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Abstract We consider an initial-boundary value problem for the time-dependent
Oseen system in a 3D exterior domain. This problem is reduced to an integral equa-
tion for the single layer potential related to the the Oseen system. The resolution of
this integral equation, in turn, is reduced to a result by Shen, American Journal of
Mathematics, 113, 293–373, 1991 on the nonstationary Stokes system.
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1 Introduction

Let Ω ⊂ R
3 be a bounded Lipschitz domain with connected boundary, and let U

denote the exterior domain R
3\Ω . Take T ∈ (0,∞]. Then we consider the time-

dependent Oseen system on ZT := U × (0, T ),

∂t u −Δx u + τ · ∂x1 u +∇x p = f, divx u = 0 in ZT , (1)

with a Dirichlet boundary condition on ∂Ω and zero velocity at infinity,

u | ST = b, u(x, t) → 0 (|x | → ∞) for t ∈ (0, T ), (2)

where ST := ∂Ω × (0, T ). In addition, we impose an initial condition,

u(x, 0) = a(x) for x ∈ U. (3)

Our aim is to solve this initial-boundary value problem by means of potential the-
ory. As usual with this access, the given problem will be split into two subproblems.
The first is the Cauchy problem
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∂tv −Δxv + τ · ∂x1v + ∇x� = f, divxv = 0 in R
3 × (0, T ), (4)

v(x, t) → 0 (|x | → ∞) for t ∈ (0, T ), (5)

v(x, 0) = a(x) for x ∈ R
3, (6)

and the second the ensuing initial-boundary value problem:

∂tw −Δxw + τ · ∂x1w +∇xπ = 0, divxw = 0 in ZT , (7)

w | ST = b − v|ST , w(x, t) → 0 (|x | → ∞) for t ∈ (0, T ), (8)

w(x, 0) = 0 for x ∈ Ω. (9)

The function v in (8) is the velocity part of the solution to (4), (5) and (6). Under
suitable assumptions on the functions a and f , a solution of the Cauchy problem
(4), (5) and (6) is given by the convolution of an Oseen fundamental solution with f
and a, respectively. The convolution with f is performed with respect to the space
and the time variables and will be denoted by R

(τ )( f ). The convolution with a only
involves the space variables; we will denote it by I

(τ )(a). (Precise definitions will
be given in Sect. 2.) The function R

(τ )( f ) solves (4), (5) and (6) with a = 0, and
I

(τ )(a) is a solution of (4), (5) and (6) with f = 0, so the sum R
(τ )( f ) + I

(τ )(a)
satisfies (4), (5) and (6) without f or a necessarily vanishing. (Here and in the rest
of this introduction, when we discuss a solution of the Oseen system, we actually
consider only the velocity part of such a solution. Regarding the pressure part, we
refer to the main body of the paper.)

As concerns the second subproblem, that is, (7), (8) and (9), we want to solve it
by a single layer potential V

(τ )(ϕ) with a suitable layer function ϕ ∈ L2(ST )3. The
potential V

(τ )(ϕ) is defined as a Volterra integral in time and as a surface integral
on ∂Ω in space (see (19)), and satisfies (7) and (9) for any ϕ ∈ L2(ST )3. That latter
function is determined by the remaining condition (8), which takes the form

V
(τ )(ϕ) | ST = b − (

R
(τ )( f )+ I

(τ )(a)
) | ST . (10)

This is an integral equation on ST with ϕ as unknown. Thus we are led to study
the integral equation

V
(τ )(ϕ) | ST = c, (11)

where c is given and ϕ is looked for. It is the main purpose of the work at hand to
solve this problem.

To this end, we start from a result by Shen [19] involving the single layer potential
V

(0)(ϕ) associated to the time-dependent Stokes system (Eq. (1) with τ = 0). Shen
shows that the equation V

(0)(ϕ) | ST = c admits a unique solution in the space
L2

n(ST ) of L2-vector fields on ST having zero flux on ∂Ω for a. e. t ∈ (0, T ),
provided the data c belongs to a certain Sobolev space HT involving a fractional
derivative with respect to the time variable. It is not straightforward to generalize
this result to the Oseen system because if T = ∞, the mapping ϕ �→ (

V
(τ )(ϕ) −

V
(0)(ϕ)

) | ST does not seem to be compact as an operator from L2
n(ST ) into HT .
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Instead of compactness, our argument uses the theory of Fredholm operators. With
this theory in mind, we show that the term

(

V
(κ)(ϕ)−V

(0)(ϕ)
) | ST , considered as a

function of the Reynolds number κ ∈ [0, τ ], is continuous with respect to the norm
of operators from L2(ST ) into HT (Theorem 4). The proof of this result is the main
difficulty we have to handle in order to solve (11).

Still there is another point which requires some effort, namely the proof of
uniqueness of the operator V

(τ )(ϕ) | ST if ϕ is taken from L2
n(ST ) (Theorem 6).

Although the general approach for obtaining this result is well known, in the present
context we have to deal with the problem of giving a sense to certain surface inte-
grals.

Once these two crucial points are settled, it may be shown by Fredholm theory
that V

(τ )(ϕ) | ST as an operator from L2
n(ST ) into HT is bijective. Thus, for any

c ∈ HT , there is a unique solution ϕ ∈ L2
n(ST ) to equation (11); see Corollary 3.

This is the main result of the present article.
However, this result is not sufficient to solve equation (10). In fact, in order

to apply our theory for (11) to (10), we first have to make sure that
(

R
(τ )( f ) +

I
(τ )(a)

) | ST belongs to HT . If we do not want to restrict ourselves to smooth
functions, this relation is by no means obvious, in particular if T = ∞, and
will be discussed in another paper [6]. Actually already in [4] we showed that
R

(τ )( f ) | ST ∈ HT if the function f belongs to certain Lp-spaces. But the crite-
rion in that reference is not well adapted to an eventual application to the non-
linear case (Navier-Stokes system with Oseen term) and should be considered as
preliminary. The result we prove in [6] should be more useful in this respect,
although we did not yet study the nonlinear case. Also in [6], we show that
I

(τ )(a) | ST ∈ HT if a ∈ Hσ (U )3 for some σ ∈ (1/2, 1]. Thus, in reference [6],
we are in a position to solve the integral equation (10) by applying Corollary 3
below to (11) with c = b − (

R
(τ )( f ) + I

(τ )(a)
) | ST . This means the function

(

R
(τ )( f )+I

(τ )(a)+V
(τ )(ϕ)

) | ZT is a solution of (1), (2) and (3). In [6], we further
show this solution to belong to a function space in which the usual weak solution
of (1), (2) and (3) is looked for. Since this space is a uniqueness space for (1),
(2) and (3), we may conclude that weak solutions may be represented by the sum
(

R
(τ )( f )+ I

(τ )(a)+V
(τ )(ϕ)

) | ZT ([6, Corollary 5.1]), at least if the data f, a and
b verify the assumptions we require in our theory. This representation formula, in
turn, is exploited in [6] in order to derive estimates of the spatial decay of solutions
to (1), (2) and (3) ([6, Corollary 5.2]).

The preceding indications, some of which will be made precise in Sect. 2 (The-
orem 1, Lemma 6, Theorem 2, Lemma 7, Corollary 1), should serve to convince
the reader that the resolution of Eq. (11) – the subject of the work at hand – is
an important element in a wider theory, and thus is worthwhile to be studied. We
remark that in [3], we already sketched the approach we present in the following
in order to solve (11). But reference [3] does not give a proof of the two crucial
result mentioned above (continuous dependence from the Reynolds number and
uniqueness of the single layer potential). What we did prove in [3], however, was
a useful estimate of the Oseen fundamental solution, although a term was forgotten
when this estimate was stated in [3, Lemma 3]. A correct formulation may be found
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below in Lemma 5. We finally remark that estimates of R
(τ )( f ) were derived in

[12, 13] in a different context. For other studies, based on different methods, of the
time-dependent Oseen system or of the resolvent problem associated to the Oseen
system, we refer to [8, 9, 15, 16, 20].

