Semiparametric Efficiency, Distribution-Freeness, and Invariance

Marc Hallin^∗ and Bas J.M. Werker^{†‡} Université Libre de Bruxelles and Tilburg University

October 5, 2001

Abstract

Semiparametric models typically involve a finite-dimensional parameter of interest θ ∈ Θ ⊆ R^k , along with an infinite-dimensional nuisance parameter f. Quite often, the submodels corresponding to a fixed value of θ possess a group structure that induces a maximal invariant σ-field B(θ). In classical examples, where f denotes the density of some i.i.d. innovations, B(θ) is the σ-field generated by the ranks of the residuals associated with the parameter value θ. It is shown that semiparametrically efficient (at given f) conditionally distribution-free inference procedures can generally be constructed from parametrically optimal ones by conditioning on B(θ). The same procedures, when combined with a suitable estimation of the underlying nuisance density f, yield conditionally distribution-free semiparametrically efficient inference methods, e.g., semiparametrically efficient permutation tests. Remarkably, this is achieved without any explicit tangent space or efficient score computations and without any sample-splitting device. By means of several examples, including both i.i.d. and time-series models, we show how these results apply in models for which rank-based inference or permutation tests seldom have been considered so far.

AMS 1991 subject classifications 62G20.

Keywords and phrases. Adaptiveness, distribution-freeness, group invariance, local asymptotic normality, semiparametric efficiency, ranks, signed ranks.

1 Introduction

Semiparametric models typically involve a finite-dimensional parameter of interest θ ∈ Θ ⊆ R^k , along with an infinite-dimensional nuisance parameter f—often, the unspecified density of some white noise underlying the data generating process. Classical examples include

∗I.S.R.O., E.C.A.R.E.S., and Département de Mathématique, Université Libre de Bruxelles, CP210, B-1050, Bruxelles, Belgique. Research supported by an A.R.C. contract of the Communauté française de Belgique and the Fonds d’Encouragement à la Recherche de l’Université Libre de Bruxelles

†Econometrics Group and Finance Group, CentER, Tilburg University, P.O.Box 90153, 5000 LE, Tilburg, The Netherlands.

‡This research was largely carried out when also the second author was at the Université Libre de Bruxelles. We are grateful to two referees for their very pertinent remarks.