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Abstract

Let € be a bounded Lipschitz domain in R®. We consider a solution (u, 7) of the
exterior Oseen problem

—Au + X-Diu + Vi = f, dive = 0 in R3\§,
sa.tisb:ing the boundary conditions
u|dQ = b. uw(z) = 0 (Jz] — 00).

This exterior Oseen flow is approximated by solutions of the Oseen problem in a trun-
cated exterior domain S := {y € R%\Q : |y| < R}, for R > 0, with a local artificial
boundary condition prescribed on the truncating sphere |y| = R. The corresponding
truncation error is estimated in L2-norms.

AMS Subject Classification: Primary 35J99, 35Q72. Secondary 73K12, 73K15.

1 Introduction

Let © C R? be a bounded Lipschitz domain, and let A be a positive real. It is well known
that the Oseen system

(1.1) —=Au+X-Diu+Vr=f, divu=0

in R*\ @7, with a Dirichlet boundary condition on 9
(1.2) u|0Q =b,

and with a decay condition near infinity

(1.3) u(z) =0 for |z] = oo,

has a unique solution (u.w) (“exterior Oseen flow”) in appropriate Sobolev spaces; see [14.
pp- 355 fI.] and Theorem 3.8 below.
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ported by grant No. A2120801/98 from the Academy of Sciences of the Czech Republic.
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In this paper, we shall study the question of how to approximate the exterior Oseen flow (u, )
by a suitable solution of the Oseen system on a truncated exterior domain Qg := Br\ 1,
where Bp denotes an open ball in R® centered in the origin, with radius R > 0. More
precisely, we shall consider the Oseen system

(14) —Av+A-Diwv+Vp=f|g, divv=0 inQg,

under a Dirichlet boundary condition on 052,

(1.5) v|oQ2=1b,

and under a so called “artificial boundary condition” on the sphere 8 Bg,
(1.6) Lg(v,p)(z)=0 for z € OBp,

with the boundary operator Lg defined by

3 .

(L7) Lafwp)e) 1= |3 (Durs(e) = o) o + 5+ (1= 35) )
- k=1

for x € dBg. It will turn out that problem (1.4) - (1.6) has a unique weak solution (v,p) in

W12(Qgr) x L*(Qg). The difference between this solution and the exterior Oseen flow (u,7)

(“truncation error”) will be shown to decay with the following rates (see Theorem 4.5 and

Corollary 4.4 below):

(18) |[Vulr— Vol = O(R™), Jluls — vlQslls = O(R™), [|nlQ& ~ pllz = O(1)

for R — oo. Here S is some fixed positive real with @ C Bs. The relations in (1.8) hold
under the assumptions f € LAR*)?, f(z) = O(|z|=*"¢) for some ¢ > 0. Our approach
additionally yields pointwise decay rates for the exterior Oseen flow (u,m) (Theorem 3.9).
We have for example

lu(2)|- (1 —a/lz]) < C-Ja|7?,

under assumptions on f and b as stated above. Our results may be extended to the following,
more general variant of the Oseen system,

NG+t Vi+Va=/f, divi=0
in an exterior domain R3\ U, where @y is a vector in R, and U C R® is a bounded
Lipschitz domain. Moreover, boundary condition (1.3) near infinity may be replaced by the

more general condition #(z) > Ues for |z| = oo, for a fixed vector %o, € R3. The reduction
to (1.3) may, of course, be achieved by the translation v = & — teo.

Problem (1.4) - (1.6) is of interest because it may yield a discretization of the exterior Oseen
flow (u, 7). In fact, since the domain Qg is bounded, standard numerical methods should yield
an approximate solution of (1.4) - (1.6), which may then be considered an approximation
of the exterior Oseen flow. Of course, this point of view must be justified by suitable error
estimates. Previously a similar approach was applied to the Poisson equation ({17], [18], [1])
and to the Stokes system ([21], [6], [7], [8]). In the work at hand, we propose a crucial first
step in order to adapt this method to the Oseen system: as indicated above, we present
a well posed boundary value problem for the Oseen system in the domain Qg, and then
estimate the truncation error arising between the solution of this problem on one hand and
the exterior Oseen flow on the other.
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Note that our artificial boundary condition (1.6) is local, or in other words, a pointwise con-
dition. Thus, contrary to the situation arising with nonlocal conditions, we admit functions
f which do not have compact support. The choice of a local boundary condition further
implies that a finite element method should suffice to discretize problem (1.4) - (1.6); there
is no need to couple finite element with boundary element methods. On the negative side,
a solution of (1.4) - (1.6) will not, in general, coincide with the restriction of the exterior
Oseen flow to Qp; in other words, a truncation error arises. However, this is not a serious
drawback as long as the truncation error may be kept smaller than an eventual discretisation
error. We refer to [17], [18] for a discussion of this point, which is only of marginal interest
here because we shall restrict ourselves to treating the continuous problem.

To cite some results related to ours, we remark that local artificial boundary conditions for
the Poisson equation and related estimates for the truncation error were derived in [17], 18],
[31]. Similar results for the Stokes system may be found in [6], {21], {20], [32].

There are many articles dealing with pointwise boundary conditions for various partial dif-
ferential equations, but without giving estimates of the truncation error. We only mention
the papers [24], [2], [26], [28], [29] treating the instationary Navier-Stokes system. Otherwise
we refer to the survey paper {37] by Tsynkov and the monograph {16] by Givoli. Concerning
nonlocal artificial boundary conditions, we mention the paper [3] pertaining to the Pois-
son equation, the references [19], [23], [35], [36] treating the Stokes system, and the article
[22], where the instationary Oseen system in halfspace is considered, with a hyperplane as
artificial boundary. Further references may be found in [37].

Let us briefly explain our choice of the operator Lg. To this end suppose that R € (0, 00)
with @ C Bg, and that (vg,er) € HX(QR)® x H'(Qr) is a solution of system (1.4) under
boundary condition (1.5) on 9. Further suppose the exterior Oseen flow (u, ) satisfies the
condition u|Qg € H%(QR)?, 7|Rr € HY(QR). In order to estimate the difference between
u| Qg and vg in the gradient norm, we observe

(1.9) [1V(ulQr — vr)

il

/‘:Z [ 23: (Djuk — DjUR‘k)Z ot le(’u d ’UR) . (71’ - QR.)] d:c

R ojk=1
+ [, /2 (= vr)(@) - (21/R) do

=[5 /2) - (w = oY (z) - 1/ ) do

Lo [ E(u,m) = En(om, en)] - (u = vr) dox,

where
3

Lr(w,0)(z) := [Z(Dkwj(z)—5jk~0($))'($k/R) = (A/2) - wi(z) - (z:/R)

k=1 1<5<3

for « € 0Bg, (w,0) € {(u,7), (vr,0r) }. Equation (1.9) is valid because (u,r) is a solution
of (1.1), and vg solves (1.4). Now assume that Lgr(vr, or) = 0. Then we have by (1.9)

(1.10) | V(u|Rr — vr)[Z = [,BRZR(u,w)-(u-vR) do,
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< (4- | La(u,m) |2 + e-)(u—vr)|0Br|Z  for e>0.