2 Notations, Definitions, Auxiliary Results

Recall the bounded Lipschitz domain Ω and the notations U := R
3\Ω, ZT :=

U × (0, T ), ST := ∂Ω × (0, T ) (T ∈ (0,∞]) introduced in Sect. 1. The set
Ω was supposed to have a connected boundary, so Ω and U are connected. Let
n(Ω) denote the outward unit normal to Ω . We choose a non-tangential vector field
m(Ω) ∈ C∞0 (R3)3 to Ω . This means that m(Ω)(x) = 1 for x from a neighbourhood
of ∂Ω , and there are constants D1, D2 ∈ (0,∞) with

|x + δ · m(Ω)(x)− x ′ − δ′ · m(Ω)(x ′)| ≥ D1 ·
( |x − x ′| + |δ − δ′| ) (12)

for x, x ′ ∈ ∂Ω, δ, δ′ ∈ [−D2, D2], and

x + δ · m(Ω)(x) ∈ U, x − δ · m(Ω)(x) ∈ Ω for x ∈ ∂Ω, δ ∈ (0,D2]. (13)

Some indications on how to construct such a field are given in [18, p. 246]. Since
Ω is only Lipschitz bounded, the relations in (12) and (13) do not hold in general
when m(Ω) is replaced by the outward unit normal to Ω .

As explained in the proof of [5, Lemma 3.4], the relations in (12) and (13) imply
there is a constant D3 > 0 only depending on Ω such that

|x − y − κ · m(Ω)(y)| ≥ D3 · (|x − y| + κ), (14)

|z − y + κ · m(Ω)(y)| ≥ D3 · (|z − y| + κ)

for κ ∈ (0,D2], y ∈ ∂Ω, x, z ∈ R
3 with dist(x,Ω) < D1 · κ/2 and dist(z,U ) <

D1 · κ/2.
Put Br := {y ∈ R

3 : |y| < r} for r ∈ (0,∞). We fix some R0 > 0 with
Ω ⊂ BR0/2. We further define |α| := α1 + α2 + α3 (length of α) for multi-indices
α ∈ N

3
0. Put e1 := (1, 0, 0) and s(x) := |x | − x1 for x ∈ R

3.
Let A ⊂ R

3 be open. Then we write H 1(A) for the usual Sobolev space of order
1 and exponent 2. This space is to be equipped with its standard norm. Denote by
V the closure of the set

{

v ∈ C∞0 (U )3 : div v = 0
}

with respect to that norm
(with A = U ). The Sobolev spaces H 1/2(∂Ω) and H 1(∂Ω) are to be defined in
the standard way; see [11, Chapter III.6], for example. Let ‖ ‖1/2, 2 and ‖ ‖1, 2,
respectively, denote their usual norm with respect to some local coordinates of ∂Ω
([11, Section III.6.7]). Put

L2
n(∂Ω) := {v ∈ L2(∂Ω)3 :

∫

∂Ω

v · n(Ω) dΩ = 0}.
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Let T ∈ (0,∞]. (Note that the case T = ∞ is admitted.) Then we put

L2
n(ST ) := {v ∈ L2(ST )3 : v( · , t) ∈ L2

n(∂Ω) for almost every t ∈ (0, T )},
H̃T := {v | ST : v ∈ C∞0 (R4)3, v |R3 × (−∞, 0] = 0}.

For v ∈ C1
(

(−∞, T )
)

with v | (−∞, 0] = 0, and for t ∈ (0, T ), we put

∂
1/2
t v(t) := Γ (1/2)−1 · ∂t

(∫ t

0
(t − r )−1/2 · v(r ) dr

)

(“fractional derivative of v”), where Γ denotes the usual gamma function. We fur-
ther define for v ∈ H̃T :

∂
1/2
4 v(x, t) := ∂

1/2
t

(

v(x, · )
)

(t) for (x, t) ∈ ∂Ω × (0, T ).

For any v ∈ L2(ST ), we may define Fv ∈ L2
(

0, T, H 1(∂Ω)′
)

by setting

Fv(t)(σ ) :=
∫

∂Ω

v(x, t) · σ (x) dx for σ ∈ H 1(∂Ω) and for a. e. t ∈ (0, T ).

We will write v instead of Fv . For v ∈ H̃T , set

‖v‖HT :=
(∫ T

0

(

‖v( · , t) | ∂Ω‖2
1, 2 +

∫

∂Ω

∣
∣ ∂

1/2
4 v(x, t)

∣
∣
2

dΩ(x)

+‖∂tv( · , t) · n(Ω)‖2
H 1(∂Ω)′

)

dt
)1/2

.

The mapping ‖ ‖HT is a norm on H̃T . Let the space HT consist of all functions
v ∈ L2

n(ST ) such that there exists a sequence (wn) in H̃T with the property that
‖v − wn | ST ‖2 → 0, and such that (wn | ST ) is a Cauchy sequence with respect
to the norm ‖ ‖HT . This means in particular that the sequence

( ‖wn | ST ‖HT

)

is
convergent. Its limit value does not depend on the choice of the sequence (wn) with
the above properties. Thus, for v ∈ HT , we may define the quantity ‖v‖HT in an
obvious way. The mapping ‖ ‖HT is a norm on HT , and the pair

(

HT , ‖ ‖HT

)

is a
Banach space.

Let us present some auxiliary results.

Lemma 1 ([10, Lemma 4.3]) Let β ∈ (1,∞). Then there is a constant C = C(β)
such that

∫

∂Br

(

1+ s(x)
)−β

dox ≤ C · r f or r ∈ (0,∞).

Lemma 2 ([7, Lemma 4.8]) There is C > 0 such that for x, y ∈ R
3, κ ∈ (0,∞),

the following inequality holds:

(

1+ κ · s(x − y)
)−1 ≤ C ·max{1, κ} · (1+ |y|) · (1+ κ · s(x)

)−1
.
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Lemma 3 (Compare [2, Lemma 4.9]) Let A, B be measurable spaces equipped
with the measure μ and ν, respectively. Let F, F1, F2 : A × B �→ [0,∞), f :
B �→ [0,∞) be measurable functions. Suppose that F = F1 · F2. Then

(∫

A

(∫

B
F(x, y) · f (y) dν(y)

)2
dμ(x)

)1/2
≤ C · ‖ f ‖2, (15)

with

C :=
(

sup
x∈A

{∫

B
F1(x, y)2 dν(y)

}

· sup
y∈B

{∫

A
F2(x, y)2 dμ(x)

})1/2
.

Proof Hölder’s inequality yields that the left-hand side of (15) is bounded by

(∫

A

(∫

B
F1(x, y)2 dν(y)

)

·
(∫

B
F2(x, y)2 · f (y)2 dν(y)

)

dμ(x)
)1/2

.

Thus the lemma follows after an application of Fubini’s theorem. ��
Next we introduce the fundamental solutions we will consider in what follows.

Let H denote the usual fundamental solution of the heat equation in R
3, that is,

H(z, t) := (4 · π · t)−3/2 · e−|z|2/(4·t) for (z, t) ∈ R
3 × (0,∞),

H(z, t) := 0 for (z, t) ∈ (

R
3 × (−∞, 0]

)\{0}.

We further introduce a fundamental solution of the time-dependent Stokes system
by setting as in [19]

Γ jk(z, t) := δ jk · H(z, t)+
∫ ∞

t
∂ j∂kH(z, s) ds,

Ek(x) := (4 · π )−1 · xk · |x |−3
(16)

for (z, t) ∈ G := (

R
3× [0,∞)

)\{0}, x ∈ R
3\{0}, 1 ≤ j, k ≤ 3. Finally we define

the velocity part of a fundamental solution of the time-dependent Oseen system
(with Reynolds number κ) by putting

Λ jk(z, t, κ) := Γ jk(z − κ · t · e1, t) for (z, t) ∈ G, j, k ∈ {1, 2, 3}.

An associated pressure part is given by the functions Ek introduced in (16).

Lemma 4 The relations H ∈ C∞(R4\{0}), Γ jk ∈ C∞(G) and Ek ∈ C∞(R3\{0})
hold for 1 ≤ j, k ≤ 3. Moreover, for l ∈ N0, α ∈ N

3, there is C = C(l, α) >

0, C̃ = C̃(α) > 0 with

∣
∣ ∂ l

t ∂
α
z H(z, t)

∣
∣+ ∣

∣ ∂ l
t ∂

α
z Γ jk(z, t)

∣
∣ ≤ C · (|z|2 + t)−3/2−|α|/2−l ,
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|∂αx Ek(x)| ≤ C̃ · |x |−2−|α|

for z ∈ R
3, t ∈ (0,∞), x ∈ R

3\{0}, 1 ≤ j, k ≤ 3.

