A Potential-Theoretic Approach
to the Time-Dependent Oseen System

Paul Deuring

Abstract We consider an initial-boundary value problem for the time-dependent
Oseen system in a 3D exterior domain. This problem is reduced to an integral equa-
tion for the single layer potential related to the the Oseen system. The resolution of
this integral equation, in turn, is reduced to a result by Shen, American Journal of
Mathematics, 113, 293-373, 1991 on the nonstationary Stokes system.
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1 Introduction
Let 2 C R? be a bounded Lipschitz domain with connected boundary, and let U
denote the exterior domain R? \5. Take T € (0, oo]. Then we consider the time-
dependent Oseen system on Zy := U x (0, T),
U —Ayu+71v-0qu+Vep=f, div,u=0 inZr, (D
with a Dirichlet boundary condition on d£2 and zero velocity at infinity,
ul|Sr=»>b, u(x,t)—>0 (Jx] > oo0) for t € (0, 7), 2)
where S7 := 982 x (0, T). In addition, we impose an initial condition,
u(x,0) =a(x) for x e U. 3)
Our aim is to solve this initial-boundary value problem by means of potential the-

ory. As usual with this access, the given problem will be split into two subproblems.
The first is the Cauchy problem
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v—Av+Tt-0v+Vo=f div,v =0 in R? x 0, 1), 4)
v(x,1) > 0 (Jx] => o0) for t € (0, T), (@)
v(x,0) = a(x) for x € R, (6)

and the second the ensuing initial-boundary value problem:

ow—Aw+T-0,w+Ver =0, div,iw=0 in Zp, (7
w|St =b—v|Sr, wx,t) = 0 (Jx|] —> oo) for t € (0, 7), (8)
w(x,0) =0 for x € £2. 9)

The function v in (8) is the velocity part of the solution to (4), (5) and (6). Under
suitable assumptions on the functions @ and f, a solution of the Cauchy problem
(4), (5) and (6) is given by the convolution of an Oseen fundamental solution with f
and a, respectively. The convolution with f is performed with respect to the space
and the time variables and will be denoted by SR ( ). The convolution with a only
involves the space variables; we will denote it by 3P(a). (Precise definitions will
be given in Sect. 2.) The function RO (f) solves (4), (5) and (6) with @ = 0, and
3(a) is a solution of (4), (5) and (6) with f = 0, so the sum R (f) + TP (a)
satisfies (4), (5) and (6) without f or a necessarily vanishing. (Here and in the rest
of this introduction, when we discuss a solution of the Oseen system, we actually
consider only the velocity part of such a solution. Regarding the pressure part, we
refer to the main body of the paper.)

As concerns the second subproblem, that is, (7), (8) and (9), we want to solve it
by a single layer potential " (¢) with a suitable layer function ¢ € L*(S7)>. The
potential U™ () is defined as a Volterra integral in time and as a surface integral
on 952 in space (see (19)), and satisfies (7) and (9) for any ¢ € L?(S7)>. That latter
function is determined by the remaining condition (8), which takes the form

V()| Sy =b— (R(f)+37@)) | Sr. (10)

This is an integral equation on S7 with ¢ as unknown. Thus we are led to study
the integral equation

B (p)| Sy = c, (11)

where c is given and ¢ is looked for. It is the main purpose of the work at hand to
solve this problem.

To this end, we start from a result by Shen [19] involving the single layer potential
B9 () associated to the time-dependent Stokes system (Eq. (1) with t = 0). Shen
shows that the equation U ?(¢)|S; = ¢ admits a unique solution in the space
L2(Sr) of L2-vector fields on S7 having zero flux on 32 for a. e. t € (0,7),
provided the data ¢ belongs to a certain Sobolev space Hr involving a fractional
derivative with respect to the time variable. It is not straightforward to generalize
this result to the Oseen system because if 7 = oo, the mapping ¢ (‘B(T)(qa) —

‘B(O)(fp)) | St does not seem to be compact as an operator from Lﬁ(ST) into Hy.
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Instead of compactness, our argument uses the theory of Fredholm operators. With
this theory in mind, we show that the term () (¢) — 0 (¢) ) | St, considered as a
function of the Reynolds number « € [0, t], is continuous with respect to the norm
of operators from L%(Sy) into Hy (Theorem 4). The proof of this result is the main
difficulty we have to handle in order to solve (11).

Still there is another point which requires some effort, namely the proof of
uniqueness of the operator V()| Sy if ¢ is taken from Lﬁ(ST) (Theorem 6).
Although the general approach for obtaining this result is well known, in the present
context we have to deal with the problem of giving a sense to certain surface inte-
grals.

Once these two crucial points are settled, it may be shown by Fredholm theory
that B (p)| S7 as an operator from L%(ST) into Hy is bijective. Thus, for any
¢ € Hr, there is a unique solution ¢ € Lﬁ(ST) to equation (11); see Corollary 3.
This is the main result of the present article.

However, this result is not sufficient to solve equation (10). In fact, in order
to apply our theory for (11) to (10), we first have to make sure that (D‘i(’)( )+

3(’)(a)) | St belongs to Hr. If we do not want to restrict ourselves to smooth
functions, this relation is by no means obvious, in particular if 7 = oo, and
will be discussed in another paper [6]. Actually already in [4] we showed that
R(f)| Sy € Hy if the function f belongs to certain L”-spaces. But the crite-
rion in that reference is not well adapted to an eventual application to the non-
linear case (Navier-Stokes system with Oseen term) and should be considered as
preliminary. The result we prove in [6] should be more useful in this respect,
although we did not yet study the nonlinear case. Also in [6], we show that
39a)| Sy € Hy ifa € HP(U)? for some o € (1/2, 1]. Thus, in reference [6],
we are in a position to solve the integral equation (10) by applying Corollary 3
below to (11) with ¢ = b — (R(f) + 37(a)) | Sr. This means the function
(RO +37(a)+B(p) ) | Z7 is a solution of (1), (2) and (3). In [6], we further
show this solution to belong to a function space in which the usual weak solution
of (1), (2) and (3) is looked for. Since this space is a uniqueness space for (1),
(2) and (3), we may conclude that weak solutions may be represented by the sum
(ROf) +37@) + D (p)) | Zr ([6, Corollary 5.1]), at least if the data f, a and
b verify the assumptions we require in our theory. This representation formula, in
turn, is exploited in [6] in order to derive estimates of the spatial decay of solutions
to (1), (2) and (3) ([6, Corollary 5.2]).

