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SPATIAL DECAY OF TIME-DEPENDENT INCOMPRESSIBLE
NAVIER-STOKES FLOWS WITH NONZERO VELOCITY
AT INFINITY*

PAUL DEURINGT

Abstract. We consider the time-dependent Navier—Stokes system in a three-dimensional exterior
domain with nonzero velocity at infinity. Under suitable assumptions on the data, it is shown that

the velocity part of strong solutions, after subtraction of the far-field velocity, decays as (|:c| -1+

lz| — z1) )71, and its spatial gradient as (|z|- (1 + |z| — z1) )73/2, for |x| — oco. The solution class

in question includes solutions obtained by L<-variational methods and characterized by the fact
that the velocity w and its spatial gradient Vg u are L ([/2)-functions7 and Viu is additionally
L2-integrable in time and in space.
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1. Introduction. Consider a rigid body moving with prescribed steady velocity
Voo € R3\{0} and without rotation in a viscous incompressible fluid. Assume that the
flow in a vicinity of the body is not influenced by some distant boundaries. Moreover
suppose the flow in question is described with respect to a coordinate system attached
to the body. Of course, although the rigid object moves with constant velocity, the
flow near its boundary need not be stationary in general. A situation of this kind is
usually modeled by the evolutionary Navier—Stokes system

O —v-Dgv+ (v-Vo)v+o ' -Ver = o7t f, divyo =0,

in Zg, = O x (0,Ty), with a homogeneous Dirichlet boundary condition on St, :=
092 x (0,Tp) and a boundary condition at infinity,

v[St, =0, v(x,t) = v (2] = 00) for ¢ € (0,Ty),
supplemented by an initial condition,
v(z,0) = vo(x) for z € Q'

where the open bounded set  C R3 with connected Lipschitz boundary 92 represents
the rigid object, and the exterior domain 0= R3\Q corresponds to the space occu-
pied by the fluid. The given quantities of this problem are the viscosity v € (0, 00),
the density o € (0, 00), the far-field velocity v, the initial velocity vg, and the vol-
ume force f, whereas the velocity v and the pressure m are unknown. The role of the
parameter Ty depends on the type of solution under consideration: either 7Ty cannot
be determined in advance and thus is an unknown (solution locally in time), or it
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is a given quantity (solution globally in time). Without loss of generality, we may
assume that ve, = 8- (1,0,0) for some 5 > 0. Since a nonhomogeneous boundary
condition at infinity is difficult to handle mathematically, we transform the velocity
by a translation. In addition, we normalize the problem with respect to the size of
the domain Q and the magnitude [ of the far-field velocity vo. In this way, we obtain
the following initial-boundary value problem, denoting the transformed quantities in
the same way as the original ones:

(1.1) Ow—Azv+7-01v+7-(v-Vy)v+Ver = f, divyau=0 in Zp,
(1.2) v|St, =(-1,0,0), wv(z,t) =0 (Jz| = o) for t € (0,Tp),
(1.3)  w(x,0) =vo(x) for z Q.

The parameter 7 € (0,00) is the Reynold’s number. Note that the transformation
of the velocity by a translation gives rise to the term 7 - ;v (“Oseen term”) and to
an inhomogeneous boundary condition on S7,. We are interested in a larger class of
boundary values than just constant vectors like (—1,0,0). Therefore we replace (1.2)
by

(1.4) v|St, =v*, wv(z,t) = 0 (Jz] = o0) for t € (0,Tp)

with a given function v* : Sz, + R3. A solution of (1.1), (1.3), (1.4) should reflect the
main features of the physical flow in question. In particular, such a solution should
exhibit a “wake.” This means in our context that in a paraboloidal downstream
region, the velocity converges slower than elsewhere to its constant boundary value at
infinity. Such an asymptotic behavior is well established for solutions of the stationary
version of (1.1)

(1.5) ~AU+7-0U+7-(U-VU4VII=0, divU =0 in Q.

In fact, if the velocity part U of a solution to this system belongs to Lﬁ(ﬁc)37 and
VU to L2(Q°)?, and if the volume force ¥ decays sufficiently fast, then

(1.6) 02U (z)| = O( [|x| . V(x)]flf‘al/z) for |z| — oo,

where a € N3 with |a| := a1 + a2 + a3 < 1, and where the function v : R? — [0, o)
is defined by

(1.7) v(z) =1+ x| -z (x €R3).

The factor v(z) in (1.6) may be considered as the mathematical manifestation of
the above mentioned wake. The condition |o| < 1 means that (1.6) describes the
asymptotic behavior of U and the gradient of U. The result in (1.7) has a long
history. Key references are [24], [7], [23], [27, section IX]. In a note [10], we indicated
how (1.7) follows from the theory in [27, section IX]. Active research is still ongoing
in the context of (1.5), (1.6) [3], [4], [5]

In the work at hand, we want to show that strong solutions to the evolutionary
problem (1.1), (1.3), (1.4) exhibit the spatial asymptotics of stationary flows, in the
sense that velocity part v of these solutions decays like this:

(1.8)  [0%v(z,t)] = O( [|z|- V(x)]flf‘al/z) for |z| — oo, uniformly in ¢ € (0, Tp),
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for @ € N3 with |a| < 1. The class of solutions we consider includes the “standard”
strong solutions obtained by L2-variational methods [29], [30]. Since in the stationary
case, the decay rate [|z| - V(x)}_l_law appearing in (1.6) is the best possible in
general, this rate should also be optimal in the evolutionary case. Therefore (1.8)
seems to be the best results one can expect in general for the decay of v and Vu if
v is the velocity part of a solution to the initial-boundary value problem (1.1), (1.3),
(1.4).

Let us state our results in more detail. To this end, we present a theorem on the
stationary problem (1.5) with ¥ = 0. We need this theorem in order to be able to
handle time-independent boundary data like the vector (—1,0,0) in (1.2). Fix Sy > 0
with Q C Bg, and b € H'/2(0Q)3 with faﬂg' nY do, = 0, where n(¥) denotes the
outward unit normal to 2. Then we have the following theorem.

THEOREM 1.1. There is a function U € LS(Q°)? with VU € L*(Q°)° and divU =

0, U0 = b,

(1.9) /_(VU-Vﬁ—l—T-BlU%?—i—T-(U-V)U-ﬁ)dx:O for 9 V.
¢

Moreover there s some g > 0 with

(1.10) 107U ()] < po - (=] - IJ(x))_l_lo“/2

for x € B, a € N} with |o < 1.
For the first part of this theorem, we refer to [27, Theorem IX.4.1], [26, Theorem
I1.5.1]. As for inequality (1.10), it was proved in [7]; also see [27, section IX.7], [34],
and [10].
Instead of (1.1), (1.3), (1.4), we consider a slightly more general problem, which
may be stated as follows:

(1.11) deu(z,t) — Agu(w,t) + 7 - Oru(w,t) + 7 (u(z,t) - Vo Ju(z,t)
+7 (u(x,t) - V)U(x)+7- (U(x) - Vo )u(z,t) + Vor(z,t)
= f(z,t), divyu(z,t) =0 for (z,t) € Zr,,
(1.12) u|St, =b, wu(x,t) =0 (Jz] = o) for t € (0,Tp),
(1.13) u(x,0) = a(z) (zeQ).

Note that the pair of functions (u, ) solves (1.11) iff (v,7) with v = u 4 U verifies
(1.1). By considering problem (1.11)—(1.13) instead of (1.1), (1.3), (1.4), we may split
the boundary data v* from (1.4) into a stationary part b, introduced in Theorem 1.1
as the boundary value of U, and into a part b supposed to decay for ¢ tending to
infinity. In fact, we require b € H,, with H,, being a certain subspace of L?(S)?
that will be defined in section 2. Thus a stationary function on S, like the vector
(—=1,0,0) from (1.2) cannot belong to Hy,. We further require that a € HY*Feo Q9
for some ¢q € (0,1/2] with a|Bg, € VVlf;cl(BgO)3 and

(1.14) 02a(y) < 8o~ (lyl-v(y)) 2™ for y e Bg,,

where dg € (0,00) and ko € (0, 1] are given constants. Since we want to show that the
velocity u from (1.11)—(1.13) decays in the same way as v in (1.8), assumption (1.14)
is the best possible, except perhaps for the fact that we exclude the case kg = 0.
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Turning to f, we require that f : Z, + R3 is a measurable function such that
F19%s, x (0,00) € L*(Qs, x (0,00))° and

(1.15) [f(y.s)l < y(s)- [y~ - v(y) P for y e BS,, s € (0,00),

where A € (2,00) and B € [0,3/2] are constants with A + min{1, B} > 3 and
A+ B > 7/2. The function v belongs to L*((0,00)) N LP*((0,00)) for some
po € (2,00). We remark that the condition on spatial decay of f stated in (1.15)
is again optimal in view of (1.8), because already in the case of the stationary Oseen
system, a condition as in (1.15) has to be imposed on the right-hand side in order to
obtain an asymptotic behavior of the (stationary) velocity as indicated in (1.6). We
refer to [34, Theorems 3.1 and 3.2] for details.

We fix Ty € (0,00], so € [1,3), ro € (3,00), and we consider a function w :
(0,Tp) — WH(Q)? with

(1.16) we LOO(O,TO,L“(QC)B) for x € {s0,70},
(1.17)  Voue L2(0,Ty, L*(Q°)°) and (u- Vi)u € L?(0,Tp, L3*(Q°)?).

Since sg < 3 and rg > 3, we may assume without loss of generality that sq > 2. This
function wu is supposed to be the velocity part of a solution to (1.11)—(1.13) in the
sense that

(1.18)  w|Sp, =b, divyu =0,

T
(1.19) /0 /ﬁc [—(u(x,t) 9(z)) - () + (Vau(z, t) - VI(x) ) - o(t)
+ 7 (Oule,t) - 0(x)) - ot) — (F(,t) - 9(x)) - @(t)} dz dt

— [ ala)-9(@) dz -0

ﬁc
for p € C5°([0,Tp) ), ¥ € C§° (Q%)? with dive = 0, where

(1.20)
F(x,t)
= flx,t) —7- [(u(x,t) . Vm)u(x,t) + (U(x) - Vy)u(z,t) + (u(x,t) . V)U(x)}

for z € Q°, t € (0,7p), with U from Theorem 1.1. It will become apparent below
(Corollary 3.3) that the function F belongs to L?(0, Ty, L¥?(2°)? ), so that the inte-
gral of (F(z,t)-9(z)) - ¢(t) in (1.19) makes sense.

The conditions on u in (1.16)—(1.19) are satisfied, for example, by the solution
to (1.11)—(1.13) constructed by Heywood [30] and characterized by the relations u €
L°°(O,T0,H1(§C)3) and Vyu € LQ(O,TO,LQ(QC)9 ). In fact, in that case one may
choose sp = 2, 19 = 6 in (1.16). The second condition in (1.17) then becomes
redundant; see the remark following Lemma 3.2. The same type of solution arises as
a special case in the existence theory derived by Solonnikov [41] for a more general
problem. (Choose p = 2 in [41, Theorem 10.1, Remark 10.1].) Heywood [30] and
Solonnikov [41] obtained their existence results under a smallness condition on either
Ty or the data, as is usual for the three-dimensional nonstationary Navier—Stokes
system. It is important to note that the decay results established in the work at hand
hold without smallness conditions of any kind. In other words, once a solution of
(1.11)—(1.13) satisfying (1.16)—(1.19) is available, it decays as in (1.8). More precisely,
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the following theorem—the main result of this article—is then valid.
THEOREM 1.2. Let R € (Sp,0). Then

(1.21)  [0%u(@,t)] < €R) - (Ja - v(@)) " '"*  for z € By, t € (0,Ty),

a € N} with |a| < 1, where the constant €(R) depends on ), on the parameters
T, SOa €0, 507 Ko, Po, Aa Ba Ho,T0, S0, Ra on upper bounds fO’]" the qua’ntities ||a’||1/2+60, 2
V2, [Yllpos 112, % (0,00) 2, [Ulls, VU 2y lullspoits ellrg.cortss as well as
|(w- Va)ulls/2,2m, and ||[Vaull2, and on the function ¢ : [So,00) = [0,00) defined by
o(r) = [ul BE X (0,T0) 027, for 1 € [So, o).