For the Oseen fundamental solution, the following estimate holds:

Lemma 5 The function Λ jk( · , · , κ) belongs to the space C∞(G), for κ > 0, 1 ≤
j, k ≤ 3. For any K > 0, α ∈ N

3
0, l ∈ N0, there is some C(K , α, l) > 0 with

∣
∣ ∂ l

t ∂
α
z Λ jk(z, t, κ)

∣
∣

≤ C(K , α, l) ·max{1, κ} 3
2+
|α|
2 +l · ( γ (z, t)−

3
2−
|α|
2 −l + γ (z, t)−

3
2−
|α|
2 −

l
2
)

,

for z, t, j, k as in Lemma 4, and for κ ∈ (0,∞), where

γ (z, t) := |z|2 + t if |z| ≤ K , γ (z, t) := |z| · ( 1+ κ · s(z)
)+ t if |z| > K .

Proof Reference [3, Lemma 2], Lemma 4. ��
Let us now fix a Reynolds number τ ∈ (0,∞). In the following, the symbol C will

always denote constants only depending on Ω, R0 and τ . We write C(γ1, . . . , γn)
for constants depending additionally on other parameters γ1, ..., γn ∈ (0,∞), for
some n ∈ N.

Let us introduce the volume potentials mentioned in Sect. 1. Take f ∈ C∞0
(

R
3×

(0,∞)
)3

. Then, for x ∈ R
3, t ∈ [0,∞), j ∈ {1, 2, 3}, we put

R
(τ )
j ( f )(x, t) :=

∫ t

0

∫

R3

3
∑

k=1

Λ jk(x − y, t − σ, τ ) · fk(y, σ ) dy dσ, (17)

P( f )(x, t) :=
∫

R3

3
∑

k=1

Ek(x − y) · fk(y, t) dy.

Let a ∈ C∞0 (U )3. Then we define

I
(τ )
j (a)(x, t) :=

∫

U
H(x − τ · t · e1 − y, t) · a j (y) dy, (18)

for x, t and j as above.
These potentials solve the Cauchy problem (4), (5) and (6):

Theorem 1 Take f and a as in (17), (18). Then the functions R
(τ )
j ( f ), P( f ) and

I
(τ )
j (a) belong to C∞

(

R
3 × [0,∞)

)

, for 1 ≤ j ≤ 3. Moreover, R
(τ )
j ( f ) and I

(τ )
j (a)

verify (5), and the following relations hold for x ∈ R
3, t ∈ (0,∞):

∂tR
(τ )( f )(x, t)−ΔxR

(τ )( f )(x, t)+ τ · ∂x1R
(τ )( f )(x, t)
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+ ∇xP( f )(x, t) = f (x, t),

div xR
(τ )( f )(x, t) = 0, R

(τ )( f )(x, 0) = 0, I
(τ )(a)(x, 0) = a(x),

∂tI
(τ )(a)(x, t)−ΔxI

(τ )(a)(x, t)+ τ · ∂x1I
(τ )(a)(x, t) = 0.

If div a = 0, then div xI
(τ )(a)(x, t) = 0 for x ∈ R

3, t ∈ (0,∞).

This theorem follows from Lebesgue’s theorem on dominated convergence and
from some standard properties of H (like the equation

∫

R3 H(x, t) dx = 1 for t ∈
(0,∞)). The details of a proof are tedious but simple.

Next we define the single layer potentials mentioned in Sect. 1. For T ∈
(0,∞], ϕ ∈ L2(ST )3, κ ∈ (0,∞), x ∈ R

3, t ∈ [0,∞), we put

V
(0)(ϕ)(x, t) :=

(∫ t

0

∫

∂Ω

3
∑

k= 1

Γ jk(x − y, t − σ ) · ϕ̃k(y, σ ) dΩ(y) dσ
)

1≤ j≤3
,

V
(κ)(ϕ)(x, t) :=

(∫ t

0

∫

∂Ω

3
∑

k= 1

Λ jk(x − y, t − σ, κ) · ϕ̃k(y, σ ) dΩ(y) dσ
)

1≤ j≤3
,

where ϕ̃ denotes the zero extension of ϕ from ST to S∞ if T <∞, and ϕ̃ := ϕ else.
We further set

Q(ϕ)(x, t) :=
∫

∂Ω

3
∑

k= 1

Ek(x − y) · ϕ̃k(y, t) dΩ(y)

for ϕ ∈ L2(ST )3, x ∈ R
3\∂Ω, t ∈ (0,∞). We call the function pairs

(

V
(0)(ϕ),

Q(ϕ)
)

and
(

V
(κ)(ϕ), Q(ϕ)

)

the “single layer potential related to the time-dependent
Stokes and Oseen system”, respectively.

The following lemma holds:

Lemma 6 Let T ∈ (0,∞], κ ∈ [0,∞), ϕ ∈ L2(ST )3. Abbreviate

w := V
(κ)(ϕ) | (R3\∂Ω)× [0,∞), π := Q(ϕ).

Then w j ( · , t), π ( · , t) ∈ C∞(R3\∂Ω) for 1 ≤ j ≤ 3, t ∈ [0,∞). For α ∈ N
3
0,

the partial derivative ∂αx w(x, t) as a function of x ∈ R
3\∂Ω and t ∈ [0,∞) is

continuous. The partial derivative ∂tw(x, t) exists for x ∈ R
3\∂Ω and for a.e.

t ∈ (0,∞). This derivative also is the weak derivative of w with respect to t on
(R3\∂Ω)× (0,∞), and the weak derivative of w(x, · ) on (0,∞), for x ∈ R

3\∂Ω .
The equations (7) (with τ replaced by κ) and (9) are satisfied.

We mention a regularity result on V
(τ )(ϕ) established in [5].

Theorem 2 V
(τ )(ϕ) | ZT ∈ L∞(0, T, L2(U )3)∩ L2(0, T, V )∩H 1(0, T, V ′) for T ∈

(0,∞), ϕ ∈ L2(S∞)3.
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We note another result proved in [5], and which shows that the restriction of
V

(κ)(ϕ) to ST may be considered as the boundary value of V
(κ)(ϕ) | ZT on ST :

Lemma 7 Let ϕ ∈ L2(S∞)3. Then the trace of
(

V
(τ )(ϕ)( · , t)

) |U coincides with
V

(τ )(ϕ)( · , t) | ∂Ω , for a. e. t ∈ (0,∞).

Now we can state how the problem of finding a solution to (1), (2) and (3)
reduces to an integral equation on S∞, as indicated in Sect. 1. Since this result is
only mentioned in order to motivate the study of Eq. (11), we did not make an effort
to weaken the assumptions on f and a.

Corollary 1 Let f, a be given as in (17), (18), and suppose that div a = 0. Let
b ∈ L2(S∞)3, and suppose there is ϕ ∈ L2(S∞)3 with

V
(τ )(ϕ) | S∞ = b − (

R
(τ )( f )+ I

(τ )(a)
) | S∞. (19)

Put

u := (

R
(τ )( f )+ I

(τ )(a)+V
(τ )(ϕ)

) | Z∞, p := (

P( f )+ Q(ϕ)
) | Z∞. (20)

Then u j ( · , t), p( · , t) ∈ C∞(U ) for t ∈ (0,∞), 1 ≤ j ≤ 3, the derivative
∂t u(x, t) exists for x ∈ U and for a. e. t ∈ (0,∞), and the pair (u, p) verifies (1),
(2) and (3).

3 Solving Integral Equation (11)

We start by stating a result from [19].

Theorem 3 For T ∈ (0,∞], the operator F
(0)
T : L2

n(ST ) $ ϕ �→ V
(0)(ϕ) | ST ∈ HT

is well defined, linear, bounded and bijective. In particular, F
(0)
T is Fredholm with

index 0.

Proof See [19, pp. 365–367]. Note that the arguments given there also hold for
T = ∞, although only the case T <∞ is considered. ��

The ensuing theorem will allow to reduce the invertibility of the Oseen single
layer potential to Theorem 3.

