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SPATIAL DECAY OF TIME-DEPENDENT OSEEN FLOWS*
PAUL DEURINGF

Abstract. We consider an initial-boundary value problem for the time-dependent Oseen system
in a three-dimensional exterior domain. We show that weak solutions of this problem may be
represented by a sum of volume and single layer potentials. This representation is then used in order
to study spatial decay of weak solutions.
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1. Introduction. Consider a rigid body moving with prescribed steady velocity
up € R3\{0} and without rotation in a viscous incompressible fluid. Assume that the
flow in a vicinity of the body is not influenced by some distant boundaries. Moreover,
suppose that the flow in question is described with respect to a coordinate system
attached to the body. Of course, although the rigid object moves with constant
velocity, the flow near its boundary need not be stationary in general. A situation of
this kind is usually modeled by the evolutionary Navier—Stokes system in an exterior
domain U := R3\{}, with a homogeneous Dirichlet boundary condition on S :=
A% x (0,T), a boundary condition at infinity, and an initial condition,

Ov—v-Av+(w-Veyuv+o ! -Vep = o7 -, div,au=0 in Zr,
v|Sr =0, w(z,t) — uo (|z] — oo) for t e (0,T),
v(z,0) = a{z) for z €T,

where the open bounded set £2 C R? represents the rigid object, and where Zp :=
Ux(0,T). Besides £, the given quantities of this problem are the viscosity v € (0, 00),
the density g € (0, oc), the far-field velocity up, the initial velocity @, and the volume
force f, whereas T' € (0, 00], the velocity 4, and the pressure % are unknown. Without
loss of generality, we may assume that up = 8- (1,0,0) for some 8 > 0. Since a
noshomogenecus boundary condition at infinity is difficult to handle mathematically,
we transform the velocity by a translation. In addition, we normalize the problem
with respect to the size of the domain © and the magnitude of the velocity ug. In this
way, we arrive at the following initial-boundary value problem, where we denote the
transformed quantities in the same way as the original ones, and where 7 € (0,00) is
the Reynolds number:

(1.1} Bv—Apv+7-8v+7 {0 Vg)v+Vep = f, divgv=0 in Z7p,
(1.2) v|8r=(-1,0,0), wv(z,t}—0{zl — o) for te(0,T),
(L3} w(z,0) =a(z) for z .
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Note that the term 7 -&yv (the “Oseen term”) arises due to the transformation of the
velocity by a translation. Of course, this translation is the reason that the boundary
condition on St is now inhomogeneous. We will follow the usual custom and call the
differential equation in (1.1} a “Navier-Stokes system,” although it is different from
this system because of the Oseen term.

A solution of (1.1)—(1.3) should reflect the main features of the physical flow in
question. In particular, such a solution should exhibit a “wake.” This means that in
a paraboloidal downstream region, the velocity converges slower than elsewhere to its
constant boundary value at infinity. Such an asymptotic behavior is well established
for solutions of the stationary version of (1.1)-(1.3). In this respect, we refer to [16,
section IX.8], the references therein, [12], [13], [8], and [2].

Less is known about the asymptotic behavior of flows solving the nonstationary
problem (1.1}~(1.3). For such flows, two types of asymptotics—spatial and temporal—
are of interest, with the wake being a feature of the spatial ones, of course. As far as we
know, these spatial asymptotics were studied by enly two authors up to now, namely
Knightly {18] and Mizumachi [23]. Both succeeded in detecting a wake, but only
under restrictive assumptions. Knightly [18] required various smallness conditions,
and he had to introduce an assumption on the decay of the trace of the stress tensor
on Sr, since it is not known how to control this trace. Mizumachi [23] assumed that
the exterior force f vanishes, the initial velocity a is close to a stationary solution
to (1.1)-(1.3), and the velocity decays pointwise in time and in space. Neither of
these authors considered the spatial decay of the pressure or of the gradient of the
velocity. Concerning temporal asymptotics, they were investigated by Masuda [22],
Shibata [26], and Enomoto and Shibata [11], in the following way: Some LP- or
Sobolev norm of a solution to (1.1})—(1.3) is taken with respect to the space variables;
then the behavior of this norm is studied for large values of the time variable. The
question of how to exhibit a wake is not considered. It should be further remarked
that in the case £2 = }—which does not interest us here—the Oseen term 7 - 81v may
be eliminated by a suitable change of variables. In this way, some results on spatial
asymptotics of flows verifying (1.1)—(1.3) in the case 2 = {} (wherein, of course, the
boundary condition v|S7 = (—1,0, 0} in (1.2) must be dropped) may be deduced from
the theory of the Navier-Stokes system without the Oscen term, a theory which is
much more developed than that of problem (1.1)--(1.3). We refer to Takahashi [33,
section 2| for that approach.

As may be seen by the preceding remarks, the spatial asymptotics of flows satis-
fying (1.1)—(1.3) have not yet been investigated extensively up to now. What is more,
for the Oseen linearization of (1.1)—(1.3), these asymptotics have not been studied at
all, as far as we know. So it seems to be natural to undertake such a study. This is
the aim of the work at hand.

So we consider the nonstationary Oseen system,

(1.4) Ou—Aju+7 - Oput+Ver=f, divpu=0 in Z,,
with boundary and initial conditions,

(1.5) |80 =0, u(z,t)—0(z| —o0) for t € (0,00),
(1.6) u(z,0) = a(x) for z €U,

where the velocity is now denoted by w, and the pressure by 7. Since we are interested
in results which are uniform in T € (0, c0), we consider the case T = oo in (1.4)-(1.6).
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We further note that in (1.5}, we prescribe vanishing houndary values on Sy, instead
of the constant boundary data {—1,0,0). This is no restriction of generality because
the boundary data (—1,0,0) are smooth, independent of ¢, and have zero flux on 8.
Therefore they may be extended to U by a solenoidal smooth function with compact
support (see [15, Corollary I1.3.3]) and then subsumed in f. Even boundary data
which are smooth and stationary, but do not have zero flux on 8%, can be handled
because they may be extended to U by a smooth sclenoidal function with fast decay;
cf. [5, Theorem 3.5] for more details. Concerning boundary data which depend on ¢, we
will be more general than in (1.5) and admit functions on S, belonging to a Sobolev
space which we will denote by H.,, and whose significance will be explained below.

Regularity results for problem (1.4)—(1.6), in Sobolev as well as in Holder spaces,
were proved by Solonnikov in [30], where a system more general than (1.4) was con-
sidered. Asymptotic behavior of solutions to {1.4)-(1.6) was studied by Shibata and
colleagues [10], [11], [19], [26], who considered time decay of spatial LP-norms of solu-
tions to (1.4)-{1.6). As indicated above, the focus of the work at hand lies on spatial
asymptotics. More precisely, we establish pointwise estimates of the velocity, the pres-
sure, their spatial derivatives of arbitrary order, and the first time derivative of the
velocity, for  outside a ball containing © (Corollary 5.6). (Under our assumptions
on f, the time derivative of the pressure and higher time derivatives of the velocity
need not exist.) QOur estimates are uniform in ¢, and their right-hand sides do not
depend on the solution of the problem. In particular, the trace of the stress tensor on
S84 does not enter into the upper bounds we derive. Moreover, we exhibit the wake
phenomenon, which actually appears more clearly than in the available theory of the
stationary case; see the remark following Cerollary 5.6 in this respect. By reducing
the spatial decay rate by an epsilon, we obtain estimates whose right-hand sides con-
tain a factor tending to zero for large ¢ {Corollary 5.7). Whether this factor may be
replaced by a term of the form (1 +¢)™# for some g > ( remains an open question.

The preceding results will be derived under the assumption that the given func-
tions f and e have compact support with respect to the space variable, uniform with
respect to £ in the case of f. Actually, it would be enough to require a sufficiently
strong decay of the data for |z| — oo, similarly as in [8] in the stationary case. But
this type of condition would give rise to considerable additional technical difficulties.
Also, the link between the decay rate of the derivatives of the solution and the order
of thege derivatives would no longer be clearly visible.

Of course, neither of these assumptions—compact support or strong decay of
the data—are well suited to an eventual extension of our theory to the nonlinear
problem (1.1)—(1.3). However, there is an aspect of our theory which we think makes
the present article a significant contribution to a future theory on (1.1)-(1.3}). In
fact, our decay estimates are deduced from an integral representation of the solution
to the linear problem (1.4)—{1.6) (see (5.2) or Corollary 5.2). This “representation
formula” might serve as a starting point of a nonlinear theory, so when deriving this
formula, we were striving to keep the assumptions on the data f and a as weak as
possible. The assumptions on f in particular are crucial in view of the nonlinear case.
In fact, any attempt to apply our linear theory to the nonlinear problem (1.1)—(1.3)
would probably require that, in our representation formula, the function f be replaced
by the term f — 7 - (v - V)v, where v denotes the velocity part of a flow satisfying
(1.1)—(1.3). So it is perhaps interesting to note that the formula in question will be
established for a function f belonging to L2(0, 00, L!(R%)®} and to L*(l x (0, 00) )3,
with Y denoting a bounded vicinity of 8Q (Corollaries 5.1, 5.2). These conditions
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should be compared with the regularity of (v - V)v. In the case of a weak solution
to (1.1)-(1.3), v may be expected to belong to L°°(0, T, L*(U/)*), and its gradient to
L%(Zr)3, at least if T < oo, so (v- V)v € L2(0, T, L1(U)?). If the solution in question
is even a strong one, it should further be expected that (v- V)v € L2{ A x (0,T) )3,
at least for bounded subsets A of U and for T < o0; ¢f. [27, Theorem V.2.3.1]. Due
to results by Heywood [17, section 5], the preceding relations are indeed satisfied for
strong solutions of (1.1)—(1.3) if T < co and if the lifespan of the strong sclution in
question is somewhat larger than T. What seems to be an open guestion, however, is
under which conditions these relations are valid for T’ = oo. Actually, existence and
regularity of solutions to (1.1)—(1.3) have not been studied very extensively: Besides
[17], we know only of [30] (strong solutions, global in time for small data, or local
in time), and of the articles {26], [11] by Shibata and Enomoto and Shibata, who
constructed solutions with velocity part in C%([0, 00), L3(U/)?), under the assumption
that the data are small.

Let us briefly outline our theory. We will begin b mtroducm two volume po-
tentials (Definition 2.10), which we will denote by ‘™ (f) and 3¢ (a), respectively.
The first one—R{™) (f)—is defined as the convolution of f and an Oseen fundamental
solution, with the convolution performed with respect to the time and space vari-
ables. The second one—J'") (a)—consists of a convolution with respect to the space
variables only, involving the initial data @ and a fundamental solution of the scalar
Oseen equation 8w — Agw + 7 - 8y, w = g. The sum R () + 37 (a) constitutes the
velocity part of a flow verifying the Cauchy problem

(L) 8w — Agw +7 - O, w+ Vao = f, divyw =0 in R? x (0, 0c),
(1.8)  w(z,t) =0 (Jz} — o0) for t € (0,00), w(z,0)=a(z} for z €R?

(Lemmas 2.11 and 2.14 and Theorem 2.16). Thus, in order to solve the initial-
boundary value problem (1.4)—{1.6), we have to add a boundary correction. It will
take the form of a single layer potential, which we will denote by (%) (¢), and which is
defined as the integral of a convalution product of a layer function ¢ € L2(Se)? and an
Oseen fundamental solution, with the space variables being integrated on 9§ (Defini-
tion 2.20). For any ¢ € L?(S5)3, the sum u(¢) := (9‘1(7) (£} +37 () + 2 (@) ) 2o
solves the equations in (1.4)—(1.6) (see Lemma 2.21, (1.7), (1.8)), except the bound-
ary condition on S, which need not hold in general. In order to satisfy this latter
condition as well, we have to look for a function ¢ verifying the integral equation

(1.9) BT (P) | Soo = — (R (£) + 37 (a)) | Seo-

This means that we want to solve (1.4)—(1.6) by the method of integral equations,
which reduces the initial-boundary value problem (1.4)—(1.6) to the preceding integral
equation on S. {Actually, since we will consider the more general boundary condition
4|8y = b, the boundary data b will appear as an additional term on the right-hand
side of (1.9); see (5.1).) By this approach, we are led to the study of the integral
equation

(1.10) T (9)| S = ¢,

where ¢ : S — R? is given and ¢ is unknown. Starting from a result by Shen {25] on
the nonstationary Stokes system, we showed in [7] that (1.10) admits a unique solution
¢ € L2(8y) if ¢ belongs to H,,, where the space LZ(Sx) consists of all square-
integrable vector fields on S, with vanishing flux through 89 for a.e. ¢ € (0, co), and



890 PAUL DEURING

where H,, is a Sobolev space on Sy, involving a fractional derivative with respect
to £. Precise definitions may be found in section 2. The result from [7] is stated as
Theorem 2.24 below.

