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1. Introduction

In this paper, we consider the quasilinear parabolic system

u!:Ax{(cl+d1v)u}+(e1—alv—b1u)u
v, =4, {(c;+du)v} +(e;—a,u—byv)v in @x[0,T)
Qa,....,.e, W, T) du

dv
v (x, s)=0:-arv (x,s) on 0Qx[0,T)

u(x,0=W,(x), v(x,00=W,(x) on Q,

where Q<R” is a bounded domain with smooth boundary 62 and- outward
unit normal v.

Furthermore, T belongs to (0, oo]; the coefficients a=(a,, a;), ..., e=(e;, €,)
are constants from [0, co)?, with ¢, ¢, >0, and the initial data W=(W,, W,)
consist of functions W, W,eC°(Q) with W,, W,=0.

By a solution of Q(a, ..., e, W, T), we mean a pair (u, v) of continuous func-
tions from Qx[0,7T) into R such that the derivatives appearing in
Qfa,...,e, W, T) exist, and Q(a,...,e, W, T) is satisfied pointwise. A solution
to Q(a, ..., e, W, o0) will be called global solution.

The system Q(q, ..., e, W, T) arises in ecology as a model of two competing
species with self- and cross-population pressures, where u, v denotes the popula-
tion density of the two species (see [4]).

For the case of space dimension N=1, Kim [5] proved local existence of
solutions to Q(a, ..., e, W, T); i.e. the existence of solutions for some Te(0, o0),
T possibly small. Moreover, Kim could show global solvability under the
assumptions N =1, ¢; =c¢;.

In [7, 8] Mimura et al. announced a result on global solutions under the
assumptions N=1, d,=0.

Amann [1] considers more general quasilinear parabolic systems. In order
to apply his results to the system Q(a,..., e, W, T), onc must either assume
that d;=0 for at least one index ie{l, 2}; then Q(a,...,e, W, T) is of the type
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“upper-block-triangle”, as defined in [1]. Or one has to make sure that the
initial data do not violate a certain ellipticity condition in [1]; this implies
an assumption of the type

min {c,, ¢z} —max {|d, Wy, |d, W o} >0.

In either case, it follows from [1] that solutions to Q(a, ..., e, W, T) exist locally.
To obtain global existence results from [1], it must first be proved that u(-, 7),
v(*, t) are a-priori-bounded, uniformly in ¢, in the norm of the Sobolev-space

W, (€2), for some p>n and Ge(1+§, 2). Here we could only find a single a

priori estimate for solutions (u, v) to Q(a, ..., b, W, T), namely: u, v=0 (see Theo-
rem 4.4).

In spite of that, we shall show the existence of a uniquely determined global
solution, for a class of coefficients and initial data which may be characterized
as follows:

Take 0€(0, 1) and m, MeR with 0<m=M. Then there is a number E>0
such that Qfa, ..., e, W, ) is solvable for a;e[0, M], b;, c;e[m, M], d;e[0, E],
¢;€[0, mM/2], and for nonnegative initial data W, with |W;|, ;<M. This result
is true for any space dimension N. The number E depends on @, &, m, M
and is smaller than m/M.

In order to prove this existence result, we consider a certain semilinear para-
bolic equation. With the help of Schauder-type estimates for linear parabolic
equations of second order, we derive a priori bounds for this semilinear equation.

Then, using Schauder’s fixed point theorem, we arrive at solutions to the
system Q(a, ..., e, W, T), for any Te(0, o). Now a uniqueness argument yields
solutions to Q(a, ..., e, W, co).

2. Notations

Let n be an integer. For xeR”, 6>0, set K,(x)={yeR": |y—x|<a}, where
| | denotes the Euclidean norm in R". For AcR”® A4 denotes the closure of
A4 and 04 the boundary of 4, in the usual topology of R™ If f is a function
from A into IR, then |f|, means the supremum norm of f Furthermore, we
set for ae(0, 1):

“ 'ffo,a:=|fo+sup{w,

x—x" .x,x’eA,x:i:x’}.

Let B be an open subset of R, f a function from B into IR, and ke{l,...,n}.

0 ; . o
If £y f(x) exists for any xeB, then D, f denotes the corresponding derivative,
k

as a function from B into R. For ieN and ky ..., kie{l,...,n}, Dy,...D, f is
defined by iteration. If g is a function from B into IR such that Dy,...Dy, (2] B)
exists and can be extended to B continuously, then we denote this extension
by Dy,...Dy, g The function spaces C™(B), C"(B) (meIN U {0} U {co}) are defined
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in the usual way. If fe C*(B), ae(0, 1), we set

[flz=]Flo+ Z 1Dy f 1o+ E [De Dy f los

kem=1

| f12.0:=1f lo,a+ Z |DicS o, + Z | DDy f 1o,a-

=1 k.m=1

C,..(B) denotes the set { feC*(B): | f|,,,< 0}
In the following, we take the integer N as fixed. If EcRY*!, ae(0, 1), and
u a function which takes E into IR, we define

1u|a=—|u|0+sup{( )'ffﬁjl;“f Sl))lfz (x, ) (¢, )€ E, (x, 9) $(x, s')},

C,(E)={u: E-R:|ul, <o}

Let U be an open subset of R¥*! If v: U—-R or v: U—R is a function
such that D,v,...,Dyv exist, we set Vv:=(D,v, ..., Dyv). Furthermore,

Av= Z D;D;v, provided the derivatives D,D;v exist for 1 =i< N. Note that the
i=1
derivative Dy, ;v does not enter into the definition of Vv, Av. C**(U) denotes
the set of functions » from U into R such that D,v, D,,D,v (1=<k, m=<N), and
Dy v exist and are continuous. The set C*'(U) consists of all functions
u: U—>R such that u|UeC*'(U), and the derivatives Dy (u|U), D, D, (u|U)
(1=k,m=N), Dy, (u|U) may be extended to U continuously.
Take ae(0, 1). If ve C>1(U) or ve C*1(T), we define

N N
‘UI2+\1==!UI1+Z‘Div‘m+ Z [D('D_jvlm+!DN+lU|a‘

i=1 Li=1
Finally we set

Cy4.(0)={ueC’(U): u|UeC>*(U), |u|U|y1,< o0}

Note that C,.,(U)=C?*!(U). Furthermore, C,.,(U) with the norm | |,,, is
a Banach space. For o, f€(0, 1) with o< f, and for U bounded, the identity
map u —u from C,, 4(U) into C,,,(U) is compact (see [2] Theorem 7.1).

