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Theorems from Topos Theory

The category of coalgebras for a finite-limit preserving
comonad on a topos is again a topos.

The category of algebras for a finite-limit preserving
idempotent monad on a topos is again a topos.

Theorem

The full subcategory of fixed points of a finite-limit preserving
idempotent endofunctor on a topos is again a topos.
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Diads
Dialgebras

A distributive diad on a category C is a functor T : C——C,
equipped with natural transformations o : T—— T2 and
B : T2—— T such that the following diagrams commute:

B

Diads & Dialgebras

72— T T——T2
QT / C{ lm
T T2 —ar T3
T3 i} T2 T2 _er, T3
Tﬁl Jﬁ BJ JTB
T2 4>ﬁ T T——T2
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Diads & Dialgebras

@ Foracomonad (T,v,e¢), (T,v,er) is a distributive diad.
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Diads & Dialgebras

@ Foracomonad (T,v,e¢), (T,v,er) is a distributive diad.

@ Foramonad (T,n,u), (T,nr, 1) is a distributive diad if and
only if the monad is idempotent.

Toby Kenney Diads and their Application to Topoi



Diads
Dialgebras

Diads & Dialgebras

@ Foracomonad (T,v,e¢), (T,v,er) is a distributive diad.

@ Foramonad (T,n,u), (T,nr, 1) is a distributive diad if and
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Diads
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Diads & Dialgebras

@ Foracomonad (T,v,e¢), (T,v,er) is a distributive diad.

@ Foramonad (T,n,u), (T,nr, 1) is a distributive diad if and
only if the monad is idempotent.

@ Any idempotent functor is a distributive diad.
@ Foramonad (T,n,u), (T, Tn, n) is a distributive diad.
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Diads
Dialgebras

Dialgebras

A distributive dialgebra for the distributive diad (T, «, 3) is an

Diads & Dialgebras

object X with morphisms X—¢> Tx such that the following
9

diagrams commute:

X 2 x X—" 51X
4 / % Jw
1x
X TX — T2X
Tex 2 TX X —% 12X
TQ\L l@ H\L J{T@
X T> X X T X
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Diads
Dialgebras

Examples of Dialgebras

@ For acomonad (T,v,e¢), distributive dialgebras for (T, v, e7)
are coalgebras for (T, v, ¢).

Diads & Dialgebras

Toby Kenney Diads and their Application to Topoi



Diads
Dialgebras

Examples of Dialgebras

@ For acomonad (T,v,e¢), distributive dialgebras for (T, v, e7)
are coalgebras for (T, v, ¢).

@ For an idempotent diad, the dialgebras are exactly fixed
points of T up to isomorphism.
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Diads
Dialgebras

Examples of Dialgebras

@ For acomonad (T,v,e¢), distributive dialgebras for (T, v, e7)
are coalgebras for (T, v, ¢).

@ For an idempotent diad, the dialgebras are exactly fixed
points of T up to isomorphism.

@ Foramonad (T,n, 1), where T is faithful, distributive
dialgebras for (T, Tn, 1) are coalgebras for the comonad
induced on the category of algebras for (T, 7, u).
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Diads
Dialgebras

Examples of Dialgebras

@ For acomonad (T,v,e¢), distributive dialgebras for (T, v, e7)
are coalgebras for (T, v, ¢).

@ For an idempotent diad, the dialgebras are exactly fixed
points of T up to isomorphism.

@ Foramonad (T,n, 1), where T is faithful, distributive
dialgebras for (T, Tn, 1) are coalgebras for the comonad
induced on the category of algebras for (T, 7, u).

@ For any distributive diad (T, «, ) and any object X, there is
a free dialgebra (TX, ax, 8x).

Diads & Dialgebras
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Diads
Dialgebras

Dialgebra Homomorphisms

Diads & Dialgebras

A dialgebra homomorphism from (X, ¢,0) to (Y, p) is the
obvious thing — namely a morphism X —1 Y such that

> " Ty X — 1Y

I I

X—Y XY
commute.
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Diads
Dialgebras

Examples of Dialgebra Homomorphisms

@ Forthe diad (T, v, er) from a comonad, dialgebra
homomorphisms are exactly coalgebra homomorphisms.

Diads & Dialgebras
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Examples of Dialgebra Homomorphisms

@ Forthe diad (T, v, er) from a comonad, dialgebra
homomorphisms are exactly coalgebra homomorphisms.

@ For the diad (T, nr, 1) from a monad, dialgebra
homomorphisms are exactly algebra homomorphisms.
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Diads
Dialgebras

Examples of Dialgebra Homomorphisms

@ Forthe diad (T, v, er) from a comonad, dialgebra
homomorphisms are exactly coalgebra homomorphisms.

