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Abstract. We consider the single layer potential associated to the fundamental solution of
the time-dependent Oseen system. It is shown this potential belongs to L?(0,00, H 1()?) and
to H'(0,00, V") if the layer function is in L?(8Q x (0,00)%). (€ denotes the complement of a
bounded Lipschitz set; V denotes the set of smooth solenoidal functions in Hg(€2)%.) This result
means that the usual weak solution of the time-dependent Oseen function with zero initial data
and zero body force may be represented by a single layer potential, provided a certain integral
equation involving the boundary data may be solved.

1. Introduction. Let € be an open set in R?® with compact complement and with
Lipschitz boundary. (For the purposes of this article, we need not require that {2 is
connected. Thus € is only supposed to be an exterior set, but not an exterior domain. )
Put Zr := Q2 x (0,T) and St := 89 x (0,T) for T € (0, 00]. Then consider the following
initial-boundary value problem for the instationary Oseen system in Z7:

Ou— Agu+7-Op,u+Ver=f, divgu=0 in Zrg, (1)
w|Sr=b, wu(z,t)—0 (Jz|] >o00) for te(0,T)," (2)
u(z,0) =a(z) for z €Q, (3)

where the quantities 7 € (0, 00) (Reynolds number) and T € (0, oc] are given, as are the
functions f : Zr — R3, a: Q— R2 and b: S — R3. The velocity u : Z7 — R?® and the
pressure 7 : Z7 — R are unknown.

In previous articles, problem (1) - (3) was usually solved by semigroup theory based
on estimates of the Oseen resolvent ([4], [5], [8], [10]). Recently reference [2] proposed
a potential theoretic approach which leads to solutions of (1) - (3) in the form of a
sum of certain volume potentials plus a single-layer potential. This approach is useful
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for deriving pointwise decay estimates of exterior Oseen flows (see [2, Lemma 18]), and
it may have other applications as well. For example, it may help to provide regularity
results for Oseen flows in Lipschitz domains, in analogy to the theory developed by Shen
[11] for evolutionary Stokes flows.

In the work at hand, we consider the single-layer potential appearing in the approach
from [2]. This potential solves (1) - (3) with f = 0, a = 0, and may thus be considered
as a boundary-driven Oseen flow. The velocity part of this potential, which we denote by
ng ) (®) (see Section 2 for a precise definition), is a C*°-function in (R*\8Q) x ([0, TINR) =
(R3x ([0, TJNR))\ ST, for any layer function ® € L2(0,T, L'(8Q)*) and for any T' € (0, o0].
This follows immediately from the definition of Vg: ) (®) as a surface integral on St. In the
present article we are interested in a property of ng )(<I>) which is less obvious, namely
L2-integrability near Sy and for large values of |z| and t. In this respect, we will show
that

V(@) | Zr € L®(0,T, I*(Q)%), V(V{(®)|Zr) € L*(Zr)°, )
8,V (®)| Zr) € L*(0,T, V') for T € (0,00], & € L*(Sr)?,

where V is the space of solenoidal functions in H¢(§2)3. Estimates of V%f ) (®) correspond-
ing to the relations in (4) will also be established; the right-hand sides of these estimates
consist of the product a constant times ||®||2, where the constant in question only de-
pends on 2 and 7, but not on T'. Actually, we will admit functions ® with somewhat less
regularity than L2-integrability on Sr; see Theorem 2.3 below for more details.

In order to indicate why this result is interesting, we recall that a weak solution
of (1) - (3) is typically defined in such a way that the velocity belongs to the space
L2(0,T, HY(Q)%) n HY(0,T, V'). We further recall this space is a uniqueness class for
weak solutions to (1) - (3) ([13, p. 172]). Thus our result means that a weak solution of
(1) - (3) with a = 0 and f = 0 may be represented on Q x (0,T) by the single layer
potential ‘B&T )(tI)), provided the layer function ® € L?(S7)? solves the integral equation

o (8)| Sr = b. 5)
Such a representation is useful in many respects. For example, it immediately implies
that in the case @ = 0, f = 0, a weak solution to (1) - (3) belongs to C*°(Q x (0,00))3.
Or it yields decay results for |z| — oo; see [2, Lemma 18] for a simple example in this
respect. But of course, all this is subordinate to solving the integral equation (5) on St
with unknown function ®. Some ideas on this problem may be found in [2, Section 3]. A
more complete study of equation (5) is in preparation.