As far as we know, up to now only Knightly [32] and Mizumachi [37] studied point-
wise spatial decay of solutions to (1.11). Knightly detected the wake phenomenon,

but he did not obtain the optimal decay rate [|x| . V(x)]flflaw, and his results
depend on various smallness assumptions. Mizumachi proved (1.21) for o = 0 (de-
cay of u but not of Vu), under the assumptions Ty = oo, U =0, f =0, (u,7) a
classical solution of (1.11)—(1.13), u € L>( 0, o0, Lr(ﬁc)3) for some r € [1,3), V,u €
L°°(0,oo,L2(§C)3), lu(z,t)] = 0 for |z| — oo uniformly in ¢ € [T, 00) for some
T € (0,00) [37, p. 515], and |a(z) — ug(z)| = O(|lz|72) (|z] — oc), where wuq is
the velocity part of some solution to the stationary problem (1.5). No conditions
on the boundary data are specified in [37]. We think the pointwise decay condition
|u(z,t)| — 0 for |x| — oo uniformly in ¢ should be part of the conclusions, not of the
assumptions. We further remark that the argument in [37] seems to have a gap: it is
not clear why references [40] and [28] should imply [37, (2.42)]

Note that if v € LOO(O,oo,LT(ﬁc)B) for some r € [1,3), and if Vyu is in
L®(0,00,L*(Q%)?) and in L2(0,00,L*(02°)?), then u € L=(0,00,L%(Q°)%) by
Lemma 2.3, and hence (u - Vy)u € L?(0, 00, L3/2(§C)3) by Hélder’s inequality. This
means that the conditions on w in (1.16) and (1.17) are fulfilled if Mizumachi’s as-
sumptions on u (see above) hold, but with his pointwise decay condition replaced by
the much weaker relation V,u € L?(0, co, L (Q%)? ), which is valid even for standard
weak solutions of the Navier—Stokes system.

The work at hand builds on previous papers [11, 12, 13, 14, 15, 16, 17, 18], where
we studied Oseen flows, that is, the velocity part of solutions to the time-dependent
Oseen system ((1.1) without the nonlinear term 7 - (v - V,)v). The decay result in
(1.8) is established for such flows in [17] under the assumption that = ) (Cauchy
problem) and f = 0. In [11], [14] we solved the integral equation (3.7) below in the
Oseen case. As a consequence, in [15] and [16] we obtained a representation formula
for Oseen flows, which allowed us to prove (1.8) for such flows in the case Q # 0, first
(see [15]) on the condition that vy and f have compact support, and then (see [18])
for vg as in (1.14) (with a replaced by vg) and for f asin (1.15). Reference [12] deals
with a criterion for f in view of solving the integral equation just mentioned, but this
criterion will not play a role here. Regularity issues related to Oseen flows under the
assumption a = 0, f = 0 are discussed in [13].

Concerning existence of solutions to (1.1), (1.3), (1.4) or to (1.11)—(1.13) or to
the time-dependent Oseen system, Heywood’s existence result in [30] with respect
to (1.11)—(1.13) was already mentioned above; it is based on variational arguments
and extends the theory he developed in [29]. Existence results in both Hélder and
Sobolev spaces, for a generalized Stokes system and also for a nonlinear problem
more general than (1.1), (1.3), (1.4), were established by Solonnikov in his article [41]
mentioned above. Kobayashi and Shibata [33] constructed an Oseen semigroup in
LP-gpaces. Such a semigroup implies existence results for the time-dependent Oseen
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system. Enomoto and Shibata [22] introduced an analogous semigroup in the case of
space dimension n > 3. Mild solutions to the nonlinear problem (1.1), (1.3), (1.4) were
constructed by Miyakawa [36] and by Shibata [39], with the first author considering
local in time existence, and the second global in time existence for small data.

LP-Li-estimates of Oseen flows were established in [33]. These estimates were
extended to the case of space dimension n > 3 in [22]. Local LP-L%-estimates for
Oseen flows were shown in [33] (n = 3) and [21] (n > 3). Bae and Jin [8] proved
weighted LP-L?-estimates for Oseen flows, using weight functions that are adapted to
the wake appearing in such flows. Stability results for solutions to (1.1), (1.3), (1.4),
in the sense of temporal decay estimates of spatial LP-norms of the velocity, were
proved by Masuda [35], Heywood [30, p. 675], Shibata [39], Enomoto and Shibata
[22] (case n > 3), and Bae and Roh [9].

In the case Q = () (Cauchy problem), certain aspects of the asymptotic behavior
of a solution to (1.1) may be deduced from the decay properties exhibited by solutions
of the Navier—Stokes system without Oseen term [31, p. 507], [42].

Let us indicate how our proof of Theorem 1.2 is structured. In section 3, we show
that the function F' from (1.20) belongs to LP (0, Tp, L3/2(§3)) for p € [qo,3/2] with
some qo € [1,3/2) (Corollary 3.3). This means that the velocity w enters into the
framework of [18] if w is considered as the velocity part of a solution of the Oseen
system with right-hand-side F'. Thus the representation formula for Oseen flows given
by [18, Corollary 4.5], which is a consequence of the theory in [16], yields an integral
representation of u (Theorem 3.4). Our task then consists in estimating the integrals
appearing in this representation. But all of them except one were already estimated
in previous papers. The one exception consists of a volume potential involving the
nonlinearity ((u+U) -V, )(u+U). An estimate of this potential—the main difficulty
of our proof—is achieved by a rather long and delicate iteration process presented
in section 4, whereby every improved estimate of the potential in question implies a
corresponding improved decay estimate of u or Vu, which in turn is used to revisit the
critical potential. It is particularly challenging to advance to the relation |u(z,t)| —
0 (Jz| = o0) uniformly in ¢ € (0,7p) (Lemma 4.1 to 4.4), which in [37] is imposed
as an assumption. Another difficulty consists in showing that |V, u(z,t)| is bounded
for large values of |z| (Lemma 4.7). Once these results are available, we establish
the decay rate (|z| - V(ﬂ:))_l for |u(z,t)| (Theorems 4.5, 4.6) and (|z| - u(m))_3/2
for |V,u(x,t)| (Theorem 4.8). In this context, the theory in [34] on the asymptotics
of solutions of the stationary Oseen system in the whole space R? turned out to be
useful. Our argument is complicated by the presence of the terms (u(t) -V )U and
(U - Vz)u(t), which transform into the matrix-valued function (U; - uk(t))lgj,kgg
after a partial integration. However, the technical difficulties related to these terms
are reduced by Theorem 3.7, which states that U;-uy, is an L>°(L')-function, a relation
that is also valid for u; - ui (1 < j, k < 3) according to that theorem. Thus, in many
estimates in section 4, we may handle U; - u, and u; - uy in the same way.

2. Notation. Some auxiliary results. We recall that the bounded Lipschitz
domain €2 with connected boundary, the parameters 7, Sy, €, do, Ko, 4, B, po, Lo, 0, S0
and the functions b, U, a, f, 7, b, u, and F' were introduced in section 1. We further
recall that we denoted the length of a multiindex o € N} by |a| (see the remark
following (1.6)), defined a weight function v describing the wake phenomenon (see
(1.7)), introduced the notation n(*» for the outward unit normal to 2, and used the
abbreviations Sp := 9Q x (0,T) and Zp := Q x (0,T), for T € (0, 00]. Concerning
the notation Q° introduced at the beginning of section 1, we more generally write
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A¢ := R3\A for any A C R3. We put e; := (1,0,0). For r > 0,z € R3, we set
By(z):={yeR3: |y —xz| <r}, B,:=B.(0), Q. :=QNB,.

We write C for numerical constants, and C(vy1, ..., 7,) for constants depending
on parameters i, ..., Y, for some n € N. These parameters typically belong to
(0,00), but the case y1 = 2 will also arise. In sections 3 and 4, the notation € is
used for constants that may depend on all the quantities listed at the end of Theorem
1.2, except on R and on the function ¢. The exception with respect to ¢ is lifted
from Lemma 4.4 onward. The symbol €(v1, ..., v,) stands for constants that may
additionally depend on 71, ..., v, € [0, 0).

If $) is a vector space consisting of functions from an arbitrary nonempty set A into
R,and if m € N, weput 9" :={F: A—R™ : Fy, ..., ,F, € H}. If || || is a norm
on £, we will use the same notation || || for the norm (3°72, |E )2 (F € ™)
on H™. For n € N, A C R™ measurable and p € [1,00], the usual norm of the
Lebesgue space LP(A), defined with respect to Lebesgue measure in R”, is denoted
by || |lp- The same notation is used for the norm of LP-spaces on 9 or on 92 x (0,7T)
for T € (0,00]. Let A be an open set in R3. Given m € N, p € [1,00], we write
W™P(A) for the usual Sobolev space of order m on A with exponent p. The standard
norm of this space is denoted by || ||m,p- If p = 2, we write H™(A) instead of
Wm2(A). The notation W,":P(A) stands for the set of functions w : A — R such
that w|U € W™P(U) for any open bounded set U C R? with U C A. If p = 2, we
write H;l'.(A) instead of W)"P(A). For s € (0,1), let H*(A) be the Sobolev space
defined via the intrinsic norm with exponent p = 2 introduced in [1, Section 7.51].
This norm is denoted by || [|s.2. For e € (0,1], let HS(Q°) denote the closure of the
set {v € O°(Q)? : divu = 0} with respect to the norm of H¢(Q°). For brevity,
put V := HY(Q"). This means in particular that V is equiped with the norm || |12
of H'(Q°)3. As usual, V' denotes the canonical dual space of V. The Sobolev space
H(09Q) is to be defined in the standard way (see [25, section II1.6], for example). Let
I ll1,2 denote the usual norm of this space with respect to some local coordinates of
09 [25, section I11.6.7]. The notation || [| 1 (s0) stands for the canonical norm of the
dual space H!(99Q)" of H(99).

If 9B is a Banach space, T € (0,00], and p € [1,00], then the norm of the space
LP(0,T,*B) is denoted by || HLP(07T7%)' However, if p,q € [1,00], 0 € {0,3},and Aisa

measurable subset of R?, we write || [|q,p;7 for the norm of the space L? (0, T, L1(A)° ).
If h is a function from (0, T) into L7(A)° and h a function from A x (0,T') into R?, and

if h(t)(x) = h(x,t) for z € A, t € (0,T), then we identify h and k. This convention
is justified because h : (0,T) — L9(A)? is measurable (or more precisely, strongly
L9(A)?-measurable in the sense of [43, p. 130]) iff & : A x (0,T') — R is measurable
in the usual Lebesgue sense; see [16, proof of Lemma 2.1] for some references on this
well-known fact. In the case ¢ < oo, we may conclude with Fubini’s theorem that the
norm of the spaces L7(0,7,L9(A)” ) and L7( A x (0,T))" coincide. Therefore we

may use the norm || ||; instead of || [|q,qz for functions from L9( 0,7, L9(A)? ), and

we may identify the latter space with L4 ( Ax(0,7) )U. Analogous remarks are valid
with respect to the spaces L4( 0,7, L9(0)7 ) and L( 9 x (0,T) )U.

Again take T' € (0, o0]. Following [38], we introduce a space Hr of functions on
St. To this end, we put

L2(S7) == {w € L*(S7)? - /BQ w(z,t) - nD(x)do, =0 for ae. te (O,T)} ,

Hyp = {o|S7 : 0 € CC(RY)?, 0| R® x (—00,0] = 0}.
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For ¢ € C*((—00,T)) with ¢|(—00,0] =0, and for t € (0,T), we set
t
ol ptt) = w20 ([ (= 02ty ar )
0

(“fractional derivative of ¢”). We further put 9/ w(z,t) = 83/2(11)(35, <))
for (x,t) € 9Q x (0,T), w € Hr. For any w € L?(St), we may define F,, €
L2(0,T,H'(6Q)") by setting

F,(t)(n) == /89 w(z,t) - p(z) do, for p€ H'(9Q) and for a.e. t € (0,T).

