible. Let us now observe some fats about these sieves.Lemma 5.3. With the above notation, for any objet A ∈ C̃ andnon-nilpotent element a ∈ A the following fats hold:(i) For any arrow f : A→ B in C̃ with domain A,
f ∗(SAa ) = ∅ if f(a) is nilpotent

= SBf(a) if f(a) is not nilpotent;(ii) SAa is a J̃-losed osieve;(iii) SAa is stably non-empty if and only if it is the maximal osieve on Ai.e. a is invertible. 33



Proof (i) This is immediate from the equalities f ∗(SAa ) = {g : B →
cod(g) | g ◦ f ∈ SAa } = {g : B → cod(g) | g(f(a)) is invertible}.(ii) Suppose that for an arrow f : A→ B in C̃ with domain A we have
f ∗(SAa ) ∈ J̃(B); then (by the desription of J̃ given above) there exist a�nite number of non-nilpotent elements s1, . . . , sn ∈ B suh that
(s1, . . . , sn) = 1 and ξsi

belongs to f ∗(SAa ) for eah 1 ≤ i ≤ n. So we have(by the alulation above) that ξsi
(f(a)) is invertible for eah 1 ≤ i ≤ n;this in turn means that there exists for eah 1 ≤ i ≤ n an element ci ∈ Band a natural number ni suh that f(a)ci = sni

i . Now, by taking
p = max{ni} we have (sp1, . . . , s

p
n) = 1 and hene the existene of an element

c suh that f(a)c = 1, that is f(a) invertible in B i.e. f belongs to SAa .(iii) One diretion is obvious; let us prove the other one. If a is notinvertible then (a) is a proper ideal of A and hene the quotient A/(a)belongs to C̃. But if π : A→ A/(a) is the natural projetion map we have(by part (i) of the lemma) π∗(SAa ) = ∅, hene SAa is not stably non-empty.�Now by Lemma 5.3 we have that, for a given objet A ∈ C̃ andnon-nilpotent element a ∈ A,
M(ξa) = {f : A→ cod(f) | f(a) is nilpotent or invertible} (with thenotation of setion 2 above). Suppose now that A is an integral domain and
M(ξa) is J̃-overing. Then there exists a �nite number of non-nilpotentelements s1, . . . , sn of A suh that (s1, . . . , sn) = 1 and ξsi

belongs to M(ξa)for eah 1 ≤ i ≤ n. If for some i ξsi
(a) were nilpotent then, A being anintegral domain, si would be nilpotent, ontraditing our assumption. Sowe dedue that ξsi

(a) is invertible for eah 1 ≤ i ≤ n, from whih it follows(as in the proof of part (i) of Lemma 5.3) that a is invertible. So we haveproved that if A ∈ C̃ is an integral domain and a ∈ A is a non-nilpotentelement of A then M(ξa) is J̃-overing if and only a is invertible. Anyinstane of an integral domain A together with a non-invertible element
a ∈ A (for example A equal to the ring of integers Z and a = 2) then provesthat Z is not De Morgan. �Proposition 5.4. The theory of integral domains is not a De Morgantheory.Proof The theory T of integral domains is obtained from the algebraitheory of rings by adding the following axioms:

0 = 1 ⊢{} ⊥;

x · y = 0 ⊢x,y (x = 0) ∨ (y = 0) .34



By using Proposition D3.1.10 [6℄ we immediately obtain the followingrepresentation for the lassifying topos Set[T] of T:
Set[T] ≃ Sh(Rng