Thus, if the term € - || (v — vg) | 0Br ||} were dominated by the left-hand side of (1.10), for
€ small but independent of R, we would have reduced an estimate of the truncation error
u | Qg — vg to an estimate of the term || Lz(u, ) ||o. This latter expression only depends on
the exterior flow (u, ). At this point, three questions arise. First, does problem (1.4), (1.5)
with the artificial boundary condition ZR('UR. or) = 0 on 0Bg admit a solution? Second,
if such a solution exists, may the term ¢ - || Lz(vg, or)||? be dominated by the left-hand
side in (1.10), and third, what is the asymptotic behaviour of || Lg{u, ) ||2 when R tends to
infinity?

We were only able to answer the last question, and this answer was disappointing. In fact,
by Corollary 3.8 and the method used for its proof, we obtain

(111) Ve |0BR . = O(R™"), ||m|0Brll2 = O(R™"), |lu(z)-21/R|9Brll. = O(1)

for R — oc. This means the components of the term Z:R(vg, or) are not well balanced as
regards their asymptotic behaviour for R — oc.

The situation changes when the term w(z) - z;/R in the definition of the boundary op-
erator L is replaced by w(z) - (1 — 21/R), that is, when the operator Lr is replaced by
Lg. Then problem (1.4), (1.5) with boundary condition (1.6) on dBg may be written as a
mixed variational problem admitting a unique solution (vg,gr), and the truncation error
| V(u|Qgr — vr) ||z may be estimated against || Lr{u, ) |2, due to a variant of inequality
(1.10); see Section 4. Moreover we have

lu(z) - (1 - 21/R)|0Brlls = O(R™) (R -+ oo)
(Corollary 3.8), so that by (1.11)
Il Lr(u,m)|lz = O(R™') (R — oo).

It remains an open question whether there is a different boundary operator leading to a
higher rate of decay of the truncation error.

We remark that our decay estimates of the term || Lr(u, ) |2 are first reduced to the case
of boundary data b orthogonal to n{® with respect to the L2-scalar product on 9, where
n{® denotes the outward unit normal to €. In that case the exterior Oseen flow may be
represented by the sum of a single layer and a volume potential. This integral representation,
derived in Section 3, is more specific than the one given in [14, Theorem VII.6.2], and allows
us to quantify the influence of the data on the decay of the exterior Oseen flow.

2 Some notations

For a multiindex € N3, the length |b]. of b is defined by . := b, +by+b3. If A C R®, then
OA denotes the boundary, and x4 : R* — {0,1} the characteristic function of A. Assume
that A is Lebesgue measurable. For p € [1,00), we denote by L?(A) the set of all p-integrable
functions from A into R. The symbol || ||, stands for the usual norm of this space.

Let G C R® be open. If N € N and f is a function from G into RV with suitable smoothness,
the symbols Dif, DD, f, D f, for k,l € {1,2,3}, b € N3, are used in an obvious way in order
to denote partial derivatives. We further introduce the abbreviations V f, Af, divf for the
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gradient of f, the Laplacian applied to f, and the divergence of f, respectively.

For p € (1,00), k € (0,0c), and under appropriate assumptions on G, we denote by Whr(@),
W*?(9G) the usual Sobolev spaces; see [13, pp. 255-256, 330, 332]. In the case p = 2. we
shall write H*(G), H*(3G) instead of W**(G), Wk 2(8G), respectively.

The parameter A € (0,00) will be kept fixed throughout. We assume that  C R® is a
bounded domain in R® with Lipschitz boundary. This domain will be kept fixed as well.
The case £ = is admitted, although we shall not explicitly deal with this case. In fact, if
Q = (), our arguments may be somewhat simplified. The outward unit normal to  will be
denoted by n®).

As mentioned in the preceding section, we write Bg for the open ball in R® with radius R > 0
and center in the origin. The truncated exterior domain Qg is defined by QR_ = Br\ 0,
for R € (0,00) with @ C Bg. We fix a number S > 0 with the property that  C Bs.

Finally, we define functions s, 53 by
s(z) = lz|—=1, ng(z)=004z)*- 1+ s(z))® for z€R3 a,f€R,

where |z|:= (2 + 22 + Ig)x/z.

3 Solutions of the Oseen system in exterior domains

In this section we consider the Oseen problem (1.1) — (1.3). We will present some results on
existence, regularity and decay of solutions to this problem. To begin with, we introduce
some notations.

Let E := (Eji)i<j<4,1<k<3 denote the fundamental solution of the 3D Oseen system (1.1)
presented in {14, Section VIL3], that is,

Bii(2) = (1)) 1= (6 A= DiDi) | (z32),  Bul2) 1= (4- DREEI IR Y &
for z € R*\ {0}, 1 < j,k <3, where
B ) i= (47N B (e s(2), 9= b= oy Caf @)=k Le (-
Moreover, put Lot e COP")
U]’k(z) = (8 . 7r)—1 . (|z|—l . ij + zj- 2y ‘2"3) , U4k(2) = (4 . ,n,)—l 2 - |2|-3.

for z € R®\ {0}, 1 < j,k < 3. Thus the matrix-valued function (Ujr)1<j<s, 1<k<3 is a funda-

mental solution of the Stokes system —Au+ Vm = f, divu =0, and it holds Egu = Uy
for 1 < k < 3. We shall need the following properties of E :

THEOREM 3.1 Let j,k € {1,2,3}. Then Ej, Ey € C*(R®\ {0}), and

3
—AEjk +A- DlEjk + DjE4k =0, Z D;Ey = 0.

=1
If a =(a1,02,a3) € N3, |al. < 1, then there is a constant C = C(A) > 0 such that
(3.1) |D*Ejn(z)] S C- |27, 2 € Bi\ {0},
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(3.2) |D*Ew(2)| < C-|z|7* 1o 2R3\ {0},

(33) [D°Eix(2)] < C-nZi3Hell(2), z€R*\ By

(3:4) ID"Ep(2)| < CnZ(Li)a(), 2 €R*\Byf a1 £0,
(3.5) |D*Eji(z) — D*Ups(2)| < C - |27, z € B\ {0}.

Proof: For a proof of estimates (3.1) - (3.4), we refer to [14, Section VIL3]. Inequality (3.5)
is proved in [27, (1.12)].

LEMMA 3.1 For o,p € @ and § >0, there exists C = C(S,a,8) > 0 such that

In(1+R), =1
1[._ - B#1

O

(3.6) /I;Bn ng(z)do, < C- Rr-o—min{1,8} { } for R>S.

For a proof we refer to {12, Lemma 2.3].

Let U C R® be a bounded Lipschitz domain. We introduce single-layer potentials V(3U)(®) :
R® > R* and Q(AU)(®):R*\ 0U = R by

VEe)) = ([, Eate-n) tunag,)
QU)(@)(a) = /aUkZ:E“ o' —y) - B(y)dU,

for ® € LP(QU)3, p € (1,00), z € R?, 2 € R®\ QU. In order to establish some fundamental
properties of these potientials, we note

LEMMA 3.2 Let p € (1,00), k € (~00,2). Then there is some C = C(k,Q,p) >0 such
that it holds for f € LP(0Q) :

(Lo (gl v wian, ) dﬂz)l/p < Clfly

The lemma follows by Holder’s inequality; see [5, Lemma 4.9]. As a first application, we
observe

LEMMA 3.3 Let p € (1,00), ® € LP(0Q)°. Then the functions V(0Q)(P) : R® — R,
Q(0)(®) : R*\ 80+ R are well defined. It holds V(9Q)(®)|R>\ dQ € C=(R®\ 90)°,
Q(ON)(®) € C=(R®\ 89) and

D° [V(BQ)(@){R:‘\aQ] (z) (/8 Y D'Eji(z — y)- Culy )d9y> o

k=1

D*Q(0)(@ / ZD Euw(z —y) - ®4(y) dQ

for a € N}, z € R®\ 0. Moreover
—A[V(39)(®)|R°\ 80 + - D, [V(69)(@)R*\ 69] + VQ(89)(@) = o,
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div [V(09)(2)/R*\ 80] = 0.