We will write w instead of F,,. For w € ﬁT, set

[[wl|

- (/OT(|w< ,1)]09)

The mapping || ||z, is a norm on Hp. Let the space Hp consist of all functions
w € L2(St) such that there exists a sequence (w,) in Hr with the property that
||w — wp||2 — 0 and such that (w,) is a Cauchy sequence with respect to the norm
| | 77z This means in particular that the sequence (||wy||fy ) is convergent. Its limit
value does not depend on the choice of the sequence (w,,) with the above properties.
Thus, for w € Hr, we may define the quantity ||w|| i, in an obvious way. The mapping
| ||z, is a norm on Hr, and the pair (Hr, || ||m, ) is a Banach space.
It will be convenient to use the following abbreviations:

(2.1) G(t):=7-[(ult) Vo)u®)+ (u(t) - V)U+ (U-Vu)u(t)],

(2.2)  Hj(@t) =7 (u(t) - ue(t) + uj(t) - Up + Uj - ui(t) ),
3

23) g2 =73 (t) - bu(t) + bit) - by + by bie(t) ) -
=1

1/2
2o+ 1012w DIOQE + (1) 1@ 3 oy ) )

for 1 <j,k <3, te(0,Tp). Next we present some estimates related to v(x).

LEMMA 2.1 (see [23, Lemma 2.3]). Let 8 € (1,00). Then [,, (1+v(z) )_ﬁ do, <
C(B) -r forr € (0,00).

LEMMA 2.2 (see [19, Lemma 4.8]). v(z —y)™' < C-(1+|y|) - v(x)~! for
x,y € R3.

Let S € (0,00). Then |y|=t < C(S) -v(y)~! fory € BE.

In [18], the following lemma is deduced from [26, Theorem I1.5.1].

LEMMA 2.3 (see [18, Lemma 2.4]). Let v € W1 (Q°) with v € L"(Q°) for some
K € [1,00), and Vo € L2(Q°)3. Then v € L8(Q°) and ||jv|ls < C(Q) - ||Vv]|2.

In particular, u € LQ(O,TO,Lﬁ(ﬁc)) and ||ulle,2;m < C(Q) - | Vau2.

Next we introduce the fundamental solutions we will consider in the following.
We write § for the usual fundamental solution of the heat equation in R3, that is,

Az, t) = (4-m-) 32 e @D for (24) € R3 x (0, 00).

Furthermore, we introduce a fundamental solution of the time-dependent Stokes sys-
tem by setting as in [38]

(2.4) Tjr(z,t) = jk-ﬁ(z,t)Jr/ooajam(z,s) ds, Ep(z):= 4 -m) " -ap-|z|™3
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for (z,t) € R3 x (0,00), x € R3\{0}, 1 < j,k < 3. (The function E}, is introduced for
completeness; it will not play any role in the following.) Finally we define the velocity
part of a fundamental solution of the time-dependent Oseen system by putting

Ajp(z,t,7) :=Tju(z — 7 t-ey,t) for (z,t) € R* x (0,00), 4,k € {1, 2, 3}.

We will need the following properties of A and I'jp,.
LEMMA 2.4 (see [38, Proposition 2.1.9]). The functions T'j; and Aji(-, -, T)
belong to C"X’(IR3 x (0, oo)) for 1 < j,k < 3. Moreover

02T 1 (2, )| < C - (|2]> +t)=3/271el/2)
|83Ajk(2’,t,7')| < C- (|Z — Tt el|2 + t)*3/27\o¢|/2

for z € R3 t € (0,00), a € N3 with |a] < 1.
On the other hand, concerning the term |z —7-t-e1|? +¢, we have the next lemma.
LEMMA 2.5 (see [11, Lemma 2]). Let K € (0,00). For z € R3, put yx(2) := |z|?
if |2| < K and vk (2) = |z| - v(2) else.
Then |z —1-t-e1? +t > C(1,K) - (vr(2) +t) for z € R?, ¢ € (0,00).
THEOREM 2.6. Let K € (0,00), p € (1,00). Then

/ (jy—7-t-ed?+8) 7 dt <O K,pm) - (lyl - v(y)) " for y € B,
0

Proof. See [20, Theorem 2.19] with z =0, § = 1, and S replaced by K/2. a
Lemma 2.4 and 2.5 yield the following.
COROLLARY 2.7. Let K € (0,00). Then

—3/2—|al/2

102N (2,t,7)| < C(1,K) - (vk(2) + ) for z € R3 t € (0,00),

a € N} with |a| < 1, where vk (2) was defined in Lemma 2.5.

Another important tool in our proofs is the following estimate, which follows from
Holder’s and Young’s inequalities.

THEOREM 2.8. Letp,q € [1,00], r € (1,00], s € [1,00] with ¢ <p, s <.

Then, for h € LS(O,oo, Lq(R3)), M € (0,00), j,k € {1,2,3}, a € N3 with
|| < 1, the ensuing inequality holds: for W = (0, M) if 1—|a|/2+3-(1/p—1/q)/2 >
1/s—=1/r, and for W = (M,00) if 1 —|a|/2+3-(1/p—1/¢)/2<1/s—1/r,

</000 [/RS (/OOO . Xw (t = 0) - 107N (z =y, t = 0,7)|

p r/p 1r
- |h(y,0)| dy dU) dx] dt)

< O(1,p,q,r,8) - M3 /P @2l 221/ sH 1 g

if p<oo, r<o00. If p=o00 and/or r = 0o, the preceding estimate has to be modified
in an obvious way. For example, if p=r=s=o00 and 1 — |a|/2 —3/(2-q) > 0, we
have

L[ Xom(t =) 0285 = vt = o)l - Iy, dy do
0

< C(r,q)- M3/ 2+1-lal/2 (1]l 4.00:00
for h € L"O(O,oo7 Lq(RB)), M, j,k,a as above, v € R?, t € (0,00).
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Proof. In the case s < oo, we refer to [15, Lemma 2.7]. If s = oo, the ar-
guments from the preceding reference remain valid. As an example, take the case
p=r=s=o00, ¢>1. For h,M,j k,« as in the lemma, W € {(0, M), (M, o0)}, and
for z € R3, t € (0,00), we find by Lemma 2.4 and Holder’s inequality that

~/O /ﬂ@XW(t_O—)'|8gAjk(x_y7t_UaT)|'|h(y70)|dyd0

SO(T)'/OOO/RSXW(’f—ff>'(|f’«“—y—r~(t—cr)~e1|+(t—cr)1/z)(3”“
|h(y,o)| dy do
oo e
<ct | XW““”'(/W('“@/—T-<t—a>-e1|+(t—a>1/2) rled dy>/
AR, 0)llq do

o —@3+|a])-¢ 1/q
o) [“xwte=ar ([ (a1 €= ) T ol do
<) [ Xl =)+ (= o) VIR i ) do

q,00300 ° / X (t = 0) - (t — o) 121/2=3/C9) 4o,
0

Now, distinguishing the case W = (0, M), —|a|/2 —3/(2-¢) > —1 on the one hand
and W = (M, 00), —|a|/2—3/(2-q) < —1 on the other, we may integrate with respect
to o and obtain the looked-for inequality. a

A first consequence of Theorem 2.8 is the following.

COROLLARY 2.9. Let s € [1,00], ¢ € [1,00), h € L*( 0,00, L9(R3)3). Then, for
a.e. (x,t) € R3x (0,00), a € N} with |a| < 1, we have fot Jgs S 109Nk ( —y, t —
o,7) - hi(y,0)| dy do < .

Proof. Theorem 2.8 shows that the corollary holds for (z,t) € R x (0, M) for any
M > 0; compare the remarks in [15, p. 898]. 0

Due to the preceding corollary, we may define a function (™ (h) : R? x (0, 00) —
R3 for any h € L*(0,T,L9(A)%) with s € [1,00], ¢ € [1,00), A C R?® measurable,

€ (0, 00], by setting

t 3 "
(2.5) %;T)(h)(x,t) = /0 /Rz ZAjk(x —yt—0,7) hy(y,0) dydo
k=1

for a.e. = € R, t € (0,00), where the function h in (2.5) denotes the zero extension
of h to R? x (0, 00).

LEMMA 2.10. Let s € [1,00], ¢ € [1,00), and h € L*(0,00, LY(R®)®). Then
the weak derivative 8;9%;7)(h) exists for 1 < j,1 < 3, in particular, RV (R)( - ,t) €
WELR3)3 for t € (0,00). For a.e. x € R3, t e (0,00), 1<j,1<3,

loc

+ 3
alm;q-) (h)(xat) = / /3 Z 8lAjk(x -y, t—o, T) : hk(y7 0) dy do.
0 JR? 4

In particular, the trace of R (h)( - ,t) on AN is well defined for t € (0,00), so
R (h) has a boundary value on Sa.
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Proof. The lemma follows from Theorem 2.8. O
LEMMA 2.11 (see [17, Lemma 2.3]). Letq € [1,00], ¢ € LY(R3). Then the integral
fR3 |9(x —y—7-t-e1,t)-c(y)| dy is finite for x € R3, t € (0,00). Thus we may define

IO @)= | Hla—y—7-t e t) ¢;(y) dy
R3

forz € R3, t € (0,00), 1 <j < 3. The function 37 (c) belongs to C* (R?x (0,00) )3,

The function 3 (c) even belongs to C*°(R? x (0,00))3, but we will not need
this fact. Next we consider convolutions of the Oseen fundamental solution on 0.

LEMMA 2.12. Let s,q € [1,00], ¢ € LS(O,oo,Lq(aﬂ)3), 1 <4,k <3, For
z € R3\9Q, t € (0,00), a € N} with |a| < 1, the integral fg Joq 109 Aji(z — y,t —
o,7) - or(y,0)| dQy) do is finite. Moreover, if ¢ € L?(So0)? and o = 0, the preceding
integral is finite also for a.e. (x,t) € Suo.

Proof. The first claim of the lemma is obvious by Corollary 2.7. As for the second
conclusion, we refer to [15, Lemma 2.19]. 0

In view of Lemma 2.12, for s,q € [1,00], T € (0,00], ¢ € LS(O,T, L1(09)3 ), we
may define

t 3

26) B = [ [ S Ale -t -0 G0 dly) do
o Joo

for 1 < j <3, x € R3O, t € (0,00), where ¢ denotes the zero extension of ¢ to

Seo- If o € L?(Sr)? for some T € (0, 00], we define Q?§T)(<p)(x,t) as in (2.6) for a.e.

xz € 09, t € (0,00). As a consequence of Corollary 2.7 and Lebesgue’s theorem, we

note the following.
COROLLARY 2.13. Let s,q € [1,00], ¢ € LS(O,oo,Lq(('?Q)?’). Then for x €

R\, t € (0,00), and j,1 € {1, 2, 3}, the derivative awlmgﬂ(@)(x,t) exists, and

t
27) 0,0 () (x,t) = / | Okla =yt = 07) - rly, o) dy) do
0

We note a consequence of (1.15).

LEMMA 2.14 (see [18, Lemma 2.27]). Let s € [1,2]. Then f € L?(0, oo,L"(ﬁc)3)
and [fllxzoe < C(S0, A, Bo1) - ([7ll2 + 1| f128, % (0,50)]12):

In particular, f € L?(0,00,V").

Concerning the spatial decay of 3 (a), we will use a result from [17].

THEOREM 2.15 (see [17, Theorem 1.1]). For S € (Sp, ), = € BS, a € N with
la| <1, the inequality

19297 (a) (2, 1)] < (.7, S0, 5. 50) - (60 + [|als, |1 - (Jz] - () ) 712

holds with §g and ko from (1.14).

In [18], we studied the spatial asymptotics of R (f) and U™ (¢), obtaining the
ensuing two results.
THEOREM 2.16 (see [18, Theorem 3.1]). Let S € (Sp,00). Then

(2.8)
02R T (f) (2, 1)

—1—|x|/2
< (1,00, 80,8, 4, B) - ([7ll2 + [llpo + 119 % (0,00)[12) - (| - w() )~
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for a € N} with |a| < 1, x € BE, t € (0,00), where py, A, B, and y were introduced
in (1.15).
LEMMA 2.17 (see [18, Lemma 3.2]). Let S € (Sp, ), k € [1,00). Then

(29) 1028 () (@] < CQ780.9) 1] . o) * (Il (@)

for o € L*(0,00,L%(8Q)%), a € N} with || <1, z € B, t € (0,00).
If o € L'(Sx0)?, then for a, x, t as before,

—1-lal/2

10207 () (2, 1) < C(2,7,50,8) - [l@lls - (|| - w(a)) /212,

In the following theorem, we cite a result from [34] involving convolution integrals
of a type arising frequently in the context of Oseen flows.
THEOREM 2.18. Let A € [1,0), B € [0,3/2], and put
E=A-1/2, F:=BifA<2 A<B+1, A+min{l, B} < 3;
E:=(A+B)/2, F:==(A+B)/2—-1/2if A>B+1, A+ B<3; and
E:=F:=3/2if A+min{l,B} >3, A+ B >7/2.
Then

1) [ (arleuhvle-w) D ) P dy

<C(AB)-(1+ =)~ v(x)~F.