2. Notations and some auxiliary results. Main theorem. If A C R3, we write A°
for the complement of A. The length e + a2 + a3 of a multi-index o € N3 is denoted by
|a|;. We write ey for the unit vector (1,0,0). For r € (0,00), = € R, we write B,(z) for
the open ball with centre z and radius r. Put B, := B.(0).

The open set Q C R? with compact complement ¢ and with Lipschitz boundary 952
will be kept fixed throughout. Without loss of generality, we may assume that 0 € ¢
so that |y| < diam Q€ for y € Q°. We put Ry =4~ diam ¢, hence Q¢ C Bp,/2- Recall
the notations Zp :=  x (0,T) and St := 2 x (0,T) for T € (0,00]. For R € (0, 00),
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we set Qp := BrN Q. Let H(2) denote the usual Sobolev space of functions with weak
first order derivatives in L2(). The usual norm of H'(Q) is denoted by | l1,2, that is,
lvlli,2 == (IwlZ+ 325, 10z, v]13)1/2 for v € HY(Q). By V, we designate the closure of the
set {p € C§°()? : divy = 0} in H1(€2)3. We define V' as the dual space of V, consisting
of linear forms which are bounded with respect to the norm | [|1,2-

Following [7, p. 269/270, 305/306], we choose k({1) € N, a(f2) € (0, 00), orthonormal
matrices A(IQ}, ...,AS(?!) € R3*3 vectors Cln), . Cff(?z) € R3, and Lipschitz continuous
functions a{lg),...,agc%)z . [~a(92), &(2)]? — R such that the following properties hold
true: Defining the sets A7, A7, U by

AT = (—y-o(@), v o) A= {47 (0,0 (@) + G ineaT},
U7 = {4 - (n,aPm) +7) + CPine AT, re (v al@), 7 @)}

for i € {1,...,k(Q)}, v € (0,1], and the function H® : A' x (—a(Q),(2)) — Ul by
H(i)(n, r) = At(-ﬂ) -(m, a(-m(n) +r1) + C'z-(m for ne Al, r € (—a(f2),a()),

we have
UL N = HO(A! x (—a(),0)), UINQ=HY (A x (0,a(D))),
k()
Ul N80 = Al for i€ {1,..k@)}, o= ] A"

i=1

These relations imply that

a(f) _
/ 9(e) dw :/ f (go H®)(n,s)dnds  for g€ L'(U}), (6)
Ul —a() Jar
and that there is a constant D; > 0 with
|HO(p, 5) — HO(n, &)| = Di-(lp—nl+]s— &) (7

for pype A, K,k € (—a(f), (), i€ {1, . E(E)}.
We further introduce functions A( : Al — A}, J;: Al — R by setting

2

A ; 2 _ 1/2
KO = AL - (1,6 () + O, IO = (1+ 3 10RO )I)
=1
forp € AL, i € {1,..,k(?)}. Then we have for any integrable function g : 8Q — R and
forie {1, .., k(Q)}:
[ 940 = [ (@onm - IO dn ®)
Al Al

Moreover, let m(® & C5°(R%)? be a non-tangential vector field to Q. This means that
|m(z)| = 1 for z from a neighbourhood of 9} in R3, and there are constants D, D3 €
(0, c0) such that

2+ 8- m®(z) -2’ — & -mD ()| 2 Da- Iz — '] +15 - &) (9)
for z,z' € 89, 6,8 € [-D3, D3], and
z+8- mV(z)eq, z- §.-m®(z) e° for z €09, 6 € (0,Ds]. (10)
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Some indications on how to construct such a field are given in [9, p. 246]. Note that since
1 is only Lipschitz bounded, the relations in (9) and (10) do not hold in general when
m{® is replaced by the outward unit normal to . We further observe that

dist(U}/*, 8\A;?) > 0 for i€ {1, ..., k(R)}, and dist(89, R*\ UFY U1/ > 0.
Thus there is a constant D4 > 0 such that
|z —y| > Dy for ye 8N, z € Qp,\ Ufflz) (U;/4 naQ),
and for y € B\AY?, z € Ut ie{l, .., k(Q)}. (11)

We write C for constants which only depend on diam Q, (), k(€), D1, ..., Dy, on an
upper bound Dj of |a£Q)(n)|, with n € A and ¢ € {1, ..., k(2)}, and on the Reynolds
number 7 from (1). This latter number will be kept fixed throughout. If n € N and
if g1, ..., ¢» € (0,00) are some other parameters, we write C(q, ..., g,) for constants
depending on qi, ..., g, and also on the quantities just mentioned.