The preceding indications, some of which will be made precise in Sect. 2 (The-
orem 1, Lemma 6, Theorem 2, Lemma 7, Corollary 1), should serve to convince
the reader that the resolution of Eq. (11) — the subject of the work at hand — is
an important element in a wider theory, and thus is worthwhile to be studied. We
remark that in [3], we already sketched the approach we present in the following
in order to solve (11). But reference [3] does not give a proof of the two crucial
result mentioned above (continuous dependence from the Reynolds number and
uniqueness of the single layer potential). What we did prove in [3], however, was
a useful estimate of the Oseen fundamental solution, although a term was forgotten
when this estimate was stated in [3, Lemma 3]. A correct formulation may be found



194 P. Deuring

below in Lemma 5. We finally remark that estimates of RO f) were derived in
[12, 13] in a different context. For other studies, based on different methods, of the
time-dependent Oseen system or of the resolvent problem associated to the Oseen
system, we refer to [8, 9, 15, 16, 20].

2 Notations, Definitions, Auxiliary Results

Recall the bounded Lipschitz domain §2 and the notations U := R3 \5, Zr =
Ux(0,T), St := 082 x (0,T) (T € (0, o)) introduced in Sect. 1. The set
£2 was supposed to have a connected boundary, so §2 and U are connected. Let
n*? denote the outward unit normal to £2. We choose a non-tangential vector field
m? e C(‘)’O(IE@)3 to £2. This means that m“?(x) = 1 for x from a neighbourhood
of 92, and there are constants 1, D, € (0, co) with

x4 8-mP) —x' =8 m D) =Dy (Ix = x| +18-81)  (12)
forx,x’ €982, 8,8 € [-D,, D»], and
x+8- mPx)eU, x—8 mP(x)e 2 for x €32, 5 (0,D,]. (13)

Some indications on how to construct such a field are given in [18, p. 246]. Since
£2 is only Lipschitz bounded, the relations in (12) and (13) do not hold in general
when m*?) is replaced by the outward unit normal to £2.

As explained in the proof of [5, Lemma 3.4], the relations in (12) and (13) imply
there is a constant ©3 > 0 only depending on £2 such that

Ix —y —k-m D) > D3 - (Ix — y| +«), (14)
lz—y+x-mPDy)|>D;-(z—y| +«)

fork € (0,D,], y € 302, x,z € R? with dist(x, 2) < D; - /2 and dist(z, U) <
D -k/2.

Put B, := {y € R® : |y| < r} forr € (0, 00). We fix some Ry > 0 with
2 c Brg, /2. We further define || := oy + a» + a3 (Iength of «) for multi-indices
o€ Ng. Pute; := (1,0, 0) and s(x) := |x| — x; for x € R>.

Let A C R? be open. Then we write H'(A) for the usual Sobolev space of order
1 and exponent 2. This space is to be equipped with its standard norm. Denote by
V the closure of the set {v € C°(U)* : divv = 0} with respect to that norm
(with A = U). The Sobolev spaces H'2(3£2) and H'(32) are to be defined in
the standard way; see [11, Chapter IIL.6], for example. Let || [li/2,2 and || [, 2,
respectively, denote their usual norm with respect to some local coordinates of 92
([11, Section II1.6.7]). Put

L2(382) == {v e L*(3R)° : f v-nde =0).
082
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Let T € (0, oo]. (Note that the case T = oo is admitted.) Then we put

L%(ST) ={velLl*Sr)’ :v(-,0e Li(B.Q) for almost every ¢ € (0, T)},
Hr == {v|Sr : veCPRY, v|R? x (-0, 0] = 0}.

Forv € Cl((—oo, T)) with v | (—oo, 0] = 0, and for ¢ € (0, T'), we put

0 vty :=T(1/2)7" 9, (/ (1= ) dr)
0

(“fractional derivative of v”), where I" denotes the usual gamma function. We fur-
ther define for v € Hy:

3, v(x, 1) == 8% (v(x, ))(t) for (x,1) € 32 x (0, 7).

For any v € L*(S7), we may define F, € L2(0, T, H1(8.Q)’) by setting
Fy(t)(0) = / v(x,1)-o(x)dx for o € H'(32) andfora.e. t € (0, T).
IR
We will write v instead of F,,. For v € I:VT, set

T
2
Il = (/ (||v<-,z>|arz||%,2+f 8, v 0 [P d2)
0 082
@12 1/2
HAC 0 D0, ) dr)

The mapping || ||, is a norm on ﬁT. Let the space Hr consist of all functions
v € Lfl(Sr) such that there exists a sequence (w,) in Hr with the property that
lv — w,|Srll> — 0, and such that (w, | S7) is a Cauchy sequence with respect
to the norm || || g,. This means in particular that the sequence (||w,1 | ST||HT) is
convergent. Its limit value does not depend on the choice of the sequence (w,) with
the above properties. Thus, for v € Hr, we may define the quantity ||v| g, in an
obvious way. The mapping || ||z, is a norm on Hr, and the pair ( Hr, || |lg, )isa
Banach space.

Let us present some auxiliary results.

Lemma 1 ([0, Lemma 4.3]) Let B € (1, 00). Then there is a constant C = C(B)
such that faB,(l —|—s(x))_ﬁ do, <C-r for r € (0,00).

Lemma 2 ([7, Lemma 4.8]) There is C > 0 such that for x,y € R3, « € (0, 00),
the following inequality holds:

(1+K~s(x—y))_] < C~max{1,fc}'(1+|y|)-(1+Kos(x))_1.
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Lemma 3 (Compare [2, Lemma 4.9]) Let 2, B be measurable spaces equipped

with the measure | and v, respectively. Let F, Fy, F) : 2 x 8 — [0,00), f :
B — [0, 00) be measurable functions. Suppose that F = F - F». Then

2 1/2
( f%( f% F@x,y) - f0) dvy) du) " = C-Ifl, (15)
with

¢ = (sup] /% Fitx, 2 dv(y) | - sup | /Q[ Fe, ) dpo))

xe2l ye'B

Proof Holder’s inequality yields that the left-hand side of (15) is bounded by

(AL(/% Fi(x, y)? dV(Y)) : (/% Falx, v - f()? d\)(y)) d,u(x))l/z'

Thus the lemma follows after an application of Fubini’s theorem. O

Next we introduce the fundamental solutions we will consider in what follows.
Let §) denote the usual fundamental solution of the heat equation in R?, that is,

Bz 1) =@ 1) e HED for (z,1) € R? x (0, 00),
9z, 1) =0 for (z,1) € (R* x (—o0, 0])\{0}.