Proof.  See the proof of [34, Theorem 3.2]; in particular, see [34, p. 92,
Figures 2 and 3]. 0

In the ensuing corollary, we draw some conclusions from Theorem 2.8.

COROLLARY 2.19. Let m € [2,00), pu € (3/2,00) with 1/3 > 2/m —1/p > 0.
Moreover, let w € L°°(O, oo,Lz(RB)B) ﬂLOO(O,oo,Lm(R3)3) andl € {1, 2, 3}. Then
wy - w € L>(0,00, LY(R?)3).

Let t € (0,00). Then R (w; - w)( - ,t) € L*(R3)3 and

10K (wp - w) ()|, < Clrym, ) - [[wl3 o0 + ] ]

Proof. Let j € {1, 2, 3}. For x € R3,

t 3
(2.11) / / o lo k(@ =yt — 0,7) - (w - wi)(y, 0)| dy do < AW (2) + AP ()
0 R3 k=1
with
AD (z) = / / Xw, (t =) > |0 jk(x —y,t —o,7) - (w - wi)(y, 0)| dy do
0 R k=1

for i € {1, 2} with W7 := (1, 00), W5 := (0, 1]. Noting that u > 3/2, hence —1+3/(2-
1) < 0, we may apply Theorem 2.8 with r = s = 0o, p = p, ¢ = 1. It follows that

(2.12) IV < Clr ) - flwn - wlliociee < C7 ) - 103 000

On the other hand, since m > 2 and 1/3 > 2/m —1/u > 0, we have m/2 > 1, 1/2 +
3/(2-p) —3/m > 0 and m/2 < p. Therefore Theorem 2.8 may be applied with
r=s=o00, p=u, ¢ =m/2. This reference yields

(2.13) 1,0 < Crym, ) - - wlln 2,000 < O, 1) [0]170 00500+
The corollary follows from (2.11)-(2.13) and Lemma 2.10. O
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We close this section by establishing various estimates of &R\ (g)(x,t) for the
case that supp(g( - ,t)) is bounded and the distance between z and supp(g( - ,t))
is larger than some given quantity.

LEMMA 2.20. Let S, Ry, Rs € (0,00) with Ry < Ra. Let j k,l € {1, 2, 3}. For
measurable functions g : Br, x (0,00) = R, and for x € Bf,, t € (0,00), define

t
A(g)(x.1) = / / 0Asi (e — 9,1 — 0,7)] - lg(y,0)| dy dor
0 JBg,

Let t € (0,00). Then, for p € [1,00), q € (2,0), g € LOO(O,OO,LP(BRl)),
(2.14) 12(g)( . )llq < C(7, R1, Ra,q) - [|9]lp,00500-
Moreover, for g € LOO(O, oo, LY(Bg,) ), x € Bg,,

(2.15) A(g)(z,t) < C(7,5) - [|gll1,00:00 - Oz, Ry, Ry),

where 6(z, Ry, Ra) = (|z] - (1 — Rl/Rg))_2 if Br, C Bs(x), and 0(x, Ry, Rp) =

[|2] - (1 = Ry/Ry) - max{1, v(x)/(1 + R1)}] " if Br, N Bs(x) = 0.
If Ro — Ry > S, we have for p € (4/3,0), g € L2(O,oo,L1(BRl)) that

(2.16) [24g)( -, D)llp < C(7, 5, Ry, Ra, p) - |9]l1,2:00

and for v € B, and g as before

(2.17) A(g)(x,t) < C(r, S, Ry, Ro) - (el wl@))

Proof. For x € By, y € Br,, we have

(2.18) |z —y| > |z - (1 = Ri/R2) + |x| - R1/Ra — |y
>zl (1 = Ri/R2) + Ry — |yl > |2| - (1 = R1/R2) > Ry — Ry,

and with Lemma 2.2,
(2.19) vz —y) P <C-A+y) v@)t<C-(1+Ry)-v(x) ™t

Take p,q,g as in (2.14). Referring to the preceding estimates and to Corollary 2.7
with K = Ry — Ry, we find with the abbreviation C := C(r, Ry, Rz) that

(2.20)

120(g) (- 1)llq
<C < By, (/ /BRI o —yl vie—y)+t—0c) - |g(y,0)|dyda)qu>1/q
<C < ( |CC|-1/(:C)+L‘—0)2-/BR1 lg(y,o)| dy dg)qu)l/q
<C /(/BR )|dy> (/R (|x|"/<w)+t—a)2'qu>”qu’
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where the last inequality follows by Minkowski’s inequality for integrals [2, Theorem
2.9]. Put € := (¢—2)/(¢+2). Since ¢ > 2, we have € > 0 and ¢ > (¢ +2)/2. It follows
that

(2.21) e€(0,1), (-l14e€-g<(-1+¢) - -(¢g+2)/2=-2.

On the other hand, observing that fBR lg(y,0)| dy < C(R1)-|lg( - ,0)l|lp for o € (0,1),
1
we deduce from (2.20) that

(2.22) [[2(g)( -, t)llq
< C- ||g||p7oo;oo '/0 (/Bc (|:E| v(z) +t— 0_)(*1+67176)»qu) 1/q i

Ra

t
<C- ”ng,oo;oo /0 (RQ +t— o’)_l_e do - </B

But with (2.21) and Lemma 2.1,
/ (Ja| - () ™4 = / r(‘“e)'q/ v(z) ") do,, dr
B Ro OB,

Ro
< / r(*1+f)'q/ v(z)*do, dr < C - r(ZIF et gy < O(q, Ro).
Ro OB, Ro

Now inequality (2.14) follows from (2.22). Next take g, z as in (2.15). In the case
Bpg, C Bg(x), we have |y — x| < S for y € Bg,, so Corollary 2.7 with K = S yields

1/q
(|| I/(x))(_lﬁ)'qda:) .

c
Ra

A(g)(z,1) < C(r, 5) - / /B (2 — o2+t —0) 2 - |g(y,0)| dy do;

hence with (2.18),

Wa)art) < CS) - [ [(lel- 0= Ri/R)) +t=a] - [ lato) dydo

-2

t

< C8) gl [ (el = Ri/R)) +t=0] o
0

< O(1,59) - l19ll1.00i00 - 0(, Ry, Ro)

with the term 0(x, R1, Ry) defined in the lemma. Now suppose that Br, N Bg(z)
that is, |x — y| > S for y € Bg,. Then Corollary 2.7 with K = S implies

0,

A(g)(a,1) < C(r. 5) - / /B (2~ 9l - vz —y) +t —0)% - |g(y, )| dy do-

Using (2.18) and (2.19), and writing C instead of C(7,S), we may conclude that
Ag)(x,t)
t
<CT- [ [lal
0

x,t
<6./ .(1—R1/R2)-max{1,1/(95)/(1+R1)}+t—0}_2
/ l9(y, 0)| dy do

Br,

2

t —
.IIglll,oo;oo-/ [le.(1—R1/R2).max{1,u(x)/(1+R1)}+t_a] do
0
<C- ||g||1,00;oo -0(z, Ry, Ro).

Ql

<
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Thus we have proved (2.15). Next suppose that Ro — Ry > S, and let p, g be given
as in (2.16). Due to (2.18), it follows that |z —y| > S for x € By, y € Bg,, so
Corollary 2.7 with K = S implies

A0l

=cms) <~/BR (/ot /BRl(Ix —yl-v(@—y)+t—0) " gy, 0)| dy do)pdx)l/p;

hence by (2.19) and again by (2.18),
1=2A(g)( - D)llp

< C(r.5, Ry, Ry) - (/
B

1/p

(/Othxl v(z) +t —a}_z : /BRl lg(y, )| dy da)pdx>

It follows by Hélder’s inequality that
(2.23)

c
Ra

1=2A(g) (- )l
S C(T,S,Rl,Rg)' </
B

< C(1,5,R1, Ra) - || 91,200 - (/

BC
Ro

1/2 P 1/p
- |g||1,z;oo} dx)

t —4
[</ {|a:| v(z)+t— cr} dcr)
0
32 1/p
[|x| . V(aj)] dx .
But with Lemma 2.1 and the assumption p > 4/3,

/ (|| v(z) )73'17/2 = / P3P/ / v(z) P2 do, dr
B¢ Ro OB,

Ra

< / ,r,73>p/2 / U($)73/2 dOw dr < C- 7’73.p/2+1 dr < C(p) . R2—3-P/2+2'
R2 0B, Rs

c
Ro

Inserting this inequality into (2.23), we obtain (2.16). Again using Corollary 2.7 with
K =5, as well as (2.18) and (2.19), we get for v € Bf, that

A(g)(x,1) < C(r. 5) / /B (2 =9l - vl@ — )+t —0)% - |g(y,0)| dy do

<0ts) [ iRm0+ Ry +e-0] [ gty dy do

< 008) Nalhaoe ([ 110 - R/ o) w1+ ) +0 -0 o)™

]73/2

)

<O 8) gl 200 - [lxl (1= Ry/R) - v(z)/(1+ R1)

so we have proved (2.17). O

3. Some properties of U and u. We begin with some observations with
respect to the function U from Theorem 1.1.
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LEMMA 3.1. We have

1Ullp < C(So,p) - (1Ulls + po) < €(p)  for p € (2,6],
IVUllp < C(So,p) - (IVU |2 + po) < &(p)  for p € (4/3,2],
[UIBS, llp < C(So.p) - o < &(p)  for p € (2,00],
IVUIBS,[lp < C(S0,p) - po < &(p)  for p € (4/3,00].

Proof. Let o € N3 with |a| < 1. With Lemma 2.1 we obtain that the integral
ch (lyl - v ))(717|a\/2)>p dy is bounded by a constant C(p,Sy) for p € (2,00) if
o = 0 and for p € (4/3,00) if |a| = 1. Since U € L8(Q")? and VU € L2(Q")?, and
because of (1.10), the lemma follows. O

We are going to show that the function F from (1.20) is in L?( 0, oo, LP(Q%)3 ) for
a range of p including the interval [6/5,3/2]. To this end, we draw some conclusions
from (1.16), (1.17), and Theorem 1.1.

LEMMA 3.2. We have 1 < 2/(1 4+ 2/s0) < 6/5 < 2/(1 +2/ro) < 2. Let
p € [s0,70], and put 0 := (1/p—1/r0)/(1/so — 1/r¢)~*. Then

(3.1) || ul - [Vaul Hz/(1+2/p)72;To
<C- (9' ||U||so,oo;To + (1 - 9) : HUHTmOO;To) ’ HunHg <

(32) U1 IVaul |y 10 92, < C(S0) - (1Ulls + 10) - | Va2 < €,
(3.3) UL 1Vl |35 .0, < 106 - [Vaull2 < €,

(3.4) [ul - VU1 10,200, < C(S0) - llull2gm, - (IVU 2 + po) < €,
(35) |l VU] g0, < lulls2m - [VU]> < €

Proof. The inequalities in the first line of the lemma follow from the relations
so € [2,3) and ry € (3,00). For B € [2,00), we have 2/(1 +2/8) > 1, so Holder’s
inequality yields

(3.6) | V] <|Vlg-IVulls for V e LF(Q).

IVattl |y 142/8) 21,

These observations and the inequality

lu@)llp < a2, - lu@lrg® <0 llu®)lls, + (1= 0) - [lult)llr

for t € (0,Tp) prove (3.1). Inequality (3.2) follows from (3.6) with 8 = 22/9 and
Lemma 3.1, whereas (3.3) may be obtained by the same references, but with 5 = 6
n (3.6). We further remark that for 5 € (4/3,2], Holder’s inequality implies that
|| lu| - VU] ||6/(1+6/ﬂ))2;T0 < lull2,6:1% - [IVU|| 5. Inequality (3.4) is a consequence of
this estimate with 8 = 66/49 and Lemmas 2.3 and 3.1. As concerns (3.5), we
may use the preceding inequality with 8 = 2 and then apply Lemmas 2.3 and 3.1
again. O

If /o > 6, we may use inequality (3.1) with p = 6 to obtain (u - Vyu) €
LQ(O, Ty, L3/? (ﬁc)?’). Therefore the preceding relation is redundant as an assump-
tion in (1.17) if o > 6.

