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Abstract. It is shown that solutions of the 3D Stokes resolvent prob-
lem in domains with conical boundary points, under homogeneous
Dirichlet boundary conditions, do not satisfy the usual resolvent es-
timate in LP-spaces if p is close to infinity or close to 1.

1. Introduction. In recent years a great deal of research work was de-
voted to studying the nonstationary Navier-Stokes system in an LP-frame-
work with p different from 2, under homogeneous boundary conditions.
Among the many articles dealing with this subject, we mention [21] and
[24], where further references may be found. A more extensive presenta-
tion is given in the monographs [35] and [36]. All these studies deal with
the Navier-Stokes systems in domains with smooth boundary, of class C? or
better. If bounded Lipschitz domains are admitted, weak and strong solu-
tions are only known to exist in L?-spaces; see [23] and [12]. Thus it seems
to be an open problem whether the nonstationary Navier-Stokes system over
bounded Lipschitz domains, under homogeneous Dirichlet boundary condi-
tions, may be solved in LP-spaces with p different from 2.

In order to deal with this problem, one might think of using the functional
analytic method invented by Fujita and Kato [18]. When bounded domains
with smooth boundary are considered, this method—in an LP-framework with
p # 2—-depends on the following result pertaining to the Stokes resolvent
problem (1.1):
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Theorem 1.1. Let Q@ C R3 be a bounded domain with C?-boundary OS.
Then, for any p € (1,00), A € C\(—o0,0] and f € LP(Q)3, there exists a
uniquely determined pair of functions (u,m) = (w(, f,A), 7(Q, f,\)) such
that uw € W2P(Q)3, 7 € WHP(Q), 7 has vanishing mean value, and

—Au+ u+Vr=f divu=0, (1.1)
w| 90 = 0. (1.2)

For any p € (1,00), ¥ € [0, ), there is a constant C = C(Q, p, V) with
lu@ i, < CN 7], for £ eI A0} (13)

with |arg A\| < 9.

Proofs of this theorem may be found in [32] and [20]. Similar results re-
lated to the Stokes resolvent system in unbounded domains were established
in [27], [1], [5]. [6]. [7]. [8]. [16].

Inequality (1.3) is the critical point of Theorem 1.1. In view of the
question of whether the Fujita-Kato method may be applied to the non-
stationary Navier-Stokes system in bounded Lipschitz domains, a proof of
estimate (1.3) should be attempted under the assumption that Q is only
Lipschitz bounded. We show that such an attempt cannot succeed: if €2 is
a domain with a narrow reentrant corner, inequality (1.3) is false for some
values p € (1,00).

In order to explain this result in more detail, let us introduce some nota-
tions. If N € N, we write By (x,r) for an open ball in RY with center z € RY
and radius 7 > 0. For ¢ € (0, 7/2], we put K(¢) := {(n,|n|cot o+ 1) : n €
R?,7 € (0,00)}. This means K(¢) is an open circular infinite cone, with
vertex in the origin, semiaperture ¢ and axis pointing in the positive x3-
direction. If ¢ € (0,7/2], let Qr_, be a bounded domain with connected
boundary supposed to be smooth everywhere except at a single point xg.
Without loss of generality, we may assume xg = 0. In a neighbourhood of

this point, the set Q,_, is to coincide with R3\K(). More concretely, we
assume

Qr—yy NB3(0,2) = (R*\K(p)) N B3(0,2). (1.4)

Moreover, if A is an arbitrary set, v € N, and f : A — C” a function, we shall
frequently use the notation |f|o defined by |f|o :=sup{ | f(z)| : = € A}.

According to [26] or [11, Corollary 2.2, Theorem 2.6], boundary value
problem (1.1), (1.2) in Q,_, may be solved in the following sense:
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Theorem 1.2. Let ¢ € (0, 7/2], A € C\(—00,0], p € [2,00). Then, for any
[ € LP(Q2r_y)3, there is a uniquely determined pair of functions

(u,m) = (w(fo M @), T(£ X, 9)) € WEP () X Wb P (Qr_y)

which satisfies (1.1) and fulfills the relations

ue Wy () NLP(r_y)®, 7€ L3 (Qn_y), / mdr=0. (1.5)
Q

T—p

In particular, boundary condition (1.2) is satisfied in the trace sense. More-
over, there is a constant C' = C(p, A\, Qr_,) with

Hu(f,)\,go)Hp < C'Hpr for fe Lp(Qﬂ,so)?’. (1.6)

It is proved in [3] that the relation u € W&’2(Qﬂ_¢)3 in (1.5) may be
strengthened to u € W322(Q,_,)% N ng’q(Qﬂ_w)?’, for some ¢ € (3, 00).
However, this fact will not be needed in the present context.

We show that for some exponents p € (1,00) with p # 2, the solutions
of (1.1), (1.2) introduced in Theorem 1.2 do not satisfy inequality (1.3).
More precisely, concerning exponents p > 2, the following result will be
established:

Theorem 1.3. Let ¥ € [0, w). Then there are numbers ¢ € (0, 7/2) and
S € (3,00) with the following property:

If r € [S,00) and C; > 0, Cy > 0, there exists a number M € (Ca, c0)
and a function f € C§°(Qr_yp)? such that

lulf, Me™, @), = CiM | /]

7’7

where u(f, Me™, o) was introduced in Theorem 1.2.

As the proof of Theorem 1.3 will indicate, the exceptional values of ¢
mentioned in that theorem tend to be close to zero, so the corresponding
domains €2, exhibit a narrow reentrant corner. The question remains open
as to what is the smallest number S € (2,00) with the properties stated in
Theorem 1.3. The number S which will arise in our proof is larger than 3,
but it is not clear whether the exponent 3 is significant in this context.

We deal with the case p < 2 by combining Theorem 1.3 with a duality
argument, to obtain
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Corollary 1.1. Let ¥ € [0, 7). Then there are numbers ¢ € (0, 7/2), Se

(1, 3/2) such that for any r € (1,5], Ci > 0, Cy > 0, there exists M €
(CQ’OO)a fE€ 080(977*90)3 with Hu(fv Mewvgo)H?“ > ClM_lanT"

We do not treat the problem of whether in the case p < 2, boundary
value problem (1.1), (1.2) in Q,_, can be solved for an arbitrary function
f € LP(Q:_,)3. When the Poisson equation is considered under analogous
assumptions, solutions may be obtained by making use of the boundary
potential method ([34, Theorem 5.1]). It is not clear, however, whether the
same approach works when applied to the Stokes resolvent system (1.1).
Alternatively, one may turn to Kondratiev’s theory, which provides another
access to the Dirichlet problem (1.1), (1.2) in Q,_,. This theory admits all
exponents p € (1,00) and angles ¢ € (0,7/2], apart from some exceptional
values. We refer to [29] for details.

Theorem 1.3 and Corollary 1.1 should be compared to a result by Shen
([30]) pertaining to strongly elliptic resolvent systems. Shen proved that for
any p € (1, 00), solutions to such systems in general Lipschitz domains satisfy
LP-estimates analogous to inequality (1.3). Thus our results point out a
major difference between strongly elliptic systems and the Stokes equations.
We remark that another such difference is related to resolvent estimates in
Holder norms ([9]).

Let us give some indications of the proof of Theorem 1.3. To this end
put gi(r) :==e " +r 2(re " +e " —1), Ga(r) i=e "+ 3r 2 (re”" +e " — 1)
for r € C\{0}, and E(2) := (47|2]) 7 (6091 (VA[2]) = 22|22 G2(VAl2)),
Eu(2) := (47|2|3) "Lz for z € R3\{0}, 4,k € {1,2,3}, A € C\(—00,0]. Then
a fundamental solution of the Stokes resolvent system (1.1) is given by the
matrix-valued function (E{‘k, E%k, E@k, Eu)1<k<3. We further introduce the

~A
stress tensor D~ : R3\ {0} ~ C3*3*3 related to this fundamental solution by
setting

Dj = D;Ep + DyEY — 05 Ey for j, k, 1€ {1,2, 3}, A € C\(~00,0],

where the symbols D;, D, denote the partial derivative with respect to the
j-th and k-th variable, respectively. For ¢ > 0, ¢ € (0, 7/2], we define
the domain L(ip,€) by rounding off the vertex of K(¢). More precisely, we
choose a monotone increasing function ¥ € C*([0,00)) with U(r) = r for
re[l,00), r < U(r) <1 forr e [0,1], ¥(0) > 0; see [10, pages 30-31].
Then for € > 0, ¢ € (0, 7/2] we put 379 () := ecot p¥(|n|/e) for n € R2,
L(p, €) == {(n, 3% (n)+7r) : n € R?, 7 € (0,00)}; compare [10, pages 30-31].
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Obviously, L(¢, €) C K(¢)\{0} and

L(p,)\Bs (0, ¢/ sin o) = K(0)\Bs (0, ¢/sin) (> 0,0 € (0,7/2]). (L7)

This means the domain L(p,€) and the cone K(p) coincide everywhere ex-
cept in a neighbourhood of the vertex of K(¢), with L(y, €) being smoothly
bounded everywhere. Take p € (1,00), A € C\(—0o0,0], 7 € {-1,1},
€€ (0,00), ¢ € (0,7/2], and let B € {Qr_,,K(¢),L(p,€)}. Introduce the
operators II(7, p, B) : LP(dB) +— LF(OB) and I'(1, p, A, B) : LF(0B)* —
LP(OB)? by setting

H(T,p, B)(<I>)(:E) (1.8)
— (r/2)0() - / (4m) (& — ) () |z — v >0 (y) dB(y),

0B

L (7.p, A, B) (¥)(2) (1.9)
= (r/2)u ( /| S Bl y) ,£B><y>%<y>d3<y>) ,

4.k=1 1<I<3

for ® € LP(dB), ¥ € LP(OB)3, z € dB. The symbol n'®) denotes the
outward unit normal to B.

These mappings are well defined, and they are bounded with respect
to the norm of LP(0B). In the case B € {K(y), L(p,€)}, we refer to [10,
Lemmas 6.2, 6.5] for this fact. If B = Q,_, this result follows by combining
the preceding reference with the well-known theory of singular integrals on
smooth manifolds, as presented in [13, Sections 4, 5], for example. It should
be remarked that even if B is a general bounded Lipschitz domain, the
operators introduced in (1.8) and (1.9) are bounded with respect to the
norm of LP(9B); see [4]. However, this deep-lying result will not be needed
here.

Let us indicate the argument of this paper. Suppose some ¢ € (0,7/2)
is given. Then, as is known from [14, pages 101-102] (see also [10, Theorem
8.1]), there is at most a countable number of exponents ¢ € (1,2) such that
II(1, ¢, K(¢)) is not bijective. On the other hand, [11, Theorem 2.8] states
there is at least one such exceptional exponent. Now choose ¢ = g so
close to zero that the first eigenvalue 7§¢0) of the Laplace-Beltrami operator
on K(pg) N OB3(0,1) with homogeneous Dirichlet boundary values is larger
than or equal to 2. Assume that if problem (1.1), (1.2) is considered on the
domain Q_,, the critical resolvent estimate (1.3) is valid for any p € (2, 00).
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The work at hand describes how one may deduce from this assumption that
I1(1, ¢, K(po)) is bijective for all ¢ € (1,2], without any exceptional value.
This conclusion contradicts [11, Theorem 2.8], and thus implies Theorem 1.3.

In order to set up this contradiction, we show in Sections 3-5 that if the
parameters ¢ € (0,7/2] and p € [2,00) satisfy certain conditions, and if in-
equality (1.3) holds on Q_, then I'(—1, p, A\, K(¢)) is one-to-one (Theorem
5.2). As a first step to prove this assertion, we estimate certain potential
functions. Then these estimates will be used to derive two Green’s for-
mulas on the unbounded domain L(¢p, €); see Theorem 3.2 and 4.4. Once
these Green’s formulas are available, we establish the desired uniqueness re-
sult about I'(—1,p, A, K(¢)); see Section 5. In the last part of our theory,
presented in Section 7, we will make use of functional analytic arguments,
mainly involving the theory of semi-Fredholm operators. These arguments
and our result on I'(—1,p, A, K(¢)) (Theorem 5.2) imply that for ¢ cho-
sen as above, the operator II(1,p',K(y)) is bijective for any p € (2,00)-a
statement which gives rise to a contradiction, as mentioned before.

We remark that the properties of the angle g described above are es-
sential because at some point of our theory—in the proof of Theorem 4.1 —
we shall need that for ¢ € (0,¢0], g € C5°(K(p)), the Dirichlet problem
Av = ginK(¢),v|0K(p) = 0, may be solved in certain Kondratiev spaces.

We further remark that the present article heavily draws on results from
reference [10], which is mainly devoted to studying the operator I'(r,p, A,
K(¢)). In particular, it is shown in [10] that for any A € C\(—o00,0],7 €
{—1, 1}, there are values of p and ¢ such that I'(7, p, A\, K(¢)) is not Fredholm
([10, Corollary 12.9]). We conjectured in [10, Section 1] that such a behaviour
of the operator I'(7, p, A, K(¢)) might indicate that estimate (1.3) does not
hold for all p € (1,00). This suspicion is confirmed by Theorem 1.3 and
Corollary 1.1 in the work at hand.

When problem (1.1), (1.2) is studied under the assumption that € is
a bounded domain in R™ ([20]), or an exterior domain in R? ([5], [6], [7]),
or a half-space in R™ ([27]), the proof of estimate (1.3) may be reduced
to LP-estimates for the Laplacian with Neumann boundary conditions ([20,
Lemmas 2.3, 2.5], [5, (5.11)], [27, Theorems 6.2, 6.5]).

For example, Giga [20, Proof of Lemma 2.5] uses the fact that if Q is
a bounded smooth domain in R™ with n € N, n > 2, and if p € (1,0),
g € W=1/PP(9Q), then the solution v € W'P(Q) of the boundary value
problem Av = 0 in , Jv/On = g on 0f, admits the estimate |[v];, <

C(Q,p)gll=1/pp- However, if Q is only supposed to be a Lipschitz domain,
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this estimate is, in general, only valid for exponents p € (3/2—¢€(€2), 3+¢(Q2)),
with some value €(€2) > 0 depending on ; see [15, Corollaries 9.3, 12.3].