The definition of the norm || || 7, of the space Hy looks rather complicated. In
particular, the term involving the time derivative of the normal component of the
velocity may seem strange. But the norm | ||z, was chosen in [25] in such a way
that the inequality ||¢[2 < € | T ($)|Sw|lz,, holds for functions ¢ € L2(S), with
2)(¢) denoting the single layer potential associated with the time-dependent Stokes
system (see [25, pp. 365-367]). The preceding inequality implies L2-estimates of
Stokes flows against the norm || || g, of the Dirichlet boundary data (see [25, Theorem
5.2.1]). On the other hand, in the halfspace case, a Stokes flow may be expressed
explicitly in terms of the data (see Solonnnikov [29, p. 36]). This representation leads
to LP-estimates involving the time derivative of the normal component of the velocity;
see [29, equation (145)], and compare with a similar remark in [25, p. 297]. Thus it
is clear that an analogous term must appear in the case of an exterior domain; this
term manifests itself in the definition of || [|z...

The result from [7] stating that (1.10) admits a solution if ¢ € H,, does not suf-
fice to solve (1.9). In fact, we still have to show that the functions (™ (f) | Seo and
7@} | So belong to Heo, under assumptions on f and a which are as weak as possi-
ble, for the reasons explained above. The proof of this property of R (f) and 3(7) (a)
turned out to be the main difficulty of our theory, due to the complicated structure of
the norm of Hy. In fact, this proof makes up the greatest part of this article (sections
3 and 4). Once it has been carried through, we may conclude that there is ¢ € L2(5,)
with (1.9) (Corollary 5.1). Thus the sum (R (f) + 3¢ (a) + B (¢) ) | Zoo is a s0-
lution of (1.4)—(1.6), and at the same time an integral representation of that solution
(Corollary 5.1). In fact, this sum is the representation formula we mentioned above.
As these remarks indicate, our approach also yields an existence result for solutions
to (1.4}—(1.6} (Corollary 5.1}, but this result is neither the motivation nor the main
objective of this work.

Less effort is necessary to show that the function u(¢) | Z7+ belongs to the spaces
L*0, 7', HY(U)3) and H'(0,7", V") for any T' € (0, c0), with V denoting the closure
of the solenoidal C§°-vector fields on U with respect to the norm of H(U/)%. It was al-
ready shown in [6] that (") ($) | Zr+ belongs to L2(0, T, H(I)®) and to H'(0,T", V")
(Theorem 2.22), so it suffices to derive analogous relations for R (f) (Corollary 2.17)
and 3 (a) (Corollary 2.18). Note that the space L2(0, T/, HX(U)®) n H(0,T’, V")
is interesting because it is a uniqueness space for weak solutions to (1.4)—(1.6). We
refer to [34, section 3.1] in this respect. The theory presented there, pertaining to the
nonstationary Stokes system, also yields existence and uniqueness of weak solutions
to the Oseen initial-boundary value problem (1.4)-{1.6). In view of the preceding
remarks, it is obvious that our representation formula holds for these weak solutions
{Corollary 5.2), provided, of course, that the functions f and a verify the assumptions
of our theory. These assumptions are somewhat stronger than those required for the
existence of a weak solution.

2. Notations, definitions. Some results on Oseen potentials. Recall the
bounded Lipschitz domain §2 and the notations I/ ;= R3\§, Zr:=Ux{0,T), St :=
00 % (0,T), for T € (0, 00], introduced in section 1. The set {2 was supposed to have
a connected boundary, so £ and U are connected. Let n® denote the outward unit
normal to £2.
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Following [21, pp. 269-270, 305-306], we choose k() € N, a(Q?) € (0, o), or-

thonormal matrices Agﬂ), ey A;c%)!) € R3*3, vectors C’%ﬂ), . ?CJE:?S')l) € B3, and Lips-

chitz continuous functions a.in), . afﬁ?s)l) ! [~a(§2), (f2)]? — R such that the follow-

ing properties kold true: Defining the sets AY, A, UY by
A= (—v- o), 7o), A7 = {AT (0,6{P@) + O ¢ peaT),
Ul .= {Agm (maP @ +7) + ¢ e AT, re(—y-o(), v a(@)}

for i € {1,...,k{(Q)}, v € (0,1], and the function H® : Al x (—a(),a()) — U}
by

HOm, r) = A® (g, o) +7) + € for ne AL, r e (—a(),a(),
we have

UlnU = HOA x (—a(),0)), U'NQ = HO(A x (0,a(2)) ),
k(R2)
Ulnen = A} for ic {L,...,k@)}, 8= ]

i=1
These relations imply that
a(0) )
ey [ g@ie=[ " [ GoHO)msdnds for gcL'OD),
! ~a(f)) JAL
and that there is a constant D, > 0 with

(2.2) |HD(p, &) — HOn, &) = Di-(lp—nl+|s—«)

for pnpe A, k& € (—a(),e()), i€ {l,...,k(Q}.
We further introduce functions A(® : Al — Al, J;: Al — R by setting
5 1/2
BOm) = A% o) + ¢, IO = (1+ Z|arh<*>(n)|2)
r=1

for n € A, i € {1,...,k(Q)}. Then we have for any integrable function g : 31 — R
and for 7 € {1,...,%k(f2)} that

(2.9 [ 9a0 = [ (@or®)m- 19 an

Moreover, let m® € C5°(R®)? be a nontangential vector field to £2. This means that
the equation |[m((z)| = 1 holds for « from a neighborhood of 80 in R3, and that
there are constants Da, D3 € (0,00) such that

24)  le+8-m(z) -2 & - mD)| 2 Do (|2 —'| +16-4]1)
for z,z’' € 8%}, §,8' € [-D3, D3], and
(25) z+d-mB@)cU, z-6-mP(z) e for z €Y, d<(0,Ds)
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Some indications on how to construct such a field are given in [24, p. 246]. Note
that since (2 is only Lipschitz bounded, the relations in (2.4) and (2.5) do not hold in
general when m‘®) is replaced by the outward unit normal to 2. We further observe
that

dist(UM*, 8O\AY?) > 0 for i€ {1,.:.,k(Q)}, and dist(8, B3\ USSP Ul/%) > 0.
Thus there is a constant D4 > 0 such that
(2.6) |z —y| > Dy for z€ 89, yeRHNUD UM,

and for z € OO\AL, ye U2 ie{1,..., k()

As explained in the proof of [6, Lemma 3.4], the relations in (2.4) and (2.5) imply
that there is a constant D5 > 0 depending only on ) such that

(2.7) |2 —y — 5 -m{D(y)| 2 D5 - (Jz -yl + &),
tz =y +r-mD ()| > Ds - (|2~ y| + &)

for k € (0,D3], y € 8Q, z, z € R? with dist(z, ) < D2-x/2 and dist(z, U) < D2-x/2

Put B, := {y € R? : |y} < r}. We fix some Ry > 0 with £ C Bg, /. We further
define |a| := a; + az + a (length of @) for multi-indices o € N3. Put e; := (1,0,0),
and

(2.8) s(z) ;== |z| —a1  for x e R

Let A C R3. Put A®:= RN\ A. The symbol x4 stands for the characteristic function
of A (equal to 1 on A, zero elsewhere).

If $ is a space consisting of functions from a set B into R, we put $* := {F :
B R : F,Fy, Fs € ). If || | is 2 norm on $, we will use the same notation || J|
for the norm (335_, [|F||?)!/2 of 5°.

Suppose that A € R3 is open. Let p € [1,00]. The usual norm of the Lebesgue
space LP(A) is denoted by || ||, We define LZ(A) as the closure of the set {p €
C5°(A)? : divyp = 0} with respect to the norm of LP(A)3. If m € N, we write T™(A)
for the usual Sobolev space of order m on A, with exponent 2. The usual norm of
this space is denoted by || [m,2. For s € (0,1), let H*{A) be the Sobolev space
defined by the intrinsic norm with exponent p = 2 defined in [1, section 7.51]. This
norm is denoted by || ||s,2. For € € (0,1], let H:(U)} denote the closure of the set
{v € C°(U)? : divw = 0} with respect to the norm of HU)EPut v = HI(U). We
equip V with the norm || ||1,2 of H*(U)?. The symbol || ||y is used for the canonical
norm of the dual space V' of V.

The L2-norm of functions on 8§ will be denoted by || ||2. The Sobolev space
H'(80) is to be defined in the standard way (sce [21, section IIL6], for example). Let
| Y1,2 denote the usual norm of this space with respect to some local coordinates of
052 (see [21, section IIL.6.7]). The notation |} || z:(sq) stands for the canonical norm
of the dual space H'(6Q) of H(8R2). Put

L2(60) 1= {'u € L2(50)° : / v n®dn — o}.
an

Let T € (0,00]. (Note that the case T' = co is admitted.) Then we put
Li(S7) = {v € L3(Sr)? : v( -,t) € L2(8Q) for almost every € (0,T)},
Hrp = {v|8r : ve CPRY?, v|R3 x (—o0,0] = 0}.
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For v € C1((—o00,T) ) with v | (~oc,0] = 0, and for t € (0,T), we put

8 %u(t) :=T(1/2)71 - 8, ( f t(t — )72 o(r) dr)
0

(“fractional derivative of v”), where I" denotes the usual gamma function. We further
define

8y v(z,t) 1= 8% (v(z, -))(®) for (z,t) €R®x (0,T), v € Hr.
For any v € L*(Sr), we may define F,, € L?(0,T, H'(80)') by setting

F,(t)(o) = f v(z,t) - o(z) dz for o € H(8Q) and for almost every t € (0,T).
aQ
We will write v instead of Fy. For v € Hr, set

T 2
ollay = ( / (uv( 910015+ [ [0 (0" dto)

1/2
8l -, ) '”m)”iri(amf) dt) -

The mapping || ||z is & norm on Hy. Let the space Hr consist of all functions
v € L2(S7) such that there exists a sequence {wy) in Hyp with the property that
v — wn Bt|iz — 0, and such that (wy, ﬂSi) is a Cauchy sequence with respect to the
norm | || z#,. This means in particular that the sequence (||w, ||z is convergent.
Its limit value does not depend on the choice of the sequence (w,} with the above
properties. Thus, for v € Hr, we may define the quantity |||z, in an obvious way.
The mapping || | & is a norm on Hr, and the pair (Hr, || ||z, ) is a Banach space.

Again let A be an open set in R?, and let p € [1, c0]. Suppose that T1,T» € [0, 00]
with 73 < T5. Take ¢ = 1 or ¢ = 3. Let 98 be a Banach space consisting of
functions, respectively, from A into R” or from # into R?. Then, if a function
g: Ax (T, T2) — R or g : 88 x (Th, T) — IR” may be considered as a mapping from
LP(T1, Ty, B), we write ||g|| Lo(Ty T2 B for the corresponding norm of g. An analogous
notation is used for the norm of the space H'(Ty, T2,). The L2-norm of a function
¢ as above will be denoted by | g]|2.

