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Abstract

Let (Sy)n>0 be a transient random walk in the domain of attraction of a stable law and
let (£(s))sez be a stationary sequence of random variables. In a previous work, under con-
ditions of type D(u,) and D’(u,), we established a limit theorem for the maximum of the
first n terms of the sequence (£(S,,))n>0 as n goes to infinity. In this paper we show that,
under the same conditions and under a suitable scaling, the point process of exceedances
converges to a Poisson point process. We also give some properties of (£(S,,))n>0-
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1 Introduction

In 2009, Franke and Saigo [4, 5] considered the following problem. Let (X})i>1 be a sequence
of centered, integer-valued i.i.d. random variables and let Sy = 0 a.s. and S, = X1+ -+ X,,,
n > 1. Assume that, for any x € R,

P (Sn < m) — Fy(x),

nl/a n—00

where F,, is the distribution function of a stable law with characteristic function given by
#(0) = exp(—10]*(Cy + iCasgn0)), « € (0,2].

Let (£(s))sez be a stationary sequence of R-valued random variables which are independent of
the sequence (X)i>1. The sequence (£(Sy,))n>0 is referred to as a random walk in a random
scenery. In [5], Franke and Saigo derive limit theorems for the random variable max;<y £(.S;)
as n goes to infinity when the £(s)’s are i.i.d.. The statements of their theorems depend on
the value of a. When o < 1 (resp. a > 1), it is known that the random walk (Sy)n>0
is transient (resp. recurrent) [7, 8]. An important concept concerning random walks is the
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range. The latter is defined as the number of sites visited by the first n terms of the random
walk, namely R,, := #{S1,...,Sn}. The following result, due to Le Gall and Rosen [8], deals
with its asymptotic behavior.

Theorem 1 (LeGall and Rosen). (i) If a < 1, then

R
] — qt P—a.s.

n n—oo
with q :==P (Sk # 0,Vk > 1).
(ii) If « = 1, then

)

n n—oo
where h(n) := 1+ Y7 P (S, = 0).
(iii) If 1 < a < 2, then for any L € N and any t; < --- < tp,

nl% (RanJ’ s ’RLntLJ) — (m(Y([)’ tl))v ce m(Y(O, tL))) )

n—oo
in distribution.

In the above result, {Y(¢),t € R} denotes the right-continuous a—stable Lévy process with
characteristic function given by ¢(t6) and m is the Lebesgue measure on R. One of the results
of [5] is the following. If u, is a threshold such that nlP (£ > uy,) 27 for some 7 > 0, with

n—oo

€ =¢(1), and if the £(s)’s are i.i.d. then

, —7q
P ( i<ax§(Sl) < un) =

for & < 1. Such a result was generalized in [1] for sequences (£(s))sez which are not necessarily
i.i.d., but which satisfy a slight modification of the classical D(u,) and D’(u,) conditions of
Leadbetter (see [9, 10] for a statement of these conditions).

In this paper, we give a more precise treatment of the extremes of ({(Sy))n>0. To do it, we
assume that the threshold is of the form u,, = u,(z) = apz + b, (a, € R, b, > 0 and x € R)
and that, for any x € R, the following term exists and is finite:

v(z,00) = Jim nlP (& > up(z)). (1)

The quantity v defines a measure on some topological space E. According to the Gnedenko’s
theorem [6], if € is in the domain of attraction of an extreme value distribution G, then v is
of the form:
E = (0,00] if G is a Fréchet distribution;
v(x,00) =< (—x)79, E = (—00,0] if G is a Weibull distribution;
E

= (—o00,00] if G is a Gumbel distribution;
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for some 3,6 > 0. Notice that if P, denotes the distribution of 5;:", then (1) can be rephrased
as

nPy(A) — v(A), (2)
for any Borel subset A C R. Secondly, we assume that the (stationary) sequence (£(s))sez

satisfies conditions of type D(u,) and D’(u,) in the same spirit as in [1]. To introduce the
first one, we write for each ¢; < --- <4, and for each u € R,

Fipvoiy (0) = P(£(01) < .., &(ip) < ).