Next we state two results which are frequently used in the context of the Oseen system.
The first one, for which we refer to [3, Lemma 4.8], reads as follows:

LEMMA 2.1. There is a constant C(7) > 0 such that
A+7-(Je—yl = (e=y) T <CT) - A+ ly)) - L+ 7 (e = 21)) ™!
for z,y € R3.
The second one is a special case of [6, Lemma 4.3 and is stated here as

LEMMA 2.2. Let 8 € (1,00). Then there is C = C(t,3) > 0 such that
] (1+7-(|z| —z1))Pdo, <C-r for r € (0,00).
9B,

Our main tools in the following will be Minkowski’s inequality for integrals and
Young’s inequality for convolutions. For the convenience of the reader, we state these
inequalities in the ensuing two theorems, in a form as in [12, p. 271]. As concerns the
proof, we refer to [1, p. 26, Theorem 2.9; p. 34, Corollary 2.25].

THEOREM 2.1. (Minkowski’s inequality for integrals) Let p € [1,00), F: X xY — R a
measurable function on the o-finite product measure spuce X x Y. Then

(fy(/x lF(m’y)ldm)pdy)UpSfx(fY |F(x,y)|pdy)l/pda;,

where dr and dy denote integration with respect to the measures of X andY, respectively.

THEOREM 2.2. (Young’s inequality for convolutions) Let n € N, p,q,r € [1,00] with
1/g=1/p+1/r—1, f € LP(R"), g € L"(R"). Then the convolution f + g is well defined
and belongs to L4(R™), with ||f * gl < [ fllp - llgll--

Next we introduce some fundamental solutions. Let H denote the usual heat kernel
in R3, that is,

H(z,t) i= (4-m-1)732 . 1/ for 2 € R, t € (0,00).
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We define a fundamental solution of the time-dependent Stokes system by setting
[je(z,t) = djk H(z,t) +/ szazk’}-{(z,s) ds, Fx(z):= (4-7()“1 S Tp |:i:|"3
t

for z € R3, t € (0,00), = € R3\{0}, j,k € {1, 2, 3}; compare [11]. The functions T';,
constitute the velocity part, and the functions Ej the pressure part of this fundamental
solution. The following inequality is well known:

LEMMA 2.3. There is C > 0 such that for @ € N§ with |a|; <1, z € R?, t € (0,00), the
estimate |82Tjx(z,t)] < C - (|2[2 + £)=3/2712h/2 holds.

Of course, if m € N, m > 1, the same estimate is valid for a € N} with |a|; < m,
with a constant C depending on m; derivatives with respect to ¢ may also be taken into
account. But for our purposes, it is sufficient to consider spatial derivatives of first order.
We further define the velocity part of a fundamental solution of the time-dependent Oseen

system by setting
Ajk(z,t,7) :=T(z—7-t-e,t) for j,k€{1,2, 3}, z € R3, t € (0,00).

(The pressure part of this fundamental solution consists of the functions Ej introduced
above in the Stokes case.) According to [2, Lemma 3], the function Ajx may be estimated
as follows:

LEMMA 2.4. For any K € (0,00), there is a constant C = C(7, K) > 0 such that
102 Ak (2,1, 7)| < C - y(z, 1)~/ 1el/2

for z € R3\{0}, t € (0,00), 4,k € {1,2,3}, @ € N3 with |al; < 1, where ¥(z,t) :=
|z[2 4+t if |2 < K, and ¥(z,t) :=|z| - (1 + 7 - (]z] — z1)) + if || > K.