Proof: We know by Lemma 3.2, (3.1) and (3.3) that

ol

This means the integral fmIZ‘Z:l Ejp(z—y)- @k(y), dQ, exists for 1 < 3 < 3 and for
almost every z € Q. Obviously this integral exists as well for any z € R®\ 99. Thus the
function V(99)(®) is well defined. The other statements of the lemma are obvious. O

LEMMA 3.4 Let p € (1,00). Recall that S € (0,00) with @ C Bs. There is a constant
C=C(\0,5,p) >0 such that

(37) IDVED@)(@)| £ C- [0, [z (14 s(2)) T2,

(38) 1QOV(@)(=) < C-|®ll,- |z,

3 P
Z Ej(z —y)- q’k(y)l de) dQ, < oo.

k=1

for ® € LP(ON)%, z € R®\ Bys, a € Nj with |a|. < 1. Moreover
V(0Q)(®) € L5(R?)?, V [V(aﬂ)(<1>)|R3\aQ] € L}(R\ 69)°,
QON)(@) € LAR®\ Q)  for & € L2(ON).

Proof: The estimates in (3.7) and (3.8) are obvious consequences of (3.2) and (3.3). Let

® e L?(09). By [9, Lemma 5.7] it holds
V(09)(®)|Bas \ 1 € WH(Bys \ 9, Q(09)(®)|Bas \ Q € L*(Bes \ Q),
V(ON(®)|N € WHQP,  QIN)(®)|Q e LA(R).

It follows V/(8Q)|Bas € L%(Bas)®. fis-clear by (3.7), (3.8} and Lemma 3.1 that H (e conclorole
V(0Q)(D)|R®\ Bas € LO(R®\ Bys)®,  V [V(3Q)(®)|R®\ Bas| € L¥(R®\ Bys)’, from
Q(99)(®)|R’\ Bzs € L*(R®\ Bas).

Combining the preceding relations yields the lemma. o

We introduce some notations related to the boundary of Q. Let €,6 € (0,00), y,z € R®
with |z| = 1. Then we define the cone K(y, z,6,€) with vertex y and with axis pointing in
the direction z by setting

K(y,2,6,¢)i={y+t-b:t€(0,8), bR [o|=1, [b— 2| <e}.

We choose a non-tangential vector field m{® : 89 — R®. This means it holds |m{®(z)| = 1
for z € A9, there is a function m € C®(R®)® with m|9Q = m®, and there are constants
D1=D1(Q)>0,,D4=D4(Q)>O with '

K(z,m(z),Ds5,D4) CR*\ R, K(z,-m(z),D3,Dy) CQ  for z € 09,
(39) |z4x-mV(@)—o - -mO)| > Dy (o -2+ s - &)

for z,2' € 09, k,k’ € (=D,, D). Some indications on the construction of such a function



72 Deuring — Kra¢mar
m'? are given in [33. p. 246] and [9, p. 119]. Note that we may require in addition that
there is some § > 0 with
(3.10) |2(2) - m ()| > & for z € 09,
where n(® denotes the outward unit normal to Q. For & € (0,D;), we define

Q1= { e R®: dist(z, R\ Q) < D; - x},

Qe .= {T € R3: dist(z,Q) < Ds - n}.

For 7€ {—1.1}, &€ (0,Dy), the set Q™ is open, and & C Q1. R*\ Q C Q17

Let k € (0,D1), z € Q™) y € 80, and distinguish two cases. First. assume z € Q% N
Q=15 Then there exists z € 9 with |z — z| < Dy - x, and it follows by (3.9)

)z—y—n-m(m(y)l > Iz—y—fc-m(n)(y)l——|a:—z| > Dy-n—lz—z] > 0.
Second, we assume r € Q*)\ Q(=1%) Then we may conclude dist(z,R*\ Q) > D, - &. Since
y+r-m®(y) e R®\ 2, weobtain |r —y—«-mB(y)| > Dy x> 0.

A similar argument holds if # € (="*). Thus we have shown
(3.11) Ix —y—T K- m(m(y)l >0 for k€(0,Dy), T€{-1.1}, y€Q, =€

This observation yields an easy way to approximate the single laver potentials V(992)(®)
and @Q(80)(®) by smooth functions. In fact, let « € (0,D,), 7 € {-1,1}, p € (1,c),
® € LP(N)°. Then we define functions V(%) = Vr=)(Q)(®) : Q%) s R® and Q"% :=
QU(Q)@) : Q%) R by

3
V() = </9 Y Bz —y—1-r-mP(y))- Bu(y) de) '

2 =1 1<;j<3

3
QUI(z) := ,/39 Y Eu(z—y—7-K- m(y)) - Br(y) dQ, for z € Q9.
k=1

LEMMA 3.5 Let p € (1,00), ® € L?(89)%, x € (0,D), 7 € {-1.1}. Then V(™ ¢
C(x‘(Q(‘r,n))S’ Q(T,K) € Coo(Q(-r,n)),

3
D“Vj(”)(r) = / ZD“Ejk(z—y——T-fc-m(m(y))-(I)k(y) dQ,.

L k=1

3
D“Q(T'K)(I) = a0 Z D*Ey(z —y—7-K- m(m(y)) - O(y) d,
k=1
forz € QU a € N3, 1< j<3. Moreover,

—AVERD LA DV v QU = 0, divV(® = 0.

Proof: Obvious by (3.11) and Lebesgue’s theorem on dominated convergence. 0

Let us now make precise our claim that the functions V(™ and Q(**) approximate the

layer potential V(9Q)(®) and Q(9)(®), respectively.
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LEMMA 3.6 Let p € (1,00), ® € LP(99)%, 7€ {—1,1}. Then
/aQ Vi —vea)@)[ d —0 if xlo.

Proof: Use (3.9), Lemma 3.2 and Lebesgue’s theorem on dominated convergence. o

LEMMA 3.7 Let p € (1,00), ® € LP(8Q)%, R € (0,00) with 0 C Bgys, a € N} with
lal. < 1. Then

o

[, ot — @)@ d— 0 jor x L0.

91922V 1 (2) — 802"V (92)(®)(x)| dYz) — 0,

Proof: Obvious by Lebesgue’s theorem on dominated convergence. a

LEMMA 3.8 Let p € (4/3,00), ® € LP(9Q)°, j € {1,2,3}, a € N} with |a}. < 1. R €
(0,00) with Q@ C Br. Then

S PV@) = e )@@ d — o,

/ﬂ |V 2y - 8°/a° [w(an)(cp)(x)]f dz — 0 for & 0.