D(uy) condition We say that (£(s))sez satisfies the D(u,,) condition if there exist a sequence
(Qn,0) (n,0)en2 and a sequence (£y,) of positive integers such that as g, =2 0, £, = o(n), and

[ Eo ity (Un) = Fip iy (Un) Fy o (Un) ] < o

for any integers i1 < --- < ip < j1 < --- < jp such that j; —1i, > £. Notice that the bound
holds uniformly in p and p’. Roughly, the D(u,,) condition (see e.g. p29 in [11]) is a weak
mixing property for the tails of the joint distributions.
The D'(u,) condition (see e.g. p29 in [11]) is a local type property and precludes the
existence of clusters of exceedances. To introduce it, we consider a sequence (k) such that
n2
k, — oo, k—anh — 0, kpl, =o0(n), (3)
n

n—oo n—oo

where (£,) and (@, 1)(n)en2 are the same as in the D(u;,) condition.

D’(u,) condition In conjunction with the D(u,) condition, we say that (£(s))scz satisfies
the D’(u,,) condition if there exists a sequence of integers (k,) satisfying (3) such that

[n/kn ]
lim n P(£(0) > up,&(s) > up) = 0.

n—00
s=1

In the classical literature, the sequences (1) 1yenz and (ky) only satisfy knau, g, — 0 (see
) ’ n

e.g. (3.2.1) in [11]) whereas in (3) we have assumed that %%fﬂ —2 0. In this sense, the

D’(uy,) condition as written above is slightly more restrictive than the usual D’(u,,) condition.

Our paper is organized as follows. In Section 2, we prove that under suitable scaling the so-
called point process of exceedances converges to a Poisson point process in the transient case.
In Section 3, we give some properties of the random walk in random scenery. More precisely,
we show that the (stationary) sequence (£(Sy))n>0 satisfies the classical D(u,) condition of
Leadbetter, but does not satisfy the D’(u,) condition. Our results generalize [5] for sequences
(£(5))sez which are not i.i.d. but which only satisfy the D(u,) and D’(u,) conditions. We
also give some remarks on the so-called extremal index and on the D) (w,) condition.



2 Point process of exceedances

2.1 Poisson approximation

The main result of this section claims that the point process of exceedances converges to a
Poisson point process in the transient case, i.e. «a < 1. To introduce it, we denote for any
k> 1 by

T = inf{m >0: #{S1,...,Sn} > k}

the time at which the random walk visits its k-th site. The point process of exceedances is
defined as

q)n:{<ﬁ€’5(5’”“)_bm(m>; Tkﬁn} C [0,1] x R, (4)
k>1

n am(n)
where m(n) = |gn].

Proposition 2. Let a« < 1. Assume that the sequence (§(s))sez satisfies the D(uy,) and D' (uy,)
conditions for any threshold u, = u,(x) = apx + by, x € R, satisfying Equation (1). Then &,
converges weakly to a Poisson point process ® with intensity measure myg 1) ® v, where myg 1)
denotes the Lebesque measure in [0,1], i.e. for any Borel subsets By,...,Bg C [0,1] x R with
mio,1] @ U(@Bz) =0,1<i<K,

(#cbntl,...,#@ntK)n%o (#® N By, ..., #® N Bg).

By using the Laplace functional, Franke and Saigo (Theorem 3 in [5]) obtained a similar
result when the £(s)’s are i.i.d. Proposition 2 extends it and is based on Kallenberg’s theorem.
Our result is stated only in the transient case, i.e. for @ < 1. However, it remains true for
a = 1 by taking m(n) = {%J When « > 1, the point process of exceedances is defined in
the same spirit as (4) by taking this time m(n) = [n!/®|. In this case, similarly to Theorem
4 in [5], we can show by adapting the proof of Proposition 2 that ®,, converges weakly to a

Cox point process Py, i.e. a Poisson point process in [0, 1] x R with random intensity measure
w(dt, dz) = my (dt)v(dz), where my (t) = m(Y (0, 1)).