To recapitulate, the notations || ||, (for p € [1,00]) and || ||s2 (for s € N or
s € (0,1)) stand for norms of functions defined on an open set A in R®. The symbols
| Iz and || ||1,2 are additionally used for functions with domain 82, and in the case of
| |2, for functions depending on space and time. Other norms which will be applied
to the latter type of functions are || |z, | | po(r; 1, 98, 80d [ ]|H1(T1,T2,$).

Let us present some auxiliary results.

LEmMMA 2.1 (see [13, Lemma 4.3]). Let 8 € (1,00). Then there is a constant
C = C(B3) such that

(1—&-.5:(:1:))_'6 doy < C-r for r €(0,00),
8B,

with s(x) defined in (2.8).
LEMMA 2.2 (see [8, Lemma 4.8]). There is C > 0 such that for z,y € R®, £ €
(0,00},

(1+r-s@—-9)" < C-max{l,s}- L+ ) 1+ s2) 7
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LEmMMA 2.3 (see [7, Lemma 3]). Let 2, B be measurable spaces equipped with the
measure i and v, respectively. Let F, Fi, Fy : A x B — [0,00), f: B — [0,00) be
measurable functions. Suppose that F = Fy - F3. Then

eo (L ([LFev-rwaw) ) <o

with

o (o f, e ) <z} e Bt v en))”

Note that in the preceding lemma, the functions f, Fj, Fy, and F are nonnegative.
Therefore, applying a standard convention in the theory of Lebesgue integration, the
term || fl|2 and all the integrals appearing in the lemma make sense, but may take
the value oo. This allows us to state the lemma in a concise way, because we may
avoid a cumbersome list of assumptions on F1, F», and F, and also a cumbersome list
of conclusions. For example, the lemma. states implicitly that if f is L2, and if the
quantities appearing in the definition of the constant ' are finite, the integral on the
left-hand side of (2.9) is finite.

THEOREM 2.4. Forn € N, put Q, = {z e R® : dist(z, Q) < Da-D3/(2-n)},
with Dg, D3 from (2.4) and (2.5). (Note that @ C 0,.)

For v € HY6Q), n € N, there is a function E™(v) € C®(Q,) such that
IE®) (%) |82 — v]l2 — 0 (n — o0) for v € HY(OQ), and such that there are con-
stants Cy, Ca(p) for p € [2,3} with

IE®™ (v)|8Qll2 + [VE™ (W) |82} < Ci - w12,
IVE™ (@) |Qll, € Ca(p)-|lv]1,2

forneN, ve HY{(80), p € [2,3).

Proof. In the following, the letter € stands for constants depending only on (.
Let p € 2, 3). We will write €(p) for constants depending on £ and p.

We extend each v € H'(852) to a harmonic function on 2 which has the form of a
single layer potential, In fact, according to [35, Theorem 3.3|, for v € H{9Q), there
is & unique function 7(v} € L?(8Q) with

(210)  o(z) = fa @07 eyl TRG) ) for 3 € 00,

IT(w)e <€ lvll1e
Put €, := ®3/n for n € N. Then, for ¢ € L?(01), we define

e (g)(2) = fa @ Mz -y —en-m D)7 ¢(3) dOy) (nEN, z € Q)

&(d)(z) == /a @yl ) ) (e )

By (2.7), we have €™ (¢) € C®°(,) for n € N, ¢ € L2(89). Obviously €(¢)
C* (). A simple estimate involving (2.7} shows that

(z-—y—en-mDP), lr—y—ea mOPE) 7 - (z-y— e -mP(2)),
=y — e - m(z)| 2 l

<€ et g—y™? (meN, 1<I<3 z,ycd, z#y).
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Thus, referring to Lemma 2.3 with & = 8 = 80, we find

1/2
e ([ 100 - (57e@) (2 - en m(e) ) )
an
<C-e/?-|¢lla (nEN, ¢ € L}BN), o € N* with |o| < 1).
On the other hand, by [35, Lemma. 1.3],
1/2
@) ([ (€@ (s e mO@)P i) <ol
for n, ¢, & as in (2.11). We may conclude from (2.10)-(2.12) that
(213) (1€ (T0}) 89> + [VEM (T(2)) |6Ql2 < € |[v]l1,2
for n € N, v € H*(8). Moreover, since by Lemma 2.3

(/an (/e-m 2 —yI™" - 16w dQ(y))de(z))llz <€ |¢llz for ¢ € L2(ON),

we obtain ||(€™ (T(v)) — €(T(v))) | 89|z — 0 for n — oo by (2.7) and Lebesgue's
theorem on dominated convergence. Thus, with (2.10), €™ (T()) |88 — v}z —
0 (n — o0).

Since 892 C U’F(Q)Aiﬂ, and in view of (2.7), we get for n € N, ¢ € L%(8Q2) that

i=1
P 1/p
(214)  [VE™(@)|Ql, < - ( / ( [ la=v 6w dﬂ(y)) dm)
k(52)
<e. Z(Aas(n,qb) + Bi(n,9)),
where

and) = ([ (ke wwlaow) ) -

and with B;(n,¢) defined in the same way as A;(n,¢), except that the domain of
integration Q\U} is replaced by QN U} (1 <4 < k{Q) ). Since dist(AY2, Q\UL) > 0
for 1 <4 < k(€Q), it is obvious that

(2.15) Ai(n, @) <€-||¢llz for 1<i <k(), neN, ¢ € LE(Q).
Referring to (2.1) and (2.3), we have
B‘i(n: ¢)

=€ (f:.; fm (fAm |H (g,7} — RO ()| 72 - | A () ) dn)p do df,n)l/p

(4, ny ¢ as in (2.15)). Now put a:=1—2/pif p > 2, and & := 1/4 in the case p = 2.
Then

a((l) p i/p
. —ap e (B
Bin¢) <€ (’rf*(ﬂﬁr r [ ([t (w0 ) n) de ar)
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But p < 3, hence & - p < 1, so we may integrate in r. Then we apply the Hardy—
Littlewood—Sobolev inequality (see [32, Theorem V.1.1]) in the case p > 2 (note that
1/p=1/2—a/2 in that case), and Lemma 2.3 if p = 2. It follows that B;(n, ¢) < C(p)
lipoh(®||s. This estimate, combined with (2.14) and (2.15), yields that ||V €™ (qb)
¢(p) - |4]la for ¢ € L?(8N); hence with (2.10), [VE™ ((T(»)) |2, < €(p) - [[v]1,2-
Thus we see that if we set E(™(v) = QE(")(T('U)) for v € HY(612), n € N, all the
properties stated in the theorem are satisfied. O

Next we introduce the fundamental solutions we will consider in what follows.
Let $ denote the usual fundamental solution of the heat equation in R?, that is,

Bz, t) = (d-m- )2 =l g (58) € R? x (0, 00),
H(z,t) =0 for (2,£) € (R® x (—o0,0] {0}

We further introduce a fundamental solution of the time-dependent Stokes system by
setting as in [25]

(2.16) Tinlt) == 650 - H(z,8) + f 8:0:5(, 5) ds,
t
Ep(z):=(4-m) " 2y |27

for (z,t) € G := (R® x [0,00) }\{0}, z € R®\{0}, 1 < 4,k < 3. Finally we define
the velocity part of a fundamental solution of the time-dependent Oseen system (with
Reynolds number k) by putting

Az t,8) =Tz — kK-t -e1,t) for (z,t) €G, j ke {1, 2, 3%

An associated pressure part is given by the functions Ej introduced in {2.16).

LEMMA 2.5. We have § € C®(R*\{0}), [jx € C®(G), and E; € C'°°(]R3\{D})
for 1 < j, k < 3. Moreover, forl € Ng, a € Nf’, there is C = C(l,a) > 0, C = C(a) >
0 with -

| 6%‘9?33(2: t) | + |8£3?ij(z,t) <C- (|Z]2 + t)_3/2_|“|/2—1,
02 E(z)| < € - |22

for z € R% t € (0,0¢), z € RI\{0}, 1 <4,k < 3.

Proof. The estimate of $ stated in the lemma was established in [28]. Concerning
the estimate of I', we refer to [25, Proposition 2.1.9]. a

We remark that Solonnikov [31, section 2.3] could show that Green’s function for
the time-dependent Stokes system in half-space verifies estimates analogous to those
given in the preceding lemma for the Stokes fundamental solution, of course with the
difference that in half-space, there is one spatial coordinate playing a special role.
It should perhaps be further indicated that a different fundamental solution of the
time-dependent Stokes system is used in [29]. However, this solution satisfies the same
estimates as I" (see [29, Theorem 1]).

For the Oseen fundamental solution, the following estimate holds.

LEMMA 2.6. The function Aj(-, -, k) belongs to the space C°(Q) for k > 0,
1<4,k<3. Forany K >0, a € N, | € Ny, there is some C(K,a,l) > 0 with

|82 s(z ~ Kk -t-er, )| + | Bi8TA (2,1, K) |
< O(K, a, 1) -max{l,n}3/2+|°‘|/2+l- (7(z,t)‘3/2‘|°‘|/2" +y(z, )M lel/2-112)

r~
Q

L2/
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for z,t, 7, k as in Lemma 2.5, and for & € (0, 00), where
Yz t) =22+t if |2l < K, ~{z,t):=|z|- (1+k-8(2)) +t if |z| > K,

with s(z) defined in (2.8).
Proof. By [3, Lemma 2], we have

(lz—k-t-e1)? + )7 < C(K) - max{1,&} - y(z, )"

for z, t, 4, k as in Lemma 2.5 and for & € (0, o), so the lemma follows from Lemma
2.5. 0

Let us now fix a Reynolds number 7 € (0, 00). In the following, the symbol € will
always denote constants depending only on Q, Ry, and 7. We write €(y1,...,v) for
constants depending additionally on other parameters v1,...,9 € (0,00) for some
neN.

The ensuing lemmas will allow us to define our volume potentials.

LEMMA 2.7. Letp,g € [1,00], 7 € (1,00], s € [1,00) withg <p, 8 <r.

Then there is C = C(r,p,q,7,5) > 0 such that for f € L*(0,00, LI(R3)}, M €
(0,00), 5,k € {1, 2, 3}, @1 € N} with |a| < 1, we have the following for W = (0, M)
if 1-1a|/2+3-(1/p—T/q)/2>1/s—1/r, and for W = (M,00) if 1 —|ca/2+3-
(1/p—~1/q)/2<1/s=1/r:

(217) (fom [fR (/Omfn Yoot — 0) - [85Az0(z — 9t — 0, 7)]

rip 1/r
1y o) dy da) dm] dt)

< ¢ M3O/p=1/a)/2H1=|al/2=1/s+1/r | 2| (0,00, L(R%))*
< L#| 0,00, L7

{Of course, if r = oo and/or p = oo, the preceding inequality has to be modified in an
obuious way.)

Proof. We consider the case p < c0. If p = oo, a similar argument is valid. Take
fi M, 3,k o as in the lemma. We find for W € {(O,M), (M, cc) }, t € (0,00), 0 €
(0,2),

(2.18)

(fl“ (-/00‘3 j:;s Xwlt—o) |07 Az -y, t —o,7)| - |f(y,0)| dy dﬂ)p d:t:) "

o L\ Vetl/p
< / XW(t —-a)- (/ |3;!Ajk(z, t—a, T)|(1_1/4+1/P) dz)
o B3

(-5 0)llq do,
where we used Minkowski’s and Young’s inequality for integrals. By the change of
variable y = z — 7 - (t — &) - €1, the integral over R® on the right-hand side of (2.18)
may be transformed into the integral [ps 10Tk (y,t — 0)|A-Ye+1/m)~ gy, But
[ 105 oty e = a-t/assio gy
B3
-1
< ¢, ¢ — )2 —@+lel)-(1-1/qtl/p)™" 4
<e [ (W+eE-or?) y

< €. (t — o)~ @Hal-(1-1/et+1/p) " /243/2
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for o € {0,t); see Lemma 2.5. Now the inequality stated in the lemma follows by
another application of Young’s inequality. a

THEOREM 2.8. Let ¢ € (1,3). Then there is C = Clq) > 0 such that for
dcLIR3B 1<k<3,

Ee-pl- i) w) <
oy

with Ey from (2.16).