Of course this observation does not prove that inequality (1.3) is false for
certain exponents p € (1,00) if Q is a Lipschitz domain. However, they indi-
cate it should not be surprising that a negation of (1.3) may be derived from
the Fredholm properties of the operator II(1, p, K(¢)). In fact, the adjoint of
this operator is linked to the Laplace equation in R*\K(y) under Neumann
boundary conditions. The Laplace equation arises due to the pressure part
7 of solutions (u,7) to (1.1), (1.2): if the right-hand side f in (1.1) is smooth
and solenoidal, the pressure 7 satisfies the equation Aw = 0. Thus the fact
that the operator II(1,q,K(y)) plays a critical role in our proof indicates
that it is the influence of the pressure, or equivalently, of the divergence
condition divu = 0, which causes inequality (1.3) to fail for certain values
of p and ¢. This observation explains why no such exceptional values arise
in the case of strongly elliptic systems ([30]).

2. Some definitions and auxiliary results. As indicated before, we
will frequently refer to the theory in [10] which is basic to this article. More-
over, we will make use of several results from [11]. Theorem 1.2, for example,
was proved in the latter reference. In the ensuing two theorems, we state
some further essential tools, which pertain to the Stokes system and to the
divergence equation.

Theorem 2.1. ([19, p. 232]) Let Q be a bounded domain with C?-boundary.
Denote by n? the outward unit normal to Q. Let p € (1,00). For any
F e (We?' (B3, b € W1/pe(90)3 with [,,nDbdQ = 0, there is a
uniquely determined pair (u, ) € WHP(Q)3 x LP(Q) with divu = 0,u|0 = b,
and

3
/ Z(Dkuj — 8ji - ) Dyv; dz=F(v) for v e C°(Q)?, /7r dx=0. (2.1)
Syl Q

There is a constant C > 0 such that

[ullip + llm/Rllp < CUEFN-1p + 1bll1-1/p,p) (2.2)

for F,b,u,m as before, with | F|| -1, := sup{||F(w)||/||w[1p : w € Wol’p,(Q)?’,
w # 0}.

Theorem 2.2. ([19, Theorem 3.2], [2]) Let Q C R? be a bounded Lipschitz
domain, and let p € (1,00). Then there is a constant C = C(,p) and an
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operator
D,p): { € WH(9) / fdz =0} WEH(Q)
Q

such that the following holds for f € Wol’p(Q) with [o f de=0:

divD(,p)(f) = f, [P p)(Nlip < Clfllp D))

2,p < C||f||1,p-

Next we consider the Laplace-Beltrami operator in three dimensions. Let
¢ € (0,7/2] and put C, := K(p) N IB3(0,1). Let Af, denote the Laplace-
Beltrami operator with domain WO1 ’Q(CQP) NW?22%(C,). This means A, is the

uniquely determined operator from VVO1 ’2(04,) NW22(C,) into L*(C,,) such
that

(ALu) (900, 9))
= sin™!(19)9/09 (sin ¥/ 09 (u 0 g,) (0, 9)) + sin~(9)0*/90*(u 0 g,)(0,9)

for u € Wol’Q(CQp) NW22(C,), 6 € (0,2m), ¥ € (0,¢p), where g, : (0,27) x
(0,¢) — C,, is defined by

9 (6,9) := (sin¥ cos 0, sin v sin b, cos¥) for 6 € (0,27), ¥ € (0,¢).
The operator —A:O is self-adjoint and positive in L*(Cl,); see [22, pp. 74/75],

[31]. Thus, by the theory of self-adjoint operators, there is a sequence

(%(f))n oy 0 (0,00) such that the set of eigenvalues of —A:O coincides with

{%(f) :n € N}, and it holds that ’yy(fo) < 77(;?1 for n € N,’yr(fo) — 00 (n — ).
Moreover, applying Courant’s theory of eigenvalues, we get

VYP) < 'YY) for ¢, 7€ (0,7/2) with ¢ > 7. (2.3)
We further have

W 100 (p10). (2.4)

A proof of (2.4) may be based on the observation that

9
£(0,9) = £(6,9) — £(6, ) = / Dof(0,1) dt
%)
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for ¥, € [0, 7], 6 € [0,27], and for smooth functions f : [0, 27] x [0, 7] — R

with f(-, ) = 0. It follows for ¢ € (0,7/2), h € W3*(Cy), 0 € (0,27), ¥ €
(0, ) that

|(h o g,)(8,9)]sin'/2(9) < (¢ —9)"/? (/:\Dz(h o gsa)(&t)\QSintdt)l/z,

hence

27 pp
/ / (10 g,)(8,9)| sin9 dv df
0 0
27 pp 9
< K(pz/ / (sin_l(ﬁ)‘Dl(hogw)(H,ﬁ)‘
0 0
+ sin 9| Da(h o gw)(e,ﬁ)f)dﬁ do
21 ©
= K<p2/ / ((=ALh) 0 gy)(8,9)(h o g,)(8,9) sindd d) db,
0 0
with a numerical constant K. Thus we get
In]; < K@ /C ~ALhh dCy, for h e Wy?(Cy).
®
The last inequality implies (2.4).

Let us introduce Kondratiev’s spaces on K(g). For ¢ € (0,7/2], | € Ny,
l
BER, pe (1,00), ue Wy (K(p), put

follfye= (30 papeen

a€NS o<1

D%u(x) ‘p daz) l/p,

where we used the abbreviation |a|. 1= a1 +az+ag for a = (o, as, a3) € N3.
For ¢,1, 3, p as before, we further set

Vis(K(9)) 1= {u € WELK(9)) + [Jull %y < oo}

We need the following results pertaining to the spaces Vp{ 3 (K(gp)) :
Theorem 2.3. ([29, pages 79, 82, 92; Theorem 6.6, 6.10]). Let p € (1,00),
BER, e (0,7/2]. Assume B—2+3/p & {(1/2)(1£ (47 +1)1/2) : n € N}.
Then the operator

A7 5 {u e V2(K(p) : uldK(p) = 0} — Vi5(K(¢)), A7 4(u) := —Au,
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is an isomorphism. Let 6 € R with § < 0. Assume
[B—2+3/p, d—2+3/p]N{(1/2)(1 £ (47" +1)/?) :n e N} =0.

Let f € V) 5(K(¢) NV, )5(K(p)). Then (A7 5)~'(f) € V,5(K(y)).

Of course, the assumption ¢ < 7/2 in the definition of A}, and in Theo-
rem 2.3 may be relaxed to ¢ < 7. However, values ¢ € (7/2,7) will not be
considered in the following, and we want to maintain the convention, already
used in [10] and [11], that K(¢) denotes a cone with semiaperture ¢ < /2.

Next we introduce local coordinates for 9K(y) and OL(p,€). Let € €
(0,00), ¢ € (0,m/2]. Put

g () == (n, | cot @), () := (n, 9 (n)) for n € R?,

where 399 was introduced in Section 1. The functions ¢(®), ~(¥©) are para-
metric representations of K () and JL(¢p, €), respectively, with

K(p) = g¥(R?), L(p,e) =~ (R?);

see [10, pages 29-32]. We shall write .J(#) for the area element related to
~(#€) Note that the area element induced by ¢(¥) is constant and equals
sin~!(p). The outward unit normal to K(y) and L(g,¢) will be denoted
by, respectively, n(#) and n(¥9). Sometimes it will be convenient to use the
notation

L(p,0) = K(p), ~®0 = g®) p0) .2 ne) 60— gn=1(,).
We make frequent use of the ensuing relations:

7€) — 499 (n) + (0,0,7)] (2.5)
> (1/4)sin (|79 (&) = ¥ ()] + Ir]) > (1/4) sin @(|€ — nl + |r])

for ,neR? reR, e>0, ¢ € (0,7/2];
— (¢56)
[ raa= [ [ 16496+ 0.0.0) de ar (26)

for f € LY(R3), e > 0, p € (0,7/2]. We refer to [10, Lemma 3.4] for inequality
(2.5), and to [10, Lemma 3.5] for equation (2.6).
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Next we state an estimate of the fundamental solution of (1.1) introduced
in Section 1: for any ¥ € [0, 7), there is a constant C'(¥) > 0 with

DB (2)] < C@)A o] 27l 27)

for A € C\{0} with |arg\| <9, z € R®\{0}, 1 <4,k <3, y€[0,1], a € N3
with |al. < 2. A proof of (2.7) is indicated in [10, page 65].

For A € C\(—00,0], h € C§°(R?)3, we define the volume potentials
RMh) : R? — R3, S(h): R3 — R by setting

3
= ([ 32 Bla — o)h(o) d)
RS k=1

3
S(h)(zx) := /RS > Eu(z—y)hi(y) dy for x € R

Some properties of these potential functions are collected in the ensuing
theorem.

Theorem 2.4. For A € C\(—00,0], h € C°(R3)3, it holds that R*(h)
C=(R?)? NnW25(R®)? for s € (1,00), S(h) € C®(R*) N L*(R?) for s
(3/2,00), VS(h) € L¥(R®)? for s € (1,00), —AR*h)+AR*h)+VS(h) = h,
divR(h) = 0. It further holds for j k € {1,2,3}, € >0, ¢ € (0,7/2], s €
(1,00) that

Ry (h)|0L(p, €), DiRp(h)|OL(p,¢€), S(h)|OL(p,€) € L*(IL(p,€)). (2.8)

The assertions of this theorem except those in (2.8) are proved in [27]
and [13, Section 1]. The relations in (2.8) may easily be obtained from (2.7)
and the assumption h € C§°(R3)3.

Next we introduce some boundary potentials. Take ¢ € (0,7/2], € > 0,
A€ C\(—00,0], 7€ {—1,1}, p € (1,00). Let the operator

r* (T,p, A Lo, 6)) : LP (8]L(<p, 6))3 — LP (8L(g0, 6))3

be given by

I (. A Ll ) B)(r) o=

e ([ 3 ID?m(x 0P @)y L, ) 1)

S
S
h

1<5<3
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for x € JL(p,¢), ® € Lp(81L(cp,e))3. This operator is well defined ([10
Lemma 6.5]) and adjoint to the mapping F(T,p’,)\,L(go,e)) introduced in
Section 1. Here and in the following, we use the notation p’ := (1 —1/p)~!
An essential property of these potentials is stated in

Theorem 2.5. ([10, Corollary 12.2, 13.3]). Let ¢ € (0,7/2], 7 € {—1,1},
A € C\(—00,0], € € [0,00). Then the operators I'(T,2, X\, L(¢,€)) and I'*(t, 2,
A, L(¢p, €)) are bijective. (Note that the case € = 0 is admitted.)

Let A € {L(p,¢€), Qr_p}, ® € LP(DA)3. We introduce the single layer
potentials V*(0A4)(®) : R? — C3, Q(0A)(®) : R3\GA — C by setting

— _ 3
VA (0A4)(®)(x) := /M;E z — )y )dA(y))lSjSB for =€ R®,
QoA /8AZE4k z —y)®(y) dA(y) for = € R3\0A;

k=1

compare [10, Definition 9.2]. Let B € {K(p), R*\K(¢), Qr_y}, ® € LP(OB)3.
Define the double-layer potentials W (), B)(®) : B — C3, P(\, B)(®) : B
C by

W(A,B)(®)(z) == vam— P (y)®;(y) dB(y)
OB hSAS

j,k=1
for x € B,
WA, B)(®)(z) :=T(1,p, A\, B)(®)(z) forz € dB if B € {K(p), 2y},
W(\, B)(®)(z) := —r(—1 p, A\, B)(®)(z) for x € 9B, if B =R*\K(p),
P(), /a ZQDE%J?—)—)\( ™)

B],k 1
Sie(jz =yt — o))l (v)®;(y) dB(y)

for x € B, where the symbol nB) denotes the outward unit normal to B,
and the function op : 0B — R is given by

op(y) =0 for yc OB if B=Q,_,,
op(y) :==(0,0,1) — y‘fl for y € 0B if Be {K(p),R*\K(p)}.
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Note that in the case B € {K( Rg\K } the integral appearing in the
definition of the function P(A, B)(®) would not converge in general if the
term o 5(y) were dropped. We further indicate that for V€ {K(p), R¥3\K(p)},
x € V, we have

PO V)(®)(z) = 7(divZ®) (@) (x) + ASW (8)(x)), (2.9)
where 7:=1if V =K(p), 7:= —1 else;
Z9)(®) (2.10)
) —1 — r—ul=3n sO)
(e [ kZ w)ele ol n )25 () dK ()W) )
S(W( : (2.11)

- (47T)*1 / (lz=yl™' = 1(0,0,1) = y| ") (n) (1) @(y)) dK(p)(y)
K ()

for x € R3\0K(p), 2 € R3. In the ensuing two lemmas, we state some
obvious properties of the preceding single- and double-layer potentials.
Lemma 2.1. (see [10, pages 154-156]) Let ¢ € (0,7/2], A € C\(—00,0], p €
(1,00), B €{K(p), R*\K(p), Uy}, € LP(IB)?, € > 0, ¢ € LP(IL(gp; €))’.
Let (u,m) be given by (u,m):=(VA(OL(p:€)) () [R*\IL(,€), Q(IL(p, €)) (),
or (u,m) := (W(X, B)(®)|B, P(\, B)(®)). Then u and 7 are C™-functions
with —Au+ Au+ V=0, divu = 0.

Lemma 2.2. Let p € (1,00), ¢ € (0,7/2], ® € Lp(aK(cp))?’. Then the
functions Z¥)(®) and S ()[R3\IK(p) are of class C>. Suppose that
p > 2. Then S¥)(®) € CO(R3).