Next we introduce our single-layer potentials. For T € (0,00], ® € L*(0,7, LY(0Q)?),
zeR3, z e R}N\8Q, t € [0,T|NR, we put

VO (®)(2,t) = (/m; /an ; Ajr(z =yt =0, 7) - Bi(y, 0) dQUy) da) 1<5<8

3
@r(®)(a,0)= [ 3 Ele~1) uly,0 40U

2 k=1

The pair (VS; )(lﬁ), Q7(®)) is called the “single-layer potential associated to the time-
dependent Oseen system”, with layer function @. According to the following lemma, this
pair solves equations (1) and (3) with f =0, a=0.

LEMMA 2.5. Let T € (0,00], ® € L*(0,T, L' (89)%), and abbreviate
vi= V(@) | (RN\AQ) x ([0,T]NR), q:=Qr(®).

Then v € CO((R®\89) x ([0,T]NR))3, wv;( - ,t), q( - ,t) € CP(R}\Q) for 1 <5 <3
and for a.e. t € (0,T), the derivative 8yv(z,t) exists and

Bu(z,t) — Agv(x,t) + 7 Oy, v(x, t) + Vaq(z,t) =0, divyv(z,t) =0, v(z,0) =0
for © € R3\OQ and a.e. t € (0,T), and v(z,t) — 0 (Jz| = o0) fort € [0,T]NR.
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This lemma follows from Lebesgue’s theorem on dominated convergence and from the
equations

BN ji(z,t) — AgAjn(z, ) + 7 - 8y, Aji(, ) ZazzAm (z,t) =0

for z € R3, t € (0,00), 1 < j,k < 3. Now we may state the main result of the present
article.

THEOREM 2.3. Let p € (4/3,2], T € (0,00]. Then the function Bg(V;T)(i))iZT) may
be considered as a mapping from (0,T) into V', for any & € LA, T. LP(9Q)?), if this
mapping is defined by

BV (®) | Z0) (1) (w) = f 8V (3)(z,t) - w(z) dz,
for w € C§°(Q)* with divw = 0 and for a.e. t € (0,T). There is a constant C > 0,
depending on T, diam (2, k(Q), a(S2), Dy, ..., Ds and p, such that the inequality
V(@) Zrlieom, Ly + IV (@)1 20)]l2
+[18.VF (@) | Zr) | 2o, vy < C- 121l 20,7, L2 (2522
holds for T € (0,00], ® € L2(0, T, LP(59)°).
We will also show the following
THEOREM 2.4. Let p € (4/3,2], T € (0,0), ® € L?(0,T, LP(BQ)s) Then, for a.e.

t € (0,T), the trace of VT (@)( - ,¢) | Q on R coincides with VD (®)( - ,t)| 89, that is,

trace(V5(®)( - ,t) | Q);(z) = f fa ZA,k(mwy, —0,7) - ®k(y,0) d(y) do

Q k=1
for j € {1, 2, 3} and for a.e. t € (0,T), z € 9.
Let us still state a consequence of Theorem 2.3.
COROLLARY 2.1. Letp, T, ® be given as in Theorem 2.4. Then the function Vg) (®)| ZT

may be considered as a mapping from (0,T) into V' in the sense that

V(@) | Z0)(2) /v“)@ (2,8) - w(z)dz for weV, te(0,T).
Let 3t(V¥)(¢') | Zr) be understood as a mapping from (0, T) into V' as in Theorem 2.3.
Then V{7 (®) | Zr € L*(0,T, V) N HY(0,T, V"), with (V5 (®) | Zr)' = 8,V () | Zr).

3. Proof of Theorem 2.3 and 2.4. For T € (0,00), p € [1,2] and for any function
® € L?(0,T, LP(892)%) (whose domain is S7), the zero extension of ® to S belongs to
L?(0, 00, LP(8)%). Moreover, for p, T as before, and for & € L?(0, 00, LP(82)%), we have

VO(®)(z,t) = VS(®| Sr)(z,t) for (x,t) € Z7.