Proof. The theorem is a direct consequence of the Hardy-Littlewood—Sobolev
inequality (see [32, Theorem V.1.1]). a

LEMMA 2.9. Let g € [1,00), o € N3, [ € Np. Then there is C = C(q,e,1,7) > 0
such that

(219) [ 18ies (st =t e1 - 0.0) - lat)l dy
< C. (4-¥a-lal=0/2 | y(=3/a-lal=2D/2) |q]|,

for z € B3, t € (0,00), a € LI(R3).

Proof. Lemma 2.9 follows from [9, equation (4.3)], where a kernel much more
general than § is considered. In the present situation, the lemma alsc is an immediate
consequence of Lemma 2.6 and the Holder inequality. 0

Now we may define the volume potentials we will consider in the following.

DEFINITION 2.10. Let g,5 € [1,00)} § € (1,3), let A C R® be measurable, and let
T € (0,00]. Suppose that f € L3(0,T,"LI(A)*). Then, for a.e. z € R, ¢ € (0,0),
and for j € {1, 2, 3}, we set

t 3 -
(2200 A1) = fo fR S Ao —pt-0,r) - Filyo) dydo,
k=1

where | denotes the zero extension of f to R x (0,00). Moreover, suppose that
f(-,t) € L(A)2 for a.e. t € (0,T). Then, for a.e. z € R3, ¢t € (0,00), we put

3
PO = [ B9 Flnnt) do
R® k=1
Letp € [1,00), a € LP(A)®. Then we define

357 (a)(z, t) :=fAﬁ(:c—'r-t-el—y,t)-ﬂj(y)dy

forz c R, te (0,00), and for 1 < j < 3.

In order to see that the definition of R{7)(f) makes sense, consider Lemma 2.7
with r = s and with p € (g,00) so0 close to g that 1 +3-(1/p —1/q)/2 > 0. Then
1+3-(1/p—1/q)/2 > 1/5—1/r, so that the integral in (2.17) with W = (0, M) is finite
for any M € (0,00). This means that the integral in (2.20) exists for almost every
z € R3 and ¢ € (0,00); hence R (f) is well defined. The well-posedness of P(f) and
7 (a) is an immediate consequence of Theorem 2.8 and Lemma 2.9, respectively.
Similar arguments yield the following lemma.
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LEMMA 2.11. Let q,s € [1,00), f € L*(0,00, LY(R?)?). Then the weak derive-
tive 4R, (f) exists for 1 < j,1 < 3. Moreover, the integral

+ 3
f / Zam;Ajk(w_y;t_UsT)'.fk(y:o') dyda
0 JR3 k=1

exists for such j, | and for a.e. x € R3, ¢t € (0,00), and is equal to B;mf;)(f)(;n, t}.

The equation diveR(7(f) = 0 holds.
Proof. Use Lemma 2.7 and the eguation Z::f:l Oz, A4 (2,1, 7) = 0, which holds for

zeRt>0,1<k<3. O
Next we consider integrals of R (f)( - ,£) on 89
LEMMA 2.12. Let g,5 € [1,00), f € L*(0,00, L9(R%)%). Then

(2.21)

(["T (fa“ U: fm k(2 —p,t = ovm) - fuly o)l dy da)qdn(x))a/q dt) -

S YT, q) - [ fllLago,o0,Lome)sy for T € (0,00), 1 <5,k <3.
In porticular, the integral f; Srs Z‘Ll Aj(z —y,t — 0,7) - frly, o) dy do exists for
1<7<3, ae te€(0,00), and a.e. z € IN.

Proof. We consider the case g > 1. If ¢ = 1, a similar but somewhat simpler

argument holds. Let T € (0,00), 4,k € {1, 2, 3}. Put 6 := 1/(6¢g). Let 2 denote
the left-hand side of (2.21). Then, by Minkowski's inequality for integrals applied to

the function
(0,T) x 02 > (o, ) — fma X(O,oo)(t - 0) IAjk(m —-ypt—o,7) - lfk(y: U)l dy € [0100)

for fixed t € (0,T), and by Holder’s inequality,

(2.22)

o5 ([ 1 (ot tni-sa-

q 1/q ] 1/s
- fi(y, @) dy) dﬂ(m)) da] dt)
T T , -1
= (/ [f X(0,00)(t — @) - (f (f Az — y,t — o, 7)|* 52 dy)
0 0 a0 \JRs
i/q 8 1/s
' ([ |Aje(z — v, t — o, )P0 | fly, )| dy) dﬂ(m)) da] dt) .
R3
But with Lemma 2.5, for z € 82, ¢t € (0,T), ¢ € (0,¢),

fRa |Aju(z —y,t — o, 7) "0 dy = -/Rz Cyelert— o)|PH57 dz

<€ / (2| + (¢t — o)*/? )_3'(1”"?')/2 dz < €(q) - (t — o) ~399/2,
R3
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and by Lemma 2.6, with K = 2 Ry, for y € Bg,, and t, o as before,

Ltz —wi—oi-stan@ <€ [ (le—ui+ =)0 doge
a0 on
< €(g) - (t — g)(—1+3-6-t1)/2

The last inequality holds because —3-{1 — & - ¢) < —2. In the case |y| > Ry, it is
obvious by Lemma. 2.6 that the left-hand side of the previous estimate is bounded by
€(q) - min{1, TU-33a)/2} . (1 — ¢)(-1+340/2 Now we may conclude from (2.22)

% < el (/T [/OTXm,m)(t —)-(t— o)V f(- o)y dffr‘“) B

80 estimate (2.21) follows by Young’s inequality. From (2.21) we may deduce that the
integral f; Jrs Ei=l Aji(z —y,t — 0,7) - fu(y, o) dy do exists for ae. ¢ € (0,00) and
ae z € o a

CoROLLARY 2.13. Let g,s € [1,00), f € L*(0,00, LA(R3)%), j € {1, 2, 3}. Then
the trace of ERE.T)( £+ ,t) on O ezists for a.e. t € (0,00) and equals the integral
f; - 2,3‘:1 Al —y,t — o, 7) - fuly, o) dy do for a.e. & € 0.

Proof. Let (fx) be a sequence in C§°(R3 x (0, 00) )3 converging to f with respect
to the norm of L*(0, 00, L7(R%)3). For any n € N, the function mg,-f)(fn) is C*® in
R? x (0,00). Let T € (0,00), and take p € (g,00) so close to ¢ that 1/2+3 - (1/p—
1/g)/2 > 0. Then, by Lemma 2.7 with M = T and r = s, we may conclude that

[0 R (fa) — R IR % (0, 7)) 0 (n— )

Lo(0,T,L(B?) }
for o € N} with |a| < 1. Take R € (0, 00) with ( C Bp. Since p > g, it follows that
19%(R57 () = RV UN)IBR X 0T a7 1asgy) = 0 (= )

for o as before. Thus there is a subsequence (gn) of (f»)} such that

1627 (ga) — /() ) (-, )|Brllg = 0 (n— o0)

for a.e. t € (0,T), and for «r as before. For a.e. z € 80, t € (0,T), let 2A;(z, ) denote
the integral mentioned in the corollary. Then, by (2.21),

19857 (gn) | 892 x (0, T) — 2] -0,

Le(0,T,Le(502) )

so there is a subsequence (hy,) of (g,) with ||9‘t§-7)(hn)( <, 1) |82 —A;( - ,t)||g — O for
a.e. t € (0,00). Now the corollary follows. 0
In the ensuing lemma and theorem, we indicate some properties of () {a).
LEMMA 2.14. Take p, A, a as in Definition 2.10. Then the function 3(7)(0,)

belongs to C*°(R? x (0, c0) )3, and
80530 @)(a,t) = [ B3 (9(e—y -7t e1,8) - als) dy
A
(zeR? te(0,0), I €Ny, o €N3),
8,3 (@) (z, t) — AT (@) (&, 8) + 7 85, TN @) (z,8) = 0 (z € RE. ¢>0),
137 (@)( - E)llp < llallp (¢ > 0)-
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Furthermore div77(a) = 0 if a € LE(R3)®.

Proof. The LP-estimate in the preceding lemma follows from Lemma 2.3 and the
equation o, H(z,t)dx =1 for t > 0. Lemma 2.9, a density argument, and a partial
integration yield the last statement of that lemma. O

Concerning the gradient of 37 (a), we note the following.

THEOREM 2.15. Lete € (0,1], a € HE(R3)3. Then

V.3 (a) |R® x (0,T)|l2 < €(e) - T2 lallea for T € (0,00).

Proof. Theorem 2.15 may be deduced from [9, equation (4.3)]. It can also be
derived directly from Lemmas 2.14 and 2.5, Young’s inequality, and an interpolation
argument. (Consider the cases € =0 and € = 1.) |

TFor smooth f and a, we have the following theorem.

THEOREM 2.16. Let f € C§°(R? x (0,00) )3, a € C°(R3)®. Then the functions
B(f) and JE,-T)(a.) belong to C°(R? x [0,00) ), and D‘t;r)(f) belongs to C§°(R® x
[/
(0,00))3 for 1 < j < 3. Moreover, for z € R3, t € (0, 00),

(2.23)
AR (F)(z, 1) — ART(f) (2, 1) + 7 - 0, R (F)(z, 1) + VLB()(z, 8) = f(2,1),
1) a)(z,0) = a(z).

Ifsupp(a) C U, there is a vicinity 0 = V(a) of OQ such that 86°3) (a)(z,0) = 0
forz €,1 € Np,a € Nj.
Proof. Let us consider 77 (a). We know by Lemma 2.14 that 3 (a) € C=(R® x

(0,00) )3. We further observe that by Lemma 2.14,
8,6°3) (a)(z, o)

i
() Lo ne—y-ro a0 (0 e

1
2 C) '(_T)t_jf H(z —y,0) - 8°A0 Faly — T 0 e1) dy
=0 B

(r € R% o € (0,00), | € Ny, a € N}), where we integrated by parts in the last
equation; note that supp{e} is compact. By taking the limit ¢ | 0, and recalling the
usual arguments applied to the heat kernel (see [14, Theorem 1.2.1], for example), we
obtain that 3¢ (a) € C=(R3 x [0,00) ) and

I
8163 (a)(2,0) = > G) (=) F . §2AI8 T a(z) for x € RS

=0

The last statement of the theorem follows from this formula., As for the claims on
R(7)(f), Lebesgue’s theorem on dominated convergence implies that derivatives of
R (f) can be made to act on f. Equation (2.23) then follows by partial integration
and the properties of Ajy. 0

We turn to the question of whether RV (f) and 3 (a) belong to L2(0, T, H*(R%)?)
and to H1(0,T, V).
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COROLLARY 2.17. Let s € [1,2], ¢ € [1,2) with 7/4d > 1/s+3/(2.¢q), T €
(0,00, f € L*(0, T, LUR?)%). Then R(f)|e L*(0, T, H'(R®)*) and

(2.24) ”m(f)(f)“L“(O,T,Hl(][{s)a) < €T ||fllzeo,1, La(®3)2);

withe ' =T7/4-3/(2-¢)~1/s if T <1, and e :=9/4—3/(2-¢) — 1/s else. If in
addition f|Zr € L*(0,T, V"), with f(t) € V! for t € (0,00) being defined by

Fi)(v) = -/;r flz,t) -v(z) dz  for v e CP(U)® with dive =0

then R (F)| Zy € HY(0,T, V') and

(2.25)
IR (F) | Zrllmeayy < € (T || flles,r, Loeyey + |1f | ZrllLaervy }-

Note that f € L2(0,T, V") if, for ezample, f € L2(0, T, L%/3(R3)*).
Proof. By Lemma 2.7 with p = r = 2, we see that (™ (f) € L2(0,T, H(R%)3),
and that inequality (2.24) holds. Take v € C§(U)® with dive = 0, and choose

a sequence (fn) in the space C§°(R? x (0, T))3 with || fn — fllzeo,7, Lagmsysy — 0.
Theorem 2.16 implies for n € N, £ € (0,7} that