In the following, we take Q<=RY as fixed. We assume that Q is a bounded
domain with C3-boundary; v denotes the outward unit normal to Q. We set
Zr=0x(0,T) for Te(0, oo]. Furthermore, S;=38Q %[0, T] for Te(0, ),
S =00 x [0

For feCY(Q ) xe0Q, we set

6f i

5, 0= 2 v()Df ().

t=1
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3. Auxiliary Results

Theorem 3.1. There is a function Kg: (0, 1) x (0, 00)?>— (0, cc) with the following
property
(1) Let o belong to (0, 1), K, 2K, >0, Te[1, w), a, b;, ¢, feC,(Z7), peC, ,(Q),
ueC*'(Zy), with |al,£K,, [b]o=K,; (IZiEN), [c|o£K;, alx9)zK,
((x, s)eZ7),
N
adu+ Y bDu+cu—Dy, u=f,

Li=1

du

= (x,5)=0 ((x,5eS7), u(x,0)=¢(x) (xe).
Then

lul, = Kqlo, Kq, Ko)(|f o+ (@12 + [ulo).
Fuirthermore, there is a function Lg: (0, 1) x (0, c0)* — (0, 00) with this property:

(2) Leta, Ki, K;, T. a, b;, ¢, f, ¢, u be given as in (1), but with the assumption
|b:lo, |clo= K, replaced by the stronger condition |b;|,, |c|, =K.
Then
|t]2 +2= Lolo, Ky, K)(|flat|@2,q+110)-

Remark. Note that in Theorem 3.1 (1), the factor Ky(x, K,, K;) depends on
an upper bound for |b;|, and [c|,, but not on an upper bound for |b;], and
|¢|,, even though we assume b;, ce C,(Z). (This condition could be somewhat
relaxed in (1), but this is not necessary in the context of this paper.)

It is essential that the factors Kg(x, K, K,), Lo(x, K, K;) do not depend
on T This is made possible by including the term |u], on the right side of
the corresponding inequalities.

It is known from [2] Theorem 7.4° that under the assumptions of Theo-
rem 3.1 (1), the following inequality holds:

lul,=c(|flo+]| ¢la), withcdependentona, Ky, K,, T

Similarly, assuming the conditions in Theorem 3.1 (2), one may conclude from
[6] Theorem IV.5.3:

[ty 4o ZE( flat+|ls.), ¢ dependentona, Ky, K, T

In the proof below, we shall reduce Theorem 3.1 to the just mentioned results
in [2] and [6], via a partition of unity on (0, co). This method was suggested
by Prof. von Wahl, who used it in a similar context (see [11], p. 68).

Since [2] Theorem 7.4 is not a good reference — it is given in the form
of a problem — we shall summarize the proof of this theorem at the end of
this paper (see Appendix, Theorem A).

We note that the condition T=1 in Theorem 3.1 could have been replaced
by T = T,, for any fixed T;> 0. Possibly it would even suffice to assume T >0.
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But since Theorem 3.1 will be applied only for large T, there was no need to
look for the best possible lower bound on T,

Proof of Theorem 3.1. As a special case of [6] Theorem IV.5.3, we have this

result:
There is a function Ly, ;: (0, 1) x (0, oc)® — (0, o0) such that the estimate

B) NUlz42Z Lo, 1 (0 Ky, Ko)(1¥]2,,+1 Fl)

is valid for «€(0, 1), 0<K,=K,, 4, B, C, FeC,(Z,), ¥eC, (), UecC*'(Z,)
with
!Alcv “Bila’ |C|1§K1 (lél,JéN),

Ax,5)2K, ((x,9€Zy),

’
AAU+ Y B.D,U+CU—Dy,,U=F,
i=1
ou

By (x,5)=0 for (x,s)eSy,

Ux,00=¥(x) for xeQ.

Using (3) and (1), we may now show (2):
Choose a function {e C*(R) with {(£)=1 for t=1/2, {(t)=0 for ¢t 0. Define

"t)—o'(s
M:=|¢|, +SUp{|qa—(t)—S—|£I¥--: t,selR, t#s}.

Let o, Ky, K3, T, @, by, ¢, f, ¢, u be given as in (2). Then we conclude by
(3):
(4) |u|Z_1|2+a§LQ.](’x= KIJKZ)(r(f)IZ,a-i_IfIa)'
Let Te[1, T]. For (x, s)eZ,, 1Zi< N, we set
A(x, s)=a(x,s+T—1), B(x,s)=b;(x,s+T—1),
C(x,s):=c(x,s+T—1), ¥ =0,
U(x, s)=u(x,s+T—1){(s),
F(x,8)=f(x,s+T—1)—'(s)u(x, s+ T-1).
Theﬁ the assumptions in (3) are satisfied. Hence
|U‘2+a§LQ,1(O€aK1!K2)'F[a'
Observing that
[l @x[T—4, 711244 Uls40s  |FLE|fl+Mlul,
it follows:
(5) IMIQXI:T—%—, T]|2+a§Lﬂ,l(a,K15KZ)(lf'ra+Mlu|z]'
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Now using (1), we obtain from (5):

6) |ul@x[T -3, T24aST( g0+ tlo+1f
where I''=Lg 1 (o K1, K3)(1+ MKg(o, Ky, K3)).

Note that I'= Ly 4 (o, Ky, K,). (6) holds for any Te[1, T].

Let oeNY, melN, with o, +...+oy+2m=2, and (y,s)eZ;. From (4) in
the case s< 1, and from (6) (with T:=s) in the case s> 1, we get:
(1) DDFuy, STl lulo+1110:
where the meaning of DY'Dj u(y, s) is obvious.