Thus, without loss of generality, we may restrict ourselves to the case T = co.
The key estimates leading to Theorem 2.3 and 2.4 are given by the two ensuing
lemmas.
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LEMMA 3.1. For ® € L?(0,00, L}(8Q)?), t € [0,00), = € QR,, v € {0, 1}, we put

K. (®)(z,1): f/ (lz—yf>+t—

Then, for p € (4/3,2], ® € L*(0,00, LP(8Q)%), t € [0,00), the following inequality is
valid:

)=3/2=12 | B(y, 0)| dQ(y) do

1Ko(@)( -, 0)|l2 + [IKi(®)l2 € C(®) - [1®llL2(0,00, Lr(802)3)-

Proof. Since ||v|l, < C - ||v]l2 for ¢ € [1,2), v € L?(98), we may assume without loss of
generality that p < 2. Thus let p € (4/3, 2). Take ® as in the lemma, and let v € {0, 1}.
Then, for t € (0, 00),

k()

f Ko (®)(z,8)2ds < A(t)+2- Z(B )+ Ci(t)), (12)

Aft) = fM ( / t [ eyt +t =0y 522 j0(y,0)] dy) do):dx,
Bi(t) = /Umm( /0 famw(lmwl?+t—o}'3/2-”/2-|<b(y,o)|dn(y) da) dz,

t 2
cityi= [, ([ [ o= vP+i=oy "2 1000,0)] ane) i) da
vtna \Jo Ja[?

fori € {1, ..., k(Q)}, where M := QRD\U:.CL?) (U;MDQ). By (11) and Hélder’s inequality,
we get for t € (0, c0),

k(%) " 2
At) + ;Bi(t) < O - (fo ag(’Dz-kt—O')sz"”m-l@(y, a)!dﬂ(y)dcr) dz  (13)

with

t 2
<c. ( / (Dz+r—a)-3/2"“/2-||<I>(-,a)|ipda) -
0

Therefore, in the case 1 = 0, by Holder’s inequality,
k(%)

it
AD+ Y Bir) < C- ( i (Di+t—o)-3da) NeRoom rome  (4)
i=1

< e ”‘I’”%‘a’(o,m,[,p(an)a) (t € (0,00)).
In the case v = 1, we deduce from (13), using Young's inequality (Theorem 2.2),
k()

o 2
/ (A(t * Z Bi( ) dt < C- ([ (D} +s)72 ds) N®N2(0,00, ooy (15)
0 0

< C[1®172(0,00, Lr(a0)2)-
Now take i € {1, ..., ()} and consider C;(t). Abbreviate
(i(i)(n,a) = ®(h(n), o) for n¢€ AY2 o e (0,00).
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Then we get by changes of variables as in (6) and (8), and by referring to (7):

C(t)_/am /4/‘3”4 U /;w(H(! (07) — RO + t_g)—a/z v/2

o~ = 2
189 (m, 0| - Jy(m) dn da} sl

a()/4 t
SC-[ f [// (| e—n|+7+(—0a)/?)3
0 Al/4 0 JAl/2

2
.|¢>(")(n,a)|dnda] dodr (t € (0,00)).

By first applying Minkowski’s and then Young’s inequality (Theorem 2.1 and 2.2, respec-
tively), we may conclude for ¢ € (0, 00):

Gi(t) < C-/Oa(ﬂ)/q[/ot([ﬁ1/4(/zllfz(lenl+r+(t—a)”2)3”

o 2 1/2 2
-](I>(")('q,or)|dn) dg) da] dr

o [ (oo

3/2-1/p
o) 1/2)(=3-0)-(3/2- 1/p)~t dC)

2
1B )l do] ar. (16)
But (3+v)-(3/2—1/p)~L >3- (3/2—1/p)~! > 2, so that
3/2-1/p
( f (147 (= o)/2) - HGa-UR™ dc)
R2
< €(D)- (v + (f — a)B=%E < C(p) (r® 4t — o)~ W3=Up
for r,t,o € (0,00) with ¢ < t. It follows from (16) that
a(R)/41 pt o 2
Ci(t) < C(p) f U (r? +t—o)™/2 1P 100 . ,a)dea] dr,  (17)
0 0

for t € (0,00). In the case v = 0, the right-hand side of (17) is dominated by
a(Q)/4 t —
co) [ ([ 00+t do) b 1B o o

«(52)/4
< C(p)- ]0 () 72" dr - | @1 200,00, Lr(aye) (¢ € (0,00)).