We further introduce a fundamental solution of the time-dependent Stokes system
by setting as in [19]

ij(Z,t) = 5‘/']( '57)(Z,t)+/ ajaka(Z,S) ds,
t

Ex(x):=@-m)" - |x| 7

(16)

for(z,t) e G .= (R3 x [0, oo))\{O}, X € R3\{0}, 1 < j, k < 3. Finally we define
the velocity part of a fundamental solution of the time-dependent Oseen system
(with Reynolds number «) by putting

Aj(z, t,k) =Ti(z—k -t-e, t) for (z,1) € G, jkefl, 2, 3}

An associated pressure part is given by the functions Ej introduced in (16).

Lemma 4 The relations $ € C®(R*\{0}), Ty € C*(G) and Ey € C>®(R3\{0})
holgivforg < j,k < 3. Moreover, forl € Ny, a € N3, there is C = C(,a) >
0, C = C(x) > O with

| 9/09(z, 1) | + | 0{0% Tjn(z, 1) | < C - (|2 + 1) /27 112,
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|02 Ex(0)] < C - x| 7271

forz e R?, t €(0,00), x e R3\{0}, 1 <j,k<3.
For the Oseen fundamental solution, the following estimate holds:

Lemma 5 The function Aji(-, -, k) belongs to the space C*(G), fork >0, 1 <
j,k <3.Forany K >0, a € Ng, [ € Ny, there is some C(K, o, 1) > 0 with

|8/0% A ju(z, t, 1) |

|| lof ]

3 1, _3 e, 3 el 1
<CK,a, D) -max{l,k}272 7 (y(z,0)" 272 "4y 0) 2 27 2),
forz, t, j, k as in Lemma 4, and for k € (0, 00), where
vy t)=lzP+1 if 2] < K, y@ =z (1+k-5))+1 if z| > K.

Proof Reference [3, Lemma 2], Lemma 4. O

Let us now fix a Reynolds number t € (0, 00). In the following, the symbol € will

always denote constants only depending on §2, Ry and t. We write &(yy, ..., Vi)
for constants depending additionally on other parameters y;, ..., ¥, € (0, 00), for
some n € N.

Let us introduce the volume potentials mentioned in Sect. 1. Take f € C5°(R? x
(0, oo))3. Then, for x € R, ¢ € [0, 00), j € {1, 2, 3}, we put

k=1

, 3
W= [ Y ane—yi—on fardyde, (17)
3
B0 = [ B =) St dy.
T k=1

Leta € CSO(U)3. Then we define

j.(jf)(a)(x, t) = / fj(x —T-t-e;—Y, [) . aj(y)dy’ (18)
U
for x, t and j as above.
These potentials solve the Cauchy problem (4), (5) and (6):

Theorem 1 Take f and a as in (17), (18). Then the functions R (f), B(f) and
jg.r)(a) belong to C"O(R3 x [0, c0) ),for 1 < j < 3. Moreover, D‘iy)(f) and jir)(a)
verify (5), and the following relations hold for x € R3, t € (0, 00):

ORO()x, 1) = ARV, 1) + T 9RO, 1)
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+ VePB, 1) = flx, 1),
div, RO(F)x, ) =0, RO(f)Hx,00=0, T7(a)(x,0) = ax),
3,37 (a)(x, 1) — ATD@)(x, 1) + 1 - 8, T (a)(x, 1) = 0.

Ifdiva = 0, then div 3V (a)(x,1) =0 forx € R3, t € (0, 00).

This theorem follows from Lebesgue’s theorem on dominated convergence and
from some standard properties of §) (like the equation fR3 H(x,t)dx = 1fort €
(0, 00)). The details of a proof are tedious but simple.

Next we define the single layer potentials mentioned in Sect. 1. For T €
(0,001, ¢ € L*(S7)*, k € (0,00), x € R3, t € [0, 00), we put

‘ 3
VO 1) = /O fa YO = 1= 0) -G, 0) A2 do)
k=1 -

; 3
V() (x, 1) = (fo /m k; Ap(x =yt —0,6) - Gy, 0) d2() do) ,

1<j=<3

where @ denotes the zero extension of ¢ from Sy to Sy, if T < 00, and ¢ := ¢ else.
We further set

3
0(¢)(x, 1) = fa Y EG =B d20)
k=1

for ¢ € LX(S7)*, x € R3\3£2, t € (0, 00). We call the function pairs (T (p),
O(p)) and (V*(p), O(p)) the “single layer potential related to the time-dependent
Stokes and Oseen system”, respectively.

The following lemma holds:

Lemma 6 Let T € (0, 0], « € [0, 00), ¢ € L*(Sy)>. Abbreviate
w =V (@) |(R}\3£2) x [0,00), 7 := Q(p).

Then w;(-,t), (- ,t) € COO(R3\8.Q)f0r1 <j<3, tel0,00). Fora € N3,
the partial derivative 97 w(x, t) as a function of x € R3\0R and t € [0, 00) is
continuous. The partial derivative d,w(x,1t) exists for x € R\ and for a.e.
t € (0, 00). This derivative also is the weak derivative of w with respect to t on
(R3\3£2) x (0, 00), and the weak derivative of w(x, - ) on (0, 00), for x € R3\d£2.
The equations (7) (with t replaced by k) and (9) are satisfied.

We mention a regularity result on U™ () established in [5].

Theorem 2 V()| Z € L0, T, LAU)NL*0, T, VNH 0, T, V') for T €
(0,00), ¢ € L*(Sx0)’.
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We note another result proved in [5], and which shows that the restriction of
B (p) to S; may be considered as the boundary value of B*“)(¢)| Z; on Sy:

Lemma 7 Let ¢ € L*(Sx)®. Then the trace of (B ()( - ,1))| U coincides with
V(@) -,1)|982, fora. e. t € (0, 00).