Next, let (x, 1), (x/, )€ Zy, with (x, £)%(x’, {'). We abbreviate:
| DF* DS u(x, £)— Dp Dy u(x', t')|

(Ix—x']>+[t =t

DBPH (ot 175

Without loss of generality, we may assume t'<t.
In the case t <1, we have from (4):

D*™H(x,t, X', t') S Lo, (o0 Ky, Ko){(| @122+ f 1)
In the case t > 1, t—t' = 1/2, we may conclude with (7):
D*™H(x, t, x', ) S(ID]" Diu(x, )|+ | DF DL u(x', t) )22 4T (| ¢ 2,0+ ulo+ | f1)-
Finally, in the case t> 1, t—t' <1, it follows from (6), with Ti=¢:

D*™H(x, t, X', () S|P lz,a+tlo+1f1a)
Therefore, we have in any case:
(8) D""MH(x, t,x, () S4I (P ly 0+ ulo+] Sl
From (7), (8) and the definition of the norm | |, ., it follows:
[l24aSQ+N+N)ST( oo+ ulo+1 /-

Thus we may set Lo(o, K¢, K,):=2+N+N?)5T.
For the proof of (1), we use [2] Theorem 7.4, as formulated in Theorem A
of the Appendix. From this theorem, it follows:

(9) There is a function K : (0, 1) x (0, 0)* — (0, o) such that
\UlaéKn,l_(%KuKz)U'1”|2+|Fio)

for o, K, K,, A, B;, C, F, ¥, U as in (3), but with the estimate |B;|,, |C|,=K,
replaced by the weaker condition | B;|,, |C|o <K, (ie{l, ..., N}).
Now, with a«, K, K,, T, a, b;, ¢, f, ¢, u is in (1), we may conclude from

(9):
(10) |u|Z,|.=Kq 1(0 K1, K2)(| @12+ fo);
(11) |u|Qx[7"4§—,_-, T}|a§KQ,1(“a K, Ko))(|flo+1lolule)  for TE[L T
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Proceeding in a similar way as in the proof of (2), we obtain from (10) and

(11):
lul,=5Kg 1 (o6 Ky, K))(L+[ (o) ]2+ ulo+1 f o)

Hence, (1) is valid for
Koo, Ky, Kz)‘=5KQ,1(OC, K, Kz)(l +|C’|o)-

Theorem 3.2. Let T, m be positive reals; a;;, b;, ce C°(Z ;) with a;;=a; (1=i,j<N),

N
1) X aylx, 9)&8zmIEP (% 5)€Zr, (eRY).

i,j=1
Let ue C*'(Z) with max u>0 (or min u <0 respectively), and
N

N
Y a;D;Dju+ Y biDau+cu—Dy, uz0 (£0)

ih,j=1 i=1
Assume there are elements xe 6Q, t,e(0, T] such that u()%, to)=max u
( (¥, to)=min ),
(2) and u(x, s)<max u (u(x, s)>min u) for (x, s)e(2 x [0, t,)) U (2 x {t,}).
(3) Furthermore, assume there are elements a>0, 5,€[0, to) with c(x, 5)<0 for

(x, ) e K, (xX) % [sg, o]

) Ju o du o
Then it follows: ™ (x, tg)>0 (E;- (x, IO)<0).

Proof (compare [10], p. 89). It suffices to prove Theorem 3.2 for the case which
relates to a maximum of w.
Since Q has a C?-boundary, there is a number &> 0 such that

@ K,(x—ev(@)=Q K,(x—ev(x)noQ={x}

(Here it would have been sufficient to assume Q C?-bounded.) Without boss
of generality we may suppose ¢ <g/2. Define

xi=x—ev (%), D=(K (%) " K, (X)) X (So. £o),

L=K,0)noK,(x), [=0K,(x)nK,®).

We have I <@, as follows from (4). Hence, because of (2), there is a number
>0 such that

(5) ull x[so, to] Smax u—34, u(x, so)<max u—é for xel.
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Furthermore we note

(6) u|F2\{)%} x [8q, to] <max u.

Set B’:maX{|all|0a .o |annlos 1bilos +-vs [Bxlo)s

w:=4 NB(1+¢)/(me?),

h(x,s):exp(—cxI)lcfxlz)—exp(—aaz] for (x,s)eD,
k:=0/(2|h|,)
v(x, 8):=u(x,s)+rh(x,s) for (x,s)eD.

Then we find:
N
(7 > ay(x, 5)D;D;v(x, s)+ Z b;(x, s) D;v(x, 8)+c(x, ) v(x, $)
i,j=1 i=1

—Dy.qv(x,8)>0 for (x,s)eD,
8) v(% to)=u(X, to)=max u>0,
9) olx,s)<maxu for (x, )e(I3\{x} x [0, £o])
O % D505 tal) O (Ko(3) 0 Ko (3) X {s0}),

where (9) is implied by (5), (6). To derive (7), we used (1) and the assumption
ag<<g/2.
Assume that v takes its maximum at a point (x', s")e KE(ch) (K, (;c)) % [So, tol-

Then v(x/, s’);v(g, to); therefore from (8):
v(x', )=z max u>0.

Because of (3), (7), and max v>0, we may apply the maximum principle for
linear parabolic equations (for example, see [2] Theorem 2.4'); it follows:

v(x,s)=maxv for (x,s)eK,(x )r\K (x )>< [5q, 8]
Since max v=max u, we have a contradiction to (9). Thus

v(x, s)<max v for (x, s)ek, ()1c) N Ka()%) % [$05 to]-
Hence we may conclude with (8), (9):

0
max v=uv(x, o).

ov oh 8
Thereforek(x tp) = 0. Smceg(x ty) <0, this means: (x to)>0.
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Corollary 3.1. Let T, me(0, o), a;;, b;, ce C*(Zy) with a;;=a;; (126, j < N),

z aij(xzs)ii‘fjgm|€|2 ((x, s)e Zy, E€RV).

ij=1

Assume further that ¢ 0 throughout Z .
Let ue C*1(Z ) satisfy

N

N
Y a;DDju+ Y bDju+cu—Dy,uz0 (or =0 respectively),

i,j=1 i=1

(D 2—:()@ =0 for (x, t)eSy.
Then max u=max ({0} U {u(x, 0): xeQ})
(min u=min({0} U {u(x, 0): xe@})).