Proof: Lemma 3.8 follows from (3.1), (3.3), by the same arguments as used in the proof
of [5, p. 249, Lemma 13.1}. |

Let us note a consequence of Lemma 3.6 and 3.8:

COROLLARY 3.1 Let p € (4/3,00), ® € LP(90)3. Then

V(00) ()09 = trace[V(9N)(®)|R*\ Q] = trace [V(9Q)(®)|Q].
Next we consider double-layer potentials with the kernel D;Ey — D;jUn + DiEji — DiUj.
LEMMA 3.9 Let p € (1,00), ® € L?(3Q)°. Then the function K : R* — R®, given by

3
Ki(z) = /39 " (D;jEw — D;Uu + DiEjt — DiUy) (z — y) - ni¥(z) - @u(y) dO,

k=1

for z € R%, 7 € {1,2,3}, is well defined, and it holds
./39 |IC(z + & -m®(z)) - lC(x)|p dQ, — 0 for £ = 0.
Moreover the operator K*(p,Q) : LP(0Q)2 — LP(990)*, introduced by ’

(3.12) Ki(p, M) (¥)(z) := ,/aﬂ k}j; (D;Eq — D;U + DyEji — DiUp)(z — y) - niﬂ)(z)

Uy(y) dQy for z €09, je€{1,2,3}, ¥e L9,

is well defined, linear and bounded.
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Proof: By (3.5) and Lemma 3.2, we have
(3.13) /80 [(DiEjse — DiUx) (z — y) - @i(y)] Dy < 400

for 1 < j,k,1 <3 and for almost every z € 9§). Obviously the relation in (3.13) also holds
if £ € R*\ Q. Thus the function K is well defined. Referring to (3.5),(3.9), Lemma 3.2
and Lebesgue’s theorem on dominated convergence, we obtain (3.12).

It further follows from (3.5) and Lemma 3.2 that K*(p, Q)(¥) € LP(O02)® for ¥ € LP(9Q)3,
and that K*(p,{?) is bounded. m]

Let 7 € {—1,1}, p € (1,00), & € LP(0N)>. Define I’ = T*(7.p, A, Q)(®) : 80 — R® by

*._Z _ P 3_1; / .
M= 5@ — L7(69) gg(aﬂxamKU’ yl)

1/<3

3
- 3 (DiBu + DhByy — 8- Eu) (I = y) - (1) - Du(y) 4, )
kyi=1

where [ denotes the identical mapping of the set 9Q onto itself, and the limit is to be
understood in the sense of convergence in the space LP(9)%.

THEOREM 3.2 Let 7 € {—1,1}, p€ (1,00) and ® € LP(9N)3. Then the function I =
[*(7,p, A, Q)(®) is well defined, and it holds for 1 <j <3:

(3.14) /a IT3(rp, 2, 2)(®)

+

Me

(D3Ve+ DiV; = 656~ Q) (2 + 75 -m@(2)) - ni?(2) [ do. —> 0,

1l

k=1
for £ L0, where we used the abbreviations V := V(0Q)(®)\3Q, Q := Q(IN)P).

Proof: It is known from [4] that the family (A(E)>€>0 of functions, with
3

A@) = [ Xl =)+ Y (DiUk+ Del = 8- Bar) (= — ) - ni(a)

k=1
B(y)dt, for z € 90, je€{1,2,3},
converges in L?(90N)3 for € ] 0; see [11, pp. 773/774], {38, pp. 578-582}, [30, pp. 266-270].
Abbreviate A* := 7@ — LP(80)3 lim.yo A®. Since by (3.5) and Lemma 3.2
Q P

f ([ (DiBu = DU + DuBy = D) (2 = ) - f(2) - @u(w)] 49" dfs < 0
for 1< j,k,1 <3, we see the function I'™* = I'*(7, p, A, Q)(®) is well defined, with
(3.15) T™ = A™ + K*(p, Q)(®),
where K*(p,)(®) was introduced in Lemma 3.9. We have by [11, p. 774, (0.9), (0.10)):

3
(3.16) /{;ﬂ Aj(z) + /an 3" (DjUu + DiUji — §jic - Eal) (z + 7 - 6 - mP(z) — y)

k=1

vnﬁﬂ)(z)~@,(y)dﬂy|pdﬂz—)0 for k10, 1<j<3:
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see also [30, pp. 266-270]. Now, combining (3.12),(3.15) and (3.17), we obtain (3.14). O
Put

[2(00) = {@ e }(00) : [ @-a®dq = o}
Define the operator £(9Q) : L2(8N) — H(8Q)* N LL(0N) by
(3.17) E(O)(®) := V(902)(®)|6Q for @ € L2(9Q).

Our aim is to show that £(9Q) is well defined and bijective. As a preliminary result in this
direction, we note

LEMMA 3.10 Let ® € L*(9Q)°. Then V(9Q)(®)|0Q € L2 ().
Proof: We know by Lemma 3.2 that V/(9Q)(®)[09 € L2(90).
Setting V) .= V(A(Q) (@) for & € (0,D;). and using Lemma 3.5 and 3.6, we get

a0

/ V(00)(®) - nVdQ = 11m Vs 40 = lim/ divv®dz = 0.
an rl0 Jo

The next theorem is needed in order to show that £(0Q) is one-to-one:

THEOREM 3.3 Let ® € L2(3Q) with V(9Q)(®)|dQ = 0. Then @ = 0.

Proof: Put V("% .= V(=9)(Q)(®), Q™ —Q(T" (Q)(®), for 7€ {-1,1}, & € (0,D),
with Dy from {3.9). For R € (0,00) with Q@ C Bg, ¢,k € (0,D;), we get by partial
integration and by Lemma 3.5:

R Jik=1

+ _A- Dy VLR Lyl g
Br\Q

3
/ Z (=8 - QU + DV + D) VM) nyda,
dﬂuaBR

with n(y) := —n(y) for y € 89, n(y):= R~ -y for y € dBr. Letting € tend to zero,
and applying Lemma 3.6, 3.7 and 3.8, as well as the assumption V(9Q)(P){0Q = 0, we get
for k € (0,D,)

1
- Z (D;VEM 4 DVE™) - (Djus + Diw;) d:c+/ A DV ude
2 BR\QM1

= [ 2 (<8 QUM + DV 4 DY) (2) - wy(a) - (au/ By dox,
9BRr

Jk=1

where u := V(9IQ)(®), m := Q(ON)(®P). But according to Lemma 3.4, we have
(3.18) u|Br\ Q1 € W'*(Bp\ 1), 7|Br\ Q € L*(Br \ Q).
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Thus we conclude from Lemma 3.7 and 3.8, by letting « tend to zero:

3
Z (Djuk + Druj)*> dz + [ _X-Diu-udz
BR\ k= Br\Q

/ =8 - ™+ Djug + Drj) (z) - uj(z) - (x2x/R) do,.
9BR ;% 1
Since V(0Q)(®)|002 = 0, it follows with (3.18) and Corollary 3.1

/BR\EDlu-udz = (1/2)~/BR\§D1(u-u)dx = (1/2)~]C;BR(u~u)(a:)~(xl/R)dox,

so that
3

(3.19) %./BR\_ S (Djus + Dewy)? dz = —()\/2)-/BBR|u(z)|2-(z1/R)doz

Qj,k:l
/ ch 7I'+D uk+Dku])( ) uJ(z)(xk/R)do,
C’BRJk 1
It is obvious by (3.7), (3.8) and Lemma 3.1 that
~/BB Z (_6jk -+ Djuk + Dkuj) (I) . UJ(.’L‘) . (:I)k/R) do, — 0,
R

/ fu(2)]?- (z1/R)do, — 0 for R = +o0.
dBR

Thus we may conclude from (3.19)
./R3 Duk + Dku]')z dz =0, ie. (Djuk + DkUj)le \—Q =0
]L 1
for 1 < 7,k < 3. But for any domain B C R®, we have
(3.20) {f € CA(B)*: Djf + Difj=0for 1 < j,k <3} = {a+bxid(B):a,be R},

with id(B)(z) := z for = € B; see [10, p. 173] for example. Furthermore, it holds
u(z) = O(Jz|™!) for |z| = oo; see (3.7). Thus we may conclude u|R*\ @ = 0. This. in
turn, means by Lemma 3.3 there is a constant y € R with n(z) = v for z € R\ Q. But

the function 7 also decays for large values of || (see (3.8)), hence 7|R*\ 2 =0. Now we
may conclude from (3.14): I'(1,2,A,Q)(®) = 0.