‘ / AR (£ ) (s, 8) - (z) dm

= l f [ VRO (f)(z, 1) - Volz) + (—7 AR (fo)(z,t) + falz,t)) -'u(a:)} dr

(IROEIC Dl + 1D T ) - 0lla2s
hence by (2.24),

1/2
(2.26) (f 325{ fatm“)(f,,)(x £) - v(z) dx /||v1|12} dt)
< € (T || Full oo, zomaysy + | Fn | 27l 220,701 )-

On the other hand, ||(R™(fa) — RT(£)) | Zr)Laorvv) — 0, as follows from (2.24)

and the assumption ||f. — f||Ls(o,7, Lors)s) — 0. Thus the relation Rr(7) (f)|Zr €

H(0,T, V') and inequality (2.25) may be deduced from (2.24} and (2.26). n|
Similar arguments, based on Lemma 2.14 and Theorem 2.15, yield the following.
COROLLARY 2.18, Let ¢ €(0,1], a € H(U)?, T € (0,00). Then

I™(a) |R® x (0,T) € L*(0, T, H'(R®)®), 3(a)|Zr € H*(0,T, V"),

37 (@) | R® x (0, )| z2q0.7, s reyey + 3@} } Z || s o, vy
< €. Ina.x{Tl/z,Tﬁjz} - [lal|e,2-

We have no control on the values of either (7 (f) or 2}(a) on S. Therefore we
have to introduce a boundary correction so that the boundary condition on S, stated
in (1.5) may be satisfied. This boundary correction will take the form of a single layer
potential. For its definition, we take into account the following observation, which is
an immediate consequence of Lemmas 2.3 and 2.6.
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LEMMA 2.19. For k € (0,00), ¢ € L?(Sx)?, T € (0,00), 1 < j, k < 3, the
ineguality

(/OT .[an (/o1E /an |Ajk(z — y,t — 0, 5) - @y, 0)| d(y) da) ’ dQ(z) dt) i

SC 5, T) - |¢ll2

holds. In particular, the integral fot fan Eg=1 Ajr(z — y,t — o,8) - ¢r(y, o) dUy) do
exists for a.e. {x,1) € 0 x (0, 00).

DEFINITION 2.20. For T € (0,00}, ¢ € L?(Sr)?, x € (0,00), € RI\OQ, t €
[0, 00), and for a.e. (z,t) € 8 x (0, 00), we pul

t 3 .
DO (9)(z, 1) = ( | L 3 Tte =t =0)- duwr) dow) da) ,
k=1

153

t 3 _
B () (z, 1) ( [0 fmZAjk(z—y,t—a,n)-m(y,a)dn(y)da) ,
k=1

1<553

where a denotes the zero extension of ¢ from Sy to S. We further set
3 —~
QD) = [ 3 Bula—1)-Fulnt) d0)
k=1

for T € (0,00], ¢ € L2(S7)%, = € R}\8Q, t € (0,00). We call the pair of functions
(QI(O) (¢), Q(¢) ) and (’I](") (9), Q(¢)) “the single layer potential related to the time-
dependent Stokes and Oseen system,” respectively.

The following lemma. follows from Lebesgue’s theorem on dominated convergence
and the equation J; Az, — Az jx+7:0z, Ajr = 0. The details are not completely trivial,
but they are essentially the same as in the Stokes case, and cannot be elaborated here.

LEMMA 2.21. Let T € (0,00], & € [0,00), ¢ € L2(Sy)3. Abbreviate

v := 01 ($) | (R*\AD) x [0,00), ¢:=Q(¢)-
Then vi( - ,t), q( - ,t) € C(R3\OQ) for 1 < j <3, t € [0, 00), with

@27) %z t) = [o Lna:Ajk(z—y,t—a,n)-¢k(y,a)dn(y)da

(a € N§, z € R}\8Q).

For o € Nj, the partial derivative 83v(z,t) as a funclion of z € R3\OQ and
t € [0, 00) is continuous. The partial derivative d,v(z,t) erists for x € R*\ON and for
a.e. t € {0,00). This derivative also is the weak derivative of v with respect to t on
(R3\60) x (0,00), and the weak derivative of v(z, - ) on (0,00), if z € R®\OQ. The
equaltion

Bz, t) — Agv(z,t) + 5 - O, v(x,t) + Veglz,t) =0

holds for x € R3\8Q and for a.e. t & (0, 00). Moreover, div zv(z,t) = 0 and v(z,0)
0 for z e R®\9Q, ¢t € [0, c0).
Concerning Sobolev regularity of 2™ (¢), the following theorem was shown in [6].
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THEOREM 2.22. There is C = C(82,7) > 0 such that
1B Zooll o 00, 200y )+ IVBB) | Zeollz + 10 DT 9) | Zeo 250,00, 1)
<C-ldllz for ¢ € L*(Sw)?,

where
(TT(B) | Zeo ) (B)(0) i fU AT (@) (s, ) - v(a) da

for t € (0,00), v € C(U)? with divv = 0.

In particular, B (¢)| Zr € L=(0,T,L2(U)3) n LA(0,T,V) N HY0,T, V") for
T € (0,00), & € L2(Ss)°.

We note another result proved in [6], which shows that the restriction of B¢ (g)
to Sr may be considered as the boundary value of 0 (¢) | Zp on Sr.

LEMMA 2.23. Let ¢ € L*(Sx). Then, for a.e. t € (0,00), the truce of
(B)( - ) |U coincides with T (g)( -, )| BN

Concerning the integral equation (1.10), the following theorem was shown in [7].

THEOREM 2.24. For T € (0,00], c € Hr, there is a unigue function ¢ € L2(St)
which solves the equation BT (¢) | St = e. There is C = C(r, Q) > 0 such that

Igllz < C -1 (@) | Srllar  for T € (0,00], ¢ € LA(Sr).

In order to apply Theorem 2.24 to (1.9), we have to show that (ER(") () +
3t (a)) | Soc belongs to Hee. This will be done in the next two sections.

3. Study of the potential 3™ (a). In this section, we show that the restriction

3(7)(a) | Seo belongs to Hy, under suitable assumptions on g, and we estimate the Hoc-
norm of this restriction against certain Sobolev norms of a. Our results in this respect
are stated in the next theorem. :

THEOREM 3.1. For e € (0, 1/2], a € HY* (U)W, the relation 3 (a)| S0 € Hoo
holds, and [|37(a)|Sooll ., < €~ €72 ||all1/24e,2-

Proof, Let € € (0, 1/2] and @ € C§°(U)? with diva = 0. By Theorem 2.16, we

have 3¢ (a) € C°(R3 x [0, 00) )3, and 8,63 (a)(z,0) = 0 for x from a vicinity of
89 and for [ € Ny, o € N3. Therefore we may conclude that 3(7(a)|Sx € Hoo. Let
j €11, 2, 3}. Then, for b € C(U)?,

18,557 (8) (2, 0) = (A — 7 - 85,)3(b)(3, 0)]

-ILG

+1'-81.6(x—y—1'-0-61,f7)'bj(y)) dy‘

hH(x—y—7-0- e, o) Gbiy)

=1

S?:-f (le—y—7-c-e1>+a)2- (V| + b)) (y) dy (z €R? & € (0,00));
Rﬁ

hence by Lemma 2.3 with Fy = Fy = F1/2, % = 8Q, B = R?,

172
(3.1) ( fa n|aa:t§.*)(b)(m,a)|2 dﬂ(z)) <o bl

LS
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Observing that I (b)(x, 0) = b(z) = 0 for z € %, b € C2(U)® (Theorem 2.16), and
using Minkowski’s inequality for integrals, we now get

62 (fan & (fot(t — o). 97 (b)(z,0) da) i dﬂ(m)) Ve

(fan ! fot P2 g3 (b) (=, t— ) dr ’ dQ(m)) "

< /; t(t—cr)-l/z- ( /3 . 1838 (b)(z, o) |2 dQ(m))lmda

4
S G‘: “blll,Z f (t - 0')_1/2 -0-_3/4 dO' S C ”b”1,2 ‘t_1/4_
o

On the other hand, for ¢ € (0, 00), b € CP(U)3, z € 82,
(3.3)

o [ -0 30w o) - [ "1/ 8,00 By, ¢ — 1) dr

t/2 t
= (-1/2)- fo (t — o). 3 B)(z,0) do + fm(t ~ )72 9,987 (0)(z, o) do
+(t/2)7 - 37 B) s, 1/2),

and by Lemma 2.5 and Lemma 2.3 with % = 8Q, B=R3, F{ = F, = F1/2) and by
the relation [p, $(x,t)dz =1 for ¢t > 0,

(3.4) 177@) (-, 8) |89z < €74 [[b]lo.
We further find

(3-5)

18:357(B)( - ,£) 1892l
f (—r oz —y—7 t-e, t) +OuHlx—y—7-t e t))
]Ra

(L,
2 1/2
by(y) dy dn(z))

ce ([ ([ de-y-rerepn dy)1/2-|1b|z2 dn(m))

ve ([ ([ ay=torar o |b(y)|dy)2dn(x))l/2,

where we nsed Hélder’s inequality in order to estimate the term with &, 5. The second
integral over 82 on the right-hand side of (3.5) is evaluated by means of Lemma 2.3
with Fy = F, = F1/2, Tt follows that

1/2

(36) 18:357®)( -, 1) 1802 < € - [l - /%,
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Now, starting with (3.3) and applying Minkowski’s inequality for integrals, and then
referring to (3.4) and (3.6), we obtain for t, b as above that
{3.7)

(L (oo 7009 4) )"

£/2
ce{ [Tema e o) 00t do
i |

[ -0 18300 1) 80l do + PG, /2) ey
/2

/2
<c. (f (t—o) 32 . =Yg +
0

< €734 |||l

t
t/2(t — cr)_1/2 co 5 do +t_3/4) - 15]|2

Since (3.7) and (3.2) hold for any b € C§°(U)3, interpolation yields for the function a
introduced at the beginning of the proof that
2 1/2
dﬂ(m))

(3.8) ( fa . 3t( /0 t(t—o‘)_”z - 3a)(z, o) da)

<c- §-1/2+e/2 |

|a|| 1/2+e,2

for t € (0, 00). As a consequence of {3.7) and (3.8),

(3.9)
(f f 6;( —o)~ Y2, J(T)(a,)(m o) da) )
an 0
1/2
<o ([ i, + [Trrae ) <6 ol

Again using Lemma 2.5 and Lemma 2.3 with 4 =8, B=R3, F|, = F;, = F1/2 we
find

(3.10) 18357 B)( - £} {892 < €- %4 b2

for t € (0,00), b€ CZ(U)3, 1 < k < 3. Moreover, according to (3.4), for ¢, b, k as
before,

186357 @)+ 2| 8922 = 1957 (BkB)( - 1) | 822 < €74+ bl
Therefore by interpolation we get
(3.11) ijf,'ﬂ(ﬂ)( 8} |89z < €t gl aye 0 (T € (0,00)).
In addition, with Hélder’s inequality and Lemma 2.5,

(312) I35 @) -, ) |99
1/2
s( / ( Blo—y—r t-el,t)Zdy)-||a||%dn<y)) et afg
a0 R3
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for ¢ € (0, 00). Combining (3.10) and (3.12) yields
137 (@), 8 |82l1,2 < €- 7% |lallz (¢ € (0,00)),
and the estimates in (3.4) and (3.11) imply
||3§-T)(ﬂ)( ,8)]0Qly,2 < €722 gl pren (E€ (0,1)).

It follows as in (3.9) that

o0 1/2
619 ([BP@CORaa) <€ alhares
Let v € HY(89), o € (0,00). We deduce from (3.6)

(3.14) jfan( 8.3 (a)(z,0) - nz) ) - v(x) dz)

<€ 83 (a)( - ,0) |82 - lvlle £ €075 lafla - [[v]|2.

