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A Quasilinear Parabolic Initial-Value Problem

with Conormal Boundary Conditions.

PAUL DEURING

Sunto. — Si studia un problema quasilineare parabolico nel cilindro 2 x (0, T),
con condizione al contorno di tipo conormale. 8i prova Uesistenza locale di
una soluzione in spazi di funzioni Hoélderiane. 8¢ danno inolire coniro-
esempi ollunicita e alla continuabilita delle soluziond.

1. — Introduction and main results.

We consider a quasilinear parabolic initial-value problem with
conormal boundary conditions:

(1.1) ©/otw(z,t)— Z A;m(m,t (D, w(®, 1))o< ) 0%/0w; 0., w(w, t) =

i,m=1

= F(x, , (D (@, ))osrsn) in 2x(0, T7;
N
(1.2) 3 Agu(z by (D@, 1)osgesy) W) Diw(e, t) =
lym=1
G(m, t, w(w, 1),(| D, w(z, t)]V)lgéﬂ) on My;
1 (1.3) w(z, 0) = ¥(z) on 2,

where € (1, o), 2 bounded domain in R¥ (Ne N), with O
boundary 9£2. The parameters y, N, and 2 will be kept fixed

18 throughout. n denotes the outward unit normal to 2. For brevity

we use the abbreviations
My :=202x%[0,T], Qp:=02x(0,T), for T e (0, o).

Problems of the above type are motivated by applications, for
example by the eapillary problem; see [8; seefions 1.2, 1.9, 1.10].

We impose the following conditions on the funections A4,,, F,
¥, @, with the precise meaning of our notations explained in
Section 2.
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Let‘oce (0,1), G, T € (0, o). Then suppose
(14) Ae0@.x (=6, 0, Ay, =A,,,
A2, t, )0 ((— 0,0+ for 1<, mZ N, (2,1)€Q;;
Ly:=2-sup{|4dim(-, -, P)|a: Pe(— 0,011 <L, m< N} +
4 max{[Dy o A1, mS N0 7S N} < 003

E::inf{ Azr A, (@1, P&, En: (3,8, P)eQ; x (— C, Oy,

I,m=1
; EeRY, 5| =1} >0;
(1.5) FelC(2x(0,TI1x(— 50 G)Nﬂ);

sup {|F(* 1, *)|o 1422 te (0, T} < o0

there is some e (0, 1) such that

sup {|F(-,, P)|K|o 5: te[8, T, Pe(— 0, O} < oo
for Kc R with KcQ, Se(0,77;

for 0 < r= N, the derivative Dy, , ,F exists and is con-
tinuous;

sup {|Dy,a,- Pz, t, P)|: e K, te[8, T), Pe(— C, Oy,
0<r=N}<oco for EcR" with KcQ, 8e(0,T1;
(1.6) GeC(M;x(—C,C)x[0,07)) ;
G(z, 1, )€ O ((— C,0)x [0,0")¥) for (z,t)e M;,
Ly:= 2-sup {|G(*, -, P)|,: Pe (— C,0)x[0, C")*} +

il
+ | Dy2Glo + (y — 1)2 | Dygasr Glo<< 003

=1
) | Yeo. 49) with |D,?|,<C for 0<r< N ;
(1.8) D,¥(z) = 0= Gz, 0, (@), (|1D,9(®)]")1<,<n);
for xR, 1<I<N.

Under these assumptions we shall prove

TaworeEM 1.1. — There is some T e (0, T, and a function
we €. (Qr), with | Dywl,<C (0=<I<XN), and with
w| 2% (0, TNe (»1(2x(0, TJ),

such that w solves equations (1.1)-(1.3).
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Conditions (1.4)-(1.7) are fairly general. In particular we remark
thar the right-hand side F in (1.1) may show a slight singularity
at t = 0. However, compatibility condition (1.8) seems to be strange
and unnatural. In its place, the following natural hypothesis should
be expected:

' N
19 > A,m(w, 0, (D, ?(W))ogfgw) “Ny(2) D P(x) =

lym=1

= G(z, 0, ¥(x), (1D, p(@)P)1,<5) for z€0Q.

However, in Section 6 we shall give a counterexample which shows
that condition (1.8) is reasonable: with (4,,), ¥, G only satisfying
assumptions (1.4), (1.6), (1.7), (1.9), it cannot be expected that a
number T € (0, 7] exists such that equations (1.2) and (1.3) are
solved by a function w e C+%(();). Note that a contradiction already
arises from initial condition (1.3) and boundary condition (1.2);
differential equation (1.1) need not be considered. Our counter-
example further shows that this is true even for ¢ = 0, and for
functions A, and ¥ which are as smooth as possible.