Now we can state how the problem of finding a solution to (1), (2) and (3)
reduces to an integral equation on S, as indicated in Sect. 1. Since this result is
only mentioned in order to motivate the study of Eq. (11), we did not make an effort
to weaken the assumptions on f and a.

Corollary 1 Let f, a be given as in (17), (18), and suppose that diva = 0. Let
b e L*(Sx)’, and suppose there is ¢ € L?(Ss0)® with
V@) | So =b = (RO +T7@)) | Swc. (19)

Put

u:= (RO + 3@+ V7)) [ Zo, P = (B + 0@) | Zoo.  (20)

Then u;( - ,t), p(-,t) € C®WU) fort € (0,00), 1 < j < 3, the derivative
oru(x, t) exists for x € U and for a. e. t € (0, 00), and the pair (u, p) verifies (1),
(2) and (3).

3 Solving Integral Equation (11)

We start by stating a result from [19].

Theorem 3 For T € (0, o], the operator 3y : L2(Sr) 3 ¢ > V()| Sr € Hy
is well defined, linear, bounded and bijective. In particular, {S’(To) is Fredholm with
index 0.

Proof See [19, pp. 365-367]. Note that the arguments given there also hold for
T = oo, although only the case T < oo is considered. O

The ensuing theorem will allow to reduce the invertibility of the Oseen single
layer potential to Theorem 3.

Theorem 4 Let T € (0, 0o. Then (B> (¢) — B“(¢)) | St € Hr and
[(B“(p) = B“9)) | Srllm, < Clir) - (k2 — k) - @]l 1)
for ¢ € L2(S7), ki, k2 € [0,00) with k1 < ko, where the constant C(x), for

k € (0, 00), depends on §2 and k, and is an increasing function of k. In view of
Theorem 3, this means in particular that the operator

§  L2(Sr) 3 ¢ > V() | Sr € Hy
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is well defined, linear and bounded. Abbreviate €, := min {1, D,}/p for p €N,
v = vk, k2, ) = (V) — V() | (RN\IR2) x (0, T),

where k1, k> € [0, 00), ¢ € L*(St)>. Then the relation
8,v(x +é&p -m*(x), t) — alv(x —&p -m*(x), t) — Ofor p—>o00 (22)

holds forl € {1, 2, 3}, x € 02 andt € (0, T).
Finally, if T < oo, the operator S(TKZ) — S(TK') : L2(St) v Hy is compact for
K1, Ky € [0, OO)

Proof For o1, 0, € [0, 00) with 9| < 02, 7 € R3, s € (0, 00), Jj. ke {1, 2,3},
put

K9z, 5) i= Aju(z.5,00) — Ajulz. 5,01 if o1 > 0.

In the case 0 = 0, the term A ji(z, t, 01) is replaced by I'jx(z, ).
Let k1, k» € [0, 00) with k; < k,. We will write K j; instead of K;'Z"KZ) in what
follows. All the constants appearing in the estimates in this proof and depending on

Kk, are increasing functions of «;.
Lemma 4 and 5 with K = 2 - Ry yield

o] o]

3 l 3
0/09Kju(z. 0] < € (P +0727 2 2+ (zP+n72727")  (23)

forl € {0, 1}, o € Ng with |a| +1 <2, z € By, t € (0,00), j, k € {1, 2, 3}.
Moreover

9] 0% K jx(z, 1)l (24)
- ’/OI[BfB{HAjk(Z,t,Iq F 0 —k) (ki =0 ey — k1)) -t

+ 81 - 020104 A (2.t k1 + O - (ko — K1) - 1

0 - 00 A2tk + D Gk — k) | D | G2 = k1)
Cic2) - (e = wer) - (2P + 07 T2 4 (12 4 7 72T,

IA

By taking the average of the right-hand side of (23) and (24), we get for
I, a, z, t, j, k as before,

9]0 K j1(z, 1)] (25)
< Q2 - (k2 = k)2 - (2P + TR 4 (j22 4 )77,

We further remark that for z € RS\{O}, Jokell, 2, 3}, ac N3, I € Ny, we
have
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39K jx(z,1) —> 0 for t | 0. (26)

For § € (0,D,], let 9@ € C{(R?) be such that 9@ (x) = 1 for x € R® with
dist(x, 2) < D, - 8/4, and ¥ (x) = 0 if dist(x, 2) > 3 - D, - §/8. Next choose
e C®MR) with¢ [(—oo, 11=1and ¢ |[2,00) = 0. Put ¢P(t) ;== ¢(§ - 1) for ¢t
R, § € (0, min {1, D,}]. Then supp(¢®) C (—o0, 2/8]and ¢ | (—o0, 1/8] =1,
hence

1ED'M)] < € xamayn®) -t < C o xaen@) -t < € 27)

fort € (0,00), § € (0,9D,] with § < 1. Using the number ¢, introduced in
Theorem 4, we define

w5 ()x, 1) = o) - 100

' 3
. / / K —y =gy m D), 1= 0) - @iy, 0) dR(y) do
0 Jo

2 =1

forpeN, 1<j<3 oel’Sr), xeR} te[0, TINR, 01,0: € [0, 00)

with 01 < ;. In the following, we will write w,(¢) instead of w{"**(p). Due to

(13), (14), (26) and the choice of ¢») and ¢*»), we have w, | St € ﬁT N L,%(ST).
It was shown in the proof of [3, Lemma 9] that (S(TQ) — S(TO))((p) € Hy and

”w;@m(@ ~ @2 =3Il — 0 (p— 00) (28)

for ¢ € L*(S7)’, o € (0, 00). We note that the term € - y(x, t)~>/271¢1/2=1/2 jg
lacking on the right-hand side of the estimate in [3, Lemma 3], which corresponds
to Lemma 5 here. As a consequence of this oversight, inequality [3, (18)] in the
proof of [3, Lemma 9] is incomplete; the term € - (|z|> 4 )~3/271«1/2=1/2 has to be
added on the right-hand side. This modification, in turn, means that the function H,
in [3, p. 123] has to be changed: the integral over (0, t—o)/ 2) in the definition
of H, should apply to the function