Proof. 1t is sufficient to prove that part of Corollary 3.1 which rclates to a
maximum of u.

Assume that max u>max ({0} U {u(x, 0): xeQ}).

Take sq:=inf{re[0, T]: u(x, r)=max u for some xeQ}.

Then s, >0, and u(x, s)<max u for (x, s)e 2 x [0, sy).

We choose xe 2 with max u=u(X, so).

Consider the case u(x, s,) <max u for all xe€.

Then J%E@.Q, and we may conclude from Theorem 3.2: = (Q, 80) >0, a contra-
diction to (1). oy

On the other hand, if u(x’', s;)=max u for some x'eQ, it follows from the
maximum principle for linear parabolic equations (see [2] Theorem 2.4'):

u(x,s)=maxu for (x,s)eQx[0,sq].

But this equation contradicts the assumption at the beginning the proof.
Thus the estimate
max u <max ({0} u {u(x, 0): xeQ})
must be true.
Corollary 3.2. Let T, m, a;;, b;, ¢, u (1=<i,j<N) be given as in Corollary 3.1,
but without the condition ¢ £0. Then
max u<max ({0} u {u(x,0)ellcT: xeQ}),
(min u=min({0} U {u(x,0)ellT: xe@})).

Proof. Apply Corollary 3.1, with ¢ replaced by c¢—|c|y,, u replaced by
u(x, s)e”13((x, s)e Zy).
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4. Existence and Uniqueness of Solutions to Q(a,..., e, W, w0)

Theorem 4.1. Let 6(0, 1), m, MeR with O<m < M. Take
P:=P(8,m, M):=2K,(6, M +mM +2M? m),

m m
=R (6, m, M):=min<— R TV P
Bo=Rig. 1. 1) mm{M’ 2Lo(0, M +mM, m)(M>(1+2P)+ )}
where the functions Ky, Lo were introduced in Theorem 3.1.
Take
M? mM M? M
dy E[0= TJ, boe[T, T]: coelm, M1, dOE[O, 7],

M _ w
606[0, mT] WeC, 5(Q)with % () =0 for xedQ;

Surthermore ¥ =20 and |¥|, s=R.
Let Te[1, 00), geCs 4 5(Z) with 0= g =R, |g|;< PR, [gl|s s =m, we C*!(Z7) with
(cot+dog)Adw+2doVgVw+(doAg+eo—aog—bow)w
—Dy 4 w=0,

w(x,0)=%(x) (xeQ),
S(ag, ---re0,8 ¥, T)

oy (x,8)=0  ((x,5)eSy).
Then it follows:0=w=R.

Remark. Some of the assumptions in Theorem 4.1 are necessary only for the
proof of Theorem 4.2. But it is more convenient to list all these assumptions
at one place.

Theorems 4.1 and 4.2 show that under suitable conditions on a,, ..., €y, g, ¥,
the function g and the solution w to S(aq, ..., €9, g ¥, T) both belong to a
class of functions V, which is given by

Vi={heC>1(Z,): 0Sh<R, |k, < PR, |hl,.;<m}.

Later on, this result will be used for a fixed point argument.
Note that R=R(5,m, M)—»0 for M —oo. Therefore, the conditions

R " R

the behavior of the functions K, L, appearing in the definitions of P, R. Thus
R may be small, and so the assumptions | ¥, ;=< R, 0=g=R imply a smallness
condition for |¥|, ;,|glo-

Proof of Theorem 4.1. We have

M? mM M?], . :
aq€|0, =t bo€|—5—, ——| imply that a,, by may be large. We did not consider

T<w, geC*Y(Z;) withg=0, weC%Z;p), c¢o>0, du=0.



An Initial-Boundary Value Problem for Diffusion Systems 385

Therefore
co+dog,2dyD;g, dOAg+eO—a0g—b0wEC0(ZT) (1ZiEN),
Ccotdog=cy>0.
Moreover, we note that

wix,0)=¥(x)=0 for xefl.

Thus it follows from Corollary 3.2: w=0.
Now assume that max w>R. Then ¥ <R <max w. Thus

t;:==sup{re[0, T]: w(x, s)<max w for (x, s)eZ,}

< % i 0 = . 0
is well defined, with ¢, >0, and there is some xe with w(x, t;)=max w.
A short computation shows:

(1) (doAg+eo—agg—bow)(X, £,)<0;

here we used a,=0, g=0, |gliis=m, e,=mM/2, dy=M/2, by=mM/R,
w(x, 1,)>R.
0
Consider the case w(x, t1)<max~w for xeQ. Then xedQ, and inequality (1)
implies the existence of some o0, te[0, t,) such that

(dodg+e,—agg—bow)(x,5)<0 for (x, s)EQmK,,(Q) % [% 1),

ow o -
Now we may conclude from Theorem 3.2: - (x, 1;)>0, a contradiction to the
properties of w. x
Next, consider the case that w(x/, ¢;)=max w for some x'eQ. Because of

(1), we may choose £>0, fe[0, t,) with K,(x')= @, and

Then, from the maximum principle for linear parabolic equations:
w(x,s)=maxw for (x,s)eK, (x)x[ft,].

This is a contradiction to the definition of ¢,.

Theorem 4.2. Let 6, m, M, aq, by, ¢q, do, ey, P, T, g be given as in Theorem 4.1.
Then there is a uniquely determined function weC*'(Z;), which solves
Slag, ..., e,, 8 ¥, T).

For this solution w, the following estimates hold :

|wl; < PR, Wy 4s=m,
where P=P(d, m, M), R=R(d,m, M) were introduced in Theorem 4.1.

Proof. The existence of a solution weC,,;(Z;) to S(ay, ..., en, g ¥, T) is well
known. For example, one may consider the initial-boundary-value problem
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(1) (co+dog)dw+2d,VgVw+(doAdg+e,—apg)w—Dyiw
=bymin{w?% (R+1)*} on Zp,

aw

. (x,9)=0 for (x,s)eS;, w(x,0)=%(x) for xeQ.