For p € N, let E(®)(v) be defined as in Theorem 2.4. An estimate as in (3.14) yields
(3.15) / (8.3 (a)(z, o) - nD(z) ) (vz) — EP(v}(z)) dQz) — O
an

for p — 0. Now take p € N. Recalling the results on 3" (a) in Theorem 2.16, in
particular the equation div,d(a)( - ,6) = 0, we get

(3.16) fa {(0.3(0)(@,0) i (a)) - BV 0)(z) de)
= / 8,37 (a)(z, 0) - VEP (v)(z) d=
2
- f (Ao =7 82,57 (@), 0) - VE® (v)(z) da.
1]

But for b € C$(U)?, we may conclude from Lemma 2.5 and Lemma 2.3 with 2 =
2, B = R3, and from Theorem 2.4 that

‘ fn 813 (b)(z,0) - VEP (v)(z) dzj < - 8137 (@) ,0) |2+ [VEP (v} | Q2

2\ 1/2
<e. ( / ( [fe-y=ra-aP oy el dy) &) - IVEPE) 2l
Q R3
< €02 lplly - ||v]|1,2-
Similarly, with the relation [p. $(z,0) dz =1,

‘ ] 3 (B)(x, 0) - VEW) (v)(z) da| = ‘ f 37 (@1b)(z, 0) - VEP (v)(z) dz
Q 191
<€ ||z [lvllie < € |1Bllz - [1vll1.2
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for b as before. Now it follows by interpolation that
(3.17)

| [ 337@)(e,0) - VED @) de] < € a7 falyjagez- oz
Q

Moreover,
(3.18) f AT a)(z, o) - VEP (v)(z) dz
o]
3
- —:;l fnaﬂf’(a)(z, 0) - 0;0, EP (v)(z) dz
; (r) (») ()
+j§=:1 /aﬂ 93} (a)(z,0) OB (v)(z) - ny " (z) dU(z)

3
-y fa 037 (@)(,0)

d.k=1
(BEP(w)(z) - n{P(z) — §;BP (v)(z) - n{ (x)) dz).

In the last equation, we used again that div, 3 (a) = 0 (Theorem 2.16). On the
other hand, we find for 7, k,1,m € {1, 2, 3} that

(3.19)
'f AT @)(z,0) - B w)() - ni> (@) )
on
<€ Va3 (@)(,0) |80z [VEP (0) |00 < €~ flafyypc 2 ol

where the last estimate is a consequence of (3.11) and Theorem 2.4, By combining
(3.16)-(3.19), we get in the case ¢ < 1 that

\fan(a‘,ﬂ("')(a) (z,0) - n!D(z)) - EP (v} (z) d)(x)
< €072 laflyjaye 2 - fl0l120
Since this inequality is true for any p € N, we now find with (3.15) and (3.14)
18:3(@)( -, o) ~n Y| 1 aqy
<€ (xu@) - o7 4 X1,00)(0) <07 Hlall1jzee, 2.

It follows that
oo 1/2
(3.20) ( 139G o) By da) <€ V2 faflymhe

The estimates in (3.20), (3.13), and (3.9) imply that ||7(a)|Se|i g, < €€ 1/2
llall1/2+e 2 Observing that inequalities (3.4) and (3.12) remain valid if the functions
b and a are replaced by an arbitrary function v € L2(U)3, we see that the theorem
now follows by a density argument, ]
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4. Study of the potential R(™(f). We want to find criteria on f which
guarantee that R (f) | Seo € Hoo- A Tesult in this respect was already proved in [4];
it may be stated as follows.

THEOREM 4.1 (see [4, Theorem 7]). Let ¢ € (1,2), a € (1, ¢/2), 8 € (4/3,2),
and f € L*(R%)?* with f|B, x (0,00) € L*(0,00, L9(B%,)®) N LA(0, 00, LY(B%,)°).
Then RN ) | Soo € Hoo and

IR | Sooll e < O - (Ifliz + 11f | B, X (0,00)l| 20(0,00,22(B5, )2)
+ 171 B, % (0,00)l|0,00,L9¢85, %) )1

where Ry is as introduced at the beginning of section 2, and where the constant C > 0
depends on 0, Ry, 7, q, o, and 5.

As mentioned above, a proof of this theorem may be found in [4]. However, we re-
mark that the terms {|z]2+t)~3/2-1al/2=1/2 and ( |z|-(1+'r-s(z))+t)_3/2_¥°‘|/2_!/2, re-
spectively, are lacking on the right-hand side of the inequalities stated in [4, Lemma 1],
whxch corresponds to Lemma 2.6 here. As a consequence, an additional term € -
fo Jwe (0l y) +t —0)~%2 . |f(y,0)| dy do, with (2,t} € S, should appear on the
right-hand side of [4, equation (14)]. Since this right-hand side is estimated in the
norm of L2(S,), such an estimate must also be performed for this additional term.
But this was already done in [4, equations {18)-(23)], so the proof in [4] is indeed com-
plete. Note that the function ¥ introduced in [4] following [4, equation (23)}] belongs
to H3/2=5(Q) for & € [0, 1/2), and not for & € (1,2), as stated in [4, p. 257].

Theorem 4.1 does not seem to be very convenient for eventual applications to the
nonlinear problem {1.1)-(1.3). As explained in section 1, the ensuing theorem should
be more interesting in this respect.

TueoreM 4.2. Put 4 := QUUID UM Let g € (3/2,2], T € (0,00], f €

H

L2(0,T, L}(R%)?) with f|4 x (0,T) € L2(0, T, LY()?). Then R (f)|Sr € Hr and
(4.1)
RO (AISTl e < €(q) - (11l 20,7 L2 meyey + IFIE X (0, T pago 7 pagitys))-

Proof. We use the notations introduced at the beginning of section 2. The
following abbreviations will prove to be convenient:

Zi = 00\A}, V= U,L-l/2 for 1<i<k(), Zyqay =0,
Vi1 == R\ U U174,

For z € 99, y € R3\ Uk(m U1/4 the inequality |z — y| > D4 holds by (2.6). In the
case 1 € {1,...,k(Q)}, z € BO\AL, y € U‘-llz, we also have |z — y| = D4 by (2.6).

Thus |z —y| > D forz € Z;,, y € V;, i € {1,...,k(8) + 1}, and we may conclude
with Lemma. 2.6 that

(4.2) 18102 Am(z — y,t,7)| S € (L +8)73/271e/2= (1 4 ¢)=3/2-el/2-172)
S € . (1 +t)—3/2—|0t|—t/2
for such z and y, t € (0,00), | € Np, o € N§ w1th£+|a|5 1, 1<4,k<3.
Now let T € (0,00], f € Cg°(R® x (0, T)) Since R (f) € C‘é’:(]R3 (0, oo))3

{Theorem 2. 16), we have R (f) | Sr € Hyp. Without loss of generality, we may
assume that T = oco. The sets Vi,.. - Vigen41 constitute an open covering of R3.
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Thus we may choose a partition of unity g1,...,gkay+1 € CE°(R®) subordinate to
that covering. Put F(zx,t) == gi(z) - f(z,t) for z € R%, t € (0,00), 1 <1 < k() + 1.
Then F; € C(R? x (0,00))3, supp ( Fi( - ,2)) C Vi for t € {0,00), 1 <4 < k() +1,
and f = Ek(mﬂ F;. Now we get

(4.3)

FRO(F) | Seol 7o
3 k(S1)+1

<y T [ T RE | Seoll
=1 i=1 laeNg lal<1

2azsz(z) dt) 1/2]

N Uom fm 3*( fot(t =)V R (F)(z,7) dr)

00 1/2
+ (/0 BRI 1) - |50 a0y dt)

k(52

3
<e- ( > (A +Bij+Cij+ Dig) + Cyayan; + Dk(m+1,j)
=1 M=l

o0 1/2
(L1880 0 7@ oy )

where we used the abbreviations

Aij = ( _/ f 8RS () (@, ) () dt)m,

aEN3 la|<1

By, = (fo fA at(fot(t-r)~1/2-mgﬂ(F,-)(m,r) dr)

for 1 <4 <3, 1<4<k(Q). The terms C;; and D;; are defined as A;; and B, ;,
respectively, but with the domain of integration A; replaced by Z;, and with the index
i running from 1 to k() + 1 instead of &(€2).

Let v € HY(80), t € (0,0), and recall the function E{™ (v} for n € N, introduced

in Theorem 2.4. By Theorem 2.16 {note in particular that divR((f) = 0), we get

3= / B (f)(z, ) - ) (z) - v(x) dz)
a0

dQ)(z) dt) v

= lim f BRI (F)(z,t) - n'D (z) - B (v)(z) (=)
e Jan

= lim [ &RT(F)(z,t) - VEM (v)(z) dx

n—oo n
Jim | (2eRO(f) — 1 0, ROUF) — VB(f) + f ) (=, 1) - VE™ (v)(5) dz

= lim f Z[Zakm(”(f (z, ) (& E™ (v)(z) - n{P(z) — BE™(v)(z) - n{V(z))
noo a0

— 78,87 ()@, 1) - B () (@) - iV (z}| d(z)

+ lim n(—V‘IJ(f)+f)(z,t)-VE(")(U)(:E) dz,

n—oo
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where the last equation follows by two partial integrations involving A R (f), and
by a single partial integration of the product 7 - 8z, R (f)(z, t) - VEM™ (v)(z). Since
g € {3/2, 2], we have ¢' € [2,3), and thus we get, by referring to Theorem 2.4,

(4.4)
31 <e. (nvm‘*)(f)( +,) | 892 'i‘éﬁ( |VE™ (v) | 89|z + | E™ (v) | 92 )

+ (VB0 Rl + 1,8 12lg) - sup IVE®™ ()| nnqr)

<€ (VRO 1) 1892 + VB (-, ) 1 Qllg + £, 1) 12lg) - lvlr2.
By applying a well-known result based on the Calderon—-Zygmund inequality, we get
IVBE-,9lle < €@)- I, 8)lls < €@ - 15,010
fori e {1,...,k(Q)}. The same argument yields
IVB( Fray1 8 x (0,000 ) (-, t)llq < €(@) - (5 £)18kllg-

Since 80 ¢ UMD M4 there is 6§ > 0 such that |z —y| > & for z € Q, y € R3\iL
Therefore it is obvious that for z € 0,

IVB( Frqayr1 | R\ x (0,00} }(2,8)| < €« [|Frgmpa( - )l < €- £ (- )]l
hence
IVB(Freayr R x (0,00))(-,8) [Dllg < €[+, B)]a
Since f = M B we have thus found that
IVBUC 010l < @) (IFC ) | llg + 1£C- ) ).