2.2 Technical results

The proof of Proposition 2 is mainly based on Kallenberg’s theorem (see e.g. Proposition 3.22
in [?]) and on two technical lemmas which are stated below.

Theorem 3 (Kallenberg). Suppose ® is a simple point process on E and I is a basis of
relatively compact open sets such that T is closed under finite unions and intersections and,
for I €T,

P(#® N8I =0) =1,



where OI is the boundary of I. Let (®,) be a sequence of point processes on E such that, for
all I €T,

lim E(#®,N1)=E#®NI)

n—-+o0o

and

lim P(#®,NI=0)=P#PNI=0).

n—-+o0o
Then ®,, converges weakly to ® in distribution.

The following lemma is a direct adaptation of Lemma 1 in [5] and deals with the indepen-
dence between the sequence (£(Sy,))n>0 and the sequence (7x)r>1.

Lemma 1. For all measurable sets B C Ny and A C R, we have
]P)(Tk € B7€<5Tk) €A)=P(n € B)P<£ € A) :

The second lemma is an extension of [1]. More precisely, under the assumptions that the
D(uy) and D’(u,) conditions hold for the sequence (£(s))secz, we have shown in [1] that

P ﬂ " {g(sﬂ;)_bm(m ¢ (x,oo)} —-E (exp <_mPE:z)V(x’ oo))) =20

Tk m(n)
k>1:-te

when (1) holds for any threshold u, = u,(z), + € R. The following lemma deals with the
case where the interval (0, 1] (resp. (z,00)) is replaced by (a,b] (resp. A C R) in the above
equation.

Lemma 2. Let A be a Borel subset in R and let 0 < a < b < 1. Under the same assumptions
as Proposition 2, for almost all realization of (Sy)n>0, we have

lim P ﬂ {g(ST)_bm(n) ¢ A} —-E (exp <—MV(A)>> =0.

n—o0 (17 o m(n) m(n)

2.3 Proofs
Proof of Lemma 1. Since the random walk and the random scenery are independent, we
have
P (. € B,&(Sr,) € A) = Y P (1 =m,&(Sm) € A)
meB
=3 S P =m, S =5,{(s) € A)
meEB s€eZ
=Y Y P(re=m, S =s)P(&(s) € A)
meEB seZ

=P(r, e B)P((€ A).



Proof of Lemma 2. The proof will be sketched since it relies on a simple adaptation of the
proof of Theorem 1 in [1].
Let (ky), (£,) be as in (3) and let

for n large enough. Given a realization of (Sy)n>0, we write

.
S(na,nb] - {STk tk>1, ;k S (a7 b]} and RLan - R|_naj - #S(na,nb]-
To capture the fact that (£{(s))sez satisfies the condition D(u,), we construct blocks and
stripes as follows. Let

Rn _Rna
Kn:{LbJHJH
n

We subdivide the set S(nq,,p) into subsets B; C Sipamp), 1 <@ < Kp, referred to as blocks, in
such a way that #B; = r, and max B; < min B;1 for all ¢ < K,, — 1. Notice that K, <k,
and #Br, = R|pp| — Bjpe) — (Kn —1) -y a.s.. For each j < Ky, we denote by L; the family
consisting of the ¢, largest terms of B; (e.g. if B; = {x1,...,z,,}, with 2y < -+ < z;,,
Jj<K,—1,then L; ={xy,—¢,+1,--.,%r,}). When j = K,,, we take the convention Ly, = ()
if #Bk, < {,. The set L; is referred to as a stripe, and the union of the stripes is denoted by
Ly, = Uj<k, Lj- Proceeding in the same spirit as in the proofs of Lemmas 1 and 2 of [1], we
can easily that for almost all realization of (Sy,)n>0,

o PP (ﬂsES(na,nb] {f(saan;(n) ¢ A}) P (nSGS(na,nb]\Ln { ngf:;(") §Z A}) n—00 0;