1 B _3 B
2 KXot (x =yt —o =) 2+ (x =y +t—0 —r)?7]

(Distinguish the cases |[x — y|?+t—0o —r <land |x — y|>+t—0 —r > 1)
The rest of the proof of [3, Lemma 9] remains valid with a modification of the upper
bound of Hy(x, y, t, o), which may be chosen as

15 _ L _9
€ xont—o) lx —y[78 - (xaoo®) 17 (t—0) 16 + (1 —0) 16)
1 _I15 23
+€ - X100t —0) - [x = Y78 - (X100@) -t (t—0) 16 +(t —0) 16,
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Since w,(@) = w(p’(ZVO)(w)—w;K"O)(w) for p € N, ¢ € L*(Sr)*, we may conclude
from (28) that

lwy(p) — @ — ¥, — 0 (p— 00), for ¢ € LX(Sr)’.  (29)

Let ¢ € L*(Sr)}, p € N. We are going to estimate ||w,(¢)l|g,. To this end,
using the abbreviation

Brx,y) =x—y—¢g, -m(m(y) for x € 2, y €S2, 30)
we define for j, k,m € {1, 2,3}, x € 2, y € 32, t € (0,00), o € (0, 1),
ﬁp,j’k,(](.x, Vs t, U) = 5(8’))(t) : Kjk(ﬂ[’(xv Y)’ r— G)a
Ry jam (. y,1,0) 1= W) - 8, K (Bpx, y), t — o),
)2
Lpjnlx,y. 1,0) :=f rr 2 e (=) K (Bpx.y) t— o —r)
0

+C =) 8K (Bpx.y). t —o —r)]dr
+212 =)t +0)/2) - K (By(x, ), (1 —0)/2)

t—o

—(1/2)- r @ =) K (Bp(x,y), t —o —r) dr,
(t—0)/2

mp,j,k(-x7 Y, t, G) = g(ep)/(t) : Kjk(ﬂ[’(xv y)7 r— U)
+0E0@) - 0, K i (Bp(x, y). t — o).

Inequalities (23), (27) and (14) imply
1905 [ (1) - Kj(Bp(x. y), t —a ) || < Clic) - 274121 31)

for x € 2, ye a2, t € (0,T), o € (0,¢), and for @ € Ng,l € Ny with
|| +1 < 1. Thus we see that the functions R, j x ,, and 901, ; x are bounded, and

1L, k0 y t,0)| < ey, k) - (E— )P+t —0)'/?) (32)

forx,y € 082, t € (0,00), 0 € (0,1), 1 < j, k < 3. As a consequence, we may
define

Wy (), 1) = / f Ry jim( Y. 1,0) - Y(y. 0) d2(y) do
0 082

for j,k € {1,2,3}, m € {0, 1,2,3}, x € 32, t € (0,T), ¥ € L*(Sr). In
addition, we may introduce B, ; () and €, ; (1) in the same way as A, ; ¢ . (¥),
but with the kernel &, j«n» replaced by £, ; and 9, ;, respectively, and with
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x € £2 instead of x € 942 in the case of €, ; x(¥). By referring to (26), it may be
shown that

3, (/ =) w, (@) r) dr) 33)
0

3 t t
=Zf 8(/ my,a)o/(z—r)—‘/%“ﬂ)(r)
o Jae Mo o

Ki(Bpx, y), r — 0)drda> d$2(x)
3

3 t
= Zf / Lpjk(x,y,t,0) -y, 0)dS2(y)do = Z%p,_i,k(‘ﬂk)(X, 1)
= Jo Jaa —
for j € {1,2,3), x € 92, 1 € (0, 7). Let E : H'*(382) = H'(£2) be a linear

bounded extension operator. Using the equation div,w,(¢)(x, ) =0 (x e, te
O, T)), we getfort € (0, T), ve H'(3R),

/ag( qwp(@)x, 1) - nD(x)) - v(x) dR2(x) (34)

3
= Z/Qa,wp,j(w)(x,t)-3,»E(v)(x) dx
j=1
3 '
=Y [ [ [ St g0 d20) do - 0;E@)) da
k=1 2 J0 982
3
= % [ €ppatonts.n- o E@) dx

Jik=1

3
< D 1€ @) Dl - 2.2

Jjk=1

Since [[v[lij22 < € - |v]12 forv € H'(32), and in view of (33) and (34), we
may conclude

lwp (@) | St a2 (35)

3 3
=€ 3 (X 1k @Ol + 1By 40l + 1€, 4 (0l2)-

Jj.k=1 m=0

Next we indicate an observation which follows from (25) and (14), and which
holds for x,y € 32, t € (0,T), o € (0,1), j,k € {1, 2, 3} and @ € N} with
le| < 1:
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102K i ( Bpx, 1) 1 = )] < €(a) - (ks — k)2 - Hi(x — v, 1 =), (36)
with
Hi(z,r) = xo.n() - =1 12758 4y oo () - 77

for r € (0,00), z € R3\{0}. By referring to (25), (27), (14), we obtain for
X, y,t,0, ],k asin (36),

|Lik(x, v, 1,0)] < €(ka) - (2 — key)'/?

(1=0)/2
: (/ r et =)@ =T (k= yP im0 =07
0

+(x—yP+t—o -+ (x—yF+t—o—r)*]dr
+@—o) P (x—yP 1 —0)

t—o
+f r73/2-(|x—y|2+t—0—r)75/4dr)

(1—0)/2

=€)t =) ([ =)™ (x =y 41— o)

(t=0)/2
+x=yP+r—o) "+ (x—yP+t—0)""]- / r12 dr
0
+t—o) P (x—yPHt—0)
t—o
+ (@t —o)?. f (x —yP+t—0—r)" dr)
(1=0)/2
=€) (k2= k)" (14 @ =) ) (x = yP 41 =)

+ X0t —0) - (t — ) |x —y| 72

t
+ Xon(t —o) - (1 —o) 32 |x — y| BB /
(1—0)/2

< C(ka) - (ko — k)'/? - Ho(x — y,t — ), (37)

(t—o — ;’)’7/16 dr)

where we used the following notation, for z € R3\{0}, r € (0, 00),

—5/4 |Z|_1/2 15/16 |Z|_13/8-

H>(z, 1) = X1,00/() - 7 + xo.n(r) - r-

Moreover, due to (24), (25), (27) and (14), we get for x € £2 and for y, ¢, o, j, k
as in (36),

1M,k (x, y, 2,0 (38)
<& (1£ O] 1K ji(Bp(x, y), t = ) + 10, K i ( Bp(x, y), 1 —0)])
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<€) —k)* [(x =y +t—0) " +(x -y +t—0)?
+(x —yF+t—0)?]
< Ck) - (ky — k)% - Hy(x — y, 1t — 0),

with

—15/16 17/8

Hy(z,7) := X(1.00)(r) - 7+ X0, 10(r) - 7 zl”

for z € R}\{0}, r € (0, 00). Applying Lemma 3 with A =B = Sy, F; = F, =
F'2 we getin the case i € {1, 2} that

T T 2 1/2

([ [ (] [ tatc=yi=or 10000 d20)do) e ar) " 30
0 292 *JO 082

< fgl.