Since v was arbitrarily chosen in H1(8Q), and ¢ in (0,00), we may thus deduce
from (4.4),

(4.5)

o0 1/2
([ 1055 80 oy )
<€ (IVRD(£) [ Seollz + 1FI8 % (0, 00) 320,00,z stye) + 1511 22(0,00,11 272 )-

k(e
s

But by again referring to the equation f = E.#l)"’l F;, we see that

3 k(Q)
VRO [Sucllz < 3 (Z(Ai,j+0i,j) - Ck(nm,j)-

F=1 i=1
This relation, with (4.5) and (4.4), implies
(46) R”7(f)]Seol fr
3 k(L)
<e¢. Z ( Z(Ai,j +B;; +Cij+ Dij) + Crey1,i + Dk(9)+1,j)
=1 i=1
+¢. (“-f”LQ(O,oo,Ll(Ra)") + “flu X (0300)”1,2(0,00'1,(;(5_,[)3) )



912 PAUL DEURING

Take j € {1,2,3}, ¢ € {1,...,k{Q2) + 1}, and let us estimate C;; and D, ;. By
Lemma. 2.11 and (4.2), we have

(4.7)
C'?,J'
co i 3 9
<€ ( |8*A; (W_y#t_"'a“'ﬂ'|f(y,a)|dyda) dQ(x) dt
aeNg,|a|51‘/[; -[s ./; Vi ; 7k
oo + 2
) — gYy-3/2-|al/2
=¢ /0 jf;n (fo ms(l +t—o) |f{y, o) dy da) dQ(z) dt

o o0 9
=¢ f (f X000t —0) - (1+1t— 0')_3/2_|°‘V2 AFCL D da') dt
0 0
<C- |lf||%ﬂ(o,w,L1(R3)a),

where the last estimate follows by Young’s inequality. In order to estimate D; ;, we
observe that

(4.8) & (fot(t — )72, my)(Fi)(z,r) dr)

3 )
= Z/ f Hjk(z - y,t,0) - Figly,0) dy do
k=1 0 W%

for z € 853, t € (0, c0), with

ij(z}ta 0')
t
=22 (4 — o) V2. Ajr(z, (t — 0)/2, T) +f (t—r)"Y2. 8o Ajlz, T — 0,7) dr
(t+e)/2

(t+0)/2
—(1/2)- t—r) 32 Alz,r—a,7)dr for z e RI\{0}, 1 <k <3
3

Some details of the computations leading to {4.8) may be found in [4, equation {13)].
On the other hand, for x € Z;, y € V;, t € (0,00), o € (0,t), 1 < k < 3, we get by
referring to (4.2) that

(4.9)
lij(I =¥t 0’)|
£
<e- ((t—o)_1/2 . (1+t--af)_3/2+'/(;+ )’/2(1‘—?’)_1/2 (1+r—0)2dr
oy [ a2
+ {t—0) f (1+r—o0) d’r)
t
<c. ((t —o) V2. (14t—0)? 4+ (14+t-0)72 f (t—r)" 2 dr
(t+0)/2
(t+2)/2
L (t—a)? e (Xt - o) - f dr

(t+oy/2
+ X{1,00){t —0) - f (1471 —g)~15/16 gr ))
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<c. ((t —e) V2 (A4t —0) 4 L+t —0)? 4 xoy(t—o) (E— o) 72
+ Xt = 0) - (= 0) /)
<ec. (X(o,1) (t—a)-(t—0) " + X100t —0) - (t— 6)"23/“‘)-

Using (4.8) and {4.9), we get

(4.10)
| D 51

St-(fom/i éfotfwff(z—y,t,a)-Ea,k(y,a)dydo
s ([T L[ [ (ronte=o) =0y 4 xgm(t= o) (=0 295)

2

2 1/2
dfX(z) dt)

1/2
f(w,0)| dy do| dOz) dt)

o0
<€ .fo (X(O,l)('n"') T2 4 x(,00(T) "’"_23/16) dr - || £V x (0, 00} || L2(0,00,L1(v2)%)

<€ || fllz2(0,00, L1 @)%

where the penultimate estimate follows by Young’s inequality.

Now take j € {1, 2, 3}, ¢ € {1,...,k{(})}, and consider A;; and B;;. Since
g > 3/2, we have 1 — 3/(2- q¢) > 0, so we may choose § € (0,1—3/(2-¢)) with
6 < 1/2. Let € € (0, 1/2).

For z € A}, t € (0,00), @ € N} with |a| < 1, by Lemmas 2.6 and 2.11 and the
choice of F; and V; we obtain

(4.11)
18R (F) (2, t)|

H
< [ [ (e =ul+t—oy ¥V |£(y,0)| dy do
o Ju®

t
. N g oA=L g (=1l —2-8
<c fo nyz (X(o,l)(f o)-(t—o) lz — yl
+ Xt — ) (=) oy TIIE) £ (y,0)| dy do

i
. _ . _ —1+44 | _ag|—2—2-4
<€ [ [ alront=o) G- oyl

+ X0t = 0) (¢ = 0) ¢ o — | 7HE) - | (5, 0)| dy do
Moreover, with Lemma 2.6, for ¢ € (0,0c), o € (0,t), z€ A}, y € Uiljz, 1<k<3,
|Hje(z —y,t,0)|
<€ (=02 (o ~al vt =)
¢
+ f (t—r)"12 Z (lz—y®+r—0) ™ dr
(

t+o)/2 vel{2,5/2)
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(t+o)/2
T R ()

<< ((t — o')_1/2 )z — ylz Lt 0_)—3/2

t

+ Z (lm—y|2+t—a)—v ] (t—'r)_l/2 dr

ve{2,5/2} (t+0)/2

oy, [ e oy
+ (t—o) (o —yl?+r—o) /2 dr

&

<< ((t —a) V2 (g —yPtt—o)?

+ [ Yo (e—ylP+t- a)_"’] (t — )2
ve{2,5/2}
(t+o)}/2
+ (t—o)7¥2. [X(o,n (t—0)|o—yl7*>°- / (r—o)y V2 dr

242 {t+e)/2) .
o

<cC- ((t — 0")_1/2 |z - y|2 +t— J)—3/2 + Z |z — y|2 i o.)—u+1/2
ve{2,5/2}

+ xont—0o)-(t— o)L g — gy 722
+ Xt —o)y E—o) T |z - y|—2+2-£)

<¢ (X(o,1)(t —a)-(t—o) Mg —y|72 20
+ X0yt — @) - (E—0) IO |z — gy 2R
+ Xt —0) - (e —yl* 4t —0)~?
+ X (=) iz — 3l +1—)?)
<€ (X(o,n(t —0)-(t—a) 1 g —y| 72720
+ X100t — @) - (£ — o)1 |z — y|_2+2.5)_
In the next to last inequality, we used that

2 —v 2 _2 .
i) - t- <€ (z— t— th o<1
ue{a?é‘,z}““” y24t—0)* <€ (g—yP+t—0)2 inthecase t—o <

and

max 2., e (lp—ullit—o) ¥ Fi-0o>1.
uE{3/2,2}(|m ylP+t-o) " <€ (lz—-yl"+i-0a) ft—o>

Now we find with (4.8) that
(4.12)

“9* (fot(t — )72 R (F) ) d’")
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i
. N (b Y —LHE =224
<e. [ oa (Ko=) G0y fo
+ X (= 0) - (£ = 0) 77 o — 3| THE) £y, 0)| dy do
for t € (0,00), z € Al. Combining (4.11) and (4.12) yields

(4.13)
|As,z| + | Bl

=¢ (f:’ -/Ag [./ot /U‘_uz (xon(t =) (t =) - [5 — | 722

2 1/2
+ X100yt =) (t—a) ¢ |z — yl‘m") - |f(y, o) dy da} dQ(z) dt)

The functions H® and A appearing below were introduced in section 2. For brevity,
we will write c instead of a(f2). Put

ﬁ(ﬂs'ﬁ 7)== f(H(i)(??,?”): 0) for ne Al/za re (_a’a)1 o € (0, 00),
and fi(n,r,0) =0 for any other (r,r, o) € R®. Note that
1 7ill 220,00, Lrmys) < €+ IFIUL2 (0,000 pa(g, 0, zoqu/2yey  foF b€ [1,00),

as follows from (2.1). By the same reference and by (2.3) and (2.2), we get

(4.14)

oo t
o= ([T ([ ] xent-o)=oyt 1o -y
o Jal \Jo JUM?
1/2

1f o)) dy da)2 ()

e ([ L o [t o

N 2 1/2
|h(i) (o) — H® (m, T)l_ﬂ_ZlJ |fi(n,r, 0)| dr dn do') de dt)

<e (fomfm(fot[mx(o,n(t—a)-(t——a)-l“

«/2 _ 2 1/2
f (le—nl+|rN™272% | filn,r,0)| dr dn da) do dt)

—af2
oo t
<€q)- (L fAl (fo f,»_wz Xt — o) - (t— o) H . |g —p| 172-1/a
- 2 /2
et 10l dn da) do dt) ,

where the last equation follows by Hélder's inequality. Next we apply Minkowski's
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and Young’s inequality for integrals to obtain

sz ([ ([“xont-o - [ ][] xosale=n)

_ 2 q1/2 2\ 1/2
Je—nlTE Ve film, o)l dn] de] da) dt)

3/2-1/q
' [f X(0,3.09(C1) - [¢|1 281/ 3/2-1/0)7 dc]
R2

NEC - Mle da)zdt) v
<e@- ([ ([ xontt=o)- = 1RG0l do—)gdt) .

Note that (—1—2-6 — 1/q) - (3/2 — 1/¢)~! > —2 by the choice of §. Now we apply
Young’s inequality again, which yields

00
(4.15) ﬁlse:(q)-( / xm,n(s)-s-l“ds) 1ol 2200 00, o)

<&(g)- |F1U? x (0, °°)“L2(o,oo,Lq(U3’2)3)‘

Similar arguments may be used in order to estimate

Faim (foo0 /A: (fot fu;/a X(too)(t =) (¢ = 0) 77 Jo -y

2 1/2
\f(y,0)] dy da) 40(z) dt) .

First, in analogy to (4.14), we get

Fa < €(q)- (fomfm (fotfw X(Loo)(t =) - (E— )7 7¢ - o — g THHEeTHe

_ 2 1/2
AWFiln -0l dn da) de dt) :

then, by Minkowksi’s and Young’s inequality,
00 o . 2 1/2
<@ ([ ([ xamt=o) €= IRC ol i) at)

where we used that (—1 +2-e— 1/g) - (3/2 — 1/g)~' > —2. Finally, by another
application of Young's inequality,

(4'16) 'ﬁz S C(Q) ) ||-?;”L2(0,00,Lq(|1!2)3) < €(q) : ||f|U|1/2 X (01 Do)lle(mm,Lq(U‘_’-/z)s)'
Combining (4.13), (4.15), and (4.16), we may conclude that

(4.17) il + |Bigl < €(@) - IFITZ® x (0,00)| g oo Laqu/2ysy
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A synthesis of (4.6), (4.7}, (4.10), and (4.17) yields (4.1). Recall that we assumed
f € C5°(R® x (0,00) )°. Inequalities (4.7) and (4.11) with @ = 0 remain valid if f
belongs only to the space L?(0, 00, L'(R?)?) with f|8l x (0,00) € L?(0, 00, L7(11)?).
Hence we may conclude with (4.14)—(4.17) that for such f,

1) | Saollz < €(@) - (1112000, 23gr3y5) + AT % (0,00} a0 00, a2y )-

Now the theorem follows by a density argument. O

5. Applications: Existence, a representation formula, and spatial de-
cay. Although they are not the main point of the work at hand, we first state some
existence results. They should indicate that we do, in fact, obtain solutions of prob-
lems (1.4)(1.6), and that under some additional but not very stringent assumptions
on f, these solutions belong to a uniqueness class, so that they can be identified with
solutions obtained in other ways (as in [30], for example). But of course, interesting
questions related to existence remain unanswered and cannot be addressed here. In
particular, the precise regularity of the single layer potential near 91 is an open prob-
lem in our situation, where £ is assumed only to be Lipschitz bounded, and where
& € L*(S)3. (The result in Theorem 2.22 is not optimal.) Even in the Stokes case,
this problem seems to be as yet unsolved. Away from 88 and from the initial time
t = 0, the regularity of our solution is determined by the volume potential R (f),
which may be studied via Fourier transform and multiplier theorems. This is also a
point which we do not take up here. Concerning the potential 3(™ (a), whose regu-
larity is determined by its behavior at £ = 0, the results in Lemma 2.14 and Theorem
2.15 should be the best possible in relation to our assumptions on a.

COROLLARY 5.1. Letb e Hy,, €€(0,1/2], a € H§/2+E(U)3, ge (3/2,2], fe
L?(0, 00, LM{R®)3) with f |4 x (0,00) € L*{0,00, L(1)%), where U was defined in
Theorem 4.2. Then there is a unique function ¢ € L2(Se) such that

(5.1) B () | S = b— (R(F) +3a) ) | S
Put
(52) u:= (RO +I (@) +B@)) | Zoo, 7= (PU) + Q@) | Zoo.

Then the week derivatives Gy exist for 1 < 1 < 3, and the equations u|S. = b and
divyu = 0 hold. The relation u(x,t) -+ 0 {|z| — o) holds for a.e. t € (0,00) in the
sense that u( - ,t) € L2(U)® for such t.