£(8)=bm(n) ¢ A}) HigKnP(ﬂseBi\Ln {5(5 bm(n) ¢ A}) — 0;

£(s)
o P
<ﬂs€‘5<na,nb]\£" { A (n) Qi (n) n—00

. HiSKnP(ﬂseBi\En{ g A}) HiSKnP<ﬂs€Bi {g(

@m(n)

o HigKnP<ﬂseB { D) D) ¢ A}) (eXp( W (A))) =0

s g A1)

Am(n) n—oo

The first and the third assertions come from the fact that the size of the stripes is negligible
compared to the size of the blocks, i.e. ¢, = o(ry). The second assertion is a consequence of
the fact that the sequence (£(s))sez satisfies the D(u,,) condition and the last one is obtained
by using the D(uy,) and D’(u,) conditions. Lemma 2 follows directly from the four assertions.
O

Proof of Proposition 2. According to Kallenberg’s theorem, it is sufficient to show that
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(1) lim E(#®,N1I)=my @v(l),

n—oo
i) i =0) = e "ou& )
(ii) Jim P (#P, NI =0)=¢e Mo ,

for all set I of the form I = (a,b] x A, where 0 < a < b <1 and where A is an open subset of
FE.
To deal with (i), we write

E (#®, N 1) Z]P’((Tk “qu"J>€I>

k>1 @lgn|
—b
_Z]P(Tk (a,b]>P<w6A>
k>1 @lgn|
T
E>1

where the second line comes from Lemma 1. Using the fact that >~ 1= clah] = R|np)—R|nal

we have

(#(I) N I (Z 17 k¢ (a,b] ) PanJ (A)

k>1
=E (R\_nbj - R\_naJ) Panj (A)

Moreover, according to Theorem 1 and to the Lebesgue’s dominated convergence theorem, we
know that E(R|,y — Rnqj) ~_ nq(b— a). This, together with (2) implies

E (#®,N1I) =2 (b—a) x v(A) =my @v).

To deal with (ii), we observe that

P(#®, NI =0)=P N {Mm}

a
k>1:7k € (a,b] Lan]

According to Lemma 2, Theorem 1 and the Lebesgue’s dominated convergence theorem, we
have

P(#®,NI=0)=E <exp (—W (A))) +o(1)
— exp (—(b—a)r(A4)).

n—oo

This, together with the fact that (b—a)v(A) = myg 1®@v(I), concludes the proof of Proposition
2. g



3 Properties of (£(5,))n>0

In this section, we give some properties of (£(Sy,))n>0. More precisely, we show that the latter
satisfies the D(u,) condition and an extension of the so-called D®*)(u,,) condition, but does
not satisfy the D’(u,) condition.

3.1 Distributional mixing property

The following extends Proposition 2 in [5], which deals with the case where the £(s)’s are i.i.d.,
to sequences which only satisfy the D(u,) and D’(u,) conditions.

Proposition 4. Let a < 1. Assume that the sequence ((s))sez satisfies the D(uy,) and D' (uy,)
conditions for a threshold wy, such that nlP(§ > uy,) —2 7, with T > 0. Then (&(Sn))n>0

satisfies the D(uy,) condition.

Proof of Proposition 4. We adapt several arguments of [5] in our context. Let 0 < i1 <
- <ip < J1 < -+ < jpy < nbea family of integers, with j; — i, > ¢, and k,¢,, = o(n). To
prove that (£(Sy))n>0 satisfies the D(u,,), we have to show that

’ U1yeeeslpsJlyee Jp (Un) - Fi/17.-.,ip(un)F‘j{l,...,jp/ (’U/n)‘ S &’n,fna
for some sequence (@, ¢)(n,¢)enz such that k,dy g, — 0 with
Fyy i (un) =P (E(S) < up, .., €(Si,) <up).
We will use below the following notation:
® Ri17"'7i177j17"'7jp/ = #{Siu .- S%pv SJ17 R Sjp/};
o Ry i, =#{Si:-- 5, 1
o Ry, = #{Si> -5 S,
° R;llizzjz;/ = #{Sz’p Ce Sip} N {Sjla ce Sjp/} = Ril:’“vip + le,m’jp, - Ri17~~7ip7j17~-~7jp/'
We have