In the last inequality, we used that p < 2, hence —2/p < —1. But p > 4/3, hence
—4/p+2 > —1, so we may conclude that

Ci(t) < CB) - 1@l 200, ooy for L€ (0,00) if v =0. (18)
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In the case v = 1, we find with (17) and Young’s inequality,

[Cavasen [T [ [0 -0

i 1/2-1 70812 2
< C(p) ._[0 (-/(; (r2 +3s)” 12-1/p 4o . ||tI)(a) ”LQ(O,OO, LP(A1/2)3)) dr

a(f)/4
<cp)- ( [ dr) I 0 00, v (5005

< C(p) - 121132(0.00, L2 (852)3) "
Note that —1/2 —1/p < —1 because of the assumption p < 2. In the case v = 0, we may
deduce from (12), (14) and (18) that

2
“1/2-1p 130 )|, do'] drdt

(19)

4 ICO(tI)}(a:,t)2d:c = C(p)‘n(ﬁl‘%'z(ﬂ,oo,LP(aﬂ):;) for ¢t € (0,00). (20)
Rg
As concerns the case v = 1, we refer to (12), (15) and (19) to obtain
o0
[ [ @i < o) 19010, romey (21)
Ro

Inequality (20) and (21) yield the lemma. =
LEMMA 3.2. The inequality

VO @) 1) Bylls + V0D (@)| B, x 0,002 < C - 18llz2(0,00, o0y
holds for p € [1,2], ® € L?(0, 00, LP(802)%), t € [0, 00).
Proof. Take p and ® as in the lemma. Let j € {1, 2, 3}, o € Nj with |a|; < 1. Then, for
t € (0,00),

[ 10vQ@) 0l de < A0+ Balt), 22

with A,(t) defined as an abbreviation of the term

i 3
Xt —0)- o7 Az — v,
fo () fpxante=or Sz

and with B,(t) defined in the same way, except that the term x(o,1)(f — ) is replaced by
X(1,00)(t — 7). Since Q¢ C Bp, 2, we have |z —y| > [z|/2 > Ro/2 for x € By,, y € 04,
so we may conclude from Lemma 2.4 with K = Ry/2, and from Lemma 2.1,
82 Ajrle =yt —o,7)| S C-(le—yl- (L+ 7 (Jz—y| — (@ — y))) +t — o) 7>/371eh/2
<C-(fal - (147 (2] = 2)) + £ = o) /22
forz € By, y € 0Q, 1 < j,k <3, a € Nj with |a|; €1, t,0 € (0,00) with o < t. It
follows with Lemma 2.2 that

Aq(t) < C-ch (|2} (1 + 7 (|z] = 71))) "> 1" da

( /0 t /@ Xou(t=0)- [2(,0)| ) da)2

2
t—0,7)] - |8(y,0)] dUy) da) i
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t 2
<C- (/ x@n(t—0a) - ||8(- aa’)”pdo) .
0
Now Hoélder’s inequality yields
Ao(t) < C-[1®2(0,00, Lr(anysy for t € (0,00), (23)

and Young’s inequality (Theorem 2.2) implies for o« € N3 with |a|; = 1,
2

oo oo i
A Aa(t) dt < c ./{] (/D X(0,1) (t - U) ' ”(1)( ' 30),|P dO') dt
oo 2
<C- (fo X(0,1)(5) ds) N@lZ2(0,00, Lriomysy < € 18172000, Lrosye):  (24)

Concerning B(t), we obtain by Minkowski’s inequality (Theorem 2.1),

3 t 1/2
B0 <C- 3 ([ [ xact-a)- ([ 02 A@ = 3yt = 0,7 de)
w0 \Jo Jan R3

2
-|¢(y,a>1dﬂ<y)da) (te (0,00), a €N, [l < 1) (25)
But
] e =gy oyl ] 02T 1z, t — o) d
R2 B3

< c-f (2| + (t — )20 2leh §z < €. (t—o)~3/2)ah
]Rﬂ

(x € R%, t,o € (0,00) with t > 0, 1 < j,k < 3); see Lemma 2.3. Thus we may deduce
from (25), by Hoélder’s inequality,

t 2
Bo(t) < C- ( [ [ xaemie=o)- =) o)l do da)