Of course, compatibility condition (1.8) does not allow local con-
tinuation of solutions. But independent of any compatibility con-
dition, it may happen that a solution of (1.1)-(1.3), given as in
Theorem 1.1, cannot be continued beyond its compact interval of
existence—at least not as a C%*-function satisfying (1.2) and (1.3).
In Section 6 we shall illustrate this situation by a counterexample.

Ag for the question of uniqueness, another counterexample in
Seetion 6 proves that our solutions are not uniquely determined,
and that uniqueness cannot be obtained by choosing a smaller
interval of exigtence.

Concerning other papers which relate to quagilinear parabolie
squations with conormal boundary conditions, we have to mention
the works of Amann; see [3-6]. Using an abstract approach, Amann
proves local existence of solutions to quasilinear parabolic systems
with nonlinear boundary conditions of various types. However,
his results do not cover problem (1.1)-(1.3) because he considers
coefficients only depending on the solution w of the problem in-
volved, but not on Vw. The same remark applies to [12, 19], where
problems similar to (1.1)-(1.3) are treated. Acquistapace and Ter-
reni [1] consider a parabolic system where the equations on the
cylinder Qx(0, T] show the same type of nonlinearity as equa-
tion (1.1). Furthermore they consider a boundary-value problem
with directional derivatives (see [18; (1.2.10)]). Thus they deal with
a situation which is more general than ours. In spite of that, their
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results cannot be applied to our problem, since the coefficients in
their boundary eondition do not depend on Va.
Thus it gseems there are no previous results on (1.1)-(1.3).
The proof of Theorem 1.1 is based on estimates of solutions
of the following linear parabolic problem with conormal boundary
conditions:

(1.10)  o/otv(z, t) — % Gz, 1) 0%/ 02, O, v(2, 8) —

t,m=1
N
. E by(, t) 0/0w, v(z, 1) — ¢(z, 1) v(z, 1) = f(@, t) in 2x(0,T];
I =1
N
111) S @@, 1) nn(@) - Dio(e, 1) = g(@, 1) on My ;
I,m=1
(1.12) o, 0)=¥(@) on 2.
The ensuing assumptions are imposed on (a,,), (), ¢ I, 'V s
Let «e(0,1), T € (0, c0). Then suppose

(113) @n€Cul@z); Gim= tm for 1=, m=N;
N 22
inf{ Sy, (0 )& En: (@ 1) €@, ECRY, 8] :1}>0 :

m=1

(L.14)  fe C°(Rx (0, T7) ; sup {|f(-,?)] U212 2 (0, T} << 005
there is some g€ (0,1) such that

sup {|f(+, t)|Eo,s: t€[S, T} < oo
for Kc R*¥ with KcQ, 8€(0,T);
(1.15) Ye O a(@);
(1.16) ge Ca(Mz) ;
(1.17) %: a2, 0) 0y (2) - DWP(2) = g(2, 0) for x€ 20 ;

Im=1

(1.18) b, ce Cx(@r) for 1I<I<N.

By a O%-golution to (1.10)-(1.12), we understand a function
v € C2(Qy), with v|Qx (0, T]1€ *(2x (0 T]), which of course sat-
isfies (1.10)-(1.12).
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The following theorem states in particular that under assump-
tions (1.13)-(1.18), any C%“°-solution of (1.10)-(1.12) is uniquely
determined, and even belongs to €, (Q;):

THEOREM 1.2. — For T, o, (@), (b)), ¢, f, ¥, g as in (1.13)-(1.18),
there is a uniquely determined O%-solution of (1.10)-(1.12).

There are fumctions Ry, ..., By, with B, mapping (0, co)* inio
(0, o) (i =1, ..., 4), and R, monotone increasing in its first Vart-
able, such that the following results hold true:

Take «, T, (ain), (b), ¢, f, ¥, g as in (1.13)-(1.18). Let Ky, Ky,
K,, M (0, o) be such that

N
(1.19) I Gl 1) &0 bn = Ky |E] for Ee RY , (z,8)€Qr;

Lim=1
!a'EmEOgKlg Iﬂ"zmlcx, Ebll{x, lﬂlaézl fO?‘ lgl, ’mgN;
(-, Do < M-t-124%2 for 1€ (0, T].