COROLLARY 3.3. Put oo := max{11/10, 2/(1 4 2/s¢)}. Then oo € (1,6/5) and
1Ep2m < € |Gllp2m < € for p € [00,3/2], where F and G were introduced in

= 325 =

(1.20) and (2.1), respectively.
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Proof. See (1.16), (1.17), and Lemmas 3.2 and 2.14. O

Now we are in a position to derive the representation formula of u mentioned at
the end of section 1, applying a result from [18].

THEOREM 3.4. There is a unique function ¢ € L%(St,) with

(3.7) B () |Sg, = (-RO(F) =37 (a) +b) | Sz,

This function verifies the estimate ||1]l2 < €. The function u from (1.16)—(1.19) is
given by u = (SR(T)(F) +37(a) + Q?(T)(w)) | Zr,.

Proof. Theorem 3.4 follows from [18, Corollary 4.5] with h replaced by F', Corol-
lary 3.3, the relation b € H,,, and the assumptions on ¢ and u. We note that [18,
Corollary 4.5] is a consequence of the representation formula for Oseen flows estab-
lished in [16]. O

Since F = f—@, hence R (F) = R (f) =R (@), and because the asymptotic
behavior of R (f), 37 (a), and V(1) has already been studied, we may now
reduce the proof of Theorem 1.2 to an estimate of R(™(Q).

COROLLARY 3.5. Abbreviate J := R (f) + 37 (a) + B (0) | Zg, with ¢ from
Theorem 3.4. Then

(3.8) u=3-R Q).
Let S € (Sp,00), © € BE, t € (0,00), o € N} with || < 1. Then

(3.9) 953 )] < €(8) - (Jal - 1))~

Proof. Equation (3.8) follows from Theorem 3.4 and the equation F' = f — G (see
(1.20) and (2.1)). Inequality (3.9) is a consequence of (3.8), Theorems 2.15 and 2.16,
and Lemma 2.17. d

In the next step we derive two estimates related to the product Uy - u;.

COROLLARY 3.6. Let S € (Sp, ), k € (3,00], t € (0,Tp), I € {1, 2, 3}. Then
the inequality ||O;R™ (- U 4+ U - u)( - )| BS ||k < €(S, k) holds.

Proof. Suppose k < o0, j, k € {1, 2, 3}. Put

A= </B (/Ot/QCH(x,y,t,s) dy dsydx)

with H(z,y,t,s) :== | Aj(z —y,t — 5,7)| - |u(y,s)| - |[U(y)| for z € BE, y € 0, s €
(0,t). Then A < 24y + 2y, where 2(; and 2, are defined in the same way as 2, except
that the domain of integration 0 is replaced by (g, in the case of %; and by B§,
else. Inequality (2.14) yields 21 < C(r, S0, S) - || [u| - |U] | Qs, x (0, Tp so that

1/k

c
S

)||1,OO,TQ7
(3.10) 21 < C(7,50,9) - ullso,00,1 - U230 |5, < C (7,50, S) - [ulls6,00,15 + IU][6

where the last inequality holds because sg € [2, 3), so that s € (3/2,2]. We further ob-
serve that 2As < B +Bo with B, B, obtained from As by introducing the additional
factor x(o,1)(t—s) in the case of B and x[1,40)(t—5) in the case of By, inside the triple
integral abbreviated by 5. By Theorem 2.8 with M =1, s=r =00, p==k, ¢ =3,
and Holder’s inequality we get

(311) %1 S C(Ta 'ka) : H |u| ' |U| |Bg'0 X (O’TO) H3700;To

< C(7,8) - |[ullro,c0im0 - IU1BS, ll3.(1-3/rg) -
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Now Lemma 3.1 implies that By < C(7, S0, %) - ||t|lrg,001p * to- Again referring to
Theorem 2.8, this time with M =1, r =00, s =2, p =k, ¢ = 2, we obtain

U]

By < C(1,K) - H |u| - |U] H2 < C(m,k) -

Hence by Lemmas 3.1 and 2.3, B, < C(Q,7,S0,%) - [|Vaull2 - (J|Ull6 + po). Thus, if
K < 00, the corollary follows from Lemma 2.10, (3.10), and the preceding estimates
of %1 and %2.

In the case kK = oo, we handle the term 2; by using inequality (2.15) with S
replaced by S + Sp, for example. Moreover, instead of (3.11), we observe that by
Theorem 2.8 and Lemma 3.1,

%1 < C(Ta KJ,T()) ' || |U| ! |U| | Bg'o x (O’TO) ||T07OO;T0

< C(r,k,10) - HUHTO,OO;TO ) HUlBg'o”oo < C(7,k,70,50) - ||t rg 0010 + 110

The estimate of B2 given above remains valid. d

THEOREM 3.7. There is o1 € (1,2) with ||ullp e, < €(p) for p € [o1,2].
Moreover the estimate || |u] - |U| ||17OQ;T0 < € holds.

Proof. For x € Ba.g,, y € 052, we have |x —y| > |z| — |y| > || — So > |z|/2 > So
and v(x —y) > C(So) - v(z), where the last inequality holds according to Lemma 2.2.

Recall the function v introduced in Theorem 3.4. For z € R3\99, t € (0, 0),
let the functions V) (z,t), V® (z,t) be defined as B (4)(z,t) (see (2.6)), but with
an additional factor x (o 1)(t — ) and X[1,00)(t — o), respectively, inside the double
integral in (2.6). Let p € (3/2,2], t € (0,00). By Corollary 2.7 with K = Sy and
the two estimates at the beginning of this proof, we obtain |Ajx(z — y,t — 0, 7)| <

C(1,5) - (|z] - v(z) )_3/2 for z € B g, y € 0Q, 0 € (0,t), 1 < j,k < 3. Therefore

1/p
(3.12) V(- ,1)[Bs.gll, < C(7, ) - </ (|| - v(x)) "2 dx>

c
2-5

- (/ [ xan(t=0)- 6t0.0)l doy ).

Since p > 3/2, we have 3-p/2 > 9/4; hence the first integral on the right-hand side
of (3.12) is bounded by C(Sp, p) ch (|x| ))_9/4 dx. But the preceding integral
may be rewritten as ¢ r9/4. Jos, u( )~ 9/4 do, dr. Thus, on applying Lemma 2.1,
we see that the first mtegral on the right-hand side of (3.12) may be estimated by a
constant depending on Sy and p. Concerning the second integral, we apply may apply
Holder’s inequality obtaining ||V ( - IBS 5 llp < C(,7,80,p) - [[¢]|2. In order to
estimate ||V (- ,t)||,, we apply Minkowski’s inequality to obtain

1/p
e (. ) <Z/ /BQ<R3|AJk y,t—mnpda:) |(y,0)| doy do.

Now we may proceed as in [13, inequality (25)], using Lemma 2.4, but with p in the
place of the exponent 2 considered in [13]. We get

t
V0l < Crp)- [ ot =) - (0= )/ i)l don
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Since p > 3/2, we have —3/p’ < —1, so fo X[1,00)(t—0) (t—0)3/? do < C(p). Thus
the preceding estimate of |V ( - t)||, and Holder’s inequality yield |V ( - ,t)|, <
C(r.p)- bl Altogether we have shown that, [0 (4)( - )y < C(Q,7,S0,0) - [¥]2.
Hence with the estimate of ¢ in Theorem 3.4, |8 (1))[|p.2:00 < €(p) for any p €
(3/2,2].

For z € R3, t € (0,00), let RV (x,t), R®(xz,t) be defined as R (F)(z,t) (see
(2.5)), but with an additional factor x(,1)(t — 0) and X[1,00)(t — o), respectively,
inside the double integral in (2.5). Let k € (3/2,3). By Theorem 2.8 with M =1, r =
00, s =2, p=k, ¢=23/2, we get [|RY |, o00c < C(T,6)(K) " ||F||3/2,2,00- Consider
the parameter o¢ from Corollary 3.3. Since 1 < 0¢ < 6/5, we have 3/2 < (1/0¢ —
1/3)7' < 2. Let k € ((1/09—1/3)~1, 2]. Then we have in particular k > 6/5 > o and
1/o0—1/3 > 1/k so that 14+3/(2-k) —3/(2-0¢) < 1/2. Therefore Theorem 2.8 with
M=1,r=00, =2 p==r, ¢=00yields |[R? |, 0000 < C(T,5,50) * | Flog.2:00-

Thus, with the above estimate of ||[R™") ]|, oo.0o and Corollary 3.3, we arrive at the
inequality |98 (F)]|x 0000 < €() for k € ((1/09 —1/3)71, 2].

Let p € (2/(1 + ko), 2], with ko from (1.14). Then we obtain with the latter as-
sumption that [[a|BS || < do - ch (lyl-v )(717%)'1) dy. The integral on the right-

hand side of this estimate is bounded by fSo p(=1=ro)p IBBT v(y)(—Lro)p doy dr, so
we get with Lemma 2.1 and because (1 + ko) - p > 2 that |a|Bg,[|, < do - C(p, Ko)-

Obviously Ha|QSOHp < C(So) - lalQs,|l2 < €, so we have found “that lall, < €(p).

Since [ps H(y,t) dy = 1 for t € (0,00), it follows with Young’s inequality that
137 (a)( - ﬂf)Hp < llall, < €(p) for t € (0,00).

Due to the preceding estimates of (), R (F) and 37 (a), we may refer to
Theorem 3.4, concluding that ||ul|p,co;m, < €(p) for any p belonging to the interval
(max{(1/o0 — 1/3)7", 2/(1 + ko)}, 2]. This proves the first claim of the theorem.
The second follows from the first and Lemma 3.1. 0

Finally we transform J(G) by a partial integration in order to obtain a variant
of (3.8) and (3.9), respectively, that will be useful in the following.

LEMMA 3.8. Let jke{1,2,3}, 2€Q°, t € (0,1p). Then

/_Ajk(w—y,t—oﬁ)-Gk(y,a)dy=— Az =yt —0,7) - g (y, 0) dUy)
Q° o0

/ Zal Jk - 0, T) ' Hkl(yv U) dy
Q°

=1

for o € (0,t). (The functions G, H, g®) were introduced in (2.1)-(2.3)). In particular

3
(3.13) R (@, t) = —B (D) (@, 1) + DR (Hint)1<mes ) (2, 1).
=1
_Proof. Take o € (0,t). Put h:= |u( - ,0)|* +|u( - ,0)| - |U]. Since U, u( - ,0) €
L3(Q°)3 (see (1.16) and Lemma 3.1), we obtain that h € L3/2(Q°). We further note
the equation fB% ()32 dy = [ Jop, y)*/% do, dr for R € [Sp,00). Suppose for a

contradiction that there is Ry € [Sp, o0 Wlth Jop, b (y)*/%do, > 1/r for r € [Ry, o0).
Then [ B 3/ 2 dy = oo by the precedlng equatlon in contradiction to the relation

h e L3/? (Q ) Therefore we may choose a strictly increasing sequence (R,,) in [Sp, 00)
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with Ry, — oo and [, h(y)*/?do, < 1/R,, for n € N. On the other hand, in view
of (1.18), and by Theorem 1.1, we get with a partial integration that

(314) A]k(x —y,t—o, T) ' Gk(y7 0) dy
Qr,

=A, — /8Q MA@ —y,t —0,7) - ¢y, 0) dQ(y)

3
+ Z ONji(x —y,t —o,7)  Hi(y,0)dy for neN,
Qrp 121

where A,, := faBR 213:1 ANjp(x —y,t —o,7) - Hi(y,0) - yi/ Ry doy. Let ng € N be so
large that |z| < R,,,/2 and Sp < Ry,. Then, for n € N with n > ng and for y € Bg,,
we find

|z =yl = Ry — |2| 2 Rn/2+ Ry /2 — |2 2 Rn/2 2 Rny /2 2 So/2.
Corollary 2.7 with K = Sy/2 now yields

-3/2

A,] < C(r, S0) / (Jz =yl v —y) +t—0) "% hy) do,.