Theorem 4 Let T ∈ (0,∞]. Then
(

V
(κ2)(ϕ)−V

(κ1)(ϕ)
) | ST ∈ HT and

∥
∥
(

V
(κ2)(ϕ)−V

(κ1)(ϕ)
) | ST ‖HT ≤ C(κ2) · (κ2 − κ1)1/2 · ‖ϕ‖2 (21)

for ϕ ∈ L2(ST )3, κ1, κ2 ∈ [0,∞) with κ1 < κ2, where the constant C(κ), for
κ ∈ (0,∞), depends on Ω and κ , and is an increasing function of κ . In view of
Theorem 3, this means in particular that the operator

F
(κ)
T : L2

n(ST ) $ ϕ �→ V
(κ)(ϕ) | ST ∈ HT
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is well defined, linear and bounded. Abbreviate εp := min {1, D2}/p f or p ∈ N,

v := v(κ1, κ2, ϕ) := (

V
(κ2)(ϕ)−V

(κ1)(ϕ)
) | (R3\∂Ω)× (0, T ),

where κ1, κ2 ∈ [0,∞), ϕ ∈ L2(ST )3. Then the relation

∂lv
(

x + εp · m(Ω)(x), t
)− ∂lv

(

x − εp · m(Ω)(x), t
)→ 0 for p →∞ (22)

holds for l ∈ {1, 2, 3}, x ∈ ∂Ω and t ∈ (0, T ).
Finally, if T < ∞, the operator F

(κ2)
T − F

(κ1)
T : L2

n(ST ) �→ HT is compact for
κ1, κ2 ∈ [0,∞).

Proof For �1, �2 ∈ [0,∞) with �1 < �2, z ∈ R
3, s ∈ (0,∞), j, k ∈ {1, 2, 3},

put

K (�1,�2)
jk (z, s) := Λ jk(z, s, �2)−Λ jk(z, s, �1) if �1 > 0.

In the case �1 = 0, the term Λ jk(z, t, �1) is replaced by Γ jk(z, t).
Let κ1, κ2 ∈ [0,∞) with κ1 < κ2. We will write K jk instead of K (κ1,κ2)

jk in what
follows. All the constants appearing in the estimates in this proof and depending on
κ2 are increasing functions of κ2.

Lemma 4 and 5 with K = 2 · R0 yield

|∂ l
t ∂

α
z K jk(z, t)| ≤ C(κ2) · ( (|z|2 + t)−

3
2−
|α|
2 −

l
2 + (|z|2 + t)−

3
2−
|α|
2 −l ) (23)

for l ∈ {0, 1}, α ∈ N
3
0 with |α| + l ≤ 2, z ∈ B2·R0 , t ∈ (0,∞), j, k ∈ {1, 2, 3}.

Moreover

|∂ l
t ∂

α
z K jk(z, t)| (24)

=
∣
∣
∣

∫ 1

0

[

∂αz ∂
l+1
1 Λ jk

(

z, t, κ1 + ϑ · (κ2 − κ1)
) · (−κ1 − ϑ · (κ2 − κ1)

)l · t
+ δl1 · ∂αz ∂1∂4Λ jk

(

z, t, κ1 + ϑ · (κ2 − κ1)
) · t

+ δl1 · ∂αz ∂1Λ jk
(

z, t, κ1 + ϑ · (κ2 − κ1)
)]

dϑ
∣
∣
∣ · (κ2 − κ1)

≤ C(κ2) · (κ2 − κ1) · ( (|z|2 + t)−1−|α|/2−l/2 + (|z|2 + t)−1−|α|/2−l
)

.

By taking the average of the right-hand side of (23) and (24), we get for
l, α, z, t, j, k as before,

|∂ l
t ∂

α
z K jk(z, t)| (25)

≤ C(κ2) · (κ2 − κ1)1/2 · ( (|z|2 + t)−5/4−|α|/2−l/2 + (|z|2 + t)−5/4−|α|/2−l
)

.

We further remark that for z ∈ R
3\{0}, j, k ∈ {1, 2, 3}, α ∈ N

3
0, l ∈ N0, we

have
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∂ l
t ∂

α
z K jk(z, t) → 0 for t ↓ 0. (26)

For δ ∈ (0,D2], let ϕ(δ) ∈ C∞0 (R3) be such that ϕ(δ)(x) = 1 for x ∈ R
3 with

dist(x,Ω) ≤ D1 · δ/4, and ϕ(δ)(x) = 0 if dist(x,Ω) ≥ 3 · D1 · δ/8. Next choose
ζ ∈ C∞(R) with ζ | (−∞, 1] = 1 and ζ | [2,∞) = 0. Put ζ (δ)(t) := ζ (δ · t) for t ∈
R, δ ∈ (0, min {1,D2} ]. Then supp(ζ (δ)) ⊂ (−∞, 2/δ] and ζ (δ) | (−∞, 1/δ] = 1,
hence

|ζ (δ) ′(t)| ≤ C · χ(1/δ, 2/δ)(t) · t−1 ≤ C · χ(1,∞)(t) · t−1 ≤ C (27)

for t ∈ (0,∞), δ ∈ (0,D2] with δ ≤ 1. Using the number εp introduced in
Theorem 4, we define

w
(�1,�2)
p, j (ϕ)(x, t) := ϕ(εp)(x) · ζ (εp)(t)

·
∫ t

0

∫

∂Ω

3
∑

k= 1

K (�1,�2)
jk (x − y − εp · m(Ω)(y), t − σ ) · ϕk(y, σ ) dΩ(y) dσ

for p ∈ N, 1 ≤ j ≤ 3, ϕ ∈ L2(ST )3, x ∈ R
3, t ∈ [0, T ] ∩ R, �1, �2 ∈ [0,∞)

with �1 < �2. In the following, we will write wp(ϕ) instead of w(κ1,κ2)
p (ϕ). Due to

(13), (14), (26) and the choice of ϕ(εp) and ζ (εp), we have wp | ST ∈ H̃T ∩ L2
n(ST ).

It was shown in the proof of [3, Lemma 9] that (F(�)
T − F

(0)
T )(ϕ) ∈ HT and

‖w(�,0)
p (ϕ)− (F(�)

T − F
(0)
T )(ϕ)‖HT → 0 (p →∞) (28)

for ϕ ∈ L2(ST )3, � ∈ (0,∞). We note that the term C · γ (x, t)−3/2−|α|/2−l/2 is
lacking on the right-hand side of the estimate in [3, Lemma 3], which corresponds
to Lemma 5 here. As a consequence of this oversight, inequality [3, (18)] in the
proof of [3, Lemma 9] is incomplete; the term C · (|z|2 + t)−3/2−|α|/2−l/2 has to be
added on the right-hand side. This modification, in turn, means that the function H2

in [3, p. 123] has to be changed: the integral over
(

0, (t − σ )/2
)

in the definition
of H2 should apply to the function

r−
1
2 · [χ(1,∞)(t) · t−1 · (|x − y|2 + t − σ − r )−

3
2 + (|x − y|2 + t − σ − r )−2

]

.

(Distinguish the cases |x − y|2 + t − σ − r ≤ 1 and |x − y|2 + t − σ − r ≥ 1.)
The rest of the proof of [3, Lemma 9] remains valid with a modification of the upper
bound of H2(x, y, t, σ ), which may be chosen as

C · χ(0,1)(t − σ ) · |x − y|−
15
8 · (χ(1,∞)(t) · t−1 · (t − σ )−

1
16 + (t − σ )−

9
16

)

+C · χ(1,∞)(t − σ ) · |x − y|−
1
8 · (χ(1,∞)(t) · t−1 · (t − σ )−

15
16 + (t − σ )−

23
16

)

.
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Since wp(ϕ) = w(κ2,0)
p (ϕ)−w(κ1,0)

p (ϕ) for p ∈ N, ϕ ∈ L2(ST )3, we may conclude
from (28) that

‖wp(ϕ)− (F(κ2)
T − F

(κ1)
T )(ϕ)‖HT → 0 (p →∞), for ϕ ∈ L2(ST )3. (29)

Let ϕ ∈ L2(ST )3, p ∈ N. We are going to estimate ‖wp(ϕ)‖HT . To this end,
using the abbreviation

βp(x, y) := x − y − εp · m(Ω)(y) for x ∈ Ω, y ∈ ∂Ω, (30)

we define for j, k,m ∈ {1, 2, 3}, x ∈ Ω, y ∈ ∂Ω, t ∈ (0,∞), σ ∈ (0, t),

Kp, j,k,0(x, y, t, σ ) := ζ (εp)(t) · K jk
(

βp(x, y), t − σ ),

Kp, j,k,m(x, y, t, σ ) := ζ (εp)(t) · ∂xm K jk
(

βp(x, y), t − σ
)

,

Lp, j,k(x, y, t, σ ) :=
∫ (t−σ )/2

0
r−1/2 · [ ζ (εp) ′(t − r ) · K jk

(

βp(x, y), t − σ − r
)

+ζ (εp)(t − r ) · ∂t K jk
(

βp(x, y), t − σ − r
) ]

dr

+ 21/2 · (t − σ )−1/2 · ζ (εp)
(

(t + σ )/2
) · K jk

(

βp(x, y), (t − σ )/2
)

− (1/2) ·
∫ t−σ

(t−σ )/2
r−3/2 · ζ (εp)(t − r ) · K jk

(

βp(x, y), t − σ − r
)

dr,

Mp, j,k(x, y, t, σ ) := ζ (εp) ′(t) · K jk
(

βp(x, y), t − σ
)

+ζ (εp)(t) · ∂t K jk
(

βp(x, y), t − σ
)

.