/ /
|Fi1,...,z'p,j1,...,j,( n) — Fz ip(un 31, ,gp( n)

Zlv 7’ 7]17 7.7
F}\ ipjirniy (Un) = (eXP< — T>>|
]E (exp ( th lp,J1s-- Jp >> E <exp (_ Rlla---7ip + le?"'?jpl 7_>>|
n

R kA 7 + R EARA?
n |E <exp( i1 JLsensJipt >> . Fi,1,. iy (un)FJ/17 wa ,(un) .

<

+

(6)

n

To deal with the first and the third terms of the right-hand side of (6), we will use the following
lemma.



Lemma 3. For almost all realization of (Sp)pn>0 and for all 0 <i; <iz < --- <1ip <n,

Ry
Fl i (un) — exp (—“7’1”’7>

< €n,

with &, = 553) + 6512), where 5%1) and 522) are defined in (7) and (9) respectively.

Proof of Lemma 3. Similarly to Lemma 2, the main idea is to adapt several arguments
appearing in the proofs of Lemmas 1 and 2 in [1] in our context. Let (k,) and (r;,) be as in

(3) and (5). Given 1 < iy < ip < --- < ip < n, we subdivide the random set {S;,,...,S5;,}
into K, blocks, with K,, = LR”TIPJ + 1, in the same spirit as we did in the proof of Lemma

2. More precisely, there exists a unique K,-tuple of subsets B; C S,, i < K,, such that
the following properties hold: U;<x, Bj = {Si,,.-.,Si,}, #Bi = 7, and max B; < min B;;
for all i < K,, — 1. In particular, we have K, < k, and #Bg, = R, — (K, — 1) - r,, a.s..
Without loss of generality, we assume that #Bg, = #B; = r, for all i« < K,, — 1, so that
Ri,....i, = Kypry. For each j < K, we also denote by L; the family consisting of the £,, largest
terms of B; and we let £, = U<k, Lj. In the rest of the paper, we write Mp = maxscp §(s)
for all subset B C Z.

Adapting the proof of Lemma 1 in [1], we can show that the following inequalities hold for
almost all realization of (Sy,)ne>0 and for n larger than some deterministic integer no:

P(Ms,,, 5,1 <un) =P (Ms, s, pen < )| < knlaP (€ > un);

P (M{Sil,---ﬁip}\ﬁn < Un) -] P (MBJ-\L,L < Un) < kpome,;
J<Kn
H ]P’(MB],\[% < un) — H P(MB]- < un) < 27’kn€n.
J<Kn J<Kn n

LenSipt S un) and P (£ > uy,) o -, we get for almost all real-

Since Fy, ; (up) =P (M{Si

ization of (Sy)n>0,

Fill,...,ip(un) - H IP) (MB] S un> S 57(11)7
J<Kn
with
kngn
e =c ( T knoan,en) . -

Without loss of generality, we assume from now on that P (§ > u,) = 7. We show below
that

<el, (8)

1 (o ) o)

J<Kn




for some deterministic sequence 6%2) - 0. To do it, we adapt several arguments of Lemma
n o0

2 in [1]. First, we notice that for n large enough,

H P (MBj < un> — exp (_Ril’“"iPT)

j<Kn n
Ri, . i,
> exp (Kplog(l —r,P(§ > uy))) — exp —TT

> exp (—KuraP (€ > ) — KuraP (€ > wn))?) —exp (7221 )

where the last line comes from the facts that log(1 — x) > —x — 22 for |z| small enough and

that r,P (& > uy) =2 0. Because K,r, = Ry, and P(§ > u,) = ©, we have

Ri . i,

j<HI(n P (MB]. < un) — exp (—n7'>
> exp <—R“7’1’2p7'> <exp (—Kn(rnIF’ (&> un))2> - 1)
> exp(—kn(rnlP (§ > Un))Q) -1,

where the last line comes from the fact that K, < k,, a.s.. Since k,r, v we have
n o0