Also by Lemma 3, this time with 2 = 2 x (0,T), B =Sy, Fy = F, = F'/2,

! ! 4 2 12
(/ /(/ / Koot =) (1 =0)™ -Iw(y,o)ld.@(y)do) dxdz) (40)
0 2 0 082
=Z-ol>.

When we apply Lemma 3 with 2% = 2 x (0, T), B = Sr,
15/32 |

Fi(x,t,y,0):= xont —0)-(t —0)~ x—y|7E

forx € 2, y € 082, t,0 € (0,00), and with F, defined in the same way as Fj,
except that the exponent —7/8 is replaced by —5/4, we arrive at the estimate

T T
</ /<f f Xon(t = 0) - (t —o) B0 — y 7T @1)
o Je Yo Jog

2 1/2
1oy, 0)dR)da ) dxdr) " = € gl

Inequalities (40) and (41) imply
! ! 2 1/2
(/ / (_/ / Hy(x =y, 1 —0)-lo(y, o)l dS2(y) da) dx dt) (42)
0o JeNo Jae
= C-llgl2.
Combining (35), (36), (37), (38), (39) and (42) yields [|w,(@) | Stln, < Ck) -

(k2 — k)% - ||@|l2. This is true for any p € N. Thus inequality (21) follows with
(29). An obvious application of (24), (14) and the mean value theorem yields
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3
‘Z(B;Kjk(x —y+e-mPDx),t—o0)— 0;Kjy(x—y—e- m“(x), t — O’))’
k=1

< €i) - min { (Ix =y +1—0)7 e (Ix =y +1-0)7?}

<€) e (lx = yP 1 —o) PP
forx,ye€d82, te€(0,T), 0 €(0,1), 1 <i,j <3, ¢ €(0,D,]. Now the relation
in (22) follows after an integration over S;, for ¢ € (0, T).

Let us finally suppose that 7 < oco. Recalling the abbreviation introduced in (30),

we may conclude from (23), (24), (14) thatforx € 2, y € 382, t € (0, T), p,q €
N, j,kefl, 2,3}, leN, a e NJwith |a| +1 < 1,

/0 ,k(ﬂpu M. 1) = 0K i (By(x, y), 1))
< Y 10K i Bu(x. y). 1) (78

ve pq
100 K i ( Bp(x, ¥), 1) — 108 K jie( By (e, y), £)]'®
< C(ia, T) ey —ke)B - (Jx = y P 1) el

f Zaa FKj(x —y—(eg+0-(ep — &) - m D), 1) (43)
) (8 _ sq) ) m(_.o)(y) a0 ‘1/8
< &T, k) - (Jx — yP + 1)1 =50,

lep — £qlF - (x — yPP + 1) ED
< UT,k2) - &y — &4 ]"8 - (Jx — y|* 4 1)~2/B7 12,

Now it is easy to show with (24) and (27) that in the situation of (43), with
o e (0,1),

10,0 [ £V OK i (Bp(x, y). t —0 ) | = 9;0s [ ¢ K ju( By (x, y). 1 — ) ]|
< UT. k)lep — g4 /(|x — y 1 — o)1,

Due to this inequality, one may use similar arguments as in the proof of (21), but
with simplifications because of the assumption 7" < 0o, to obtain

I(wp(@) — we(@)) | Stlla, < T k) le, — 1'% - llgll, for p,g € N.
It follows with (29) that

sup{ w,(¢) — @ = T )@, /gl = ¢ € LASOMOL ) — 0 (44)
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for n — o00. On the other hand, take p € N. Since T < oo and the functions
Rp,jkm and M, ; r are bounded (see (31)), and because of (32), we may conclude
that A, j x.m, Bp jk and €, ;; are compact as operators from L*(S7) into L*(Sr).
Thus, due to (35), it follows that the operator W, : Lﬁ(ST) SY = w,(Y¥)|Sr €
Hyp is compact. In view of (44), this means that 3;“2) — S(TK‘) : Lﬁ(ST) — Hr is
compact. 0O

Theorem 5 (jump relations) Ler T € (0, 00], « € [0,00), ¢ € L*(S7), j €
{1, 2, 3}, and put V := B (p) | (R3\£2) x (0, T). Then

0@)(x+e-m D), t)— Q@) (x —e-mPx), t) — nD(x)-p(x, 1),
3

S (Y, = 850 0@)) (5 + 6 - m @), 1)) -0

k=1

3
—Z((akvj — 85 Q@) (x — & - m D), z)) D) — —gi(x,1)
k=1
fore | 0, fora.e.x € 982, t € (0, T).

Proof See (13) and [19, Lemma 2.3.4] in the case k = 0. The statement for « > 0
follows with (22). O

Now we may establish a result which serves to prove uniqueness of a solution to
the integral equation (11). The general approach for proving this result is standard,
but in our particular situation, the problem consists in interpreting all the integrals
involved in a rigorous way.

Theorem 6 Ler T € (0,00], k € [0,00) ¢ € L2(Sy) with §3)(¢) = 0. Then
o =0.