Inequalities (23), (27) and (14) imply

| ∂ l
t ∂

α
x

[

ζ (εp)(t) · K jk
(

βp(x, y), t − σ
) ] | ≤ C(κ2) · ε−3/2−|α|/2−l

p (31)

for x ∈ Ω, y ∈ ∂Ω, t ∈ (0, T ), σ ∈ (0, t), and for α ∈ N
3
0, l ∈ N0 with

|α| + l ≤ 1. Thus we see that the functions Kp, j,k,m and Mp, j,k are bounded, and

|Lp, j,k(x, y, t, σ )| ≤ C(εp, κ2) · ( (t − σ )1/2 + (t − σ )−1/2 ) (32)

for x, y ∈ ∂Ω, t ∈ (0,∞), σ ∈ (0, t), 1 ≤ j, k ≤ 3. As a consequence, we may
define

Ap, j,k,m(ψ)(x, t) :=
∫ t

0

∫

∂Ω

Kp, j,k,m(x, y, t, σ ) · ψ(y, σ ) dΩ(y) dσ

for j, k ∈ {1, 2, 3}, m ∈ {0, 1, 2, 3}, x ∈ ∂Ω, t ∈ (0, T ), ψ ∈ L2(ST ). In
addition, we may introduce Bp, j,k(ψ) and Cp, j,k(ψ) in the same way as Ap, j,k,m(ψ),
but with the kernel Kp, j,k,m replaced by Lp, j,k and Mp, j,k , respectively, and with
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x ∈ Ω instead of x ∈ ∂Ω in the case of Cp, j,k(ψ). By referring to (26), it may be
shown that

∂t

(∫ t

0
(t − r )−1/2 · wp, j (ϕ)(x, r ) dr

)

(33)

=
3

∑

k=1

∫

∂Ω

∂t

(∫ t

0
ϕk(y, σ ) ·

∫ t

σ

(t − r )−1/2 · ζ (εp)(r )

·K jk
(

βp(x, y), r − σ
)

dr dσ
)

dΩ(x)

=
3

∑

k=1

∫ t

0

∫

∂Ω

Lp, j,k(x, y, t, σ ) · ϕk(y, σ ) dΩ(y) dσ =
3

∑

k=1

Bp, j,k(ϕk)(x, t)

for j ∈ {1, 2, 3}, x ∈ ∂Ω, t ∈ (0, T ). Let E : H 1/2(∂Ω) �→ H 1(Ω) be a linear
bounded extension operator. Using the equation divxwp(ϕ)(x, t) = 0

(

x ∈ Ω, t ∈
(0, T )

)

, we get for t ∈ (0, T ), v ∈ H 1(∂Ω),

∫

∂Ω

(

∂twp(ϕ)(x, t) · n(Ω)(x)
) · v(x) dΩ(x) (34)

=
3

∑

j=1

∫

Ω

∂twp, j (ϕ)(x, t) · ∂ j E(v)(x) dx

=
3

∑

j,k=1

∫

Ω

∫ t

0

∫

∂Ω

Mp, j,k(x, y, t, σ ) · ϕk(y, σ ) dΩ(y) dσ · ∂ j E(v)(x) dx

=
3

∑

j,k=1

∫

Ω

Cp, j,k(ϕk)(x, t) · ∂ j E(v)(x) dx

≤
3

∑

j,k=1

‖Cp, j,k(ϕk)( · , t)‖2 · ‖v‖1/2, 2.

Since ‖v‖1/2,2 ≤ C · ‖v‖1,2 for v ∈ H 1(∂Ω), and in view of (33) and (34), we
may conclude

‖wp(ϕ) | ST ‖HT (35)

≤ C ·
3

∑

j,k=1

( 3
∑

m=0

‖Ap, j,k,m(ϕk)‖2 + ‖Bp, j,k(ϕk)‖2 + ‖Cp, j,k(ϕk)‖2

)

.

Next we indicate an observation which follows from (25) and (14), and which
holds for x, y ∈ ∂Ω, t ∈ (0, T ), σ ∈ (0, t), j, k ∈ {1, 2, 3} and α ∈ N

3
0 with

|α| ≤ 1:
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|∂αx K jk
(

βp(x, y), t − σ )| ≤ C(κ2) · (κ2 − κ1)1/2 · H1(x − y, t − σ ), (36)

with

H1(z, r ) := χ(0,1)(r ) · r−15/16 · |z|−13/8 + χ(1,∞)(r ) · r−5/4

for r ∈ (0,∞), z ∈ R
3\{0}. By referring to (25), (27), (14), we obtain for

x, y, t, σ, j, k as in (36),

|L jk(x, y, t, σ )| ≤ C(κ2) · (κ2 − κ1)1/2

·
(∫ (t−σ )/2

0
r−1/2 · [χ(1,∞)(t − r ) · (t − r )−1 · (|x − y|2 + t − σ − r )−5/4

+ (|x − y|2 + t − σ − r )−7/4 + (|x − y|2 + t − σ − r )−9/4
]

dr

+ (t − σ )−1/2 · (|x − y|2 + t − σ )−5/4

+
∫ t−σ

(t−σ )/2
r−3/2 · (|x − y|2 + t − σ − r )−5/4 dr

)

≤ C(κ2) · (κ2 − κ1)1/2 ·
([

(t − σ )−1 · (|x − y|2 + t − σ )−5/4

+ (|x − y|2 + t − σ )−7/4 + (|x − y|2 + t − σ )−9/4
] ·

∫ (t−σ )/2

0
r−1/2 dr

+ (t − σ )−1/2 · (|x − y|2 + t − σ )−5/4

+ (t − σ )−3/2 ·
∫ t−σ

(t−σ )/2
(|x − y|2 + t − σ − r )−5/4 dr

)

≤ C(κ2) · (κ2 − κ1)1/2 ·
((

1+ (t − σ )−1/2
) · (|x − y|2 + t − σ )−5/4

+ χ(1,∞)(t − σ ) · (t − σ )−3/2 · |x − y|−1/2

+ χ(0,1)(t − σ ) · (t − σ )−3/2 · |x − y|−13/8 ·
∫ t−σ

(t−σ )/2
(t − σ − r )−7/16 dr

)

≤ C(κ2) · (κ2 − κ1)1/2 · H2(x − y, t − σ ), (37)

where we used the following notation, for z ∈ R
3\{0}, r ∈ (0,∞),

H2(z, r ) := χ(1,∞)(r ) · r−5/4 · |z|−1/2 + χ(0,1)(r ) · r−15/16 · |z|−13/8.