Analogously, using Lemma 3.3, 3.4, 3.5, 3.6, 3.8, Corollary 3.1, (3.20) and (3.14), we may
deduce T™(—1.2,X,0)(®) = —7 - n.

Combining the two preceding equations yields ® = v-n(®, hence f;, ®-nldQ = v- [ dQ
But @ € L2(99). so it follows v =0, hence & = 0.

Next we intend to show that the operator £(0Q) is well defined and bijective. We begin
with some auxiliary results.

LEMMA 3.11 Let A, B C R? be bounded, measurable sets, and K : A x B — R**® ¢
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measurable function. Assume there is C > 0, k € (—0,2) with

IKEn)| < C-le=nl™ for &neR® suchthat &#1.
Let p € (1,00). Then the operator T : LP(B)® — LP(A)3,

TUNE) = [ KEm) - f(n)dn for €A, feL?(BY,
is well defined. linear and compact.

Proof: See [5. p. 83, Lemma 6.3], where the case & = 1 is considered. The proof given
there carries through for any & € (—00,2). It reduces compactness of T to compactness of
Hille-Tamarkin operators ([25, p. 275, Theorem 11.6]). a

LEMMA 3.12 Take U,V C R? be open and bounded, with V. C U. Let p:U - R® bea
Lipschitz continuous, regular, injective function. Let Z € CH{R?*\ {0})**® and assume there
is a constant C > 0 with

1Z(e)| <C, |DiZ(z)| <C-le|™ for zeR*\{0}, 1<I<3.
Let p € (1,00). Introduce the operator T := T(p, Z,U,V,p): LP(p(U))® — WHr(V)® by
T(®)(¢) :=/UZ(p(é)—p(n))@(p(n))dn for @€ LP(p(U))®, E€ V.

Then T is well defined, linear and compact.

Proof: By Holder’s inequality, applied as in the proof [5, Lemma 4.9], we see that for any
K € (—00,2), there is some C; > 0 such that

P 1/p
([ (fre-n=15mian) ae)™ < il for fe )
compare Lemma 3.2. This means that the integral
[, D2 (6(6) = () - 9(p(m) dn

exists for @ € N} with |afl. <1, ® € LP(p(U))*, and for almost any ¢ € V. It further
follows there is a constant C; > 0 with

21 ([ |[ 0 2tot6) - s - 2oty an] 6)” < <ol
for ¢ € N3 with |a]. <1, ® € LP(p(U))3. For j € {1,2}, ® € LP(p(VU))?, define
)i= 3 Dipl®)- [, DZ(pl6) = p(0)) - @(o(n)) dn

for ® € LP(p(L'))?, € € V. We see by (3.21) thereis C3 > 0 with
(322) 1K@, < Co-l®l, for s {12}, @€ L (V)"

Let ® € LP(p(1))%, 7 €{1,2}, S € C&(V)>. Then
J,ois 1@ = [ [ D) 2(p(€) - plm)) - @(p(m) dé dn

= =[], 5© 5 126(0) = o) - 0(ptn)) ae e,
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where the last equation follows from a well-known theorem about the derivative of a Lipschitz
continuous function; see [34, p. 148, Theorem 7.20]. Thus we get

/DSTT =—//5 'iDmM%DM@@—Mm%NMMNMU

= - [ s K@)

This equation implies the function T(®) has weak derivatives of order 1, and
(3.23) D;T(®) = K;(®) for je {1.2}.

We may conclude from (3.22) and (3.23) that T(®) € WIP(V)? for ® € LP(p(U)). Thus
the operator T is well defined. In order to show that it is compact, define £; : LP(L')® —
LP{(V)?® for j € {0,1,2} by

Lo(NE€) 1= [ Z(o() = plm)) - Fin) dm

= [ 32 Dipi(©) - DZ(p(€) = pln)) - f(n) dn
k=1

for f € LP(U), 1 <3 <2, €€ V. By Lemma 3.11 and the assumptions on Z. the
operators Lo, Ly,L; are compact. Let (®(™) be a bounded sequence in LP(p(L7))®. For
n € N, put f0 := &™op. Then (f)) is a bounded sequence in LP(U)3, so there is a
strlctly increasing mapping o : N = N such that the sequence (£;(fC™D)),cn converges in
LP(V)3, for j € {0,1,2}. This means the sequences (T'(®€))). N and (K;(@M)))
converge in LP(V)3, for j € {1,2}. It follows by (3.23) that (T(®(™))) comerges in
Wte(VY3 . Thus T is compact. O

COROLLARY 3.2 Let Z € CY(R*\ {0})® with |Z(z)| < C, |DiZ(z)] < C-|z|™? for
z € R3\ {0}, 1<1<3, with some constant C > 0. Let p € (1,00). Introduce the operator
T:=T(Z,Q,p): LP(6Q)® — WIP(50)3 by

T(®)(z) == /m Z(z —y)-B(y)dY, for z€0Q, &€ LP(N).

Then the operator T is well defined, linear and compact.

In fact, we arrive at this corollary by transforming the preceding integral into local coordi-
nates and applying Lemma 3.12.

COROLLARY 3.3 Let p € (1,00). Define the operator £,(09) : LP(00Q)° — W'P(9Q)3
by

£,(09)(® (]a E Ej — Up) (z — )-%(y)dﬂy)

for ® € LP(80)°, z € 0. Then £,(09) is well defined, linear and ‘compact.
P

1<5<3

Proof: Combine (3.5) and Corollary 3.2. o

We further need a deep-lying result on single-layer potentials on Lipschitz boundaries:
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THEOREM 3.4 The operator £(9) : L2(0Q) — H'(8Q)° N L2(69),

2(99)(@)(z (/ ZU]k z—y)- u(y) d2 )

for @ € L3(89), z € 09, is well defined, linear, bounded and bijective. In particular, it is
Fredholm with indez 0.

1€5<3

For this theorem we refer to [11, p. 792].

COROLLARY 3.4 The operator £(0Q) : L2(8Q) — HYIN)> N L2(AN) (see (3.17)) is

linear, bounded and bijective.