Proof. In order to prove continuity of S¥)(®) in the case p > 2, take
z,7’ € R3, and decompose the domain of integration OK(y) appearing
in the definition of S)(®) into the parts dK(p) N Bz(z, 2|z — 2’|) and
0K (¢)\Bs(x, 2|z — 2'|]). Estimating the two integrals arising in this way, we
obtain |S)(®)(x) — §&)(®)(2")| < Clz — 2’| 7*+2/7' where the constant C is
independent of x and 2. The other statements of Lemma 2.2 are obvious. [

A result much more deep-lying than these lemmas concerns the behaviour
of W(A, B)(®) near 0B. In fact, the function W (A, B)(®) is defined on 0B in
such a way that W (A, B)(®)|0B is the boundary value of W(\, B)(®)|B, in
a sense which depends on the smoothness of ®. We shall exploit the following
version of this result:
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,00), ¢ € (0,7/2], A\ € C\(—00,0], B €
(0K (9))?, 7 € {—1,1} with T (7, p, A, K(¢))(®)

{K(p),R¥*\K(p)}. Let ® € L
= 0. Then it holds

Theorem 2.6. Take p € (1
p

(0 g'9)|B(0,5)\B2(0,a) € CH*(B2(0,5)\Bs(0, )’ (2.12)

fora € (0,1), a,b € (0,00) with a < b. (For an open set U C R? and for e €
(0,1), we denote by C1*(U) the space of all C-functions f : U — C such
that D; f is Hélder continuous in U with Hélder exponent o, for 1 < j < 2.)
If ® € LP(OK(p))? satisfies (2.12), then the function W(\, B)(®) belongs
to CY(B\{0})3, the function P(\, B)(®) may be continuously extended to
B\{0}, and

W\ B)(®)BNU,, € W2(BNUyp)?, (2.13)
P(\, B)(®)|BNUup € WH(BNU,p)

for s € (1,00), a,b € (0,00) with a < b, with the abbreviation U, :=
Bg (O, b)\Bg(O, CL).

Theorem 2.6 is mute as concerns the behaviour of W(\, B)(®) and
P(X, B)(®) near the vertex of K(p) or R3\K(p). Therefore, this theorem
may be reduced to the regularity theory of the Stokes resolvent problem
(1.1) on smoothly bounded domains. In fact, the claim in (2.12) may be
proved by cutting off the function ® near the origin and near infinity, and
then using potential theoretic arguments as in the case of bounded domains
with smooth boundary; see [13, Sections 4 and 7], for example.

Once the relations in (2.12) are available, it may be shown by arguments
as in [13, Section 4] that W (A, B)(®)|BNU,, may be continuously extended
to B\U,p, with this extension coinciding on dBNU, ;, with W (A, B)(®)|0BN
Uap- Next the relations in (2.13) may be established by a cut-off argument
and by the regularity theory for the Stokes system on bounded, smooth
domains ([19, Theorem IV.6.1]). Finally, by referring to Sobolev’s lemma, we
see that W (X, B)(®)|BNU,y is a C'-function, and P(\, B)(®)|BNU,, may
be continuously extended to BN Uap- Of course, these indications amount to
hardly more than a rough sketch of a proof of Theorem 2.6. We do not want,
however, to enter into details because this proof is essentially well known.

Another tool we need in the following is a result on the stress tensor
of the double-layer potential related to the Stokes resolvent system (1.1).
Here we mean by “stress tensor” the operator T defined by T(u,m) =
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(Tjk(u, 7)) 1<jre<s = (Djup + Druj — 6j57)1<j k<3, for vector-valued func-
tions u and scalar functions m which are sufficiently smooth. The result in
question may be stated as follows:

Theorem 2.7. ([17], [33, page 351, 3.31]). Let Q C R3 be a bounded domain
with C3-boundary. Let o € (0,1), ® € CL(9Q)3. Put

/ 3 Bt — )50 4Y)) <<y

]kl

—/m Z(2DjE4k($_y>_)‘(47r)_15jk’$ I~ ()@ (y) dy)

jk=1

for € R3\0Q, where nY denotes the outward unit normal to Q. Then the
following holds for j € {1,2,3}, ©z € 002 :

3

Z Tjr(u, ) (95 + kn© ($))nl(€m (x)

k 1

Z e(u, ) (z — /@n(m(x))néﬂ)(w) — 0 (k10).

3. Estimates of potential functions. A first Green’s formula.
As indicated in Section 1, a main difficulty of our theory consists in proving
certain Green’s formulas. Two such formulas will be considered, both of
them related to the resolvent problem (1.1) on the infinite domain L(¢p, €),
for € > 0. The first of these formulas involves the single-layer potential
VA (OL(p,€))(®) (see Theorem 3.2), the second one the double-layer po-
tential W (A, K(¢))(®) (see Theorem 4.4), with the function ® satisfying
certain integral equations. The double-layer potential will turn out to be
more difficult to handle, due to the slow decay of W (A, K(¢))(®)(z) and
P(A\K(¢))(®)(z) for |z| — co. Our approach, however, will be the same
in both cases: first we smooth out our potential functions by slightly mod-
ifying their kernels, then we apply the divergence theorem on the domain
B3(0,2n) NL(p,¢€), for n € N. Finally we let n tend to infinity. Of course, it
is in this last step that difficulties arise.

In this section we present some preparatory results which will be needed
in order to carry out this program. In addition, we shall prove the Green’s
formula related to V> (OL(p,€))(®) (Theorem 3.2).
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For the rest of this section, we fix ¢ € (0,7/2], A € C\(—00,0], € >
7€ {-1,1}. Put V := L(p,¢), J := (0,00) if 7 = 1, V := R3\L(p, €),
= (—00,0) if 7 = —1. Note that

0,
J:
|s+7r| >|s| for s€J re(0,00). (3.1)

Inequalities (2.5), (2.7) and (3.1) imply there is a constant C > 0 such that
the following holds for &,7 € R? with € # 1, s € J, r € (0,00), 0 €
[0,2], 4, k,l € {1,2,3}, a € N} with |a|, < 1:
|D B (#9(€) =499 () + (0,0,5 + 71)) |
< C(max{|¢ — |, [s|}) >+, (32)
A

[Dja(P9(€) =799 (n) + (0,0,5 + 7r))| < Clmax{|¢ —nl,[s]}) 7> (3.3)

For r € (0,00), put V. := (0,0,—7r) + V. Then V, is an open set with
V C V, (r € (0,00)). Moreover, if r € (0,00), ® € L(dL(¢, e))3 for some
q € (1,00), then we define the functions AT)(®) : V. — C3, BU)(®) : V. —
C by setting for x € V.

3
A(T)(@)(x) = (/(%(%E) ; E’]’\l (x —y+ (0,0, Tr))@l(y) dL (¢, e)(y))

1<j<3’
3
BO@)) = [ S Bule—y+ 0.0.)8(0) dile. o)
a]L((p,G) =1
As mentioned in [10, pages 156-157, Corollary 9.1], it holds that
AT(@) e C>=(V,)?, BM(®) € (W), (3.4)
—AAD(®) + XAT(®) + VBT (@) =0, divA™ (D) = o0. (3.5)

Later it will be necessary to control the potentials A" (®) and B(")(®) with
respect to . We consider this point in Lemmas 3.1 and 3.6 and Corollaries
3.1 and 3.2 below.

Lemma 3.1. Let p,q € (1,2] with either p = 2 or ¢ = 2. Take & €
Lp(aL(cp,e))g, v e Lq(al(cp,e))g and j, k € {1,2,3}. Abbreviate

A(r, h) = /V | A (@) Ty, (AT (W), BY) () | da
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for v € (0,00) and h € C°(R3) with supp(h) compact. Then there are

constants C' > 0, r € (0,1) such that A(r,h) < C|h|oM* for r,M € (0,00),
h € CO(R3) with supp(h) C B3(0, M).

Proof. We slightly modify the reasoning given in [10, pages 163-165]. Take
r, M, h as in the lemma. Let C denote constants which do not depend on
these quantities. Due to (2.6), (3.1), (3.2) and (3.3), we get

Ay <clilo [ [ Alg 9Bl e ds (36)
J JB2(0,M)
with
Ae) = [ min{ (e —al-+1s) 7" (= al + o) " H@ o]
B(¢,s) == /RQ(E =1l + [s]) %[ @ 04199 () |y
for £ € By(0, M), s € J. We put €1 :=2(1/p—1/¢'), 6 :==p/q’, v := 0 in the

case ¢ > p, and €; :=1/8,0:=7/8, v:=1/8 if ¢ < p, that is, if p = ¢ = 2.
Then it follows by the Hardy-Littlewood-Sobolev inequality, for s € J that

’ 1/q
([ Ao ) (37)
B2 (0,M)
: “1—c o1e . p/d N\d/p
< CM7 min{1, |s| 1 1}(/ (/ 1€ — 7 ot e 07(% )(77)’ d77) df)
Bo(0,M) Y R?
< CMY min{1, [s| 77} ®]),,

and, with ez := (1 —7)/2, t := (1/q — €2/2) 7},

([, Bema)” (38)

< C M2 /a=1/t) g—e2 (/B . M)( 5 € — 77|_2+€2’\I/ o 7(@,6)(n)|dn>td£) 1/t
2(0,

< CMQ(I/qfl/t)SfezH\I,Hq.

Thus, starting from (3.6), applying (3.7) and (3.8), and integrating with
respect to s, we obtain the inequality stated in the lemma, with x := v +
21/q—1/t) =v+e=1/2+~/2 < 1. O
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Lemma 3.2. Let p € (1,00). Then there is a constant C > 0 with

AM, @) := —ul™2® dL (o, P p 1/p
(M, ®) ( /Bg(o, ) ( /8]L oo [z —y| 7|2 (y)| dL(p 6)(y)) x)
<CMVP|@|,  for @€ LP(0L(g,€))®, M € (¢, 00).

Proof. By Holder’s inequality, A(M, ®) < A; (M, ®) + Az(M, @), where the
expressions A; (M, ®) and Ay (M, @) are defined by

I, WP . -1
Ajon,e) = ( o L Jr =2 ) an)" " (39)
3\ J

. 1/
< ([ o= (3 0) [P ) dn) dr)
Uj

for j € {1,2}, with oy = 1/(2p), Qg = —2/]3, U, = BQ(O,2M), Uy =
R?\B5(0,2M). The first integral in 1 on the right-hand side of (3.9) may be
estimated against Cq M®¥' | for j € {1,2}, with C; > 0 independent of M, j
and z. Since M > ¢, it holds that

}7(¢’6)(U)‘ < |n| + cot pmax{e, |} < CoM  for n € B2(0,2M),
where Co > 0 does not depend on n or M. It follows that
B3(0, M) C By(v#9(n), (Co + 1)M)  for n€Bo(0,2M).  (3.10)

Thus, having estimated the first integral in 1 on the right-hand side of (3.9),
we now exchange the order of integration of the remaining integrals, make
use of (3.10) in the case j = 1, and integrate with respect to x. Then the
lemma follows by some easy computations. O

Lemma 3.3. Let p € (2,00), ® € Lp(aK(cp))g. Then there is a constant
C > 0 such that

1S (®)|B3(0, M), < CM™YP  for M e [1,00),

where S (®) was introduced in (2.11).

Proof. Let M € [1,00). Split the domain of integration appearing in (2.11)

into the set K () NB3(0,4M/sin¢) and 0K ()\B3(0,4M/ sin ). Then the

absolute value of both integrals arising in this way is bounded by CM ~1+2/7'

for x € B3(0, M), with C independent of M and x. This result, which is a

rather straightforward consequence of (2.5), implies the lemma. O
Let us draw some consequences of Lemma 3.2.
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Corollary 3.1. Letp € (1,00), ® € Lp(éﬂL(go,e))g, g ke {1,2,3}, ae N3
with |al. <1, h € CO(R3) with supp(h) compact. Then

/V pw) (D2 AT (@) () — 0 /02" VA (OL(p, ) (@)() ) dz — 0 (r | 0),
/V () (B (@)(x) ~ Q(OL(g.0) (®)(2) )dz — 0 (r | 0).

Proof. The following holds for f € LP(R3) : Hf(-+(0,0,r)) —pr —0(r—
0). Thus Corollary 3.1 follows from (2.7) and Lemma 3.2.

Corollary 3.2. Let p € (1,00), ® € Lp(ﬁL(cp,e))g, feLPFR3 or f €
L3(R3)3 for all s € (3/2,00). Then there are constants C > 0, § € (0,1)
such that the following holds for r € (0,00), M € [e,00), h € CO(R3) with
supp(h) C B3(0, M), j,k € {1,2,3}, a € N3 with |a|. < 1:

/

/(\fD“A““)h]HfB(T)hy) dz < C|hloM°.
|4

Proof. The relations in (2.7), (2.5), (3.1), Lemma 3.2 together with Holder’s
inequality imply that the left-hand side of the estimate appearing in this
corollary is bounded by C|h|o| f|B3(0, M)| s - M'/P, with C > 0 independent
of h, M and f. This estimate proves the corollary if f € L (R3)3. In the case
P < 3/2, f € L¥R3)? for s € (3/2,00), we note that M| f[B3(0, M)||,y <
CM V)| fl 2/5-1/(2p)) 1 O

We further state a jump relation:
Theorem 3.1. Let p € (1,00), ® € LP(OL(yp,¢€))3, j € {1,2,3}. Then

/B]L(%ﬁ)

3
+ 3 T (AD(@), BO (@) (@) (@) dL(p, ) @) — 0 (rL0).
k=1

L5 (=70, A, L, €)) (@) ()

(Recall that the quantities p, A, T, € were fixed at the beginning of this section.)

For a proof of this theorem we refer to [10, pages 150-153].

We further mention a result which may be reduced, via (3.1), to the
Hardy-Littlewood-Sobolev inequality. Details of such an argument may be
found in [10, page 154, 158/159].
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Lemma 3.4. Let j € {1,2,3}, ¢ € (1,00), t € (1, (1/q —1/2)71] in the
case ¢ < 2, t € (1,00) if ¢ > 2. Then there is some C > 0 with

([ P Ouea)@+0.0m) deaw) " <cel,
OL(p,€)

for & € L1 (8L(gp,e))3, € [0,00). Moreover, the following holds for ® as
before, and for g € C° (3]L(cp, e))3 with supp(g) bounded:
(®)(x) -

[P eLea) @)@ - A7 @)@)| g@lde @) — 0 ¢ L0)
OL(e,

The next lemma will be the starting point for proving the Green’s for-
mulas mentioned at the beginning of this section.
Lemma 3.5. Let v € C*(V)3, 0 € C*(V),u € C*(V)3, 7 € C°(V),p €
(1,00) with ulV NB3(0,b) € WP (V N Bs(0, b))g, 7|V NB3(0,b) € WP(V N
B3(0,b)) for b € (0,00). Further, assume divv = divu = 0. Put f := —Au+
Au+Vm, g:= —Av—i—)\v—l—VQ. Let € CH(R3) with supp(@) compact. Then

/(fv—ug god:v—/ Z —u; T, (v g)+T'k(u,7r)vj)DkgEd:U

jkl

+7 Z w; Tk (v, 0) — Tji(u, 77)11])11/,(C )90 dL(p,€).