Then the ensuing inequalities hold for the corresponding C%*-solu-
tion v of (1.10)-(1.12):

(1-20) ['vlﬁ‘éRd(T: Kls KM (x) BT (M+ ]glo‘_l_ llpfl,“) + Rl(“)' |“P"0,=I;
(1.21) |'vll+rxé [E,(T, Kl; K,, ) TeeAQE=2) | B (K,, K,, «)]

" N
(3 + et g1+ RilBsy 03 D T(220)

We shall also need a comparison result:

THEOREM 1.3. — There are functions Eg: (0, 00)® — (0, o0),
R,: (0, co)* — (0, oo) with the following properties:

Let T, o, (1), |, ¥, g, Ky, Kyy M be given as in (1.13)-(1.18)
and Theorem 1.2. (The parameter K, is not needed here.) Suppose
in addition that

(1.22) T< Ry(K,, K, o) .

The functions (@), f, § may satisfy (1.13)-(1.17) in an analogous
way. Furthermore we suppose that ellipticity condition (1.19) is valid
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for (a@,,), and
Gimls = Ky (1<, m< W), (s D)o t2=22< M (2 (0, T)).

Let v, % be the Ul’u-sﬂl’bfi’b‘()’ﬂr of (1.10)-(1.12) which corresponds to
(@1n)y 1y 9y ¥y and (G14), [, G, ¥ respectively, with b=0(1=1<N),
¢ =0 (see Theorem 1.2). Then the ensuing inequality holds true:

[o— B0 = Bo(T, Kyy Kay )+ (1 4+ M + [#]y o+ |gla+ 3]2)*
(A A g e %),

where K s an abbreviation for sup {|(f— 7)(-, 1)],-#2=/2; 1 & (0, T7}.

Finally we need a rather weak regularity result for the second
derivative in # and the first derivative in % of (C'-golutions of
(1.10)-(1.12):

THEOREM 1.4. — Let oy T, (tym), (b1), ¢, f, B, P, g, Ky, Ky, M be
given as in (1.13)-(1.18) and Theorem 1.2.

Take Se(0,T), Kc R” with K open, Kc Q.

Set := dist (K, 092), £,:={y e R¥: dist (y, K) < 8/2}.

Lot F €(0, oo) with sup {|f(-, 1)|@y)o: t€[S)2, TN < F.

Finally take ae Ny, le N, with 2-1+ |a|, — 2. Then for the
C--solution of (1.10)-(1.12), corresponding to (@m)y (B1), ¢, f, ¥, g,
the following estimate holds true:

[D;,_HDG(Q)IKX [Si T])i(a/\ﬁmg c ’

with a constant C which depends on 2, T, 8, «, p, R, K,, M, K,
¥, g, F.

We note that in Theorem 1.2-1.4, the coefficients 0, Need only
be Holder-continuous: a,, € Cx({r). There are many papers which
deal with problem (1.10)-(1.12) under this (rather low) regularity
condition. Probably the first author who studied (1.10)-(1.12) under
this assumption was Pogorzelski. In [20-23] he constructs a solu-
tion v by applying the method of integral equations. Furthermore
he estimates |v|«, and proves continuity of 9/dx,;v(z, t) in O x (0, L
Pogorzelski’s results may be found in Friedman [9]. Another de-
seription of the method of integral equations, applied to problem
(1.10)-(1.12), may be found in [18]. For the case of the heat equa-
tion on noneylindrical domains, Kamynin [16, 17] studies the poten-
tials which will appear in our proof of Theorem 1.2-1.4. However,
Kamynin congiders problem (1.10)-(1.12) under assumptions on a,,
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which are stronger than Hélder-continuity; see [14,15] and [17;
Theorem 13].

Garonni and Solonnikov [11] study (1.10), (1.12) under more gen-
eral boundary conditions (directional derivatives; see [18; (1.2.10)]).
Their assumptions on the coefficients in the boundary condition are
weak enough to permit an application of their results to problem
(1.10)-(1.12) with a,, € Ox(@;). To be Pprecise, we mention that the
conditions on f and ¥ in[11] are somewhat different from (1.14),
(1.15). Among other results, the authors construct a C“°-solution
of their problem, and they estimate [9];+ against a constant times
the sum of eertain Holder norms of f, ¥, g. The constant appearing
in this estimate is not further gpecified. The authors prove this
result by reducing their problem to an initial-boundary value
problem for the heat equation in half-space.