Proof: Since £(30) = £(AN) + £(N)|L2(89), it follows from Theorem 3.4 and Corol-
lary 3.3 that £(99) is Fredholm with index zero. But Theorem 3.3 states that £(99) is
one-to-one, hence this operator must be bijective. ]

COROLLARY 3.5 Thereis a constant C > 0 such that it holds for b € H'(9Q)*nL2(99),
= £(00)71(b)

sup{| [ @94 /llglynz : g€ HON*NLZ09), g#0} < C- bl

Proof: Corollary 3.5 follows from Corollary 3.4 by duality and interpolation. O

Next we introduce some volume potentials. If ¢ € (1,3/2), s € (1,3), f € LY(R®)?® and
g € L*(R%?, we set for z € R®

R(f)a (/RZEM— fk()dy) :

1<j<3

S(g)(z fRs Z Eu(z —y) - g(y)dy

THEOREM 3.5 Let t € (1,3/2), s € (1,3). For f € L}(R*3, g € L*(R%)?, the functions
R(f), S(g) are well defined. There is a constant C = C(s,t) > 0 such that for f, g as
before
IR je-zsmr C -l 18 ajs-1/g-1 < C - llgllss
(1/5—1/3)~ 1/s-1/3
> DiBjr(z - y) -gk(y)' dy> dz) < C-llglls

(e (o2

for j,l e {1, 2, 3}.

Proof: By (3.1) and (3.3), there is a constant C; > 0 with
|E;jx(2)| < Ci-l2]™! for z e R}\{0}, 1 <j,k<3.

Let f, g be given as in the theorem. By C, we denote constants which do not depend on f
or g. The preceding estimate, inequality (3.2) and the Hardy-Littlewood-Sobolev inequality
imply that the functions R(f) and S(g) are well defined, with

IR Mhy-2s < C-N1Flles NS(@Mass-17s < C -l gl
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Similarly, we may conclude from (3.1) and the Hardy-Littlewood Sobolev inequality:

. /R’(/RHZD'EJk 9) X lle =) au(w) | dy) a7

< C-lglls for 5,1 €41, 2,3}
Using (3.3), we find with Lemma 3.1

/]Rs | DiEju(2) PPdz - < D'/Rs\s("::g )'7*(2) dz

= D. / / n_gﬁ(z do,dr < D / P dr < oo
for j. k,l € {1, 2, 3}, with the letter D denoting numerical constants. Thus. by Young's
inequality, the estimate in (3.24) remains valid if the factor X y(lz — y|) is replaced by
X(1,00)(|1z = yl). This observation completes the proof of Theorem 3.5. g
THEQREM 3.6 Let f € LS/5(R%)3 N L2(R®)®. Then R(f) € H&C(RB)‘O’LS(f) € H,IOC(R‘Q')L
—AR(f) +X- DiR(f) + VS(f) = f, divR(f) =
(3.25) D{R(f)(.l‘ (-/Ra Z D(EJk fk(y) dy) forz € R e {1,2,3}.

1<5<3
In addition, there is a constant C > 0 such that

IRl < C-llglless, IVR(g)ll2 + ISl < C- llglless for g € L¥3(R?)*.

Proof: For the first part of the theorem, up to but not including (3.23), we refer to [14.
Theorem VIL.4.1]. As for the second part, it is an immediate consequence of Theorem 3.3.
[m]

COROLLARY 3.6 There is a constant C > 0 such that
IR(NOU ja,, < C-Wflless for f € LR

Proof: Use a standard trace theorem and the fact that there is a constant C > 0 with
HR(f) 21,2 £ C-| flless for f as above; see Theorem 3.6. c

We finally state a consequence of some results from [14]:

THEOREM 3.7 ([14, Theorem VIL1.1, VIL2.1, VII.6.2]) There is a uniquely deter-

mined pair of functions (W, P) = (W(Q), P(Q)) with
W e C(RAN\Q)P N LER3\Q)?, VW e LA(R*\Q)°, P e C®(R*\O)n L}(R*\Q)
satisfying (1.1) - (1.8) with f =0, b= m®.
Moreover there is a function ¥ = ¥(, S) € L*(8Bs)® with
(3.26) Wy(z) = GOBI(W)@) + [ > Tienle —1) - Walt)- (4 ) doy,

Smk 1
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3
P(e) = QUBS(W)(=) + [ % 2 DuBusle ~y)- Wily) - (4n/S) do,
Sm, k=1
forz € Ra\B_s, 1 <7 <3, where Tijgm := D Ejk + D Ejm — Sk - Esj for 1 < 3,k,m < 3.
Now we are in a position to prove an existence and representation theorem for solutions of
the Oseen problem (1.1) - (1.3).

THEOREM 3.8 Let f € LA(R*3N LS/5(R*)®, b € H'(ON)%. Then there exists a uniquely
determined pair of functions

(u,m) = (u(b, f),n(b,f)) € Hipe(R*\ Q)" x H,(R*\ Q)

such that v € LS(R*\ Q)%, Vu € L*(R*\ )%, 7 € LAR*\ Q), and such that the pair
(u,m) satisfies (1.1), (1.2). (Relation (1.3) is valid in a weak form because u € LS(R*\ Q)3
see [14, Lemma I1.5.2, Theorem 11.5.1].) Put

poi=p(b) = /mb%‘“) dQ/(/mn‘“)-mm) ), b=b—pu-m® |00,

® := B(f.b) := E(0N) (b —R(f) Q).

(Recall that n'®Y denotes the outward unit normal to Q. According to (3.10), the definition
of u makes sense. For the definition of the operator £(O0N), see (3.17).) Then ® € L2(90).
and

(3.27) u(z) R(H)(=) + V(OQ)(®)(z) + n-W(z),
(3.28) 7(=) S(f)(z) + QON)(®)(z) + u-Plz) for zeR\Q,
with W = W(Q), P = P(Q) introduced in Theorem 3.7

1

In view of our assumptions on the data f and b, our solution (u, 7) should exhibit a somewhat
higher regularity than indicated in the preceding theorem. However, the result given there
is sufficient for our purpose.

Proof: The uniqueness result stated in Theorem 3.8 holds according to [14, Theorem
VIL.2.1]. Concerning existence, we note that b is orthogonal to n!® with respect to the
scalar product of L*(9Q)?, hence b e L2(09). This means ® = &(f,b) is well defined. Thus,
if we introduce u by the right-hand side in (3.27), and 7 by the right-hand side in (3.23).
it follows by Lemma 3.3, 3.4, Corcllary 3.1, Theorem 3.6 and 3.7 that the pair of functions
(u,7) has all the properties listed in Theorem 3.8. a

COROLLARY 3.7 There is a constant C > 0 such that
sup{|[_@(,)-9d2| /llglhaz : g € H'(907 N L2(62), g #0}

< € (Ifllss + 10lh.2)
for f € L2(R®*PNLYS(R®)?, b€ HY(IN)PNLL(0N), with (b, f) introduced in Theorem 3.8.

Proof: Combine Corollary 3.5 and 3.6. o

Next we prove a decay result for the functions u, 7 from Theorem 3.8.
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THEOREM 3.9 Let 0 € (5/2, o). Then there exists a constant C = C(§2,5,0,1) > 0
with the ensuing properties:

If f € LA(R??, v € (0,00) with | f(y)| < - |y|=° for y € R®\Bs (in particular f €
LR, be HY(Q), 5,1 € {1,2, 3}, © € R®\By.s, then
i s P2 1l (@) s(@) el + 1D, @[+ 16, (o)
< C-(y+1IfIBslz + |ib|!1/22)'|$|_2'M(IEI ),
where M(r,0):=1if o >4, M(r,o):=max{l,Inr} ifoc =4, M(r,0):=r""" if 0 < 4,
for r € (0,00).

Proof: Let f, 7,0, 7, {, z be given as in the theorem. By the letter C, we shall denote
constants which only depend on 2, S, o or A. We shall show

(3:29) [u(b, )@} |- s(z)/lzl < C-(v + [ fIBslla + [[blli22) - |2|7* - M(Jz],0).