Problem (1) has a solution we C, , ;(Z ), as may be shown by standard arguments
(see Appendix, Theorem B).

Having found a solution weC,,4(Z;) to (1), it follows from Theorem 4.1
that w is also a solution to S(ag, ..., eq, g, ¥, T).

Uniqueness of this solution in the class C***(Z) is implied by Corollary 3.2.

From Theorem 4.1 we know: 0=w=R.

Furthermore, we note:

lco+dogls, [2doDiglo, doAg+eq—agg—bowlo <M +mM+2M?  (1Zi<N),

(@) cotdogzm;

here we used the assumptions on a,, ..., ¢y, g and the estimate |w|, < R. Recall-
ing that w solves S(aq, ..., €5, & ¥, T), we may apply Theorem 3.1 (1). It follows:

W< Ko(d, M +mM +2M?*, m)(| V], +|wlo)-

(Here it is essential that in Theorem 3.1 (1) the assumption [¢|o < K is sufficient.
If we had to assume |¢|, <K, in that theorem, the preceding argument would
not go through.)

Recalling the definition of P= P(4, m, M), and using

W, <|¥], <R, |wlo<R, weobtain: |w|,<PR.
Next we observe
lco+dogls, 12doDigls, |doAg+eols =M +mM.
This, together with (2), implies by Theorem 3.1 (2):
(3) Wl +s=Lo(6, M+mM, m)(laggw+bow?|s+[ ¥z 54 wlo).
On the other hand, for u, fie C;(Z), we have the estimate
@) uitls=|ulo ldlo+ ulo| @5+ ulslélo.

Applying (4) on the term aogw+bow?, and using |g|s, [wl,= PR, [glo, IWlo =R,
and 0= a,, by < M?/R, we obtain:

(5) laggw+bow?[;Z2RM?*(1+2P).
Putting (5) and the estimates |¥|, ;, |w|, = R into (3), it follows:
[Wls 5= Lo(d, M+mM, m)(2RM?*(1+2P)+2R).

Hence from the definition of R:

W], s =m.
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Theorem 4.3. Take 6e(0,1), m, MeR with O<m=M, dae[0, M?/R],
b,e[mM/R, M*/R], ¢;[m, M], d.c[0, M/2], &e[0, mM/2], $.€C, 5(Q) with
o
820, %% (9=0 for xe22, 1411, SR (=1,2)
Let T belong to [1, o).
Then there is a solution (@, 0) to Q(G, ..., & ¢, T) such that for we{i, 0} the
following statements are true:

weC*!(Zy), O0Sw=R, |w,SPR, |wl.s<m

(with P=P(6, m, M), R=R(d, m, M) defined in Theorem 4.1).

Proof. Define Vi={geC*'(Z;): 0<g<R, |g|s= PR, |g|,+s<m}. V is a compact,
convex subset of the Banach space C, , 52(Z7).
The set B:=(C, 4 52(Z7))*, endowed with the norm

[ (o, U)||::[u‘z+af2+|v|z+5/z,

is also a Banach space, and V' xV is a convex, compact subset of B. Now,
for geV,ie{l1, 2}, we define S;ge C*!(Z ;) as the solution to the initial-boundary-
value problem S(d;, ..., &, g, ¢;, T).

From Theorem 4.1 and 4.2 it follows that S;g is well defined and admits
the estimates

0=S,g=R, |[Sigls;=PR, [S:gl+s=m (geV,ie{l,2})

This means that S;geVfor ge ¥, ie{1, 2}.

For (u, v)eV x V we set S(u, v):=(S,v, S,u). Then S is an operator from Vx V
into V'x V. We want to show that § is continuous in the norm | || of the Banach
space B. To this end, we define for g, he V, 1<k<N:

A(g)=:51+51gj
Bk(g)’zzgll)kgz
C(g, h):=d, Ag+€1*&18*51(s18+51h)5
F(g, h)==(—d,A(S,h)+, S, h)(g—h)—2d, V(S h) V(g —h)—d, S, h A(g—h).

Then we have for g, heV.

N

(1) A(@A(S,g—Sih)+ Y Bi(2)Dy(S;g—S,h)

k=1
+C(g h)(S1g—S1h)—Dy.1(S:g—Sh)=F(g h),

(S;2—S, M(x,00=0 (xe), %:a:—sl@(x,s)=0 ((x, s)eSy).

Take p >0 such that |u|s, < p|ul; for ue C;(Z ).
Set E:=max{d;, b;, &, d;, &: 1<i<2}. Observing that |gl, .4, |S;2l,:s5m,

12~

¢, +d,g=zmfor geV, we find:
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@ 1A@y2> |Bu®szs 1C(g W)y SptE+4m)| (1Sk=N, g, heV);
(3) A(g)(x= S)gm ((x: S)EZ_TJ g€ V)

From (1)-(3) and [6] Theorem IV.5.3 it follows that there exists a constant
K, >0 so that

4 |Slg_SlhIZ+612§g1|F(gzh]lﬁﬂ for g, heV.
We may estimate | F (g, h)|;2 by

[F(8, M52 SSE|S1hlyrs2|8—hlass2SS5Epmig—hly1sp.
Putting this into (4), we obtain
|S18*S1h|2+5/2§22|8_h|z+a:2 for g, heV,

where K,:=K,; SEpm.
The term |S,2—S,h|,. 4, may be estimated in the same way. Recalling
how the norm || || and the operator § were defined, we arrive at the estimate

I18(g, &) —S(h, I =K, (g, 8)—(h W) (2.8, b, W eV).

Now we may apply Schauder’s fixed point theorem, in the form of [3] Theo-
rem 10.1. This theorem yields the existence of functions u, veV such that
S, 0)=(4, 0); 1.e.: S, 0=ii, S, fi="7.

From the definition of V and S, it follows: 4, e C*'(Z,); (i, ) is a solution
to Q(d, ..., & ¢, T); for we{d, &}, the estimates stated in Theorem 4.3 are valid.