Proof Let T e (0,T). For p € N, we put ¢, := min {I, D,}/p, and we set for
jefl, 2,3} x e R withdist(x,U) <D, -¢,/2, t €[0,T],

‘ 3

VIO (x, 1) = f f D Ap(x—y+e, mP), 1 -0, k) (45)

0 Joe 1
@iy, 0) dS2(y) do,

3
0V(x, 1) := / Y E(x—y+e, mD0) gy, 1) dR(y).  (46)
d

2 4=
By (13), (14) and Lemma 5, we have for 1 < j,k <3, p € N, 1 € [0, T] that
VO, QP10 e C¥W,, VP, VP e (U, x [0, TIY

with U, :={x € R3 : dist(x, U) <D, -¢ p/2}. It further follows that the derivative
9, VP (x, t) exists for x € U,andfora.e.t € (0, T), with
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V" (x, t)—/f Zat a(x—y+e, mDo), t—ok) @7

2 =1
0(y.0)dR(y)do — 9,0 (x, 1),
AV 1) — AV () + T8, VP (x 1) + 0, QP (x, 1) = 0. (48)
We may conclude from (47) and (14) that

0,V .0l <&T.p)- llg(- . D)2 for x €Uy, t€(0.T).  (49)

This means in particular the function 3, VP)(x, - ) is square integrable on (0, 7).
On the other hand, this function is not only the pointwise, but also the weak deriva-
tive of VP (x, - )on (0, T). Since VP (x, - ) is continuous on [0, 7], we thus have
VPI(x, - ) e H'((0, T) )3. Moreover, for p,g € N, R € [Ry, 00), we get from
(48) that

T
0= / / 7(3tv(1’) _ AXV(”) +7- ale(p) +V, Q(p)) V@D gy dt,
Bp\R2

hence by partial integration and the equation div, V» = 0,

T 3
= / / Z ((_ak Vj([’) + Sij(b) )Vj(CI)) (x, I)NIER)()C) do, dt
0 JOBRrUIS2 jk=1 (50)

T
+// ((Vx‘/(P)va(q))_{_.[(axI V(p)V(q))—}-(3,V(p)V(q)))(x,l‘) dx dt,
0 J 2%

where N® : 92z — R? denotes the outward unit normal to 2 := B\ 2, that is,
N®(x):= R™' . x forx € dBg, N® := —n®(x) for x € 352. Now abbreviate
DIRES %(r)((p). As explained in the proof of [5, Theorem 2.4], we have

I(V? =) |2k x 0, D2 =0, (p— o0)

51
(VP —0)| S5, = 0, (p — o). eb

Recalling that U|S; = 1%'(TK)(go) = 0 by the choice of ¢, and noting that the
function U | 2z x (0, T) belongs to L>(0, T, H'(£2z)*) by Theorem 2, we may
thus deduce from (50) and (49), by first letting ¢, and then p, tend to zero,

3
o—// Z (— akaj(x,t)+5<,~kQ(<p)(x,t))Q3j(x,t))xk/R do, dt
JdBg

Jk=1

T
+f f (IVeB(x, O + 18, B(x, HV(x, 1) ) dx dt
0 g
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i
+ lim / / VP (x, )V(x, 1)dx dr. (52)
0 2r

p—>00

On the other hand, referring to (51) and the relation U|Sy = g&”(@ = 0, we get

T
/ / 05, U(x,1)-V(x,t) dx dt (53)
0 Jg

p—>00

7
= lim/ / B, VP (x, 1) - VP(x, 1) dx dt
0 Q2r

7
= lim/ / (1/2) - [VP(x, 0)]* - NB(x) do, dt
0 dBRrUIS2

p—>00

T
= / (1/2) - |D(x, 1> - x1/R doy dt.
0 dBg

Let us determine the remaining limit in (52). To this end, we first observe that for
jefl, 2,3}, peN, x € 2, t €(0,T), the following relations are valid:

VP (x, 1) = Bx, 1)

t 3 1
=)/f Z/alAik(x_y"i_ﬁ’gp'm(m(Y),f—U,K)dl?-sp
0 Jo2 =170 ‘
(£2)
() - gy, 0) d2(y) da‘

<&k, R)-¢, - / f (x —yPP+t—0) oy, o) dR(y) do,
0 082

where we used Lemma 5 with K = 2 - R and (14) in the last estimate. By Lemma 3
with = 2 x (0, T), B = S7,

Fi(x,1,9,0) = X000t —0) - (|x —y|* +1 —0)" "8,
Fr(x,1,,0) = X000t —0) - (Jx = y[* +1—0)""®

forx € 2z, y € 02, 1,0 € (0, T), we get
(VP —0)| 2z x (0, Dll2 < €k, T, R) -, - llpll. for peN. (54
On the other hand, we refer to (14), (47), Lemma 5 with K = 2 - R, and to

Lemma 3 with &, B, F,, F; as above, except that the exponent —7/8 in the defini-
tion of F) is replaced by —15/16. It follows for p e N, 1 < j < 3,

T 12
( f / EX V;”)(x, 1)+ 8,07 (x, 1) dx d:)
0 r
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T t 3
= <// ‘// Za’Ajk(x —y+em Py, t—o,k)
0JRr'J0JO

252
2 12
: §0k(y,d)d9(y)d0‘ dxdt)

=&R):

’ z - 2 12
(// (// <(Ux=yl+e&)+t—0) 5/2|<p(y,cr)|d.Q(y)dcr> dxdt)
0 Jax Modag

< Q:(R)e;7/8-

T '
(/ f ([ (x = yP+1 =) Jo(y, 0)| d2(y) da)zdx dt)l/z
0 Jg VMo Joe
(55)

<ew.T.R) -7 Jgl.