Analogous estimates for | Dju(b, f);(z)| and |#(b, f)(2)| may be established by a similar,
but somewhat less complicated reasoning. In order to prove (3.29), we put

R:=|z|, By:=Bs, Bz:=Bgrp\Bs, Bs:= Byr\Bgrj2, Bi:=R’\Byg.
By (3.27) we have

(3.30) u(b, f);() faQX_jEJk T —y)- Bely) dy) + p- Wi(z)
+ z /B,EZE“(“” )- fuy) dy,

where ® := ®(b, f) and p := p(b) were introduced in Theorem 3.8, and W := W(Q) in
Theorem 3.7.

Let us consider the integral over B; appearing on the right-hand side of (3.30). It is the
estimate of this integral which requires the strongest decay properties of f. In fact, we have
by (3.3)

Je.X 2| Ep(z —y)| - s(@)/lel | fu(y) | dy

< c~7-|xr1~/an::(x—y)-(fw|—|y|—(x—y)1+|y|—y1>-|y|-°dy

< Coyfal™ - (fy nodle =) (e =yl = (@ —w)i) - lvl™ dy
+ g mlle—u) o dy)

S Coylal ™ ooyl (W )y

< Coyela o W dy < Coyelel™ M(lalo).

Those expressions on the right-hand side of (3.30) which correspond to the indeces v =1, 3, 4
may be dealt with in a similar way, the main difference being that some estimates may be
based on Lemma 3.1. We leave the details to the reader, and instead consider the first term
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on the right-hand side of (3.30). Put
9x(y) = Ejp(z —y) for yeQ, 1 <k <3,

Then g € C*(1)?, and g is orthogonal to n{® with respect to the scalar product of L?(9€)3.
(Note that z € R®\$2.) It follows by Corollary 3.7, (3.3) and a standard trace theorem

| [ 3 Eale = 9)-s(@)/lz]- 2(v) d2(v) |
k=1
< C-(flless + 11bllazz2) - 1g19Q1y2,2 - s(x)/ |l
< C-(Iflless + I181la2,2) - sup{nZi(z —y) = y € A} - s(z)/lzl.
On the other hand, taking into account that z € By C R*\By.s, we find y € Q C Bs
N2tz —y)-s(e)/lel = |z|7 - nZie —y) - (lzl =yl = (@ =y + |yl = v1)
< et Sz —y) - (le—yl—(z—yh +2-5)
< (1+2~S)-lxl_l-[z—y]'1 <2-(142-8) |z

A similar argument may be used in order to estimate p - W(z). 0
The preceding theorem implies immediately

COROLLARY 3.8 Let 0 € (5/2, 00). Then there is a constant C = C(f,S,0,7) such
that for f,~, b as in Theorem 3.9, and for R € [2- S, 00)

([, (1. N - s(z /12 doc)™ + IVutb, £)]0Ball, + 17(6,1)10Br],

< C-(v+ I fIBslz + bl22)- B - M(R, ).

4 The Oseen system in a truncated exterior domain

In this section, we solve the Oseen system (1.4), (1.5) under the artificial boundary condition
(1.6) on OBg, and we compare this solution with the exterior Oseen flow introduced in
Theorem 3.8. To this end, we introduce the subspace Wg of H!(Qg)® by setting

Wi = {v € H(Qr)® : v]0Q =0},
We recall three results which were proved in [6):
LEMMA 4.1 ([6, Lemma 4.1]) There is a constant C > 0 such that
lull: < C- (R Vulls + R - |ul0Bxll2)
for R € (0,00) with Q C Bg, u € Wr.
LEMMA 4.2 ([6, Lemma 5.1]) There is a constant C = C(S) >0 with
ffulQs)l. < C- ([qullg + R0/ ]luIBBR”z) for R, u as in Lemma 4.1.
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THEOREM 4.1 ({6, Theorem 4.1]) There is a constant C = C(Q) > 0 and for any
R € (0,00) with O C Br a linear operator Dg : L*(Qr) — Wr such that for = € L*(Qr)

divDa(r) =7,  [VD(m)lla+ R4/ |Dp(m)|dBglls < C - |7ll2
The ensuing two Theorems are also well known.

THEOREM 4.2 There is a bounded operator F : HY2(0Q)® — H'(Qys)° such that
Fb)oQ =b, F(b)|0Bys =0 for be HY}9N).

THEOREM 4.3 ([14, Theorem II1.3.2]) There is a bounded linear operator
0. {p € L*(Qs) : /stpdx - o} s HY(Qs)?
such that
divO(p) = p for pe L*(Sus) with '/Q”pdz —0.
Let us draw some conclusions from these theorems.
COROLLARY 4.1 There is a linear bounded operator
A: {b e 000 [ bondn = o} s H'(5)°
such that A(b)|0Q = b, A(b)|0Bys = 0,
div A(b) = 0 for be H'*(90)® with /Bnb -n@dn =o0.

Proof: Let b & HY/2(00)® with [,ob-n(?dQ = 0. Then we have divF(b) € L?({ss),

div F(b) dz = B on®da = [ b n@dq = 0.
[ div F(b)de /m]-'()n d /m n@dQ =0

Therefore we may apply the operator O from Theorem 4.3 to div F(b), to obtain
O(div F(b)) € H (25)°, div O(divF(b)) = div(F(b)), O(divF(b))|0Qss = 0.

For b € HY*(9Q)® with f;0b-n{PdQ =0, put A(b) := F(b) — O(div F(b)). This operator
A exhibits the desired properties. a

COROLLARY 4.2 There is a constant C = C(2,5) > 0 and for any R € [2- S,0¢) a
linear operator

Ap: {b e HYA(00)°: [ RECIE o} —s HY(Qg)®
E
such that div Ap(b) =0, supp(Ar(b)) C Bas, Ar(b}|O=1b,
NAR®,2 < C-|[bllijz,e for b€ HY2(OQ)® with /mbmm)dﬂ =0.
Proof: Recall the operator A introduced in Corollary 4.1. Take R € [2- S,0c). For b €

HY2(00)° with f30b-nMdQ = 0, define Ag(b) as the zero extension of A(b) to Qg. Since
A(b)|0B,s = 0, Corollary 4.2 follows immediately. O
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We introduce an inner product (-,-)® on Wg by defining

3
(v, )P :=/ > Djvp- Djwidz + / (A/2) -v-wdo, for v,w € Wh.
8Bg

QR o1

The space Wg equipped with this inner product is a Hilbert space. The norm induced by
(-, ) is denoted by |- |!®), that is,

) 1/2
ol = (170l + (M2)- [010BrI2)"”" for ve Wa.
Define the bilinear forms ag : HY(Qgr)® x H(Qr)®* = R, Br: H'(Qr)® x L} (Qr) —» R by

3
ag(v,w) := / !:Z Djvg - Djwi + A - Dyv-w| dx
23

Jik=1

A e w1 2) o

Br(w,0) = _/!’Zn div(w)-odz  for v,we H'(Qg)?, o€ L*(QR), R €[S, ).

The ensuing lemma follows from Lemma 4.1:

-LEMMA 4.3 There is a constant C = C(Q,5) > 0 such that
ar(v,e) < 9-[[Vollz - [[Vulls + 4 - [[Volla - [lwllz + (3/2) - [v|0Brll2 - [[w]dBrll»
< C o] | for v,w € H'(Qr)?, R €[S, ).