Moreover, due to (24), (25), (27) and (14), we get for x ∈ Ω and for y, t, σ, j, k
as in (36),

|Mp, j,k(x, y, t, σ )| (38)

≤ C · ( |ζ (εp) ′(t)| · |K jk
(

βp(x, y), t − σ )| + |∂t K jk
(

βp(x, y), t − σ )| )
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≤ C(κ2) · (κ2 − κ1)1/2 · [ (|x − y|2 + t − σ )−5/4 + (|x − y|2 + t − σ )−3/2

+(|x − y|2 + t − σ )−2
]

≤ C(κ2) · (κ2 − κ1)1/2 · H3(x − y, t − σ ),

with

H3(z, r ) := χ(1,∞)(r ) · r−5/4 + χ(0,1)(r ) · r−15/16 · |z|−17/8

for z ∈ R
3\{0}, r ∈ (0,∞). Applying Lemma 3 with A = B = ST , F1 = F2 =

F1/2, we get in the case i ∈ {1, 2} that

(∫ T

0

∫

∂Ω

(∫ T

0

∫

∂Ω

Hi (x − y, t − σ ) · |ϕ(y, σ )| dΩ(y) dσ
)2

dΩ(x) dt
)1/2

(39)

≤ C · ‖ϕ‖2.

Also by Lemma 3, this time with A = Ω × (0, T ), B = ST , F1 = F2 = F1/2,

(∫ T

0

∫

Ω

(∫ T

0

∫

∂Ω

χ(1,∞)(t − σ ) · (t − σ )−5/4 · |ϕ(y, σ )| dΩ(y) dσ
)2

dx dt
)1/2

(40)

≤ C · ‖ϕ‖2.

When we apply Lemma 3 with A = Ω × (0, T ), B = ST ,

F1(x, t, y, σ ) := χ(0,1)(t − σ ) · (t − σ )−15/32 · |x − y|−7/8

for x ∈ Ω, y ∈ ∂Ω, t, σ ∈ (0,∞), and with F2 defined in the same way as F1,
except that the exponent −7/8 is replaced by −5/4, we arrive at the estimate

(∫ T

0

∫

Ω

(∫ T

0

∫

∂Ω

χ(0,1)(t − σ ) · (t − σ )−15/16 · |x − y|−17/8 (41)

·|ϕ(y, σ )| dΩ(y) dσ
)2

dx dt
)1/2

≤ C · ‖ϕ‖2.

Inequalities (40) and (41) imply

(∫ T

0

∫

Ω

(∫ T

0

∫

∂Ω

H3(x − y, t − σ ) · |ϕ(y, σ )| dΩ(y) dσ
)2

dx dt
)1/2

(42)

≤ C · ‖ϕ‖2.

Combining (35), (36), (37), (38), (39) and (42) yields ‖wp(ϕ) | ST ‖HT ≤ C(κ2) ·
(κ2 − κ1)1/2 · ‖ϕ‖2. This is true for any p ∈ N. Thus inequality (21) follows with
(29). An obvious application of (24), (14) and the mean value theorem yields
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∣
∣
∣

3
∑

k=1

(

∂i K jk(x − y + ε · m(Ω)(x), t − σ )− ∂i K jk(x − y − ε · m(Ω)(x), t − σ )
)∣
∣
∣

≤ C(κ2) ·min
{

(|x − y|2 + t − σ )−3/2, ε · (|x − y|2 + t − σ )−2
}

≤ C(κ2) · ε1/4 · (|x − y|2 + t − σ )−13/8

for x, y ∈ ∂Ω, t ∈ (0, T ), σ ∈ (0, t), 1 ≤ i, j ≤ 3, ε ∈ (0,D2]. Now the relation
in (22) follows after an integration over St , for t ∈ (0, T ).

Let us finally suppose that T <∞. Recalling the abbreviation introduced in (30),
we may conclude from (23), (24), (14) that for x ∈ Ω, y ∈ ∂Ω, t ∈ (0, T ), p, q ∈
N, j, k ∈ {1, 2, 3}, l ∈ N, α ∈ N

3
0 with |α| + l ≤ 1,

|∂ l
t ∂

α
x K jk

(

βp(x, y), t
)− ∂ l

t ∂
α
x K jk

(

βq (x, y), t
)|

≤
∑

ν∈{p,q}
|∂ l

t ∂
α
x K jk

(

βν(x, y), t
)|7/8

· |∂ l
t ∂

α
x K jk

(

βp(x, y), t
)− ∂ l

t ∂
α
x K jk

(

βq (x, y), t
)|1/8

≤ C(κ2, T ) · (κ2 − κ1)7/8 · (|x − y|2 + t)7·(−1−|α|/2−l)/8

·
∣
∣
∣

∫ 1

0

3
∑

i=1

∂ l
t ∂

α
x ∂i K jk

(

x − y − (εq + ϑ · (εp − εq )) · m(Ω)(y), t
)

· (εp − εq ) · m(Ω)
i (y) dϑ

∣
∣
∣

1/8

≤ C(T, κ2) · (|x − y|2 + t)
7
8 (−1− |α|2 −l)·

|εp − εq | 1
8 · (|x − y|2 + t)(−2− |α|2 − l

8 )

≤ C(T, κ2) · |εp − εq |1/8 · (|x − y|2 + t)−9/8−|α|/2−l .

(43)

Now it is easy to show with (24) and (27) that in the situation of (43), with
σ ∈ (0, t),

|∂ l
t ∂

α
x

[

ζ (εp)(t)K jk
(

βp(x, y), t − σ
) ]− ∂ l

t ∂
α
x

[

ζ (εq )(t)K jk
(

βq (x, y), t − σ
) ]|

≤ C(T, κ2)|εp − εq |1/8(|x − y|2 + t − σ )−9/8−|α|/2−l .

Due to this inequality, one may use similar arguments as in the proof of (21), but
with simplifications because of the assumption T <∞, to obtain

‖(wp(ϕ)− wq (ϕ)
) | ST ‖HT ≤ C(T, κ2) · |εp − εq |1/8 · ‖ϕ‖2 for p, q ∈ N.

It follows with (29) that

sup
{ ‖wp(ϕ)− (F(κ2)

T − F
(κ1)
T )(ϕ)‖HT /‖ϕ‖2 : ϕ ∈ L2

n(ST )\{0} } −→ 0 (44)
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for n → ∞. On the other hand, take p ∈ N. Since T < ∞ and the functions
Kp, j,k,m and Mp, j,k are bounded (see (31)), and because of (32), we may conclude
that Ap, j,k,m, Bp, j,k and Cp, j,k are compact as operators from L2(ST ) into L2(ST ).
Thus, due to (35), it follows that the operator Wp : L2

n(ST ) $ ψ �→ wp(ψ) | ST ∈
HT is compact. In view of (44), this means that F

(κ2)
T − F

(κ1)
T : L2

n(ST ) �→ HT is
compact. ��
Theorem 5 (jump relations) Let T ∈ (0,∞], κ ∈ [0,∞), ϕ ∈ L2(ST )3, j ∈
{1, 2, 3}, and put V := V

(κ)(ϕ) | (R3\∂Ω)× (0, T ). Then

Q(ϕ)
(

x + ε · m(Ω)(x), t
)− Q(ϕ)

(

x − ε · m(Ω)(x), t
) −→ n(Ω)(x) · ϕ(x, t),

3
∑

k=1

((

∂k Vj − δ jk · Q(ϕ)
)(

x + ε · m(Ω)(x), t
)) · n(Ω)

k (x)

−
3

∑

k=1

((

∂k Vj − δ jk · Q(ϕ)
)(

x − ε · m(Ω)(x), t
)) · n(Ω)

k (x) −→ −ϕ j (x, t)

for ε ↓ 0, for a. e. x ∈ ∂Ω, t ∈ (0, T ).

Proof See (13) and [19, Lemma 2.3.4] in the case κ = 0. The statement for κ > 0
follows with (22). ��

Now we may establish a result which serves to prove uniqueness of a solution to
the integral equation (11). The general approach for proving this result is standard,
but in our particular situation, the problem consists in interpreting all the integrals
involved in a rigorous way.

Theorem 6 Let T ∈ (0,∞], κ ∈ [0,∞) ϕ ∈ L2
n(ST ) with F

(κ)
T (ϕ) = 0. Then

ϕ = 0.