We prove Theorem 1.2-1.4 via the method of integral equa-
tions, which gives a rather explicit representation of solutions of
(1.10)-(1.12). Thus we are able to specify how the parameters K
(upper bound for |a;,,.|), K, (upper bound for |@im|o), and T (height
of the cylinder @;) enter into the constants appearing on the right-
hand side of the C,- and C, +e-estimates (1.20) and (1.21) respec-
tively. Furthermore our method yields the comparison result in
Theorem 1.3, where the difference of the gradient of two solutions,
corresponding to different coefficients, is estimated for small 7.
These results, which seem to be new, will play an essential role
when we shall consider the guasilinear problem (Section 5).

We mention that the functions R, ..., B, can be constructed
explicitly. This construction only involves elementary functions,
as well as some parameters related to 2. We shall refer to a
description of 002 a3 constructed in [7; §2]. Thus we may con-
cretely enumerate the just mentioned parameters. They are the
dimension N of R¥, the diameter of £, and numbers kg, xp,cq, Kg
as given in [7; Lemma 2.1, 2.2].

Since the method of integral equations has been refined over
a long time—see our references above—we may afford to be syn-
optic in the proof of Theorems 1.2-1.4, giving only outlines most
of the time, and concentrating on those points where the existing
theory is improved.

Let us indicate how Theorems 1.2-1.4 are used for proving an
existence result for the quasilinear problem (1.1)-(1.3) (see Sec-
tion 5). We shall first consider (1.1)-(1.3) under an additional
hypothesis on F, namely

(1.23) SUD {| Doy e F(+y 1, +)]o 112~ %2: £ (0, T], 0< r < N} o8
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Then equations (1.1)-(1.3) may be solved by a fixed-point argu-
ment in €, «(Qr), for small T. It is at this point where Theorems
1.2 and 1.3 are applied. Afterwards we shall eliminate condition
(1.23) by using an approximation argument. Here we shall need
Theorem 1.4, Note that for the first and decisive step—the fixed-
point argument—it is not necessary to estimate the second deriva-
tives in # or the first derivative in ¢ of solutions of the linear
problem.

2. — Notations.

For a, be R, lot aAb, a\Vb denote the minimum, maximum of
{as, b} respectively. If Te(0, ], and a;, a function on @f for
1=<1, m= N, we only write (a,,) for the matrix-valued function
(@1m)1<i,m<y- The abbreviation (b)) is to be understood in a
gimilar way.

For ne N, vectors in R® are considered as matrices with one
column. <pB,y> is the inner product of #,y € R». || denotes the
Euclidean norm in R». We set |al,:=a, + ... - @, for ac N7,

Let U be a subset of R», ne N, and let f be a function from U
into R. Then |f|, denotes the expression sup {|f(p)|: p€ U}. We

set for e (0, 1)
|flo.:= |flo+ sup{|f(p) — f(D)|/|p— P|*: p, P U, p+* B}.

OYU) is defined as usual. Let ie{l, ..., n}, and suppose that the
set {y;: ye U} is open or an interval. If 9/oz; f(x) exists for all
xe U, then D, f denotes the corresponding derivative. Dy ... Digyf
is defined by recursion (ke N, i(1), ..., i(k)e{l, .., n}). We set
D,f:=f. The meaning of D*f (keN,,1=i=mn), and D,f (a€Ng)
is obvious.

Take Bc R open (neN). Let Ac R with Bc Ac B, ge 0°(4),
ke N, i(l), ..., i(k) €{l, ..., n}. If Dyq) i) (9/B) exists and may
be continuously extended to A, then Dy, ;u)g denotes the
corresponding extension. For m € N, U {oo}, the sets C"(B), C7(B)
are defined in the usual way. C"(4) denotes the set of all fune-
tions fe C°(A4) such that the derivative D, (f|B) exists and may
be continuously extended to 4, for aeN" with |a,=m. We set

Phai=S|DPlos  for peOi(d), ac(0,1).