&Br,,

We thus get |A,| < O(r,S0) - Rn*/? faBRn h(y) doy, so with Holder’s inequality,
|A,| < C(r,S0) - R, (IBBR h(y)3/? do,)?/? if n > ng. Recalling the choice of the

sequence (R,), we may conclude that |A4,| < C(r,S)) - B2 forn € N, n > no.
Thus we obtain that A,, — 0 for n — co. As concerns the two integrals over Qg in
(3.14), they converge to the corresponding integrals over Q° for n — co. This follows
from Corollary 2.9, the relations G € L2(O,T0,L3/2(ﬁc)3) (Corollary 3.3), Hy; €
L>(0, Ty, LY(Q°)?) (Theorem 3.7), and Lebesgue’s theorem. Therefore, on letting n
tend to infinity in (3.14), we arrive at the first equation in Lemma 3.8. Integrating
this equation with respect to o, summing up with respect to k, and applying Lemma
2.10 yields the second equation. a

The function U (¢(®)) may be estimated as follows.

LEMMA 3.9. The function g*) belongs to L?( 0,00, L*(02)*) + L*(Sx)?, and

+ 3
(3.15) / [ S0~ s 0.7) 0 )] ) do
k=1

< ¢(S) - (o] - v(x)) V2

for S € (Sp,00), x € BE, t € (0,00), j € {1, 2,3}, a €N} with |a| < 1. This means
in particular that |8§‘Q?§7)(g(b))(x, t)| is bounded by the right-hand side of (3.15).

Proof. Since U|0) = b (Theorem 1.1), we get by a standard trace theorem that
Bl < C(2, o) - 1T, |1,2- Hence [[Bl|z < C(R, So) - ([[U[Rs, [ls + | VU Qs ]12) < €,
in particular, [b] - [b| € L?*(0,00,L'(89)). Obviously [b]*> € L'(Sx). As a conse-
quence, Lemma 2.17 with x = 1 yields that the left-hand side of (3.15) is bounded by
C(9,7,80,5) - (Ibll2- [Bll2 + 1]12) - (2] - v(x) )~ '*"*. Recalling the estimate of [[b]l2
given above, we see that [|b]lz - [|b]l2 4 ||b]|2 < €, so (3.15) is proved. The last claim of
the lemma follows from that latter estimate and (2.7). O
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At this point we may prove the variants of (3.8) and (3.9) mentioned above.

COROLLARY 3.10. Abbreviate & := I+ (¢®)) with ¢® from (2.3) and ¢ from
Theorem 3.4. Then

(3.16) u=R8- Zﬁzm( D ((Hmi)1<m<s )-

=1
Let S € (Sp,0), x € BE, t € (0,00), a € N§ with || < 1. Then

(3.17) 102 Rz, )] < €(S) - (Ja] - w(w)) 12

Proof. Equation (3.16) follows from (3.8) and (3.13), whereas inequality (3.17) is
a consequence of (3.9) and Lemma 3.9. O

COROLLARY 3.11. Let S € (Sp,00), a € N3 with |a| <1, p € [3,00) if a =0,
and p € [2,00) if |a| = 1. Let t € (0,Tp). Then

(3.18) 10:3C- )| Bsllp + 107 R( -, 8) [ Bsllp < €(S).

Proof. Let us estimate the term ([, (|z] - V(a:))_p_‘c’ll'p/2 dz)'/? in order to
S

exploit (3.9) and (3.17). Consider the case « = 0 (hence p > 3). Then, with Lemma
21,

(3.19) (/ (Ja| - v(z)) P ober dx) (/ - /83 - dr) ”
<(/ rr /83 3dowdr> <C_</S rp“dr)l/p

) 1/p . S~ 1+2/p

Since p > 3, we have (p—2)’1/p <1, §712/P < max{S~1,1}. Thus we may conclude
from (3.19) that (fBg (|2]-v(x)) " dz)'/? < C(S). Inequality (3.18) now follows from
(3.9) and (3.17). An analogous argument may be used in the case |a| = 1. O

As the reader may easily verify (compare Lemma 3.1), inequality (3.18) holds for
p € (2,00) in the case a = 0, and for p € (4/3,00) if || = 1. But the range of
parameters p considered in Corollary 3.11 is sufficient for our purposes. And since
this range stays away from, respectively, 2 (« = 0) and 4/3 (Ja| = 1), the constant in
inequality (3.18) may be chosen independent of p, a fact that will be useful later on
(proof of Lemma 4.1).

4. Proof of Theorem 1.2. We begin by showing that u belongs to the function
space L>(0, Ty, L* (Bg)?*) for some v € (6,00).

LEMMA 4.1. There is some vy € (6,00) such that ||[u|Bg % (0, T0)||vy,001e < €(S)
for S € (Sp, o).

Proof. If rqg > 6, assumption (1.16) implies that we may take vy = ro. Now
suppose that 79 < 6. Then in particular 1/rg — (1/3—1/r0)/2=3/(2-19) —1/6 > 0.
Since ro > 3, we have 1/3 — 1/r¢g > 0. Thus there is a unique kg = ko(ro) € N with

(4.1) 1/T0—/€0-(1/3—1/’I‘0)/2>0, 1/7’0—(k0+1)'(1/3—1/7’0)/2§0.

Due to the first relation in (4.1), we may define r; := (1/7“0—1'-(1/3—1/7‘0)/2)71 for
i€{l,..., ko}. Since 1/3—1/rg > 0, we have r; < 7,41 for 0 < i < kg — 1. Moreover
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2/7‘i — 1/Ti+1 = 1/’["1'_1, hence 0 < 2/7"1 — 1/7"1'4_1 < 1/7‘0 < 1/3 for 1 < i < kg —1.
In addition, 0 < 2/rg — 1/r1 < 1/3. By the second relation in (4.1), we obtain
1/rk, < (1/3—1/r¢)/2. This inequality and the assumption ro < 6 yield that rg, > 6.
(We even get 71, > 12, although we do not need this.)

Let S € (S(),OO). For ¢ € {1, ceey ko}, put R; := Sg +1- (S — S())/k() Then
So < Ry < Rg < -+ < Ry, =S. By (3.16) and definition (2.2), we find for t € (0,Tp)
that

3
(-3 ) | B, ey < IRC 6| Byl +7- D 1R (w- U+ Ui w)( -, 8) | B, I,
=1

3
+7 > R (- w)( 1) | By, Il
=1

Recalling that 0 < 2/rg — 1/r; < 1/3, we apply Corollary 2.19 with m, u replaced by
r0, 71, respectively. Moreover, we use (3.18) with R; in the place of S, Corollary 3.6,
and the first inequality in Theorem 3.7 with p = 2. It follows that

4.2)  u(- ) [ Br Ml < €(S) + C(7,70,71) - ([u]

S,OO;TO + ||u||go7oo;To) S Q(S)

Assume that ko > 1,let i € {1, ..., ko—1}, and suppose that |[u|Br, x (0, T0)|2, .7, <

€(5). Then, noting that 0 < 2/r; —1/riy1 <1/3 and By C Bf,, we may use the
same references as in the proof of (4.2) to obtain for t € (0, 7)) that

Hu( ' 7t) |B}C%i+1||7"i+1 S ||ﬁ( ' 7t) | BIC%7;+1||T7L+1

3
+ 7> (19RO (- U + Uy w)(+ 1) B gl
=1

1R (- |, x (0.T0)) (-1 0)| Byl )
< €8) + C(rririsa) - (lulBR, x (0, To)l13 00, + ulBR, x (0, To)|7, soir,)

3
+ 7 Z ||8[9:{(T)(’U/l “u | QRi X (07 TO))( : 7t) | Blc%lurl ||T'i+1'
=1

The last term on the right-hand side of the preceding inequality is estimated by (2.14),
whereas the assumption ||u|B%, % (0,70)|12, .7, < €(S) and Theorem 3.7 are applied

to the second. We thus obtain for ¢ € (0,7p) that

3

rin < €(8) + C(7,7iq1, Ri, Rig1) - Z l[ue - w| g, % (0,T0)||1,00:10-
I=1

[u(- )| By

i+1

Hence |[u( - ,t)|Bg,,,
conclude by induction that [[u|B§ x (0,T0)|lr, 007, < €(S). Therefore we may choose
Vo = Thky- 0

Next we show that  is bounded on Bg x (0,Tp) for S € (Sp, 00).

LEMMA 4.2. Let S € (Sp,00). Then |u(z,t)| < €(S) for x € Bg, t € (0,Tp).

rin < €(S) +€(8) - ||ull3 oy, < €(S). Since Ry, = S, we may
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Proof. Abbreviate R := (So + S5)/2. Let (z,t) € Bg x (0,Tp). By (3.16),
3
(4.3) u(z, t)| < Rz, 1) + 7> (10RT (w - U+ Up - u)(a,1)]
1=1
+ 18R (w - u| By x (0,T0) ) (=, 1)
+ 1R (g - u| Qr x (0,To) ) (x,)]).
If || <2- R, we have Bg C Bs.g(x). On the other hand, if |z| > 2 - R, it follows for
y € Bg that |y — x| > |z|/2 + |x|/2 — R > |x|/2 > R, so that Bgr N Br(z) = (). Thus,
using (2.15) with Ra, Ry, S replaced either by S, R, 3 - R, respectively, or by S, R,
and R, respectively, we get

(4.4) 1R (g - u| Qg x (0,T0) ) (2, 8)] < C(7,S0,S) - s - ull 1,007
< C(T7 S07 S) : ||U| %,OO;TO < Q(S)

for 1 <1 < 3; see Theorem 3.7 for the last inequality. Moreover,

(4.5) R (g - u| B x (0,To) ) (z, )] < 2] + 27,

where

. t 3
(16) Al = / / (b — o) 3" Ohgele — 1t — 0, 7) - (ur - wi) (9, 0) dy do
0 b k=1

for 1 < 4,01 <3, 1<4i<2, with Wy :=(1,00), Wa := (0,1]. By Theorem 2.8 with
p=r=s=00, ¢ =1, and Theorem 3.7, we have

1
Y| < C@) - ur ulltooim, < C) - [ull3 e, < €

Choose vy = vy(ro) € (6,00) as in Lemma 4.1. Since vy > 6, Theorem 2.8 with
p=r=8=00, q:ljo/2yi€1ds

2 c c
D < Clr,m0) - [lur - ul B % (0, To) g j2,00m < C(T,10) - [|ul B, (0, To) |12, soir, -

Collecting inequalities (4.3)—(4.5) and the preceding estimate of |?2l§11)| and |Ql;?l) |, using
Lemma 4.1 with S = R in order to evaluate the term |lu|Bf, x (0,To)|2, «.1,, and
applying (3.17) as well as Corollary 3.6 with k = oo, we obtain Lemma 4.2. O

In the ensuing step of our argument, we are going to show that u(z,t) decays as
O(|z|™1) for |#| — oco. Our proof is based on an approach by Babenko [6, pp. 23-24],
also taken up by Mizumachi [37, Lemma 6, p. 513]. We begin with two preparatory
lemmas, before using Babenko’s method in the proof of Theorem 4.5, where we present
the result just mentioned with respect to the decay of u(x,t).

LEMMA 4.3. For R € [2- Sy, ), define
Y(R) = sup{Ju(z, )] + (lu(z,t) - U(x))"/? : w € By, t € (0,Tp)}.