R . i 1
j!}[{nﬂ” (MBj < un) — exp (—lin> >c- T

Moreover, because ng K, P (M B; < un) < exp ng K, P (M B; > un)>, it follows from

the Bonferroni inequalities (see e.g. p110 in Feller [3]) that

[T P (M, <un)

J<Kn

< exp (—(Kn —DrpP (€ > uy) + Z Z P(&(a) > un,&(B) > un)) )

J<Kn a<B;a,B€EB;

Since Kprp = Ry .., and P (§ > uy,) = T, we have

P

Ri ... R .
H P (MB] S un) — eXp (—MT> = exp (_M’T)
n n

J<Kn

X (exp (rnIP’ (&> up) + Z Z P(&(a) > un,&(B) > un)) - 1)

10



and therefore

[T P (Ms, <) —exp (RlpT>

G<Kn n

< exp (Tn]P) (& > up) + Z Z P (&(a) > upn, §(B) > un)) - L

J<Kn a<pia,BeB;

Proceeding along the same lines as in the proof of Lemma 2 in [1], we can show that

exp (rnP (&> uy) + Z Z P(&(a) > un, &(B) > un)) -1

J<Kn a<fB;o,BEB;
1 [n/kn]
<ec E+n Sz::l P(£(0) > up,&(s) > up) | -

This shows (8) with

n/kn

[n/kn]
e = ¢ (kl +n Z P (£(0) > up, &(s) > un)) . (9)
n s=1

and consequently concludes the proof of Lemma 3. U

According to (3), the fact that (£(s))sez satisfies the D’(u,) condition and the fact that

knou e, —2 0, we have ¢, —2 0. It follows from Lemma 3 that the first and the third terms
n—oo n—oo

of the right-hand side of (6) converge to 0 as n goes to infinity. To deal with the second one,
we write

Riy it iy Riy, iy + Rji ..,
exp| ———FFF 7] —exp | — T
n

n

.17'“7.]‘ /
< Riy, iy + Rjr,jy )( (Rzlz;) ) )
=exp | — T |exp | ————7] -1
n n

ip+Hln+1,...n
Rl,..‘,ip
<exp | ——171] -1,
n

where the last line comes from the fact that j; — i, > ¢,. Since ¢,, > 0, we get

Riy.yip i iy Riy, iy + Rji.j,
exp| ———F7 ) —exp | — T
n

n
+1,...,
Ry i
< supexp | —=—71 | — 1, (10)

sup

i<n n

11



where the supremum in the left-hand side is taken over all integers 0 < i3 < -+ < i < j1 <
< < Jp < n, with j; — ¢, > £,. Moreover, using the fact that Rllﬂln =Ry i+t Rig1,.n—

Rt

Ry .. and following [8], we have sup,,, —=— —> O as.. This, together with (10) and the
- n—oo

Lebesgue’s dominated convergence theorem implies

E lexp <_RHT>] o leXp (_ Riyvciy + R, T)]
n n

and consequently concludes the proof of Proposition 4. O

— 0

su
p n—00

3.2 The D®(u,) as k — oo

In [?], the authors introduce a local mixing condition, referred to as the D*)(u,,) condition,
which allows to express the extremal index in terms of joint distribution. We recall the latter
below.

Condition D®)(u,) Let (£(s))sez be a sequence of random variables and let u,, be a thresh-
old such that nP (& > u,) =T for some 7 > 0. In conjunction with the D(u,) condition,

we say that the D®)(u,) condition, k& > 1, holds if there exist two sequences of integers (k;,)
and (¢,) such that

kn — 00,  kpanyg, =0, kyly, = o(n)
and

lim nP(£(1) > up > Mok, Myi1,, > up) =0, (11)

n—oo

where 7, is as in (5) and where M;; = max{£(i),£(i + 1),...,£(j)} for all i < j, with the
convention M; ; = —oo if i > j. As mentioned in [?], Equation (11) is implied by the condition

lim n zk: P (&(1) > up > Moy, &(s) > uy,) =0.
s=k+1

Observe that the last line is the D’(uy,) condition if k = 1.
Roughly, the following proposition states that the sequence (£(Sy,))n>0 satisfies the D) (up,)
condition as k goes to infinity.