This lemma readily follows from the divergence theorem. Note that the
outward unit normal to V is given by n(#€). The assumptions on wu, T, v, 0
required in this lemma might, of course, be relaxed. However, we have chosen
such a level of generality as will be needed in the following.

Now we are in a position to establish our first Green’s formula. We recall
that the quantities €, 7, A, V were fixed at the beginning of this section.
Theorem 3.2. (first Green’s formula) Let ¢ € (1,2]. Assume that ® €
L?(9L(e, e))3 with T*(—7,2, A, L(¢p, e))(@)’@L((p, e)\M = 0, where M is
some bounded, measurable subset of OL(p, €). Let h€ C§°(R3)3, ¢ € LI(OL(¢p,
€))® with T* (—7,¢, A\, L(p, €)) (¢) = T(R*(h), S(h))n¥). Then it holds that

/ hVA(OL(p, €))(®) da (3.11)
.

=(—7 R P € (=1 € €).
= )/8]14(4,0,6)0.(/\51 (h) + V2 (OL(p, €))(¥))I™(=7,2, A, Ly, €))(®) dL(p, €)
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Proof. Choose a sequence (@) in C§°(R3) with

supp(Pn) C B3(0,2n), 0< &, <1, $,|B3(0,n) =1 forn €N,
IVion| <Cn!forneN, (3.12)

with a constant C > 0 independent of n. Let ng € N be so large that
supp(h) UM C B3(0,n0). By Corollary 3.1, we have for n > ng

/ hVA(OL(p, €)) (@) dz =1lim [ hAT (®)p, d. (3.13)
1% 10 Jy

Applying Lemma 3.5, Theorem 2.4, (3.4) and (3.5), we get for r € (0, 00),
n € N with n > ng

/hA(T) )@n dm—ZM”H—ZN”‘) (3.14)
\%

where the expressions Ml(r’n), . ,Mir’n), Nl(r’n), . ,Nf’n) are given by

3
M = / > ajTjk(b, ) Dy da,
VNB3(0,2n)

Gk=1
3
Ngm = [ (1) 3 ajTie(b. I3, dL(p, ).
OL(p,e)NB3(0,2n) k=1
with
a=RNh), b=—-A"(®), (@) ifv=1,
a=AN@W), b=—-A"(®), c¢=-BM (@) ifv=2,
a=A"(®), b=Rh), S(h) ifv=3,
a=AD@), b=A"(p), c= B(’“ () ifv=4

Let n € N with n > ng be fixed. Referring to (3.13), Theorem 3.1 and
Lemma 3.4, we get by letting r tend to zero in (3.14)

4 2
/ hVA(OL(p, €))(®) dx = lim Y - M + / (=7) ) Pu@ndL(g,e),
v rl0i3 OL(pye)

v=1
(3.15)
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with

Pri= (B(h) + VA(0L(#, ) ()T (=72, A, L, ) (@),

Py i= (T(R(h), S(h))n®) —T* (=7, 4, A, L(, €)) () VA (IL(, €) ) (P).
Due to the choice of 1, it holds that P, = 0. Moreover, recalling that n > ng
and M C B3(0,ng), we get P1|L(p,e)\M =0, ¢,|0L(p,e) N M = 1. Thus,
the second summand on the right-hand side of (3.15) equals the right-hand

side in (3.11). Referring to (3.12), Theorem 2.4, Lemma 3.1 and Corollary
3.2, we further obtain

sup{| M| :r € (0,00)} — 0 (n — o) for v e {1,2,3,4}.

Therefore equation (3.11) follows by letting n tend to infinity in (3.15). O
In the rest of this section, we will establish some further estimates of
potential functions.

Lemma 3.6. Letp € (1,00), ® € Lp(aL(go,e))S. Then there is a constant
C € (0,00) such that

/V\a“/aa:af/} (OL(p,€))(®)(z + (0,0,77)) [P dz < C (3.16)

forr €]0,00), 1 <j <3, ae N with |al. <1.
Proof. Take r,j,a as in the lemma. We shall prove inequality (3.16) if

lal.« = 1. The case a = 0 may be handled in a similar way. Using (2.6) and
(3.2), we see that the left-hand side in (3.16) is bounded by
A=/ o0
C/ W(s)ds+C W(s) ds,
0 ‘)\'—1/2

where the letter C denotes constants independent of r, and where W(s) is
defined by

W)= [ ([ omvae =nbls —al+ )
+ X (- 1/2.00) (1€ = D (1€ = ] + 5)74] “I’(v(“”e) (n))] dn)” dé,

for s € (0,00). In order to estimate the integral of W(s) over (0, |\|~/2), we
use the inequality

(1€ = 1l + )7 2 [ — gl /@5 1C)
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for &,n € R?, € #n,,s € (0,00),7 € {2,4}. Concerning the integral of W(s)
over (|]X|71/2,00), we refer to the estimate

(1€=nl+s) 7> — 77\_7”/(21’)3_3/(21’), for &,m, 5,7 as before.

Due to these relations, we may apply a trivial version of Young’s inequality
([10, Lemma 4.9]), which yields (3.16). O

Lemma 3.7. Assume € = 0; that is, L(p,e) = K(p). Let r,p € (1, 00) with
r>3p/2, ®cLP (8K(cp))3 with ® o gl?)|R%\By(0, ) € L'(R?\Bs(0, 5))3 for
d>0,t¢€[p,oo). Put

W(a) = / & — y2B(y)| dK(¢)(y) forz € V.
OK(¢)

Then W|V\B3(0,1) is an L"-function.

Proof. In the following, the letter C denotes positive real numbers. If
£eR? seRwith1 < ‘g(‘f’)(f) + (0,0, s)|, it follows that sing < [£| + |s];
hence, by (2.6) and (2.5) [|[W|V\Bs(0,1)||” < CA, with

Aim [ [ N (65 8 ([ 06 =1l +9)2 (6 )] ) dsat
(3.17)

Let A;, Az be defined by the right-hand side of (3.17), with the factor
X (0,(sin)/2) (IM]) and X ((sin ) /2,00) (1)), respectively, inserted into the inner-
most integral. It follows that A < 2"~!(A; + As). Thus the lemma is proved
if we can show that A; < oo for j = 1,2. But [ —n|+s > (|¢] + s)/2 for
&,m € R? s> 0 with |£] + s > sing, |n]| < (sing)/2. By this observation,
and because r > 3p/2 > 3/2, we may conclude that .4; < co. Turning to the
estimate of Ag, we set § := 2r/p — 3. Due to the assumption r > 3p/2, it
holds that § > 0. We observe that Ay < C(||B|(0,1)||, +||B|(1,00)||,), with

Bs) = [ ([ €=+ 97X oo (D] ()| ) e

for s > 0. Both terms HB\(O,I)H1 and HB\(l,oo)H1 are finite. In fact, as
concerns ||B|(0,1)]|1, this may be seen by applying the Hardy-Littlewood-
Sobolev inequality, our assumptions on ®, as well as the estimate

€ — | + 5> |€ —n|THUENSED (g e R s > 0).
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The term ||B|(1,00)||1 may be estimated in almost the same way, the only
difference being that the preceding inequality is replaced by

€ — | + 5 > |€ — |t 7IF/ @ AF/E (e p e R2, 5 > 0).

The ensuing result was proved in [10].

Theorem 3.3. ([10, Lemmas 6.2, 6.5]). Let p € (1,00), ® € LP(GK(QD))S.
Then there is a constant C' € (0,00) such that it holds for r € (0,00) that

AQ(\W(A,K(w))(¢)(g(¢) (€) + (0,0, P + | Z29(2)(¢'9)(€) + (0,0, 7)) ") dé
<C,

where Z$)(®) was introduced in (2.10) and X\ was fized at the beginning of
this section.

We shall make use of this theorem in the proof of

Theorem 3.4. Let p € (2,00), q € (1,2] with p' < q < 3p'/2. Recall the
quantities A, p,e, 7,V fized at the beginning of this section. Suppose that
T =1,V =K(p). Let ® € LP(OK(p))® with T(o,p, \,K(¢))(®) = 0 for
some o € {—1,1}, ¥ € LI(IL(p, 6))3, h e CR3)3, 4,k € {1,2,3}, (¢n) a
sequence in C§°(R?) with

on|Bs(0,n) =1, supp(p,) C B3(0,2n) for n € N. (3.18)
Assume there is a constant C1 > 0 with
IV@nlo < Cin™t, |D*@plo < Cin™2 for neN. (3.19)

Then
/ B+ P01, 0)(9) i
x Tjx (W (A K(9)) (@), P(\K())(®) = ASW (@) dz — 0 (n — o).

In order to establish this theorem, we shall not refer to the second in-
equality in (3.19). Instead we shall only use that |D?@,|o < Cin~ ! (n € N).
Later on, however, we will need sequences (¢,) which satisfy (3.19) in full;
so we introduced this inequality already here.

Proof. Abbreviate H = (R}(h) + V(OL(p,€))(¥))[L(g,€), W = W (),
K(9))(®), P := P(\K(9))(®), S := S®)(®), Z := 2D (D), with Z(¥)(D),
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S@)(®) introduced in (2.10) and (2.11), respectively. Due to our assump-
tions on ®, Theorem 2.6 implies that W € C'(K(p)\{0})?, and that there
is 0 € CO(K(p)\{0}) with o|K(¢) = P. On the other hand, S®¥)(®) ¢
C°(R3) according to Lemma 2.2, so by (2.9) there is v € C%(K(¢)\{0})
with v|K(¢) = divZ. By Theorem 2.4 and Lemma 3.6 we know that H €
Wha(L(p, )"

For r € (0,00), put L, := (0,0,7) + L(¢,€). Note that L, C L(yp,€) C
K(yp) for r >0, xp, () — 1(r | 0) for = € (¢, €). Thus, recalling (2.9) and
the fact that supp(Dygy) is compact, we may conclude that

/ H D3 Tji(W, P — \S) d = / HDy&n Tjr (W, divZ) da
L(sp,€)

L(ese)
= lim / HDypn T (W, divZ) da = hfg(cﬁz +0P + 08 (320
T L, r

for n € N, where

C) = | HDw@(Wim” + Wim” — 6;1(m 2)) dL,.,
0L,
CiZ) = —/ ((D;HDy@n + HD; Do) Wi+ (Dp H Dy oy + HDjiGn )W) da,

T

3

O = /L Sjk Y (DH Dy + HDDy3n) 2 da,
T =1

with m("”) denoting the outward unit normal to L.(n € N, r € (0,00)).
Using (3.18) and (3.19), and recalling (1.7), we get for n € N, n > ¢/sin,
r € (0,00)
3
ICEN+1CE < en M H g Y (IWilthally + 1 Zinlly)
=1

3
1,q Z(HWl‘un”p + ||Zl‘un”p)7
=1

with U, := K(¢) N (B3(0,2n)\B3(0,n)). Here and in the following, the letter
C denotes constants which do not depend on n or r. Recalling that || H||; 4 <
00, we get by Lemma 3.2 and inequality (2.7)

< Cn71+3/q’73/pHH

]C,(fﬂ + \Cy(lgﬂ < Cn MB/I2P for meNyn > ¢e/sing,r € (0,00). (3.21)
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In order to estimate the term Cg)«, we note that the mapping 7). : R?Z 5

n — 4@ (n) 4+ (0,0,r) € DL, is a parametric representation of dL,, with
T,(R?) = OL, (r € (0,00)). The area element related to this representation
is the function J(¥<) mentioned in Section 2. Since
supp(Dypn) C B3(0,2n)\B3(0,n) for n €N,
we get for n € N, r € (0, 00)
c)] < \J(“O’e)|0/ (|H|[Dren| W[ +1Q1)) o T, d§. (3.22)
{€eR2:n<| T (€)|<2n}

Referring to the definition of (¥ in Section 2, we see that for n € N
with n > (1 + cotp)e + 1, r € (0,1], £ € R? with |[T,(¢)] > n, it holds
that || > ¢, so that T,.(§) = T,(£), with the mapping 7). being defined by
T, :R? 37+ (1, |n| cot p +7) € IK(p).

For n,r as before, and for ¢ € R? with |T,.(¢)| € [n,2n], we may then
conclude: (n — 1)sinp < || < 2n. It follows with (3.22) and (3.19), for
n € N with n > (14 cotp)e+ 1,7 € (0,1]

CEN < CnHIH o T Vallg(IW o TrVally + 112 0 Tl Vally) (3.23)

< Cn71+2/ql72/pHH ° Tr‘van(HW o Ty[Vallp +1|Z 0 Tr‘van)’

where we used the abbreviation V;, := B(0,2n)\B2 (0, (n — 1) sin¢). But we
know by Theorem 3.3 that

W oTh|,+11ZoT|, < C for re(0,00).
Moreover, according to Lemma 3.4, it holds that
H%/\(@L(go,e))(\ll) oTyllg <C for r e (0,00).

Taking ng € N so large that supp(h) C B3(0, (ng — 1)(sin¢)/2) and (ng —
1)sing > ¢/sinp, ng > (1 + cot p)e + 1, we deduce from inequality (2.7)
that ||R(h) o Tp|Vully < C for n € N, n > ng,r € (0,00). Thus inequality
(3.23) implies

|C’7(11,),\ < Cn A2/ for neN, n>mng, re (0,1]. (3.24)
Combining (3.20), (3.21) and (3.24) yields

‘/ HDy3nTji(W, P — \S) dz| < n~1H3/4=2/p
L(g,e€)

for n € N, n > ng, r € (0,1]. But due to our assumption g < 3p’/2, we have
—143/¢ —2/p <0, so Theorem 3.4 follows. O
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4. A second Green’s formula. In this section, we shall prove our
second Green’s formula (Theorem 4.4). To this end, we fix € € (0,00) and
A € C\(—o0, 0]. Moreover, we take ¢ € (0,7/2), q € (1,2] with

(1/2)(1 — (P + 1)V?) < —243/¢. (4.1)
The number 7§¢) was introduced in Section 2. As may be seen by (2.4), the
condition in (4.1) is satisfied if ¢ is close enough to zero. We shall return to
this point in Section 7.
The ensuing theorem states that certain potential functions are bounded
in a negative norm.