26 ”(I’”?w(o,oo, L2 (80)3) (t € (0,00)), (26)
and by Hélder’s and Young’s inequality (Theorem 2.2), if o € N3 with |a| = 1:

/ " Bat)dt < / - ( / t [ Xam(t=0)- (t=0) - B(w, o)l a2) do)zdt

2

¢ [7([ xamte=a)- =0y 1o o) at

2
=i (/R X(1,00) (7) i d") : ||‘D||%2(o,oo,m(an)3) - ”‘I’||%,2(0,oo,1,p(an)3)- (27)
The lemma follows from (22) - (24), (26), (27). =
As a first consequence of Lemma 3.1 and 3.2, we obtain an estimate of V(7 (®) | Zoo
and V, (V) (®) | Zoo) :
COROLLARY 3.1. Forp € (4/3, 2], ® € L?(0,00, LP(8)3), t € [0,00), the inequality
V@ @)(-.8)12l + V(2 (@) Zoo)llz < C(p) - [1®ll22(0,00, Lrioy®)
holds.
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Proof. Since |z —y| < 2- Ry for x € Qp, and y € 99, Lemma 2.4 with K = 2- Ry
shows that |9%Ak(z — y,t — 0, 7)| is dominated by C - (Jz — y|? +t — o)~3/2=1al/2 for
z € Qpy,, ¥y €09, t € (0,00), 0 €(0,¢), « € Nj with [a; < 1. Thus Corollary 3.1
follows from Lemma 3.1 and 3.2. =m

We complete the proof of Theorem 2.3 by establishing the following
LeEMMA 3.3. The inequality
18: (VS (@) | Zoo)l£2(0,00.v7) < C(P) * |®]| 220,00, Lr(202)2)
holds for p € (4/3, 2], ® € L?(0, 00, LP(802)3).

Proof. Take p, ® as in the lemma, and abbreviate V := V{7(®) | Zo.. Let t € (0,00), ¢ €
C§°(2) with div = 0. Then we get, by Lemma 2.5,

|f OV(z,1) - ¢(z) da = /(AxV(z,t)—T-B:CIV(J:,t)mVxQ(fI))(x,t))-go(J:) de
Q 0

/Q(fva(x,t) Vo(z) — 70, V(z,t) - () dz

1/2
<c-([1vv@Pis) e
Q
It follows that [|8,V( - ,t)|[3 < C- [, [VoV(z, t)[*dz for t € (0,00), so Lemma 3.3 follows

from Corollary 3.1. =

Let us now turn to the proof of Theorem 2.4. We introduce two additional notations.
For & € (0, D3], we put

Qp:={z R : dist(2,0) <Dy -x/2}.
Note that © C . For ® € L?(0,00, L} (89)%), « € (0,D3), = € i, L2 (0,00), j €
{1, 2, 3}, we define
+ 3
VER(B)(z, t) = [ / S Ao — g+ k- mO(y), t— 0,7) - u(y, 0) dUy) do. (28)
0 Jon i

LEMMA 3.4. For k, ® as in (28), we have
V(@) € C0(Qx x (0,00))%, VI(B)(-,2) € C*(Qk)®  for t € (0,00),
VIR (@) (, t) (29)
t 3
:[ / ZagAjk($"y+’{'m(n)(y): t“J:T)'(I)k{y)g)dQ(y) do
0 Jan k=1
for k,z,t,7 as in (28), « € N§ with |a|; < 1. Moreover,
5 Az —y+ - mD(y), t—0,7) < C-(lz—y> +t—0)~¥/>1eh/2  (30)

for z € Qg,, y€ 0Q, k € (0,D3], t,o € (0,00) witht > 0, a € N3 with |a|; < 1.
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Proof. Let k € (0,D3], y € Q, z € Q. If z ¢ Q, there is 2’ € dQ with |z — 2| =
dist (z,§2), and we find with (9),
o~y + k- m D) 2 o'~y + - mO @) = |z~ |
> Dy -k —dist(x,2) > Dy k/2,

where the last inequality follows from the assumption = € Qu. Ifz € 2, we recall that
y— k- m(y) ¢ Q (see (10)), so there is =’ € 6 with

&~y +r-mD ()| > 2" —y+r-mPD(y),
hence again by (9): |z — y + & - mV(y)| > Dz - k. Thus we get in any case,
|z —y+x-mP(y)| >Dy-w/2 for € (0,D3], y €3Q, €0, (31)