Letsc[1,2], § €[1,2) with 7/4> 1/s+3/(2- é), and assume in addition that

(5.3) fiR®x (0,T) € L*(0,T, LER®)®), f|Zr € L}0,T,V') for T € (0,00),

where f(t) € V' (t € (0,00)) is defined as in Corollary 2.17. Then u is the only
Junclion verifying the relations

(5.4) w|Zr € L2(0,T, HY ()Y n HY0,T,V") for T € (0,00),
(5.5) %] S =b, divyu =0,

T
(5.6) fo /;I@(m, t} - v(z) - ' (t) + (Voulz,t) - Vo(z) + 1 - Bru(z, t) - v(z)
~f(,9) -0(@) 9®)) dodt = [ o) v(o) da- 4(0)
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forveV, T € (0,00), ¢ € CH{[0,T)) with @(T) =0. In other words, u is the velocity
part of a weak solution to (1.4)—(1.6), with boundary condition u|Se = b.

If f € C&(R? x (0,00) )3, a € CP(U)? with diva =0, then u;( - ,t), n( - ,1) €
C®(U) fort € (0,00), 1 < j < 3, the derivative Byu(x,t) exists for x € U and for a.e.
t € (0,00), and the pair (u, ) verifies (1.4)-(1.6) with boundary condition 1|S. = b
(classical solution}.

Proof. Lemmas 2.12 and 2.23 and Theorems 2.24, 3.1, and 4.2 yield that u|Se = b.
The equation div,u = 0 holds by Lemmas 2.11, 2.14, and 2.21. According to Lemma
27 withg=1, p=r = s = 2, we have R (f) | R® x (0, M) € L*(R® x (0, M))?
for M € (0,00), so R - ,t) € LAHR®) for ne. t € (0,00). Lemma 2.14 and
Theorem 2.22 imply an analogous result for 3(a) and () (¢), respectively. Thus
u( - ,t) € L3(U)3 for a.e. ¢ € (0,00).

Now suppose that f verifies the additional assumptions in (5.3). Then the relation
in (5.4) follows from Corollaries 2.17 and 2.18, and Theorem 2.22. The equations in
(5.5) were proved above. In order to establish (5.6), take T € (0,00) and a sequence
(.fn) in Cgo (]RS X (0,00))3 with ”(f — fn) |R3 X (O,T)”Lﬁ(olrp, LY(R3)3) — 0 for some
B,% € [1,00). In view of our assumptions on f, we may, for example, choose § =
2,v=1, or 8 =8, ¥ = §. Morcover, let (a,) be a sequence in C§?(U)? with divan =
0 (n € N) and ||an — alloz — 0. Put u, == (R (fn).+ I (an) + B () ) | Zoo for
n € N, Due to Lemma 2.14, Theorem 2.16, and Lemma, 2.21, we see that u,, verifies
(5.6) with f, a replaced by fn, 6., respectively, and for v € C§°(U)? with divq& ={.

On the other hand, we may conclude from Lemmas 2.7 and 2.18 that

||3:(m(‘r)(fn) —m (1)) Zrllpee,r, Loqns — 0 (@ € N3, lal €1),
{3 (@) — 3 Na) } | ZrllLoqo,r, 2 (tyey — O,

with p € (v, 00) so close to v that 1/2+3-(1/p — 1/v}/2 > 0. Thus it follows that
(5.6) is valid for v € C§°(U)* with dive = 0. Finally, a density argument based on
Corollaries 2.17 and 2.18 and Theorem 2.22 yields that (5.6) holds for v € V. As
concerns the uniqueness statement of the corollary, it follows with the argument in
[34, p. 176].

In the case that f and a are C™-regular, the last part of the theorem follows from
Lemma 2.14, Theorem 2.16, and Lemma 2.21. a

As an immediate consequence of Corollary 5.1, we note the following.

COROLLARY 5.2. Let f, a, b satisfy the conditions required in Corollary 5.1 for
(5.4)-(5.6) to hold. Then there ezists ¢ € L2(S) with (5.1).

Suppose that u : 7 — R3 verifies the relations in (5.4)—(5.6). Then the equation
u= (RF) +37 (@) + BT (9) ) |U holds.

The assumptions on f in (5.6} simplify strongly if it is assumed that there is
R > 0 such that supp(f( - ,t)) C Bg for all ¢ € {0, 00); see Corollary 5.6 below.

Next we are going to use the preceding results in order to obtain spatial decay
rates of solutions to the time-dependent Oseen system. We will assume that the data
f and ¢ admit a compact support with respect to the space variable; see our comments
in section 2. In the ensuing three lemmas, we present estimates of the single layer
potential T{")(¢) and of the volume potentials 3™ (a) and R (F).

LEMMA 5.3. The inegualities

1) (B2 < €@) - ((lef- (1 +7-s(z)) +¢) NlSe/ale
+ (lal- (7)) T TR 16] Sao\Salla),

—1—|a|/2
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(5.8) 102Q(8)(z, 1) < €(a) - a2 - ||g( -, )2

hold for ¢ € L2(Se)3, z € BS,, t € (0,00), a € N3, where the constant Ry was
introduced in section 2, and the term s(z) in (2.8).
Progf. Since {2 C Bp, /2, we have

(5.9) |z —y| > |x|/2 > Ro/2 for x € By, y€ 9.
Thus, (2.27), Lemma 2.6 with K = Ry/2, and Lemma 2.2 yield that
|20 () (=, t)]
; —3/2—|a|/2
<o) A (la]- @ +7-8(z)) +t—0) “Joa |$(y, o)| d2(y) do
for ¢, z, t, & as in the lemma. By Hélder's inequality, it follows that
|62 () (z, £)|
/2 _3al 1/2
SQZ(a)-f [( (lz| - (1+7-8(z)) +t—0) dcr)
a0 0

([ o da)m
+ (ft;(lwi (147 8(@))+t—o) N da) ) (ft;l‘p(y"’)'? da)m]dg(m)_

Now inequality (5.7) may be obtained by integration with respect to ¢ and by Hélder’s
inequality applied to the integral on 8Q. Inequality (5.8) is an obvicus consequence
of (5.9). 0O

It was already indicated in the proof of [3, Lemma 14] that estimate (5.7) follows
from (5.9) and Lemma 2.2. (We remark that the estimate of a time derivative stated
in [3, Lemma 14| seems to be incorrect.)

LEMMA 5.4. Let R >0, f € L?(0, 00, L*(Bg/a)?), t € [0,00). Then the functions
RO (£ -,) | Br and B(f)( - ,£)| Br" belong to O(Br") for1 < j < 3,t € (0,00).
The derivative 8,000 () (z,t) exists for o € N3, a.e. t € (0,00), € By, and the
pair (R(F), P(F)) satisfies (1.4) pointwise on B x (0,00), with vanishing right-
hand side. The inequalities

1/2

162277 (F)(z, t)

< e, B)- ((lal- (1+7 (@) +¢) " V201 | Brya x (0, /D20, 172, 218y

—1—|e|/2

+(lel - (17 s(z)) ) N 1 Bryz X (412, 0)lae/2,00, 13 (Baye® )

3B}z, )] < &e, R) - |2|7271 - £ (-, 1)lla

hold for « € N3, z € Bg', t € (0,00).

Proof. The differentiability properties of R{")(f) and B(f) stated in the lemma,
as well as the observation with respect to (1.4), may be shown in an analogous way
as Lemma 2.21 (whose proof we did not elaborate). In fact, here and in Lemma 2.21,
the domain of integration of the space variables in the definition of the potentials
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involved, and the domain where differentiations with respect to the space variables
are performed, have empty intersection.

The estimates stated in Lemma 5.4 follow by the same arguments as those in
Lemma 5.3, but with the role of Ry taken by R, and the integral of ¢( - ,%) over 802
replaced by that of f( - ,t) on Bgya. O

LEMMA 5.5. Let R >0, a € L'(Bgya)?, = € By, t € [0,0), a € N3. Then

1053 (@), )] < (e B) - (J2] - (1 + 7 s(w)) +8) /272 ja) .

Proof. The lemma is an obvious consequence of Lemma 2.14 and Lemma 2.6 with
K = R/2, and Lemma 2.2. O

Now we obtain decay results for solutions of the nonstationary Oseen equation.

COROLLARY 5.6. Let R € (0,00), € € (0,1/2], a € Hy/*T(U)® with supp(a) C
Brys. Moreover, let g € (3/2, 2}, f € L*(0, 0, LYBp2)®), and b € Hoo.

Then f, a, and b verify the conditions required in Corollary 5.1 for (5.4)—(5.6) to
hold.

There is a solution ¢ € LZ(ST) of (5.1). Put

uwi= (RN(F) +37(a) + D)) | Zo,

and let B denote the complement in R® of the closure of the ball Brax{R.Ro}- Then the
functions uz( - ,1)|B and {B(F)+Q(#) ){ - ,1)|B belong to C®(B) fort € (0,00), 1 <
j < 3, the derivative 8;0%u(x,t) exists for a € N3, t € (0,00), z € B, and

(5.10)

. —1—|x|/2
e u(z, b)] < E(R, 0 q,€) - (Jz] - (1 7-5(z)) ) 7
(£l 20,00, La(BRs2)®) T Nell1/2re,2 + 1Bl 2o )5

182 (PN, t) + Q(9)(2, 1) )| < €(R,a) - 2|21 (JIFC, B)lla + lig( -, E)ll2 ),

B.02u(z, )] < €(R,0,q) - (|| - (1 +7- s(a))) 2712
(£ 230,00, (Br2)) + lalls + lIgll2 + |6 - , )iz )

forz e B, a e N}, te (0,00) (a.e t€(0,00) in the case of the last inequality). The
term s(x) was defined in (2.8).

Proof. The statements pertaining to the differentiability of » and P(f) + Q(¢)
follow from Lemmas 5.4, 2.14, and 2.21. The first two estimates in the lemma may
be deduced from Lemmas 5.3-5.5 and from the inequality

||¢|f2 < Q:(R, q) - (||f||L2(0,oo,Lq(BR,2)3) + ”ﬂ||1/2+e,2 + “b”Hoo)

(Theorems 2.24, 3.1, and 4.2). From Lemmas 54, 2.14, and 2.21, we see that the
pair (u,7), with 7 = (B(f) + Q(#)) | Zoo, solves (1.4) pointwise on B X (0, c0)
with vanishing right-hand side. Therefore the last estimate in Corollary 5.6 follows
from the first two and from the inequality |z| > €(R) - (1+ 7 - s(x)) valid for z €
Brax{R, Ro}" O

We remark that the factor 1 4 7 - s(z) on the right-hand side of (5.10) is the
mathematical manifestation of the wake phenomenon. Inequality (5.10) exhibits the
wake phenomenon more clearly than the decay estimates available for the stationary
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case. In fact, if u(x) denotes the velocity part of a stationary Oseen flow associated
with an exterior force f(x) with supp(f) C Bgjz for some R > 0, then the estimate

0% u(z)] < €(R) - (Ja| 171 + (Ja] - (L + 7 - s(2)) )T 7V2)

holds for [z| > R, a € N} with 1 < |a| < 2, according to [15, Theorem VIL6.2], [20,
equation (1.15)]. Thus there is an additional term |z|~'~®! which does not arise in
the nonstationary case.

In the next corollary, which is also an immediate consequence of Lemmas 5.3-5.5,
we present an estimate of the spatial decay of the velocity, with the special feature
that on the right-hand side of this estimate, there is a factor which tends to zero for
t tending to infinity.

COROLLARY 5.7. Consider the situation of Corollary 5.6. Let § € (0,1]. Then,
for z, t, o as in Corollery 5.6,

|0 u(z, t)| < €(R, o, q) - (|I| (147 s(w)))‘1*|a|/2+5

(Q+ 7 (1 220,00, Bagar®y + lall + 18]

+ 1 F1Brya X (/2 00)l|1a(e/2,00,00(Baya)%) + 191800 \Sisall2) -
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