Theorem 4.1. Let h € C§°(R?), ¥ € L4(dL(p, e))3 with
" (=1,4, A L, ) (¥) = T (R (h), S(h))n'#). (4.2)

Then there is a constant C > 0 with

q/

‘/M )(Ek(h) + VA (OL(p,6))(9)) f da:‘ <C||vf

for f € C5°(R3)? with supp(h) N supp(f) = 0.
Proof. Choose 0 € C*®(R?) with

o|R3\B3(0,2¢/sinp) =1, o|B3(0,¢/sinp) =0, 0<o<1.  (4.3)

Let R€ (€/sin ¢, 00) be so large that supp(h) C B3(0, R). Take f € C§°(R3)3.
In this proof, the letter C will denote constants which do not depend on f.
Due to (4.1), the operator A? o introduced in Theorem 2.3 is invertible.

Put v(f) := (AZ’,’O)*1 (—divf|K(g)). By standard elliptic regularity theory,

it holds that v(f) € C®(K(¢)\{0}). Put v(f) := —Aov(f) — VaVu(f),
w(f) := ov(f). Then we have, w(f)|0K(p) =0,

w(f)€C™(K(p)) NVy o(K(p), AL j(w(f)) = —Aw(f) =o(f) — divf.
(4.4)

Obviously the function o(f) —divf belongs to qu,’l (K(p))N Vq(,)’0 (K(p)). We
assumed ¢ < 2, hence —1 + 3/¢’ < 1/2, so assumption (4.1) implies

[~2+43/¢,-1+3/¢1n{(1/2)(1 £ (4P +1)/?):ne N} =0.
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Thus we may conclude by Theorem 2.3 and (4.4) that w(f) € VqQ,’1 (K(¢)).

This fact, the boundedness of (A(f, o) ' (Theorem 2.3), and the relations in
(1.7), (4.3) and (4.4) imply

[(H, <clldivfll,.  (4.5)

| D w(f)[L(p,€) for a € N with ya\* =2, (4.6)
[Vw(f)|L(p, €) N B3(0, (4.7)

| D*w(f)[L(p, €) N (Bs(0,2M)\B3(0, M)) Hq, < DM~ \al (4.8)

for a € N3 with |a|. < 1, M € (R, 00), where the constant D is independent
of M, but depends on f. Note that since the support of T(f) is independent
of f, the constants in inequalities (4.5)—(4.7) do not depend on f.

Now we choose a sequence (@) in C§°(R?) with properties as listed in
the proof of Theorem 3.2. For 7 € (0,00), we define AT)(W), BU)(¥) in
the same way as at the beginning of Section 3, but with the restriction
T =1,V = L(p,€). Due to (1.7), the definition of v(f) and the relation
o|B3(0,€/sinp) = 0, it holds that w(f)|0L(¢,€) = 0. Therefore we obtain
for n € N, r € (0,00), making use of Theorem 2.4, (3.4) and (3.5),

/ B+ A W) E Tl ) b = - /L B0+ A ) V() b

L(p.€) ©.€)

Letting r tend to zero, and referring to Corollary 3.1, we see the preceding
equation remains valid when the term A () is replaced by VA OL(p,¢))(¥).
On the other hand, it follows by (3.12), (4.8), Lemma 3.6, Theorem 2.4 and

Lebesque’s dominant convergence theorem that
/ (R (h) + VA (0L(g, ) (¥))V@nw(f) dr — 0 (n — oo).
(¢,)

Thus we have

/ B+ PO )W) de = m A, (49)
©,€
with A(n) = [ .o (R(h) + VA (OL(p,€) (¥))@n(f — Va(f)) da. But for

n €N, we ﬁnd by Theorem 2.4, Corollary 3.1, (3.4), and (3.5) that

)=A" 117}{{)128 n,r) (4.10)
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where we used the abbreviations

3
Bi(n,7) ‘:/ > Tin(RMNh) + AV (W), S(h) + BT())
OL(p,e)NB3(0,2n) k=1

x nf G, (f = Vw(f)), dL(p,e),

3
By(n,r) ;:/ =Y T(RMNB) + AD (), S(h) + BO(0)
]L((,D,fi) k=1

Js
X D&n (f — Vuw(f)). da,

J
3
Bs(n,r) := /IL o S" (D;RAR) + Dy R (h) + DAY (0) + DAY (1))
#e k=1

Js
X GuDi(f — Vu(f)), dr,

Ba(n, 1) = / (S(h) + B (0)) Bodiv(f — Vu(f)) de,
L(p,e)NB3(0,2n)

Bs(n.r) = [ hGu(f = V() d,
L(p,e)NB3(0,2n)

for n € N, r € (0,00). As a consequence of Theorem 3.1 and the choice of
U, we get Bi(r,n) — 0 (r | 0), for n € N. Thus, again referring to Corollary
3.1, we obtain from (4.10) that

5
A(n) =AY By(n,0)  for neN, (4.11)
v=2

where By,(n,0) is defined in the same way as By (n, ), but with the expres-
sions A (W), BU) (W) replaced by V* (OL(¢,€))(¥) and Q(IL(¢p, €)) (), re-
spectively.

By (4.8), (3.12), Lemmas 3.6, 3.2, and Theorem 2.4, we see there are
numbers o, K € (0,00) such that |Bz(n,0)| < Kn~7 for n € N. This implies
that Ba(n,0) — 0 (n — o). It is clear by (4.6), Lemma 3.6 and Theorem
2.4 that

|Bs(n,0)| <C[[Vf

(n € N). (4.12)

q/

Using (4.4), the equation div(f—Vw(h)) =v(f), and the fact that supp(h)U
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supp(ﬁ(f)) is compact, we find that
Ba(n, 0) + Bs(n, 0) —>/ (500 + QL )W) dr - (113)
SO,E
h(f—Vw dr (n — 00).
RO

Further observe that supp(o(f)) C B3(0,2¢/sin¢) and supp(h) C B3(0, R).
Thus, if we assume that supp(h) N supp(f) = 0, and if we denote the limit
in (4.13) by L, we get by (4.5), (4.7), Theorem 2.4 and Lemma 3.2 that

L<cl|dvfl,. (4.14)

Collecting the results from (4.9), (4.11), (4.12), (4.13) and (4.14), we obtain
Theorem 4.1. g

Corollary 4.1. Let h,V be given as in Theorem 4.1. Let R be so large that
supp(h) C B3(0, R). Put for v € C§°(R3)3

3
= /M > (9/0xx R} (h)(x) + 0/, V) (OL(, ) (¥) ()
©,

) j k=1
— ;1S (h)(z) — 6;Q(OL(p, €))(¥)(x)) Drvj(z) d,
3
2 TR
€) j k=1
+VA( L(¢,€))(¥), S(h) + Q(IL(p, €)) (¥)) Dy da.

Then there is a constant C > 0 with

L(p

|Av)] < OV, for v € C5°(LL(p, €)\B3(0, R))?,
’B(v)’ < CHVU o for v e C°(R*\B3(0, R))>.

Note these estimates do not follow by Holder’s inequality because in
general, we may at best hope to get

(S(h) + Q(AL(p, €)) (1)) ’]L(ap, €) € L*/2(L(p,€));

see Theorem 2.4 and the proof of Lemma 3.7.
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Proof. For r € (0,00), define AT)(¥), BT () in the same way as at the
beginning of Section 3, but with the restriction 7 =1, V = L(¢,€). Let v €
C5°(L(p, €)\B3(0, R))3. It holds by Theorem 2.4, (3.4), (3.5), for r € (0, 00)
that
3 ~
[ 3 (DR + DA () = 5(0) = 543 0) Dy
¥:€) j k=1

= —)\/ (RMh) + AD(0))v da; (4.15)
L(wse)
note that supp(h) N supp(v) = 0. Now Corollary 3.1 yields

A(v) = —A / (RMh) + VM OL(p, €)) (¥))v da;
L(wse)

hence, by Theorem 4.1, |A(v)| < C||Vvl|y, with C > 0 independent of v.
The estimate for |B(v)| claimed in Corollary 4.1 may be established in
a similar way. This time, however, we have to consider functions v €
C§°(R3\B3(0, R))3. Thus, when integrating by parts as in (4.15), we ad-
ditionally obtain a surface integral over JLL(¢p, €). But this integral vanishes
for r | 0, as follows by (4.2) and Theorem 3.1. O
Corollary 4.1 will be used in order to estimate the pressure function
S(h)+Q(OL(p,€))(P), for suitable functions h and ¥. Another tool needed
for this purpose is
Theorem 4.2. Let U, C R3 be a bounded domain with C*™-boundary such
that U,N(B3(0,2)\B3(0,1)) = K(p)N(B3(0,2)\B3(0,1)), U, C K(p). Denote
by nUe) the outward unit normal to Uy. Choose a function o, € C§°(R3)?
with 0,|0U, = nYe). Then there is a constant C > 0 such that for u €
Wla(U,)3, 7 € LY(U,) with divu = 0, it holds that

7|, < C(full,, + ACu, ) + B(u, 7)), (4.16)

where A(u,m) = Sup{}fU ]k 1 Dku] — 6j1m) Dyv; dm‘/HVU gV E
C3(Up)?, v # 0}, B(u,) UU ],k: 1 Tji(u, ™) D0y,

We recall that the exponent ¢ was fixed at the beginning of this Sectlon.
Proof. Put W, := Wol’q (Uy)?, Wa = span{0,|U,}. For (v,w) € Wy xWs,
set ||[(v, w)]|| := HvHLq, g Since

/ divo, dxz > 0, (4.17)

Uy
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the mapping ||| - ||| is a norm. Obviously the space W; x W5 equipped with
this norm is a Banach space. Denote by ||| - ||| the usual norm of the dual
space (W1 x Wa)'.

Let b € W'=Y99(9U,)3, F € (W1 x Wa)'. Then there is a uniquely
determined function v € WH4(U,)3, m € LI(U,) with divu = 0, u|0U, = b,

/ Z (Dyuj — 0,m)Dyvj de = F(v,0)  for ve W()l’q/(U¢)3,
Ue 7,k=1

/ Tji(u, m)Dyop j dz = F(0, 0,|Uy).
U“’jk 1

In fact, the first of these two equations may be solved by referring to Theorem
2.1. In view of (4.17), a suitable constant may be added to the pressure part
of this solution so that the second equation is valid as well.

Put F(b, F) := (u, 7). Then we have defined a mapping

F o WYe99U, )2 x Wi x Wa) +— {u € WH(U,)? : divu = 0} x LI(U,,).

Obviously this mapping is one-to-one, linear and onto. Moreover its inverse
is bounded if its domain is equipped with the norm [(b, F')|p := [|b]|1—1 /g, +
[||EF']||’, and its range with the norm |(u, 7)|r := ||ul|1,4+ || 7|lq- Now Theorem
4.2 follows by the open mapping theorem and a standard trace theorem. [J

Note that Theorem 4.2 is valid without assumption (4.1) on g and ¢. The
next theorem, however, will be deduced from Corollary 4.1 and Theorem 4.2,
so condition (4.1) will be necessary once more.

Theorem 4.3. Let h and U be given as in Theorem 4.1. Put u := (]A?:’\(h) +
VA (LL( g, e))(\I/))‘]L(cp,e), 7= (S(h) + Q(@L((p,e))(\l’))‘L(go, ¢). Then it
holds that

ue Wwh (L(«p, e))3 NnC™® (L(«p, e))g, T e (C™ (L(gp, e)), (4.18)
—Au+ I+ Vr=h, dvu=0. (4.19)

Moreover, there are numbers Cy € (0,00), My € [¢/ sinp, 00) with
|| 7B(M, K(p )H <y for M e (M, c0), (4.20)
where the set B(M,K(«p)) is defined in the following way, for M > €/siny :

B(M,K(¢)) :=K(p) N (B3(0,2M)\B3(0, M))
= L(p,€) N (B3(0,2M)\B3(0, M)).
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Inequality (4.20) is remarkable because on the basis of Lemma 3.2, one

would expect an additional factor M'/? to arise on the right-hand side of
(4.20). However, due to the assumptions (4.1) and (4.2) on ¢, ¢ and ¥, such
a factor does not show up.
Proof. Concerning the claims in (4.18) and (4.19), we refer to Theo-
rem 2.4 and Lemmas 2.1 and 3.6. This leaves us to establish (4.20). To
this end, take R € (0,00) so large that supp(h) C Bs3(0, R). Furthermore,
choose Uw,n(Uw),Q¢ as in Theorem 4.2, take a € (0,1) such that U, C
K(¢)\Bs3(0,a), and put My := max{e/(asing), R/a}.

Let M € [My, 00). Combining (1.7), the relation U, C K(¢)\B3(0, a) and
the inequality M > My > €/(asin ), we obtain MU, C K(¢)\B3(0, ¢/ sin ¢)
C L(p, €). Therefore we may define functions unr, has : Uy — C3 7 U, —
C by setting

upn(z) = u(Mz), hy(z) = M*h(Mz), 7y (x) = Mr(Mz) for z € U,.

By Theorem 2.4, Lemma 3.2 and 3.6, it holds that up, € WH4(U,)3, my €
Li(U,). Referring to Theorem 4.2, we see there is a constant C' independent
of M such that inequality (4.16) holds with (u, ) replaced by (ups, 7ar). On
the other hand, since M > ¢/sin¢ and (B3(0,2)\B3(0,1)) NK(p) C Uy, we
conclude that B(M,K(¢)) € MU,. Thus, combining (4.16) and a scaling
argument, we arrive at the estimate

17| BOM, K ())llg < CMY 9 ([luns|l1,q + Aurr, 7ar) + Bluar, mar)),
(4.21)

with C' from (4.16), and with A(uas, mar), B(uar, mar) defined as in Theo-
rem 4.2. But M > My > R/a and U, C R3\B3(0,a); hence, MUy C
L(y,€)\B3(0, R). This means that if v € C§°(U,)?, the function v™) defined
by vM) = v(M~'z) for z € R* belongs to C§° (L(e, e)\IB%g(O,R))3. Com-
bining this observation with (4.21), Lemma 3.6, Theorem 2.4 and Corollary
4.1, and using a scaling argument once more, we see there is a constant Cy
satisfying (4.20). O
Let us note another consequence of Theorem 4.1.