Proof Let T̃ ∈ (0, T ). For p ∈ N, we put εp := min {1, D2}/p, and we set for
j ∈ {1, 2, 3}, x ∈ R

3 with dist(x,U ) < D1 · εp/2, t ∈ [0, T̃ ],

V (p)
j (x, t) :=

∫ t

0

∫

∂Ω

3
∑

k=1

Λ jk
(

x − y + εp · m(Ω)(y), t − σ, κ
)

(45)

·ϕk(y, σ ) dΩ(y) dσ,

Q(p)(x, t) :=
∫

∂Ω

3
∑

k=1

Ek
(

x − y + εp · m(Ω)(y)
) · ϕk(y, t) dΩ(y). (46)

By (13), (14) and Lemma 5, we have for 1 ≤ j, k ≤ 3, p ∈ N, t ∈ [0, T̃ ] that

V (p)
j ( · , t), Q(p)( · , t) ∈ C∞(Up), ∂k V (p), V (p) ∈ C0

(

Up × [0, T̃ ])3

with Up := {x ∈ R
3 : dist(x,U ) < D1 · εp/2}. It further follows that the derivative

∂t V (p)(x, t) exists for x ∈ Up and for a. e. t ∈ (0, T̃ ), with
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∂t V
(p)
j (x, t) =

∫ t

0

∫

∂Ω

3
∑

k=1

∂tΛ jk
(

x − y + εp · m(Ω)(y), t − σ, κ
)

(47)

·ϕk(y, σ ) dΩ(y) dσ − ∂x j Q(p)(x, t),

∂t V
(p)
j (x, t)−Δx V (p)

j (x, t)+ τ · ∂x1 V (p)
j (x, t)+ ∂x j Q(p)(x, t) = 0. (48)

We may conclude from (47) and (14) that

|∂t V
(p)
j (x, t)| ≤ C(T̃ , p) · ‖ϕ( · , t)‖2 for x ∈ Up, t ∈ (0, T̃ ). (49)

This means in particular the function ∂t V (p)(x, · ) is square integrable on (0, T̃ ).
On the other hand, this function is not only the pointwise, but also the weak deriva-
tive of V (p)(x, · ) on (0, T̃ ). Since V (p)(x, · ) is continuous on [0, T̃ ], we thus have
V (p)(x, · ) ∈ H 1

(

(0, T̃ )
)3

. Moreover, for p, q ∈ N, R ∈ [R0,∞), we get from
(48) that

0 =
∫ T̃

0

∫

BR\Ω

(

∂t V
(p) −Δx V (p) + τ · ∂x1 V (p) + ∇x Q(p)

) · V (q) dx dt,

hence by partial integration and the equation divx V (p) = 0,

0 =
∫ T̃

0

∫

∂BR∪∂Ω

3
∑

j, k= 1

(

(−∂k V (p)
j + δ jk Q(p)

)

V (q)
j

)

(x, t)N (R)
k (x) dox dt

+
∫ T̃

0

∫

ΩR

(

(∇x V (p)∇x V (q))+ τ (∂x1 V (p)V (q))+ (∂t V
(p)V (q))

)

(x, t) dx dt,

(50)

where N (R) : ∂ΩR �→ R
3 denotes the outward unit normal to ΩR := BR\Ω , that is,

N (R)(x) := R−1 · x for x ∈ ∂BR, N (R) := −n(Ω)(x) for x ∈ ∂Ω . Now abbreviate
V := V

(τ )(ϕ). As explained in the proof of [5, Theorem 2.4], we have

‖( V (p) −V
) |ΩR × (0, T̃ )‖1,2 → 0, (p →∞)

‖(V (p) −V) | ST̃ ‖2 → 0, (p →∞).
(51)

Recalling that V|ST = F
(κ)
T (ϕ) = 0 by the choice of ϕ, and noting that the

function V |ΩR × (0, T ) belongs to L2(0, T, H 1(ΩR)3) by Theorem 2, we may
thus deduce from (50) and (49), by first letting q, and then p, tend to zero,

0 =
∫ T̃

0

∫

∂BR

( 3
∑

j, k= 1

(

(−∂xk V j (x, t)+ δ jk Q(ϕ)(x, t)
)

V j (x, t)
)

xk/R dox dt

+
∫ T̃

0

∫

ΩR

( |∇xV(x, t)|2 + τ∂x1V(x, t)V(x, t)
)

dx dt
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+ lim
p→∞

∫ T̃

0

∫

ΩR

∂t V
(p)(x, t)V(x, t) dx dt. (52)

On the other hand, referring to (51) and the relation V|ST = F
(κ)
T (ϕ) = 0, we get

∫ T̃

0

∫

ΩR

∂x1V(x, t) ·V(x, t) dx dt (53)

= lim
p→∞

∫ T̃

0

∫

ΩR

∂x1 V (p)(x, t) · V (p)(x, t) dx dt

= lim
p→∞

∫ T̃

0

∫

∂BR∪∂Ω
(1/2) · |V (p)(x, t)|2 · N (R)(x) dox dt

=
∫ T̃

0

∫

∂BR

(1/2) · |V(x, t)|2 · x1/R dox dt.

Let us determine the remaining limit in (52). To this end, we first observe that for
j ∈ {1, 2, 3}, p ∈ N, x ∈ ΩR, t ∈ (0, T̃ ), the following relations are valid:

|V (p)(x, t)−V(x, t)|

=
∣
∣
∣

∫ t

0

∫

∂Ω

3
∑

k, l = 1

∫ 1

0
∂lΛ jk

(

x − y + ϑ · εp · m(Ω)(y), t − σ, κ
)

dϑ · εp

·m(Ω)
l (y) · ϕk(y, σ ) dΩ(y) dσ

∣
∣
∣

≤ C(κ, R) · εp ·
∫ t

0

∫

∂Ω

(|x − y|2 + t − σ )−2 · |ϕ(y, σ )| dΩ(y) dσ,

where we used Lemma 5 with K = 2 · R and (14) in the last estimate. By Lemma 3
with A = ΩR × (0, T̃ ), B = ST̃ ,

F1(x, t, y, σ ) := χ(0,∞)(t − σ ) · (|x − y|2 + t − σ )−7/8,

F2(x, t, y, σ ) := χ(0,∞)(t − σ ) · (|x − y|2 + t − σ )−9/8

for x ∈ ΩR, y ∈ ∂Ω, t, σ ∈ (0, T̃ ), we get

‖(V (p) −V) |ΩR × (0, T̃ )‖2 ≤ C(κ, T̃ , R) · εp · ‖ϕ‖2 for p ∈ N. (54)

On the other hand, we refer to (14), (47), Lemma 5 with K = 2 · R, and to
Lemma 3 with A, B, F2, F1 as above, except that the exponent −7/8 in the defini-
tion of F1 is replaced by −15/16. It follows for p ∈ N, 1 ≤ j ≤ 3,

(∫ T̃

0

∫

ΩR

|∂t V
(p)
j (x, t)+ ∂x j Q(p)(x, t)|2 dx dt

)1/2
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≤
(∫ T̃

0

∫

ΩR

∣
∣
∣

∫ t

0

∫

∂Ω

3
∑

k=1

∂tΛ jk
(

x − y + εpm(Ω)(y), t − σ, κ
)

· ϕk(y, σ ) dΩ(y) dσ
∣
∣
∣

2
dx dt

)1/2

≤ C(R) ·

·
(∫ T̃

0

∫

ΩR

(∫ t

0

∫

∂Ω

≤ (

(|x − y| + εp)2 + t − σ
)−5/2|ϕ(y, σ )| dΩ(y) dσ

)2
dx dt

)1/2

≤ C(R)ε−7/8
p ·

·
(∫ T̃

0

∫

ΩR

(∫ t

0

∫

∂Ω

(|x − y|2 + t − σ )−33/16 · |ϕ(y, σ )| dΩ(y) dσ
)2

dx dt
)1/2

(55)

≤ C(κ, T̃ , R) · ε−7/8
p · ‖ϕ‖2.

A similar argument yields

(∫ T̃

0

∫

ΩR

|∂x j Q(p)(x, t)|2 dx dt
)1/2

≤ C · ε−7/8
p ·

(∫ T̃

0

∫

ΩR

(∫

∂Ω

|x − y|−17/8 · |ϕ(y, t)| dΩ(y)
)2

dx dt
)1/2

≤ C(T̃ , R) · ε−7/8 · ‖ϕ‖2

for p ∈ N, 1 ≤ j ≤ 3. Due to (54), (55), (47) and the preceding estimate, we may
conclude for p ∈ N that

∣
∣
∣

∫ T̃

0

∫

ΩR

∂t V
(p) · (V− V (p)) dx dt

∣
∣
∣ ≤ C(κ, T̃ , R) · ε1/8

p · ‖ϕ‖2
2.