Corollary 4.1. Take 6e(0, 1), m, MeR with 0<m <M, a;c[0, M], b;, c;e[m, M],
~ dW,
d;e[0, R/2], e;e[0, mM/2], WeC, 5(Q) with W,=0, t‘J’a i =y fon ol
[Wil,s=M (i=1, 2). y
Let T belong to [1, wo).
Then there is a solution (u, v) to Q(a, ..., e, W, T) such that for we{u, v}

weC»'(Z;), 0=ws=M, Wy s=mM/R

(with R=R (5, m, M) defined in Theorem 4.1).

Remark. The assumption d;€[0, R/2] is a smallness condition on d;; see Remark
to Theorem 4.1.
: M ~ M
Proof of Corollary 4.1. Set éi:? a;, b":zf b;, &:=c;, d;:
R
b=y Wili=1,2)

Then for 8, m, M, d,, ..., &, ¢,, Tthe assumptions of Theorem 4.3 are satisfied.
Hence there is a solution (i, &) of Q(d, ..., &, ¢, T) with

M
R d;, €:=e;,

weC*Y(Z7), OZWZR, |W|,4;5m, for weli, ).

Define u:= v:=—- 0. Then the functions u, v have the desired properties.

M
R~ R
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Theorem 4.4. Let a;, by, ¢;, d;, ; €[0, oc) with ¢; >0, W;e C*(Q) with W;=0(i=1, 2),
Te(0, ao], (u, v) a solution to Q(a, ..., e, W, T) with u, ve C>(Z4).

Then u, v=0.
Proof. Assume there is an element (x, s)e Z; with u(x, s)<0 or v(x,s)<0. For
we{u, v}, define s,,:=sup{re[0, T]: w(x, t)=0 for (x,1)eZ,}.

Since u(x, 0), v(x, 0)=0 for xe, s,, is well defined. Without loss of generality
we may assume s, =<s,. Then it follows from the assumption at the beginning
of the proof: s,< T. Furthermore, we have u(x,s,), v(x,s,)=0 (xeQ). Thus we

may choose a number ¢ >0 such that @ x [s,, s, +&] = Zp,and ¢, +d, v(x, $)=c¢,/2
for (x, s)e@Q x [s,, s,+¢]. (Note that ¢, >0 and veC°(Z;).) Finally, there is an
element

(1) (x,5eQx[s,,s,+e&] with wu(x,s)<0.

Now we set for 1 <i,j<N, (x,t)eZ,:

aii(x, t)::cl +d1U(x5 t+Su): aij(x, t):=0 if I#J,
bi(x,t):=2d, D;v(x,t+s,),
c(x,t)=(ddv+e,—a,v—byu)(x, t+35,)
w(x, t):==u(x, t+s,).
Then the assumptions of Corollary 3.2 are satisfied, with T, m, u replaced by
g, C1/2, w.
Noting that w(x, 0)=u(x, s,) =0 for xeQ, it follows from Corollary 3.2: w=0.
This means:
u(x,5)=0 for (x,s)eQx [s,, s, +¢],
a contradiction to (1).

Theorem 4.5. For 8, m, M, a;, b;, ¢;, d;, e;, W, T as in Corollary 4.1, there is
one and only one solution (u, v) to Q(a, ..., e, W, T) such that u, ve C**(Z ).

Proof. From Corollary 4.1 we know the existence of a solution (u,v) to
Q(a, ..., e, W, T) such that we C*>'(Z;), 0Sw=M, |w|,+ s SmM/R for we{u, v}.
Now let U, V¥ be some functions from C*'!(Z;) such that (U, V) is a solution
toQ(a,...,e, W, T).

Since (4, v) and (U, V) satisfy the first equation in Q(q, ..., e, W, T), we get
by subtraction:
(1) (c;+d, MAU—-uw)+2d, FVV(U—-w)+C(U—u)—Dy, (U—u)=F,
where

C=d AV+e;,—a, V—b,U—b,u,
F=(—d,du+a,u)(V—0v)—2d,VuV(V—v)—d,ud(V—o).

ForyeR, weset C":=C—y,

z(x, 5):=(U —u)(x, s)e ™",

FO(x,5):=F(x,5)e™" ((x,s5)eZy).
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Then, from (1), for yelR:
(2) (¢, +d, l}) Az”)+2d1 PV Vz? 4 C("")Z()')—DN+ 7 20 = O,

We multiply both sides of (2) with —z® and integrate over Z,. Note that
for yelR,

i ((01 +d, V)42 (=2 +2d, V'V Vz“”(—z(“)) d(x, s)

Zr

= ((cl+le)Vz(”’F2+% AV(z(”)z)d(x, 5)
ZT

> | (c, | Vz<ﬂ|2+% AV(Z(”))Z) d(x, ).

Zr

In the last incquality, we used the estimate V' =0, which follows from Theo-
rem 4.4,
Moreover, since z7(x, 0)=0 (xeQ), we have

| (=D 1 2M(—=2Md(x,5)=% | (z"(x,T)?dx=0 (yeR).
2

Zr
Thus we obtain from (2):
d
3) | (cl | z|? +(——2!— AV — Cm) (z”’)z) d(x, )= | FO(—zM)d(x,s) (yeR).
- Zr Zr
The right side in (3) may be estimated as follows:
@ | | FO(=2z")d(x, 3)]

Zr
=| [ e {—d Vu(V=0)Vz"—a, u(V—0)zV —d uV(V-0)Vz"} d(x, 5)|
Zr
¢y dy d% o
< s e S (y)|2 ol 2 (¥h2
s {5+3 |u|o)l7z | +(2€1|Vu +1) )

1 d
4y @ PGP+ lulo PP () (<R

with 27(x, s):=(V—1v)(x, s)e "* ((x, s)e Z, yeIR).
From the second equation in Q(a, ..., e, W, T), it follows analogously, for
yelR:

2
3 (CZVE(?)l2+(% AU—&‘”)(Z‘”)Z)d(x, )L | FO—2Md(x,s),

Fop Zr

- o d dZ
(4:) ‘ j‘ F(v}(_gw)) d(x, S)|§ ! {(E}__F_}_INO)VE{?)IZ +(____2 ||7U|2+1) (Z(?))z
Zr 2. W2 2 &5

1 d
+ 3@+ F ol 7P ()
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where
CO=d, AU +e,—a,U—b,V—byv—7,

FOx, s)=[(—d, dv+a,0)(U—u)—2d, VoV (U —w)—d,v A(U —u)](x,5)e™ "
((x, s)e Zy).