Corollary 4.2. Let p € (2,00) with p' < q < 3p'/2, ® € LP(0K(p))?,
U e LY9K(p))3, h € C(R?)3, with h, ¥ satisfying (4.2). (The quantities
€, A, ¢, q were fized at the beginning of this section.) Choose a sequence (@)
and a constant C1 as in Theorem 3.4. Let a € C, and put

Ay = /L ( )(EA(h) + VA (OL(p, ) (2) ) VEu (S(@) + ) do for n e N.
p,€
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Then A, — 0(n — o).

Proof. Take n € N with supp(h) C B3(0,n). Let C denote constants which
do not depend on n. According to Lemma 2.2 and 3.2, it holds that

S)(®)|B3(0,4n) € Wh? (B3(0,4n)).

But ¢’ < p, so the function S(*)(®)|B3(0,4n) belongs to Whe' (B3(0,4n)).
Since the support of V@, is contained in B3 (0, 2n)\B3(0,n), we have

fr = V&n(S9(®) + o) [B3(0,20)\B3(0,n) € Wy? (B3(0,2n)\Bs(0,n))°,

and supp(h) N supp(f,) = 0. We further note that by Theorem 2.4 and
Lemma 3.6, (R*(h) + V*(9L(,€))(¥))[L(p,€) € Wh4(L(p,€))’. Now it
follows from Theorem 4.1 and a density argument that |A,| < C[|V fy|y;
hence,

|An| < Cn?’/q'_?’/”llvfnllp’

with the letter C denoting constants which do not depend on n. But Lem-

mas 3.2, 3.3 and inequality (3.19) yield ||V f,|l, < Cn~'+1/P; hence, |A,| <

Cn~1H3/4=2/P Since q < 3p'/2, we have —1 + 3/¢ — 2/p < 0, so Corollary

4.2 follows. ]
Now we are in a position to prove the main result of this section.

Theorem 4.4. (second Green’s formula) Let €, \,p,q be given as at the
beginning of this section. Let p € (2,00) with p' < q < 3p'/2, ® €
LP(OK(p))? with T'(—1,p, A, K(¢))(®) = 0. Abbreviate v := W (X, K(¢))(®).
According to Theorem 2.6, it holds that v € C1(K(¢)\{0})3, and there is
0 € COUK(p)\{0}) with olK(¢) = P(\,K())(®). Further suppose there is
some number a € C and a bounded measurable set M C OIL(p,€) with
T(v, 0+ a)n'®9)|OL(p,e)\M = 0. Let h € C*(R%)3, ¥ € LI(OL(p, €))® with
T*(—1, ¢, \, L(p, €))(®) = T(Rh), S(h))n(?). Then

[ hoda= [ (B + T (OL () (9) (T(0, 0+ @)L, )
L(¢,0) AL(p,)N M (4.22)

Proof. Let a sequence () in C§°(R3) be chosen as in Theorem 3.4. For
r e (0,00), let AT (W), BU)(¥) be defined as at the beginning of Section 3,
with 7 =1, V = L(ip, €), and with ® replaced by ¥. Then, if r € (0,00), n €
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N with supp(h) C B3(0,n), it holds by (3.4), (3.5), Theorems 2.4, 2.6 and
Lemma 3.5 that

/ hv dr = lim hvgy, de = lim ZT n,r)
L(p.€) "0 JL(pse) e
with
3
Timr) = [ = D (B + AT W) T 0+ ) D
Lip€) k=1

Ta(n,r) = /L( y > Tin(RM(h) + AV (W), S(h) + BT (¥))v; Di& da,
©,€

T = [ f:[m A0, (Tt i)

) e ™) (@ (")
Ta(n,r) /%W Z B+ AD (W), S(h) + B (0))

X n,(C )vjcpn dL(¢p,€).

Letting r tend to zero, we get by Corollary 3.1, Theorem 3.1, Lemma 3.4
and the choice of ¥

/ hv dx—ZT )+73 for neN with M C B3(0,n),
L(wse)

where the expression 7, (n) for v € {1,2} is defined in the same way as
To(n,r), but with AT)(¥) and B")(¥) replaced by V> (OL(p,€))(¥) and
Q(@L(g@, 6)) (U), respectively. The expression 73 is an abbreviation for the
right-hand side of (4.22). It is clear by (3.19), Theorem 3.4 and Corollary
4.2 that 71(n) — 0 (n — oo0). We may conclude from (1.7), (2.7), (3.19),
Lemmas 3.2 and 3.6 and Theorems 2.4 and 4.3 that

1 T2(n)| < CnH|v|K(p) N (Bs(0,2n)\Bs(0,n))||y
< Cn ISP R () N (B3 (0,20)\B3 (0, n)) ||, < Cn~1+3/a=2/p

forn € N, n > ¢/sin¢. Since ¢ < 3p/'/2, =14+ 3/¢' —2/p < 0; it follows that
T3(n) — 0 (n — o0). Combining these results yields Theorem 4.4. O
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5. Estimate (1.3) and the operator I'(—1,p, A\, K(¢)). In this sec-
tion, we shall derive a relationship between estimate (1.3) and the properties
of the operator I'(—1, p, A\, K(¢)). We begin by noting a consequence of The-
orem 2.1:

Lemma 5.1. Let ¢ € (0,7/2], and abbreviate V := R3\K(p), U = V N
(B3(0,4)\B3(0,1/4)). Let Q be a bounded C*®-domain in R® with Q C V,
and QN (B3(0,8)\B3(0,1/8)) = V N (B3(0,8)\B3(0,1/8)), ¢ € C§°(R?) with
¢|B5(0,2)\B3(0,1/2) = 1, supp({) C B3(0,4)\B3(0,1/4). Take r € (1,00).
Then there is a constant C > 0 with the following properties:

For X € C\(—00,0], u € CY(V\{0})? n W2 (V)3, = € CO(V\{0}) N
Wier (V) with

—Au+ A+ VT =0, divu =0, u|0K(p) =0, (5.1)
there exists some ¢ € C with

IVulV (1 (Bs(0,2)\B3(0,1/2)) [l + [|(7 + )| (Bs(0,2)\B3(0,1/2)) |
< C((L+ D lluled]ls + VIR 1)

Proof. Let A\, u,m be given as in the lemma, and let D := D(£,r) be the
operator introduced in Theorem 2.2. Put

g:=div(Cu)|Q, v:=(Cu—D(9))I2 o:= (ML,

3
F(w) := /Q(ACU — Z Dy(Dygu+ AD(g) — M u + VCﬂ')w dz
k=1

3
- /Q (=A¢ = AOwu+ 3 (DECw; + D Dywy)u;

jk=1

3
— Z DyD(g);Dywj + Vimw) dx
k=1

for w € WOI’TI(Q)?’. Due to our assumptions on £2,( and u, we have v €
W(}’T(Q)?’, dive = 0. Taking into account (5.1), we may apply Theorem 2.1
to obtain ¢ € C such that ||v||1,+||m+¢|, < C||F|/-1,, with C independent
of v, and F. On the other hand, we get for w € WOI’T/(Q)3

[F(w)] < (@ + [AD[ultdlr + VD)l + IV<aIQ -1.0) 1],
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where the letter C denotes constants which are independent of w,u, 7 and
A. But by Theorem 2.2, we have

IVD()l- < Cligllr = CIIVCu|Qlr < Cllultd]],

with the same meaning of C as before. Lemma 5.1 follows by collecting the
preceding estimates. ]

Lemma 5.2. Let ¢, V.U, Q, (, r be given as in Lemma 5.1. Take X\ €
C\(—=00,0], @ € L"(0K(p))* with T(=1,7, X\, K(p))(®) = 0. Then there is
C > 0 and for each n € N a number ¢, € C with
V(P V)(@)(n ) + ) Q-1 (5.2)
< Cn(|29(@)(n U + (VS (@) (n)]l) for neN,

where the functions Z¥)(®), S®)(®) were introduced in (2.10) and (2.11),
respectively.

Proof. Let n € N. By Theorem 2.6 and our assumptions on ®, there is p €
CY(V\{0}) with o|V = P(X\,V)(®)(n-). In particular, |P(\, V)(®)(n )|U|,
< 00, so the left-hand side in (5.2) is well defined. We find for w €
Cs°(Q)3, ¢ € C, using (2.9), that

‘/Qvg(P(A,V)@)(n-) +o)w dg;) (5.3)

-1 [(X

3
n~(D; DyCwy, + DkCDjwk)Z]('p)((I))(n )
7,k=1

+VCw(S® (@) (n-) + c))d:z:‘

< ¢(n wlh o 1 29)@) ()l + ol | (5P (@) () + ) ] ).

Here and in the following, the letter C denotes constants which do not depend
on n. On the other hand, using Poincaré’s inequality in the version of [19,
Theorem 4.3], we see there is ¢, € C with

1(S(@)(n ) + ) U]l < CIIV (SE(@)(n ) [td)| (5.4)
= Cn[|(VS¥/(@)) (n U]l

Combining (5.3) and (5.4) yields Lemma 5.2. O
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Corollary 5.1. Take ¢, V.U,r as in Lemma 5.1. Let A € C\(—00,0], ® €
L (8K(<p))3 such that T'(=1,7, X\, K(¢))(®) = 0. Then there is a constant
C > 0 and for n € N a number ~, € C such that for n € N,

[v (WO @) ) v 0 (Bs(0,2)\Ba(0,1/2)) | (5.5)
+ Hn(P()\, V(@) (1) + ) [V 0 (B3 (0,2)\Bs(0,1/2)) H < Cn?
< (W)@ (0l -+ 129(@) (n s + (TS @) ], )-

Proof. Let n € N, and put u := W(A,V)(®)(n -). By Theorem 2.6 and
our assumption on ®, we have u € CH(V\{0})3 N C®(V)3, u|0K(p) =
0, and there is 7 € C°(V\{0}) such that 7|V = nP(\,V)(®)(n -), with
P(X\,V)(®)(n-) belonging to C*° (V). Recalling Lemma 2.1, we thus see that
the pair (u, ) satisfies the assumptions of Lemma 5.1, with A replaced by
An2. Now Corollary 5.1 follows from Lemmas 5.1 and 5.2. O

The next result will later imply that if Theorem 1.3 is not valid, then
F(—l, P, A, K((p)) must be one-to-one provided that p > 2 and ¢ is close to
zero; see the proof of Theorem 7.2.

Theorem 5.1. Let ¢ € (0,7/2], A € C\(—00,0], g € (1,2], p € (2,00) with
p < q < (3/2)p. Assume the quantities q,p satisfy assumption (4.1). Fur-
ther suppose the operator T*(—1,q,\,L(¢,1)) is onto. Let ® € LP(OK(p))?
with WA, R3\K(¢))(®) = 0. (This means in particular that T'(—1,p, A,
K(¢))(®) =0.) Then it follows that ® = 0.

Proof. Abbreviate v := W(A\,K())(®), ¥ := WA, R3\K(p))(®). Accord-
ing to Theorem 2.6, the function ® o g(¥)[By(0,1/€)\B2(0, €) is of class C'H2,
for a € (0,1), € > 0, and it holds that

ve CY(K@\0})’, e CH((RMNK()\{0})®.

Theorem 2.6 further implies there are functions o € C°(K(¢)\{0}), 0 €
o ((R3\K(cp))\{0}> such that

dK(p) = P(AK(9) (@), oR*\K(yp) = P(\,R*\K())(®).

It follows by Theorem 2.7 and a cut-off argument that

T(v, 0)(x)n'?) (z) = =T(¥, 8)(x)n¥) (2) for x € OK(p)\{0}.
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Thus, recalling our assumption v = 0, and referring to Lemma 2.1, we may
conclude there is a number o € C with

T(v, 0+ a)(x)n'®) (z) =0 for = € 0K(¢)\{0}. (5.6)

Put M = 7(%071)(1532(0, 1)), with ~#1) the parametric representation of
L(¢, 1) introduced in Section 2. It follows from (5.6) that

T(v, 04 a)n®Y|dL(p,1)\M = 0. (5.7)

But M C K(¢)\{0} and v € Cl( (p )\{0}) , 0 € COK(p )\{0}) hence,
T (v, 0+ a)n® € L2 (OL(p, )) . On the other hand, we know by Theorem
2.5 that the operator I'* (—1, 2, \, L(gp, 1)) is onto. Therefore we may choose
9 € L2(L(p,1))° with T*(=1,2, A, L(p, 1)) (9) = =T(v, 0 + a)n®D). The
results discussed up to this point will now be exploited in order to establish
the equation

v[L(p, 1) = V*(9L(p, 1)) (9)[L(p, 1). (5.8)

Take h € C§°(IL(y,1))3. By (2.8) and assumptions on T'*(—1, ¢, A, L(¢, 1)),
we may choose ¥ € Lq((?]L(go, 1)) with

(=1, A, L(p, 1)) () = T(R(h), S(h))n(#Y. (5.9)

Taking account of (5.7), we get by our first Green’s formula (Theorem 3.2)
that

/ hVA(OL(p, 1)) (9) dx (5.10)
L(p,1)
= / (RX(h) + VM AL(p, 1)) (¥))T* (1,2, A\, L(, 1)) (9) dL(p, 1),
AL(p,1)NM
Our second Green’s formula (Theorem 4.4) implies
/ hv dx (5.11)
L(e,1)

= / (R () + VA (OL(, 1)) () (T'(v, 0 + @)n®V) dL(g, 1).
dL(p,1)NM
It follows from (5.10), (5.11) and our choice of ¥ that

/ h(V(8L(p, 1)) () — v) dz = 0.
L(g,1)
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Since h was arbitrarily chosen in C§°(L(y, 1)), we have established (5.8).
This result combined with (1.7), Lemma 3.4 and the definition of
W (A K(e))(®) implies

T(1,p, ) K(p ‘GK )\B3(0,1/sin )
=V (c’ﬂh(% \8K ©)\B3(0,1/sin o) € L2(IK(0)\B3(0, 1/ sin ).

We may now conclude I'(1, p, A, K(¢)) (®) € L? (OK(@))S. On the other hand,
one of our assumptions states that F(—l, DA, K(gp)) (®) vanishes, so we have
shown ® € L? (8K(gp))2. But the operator I'(—1,2, A, K(¢)) is one-to-one
(Theorem 2.5); hence, it follows that ® = 0. O
In the rest of this section, we consider the situation arising when Theorem
1.3 is assumed to be false. A preliminary result in this respect is
Theorem 5.2. Let ¢ € (0,7/2), ¥ € [0,7), g € (1,2], p € (2,00) with
P < q < 3p'/2. Assume the parameters q,¢ satisfy (4.1) and the opera-

tor F*(—l,qjew,L(ap, 1)) is onto. Further suppose there are numbers r €
(3p/2,00), C1 >0, Cy > 0 such that

lu(f, Me™ @)y < CLM [ fllr for f € L' (Qm—p)®, M € (C2,00), (5.12)

where the set Qr_, and the function u(f, Me™ ) were introduced in Section
1 (see (1.4) and Theorem 1.2). Then the operator T'(—1,p, e K(y)) is one-
to-one.