Proposition 5. Under the same assumptions as Proposition 4, we have

lim limn Y P(&(S1) > un > My, €(S)) > un) =0,

k—r00 M—00 ekt
where M ; = max;<;<; §(St) if i < j and M]; = —oc if i > j.

12



Proof of Proposition 5. For all £ > 1, we have

> B(E(S) > un > My, €(S) > u)
j=kt1

=n Z P(f(Sl) > Uy > Mé,k’ E(SJ) > un|5’] — 5’1) ]P)(Sj _ Sl)
j=k+1

Tn

+n > P(E(S1) > un > Mhy, £(S)) > ualSj # S1) P(S; # S1). (12)
j=k+1

The first term of the right-hand side of (12) tends to zero as k,n — co. Indeed,

P (£(S1) > un > M}, €(S)) > un|S; = 51 )B(S; = 1)
<P (§(S1) > un) P (S = S1) .

Moreover, because (Sy,)n>1 is a transient random walk, we have >322, P (S; = S1) < oo, which
implies

Tn

lim lim nP((S1) > un) >, P(S;=51) =0,

n—o0
k—oco Pt

and therefore

Tn

lim lim n P (£(S1) > un > My, €(S5) > unlSj = 1) P(S; = $1) = 0.

k n—00
—00 =kt

To prove that the second term of the right-hand side of (12) goes to 0, we write

Tn

n Y P(E(S1) > un = Mpy, £(S5) > unlS; # S1) P(S; # S1)
j=k+1

=n Z P (5(51) > Uy > Mé,k’ g(Sj) > un|5] c B*(Sl,rn)) P(Sj € B*(Sl,rn))
j=k+1

+n > P(E(S) > un > My, €0S)) > unlS; & B(S1,m)) (S, & B(S1,m)), (13)
j=k+1
where B(S1,r,) := {S€S8,:|S— 51 <r,} and B*(S1,m) = B(S1,m) \ {S1}. We prove
below that the last two terms in (13) converge to 0. For the first one, we write

n Zn P (S(Sl) > Uy > Mé,k? S(S]) > un]SJ € B*(Sl,T’n)) P(S] S B*(Sl,T’n))
j=k+1
< niP(f(O) > Up, (S5 — S1) > un|S; € B*(S1,mn)).
j=2
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The last quantity converges to 0 as n goes to infinity since the sequence (£(s))scz satisfies the
D’(uy,) condition. To deal with the second term of (13), we write

Y B (6(S1) > un 2 Mhy. €0S)) > walS; ¢ B(S1. 1)) B(S; ¢ B(Sh.ra)

j=k+1
<0 30 PES) > uns £55) > ualS; € B(S1 )
j:k+1
<n Z P (&> up)? +n Z ‘IP) €(S1) > tn, £(S;) > unlS; & B(Sy,r)) — P (¢ > un)2‘.
j=k+1 j=k+1

The first series tends to 0 as n goes to infinity because

Tn

n Z P> un)2 < nrP (€ > un)2 N Tzrn’
k1 n—00 n

and 7, = o(n). To deal with the second series, we use the D(u,,) condition. This gives

n Z P (£(S1) > un, £(S;) > un|S; & B(S1,70)) — P (€ > up)? | < nrpovnr,
j=k+1
<
=~ knan,rna

which converges to 0 as n goes to infinity according to (3). This concludes the proof of
Proposition 5. 0

3.3 The extremal index

Let (k) and (r,) be as in (3) and (5). Let us denote by R, = #S,, and K,, = {%J + 1. The
following proposition deals with Mg, under the D(u,,) condition.