A similar argument yields

T 1/2
(/ / |8ij(”)(x,t)|2dxdt)
0 Q2r
T 2 1/2
5085“'(] / (f x =y gy, 0] d2(») dx dr )
0 2r 982

<&T.R) -7 gl

for p e N, 1 < j < 3. Due to (54), (55), (47) and the preceding estimate, we may
conclude for p € N that

7
‘/ / HVP (W —VP)dx dr) <Cw.T.R)-e)/* o3
0 g

Thus we get
7 7
lim / / VP . Ydx dt = lim / / VP . vWP dx dt (56)
p—>00 0 2 p—>00 0 2

= lim [ (VO DR - VO, 012)/2 dx=/ e, P2 d.

p—>0 2 %

We note that the partial integration in (56) is justified because the function
VP (x, - ) belongs to C°([0, 7~”])3 and to Hl((O, 7~”))3, forx e U,, p € N, as
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observed above. The last equation in (56) follows from (14) and Lebesgue’s theorem
on dominated convergence; compare the proof of [5, Theorem 2.4], in particular [5,
(33)]. Also note that V) (x,0) = 0 for p € N, x € U,. Equation (52), (53) and
(56) yield

0_/ / Z —0,,(x, DU (x, Hxi /R (57)
dBg
+ (r/2)|‘1](x,t)|2x1/R + 0@ DR (xB(x,1))) do di

+ /f V. B(x, 1)]> dx dt + (1/2)/ 1B (x, T)|? dx.
0 J2r 2r

We have fOT [y IVeB(x, D))*dx dt < oo and [, |D(x, T)[*dx < oo, according
to [5, Corollary 3.1]. Moreover, by Lemma 5 with K = Ry/2,

109D (x, )| < €k, T, Ro) - gl - x| 7¥/2712,
10(@)(x, 1)] < €lie, Tllgllz - x| 2

forx € By, t € (0, T), a € Ng with |a| < 1. Thus, letting R tend to infinity in
(57), we obtain

T
=/ /|v,m(x,t)|2 dx d:+(1/2)/ 1B, T)? dx. (58)
0 U U

Since T is an arbitrary number in (0, 7'), and because 2U|Z is continuous, we
may conclude that U|Z; = 0. Therefore Eq. (7) (verified according to Lemma 6),
the assumption that U is connected, and the decay of Q(¢)(x, ) for |[x| — oo imply
that Q(¢)(x,t) =0forx € U and fora.e.t € (0, T).

Next we define V=P (x,¢) and QCP(x,t) in the same way as respectively
VP(x, t)and Q) (x, t) in (45) and (46), but for x € R3 with dist(x, 2) < D;-¢,/2
instead of x € U, and with the term —y+¢,, -m*)(y) replaced by —y —&p -mE(y).
By areasoning analogous to (but somewhat simpler than) the one which led to (58),
we may show that U | £2 x (0, T) = O and that fora. e.r € (0, T), there is ¢;,(t) € R
with Q(@)(x, t) = c;,(¢) for x € §2. It follows that

0(@)x + &, -mD(x), 1) — Q@)x — &, -mD(x), 1) = —cin(t) (p — 0)

for x € 082 and for a. e. r € (0, T'). Thus we may conclude from Theorem 5 that
—cin(t) = nD(x) - p(x,t) fora.e.x € 32, t € (0, T), hence

—c,-,,(t)~/ dQ(x):/ n(x) - o(x, 1) dR2(x) fora.e. t € (0, 7).
982 a2
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Since ¢ € L%(a.s?), we arrive at the equation cj,(r) = 0 fora.e. t € (0, T). But
T | (R3\8Q) x (0, T) = 0, as proved above, so we have

3
> (119) = 850+ 0@)) (3 + - m @), 1) 0P ) -
k=1
3
D (% B10) = 8- Q@) ) (x — £ - m D), 1) P (x) -0 (p— 00)

k=1

forl < j <3,aexe€df2, t e (0,T), where we used the abbreviation O :=
(R3\3£2) x (0, T). Now Theorem 5 yields ¢ = 0. O

At this point we may prove the invertibility of the operator S(T” .

Corollary 2 Let T € (0, oo]. Then the operator F(Tf) : Lﬁ(ST) — Hry is linear,
bounded and bijective.

Proof Let k € (0,00). For any T’ € (0, 00), the operator S(TK,) — S(TO,)
bounded and compact; see Theorem 4. Theorem 3 now implies that S(TK,) is linear,
bounded and closed range for 7" € (0, 00). Since S(T",)(qﬂSTr) = S(T")((p) | g+ for
T, 7), ¢ € Lﬁ(ST), it is not difficult to conclude that S<TK) is also closed-range
even if T = oo. A detailed argument may be found in the proof of [3, Lemma 12].
On the other hand, we know by Theorem 6 that the operator S(TK) is one-to-one, and
by Theorem 3 and 4 that it is bounded. Thus this operator is linear, bounded and
semi-Fredholm. This is true for any x € (0, 0o). Due to inequality (21), the index
of this operator is stable with respect to «. In this respect, we refer to [17, Theorem
[.3.11], where Fredholm operators are considered. But the result stated there also
holds for semi-Fredholm operators. To see this, it suffices to replace the reference to
[17, Theorem 1.3.5] in [17] by a reference to [14, p. 235, Theorem 5.17] (stability of
the index of semi-Fredholm operators with respect to small perturbations). But by
Theorem 3, the index of S(TO) equals zero. Thus we may conclude that the operator

is linear,

S(TT) also has index zero. Recalling that the latter operator is one-to-one (Theorem 6),
we thus obtain that it is even bijective. O

The preceding corollary means that we may solve the integral equation in (11) if its
right-hand side is in Hy:

Corollary 3 Let T € (0, 00], ¢ € Hy. Then there is a unique function ¢ € Lﬁ(ST)
which solves (11). There is C = C(z, 2) > 0 such that ¢, < C - |§5 @) u, for
@ € L2(S7).

Proof We still have to show that the constant C does not depend on 7' € (0, oo]. To
this end, suppose that T € (0, 00). Forb € Hyp, x € 952, t € (0, 00), define

Gr)(x, 1) :=b(x,1) ift <T, Gp(b)(x,t):=b(x,2T —1) if t e (T, 2T],
Grb)x,1):=0 if t >2-T.
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Then G7(b) € Hy and
IGr®D)ln, < €-Iblln, for b e Hr. (59)

The proof of this result is not trivial; we refer to [1] for details. Tg indicate a
possible way to proceed, we mention that for x € R3, te€[0,T], ve Hr,

v(x, 1) = B(1/2, 1/2)—1/2-/ (t —s)"2. 8, v(x, 5) ds, (60)
0

where B denotes the usual beta function. By applying (60) to v(x, t) for r < T and
tov(x,2-T —t)fort € (T, 2-T),itis possible to prove that

13,2 Gr @ISl < € (IvISrll2 + 18, vISrll2)  for v e Hy.

Then inequality (59) may be established by some obvious additional estimates.
Once an extension operator G from Hy to H., with (59) is available, the corollary
follows from Corollary 2 with T = co. O
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