Then ¥(R) < €- (R™Y +4(R/2)7/%) for R >4 - S,.
Proof. Let R € [4- Sy, ), (z,t) € B x (0,Tp), j € {1, 2, 3}. By (3.16), (3.17)
with S =2 -5y, we have

3
(A7) (e, t)] < € Jof 7+ 0 (1R (Humir<mes| Biya x (0,T0) ) (@)
=1

+ R (Ht)1<m<s | Qryz x (OaTO))(%t)l)'
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Since |x| > R > 4 - Sy, we find for y € Bg,(z) that |y| > |z| — |y — x| > R — Sp >
R/2. Therefore Br/o N Bg,(z) = . Thus, by (2.15) with R, R/2, Sy in the place of
Rs, Ry, S, and by Theorem 3.7, we get

3
48) D 1OR ((Hmi)1<m<s | Qrs2 % (0,Tp) ) (z,1)|
=1

3
< C(7,50) - |27 D N (Hmi)r<mes 1,00,

=1
< C(r,50) |27 (N3 soery, + [ Tul - U] o, ) < € 7

Further observe that

3 3 2
49) SR (Hu)1<mes | Biyn % (0,T0) ) (2, 6)] < D3 21l
=1 3

with ") defined as in (4.6) but with R replaced by R/2 (1 <i <
- u by (Hmi)i<m<s. We get by Theorem 2.8 with p =1 = s =
by Theorem 3.7 that

t
(4.10) (2] < p(R/2)/S - / / Nt — )
0 BIC2/2

3
S (e — y,t — 0,7)| - | Hialy, o)/ dy do
k=1
<C(r)- ¢(R/2)7/6 ) H (Jul? + ul - |U|)5/12 H12/57<>0;T0
5/12
< O(r) - w(R/2)7° - (Nulls/S o+ || Jul - [O] 2, ) < € w(R/2)7/

1,00;T0
for 1 <1 < 3. Moreover, Theorem 2.8 with p=r =s =00, ¢ =6 yields for 1 <[ <3
that

67 < ) - | (Hum)r<ma| Bz % (0,70)lo.00i1,
< C(r) - ([lulBiyo x (0.T0) Ry eir, + [ ul - [U]| By x (0, T
< C(r) - w(R/2)"?
c c 1/6
(ulBsya x (O, To)l5/% , + [Tl - 101 By x (0, T0) |5, )

1,00;T0

) HG,OO;TO )

so that we arrive at the upper bound € - ¢)(R/2)%/? for |2l§21)| But since R > 4 - Sy,
hence R/2 > 2- Sy, Lemma 4.2 with S = 2- Sy and Lemma 3.1 imply ¢(R/2)'/? < €.
Thus |2l§21)| < €-9(R/2)7/6. Combining (4.7)-(4.10) with the preceding estimate of
|2[§-72l)|, we obtain the lemma. O

LEMMA 4.4. Let k € (0,00). Then there is R, € [4 - Sy, 00) depending on
the quantities listed in Theorem 1.2 (except R) and on k such that |u(z,t)| < k for
r € By, t€(0,Tp).

Proof. Let j € {1, 2,3}, R€ [4-Sy, ), M € (0,00), (z,t) € B x (0,Tp). Then
by (3.16) and Lemma 2.10,

4 3
(4.11) (e, t) = K@)+ > Y B,
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where for k,1 € {1, 2, 3}, m € {1, ..., 4}, we used the abbreviation

t
B = /0 /A s (t = 0) - Ohsi(a — 4t — 0,7) - Hia(y, 0) dy do

with A1 = BS»SW Wl = (O,M], A2 = QQ.SO, W2 = (O,M], Ag = QR/27 W3 =
(M, 0), Ay := BIC%/Q, Wy := (M, 00). Choose vy = vy(rg) € (6,00) as in Lemma 4.1.
By Theorem 2.8 with p =r = s =00, ¢ = 1//2,
|%§gl7l)| < O(Tv VO) : M1/273/V0 ' ||Hkl|B§-Sg X (05T0)||V0/2,00;T0
< C(r, ) - M3/
: (||U|B§SO X (O7TO)||I2/0,OO;T0 + ||U|B§SO X (O7TO)||VO7OO§TO : ||U|B§SO||V0)
for 1 < k,l < 3. It follows with Lemmas 4.1 and 3.1 that

(4.12) By < € MYEE/ (1< k1< 3),

where 1/2 —3 /vy > 0 because vy > 6. Next we estimate %221) by applying (2.15) with
Ry =2-5), R2 = R, S=5p. Note that for y € Ba.g,, we have |z —y| > |z| — |y| >
R—2-Sy>2-Sp, so that Ba.g, N Bg,(x) = . We obtain
(413) B2} < C(7.50) - | Hial 250 % (0, T0)l|1.0eit, - ||~

< C(r.S0) - ([l sesry + |10l - 101, o) - R < € R,

where the last inequality follows from Theorem 3.7. By inequality (2.15) with R; =
R/2, Rs = R, S=2-5 (so that B, N Bg(z) =0, R1/Ry = 1/2) and by Theorem
3.7, we see that (4.13) also holds for %,(3). Turning to %l(j), we apply Theorem 2.8
withp=r=00, ¢ =3, s=1, and with p =r = 00, ¢ = 3, s = 2, to obtain
[B| < C(r) - (M7 [[[uf? | By x (0, T
+MY |||u| U] |BIC%/2 X (O’TO)||3,2;T0)
< O(7) - |lul Bg s x (0, To)lle 21 - (M~ - [Jullg 2, + M2 - [[U]l6)-

)H371;To

It follows with Lemmas 2.3 and 3.1 that
B <€ (M7 MTY2) p(R)2)

with the function ¢ defined in Theorem 1.2. We may conclude, referring to the
preceding inequality and to (4.11)-(4.13), and by observing that |&;(z,t)] < €- R™!
by inequality (3.17) with S =4 -5,

(4.14) lu(z,t)] < €. (MY2Vvo L R7V g (M~ + MTY2) - o(R/2)).

According to Lemma 2.3, we have u € L?( 0, Ty, LG(ﬁc)B), so that ¢(R/2) — 0 (R —
00) by Lebesgue’s theorem. Thus, recalling that 1/2—3/vy > 0, we see that |u(z,t)| <
k for (z,t) € B x (0, Tp) if we first choose M sufficiently small and then R sufficiently
large in (4.14). O

THEOREM 4.5. Let S € (Sp,00). Then |u(z,t)| < €(S) - |z|~t for x € B, t €
(07 TO)



SPATIAL DECAY OF NAVIER-STOKES FLOWS 1413

Proof. Let the function 1 : [2-Sp, 00) — [0, 00) be defined as in Lemma 4.3. Note
that v is monotone decreasing. By referring to Lemma 4.3, we see there is a constant
Cp > 0 depending on the quantities listed in Theorem 1.2 (except R and ¢) such that

(4.15) Y(R) < Co- (R4 4(R/2)7/6) for Re[4-Sp, oo).

Due to Lemmas 4.4 and 3.1, we may choose some R € [4 - So, 00), depending on
the same quantities as Co as well as on the function ¢ such that (R) < (4 - Co) 5.
Put Ry := max{R, (4 - Co)"/2}. Note that Ry > max{4 - Sp, (4 - Co)7/2}. Since

1 is decreasing and Ry > R, we further have ¥(Rg) < (4 - Cp)~5. Due to (4.15),
1/)(2R0) < OQ'((2'R0)_1+¢(R0)7/6 ), hence ¢(2R0) < 00-2~(4-00)_7 = (4-00)_6/2.
Let n € N, and suppose that (2" - Ry) < (4 - Cp)~% - 27", Then with (4.15),

$(2" - Ro) < Co - (2" Ro) ™ +4(2" - Ro)™/°)
<Co- (27" (4-Co) T+ (4-Co) T -27T/0) <27t (44 Cp) .

Thus we have shown by induction that ¢(2" - Ry) < 27" (4-Cy)~° for n € N. Now
let R € [2- Rp,00). Then there is n € N with 2" - Ry < R < 2"1. Ry, so that

(4.16) P(R) < (2" - Ro) <27 (4-Co) < R™-2-Ro-(4-Co)~".
For x € Bf i , t € (0,Tp), inequality (4.16) with R = [z|/2 yields
(4.17) |u(z,t)] <Y(R) <4-Ro-(4-Co)™ - [a| ™.

On the other hand, we have min{4- Ry, S} > Sp, so Lemma 4.2 yields that |u(z,t)| <
€(8) for x € By rypy sy t € (0,T0). Hence |u(z,t)] < €(S) -4 Ro - |z~ for x €
Bi.Ry\Brin{4-Ro, 535 t € (0,7Tp). Theorem 4.5 follows from (4.17) and the preceding
inequality. d

At this point, we may prove one of the main results of this article—a pointwise
decay estimate for u.

THEOREM 4.6.  Let S € (Sp,00). Then |u(z,t)] < €(S) - (|z]- 1/(95))_1 for
x € Bgv, te (O,T())

Proof. Let j € {1, 2,3}, (z,t) € B§ ¢ x (0,T). Then, with (3.16), (3.17), and
Lemma 2.10, we find

3 3
(4.18) fuj (1] < €(S) - (Jal - v(@)) " + > >0 B
where

, t
%,(;)l ::/0 /D |OAji(x —y,t —0,7) - Hu(y,o)| dy do for i,k,l € {1, 2, 3}

with O1 := B¢N Bg(z), D2 :=Qg, O3 := B{\Bs(x). We observe that for y € Bg(z)
(4.19) lyl = |z = o —yl = 2] =5 = |2|/2 + |x]/2 = § = |=[/2.
Let k,1 € {1, 2, 3}. By Theorem 4.5 and (1.10), we have

(4.20) |Hyi(y,0)] < €(S)-|y|~2 for y € BE, o€ (0,Tp).
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Due to (4.19) and the preceding inequality, and by Corollary 2.7 with K = S, we find

(4.21)
t
|%§€1l)| <€(9) / / (|Jz =yl +t—0)2 |y 2 dy do
0 gﬁBs(z)
t
SQ(S)-IxI’2/ / (Jo —y)? +t—0)"2 do dy
B&NBs(z) J0

<e(S) - Jal 72 / o~y 72 dy < €(8) - 2| < €(8) - (Ja] - v(z))

Bs(z)

with the last inequality following from Lemma 2.2. For y € Bg, we have |z — y| >

|z| —|y| > S, so that BsN Bg(z) = 0. Therefore inequality (2.15) with Rs, Ry replaced

by 2.5, S, respectively, yields

(4.22) B < O, S) - [ Hual s x (0,T0) |1owity - (le] - v(2)) ™
~1

< &(8) - (lal-v(x))

where the last inequality follows from Theorem 3.7. We further find with (4.20) and
Lemma 2.4 that

t
(4.23) |3 sw)-/ /(|x—y—T-<t—o>-e1|2+t—a)*2-|y|-2 dy do
0o JA

with A := Bg\Bg(x). Next we use Theorem 2.6 with K = S to obtain

—3/2 _
(4219 3P <es) / (le =yl vz —9)) "2 |y 2 dy.
B¢\ Bs(x)

But for y € B¢\Bs(z) = R*\(Bs U Bg(z) ), we have

(4.25) lyl = lyl/2+[yl/2 > S/2+ |y[/2 > min{S/2, 1/2} - (1 + [y|),
(4.26) |z —y| > S/2+ |z —y|/2 > min{S/2, 1/2} - (1 + |z — y|).

Thus, from (4.24),

@ B <) [ (rle—u)ve—) 0+ )2

Now we refer to Theorem 2.18, with A =2, B=0, E =1, F =1/2, to obtain from
(4.27) that [B)| < €(S) - (1 + [a[)~" - v(z)~ /2. This implies

[Bi7| <€) - (1+ [a) ¥/ () M2,
We may conclude from (4.18), (4.21), (4.22), and the preceding estimate that
(4.28) lu(z, )] < &(S) - x| */* - v(x)"/2 for x € BSg, t € (0,Tp).

But by Lemma 2.2, we have 1 < 4-5%-|z|72 < C(S) - (|z| - v(z) )71 for z € Bs.g\Bsg,
so that with Lemma 4.2,

(4.29) lu(z, )] < €(S) - (|z| v(z) )71 for z € By.g\Bg, t € (0,T)).
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Now we may conclude that inequality (4.28) extends to x € Bg. It follows with (1.10)
that

(4.30)  |Hi(y,s)] < €(S) - y|™*?-v(y)™" for y € BE, s € (0,Ty), 1 <k,1<3.

Again take j € {1, 2, 3}, (z,t) € BS ¢ x (0,7p) Once more starting from (4.18), we
improve our estimate of %,(fl) To this end, we proceed as in (4.23), (4.24), (4.27) but
use inequality (4.30) instead of (4.20). In this way, we arrive at the estimate

mﬁhsu&-Agu+m~wnwu—y»*“«1+mrwlu@rl@

(1 < k,1 < 3). Again referring to Theorem 2.18, this time with A = 3/2, B=E =
F =1, we may conclude that [B{}| < €(S) - ((1+ |z]) - v(z)) " for 1 < k,I < 3.
This estimate and (4.18), (4.21), and (4.22) imply |u(z,t)| < €(S) - (|| - v(x) )_1 for
x € B g, t € (0,Tp). Inequality (4.29) states that the preceding estimate is valid also
for x € Bs.g\Bs. Thus Theorem 4.6 is proved. 0

We finally turn to pointwise decay estimates for V, u. In a first step, we show
that V,u is bounded on B§ x (0,Tp), for any S € (S, 00).

LEMMA 4.7. Let S € (So,00). Then |Vyu(z,t)| < €(S) for x € B, t € (0,Tp).