@ For the diad (T, nr, 1) from a monad, dialgebra
homomorphisms are exactly algebra homomorphisms.

Diads & Dialgebras

@ For any objects X and Y, and any morphism Xty 1f
is a dialgebra homomorphism between the free dialgebras
on XandY.
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Diads
Dialgebras

Examples of Dialgebra Homomorphisms

@ Forthe diad (T, v, er) from a comonad, dialgebra
homomorphisms are exactly coalgebra homomorphisms.

@ For the diad (T, nr, 1) from a monad, dialgebra
homomorphisms are exactly algebra homomorphisms.

Diads & Dialgebras

@ For any objects X and Y, and any morphism Xty 1f
is a dialgebra homomorphism between the free dialgebras
on XandY.

@ For any distributive dialgebra (X, ¢,0), ¢ is a dialgebra
homomorphism from (X, ¢, 6) to the free dialgebra
(TX, ax, Bx)-

Toby Kenney Diads and their Application to Topoi



Limits
Exponentials
Application to Topoi Subobject Classifier

The category of distributive dialgebras for a finite-limit
preserving distributive diad on a topos is again a topos.
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@ The terminal object is just the dialgebra (1,1, 1).
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Limits
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Application to Topoi Subobject Classifier

@ The terminal object is just the dialgebra (1,1, 1).

@ The product of (X, ¢,6) and (Y, x,p) is
(X x Y, 0 xm 6 xp).
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Application to Topoi Subobject Classifier

@ The terminal object is just the dialgebra (1,1, 1).

@ The product of (X, ¢,0) and (Y, p) is
(X xY,¢pxm0 xp).

@ The equaliser of dialgebra maps f and g can be given a
distributive dialgebra structure using the universal property
of equalisers and the fact that T preserves equalisers:
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Te l)
TE — TXT TY
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Equalisers

Te L
TE — TX—TY

Tg
T
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Equalisers

TE " TX%TTY
< e T
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Equalisers

Te l)
TE—TX—=TY

Tg
b, b
f
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Equalisers

Te l)
TE—TX—=TY

Tg
3 J@ Jp
f
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Exponentials

The exponential in the category of dialgebras is a subobject of
T(XY).

@ Given Z— T(XY), we define Z x Y —2— X by

g=Zx YTy x Ty I mx 0 x
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Exponentials

The exponential in the category of dialgebras is a subobject of
T(XY).

@ Given Z— T(XY), we define Z x Y —2— X by

g=Zx YTy x Ty I mx 0 x

@ Given a dialgebra homomorphism Z x Yy 9. X we
define Z—"— T(XY) by

7(9)

f=z" 1229 T(xY)
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Given dialgebras (X, ¢,0) and (Y, 7, p):
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Given dialgebras (X, ¢,0) and (Y, p):

We form dlalgebra homomorphisms T(XY) T T(TXY) and

T(X) -2 72(x ) L, 7(7x ) T00) 7(7xY), where € is
the exponential comparison map T(XY) —— TXTY.
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Given dialgebras (X, ¢,0) and (Y, p):

We form dlalgebra homomorphisms T(XY) T T(TXY) and
T(XY) 22 12 L 7(7x ™) "0 1(7xY), where « is
the exponential comparison map T(XY) —— TXTY.

The equaliser of these two homomorphisms is the exponential
in the category of dialgebras.
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Subobject Classifier

Since (TQ, aq, Bq) is a distributive dialgebra, aq is a dialgebra
homomorphism.
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Subobject Classifier

Since (TQ, aq, Bq) is a distributive dialgebra, aq is a dialgebra
homomorphism.

We let TQ —"—Q be the classifying map of T(T). Now Tt is
also a dialgbra homomorphism.
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Subobject Classifier

Since (TQ, aq, Bq) is a distributive dialgebra, aq is a dialgebra
homomorphism.

We let TQ —"—Q be the classifying map of T(T). Now Tt is
also a dialgbra homomorphism.

The subobject classifier in the category of distributive
dialgebras is the equaliser of (T7)aq and the identity on T<Q.
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Given a monomorphism Y ~—"— X in the category of dialgebras,
its classifying map is the factorisation of T(xm)m through e.

LTy 1

n{ Tn{ Im)

X——TX=——TQ
™ T

X ——=TX

J l T(Xm)
™ Tr
T(x7m)

ax

™X T2X TQ
T(Xm)l T2(Xm)l /
TQ —ag T2Q
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