Take & as in (28). Then it follows from (31) and Lemma 2.4 that V(™R (§) belongs to
CO(f. x (0,00))3 with V™) (®)( - , 1) € C(Q)? for t € (0, 00), and equation (29) holds.
In particular,

V) (8) | g, x (0,00) € C°((g, X (0,00))%, VW (®)( - ,t) | Qg, € C' (g, )

for t € (0,00). Now consider x € (0,Ds], y € 0, z € Qp,. If |z—y| < Dy -x/2, it follows
with (31) that |z —y+ & -mE (y)| > |z —y|. Next suppose that 2.k > |z —y| > Dy -x/2.
Then we find by using (31) again,

|z —y+ k- mP(y)| > Dy k/22> (D2/4) - |& —yl.

Finally, if |z —y| > 2- &, it is obvious that |z —y + & -m (y)| > |z —y|/2. Thus we have
in any case

|a:fy+r~c-m(m(y)]2min{1/2, Dyfd} |z~ yl (32)

Since |z —y + £ - m(y)| < 2- Ry + D3, we see that inequality (30) follows from (32)
and Lemma 2.4 with K =2 - Ry +D3. m

Now we may carry out the

Proof of Theorem 2.4. Let ® € L?(0, 00, L?(98)%), for some p € (4/3, 2. By (30), (29),
Lemma 3.1 and Lebesgue’s theorem on dominated convergence, we get that
VE(@)(,1)|Qr, € H'(8,)%,

Jo

for a.e. t € (0, 0), and

IS

As a consequence of (34), we may choose a sequence (5,) in (0, D3] such that k, | 0 and

14

2
VR (@) (2, 8) ~ VO (8)(z,8)| de >0 (51 0) (33)

V V8 (8)(x, 1) — xvgg)(@)(z,t)}zdm —0 for 0. (34)

2
VLV (8)(2,8) — VoV (8)(2, )| dz — 0 (n = o) for ae. t € (0,00).  (35)

0
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Fix some function ¢ € C§°(R?) with (| Bg, 2 = 1, supp({) C Bg,, and put
W (z,1) = ¢(z) - V) (@) (z,t) for z € Qg,, t € (0,00),
Wiz, 1) == ((z) - VD (@)(a,8) for =€ Qp,, € (0,00).

Then W(”)( - ,t) € CY(Qg,)® for & € (0,D3], t € (0,00) (see Lemma 3.4), W( - ,¢) €
HI(QRO)!

”W(Kn)( ) =W(-,)l12—0 (n—o0) forae. te(0,00)
(see (33), (35)). Therefore
W) (- 1) | 6 — trace(W( - ,1))|8Q]z = 0 (n—oc) for a.e. t € (0,00).
Since ¢ |9 = 1, this means
“V(T*”")(fb)( -, 1) |09 — trace(W( - ,1)) 092 = 0 (n — o0) (36)
forae. t € ( . On the other hand, take T € (0, c0). Then

fAfAWW“

= / f / / (lCC - 'y\2 +t— J)*3/2 dﬂ(:’:) dt - |<§(y,cr)| dQ(y) iz
0 M Jo File)
< C-TV2 05l < €T 9llz2(0,00, o009

It follows from (30) and Lebesgue’s theorem on dominated convergence that

T
f f VTR (@) (xz, t) — VO (8) (2, t)| dU(z) dt = 0 (x| 0).
0o Jao
Thus we may conclude there is a subsequence (k) of (k,) such that
V) (8)(z,t) — VIO (®)(2,8) = 0 (n— o) forae. t€ (0,T) and ae. = € 0N
In view of (36), it follows that trace (W( - ,t)) |82 = V(®)( - ,t) | 892 for a.e. t € (0,T).
Since T' was chosen arbitrarily in (0, co), the preceding equation even holds for a.e. t €

(0,00). But W( - ,t) = ¢-VE(®)( - ,t) | Qr, for t € (0,00), and ¢ | Bry/a = 1, (| Brg =0,
so Theorem 2.4 is proved. m

=3/2.1®(y, 0)| dy) do dQ(z) dt
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