Proposition 6. Let o < 1. Assume that the sequence (£(s))secz satisfies the D(uy,) conditions
for a threshold u, such that nlP(§ > uy) 27T with 7 > 0. Then for almost all realization
n—oo

of (Sn)n>0,

Ky ™
P (Ms, < up) —exp< ZZM (G=Dyrat) > Un 2 M1y, vivn, m))) oo
j=1i=1

where
max £(S(), 1<
A R
M(m)'—{ T
—00, 1>}

and where Sy is the t-th largest value of the £(S;)’s, i < n.
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A similar result was obtained by O’Brien (Theorem 2.1. in [12]). However, the above
proposition is not a consequence of the latter. Proposition 6 remains true if the sequence

(&(s))sez only satisfies the D(u,) condition (i.e. when kya, g, —2.0 instead of %jan,fn =2

0). As a direct consequence of such a result, if for almost all realization of (Sy)n>0,

>~ Z ZP( ((G=1D)rn+i+1, jrp) = Un,’f( (-1 T”‘H)) > un) n;)o ,

J<Kn =1

for some 6 € [0, 1], then P (Ms, < uy) — e~97. In this case, the term 6 is referred to as the
n—oo

extremal index (see e.g. [10]) and can be interpreted as the reciprocal of the mean size of a
cluster of exceedances. As stated in Theorem 1 in [1], when the sequence (£(s))secz satisfies
the D(u,) and D’(u,,) conditions, we have

—qr
P(Ms, < uy) e (14)

In other words, under these conditions, the extremal index 0 exists and 8 = gq.

Proof of Proposition 6. Let us write S, = {S(1),...,5g,)} With Sy < Sy < - <
S(Rr,)» and partitition S, into K;, blocks as in Lemma 2. Without loss of generality, assume
that the last block has the same size as the others, so that R" is an integer. Let B; =

{S(G=1)ra+1)> - - - » S(jrn) } De the j-th block of size r,,. According to Lemma 1 in [1], for almost
all realization of (Sn)n>0, we have

P(Ms, < u,)—exp ( Z log (1— (MB]. >un))) s 0.

J<Kn

Moreover, because |log(1 — ) + x| < Cx? for || small enough and because P (MB]. > un) <

P (¢ > uy) converges to 0 as n goes to infinity, we have

Z log (1—IP’<MB]. >un>) + Z ]P’(MBj >un)

J<Kn J<Kn

<> Jlog (1-P (Mg, >u,)) +P (Mg, > u)|
J<Kn

<0 Y P(Mp, > u)

J<Kn
< Cknr2P (€ > up)?.

The last term converges to 0 as n goes to infinity since k7, s nP (& > uy) T and
n oo n—oo
P (& > uy) =20 This shows that for almost all realization of (Sy)n>0

P (Ms, < uy) = exp (— > P (M, >Un)) fueall (1)
J<Kn

15



Besides, following the same lines as [12], we have

P(Mp, <up)=1-P(Mp, > u,)
=1- ip (E6S(G1yrati) > tn = M{Gg_1yr, i o)

This together with (15) concludes the proof of Proposition 6. O

3.4 The D'(u,) condition

Recall that, in the classical literature (see e.g. (3.2.1) in [11]), the D’(u,,) condition holds for
the sequence (Z,,) if, in conjunction with the D(u,) condition,

[n/kn]
nlggon 2; ]P(Zl > Uy, L > un) =0,
1=

for some sequence of integers (k,) such that k&, —7 00, knou e, — 0 and kpfl,, = o(n). The
n oo n [o.¢]

following result is an extension of Proposition 3 in [5]. However, we give a simpler proof which
is based on [10].

Proposition 7. Under the same assumptions as Proposition 4, the sequence (£(Sy))n>0 does
not satisfy the D'(uy,) condition.

Proof of Proposition 7. On the opposite, if (§(S,,))n>0 satisfies the D’(u,) condition, then
P (Ms, <up) —2 ¢ according to Theorem 1.2 in [10]. This contradicts (14) since g # 1.
n—oo

O
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