Thus we get

lim
p→∞

∫ T̃

0

∫

ΩR

∂t V
(p) ·V dx dt = lim

p→∞

∫ T̃

0

∫

ΩR

∂t V
(p) · V (p) dx dt (56)

= lim
p→∞

∫

ΩR

( |V (p)(x, T̃ )|2 − |V (p)(x, 0)|2 )/2 dx =
∫

ΩR

|V(x, T̃ )|2/2 dx .

We note that the partial integration in (56) is justified because the function
V (p)(x, · ) belongs to C0([0, T̃ ])3 and to H 1

(

(0, T̃ )
)3

, for x ∈ Up, p ∈ N, as
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observed above. The last equation in (56) follows from (14) and Lebesgue’s theorem
on dominated convergence; compare the proof of [5, Theorem 2.4], in particular [5,
(33)]. Also note that V (p)(x, 0) = 0 for p ∈ N, x ∈ Up. Equation (52), (53) and
(56) yield

0 =
∫ T̃

0

∫

∂BR

( 3
∑

j,k=1

−∂xk V j (x, t)V j (x, t)xk/R (57)

+ (τ/2)|V(x, t)|2x1/R + Q(ϕ)(x, t)R−1
(

xV(x, t)
))

dox dt

+
∫ t

0

∫

ΩR

|∇xV(x, t)|2 dx dt + (1/2)
∫

ΩR

|V(x, T̃ )|2 dx .

We have
∫ T̃

0

∫

U |∇xV(x, t)|2 dx dt < ∞ and
∫

U |V(x, T̃ )|2 dx < ∞, according
to [5, Corollary 3.1]. Moreover, by Lemma 5 with K = R0/2,

|∂αV(x, t)| ≤ C(κ, T̃ , R0) · ‖ϕ‖2 · |x |−3/2−|α|/2,

|Q(ϕ)(x, t)| ≤ C(κ, T̃ )‖ϕ‖2 · |x |−2

for x ∈ Bc
R0
, t ∈ (0, T̃ ), α ∈ N

3
0 with |α| ≤ 1. Thus, letting R tend to infinity in

(57), we obtain

0 =
∫ T̃

0

∫

U
|∇xV(x, t)|2 dx dt + (1/2)

∫

U
|V(x, T̃ )|2 dx . (58)

Since T̃ is an arbitrary number in (0, T ), and because V|ZT is continuous, we
may conclude that V|ZT = 0. Therefore Eq. (7) (verified according to Lemma 6),
the assumption that U is connected, and the decay of Q(ϕ)(x, t) for |x | → ∞ imply
that Q(ϕ)(x, t) = 0 for x ∈ U and for a. e. t ∈ (0, T ).

Next we define V (−p)(x, t) and Q(−p)(x, t) in the same way as respectively
V (p)(x, t) and Q(p)(x, t) in (45) and (46), but for x ∈ R

3 with dist(x,Ω) < D1 ·εp/2
instead of x ∈ Up, and with the term−y+εp ·m(Ω)(y) replaced by−y−εp ·m(Ω)(y).
By a reasoning analogous to (but somewhat simpler than) the one which led to (58),
we may show that V |Ω×(0, T ) = 0 and that for a. e. t ∈ (0, T ), there is cin(t) ∈ R

with Q(ϕ)(x, t) = cin(t) for x ∈ Ω . It follows that

Q(ϕ)(x + εp · m(Ω)(x), t)− Q(ϕ)(x − εp · m(Ω)(x), t) → −cin(t) (p →∞)

for x ∈ ∂Ω and for a. e. t ∈ (0, T ). Thus we may conclude from Theorem 5 that
−cin(t) = n(Ω)(x) · ϕ(x, t) for a. e. x ∈ ∂Ω, t ∈ (0, T ), hence

−cin(t) ·
∫

∂Ω

dΩ(x) =
∫

∂Ω

n(Ω)(x) · ϕ(x, t) dΩ(x) for a. e. t ∈ (0, T ).
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Since ϕ ∈ L2
n(∂Ω), we arrive at the equation cin(t) = 0 for a. e. t ∈ (0, T ). But

V | (R3\∂Ω)× (0, T ) = 0, as proved above, so we have

3
∑

k=1

(

∂k(V j |O)− δ jk · Q(ϕ)
)(

x + εp · m(Ω)(x), t
) · n(Ω)

k (x)−

3
∑

k=1

(

∂k(V j |O)− δ jk · Q(ϕ)
)(

x − εp · m(Ω)(x), t
) · n(Ω)

k (x) → 0 (p →∞)

for 1 ≤ j ≤ 3, a. e. x ∈ ∂Ω, t ∈ (0, T ), where we used the abbreviation O :=
(R3\∂Ω)× (0, T ). Now Theorem 5 yields ϕ = 0. ��

At this point we may prove the invertibility of the operator F
(τ )
T .

Corollary 2 Let T ∈ (0,∞]. Then the operator F (τ )
T : L2

n(ST ) �→ HT is linear,
bounded and bijective.

Proof Let κ ∈ (0,∞). For any T ′ ∈ (0,∞), the operator F
(κ)
T ′ − F

(0)
T ′ is linear,

bounded and compact; see Theorem 4. Theorem 3 now implies that F
(κ)
T ′ is linear,

bounded and closed range for T ′ ∈ (0,∞). Since F
(κ)
T ′ (ϕ|ST ′) = F

(κ)
T (ϕ) | ST ′ for

T ′ ∈ (0, T ), ϕ ∈ L2
n(ST ), it is not difficult to conclude that F

(κ)
T is also closed-range

even if T = ∞. A detailed argument may be found in the proof of [3, Lemma 12].
On the other hand, we know by Theorem 6 that the operator F

(κ)
T is one-to-one, and

by Theorem 3 and 4 that it is bounded. Thus this operator is linear, bounded and
semi-Fredholm. This is true for any κ ∈ (0,∞). Due to inequality (21), the index
of this operator is stable with respect to κ . In this respect, we refer to [17, Theorem
I.3.11], where Fredholm operators are considered. But the result stated there also
holds for semi-Fredholm operators. To see this, it suffices to replace the reference to
[17, Theorem I.3.5] in [17] by a reference to [14, p. 235, Theorem 5.17] (stability of
the index of semi-Fredholm operators with respect to small perturbations). But by
Theorem 3, the index of F

(0)
T equals zero. Thus we may conclude that the operator

F
(τ )
T also has index zero. Recalling that the latter operator is one-to-one (Theorem 6),

we thus obtain that it is even bijective. ��
The preceding corollary means that we may solve the integral equation in (11) if its
right-hand side is in HT :

Corollary 3 Let T ∈ (0,∞], c ∈ HT . Then there is a unique function ϕ ∈ L2
n(ST )

which solves (11). There is C = C(τ,Ω) > 0 such that ‖ϕ‖2 ≤ C · ‖F(τ )
T (ϕ)‖HT for

ϕ ∈ L2
n(ST ).

Proof We still have to show that the constant C does not depend on T ∈ (0,∞]. To
this end, suppose that T ∈ (0,∞). For b ∈ HT , x ∈ ∂Ω, t ∈ (0,∞), define

GT (b)(x, t) := b(x, t) if t ≤ T, GT (b)(x, t) := b(x, 2T − t) if t ∈ (T, 2T ],

GT (b)(x, t) := 0 if t > 2 · T .
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Then GT (b) ∈ HT and

‖GT (b)‖H∞ ≤ C · ‖b‖HT for b ∈ HT . (59)

The proof of this result is not trivial; we refer to [1] for details. To indicate a
possible way to proceed, we mention that for x ∈ R

3, t ∈ [0, T ], v ∈ H̃T ,

v(x, t) = B(1/2, 1/2)−1/2 ·
∫ t

0
(t − s)−1/2 · ∂1/2

4 v(x, s) ds, (60)

where B denotes the usual beta function. By applying (60) to v(x, t) for t ≤ T and
to v(x, 2 · T − t) for t ∈ (T, 2 · T ), it is possible to prove that

‖∂1/2
4 GT (v|ST )‖2 ≤ C · ( ‖v|ST ‖2 + ‖∂1/2

4 v|ST ‖2
)

for v ∈ H̃T .

Then inequality (59) may be established by some obvious additional estimates.
Once an extension operator GT from HT to H∞ with (59) is available, the corollary
follows from Corollary 2 with T = ∞. ��
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