‘Lemma 4.3 states that ag is bounded with respect to the norm |- |(®. In addition, the
bilinear form ag is positive definite on Wg with respect to this norm:

LEMMA 4.4 Let R € [S,00), w € Wr. Then (|w|®)? = ap(w,w).

Proof: Obvious by the definition of Wg, | |(F) and ag. O

As a consequence of Theorem 4.1 we obtain that the bilinear form (g is stable (compare [6,
pp- 256/257]): '

COROLLARY 4.3 Let R € [S,00). Then there is a constant C = C(R,) such that
Br(v, p)

inf su —_
bEL¥(RR). 5£0 vewp vgo [0]B - lpll; =

Note that the constant C in Corollary 4.3 depends on R. However, this will not matter in
the following.

Proof: Let p € L*(Qr). Recall the operator Dg from Theorem 4.1, and put v := Dg(—p).
Then v € Wg and ‘

Br(v,p) = loll} 2 C-(IVolla+ R [v10Bgll2) - llpllz
> C-min{1, V2 (R- )Y} (||Volls 4+ (A/2)Y% - |[v|8Bgll2 ) - llll2
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> C-min{1, V2 (R- N7} o] B lplle,

where C denotes constants independent of v, p, R and A. o

By the standard theory of mixed variational problems (see {15, pp. 57-61]), we may conclude

THEOREM 4.4 Let R € [2- S,00), f € L¥Qr)%, b € HY*90)>. Then there is a
uniquely determined pair of functions (U,p) = (V(R, f), (R, f)) € Wr x L*(Qg) such that

(4.1) ar(?,w) + Br(w,p)

=) frwde ~ ar((Ar(d) + 1 - W)|Qr, w) ~ Br(w, p- P|Qr) forw e Wr,

(42) Br(%,0) =0 for o€ L*Qg),
where the operator Ar was introduced in Corollary 4.2, the number p := p(b) in Theorem
3.8, and the functions W := W(Q), P := P(Q) in Theorem 3.7.

Let us interpret variational problem (4.1), (4.2) as a boundary value problem:

LEMMA 4.5 Take R € [2- S,00), f & L*(Qgr)3. Assume that @ is C*-bounded, let b €
H32(90)3, choose pu = pu(b) as in Theorem 3.8, W = W(), P = W(R) as in Theorem 3.7,
and ¥ = 9(R, f), 8 = 8(R, f) as in the preceding theorem. Assume that Ap(b), W |Qg, ¥ €
H*(Qg)® and p, P |Qr € H(QR). .

Then the pair of functions (ve,or) := (V+ Ar(b) + - W, g+ p- P) solves (1.4) - (1.6).

The proof of this lemma is obvious. Lemma 4.5 implies that in the situation of Theorem 4.4,
the pair of functions (vg, gr) introduced in Lemma 4.5 may be considered a weak solution
of problem (1.4) - (1.6).

The solution of (4.1),(4.2) will now be compared to the exterior Oseen flow introduced in
Theorem 3.8. We shall estimate the truncation error between the solution of (4.1),(4.2) on
one hand and the exterior Oseen flow on the other.
THEOREM 4.5 Let o € (5/2,00). Then there is a constant C = C(Q,S,0,)) > 0 with
the following properties:
Let f € L*(R%?, v > 0 with |f(z)| < v-|z|° for z € R®\ Bs. Take b € HY*(8Q)*,
Re[2-5,00). Then

lu|Qr = o|® < C-(y+IfIBslls + [Bllij2.2) - BT - M(R,0),

(712 —pllz < C-(v+If1Bslla + lIblls/2,2) - M(R, ),

where
u = u(b, f)) Ti= ”(b7 f)a vi= 'E(Rv leR) + AR(b) + :u(b) ' W(Q)1
0:= (R, f|Qr) + p(b)- P(2),

with the exterior Oseen flow (u(b, f), n(b, f)) introduced in Theorem 3.8. The expression
M(R,0) was defined in Theorem 3.9, the number u(b) in Theorem 3.8, and the functions
W(Q), P(2) in Theorem 3.7.
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Proof: We suppose b € H'(9Q)%. The case b € H'/?(90)® may be dealt with by a density
argument. For brevity, we write &, g, u, W, P instead of o(R, f|Qr), 2(R, f|Qr), u(b),
W(Q), P(), respectively. Put w :=u|Qr —v, &:=n|Qr — p. Then we observe that

Br(w, k) = _/f-la divu-kdz — Br(?,x) + /ﬂn( divAg(b) + p-divW) - kdz = 0.
Since w € Wk, it follows with Lemma 4.4
(43) ([w|™)? = ap(w,w) = ar(w,w) + Br(w, ).
On the other hand, we find for g € Wgr :
ar(w,9) + Br(g:&) = oar(u|Qr, g) + Brlg, 7|9Qr) — ar(v,9) — Brlg,P)
— ar((Ar(d) + p-W)|Qr, g) — Brlg, p- P|Qr)

3
/ ZDjuk~ngk+/\~D1u~g—divg-7r)dz
Qr \jk=1

A

2 JoBg

[, £alwm)(@)- glz)dor < [9-1VuldBrl + IinloBall

u(z) - g(z) - (1—%) do, — /;ZRf-gdz

2 i . 1/2
+ ()< ([, W@ - (0~ 21/R) o) "] - 1610 Brll,
where the boundary operator L was defined in (1.7). Let C denote constants which only
depend on (2, S, o or A. Then the preceding inequality and Corollary 3.8 imply for g € W
(44) ar(w,9) + Br(g,x) < C-(v+IfIBsllz+lbllyyzz) - B - M(R,0) - g™,
Referring to (4.3), and setting ¢ = w, we may conclude
(45) [w® < C-(v+f1Bslla + bllj2,2) - ™" - M(R, 0).

In order to estimate ||&||2, put § := Dgr(—«), with the operator Dg introduced in Theo-
rem 4.1. Then we get by using Lemma 4.1 and 4.3:

ar(w,d) < 9-[Volz- VGl + A - [IVwllz - I3l + (A/2) - [[w]|0Brll: - 1§10Bxll
9-|w|® - IVGll + C-w|® - R-(IIV§lls + B/ - ||5|0Brll2)

+ (A/2) - [w|® - |[g|9Brll2

(9+C-R+()\/2)- R*)- [w|® - (|V§ll2 + B~/ - ||§9Bkrl|2)

< C R |w/®-(||VGll+ RV2-§l0Brl2) < C-R-|wl® - |ixll..

IN

A IA

Combining this estimate with (4.4), (4.5) and Theorem 4.1 yields
I«ll2 = Br(G,«) = or(w,.g)+Br(G, x)— ar(w,g)
C- ((v+ If1Bslle + [blli2) - B™ - M(R.0) + R | ®) - |2
C- (v + I71Bslla + lblls2) - M(R,) - sl

IN

IA
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hence

el < C-(v+1fIBsllz + ||bll1.2) - M(R.0).
O

The previous theorem may be used in order to obtain a local L?-estimate of the truncation
error, that is, an L?-estimate of the truncation error in a neighbourhood of Q :
COROLLARY 4.4 Let 0 € (5/2,00). Then there is a constant C = C(Q,5,0.1) > 0
such that

lulls =v[Qsl < C-(y+ | fIBslla + Ib]l12) - B - MR, )

for w,v, f,7,b, R as in Theorem /.5.

Proof: Combine Lemma 4.2 and Theorem 4.5. O
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