Next we add (3) and (3). Then we estimate the right side of the resulting
inequality by using (4) and (4"). After some rearranging, we arrive at the following
result:

¢, d d c, d d ;
(%) er {(%—flulo—--; |v|o)|r72m2+(72—71|u|0—721v|0)|;72‘»|2

+E?(z0) +Em(2‘”)2} d(x =0  (<R),
where
d 1 d3
EM=— 1 AV—e,+a,V+b, U+bu——atu?— = |Vo[>—1+y,
2 4 2¢,

2
1

2ey

5 d 1
E“”:=—72AU—e2+aZU+bzV+b2v—2a§v2—

|Vul*—1+y,

R
Using |uly, |v]o=M, ¢;2m, dé?gm/(zM) (i=1,2) (see the definition of
R=R(3, m, M) in Theorem 4.1), one finds:

¢; d, d,
e S5 ... = =
6 2= lulo=F1olo20  (=1,2)
{Note that our uniqueness proof would fail here if we did not know the existence

of a solution (i, v) to Q(a, ..., e, W, T) with
d d .
62— lulo—5 [0l 20 (=1,2)

as implied by Corollary 4.1. This is the recason why we assumed that
a, ..., e;, W, Tsatisfy the conditions of Corollary 4.1.)
We obtain from (5) and (6):
(M) [ {EDEM?+EDEM} d(x,5)=0  (yeR).
Zr

Since u, U, v, Ve C*(Z,) and T'< o0, we may choose y >0 such that E?, E?'>1.
Thus it follows from (7): 2 =20 =0, This means: u=U, v="V.

Corollary 4.2. Let 6, m, M, a;, b;, c;, d;, e;, W, (i=1, 2) be given as in Corollary 4.1.
Then there are uniquely determined functions u, ve C*'(Z,) such that (u,v) is
a solution to Q(a, ..., e, W, o0). i

For we{u, v}, the estimates 0Sw=M, |w|, HgT are valid.
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Proof. We know from Corollary 4.1 that for Te[ 1, o), there are functions ur, v
such that (ur, vy) solves Q(a, ..., e, W, T); furthermore, the inequalities 0 S w < M,
|wl+s<mM/R are valid for we{u,, v;}. Take two reals Ty, T,€[1, co) with
T, < T,. Then it follows from Theorem 4.5:

“TLZ(uTZNZ_TJ: UT,=(UT2)|ZT1-

Hence we may define functions u, v: Z_—IR by setting u|Z;:=uy, v|Zy=uvy
for Te[1, ). Then u, veC**(Z ), and (u, v) is a solution to Q(a, ..., e, W, ).
Moreover, we have for we{u, v}: 0Sw=R, |w|, . s <mM/R.

If U, V are also functions in C*'(Z ) such that (U, V) solves Q(a, ..., e, W, o),
then one may conclude from Theorem 4.5:

ul|Zy=U|Zy, v|Zp=V|Zy for Te[l, ).

Hence u=U, v=V.

Appendix

Theorem A. Let ae(0,1), 0<K,=<K,, Te(0, o). Then there is a number
Q:=0(a, K, K,, 0, '1:)>0 with the following properties:
If aija bis C:.feca(z’r)a lPECZ,a(Q)s uECZ,l(ZT) Wlth aij:ajin |aijioc) ’bil()! fc|0

=K, (1=iLj=N),

N

Z a;;(x, S)fifngﬂilz ((x,5)eZr, £eRY),
hj=1

N N

Y a;D;D;u+ Y b;Dju+cu—Dy, u=f
=1 i=1

N

Z a;;(x, s) D;u(x, s) n;(x)=0 ((x, s)eSy),

ij=1
u(x,0)="(x) (xeQ),
then |ul, < Q¥ 2+1flo)

Remark. Some assumptions in the preceding theorem are stronger than neces-
sary. For example, one could weaken the conditions b;, ¢, f€ C,(Z7), ¥ eC, ,(Q),
ueC*1(Z;). Furthermore, it is not necessary in Theorem A that Q is
C3-bounded, as assumed throughout this paper (2 C'**-bounded, for some
Be(0, 1), would be sufficient). But in the context of this paper, we do not need
a more general version of Theorem A.

Since a detailed proof of this theorem would be very long, we shall restrict
ourselves to the most important points.

Proof of Theorem A. We consider the case N =2. (The following proof carries
over to the case N =1 after some modifications.)
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In the following, the letter ¢ denotes constants which only depend on o,
Koy Koy, T
Let a;;, by, c, £, ¥, u (1 =4, j< N) be given as in Theorem A.
Without loss of generality, we may assume ¥ =0. Then we may represent
the function u as follows:
u(x, )=Wix, 1)+ V(x, ),
with

= jr(x t,E61) (& 1)dEdr,

x 0= [ Tx,t,& 7 1)dS@)dr  ((x,0)e@x[0,T]),

0 &n

where ¢ is a certain function from C°(3Q x [0, T]), with

D lelo=qlflo
and [I" is given by
@) I, t,60=2Z(x & )+2Zo(x,t,¢ 1)  (x,l€8,t,1e[ Ty, T;] with t>1),

where Z, Z, are certain functions from C°({(x,t, &1)eR" xR xQx [0, T]:
t>7} and C°({(x, t, & 1)e(@ x [0, T)]?: t>1}, respectively. We do not consider
these functions in detail; we only note some properties which will be needed
later on:

Z(+,,E1eC* (R x(1,)) for (£,1)e@x[0, T];
for uel[0, N/2], there is a number A,>0, depending on p, o, K, K,;, Q, T,
such that
() |DIDEZ(x, 1, & )| S A, (t—7) 7" |x—&] N2 a T man b2
for leNy, aeING with 214+a, +... +ay =2, xeR", é€Q with x+ ¢, teR, [0, T]
with t>17;
@) 1Zo(x, 6, & D)= A,(E—1) F|x =& ~N*+2#
for x, £eQ with x+¢&, t, 7€[0, T] with t >1;
() 1Zo(x, 8, &x)—Zo (X', 1, &, D) S A, | x—X PPt —7) 7F|x—&| V720
for x, x', £eQ with |x—&|>2|x'—x|, t, Te[0, T] with ¢ >1;
(6) |Zol t, &, D)—Zp(% ¥, & DS A, [~ —7) ¥ x—&| 2w

for x, £eQ with x+¢&, ¢, ¢/, 1[0, T] with t > ¢ >1.