Proof. Abbreviate \ := €/, V := R}\K(p). Let ® € LP(OK(@))3 with
F(—l,p, )\,K(np))(q)) = 0. In view of Theorem 5.1, we intend to prove that
WX\ V)(®) = 0. To this end, let n € N, and put & (z) := ®(nz) for
x € 0K(¢). We claim that

W (2N, V) (@) |y € WHEH Q)%

P2\, V)(®™)|Q,_, € L2(Qr_y). (5.13)
For a proof of this assertion, choose a function & € C§°(R?) with 0 < & < 1,
a|B3(0,1) = 1, a|R3\B3(0,3/2) = 0. Define ® : 9, — C3 by d(z) :=
a(z)®™(z) for x € 90—, N B3(0,2), ®(x) := 0 for z € 00—, \B3(0,2).
Our assumption on ® implies F(—l,p, n2A, K(go))(q)(")) = 0. It follows that

T(1,p, 12\, Q) (5)‘&2”_@ NB3(0,1/2) € W2(89,_, N Bs(0,1/2))".
(5.14)
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On the other hand, we know by Theorem 2.6 that W(nz)\,V)(aCD(”))NE
C*(V\{0})3. This result combined with (5.14) yields I'(1,p,n?), Qr—,)(®)
€ WH2(0Q,_,)3. Now we may apply [11, Theorem 2.6] to obtain

W (2N, Qe ) (®) € WHH(Q, )3, P02\, Qr_0)(®) € L2(Qr—y). (5.15)

As a consequence of Theorem 2.6, and because the function (1 — @) - )
vanishes near the origin, we get

W(nAA\ V) (1 —a)d™) e CHV)3, PN V)((1 — &)™) e CO(V).
(5.16)

Combining the relations in (5.15) and (5.16) yields (5.13). We further point
out that by [11, Corollary 4.2], it holds that ® € LT((?K(@))?’. Thus it
follows from [11, Corollary 2.2] that W (n2X, Q,_,)(®) € L (Q_,)?; hence,
W (n2X\, V) (@M)|Qr_p € L"(Qr—,)3. We abbreviate W, := W (X, V)(®)(n-),
P, :=nP(\,V)(®)(n-). It holds that

W, = W(n?\, V)(@™), P, = P(n®\,V)(®™) + 3,,

with some constant 3, € C, as may be seen by some easy computations. As a
consequence, we have W;,|Qr—, € W2(Qp_ )3 N L (Qr— )2 MW (o p)?,
Po|Qr—y € L*(Qp_r) N VV;’Z(QW,@). We further note that by Theorem 2.6
and the choice of ®, we have W,, € C1(V\{0})?, and there is m € C°(V\{0})
with 7|V = P,. Put g, = div(aW,|Q,—,) = Va - W,|Q:—_,, where we
used the fact that div W (A, V)(®) = 0. Since Va(z) = 0 for z € B3(0,1),
the preceding results imply g, € C'(Q,_,). By the choice of & and ®, we

have g,|0Q:_, = 0; hence, gn|Qr—y, € W(}’T(Qﬂ,@). Moreover the function
gn has mean value zero over €1,_,. Thus we may apply to g, the operator
D :=D(Qr_,,r) introduced in Theorem 2.2. This is true for any n € N.

Since ¢ € L" (8K(g0))3, as remarked above, Corollary 5.1 shows there is a
sequence (7y) in C and a constant C' > 0 such that inequality (5.5) holds for
all n € N. Put v, := (aW),)|Qr—p — D(gn), 0n = (P + n7)|Qr—g, frn =
(—AGW,, — 23 _ | DR@Dp Wy 4 AD(gn) — n2AD(gn) + V(P +1-90))| Qs
for n € N. Then f, € L"(Q_p)?, wn € Wy (Qr_y)® N L7 (2r_y)? N
W2 (Qry)®s 00 € L2H(Qrep) N WA (Qr_y), —Avp + n2Xvn + Vo, = fa,
divv, = 0 for n € N. At this point we may apply our assumption (5.12),
which yields

lonllr < C’ln_QanHr for neN, n> (02)1/2.
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Thus we find for such n that

WL V)(@)IV N Bs(0,n)ll; = 0" [WalV N B3(0, 1) < 0" [ W |-yl
<0 ([loally + 1D(ga)llr) < Cn*" (072 fulle + | D(ga) 1)
< Cn®" (02 (|Wal Vi + 1(Pa + m3a) VIl + [AD(gn) [l + 1| D(gn)I+)
+[|D(gn) ), With V:=V N (Bs(0,2)\B3(0,1/2)).
Here and in the following, the letter C denotes constants which do not depend
on n. Referring to Theorem 2.2, we may conclude for n € N, n > (Cy)/?
that
WA, V)(®)[V NB3(0,7)]|r (5.17)
< Cn®" (02 (|WalVly + 1(Pa +130) Vil + 0 [WaVIe) + [Wa V1)
< Cr*([Wal Vi + 02V Wal Vi + 07 2| (Po + n3m) V)

Put U =V N (B3(0,4)\Bs(0,1/4)), By, := V N (B3(0,4n)\B3(0,n/4)) for
n € N. Then we get by (5.17), Corollary 5.1 and (2.7), forn € N, n > (C5)'/?
that

WA V)(@)[V N B3(0,n)] (5.18)
< Cng/’"(HWnIUIIT +1129(@)(n ) Ul + [1(VSE (@) (n ) U)
= C(IW X V)(@)[Bullr + 129(@)[Bully + VS (@)Bnll)

o[, ([, v polaew) a)”

By [11, Corollary 4.2], we have ® € L?° (8K(cp))3 for s € [p,00). Since
r > 3p/2, it follows from Lemma 3.7 and Lebesgue’s theorem on dominated
convergence that the right-hand side in (5.18) tends to zero for n — oco. This
implies Theorem 5.2 O

6. On potential functions on 9K(y). In this section we shall repeat
or slightly modify some results from [10] pertaining to certain potential func-
tions on JK(y). These potential functions, except those already introduced
in Section 1 or 2, are presented in the ensuing definition.

Definition 6.1. Let ¢ € (0,7/2]. For v € {1,3}, ACR? B C 9K(p), [ :
A CY, & : B+— C, we denote by f the zero extension of f to R?, and
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by ® the zero extension of ® to dK(¢). Let R € (0,00), S € [1,00), p €
(1,00), A € C\(—0o0,0], 7 € {—1,1}. Then we define the operators

I (1,p, K()) : LP(9K(y)) = LP (9K (),
H* := H*(7,p,, R, S) : LP(R*\By(0, RS))’ — LP(R?\By(0, R))’

by

I (7, p, K()) (@) ()
= 1®(2)/2 + / (4m) " (0D (@) (2 — y)) |z — y[ > D(y) dK (o) (1),

0K (p)

wme = e ([ a7 90 - ),

% |g9(€) — g ()| (0 o g (m)h(n)) Sin_l(w)dn)

1<I<3

for & € LP(OK(p)), = € IK(p), h € LP(R2\By(0, RS))®, ¢ € R2\By(0, R);
compare [10, Definition 6.1, (6.10)]. We further define

F(lnf) = F(lnf) (T,p, )\7 2 R) : Lp(g(@) (RQ\BQ(O? R)))S
= IP(g9) (R?\Bo (0, R)))°,
3
F(ver) = F(’Uer) (T,p, )\7 ©, R) . Lp(g(‘P) (BQ(O, R)))3 — LP (g(‘/’) (BQ(()) R))) )

J = J(1,p, \ ¢, R, S) : LP(R\By(0, RS))” — L”(R*\By(0, R))’,
F* .= F*(t,p,o,R,S) : L (RZ\BQ(O, RS)) LP(RQ\BZ(Ov R))

by setting
10)(3) :=T(r,p, A\, K(p)) (®)[¢"” (R*\B2(0, R)),
F“”)\IJ (Tp)\K ) (¥)[g“) (B2(0, R)),

[ (T () (ho ()" )}09(“” IR\B2(0, R),
—[m ( 7,0, K(©)) (f o (9")71)] 0 g R*\By (0, R)

for ® € LP(g¥) (R2\B2(0, R)))?, ¥ € LP(¢\¥)(By(0, R)))?, h € LP(R*\By(0,
RS))3, f € LP(R?\By(0, RS)).
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For explicit representations of I'™/) T(e) " J and F* by integrals see [10,
Definition 6.1, (6.8), (6.11)]. The integral appearing in the definition of H*
is to be understood as a principal value in L? (R?\B(0, R)) (see [10, Corol-
lary 4.2]), whereas the integral defining IT* (7, p, K(¢)) exists as a standard
Lebesgue integral ([10, Lemma 6.2]).

If X and Y are Banach spaces and 7 : X — Y is a linear bounded
operator with closed range and finite-dimensional kernel, we say that 7 is
an F;-operator, or more shortly, that 7 is F}.

We note some obvious properties of the operators introduced above:

Lemma 6.1. Let @, R, S, p, A\, T be given as in the preceding definition. Then
the operator II* (1, p, K(¢)) is adjoint to II(1,p’, K(p)). The operator J(r,p,
X\, ¢, R, 1) is Fredholm (F.) if and only if T (r,p, X, ¢, R) is Fredholm
(Fy ). If these two operators are Fy, they have the same index.

Lemma 6.2. Let ¢, R, S, p, \, T be given as in Definition 6.1. Denote by
TRs/us LR the identical mapping of the sets R2\B5 (0, RS/u) and R?\B(0,

R), respectively (u € (0,00)). Then it holds for f € L?(R?\By(0, RS))?’, e
(0,00) that

J(Tapa )\7 @, R7 S)(f) = (J(Tapwtﬁ/\) 2 R/Ma S) (f © (:UIRS/;A))) © ((1/IU)IR)

We further state some results which may not be completely obvious but
still are rather easy to prove.

Lemma 6.3. For ¢, R, S,p, T as in Definition 6.1, and for h € LP (RQ\BQ(O,
RS))®, it holds that

(n(9) 0 g H* (7, p, 0, R, S)(h) = F*(7,p, 0, R, S) ((n¥) 0 g®))h).

If F*(7,p,¢, R, 1) is an Fy-operator, the mapping H*(1,p, v, R,1) admits
the same property.

The first statement of this lemma corresponds to [10, Lemma 6.8]. The
second one follows by a variant of the arguments in [10, page 225].
Lemma 6.4. Take @, R, S,p,\,7 as in Definition 6.1. Then the operator
F(T,p, A, Qﬂ_¢) is F'y if and only if the operator F(”e")(—r,p, A, ¢, R) has the
same property. In case these operators are Fy, they have the same index.

This lemma is a consequence of the choice of {2, _,. Its proof is almost
identical to that of [10, Lemma 13.7].
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Lemma 6.5. Let ¢, R, S, p, \, T be given as in Definition 6.1. Then the op-
erators TO) .= T (r p X o, R) and T'¢) .= T@er) (7 p X, ¢, R) are
Fredholm (Fy.) if and only if T :=T'(7,p, A, K(p)) is Fredholm (Fy). In case
these operators are Fy, it holds that

index(T") = index(r‘(inf)) + Z‘ndex(r(ver))'

If I1* (T,p, K(cp)) is Fredholm, then F*(—1,p, ¢, R, S) is an Fi-operator.

The operator J(,p, A\, ¢, R, S) is Fy if and only if J(1,p, A, ¢, RS, 1) has
the same property.

If R1, Ry € (0,00), the operators J(,p, A\, ¢, R1,S) and J(7,p, A\, ¢, Ra,
S) are linked in the same way.

This lemma is proved by choosing suitable compact operators which are

added to or subtracted from the preceding operators. For details we refer to
[10, Lemmas 6.9, 6.10, Corollary 6.1-6.3].

Lemma 6.6. Take ¢, R, S,p, \, T as in Definition 6.1. Let € € (0,00). If J (T,
P, A, @, R, 1) is a Fredholm operator with index zero, then T'(t,p, \,L(y,¢€))
has the same property.

If F*(1,p,¢, R, S) is Fy, then H*(—T,p,IL(cp, e)) is also Fy.

This lemma is valid because the boundary of L(¢, €) is smooth, so the
operators J(7,p, A, ¢, R, S) and I'(7, p, A\, L(g, €)) differ only by compact op-
erators, modulo a transformation into local coordinates. The same remark
holds with respect to F*(7,p, ¢, R, S) and II* (—7, p,L(¢, €)); see [10, Corol-
laries 6.1, 6.2, 6.4].

Lemma 6.7. Let p € (1,00), 7 € {—1,1}, ¢ € (0,7/2], € > 0. Suppose
there is C > 0 with

@], < ClITI(7,p,L(p,1))(®)]l, Jor ® € LP(OL(ep,1)).
Then there is C > 0 with
@], < CI(r,p,K())(®)]|, for @ e LP(9K(yp)).

This lemma is shown by a scaling argument; see [10, Lemmas 12.4, 12.5].
Lemma 6.8. Let p € (1,00), 7 € {-1,1}, A € C\(—00,0], ¢1,p2 €

(0,7/2] with p1 < 3. Assume that II*(1,p,K()) is Fy for ¢ € [¢1, @],
and index(IT* (7, p,K(¢1))) = 0. Then indez(I1* (7, p, K(g2))) = 0.
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Lemma 6.8 follows by a homotopy argument; see [10, Lemma 6.17].

We further state some more deep-lying results pertaining to the operators
introduced in Definition 6.1 or in Section 1 or 2. (One such result-Theorem
2.5-was already presented in Section 2 and exploited in Section 5; it will be
needed again later on.)

Theorem 6.1. ([10, Theorem 11.1]) Let p € (1,00), ¥ € [0,7), ¢ € (0,7/2].
Then there exists C > 0 such that for A € C\{0} with |argA| < 9, |\ >
1, NeN, N>24,R S € (2,00), 7€ {-1,1}, f € LP(R2\By(0, RS))’, the
following inequality holds true:

1H* (7, p, 0, R, S)(f)lp
< CN|T(T,p A0, R, S) (f)llp + (V72 + NS~ 4 NO|X=2) | £]],).