Proof. Put R; := Sy +1-(S —Sp)/4 for i € {1, 2, 3}. Let 5,1 € {1, 2, 3}. For
(x,t) € Z1,, (3.8) and Lemma 2.10 yield

3
(4.31) yuj(x,t) = 935 (x,t) — 3 65 (2, 1)
=1
with
62) (xﬂt) = Z~/O ~/A XwW; (t - U) : 8lAjk(x - yat — 0, T) : Gk(y7 0) dy do
k=1 i

for j,k € {1,2, 3}, where Ay := Bf , Az := Qp,, A3 = Q, Wy o= Wy =
(0,1], W5 := (1,00). For p € (6/5, 0], we deduce from Theorem 2.8 with ¢ = 6/5, r =
o0, § = 2 that

(4.32) 16 1.0y < C(r,p) - 1Gllo/s.2:1, < €(p)

with the last inequality following from Corollary 3.3. Moreover, inequality (2.16) with
S replaced by (S — Sp)/4 yields

1657185, % (0,T0)l|2.00m, < C(7,50,9) - | GIQR, x (0,Tv)]

1,2;To>

so that we obtain |\®§?)|Bf{2 % (0,T)l2,00;1 < C(7,80,9)-1Gll6/5,2;1 < €(S), where

the last inequality is a consequence of Corollary 3.3. By this estimate, (4.31), (4.32),
and (3.18), we obtain

(4.33)  [[(Quy — B3N B, X (0,To)|l2,00m, < €(S) for 1< j,1 <3,

Theorem 2.8 with p =7 =3, ¢ = s = 2 implies H@S)H?, < C(7) - [|G|Bg, x (0,Tp)ll2.
But by (2.1), we see that
|GIBR, x (0,To)ll2

< C(r) - ((lulB, x (0,T0)llec + |UIBR, llsc) - | Vaull2 + [u|

6,21, - [VU|Bg, |3 ).
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Thus we may conclude by Lemma 4.2 with S replaced by R; and Lemmas 2.3 and
3.1 that &[5 < €(S).
Again take j,1 € {1, 2, 3}. Fori € {1, 2}, (z,t) € Zr,, define éﬁ?(x,t) in the

same way as QS;? (z,t), but with A; := By , Az := Qg,. Put Q;S) = 05;?). Then from
(3.8) and Lemma 2.10,

3
(4.34) Oruj(z,t) = 0,J;(x,t) Z@- (z,t) € Z1, ).
i=1

~(1
We further introduce the splitting @;l)(x,t) = %;})(x,t) + %ﬁ) (z,t) for (z,t) € Zr,
with

(4.35)

%(1) z,t) Z // X(0,1)(t = ) - O Aji(z — ) 7)

m,k=1
[ (wm(y. o) + Um<y>> (O — BN (Y, 0) + um(y,0) - OmUi(y)] dy do

and with %ﬁ) (z,t) defined in the same way as %;})(x, t), except that the expression
in brackets in (4.35) is to be replaced by (um(y,0) + Un(y)) - sl

km

(y,0). Theorem
2.8 with r = s = 00, p =4, ¢ = 2 shows that ||%;})||4,OO;TO is bounded by

C(r) - [(IulBg, x (0,To)llsc + [|U|B,ls)

3
Y @mu = SEDIBR, X (0,T0)|2.00m, + [[ulBR, % (0,T0) oo - [VU|2].

k,m=1

Due to this estimate, Lemma 4.2 with S replaced by Rs, Lemma 3.1, and (4.33),

we thus arrive at the inequality ||%§})||4,OO;T0 < €(S). On the other hand, again by
Theorem 2.8, this time with r =00, p=4, ¢ =5 =3,

3
1B 4,000 < C(7) - ([ul Bz, % (0, To)lloo + 1U1BS, lse) - > 1B [1s < €(S),

k,m=1
with the last inequality being a consequence of Lemmas 4.2 and 3.1 and the estimate

~ (1)
||Q§,(€1n)1||3 < €(S) shown above for 1 < k,m < 3. Thus we get |6 [4,007, < €(9).
From (2.16) with (S — Sp)/4, Ra2, R3 in the place of, respectively, S, R1, R2, and from
Corollary 3.3, we may deduce

—~(2)
16, [Bg, x (0,T0)|[4,00m, < C(7,50,5) - [|G|QR, % (0,T0)l|1,25m,
< (7,50, 5) - [|Glloss,2:m < €(S).

Thus we get by (3.18), (4.32) with p = 4 and (4.34) that ||9yu;|B%, % (0,70)|4,00,7 <
€(9). It follows with Lemma 4.2 with S = R3 and Lemma 3.1 that

(4.36)  [|G|BR, x (0,T0)l4,00:10
< C(T) : [HUlB}C%g”oo : ||ku|Blc%3 X (07T0)||4,00;To
+ |lul B, % (0,T0)lloo - ([Vau| B, x (0,T0) 4,00, + [VU|BR, |la) ]
< e(9).
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Once more take 7,1 € {1, 2, 3}, and let (x,t) € Bg x (0,Tp). By (3.8) and Lemma
2.10,

3 .
(4.37) Dy (1) = A (x,1) = 3 B (x, 1),
=1

where 62?(%0 = Qifl) (z,t), and 6?2 (x,t) for i € {1, 2} is defined in the same
way as Qﬁgll) (z,t), but with Ay := Bf_ , A2 := Qp,. According to (4.32), we have

|@fl) (z,t)] < €(S). In addition, we use inequality (2.17) with Ra, Ry, S replaced by
S, Rs3, (S — Sp)/4, respectively. It follows with Corollary 3.3 that

87 (2,0)] < C(r, 5, 8) - (|2] - v(@)) > |GI1Qnr, x (0,T0)[|1 27,
< C(1,50,89) - |Glless,2m0 < €(S)-

Finally, applying Theorem 2.8 again, this time with p = r = s = 00, ¢ = 4, we obtain
8. (2,0)] < C(7) - |GIBG, x (0,To)l|4,00im, < €(S), where the last inequality holds
according to (4.36). Thus we conclude with (4.37) and (3.9) that |Vyu(x,t)| < €(S).
This proves the lemma. a

Now we arrive at our main result on the pointwise decay of V u.

THEOREM 4.8. Let S € (Sp,00). Then |Vyu(z,t)| < €(S) - (|z] - v(z) )73/2 for
x € Bg, t €(0,Tp).

Proof. Let j,l € {1, 2, 3}, (x,t) € BS ¢ x (0,Tp). Then by (3.8) and Lemma 2.10,
we find

3
(4.38) Dy (x,t) = O3 (x,1) = 3 > Ay

i=1 k=1

with Ql,(:) = fot fAi ONji(x — y,t — o,7) - Gi(y,0) dy do for 1 < i,k < 3, where
Ay = Qg, Ay := B N Bg(z), As :== B¢\Bs(z). By (2.17) with Ry =25, Ry = S,
and by Corollary 3.3, we get

439) AN <C(n8) - (Jaf - v(@) 1G98 x (0, To)l|.2m0
—3/2 —-3/2

<(r,8) - (o] -v@) " |Gllessam < €(S) - (|a] - v(z)) 7.

Next we observe that by (1.10), Lemma 4.7, and Theorem 4.6,
—1 c
(4.40) |G(y, o) < €(S)- (ly| v(y)) (y € BS, 0 €(0,1Tp)).
Thus, by Corollary 2.7 with K = S,
t
_ —1
(441) AP <es)- / / (e —yP+t—0)2 (gl v(y)) " dy do
0 gﬂBs(z)

gw)-/ o=yl (gl - v(y)) " dy for 1<k <3.
B&NBs(z)

But Lemma 2.2 yields for y € Bg(z) that

v(y) <O (Lt | —yl) - w(@) T < C(8) v(x)
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Thus we may conclude with (4.19) that for 1 < k < 3,

—1

—1 _
(4.42) (2] < e(9)- (J2] v(2)) /B o |z —y|7 dy < &(S) - (|| - v(x))
s(z
Next we apply Lemma 2.4, inequality (4.40), as well as Theorem 2.6 with K = S to
obtain with the abbreviation h(z,y,t,0) = |t —y —7-(t —0) - e1]*> +t — o that
(4.43)
t
AP <ces) [ [ hepte) (G0 dydo
0 §\Bs(z)

<eS): [ L )(|x—y|-u<x—y>)*3/2-(|y|-u<y>)*1 dy (1<k<3).

In the next step, we refer to (4.25) and (4.26). It follows that

@) P <es)- [ (e —u)-vta =) () -vm) " dn

At this point, we may apply Theorem 2.18 with A = B=F =1, E = 1/2, to obtain
(4.45) 27 < €(S) - (L4 J2) - v(a)
Combining (4.38), (3.9), (4.39), (4.42), and (4.45) yields

—1/2 —1 c
. T ) = KR sy £0)-
(4.46) [Viu(z,t)] < €(S) - || -v(z) for © € BS.g, t € (0,T))

We have 1 < (2-5)% - [z|73 < C(S) - (| ~1/(x))_3/2 for x € By.5\Bs (see Lemma
2.2); hence with Lemma 4.7,

(4.47) Vau(z, t)] < €(S) - (o] - v(@)) "> for € Bys\Bs.

From (1.10), (4.46), (4.47), and Theorem 4.6,

- - —3/2

(448)  1G@.0) €S) -yl vw) 2 <€) (ol i)

for y € Bg, o € (0,Tp). Now again take j,I € {1, 2, 3}, (x,t) € BS¢ x (0,Tp).
Once more starting from (4.38), we revisit the estimates of ?Zl,(f) and ?Zl,(f), using (4.48)
instead of (4.40). Then it follows as in (4.41) and (4.42) that

(4.49) 27 < e(S) - (Ja - v(z))

(1<k<3).
Moreover, proceeding as in (4.43) and (4.44), we obtain

—3/2

2] < () - /Rsm o —yl) v =) (A ) v(w) " dy

for 1 < k < 3. Again we refer to Theorem 2.18, choosing A = B =F =3/2, E = 1.
We get

(4.50) 27 < €(S) - 2|7t (@) M2 1<k <3),
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Bringing together (4.38), (3.9), (4.39), (4.49), and (4.50), we get
(4.51) \Veu(z,t)| < €(S) - |z|™t - v(z)™? for z € BSg, t e (0,Tp).

By (4.47), we may conclude that inequality (4.51) even holds for x € Bg, t € (0,Tp).
As a consequence, with Theorem 4.6 and (1.10),

(4.52) |Gy, )] < €(S) - [yl =2 v(y) 2 < €(S) - [y 77" - w(y) /2

for y € B, o € (0,Tp). Once more take j,! € {1, 2, 3}, (z,t) € BS ¢ x (0,Tp), and
start from (4.38) a third time. But now we only need to improve our estimate of Ql,(f),
using (4.52) instead of (4.48). It follows as in (4.43) and (4.44) that

2] < e(s) - / ((Ala—gh vl —y) " (141 v(y) ™ dy

for 1 < k < 3. Turning to Theorem 2.18 with A =7/4, B=3/2, E=5/4, F =3/2,
we may conclude that

A < €(8) - A+ |a)) T p(2) T < €(8) a7 w(@) T2 (1<K <3).
It follows with (4.38), (3.9), (4.39), and (4.49) that
(4.53)  |Veu(z,t)| < &(S) - |z|~%* v(x)™3/? for x € Big, t e (0,Ty).

As before, we may refer to (4.47) to see that (4.53) even holds if € B§. Thus with
Theorem 4.6 and (1.10),

(4.54) IG(y,0)] < €(S) - Jyl™*  v(y) ™2 < €(S) - |yl v(y) 32

for y € B, 0 € (0,Tp). A last time take j,! € {1, 2, 3}, (z,t) € B ¢ x (0,Tp), and
return to (4.38). As in (4.43) and (4.44), but with inequality (4.54) in the place of
(4.52), we get

2] < e(s) - / ((Ala—gh vl —y) " (14" v(y) ™ dy

for 1 < k < 3. In this situation, we apply Theorem 2.18 with A =9/4, B=3/2, E =
F =3/2. 1t follows that

-3/2

A< e(8)- (L [al) - v(@) ™ < €(8)- (Jal-v(@) ™ (1<K <3),

so by (4.38), (3.9), (4.39), and (4.49),
(455)  [Vau(z,t)| < €(8) - (|a] v(z)) ™ for w € BSg, t € (0,Ty).

We know by (4.47) that inequality (4.55) also holds if x € Bs.g\Bg, so Theorem 4.8
is proved. 0
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