op
f.g., J), where J is the smallest Grothendiek topology on

C = Rng
op
f.g. suh that the empty sieve on the zero ring and the osieve in

Rngf.g. on Z[x, y]/(x · y) generated by the anonial projetions
Z[x, y]/(x · y) → Z[x, y]/(x) and Z[x, y]/(x · y) → Z[x, y]/(y) are J-overing.The following result (whih was motivated by the arguments p. 111-112 [7℄)will be useful for giving an expliit desription of the topology J .Lemma 5.5. Let C be a ategory and K be a funtion whih assigns toeah objet c ∈ C a olletion K(c) of sieves in C on c. Then K is aGrothendiek topology if and only if it satis�es the following properties:(i) the maximal sieve M(c) belongs to K(c);(ii) for eah pair of sieves S and T on c suh that T ∈ K(c) and S ⊇ T ,
S ∈ K(c);(iii) if R ∈ K(c) then for any arrow g : d→ c there exists a sieve S ∈ K(c)suh that for eah arrow f in S, g ◦ f ∈ R;(iv) if {fi : ci → c | i ∈ I} ∈ K(c) and for eah i ∈ I we have a sieve
{gij : dij → ci | j ∈ Ii} ∈ K(ci), then the family of omposites
{fi ◦ gij : dij → c | i ∈ I, j ∈ Ii} belongs to K(c).Proof In one diretion, let us suppose that K is a Grothendiek topology.Properties (i) and (ii) are well-known to hold. Property (iii) holds as wean learly take as over S satisfying the ondition the pullbak of the sieve
R along the arrow g : d→ c, whih is K-overing by the stability axiom forGrothendiek topologies. Property (iv) easily follows from the transitivityaxiom for Grothendiek topologies; indeed, the sieve
R := {fi ◦ gij : dij → c | i ∈ I, j ∈ Ii} satis�es the following property withrespet to the sieve S := {fi : ci → c | i ∈ I} ∈ K(c): for all arrows h in S,
h∗(R) is K-overing.Conversely, let us suppose that K satis�es properties (i), (ii), (iii) and (iv).To prove that K satis�es the stability axiom for Grothendiek topologies weobserve that if R ∈ K(c) and g : d→ c is an arrow with odomain c, then
h∗(R) ontains the sieve S given by property (iii) and hene is K-overingby property (ii). It remains to verify that K satis�es the transitivity axiomfor Grothendiek topologies. Given a sieve R on c and a sieve S ∈ K(c)suh that for all arrows h in S, h∗(R) is K-overing, we want to prove that
R is K-overing. This follows from property (ii) as R ontains �theomposite� of the sieve S with the sieves of the form h∗(R) for h in S. �Notie that, in ase C has pullbaks, property (iii) in the lemma may bereplaed by the following ondition: if {fi : ci → c | i ∈ I} ∈ K(c) then for35



any arrow g : d→ c the sieve generated by the family of pullbaks
{p.b.(fi, g) → d | i ∈ I} belongs to K(d).Now, as a onsequene of Lemma 5.5, it is immediate to see that J is thetopology de�ned as follows: given a osieve S in Rngf.g. on an objet
A ∈ Rngf.g., S ∈ J(A) if and only if either A is the zero ring and S is theempty sieve on it or S ontains a �nite family
{πai

: A→ A/(ai) | 1 ≤ i ≤ n} of anonial projetions πai
: A→ A/(ai) in

Rngf.g. where {a1, . . . , an} is any set of elements of A suh that
a1 · . . . · an = 0.Let us now observe the following fat.Lemma 5.6. Let C be a ategory and J be a Grothendiek topology on itwith no empty overing sieves. If there exists an objet c ∈ C suh that
J(c) = {M(c)} and two arrows f and g with odomain c suh that
f ∗((g)) = ∅ then Sh(C, J) is not a De Morgan topos.Proof By using the notation of setion 2 above, we have that M(g) ∈ J(c)implies (g) empty or stably non-empty; as none of the two alternatives holdin our ase (in view of our hypotheses), we onlude that M(g) /∈ J(c) andhene, by Theorem 1.7, Sh(C, J) is not a De Morgan topos. �Lemma 5.6 provides us with a ounterexample to Set[T] being De Morgan.Indeed, we note that if A ∈ Rngf.g. is an integral domain then
J̃(A) = {M(A)}; so by taking A = Z, and f and g to be respetively theanonial projetions Z → Z/2Z and Z → Z/3Z in Rngf.g. we have thatthe redued site (C̃, J̃) satis�es the hypotheses of the lemma. �An analysis of the theory of �elds in relation to De Morgan's law will followshortly in a separate paper.Aknowledgements: I am very grateful to my Ph.D. supervisor PeterJohnstone for suggesting me to investigate De Morgan lassifying toposesand for his support during the preparation of this work. Thanks also toMartin Hyland for useful disussions.
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