Theorem 6.2. ([10, Corollaries 9.3, 9.4]) Let ¢ € (0,7/2], 7 € {-1,1},
A € C\(—00,0], € € (0,00). Then the operator I1(7,p,L(p,€)) is one-to-one
for allp € (1,00), and T'* (T,p,)\,]L(gD, e)) is one-to-one for p € (1,2].
Theorem 6.3. Let ¢, R, p, A\, 7 be given as in Definition 6.1. Assume
rnf) (1,0, A, ¢, R) is a Fredholm operator with index zero. Then the operator
F*(1,p,0,1,1) is Fy.

Proof. According to Lemma 6.1, the assumptions in Theorem 6.3 imply
that J(7,p, A, p, R, 1) is Fredholm with index zero. In this situation, it was
shown in [10, pages 232-234| that the operator F* (7, p, ¢, 1,1) is F;.. In fact,
if we set ¥ := arg\, p := |A| in [10, pages 232-234], the arguments given
there as part of the proof of [10, Theorem 12.2] may be used here without
any modification. O

Theorem 6.4. ([14, page 102], [10, Theorem 8.1], [11, Theorem 2.8]) Let
p € (0,m/2], T € {—1,1}. Then the set

{p € (1,00) : II* (7, p, K(¢)) is not bijective}
is countable. For any ¢ € (0,7/2), there is at least one exponent q € (1,2)

such that H(l, q,K(gp)) is not bijective.

Theorem 6.5. ([28, Lemma 1.2.1]) Let X,Y be Banach spaces with norm
| llx, ||y, respectively, and let F : X — Y be a linear, bounded operator.
Then F is Fy if and only if there exists a constant C > 0 and a linear
compact operator T : X — Y such that

lzllx < C(IF @)y + I1T()lly) for x e X.
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Making use of these results, we establish

Theorem 6.6. Letp € (1,00), p € (0,7/2], 7 € {—1,1} such that II*(—7, p,
K(y)) is Fredholm. Take N € C\(—00,0], R € (0,00). Then the operator
F(mf)(T,p,)\,cp,R) is F1.

Proof. We modify the proof of [10, Theorem 12.1]. Since II*(—, p, K(y))
is Fredholm, the operator F*(R, S) := F*(7,p, ¢, R, S) is F, for S € [1,00)
(Lemma 6.5). It follows by Lemma 6.3 that H*(R,S) := H*(7,p,¢, R, S5)
is also an Fy-operator if S = 1. Thus, according to Theorem 6.5, there is
a constant C; > 0 and a linear compact operator T' : LP (Rz\IB%Q(O, R))3 —
LP(R*\B4(0, R))3 such that

* 3
lgll, < C1(1H* (R, 1)(9)lp + I T(9)lp) for g€ LP(R*\B2(0, R))". (6.1)
By Theorem 6.1, there exists Co > 0 with

1H* (R, S)()lp (6.2)
< CoN T (, )(Dllp + Co (N> + N5~ (@) N6 =12) 7,

for § € (2,00), p € (1,00), N € N with N > 24, f € LP(R2\By(0, RS))®,
where the mapping J(u, S) is defined by J(u, S) := J(7,p, u|\| 7'\, 0, R, S).

If we choose N,S and p large enough, we obtain from (6.1) and (6.2)
that

11y < C (1T SY Do + 1T(H)p) + (/211 £l (6.3)

for f € LP (R2\IB%2(O, RS))3, with a constant C > 0 independent of f, and
with f denoting the zero extension of f to R2\By(0, R). Due to (6.3), we

may again apply Theorem 6.5, to obtain that J(u,S) is Fy. Theorem 6.6
now follows by Lemmas 6.1, 6.2 and 6.5. O

7. Proof of Theorem 1.3. Starting from Theorem 5.2, we use func-
tional analytic arguments in order to derive Theorem 1.3. In the first step,
we consider a situation as in Theorem 5.2. This time, though, we require
in addition that H*(l,p,K(gp)) is bijective for some p € (2,00). Then the
operator I‘(—l, 8, A, K(go)) will turn out to be one-to-one not only if s = p,
but for any s € [2,p].

Theorem 7.1. Let the assumptions of Theorem 5.2 be wvalid. Suppose in
addition the operator II*(1,p,K(p)) is bijective. Put X\ := €. Then the
operator I'(—1, s, \, K(p)) is bijective for s € [2,p].
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Proof. Set
P =T (—1,p, X, 0,1), TN =T (—1,p X, 0,1).

By [11, Theorem 2.5], the operator I’(l,p, A, Qﬁ_¢,) is Fredholm. This obser-
vation and Lemma 6.4 imply I'*¢") is Fredholm too. On the other hand, by
Theorem 6.6 and our assumption on IT* (1, P, K(gp)) , the operator I'(f) ig F..
Now it follows by Lemma 6.5 that F(—l,p, )\,K(go)) has closed range. But
Theorem 5.2 states the latter operator is one-to-one, and by [11, Corollary
4.4], its adjoint is one-to-one as well. Thus the operator F(—l,p, /\,K(go))
must be bijective. According to Theorem 2.5, the operator I‘(—l, 2, )\, K(gp))
exhibits the same feature.

Now take ¥ € LP(OK(go))3 N L? (6K(g0))3. By the results established

in the first part of this proof, we may choose ®32 ¢ L2 (8K(gp))3, o) ¢
Lr (GK(@))S with

T(—1,2,\,K(9) (@) = ¥ =T(~1,p, )\, K(p)) (@®).

Referring to [11, Corollary 4.2], we conclude that ®?) ¢ Lp((?K(go))g. But
as mentioned above, Theorem 5.2 states the operator F(—l,p, )\,K(gp)) is
one-to-one, so we obtain ®? = ®®) . Now we may apply the Riesz-Thorin
interpolation theorem to the inverse of the operators F(—l, 2, )\, K(«p)) and
F(—l,p, A, K(gp)). Then Theorem 7.1 follows by a standard argument. [
Next we remove some of the assumptions required in Theorem 7.1.

Theorem 7.2. Let ¢ € (0,7/2) with 7£@) > 2 (see Section 2). Take ¥ €
[0,7), K € (2,00). Assume there are numbers r € [3K/2,00), C; > 0,C2 >0
such that inequality (5.12) is valid. Then the operator F(—l,p, ew,K(go)) 18
bijective for any p € [2, K).

Proof. Let € € (0,min{2,K — 2}) By Theorem 6.4, we may choose
p € (1,00) such that min{4, K} — ¢ < p < min{4, K} and II*(1,p,K(p))
is bijective. On the other hand, according to Theorem 2.5, the opera-
tor I'* (—1,2,ei”9,L(cp, 1)) is onto. We further mention that due to the
choice of ¢, condition (4.1) is satisfied with ¢ = 2. It further holds that
p <2< 3p/2, r > 3p/2. Thus we are in a position to apply Theorem
7.1 with ¢ = 2, which yields that the operator I’(—l,s,ew,K(g@)) is bijec-
tive for s € [2,p]. Recalling the choice of p, we conclude the latter operator
is bijective for s € [2,min{4, K'}). In particular, Theorem 7.2 is proved if
K <4.
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Consider the case K > 4. Take ¢ € (3/2,(3/2)(2r/3)’). This means in
particular ¢ € (2,3); hence, the operator F(—l,q’,em,K(go)) is bijective
according to the first part of this proof. It follows with Lemma 6.5 that the
operators

F(znf) — F(inf)(_17q176i79780’ 1) and F(ver) — F(ver)(_]_’q/,eiﬁ’so’ 1)
are Fredholm, and
0 = index(D™)) 4 index (D7), (7.1)

On the other hand, the operator T'(1, ¢/, e?, Qr_,) is Fredholm with index
zero ([11, Theorem 2.5]); hence, we obtain by Lemma 6.4 that index (I'(v¢"))
= 0. Now equation (7.1) implies that the index of T(*/) vanishes as well. Re-
ferring to Lemma, 6.1 and 6.6, we conclude the operator F(—l, q, e, L(p, 1))
is Fredholm with index zero. The adjoint F*(—l,q, e L(ep, 1)) of this op-
erator is one-to-one (Theorem 6.2); hence, it must be onto.

It holds that 2r/3 > K > 4. Let € € (0,2r/3 —4). According to Theorem
6.4, there is some p € (2r/3 — €,2r/3) such that II* (1, p,K(¢)) is bijective.
Then p’ < 4/3 < q < 3p'/2, r > 3p/2, and the parameters ¢, q satisfy (4.1).
We thus have shown that all assumptions of Theorem 7.1 are satisfied. This
theorem, in turn, implies Theorem 7.2. n

Now we are in a position to conduct the
Proof of Theorem 1.3. Choose ¢ € (0,7/2) with %@o) > 2; see (2.4).
Assume Theorem 1.3 is false. Then, for any ¢ € (0, 9], S € (3,00), there
are numbers r € [S,00), C; > 0, Co > 0 such that inequality (5.12) is valid
for f € C(r—y)?, M € (Ca,00). By (1.6) and a density argument, it
follows that (5.12) is valid for f € L"(Qr—,)%, M € (Ca,00).

Let ¢ € (0, ¢p]. We deduce from (2.3) and the choice of ¢ that ,Aso) >

7%“00) > 2. Thus we may apply Theorem 7.2 with K = 25/3, for any S €
(3,00). This theorem implies the operator F(—l,p, e, K(go)) is bijective for
p € [2,00). Let p € (2,00). According to [11, Theorem 2.5], the operator
Tr (1,p, ew,Qﬂ,w) is Fredholm with index zero, so we may conclude with
Lemma 6.4 that T(er) .= P(”e’")(—l,p, e, 1) is also Fredholm with index
zero. It follows with Lemma 6.5 that T'0nf) .= 102 (—1 p e ¢, 1) has
the same property. Now Theorem 6.3 yields that F*(—1,p,¢,1,1) is Fy;
hence, we may conclude by Lemma 6.6 that IT* (1,p,L(g0, 1)) is an operator
of the same type. But its adjoint II(1,p/,L(p,1)) is one-to-one (Theorem
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6.2). Therefore the open mapping theorem yields a constant C > 0 with

H(I)Hp' < CHH(l,p/, ]L((p, 1))((1))

,  for @€ L¥(IL(p,1)).

By referring to Lemma 6.7, we may deduce from the preceding estimate
there is C > 0 with

2]y < C[[TL(L, 0/, K(p))(®)

y for e LY (OK(e)).

This implies the operator II(1,p’,K(¢)) is one-to-one and has closed range.
In particular it is F.. Recall that ¢ was arbitrarily chosen in (0, ¢g].

By [11, Theorem 2.9], there is some @ € (0, ¢g) such that II(1,p', K(%))
is bijective. Since we have shown that for any ¢ € (0, o], the operator
H(l,p’,K(gp)) is F, we may use Lemma 6.8 to obtain

index(H(l,p’,K(cp))) =0 for ¢ € [p, el

Thus the operator H(l, v, K(gpo)) is bijective. But the exponent p was arbi-
trarily chosen in (2, 00), so we have arrived at a contradiction to the second
statement of Theorem 6.4, that is, to [11, Theorem 2.8]. O

8. The case p < 2. In this section, we prove Corollary 1.1 by reducing
it to Theorem 1.3 via an interpolation argument.

Let p € [2,00), A € C\(—00,0], ¢ € (0,7/2]. We define the operator
Aprp  LP(Qr_y) — LP(Qr_y)3 by setting Ay o(f) == u(f, X\, @) for f €
LP(Qr_,), where the function u(f,\,¢) was introduced in Theorem 1.2.
Due to the uniqueness result in Theorem 1.2, this operator must be linear,
and by (1.6), it is bounded. Furthermore it is in a certain sense symmetric,
as is indicated by the ensuing lemma.

Lemma 8.1. Let p € [2,00), A € C\(—00,0], f € C§°(Qr—y)3. Denote the

adjoint of Apg by (Apag) Then (Apx,) (f) = ulf, A ), with u(f, A, ¢)
mtroduced in Theorem 1.2.

Proof. Let g € C°°(Q;_,). By [11, Theorem 5.1], we may choose functions
O, € L2(Qy_,)? with

u(f, A 9) = (BAF) + 7 (00-) (@) 2

u(g, A @) = (RM(g) + VN (092_,) (1)) )Qw.
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In analogy to Lemma 3.5, we have

/Qf(@(g) +V(¥))da
3 3
= /m S + V(@) (3 T (B (9), S(g))me = T*(1,2,0,2) (9))
J=1 k=1

3
= (TR, () — T (<1,2,0,2) (@) ) (R 9) + V() ]9
k=1

+/(§A(f) +V(®))g da,
Q

where 2 := (2, theletter n denotes the outward unit normal to 0, and
V(®) := VMN0Qr_y)(®), V(¥) := V() (¥). This result, which is well
known, may be proved by a jump relation similar to the one in Theorem 3.1;
compare the proof of [11, Lemma 5.1]. (In the case f = g = 0, the preceding
formula coincides with [11, (5.2)], and in the case ¢ = 0, & = 0, with [11,
(5.3)].) Since u(g, X, ¥)|0Q2r—p =0 = u(f, A, ¢)|0Q2r_,, we conclude that

J

Therefore Lemma 8.1 follows by the definition of A .. 0
Now we are in a position to give the

Proof of Corollary 1.1. Take ¢ € (0,7/2), S € (3,00), and assume that

Corollary 1.1 is false. Since S’ € (1,3/2), it follows that there are numbers

re (1,5, C1 >0, Cy > 0 such that

lutf Me, o)l < oM £]], (8.1)

fu(g, A, ¢) dx =/ u(f, A, )g dz.

T— er—gp

for f € C§°(r—y)3, M € (Co,00). Due to Lemma 8.1, we may conclude that

(A g Y (D, < M7 1] 52)

for f, M as in (8.1). But the operator (A, yseiv ,,)" is bounded, so inequality
(8.2) holds for any f € L"(Qx—,)>. It follows that

HAT”,Mew,SO(f) ! < ClM_lnf !

for f € L™ (Qr_y)?, M € (Ca,00). Since ' > S, and because S was ar-
bitrarily chosen in (3,00), we have arrived at a contradiction to Theorem
1.3.
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