For these results, with the exception of (5) and (6), we refer to [2] Sects. 1.1
L5, V.1-V.3. Inequality (5) is an easy consequence of [2] Lemma 1.3 and of
the definition of Z, (see [2] (5.1.3)). Inequality (6) also follows from [2] Lem-
ma 1.3 and [2] (5.1.3), but its proof is more difficult; here it matters that we
only only assumed |b;|,, |¢|o = K;. Under the assumptions |b;|,, |¢|, <K, one
may find a better result (compare [7] (IV.13.3)).
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As shown in [2], p.193/194, it follows from (1) and (3):
[Wl=qlflo-
It remains to be proved that

(M 1VI.24qlflo-

For this result Friedman [2], p. 149, refers to Pogorzelski [9]. But since inequali-
ty (7) is not easily understood from [9], we shall prove (7) by a straightforward
computation, although we cannot give all the details here:

Take xe@Q, ¢, t' [0, T] with t >¢". Then

VX, )=V )| § 100t E7) @& 7)]dS(E)dr
o2

I

+§ [ HZole .61~ Zo(x, 1, &, 1) 9 (&, 1) dS(E) d
+I JIZ D)= Z(x, 1, &) @&, 1)]dS(§) dr
0 a2

The first and the second of the preceding integrals may be estimated by
gl flolt—t'|*?; this is shown by using (1)+4) and (6), We denote by 3 the third
of the precedmg integrals. Then

k g . .
Y [ (20t h), 1) — Z(x, £, h(r), 7) @(h(r), D] Ji(r) dr d.

i=1U;

°'——-=~_

Here we applied the definition of a surface integral over dQ. Thus, k is some
integer, U, ..., U, are certain subsets of RV™!, which are open and bounded.

Furthermore, for ie{1, ..., k}, b= hl, s ]:JN) is a certain function from U; into
éQ, and J; is a certain function from U; into [0, o). Of course, k, U, };, J;

(ie{l, ..., k}) depend only on Q. We may assume that J; is bounded, and };
is of the form

ROV=(r 1y oo P10 B T eees T 1),

for re U, with some j;e{l,..., N}.
Take ie{l, ..., k}. For yeIR¥, we abbreviate

yzz(yla yj,‘—layj‘--i-l, ""yN)'

Set hi=h, U+=Uj. Then we find:



An Initial-Beundary Value Problem for Diffusion Systems 395

_|t' { I Z(x,t, h(r), ) — Z(x,t', h(r), 7)) | dr d

0o v

<qf } (| Z(x, t, h(r), D)+ Z(x, ', h(r), 7)) dr d=

[r—xf<(t—t)1/2

t 1
+q | | (t—10) 1Dy Z(x, ' +8(t—1), h(r),7)| d3drde
0

0 U
[r—x|z@—r)!/2

e
gqj j (t’—’f)_(l+“J”2|x;h(r)|7N+I'F“drd'c
0

lr—x|<@—t)1/2

Oy

1
+q(t—1) | i 4+t —1t)—1) 2 | x—h(r)| V1 *drdcd 9
0 (t

[x—rlz@—1)12

(Here we used (3), with p:=(1+)/2)

<q [ |®-rMi*edrag—r) [ [F—r| VLt

Ir=%| <=1/ Ir=%|z{~1)1/2
éq(l . tr):xf?,.
Thus we have shown:
B) 1V(x,)=V(x, ) =gl flot—t)*2
Using (1)(5), onc may show in a similar way:
@ V0=V, )IZqlflolx—x (x,x'eQ, te[0, T]),
(10) [ViIe=4lflo.
Inequality (7) then follows from (8)+10).

Theorem B. Let 6€(0,1), d,m, B, T>0, a,b;,ceCs(Z;) with a(x,s)=m for
(x, s)eZr. w

i 0
Let YeC, ;(Q) with 5 (x)=0 for xedl.

Then there is a function ueC, . ;(Z4) with

« N
(1) adu+ ) bDju+cu—Dy, u=dmin{B,u*},

i=1

% (x,8)=0 (x,5€8y), ux0=%¥x) (xcQ).

Proof. For any veCy(Z,), [6] Theorem IV.5.3 yields existence of a uniquely
determined function w:=Sve C,, ;(Z,) such that
N
aAw+ Y b;D;w+cw—Dy,w=dmin{B, v?},

i=1

P e9=0 (n9eSn wix0=Px) (e
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Furthermore, it follows from [6] Theorem IV.5.3. that there is a constant M; >0
with

(2) 1Svl34s=M (| ¥]s,5+|dmin{B, v*}|5)

SM (Pl s+dlvl})  (veCs(Zy).

From Theorem A we know there is a number M, >0 such that for veC4(Z;),
|Sv]s <M, (| |, +|d min{B, v} o).
Thus, setting M5 :==M, (| ¥|,+dB), we have

(3) |Sv|;£M; for veCy(Zy).
Now define
VV:{UECZM(Z_T): |v|5__<_M3,|v|2+5§M1(\‘P|2,,§+dM§)}.

The restriction S|W of § to W maps W into itself, as follows from (2) and
(3). Wis a compact, convex subset of C;(Z). Using Theorem A, one can show
that S| W is continuous with respect to the norm | |;. Now, applying Schauder’s
fixed point theorem (see [3] Theorem 10.1), we may conclude that there is a
function ue W with Su=u. This function belongs to C, , s(Z), and it is a solution
to (1).
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