=0

Cyz(A) is the set of all functions ¥e O(A4) with [¥];a<oo.
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Take T € (0, o). GI,O(QT) is the set of all functions u € C°Qr)
such that the derivative D,(%|Q,) exists, is continuous, and may be
continuously extended to @, for 1 <4¢=< N. The set C>!(£2x(0, T)
contains all functions » e 0°(2x% (0, T']) such that the derivatives
DY D%, for 1e N,, ac NY with 2-1+ |a|x =2, exist and are
continuous. The meaning of C*3(Q.) is now clear. For Uc R¥+,
xe€(0,1), ve OU), we define

|0]a 1= [0l + sup {|v(=, t) — v(&, )| (Jo— &> + |t— &)~
(@ 1), (& e T, (@1 &0}

We set Ca(Qr):={ve CQ,): [v]a< oo}. For ue Q) we define

N N
[]y,0:= E | D, ulo 5 %140 1= 2 |Dyuls. Set
=0 120
01+a(QT)' = {N‘E GI’G(QT): [“Il—i—rx < oo} *

Furthermore, for u € C%%(@z), we write Vau instead of (D, ..., Dyu).
Finally, for a matrix-valued funetion ¢ = (¢;,) on @, we define

|O]p:=max {|e;n)o: 1=, m= N}.

3. — Proof of Theorem 1.2, 1.4.

Let us first note that the uniqueness result in Theorem 1.2
follows from [9; Lemma 5.3.2].

Let o, T, (@), (b2), 6, 1, ¥, g, Ky, Ky, K,, M be given asin (1.13)-
(1.18) and Theorem 1.2.

Since we want to study the constants appearing in our esti-
mates, we have to take special care in denoting these constants.
For this purpose, we shall use the ensuing convention: The letter E
is to denote various functions of the following type: they map
R* into (0, co), for some ke N,; they can be constructed «
priori; their construction only involves elementary functions,
as well as those parameters depending on £ which were enumer-
ated in Seetion 1. If we want to indicate that the function in
question is monotone increasing in its first variable, then we shall
write B instead of E. The terms B(K,, K,, «), E(T, K, K,, ),
which will arise frequently, will be abbreviated by E, 8§ respec-
tively.
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We now proceed to construet a C°-solution to (1.10)-(1.12).
We shall use the abbreviations 4 := (a;,), b:= (b;). The inverse
of A(y,s), for (y,s)eQr, is denoted by A-l(y,s). We define
the function Z:= Z,—called parametrix—by setting for ze R¥,

re (0, o), (¥, s) E@T:
(3.1) Z(z, 1y y, 8) 1= (47w 7)™V det (4-(y, &)

*exD (— <@, A-3(y, 8)-2>/(4-7)) .
Note that

Z(+,,9,8) € C°(RYX(0,0)) for (y,8)€Qr;
(>4 D7 € GG(RNX (0, o) XQT) for ce Ng+1_

For 2z, 7,4, s as in (3.1), with 25=0, and for ae NY, 1 N, with

214 |a|y =3, ue(— oo, (N + |als + 2:1)/2], we have

(3.3) [D;,HDGZ(z, Ty Y, s)l = -Pl(KU -sz .u)'?q”' [z|_N_|al'72'H2'ﬂ'
-oxp (— [2|2/(8- N2 -K, 1)) ,

with a funection P; from R® into (0, co). Departing from our
convention above, we gave an individual name to this funetion.
This was done in view of a later application (see Section 4).

For ze R¥, 20, r£ (0, c0), (¥, 8), (#, §) €@z, and for a,l, u
as in (3.3), the ensuing inequality holds:

(3.4) |Dj, D, Z(z, 1, Y, 8)— Dy D2z, 1, 7, 8)| = B(R,, K,y p) 17
| F-lalemziten (y — gj2 4 s — §[)*2-exp (— lzfﬂf(S‘Nz'Kl'?‘)) y

We define the function LZ := LZ,, , by setting for (z, ), (y, s) eQy
with 7> s:

LZ(x,t, 9, s 2 (alm(w! — (Y, 3))'D£sz(w— Yyt—89,8) +
I,m=1
+Zb @, 1) DZ(m—y, 8, U, 8) +o@t)Z(x—y,t— %Y, 8) .

It is proved in [9; Section 1.4] that there is a function @ = @ 40,09
defined on C°({(z,t, y, s) €Qz: ¢t >s}), such that the ensuing in-
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tegral equation is wvalid:

(3.5) D(x, t, y, 5) = ‘
' = LZ(w, 1, 4, 8) + J' J‘ LZ(@, 1, &, 1) B, 7, v, 8) d& dr
4 ; 8 02

for (z, %), (y,s)eQr with t>s.

® satisfies the following inequality, for (z,t), (v, s)€Qr with & == 9,
t>38, pe(— oo, (N +2—a)/2]:

(3.8) [@(w, t, y, S)léﬁ(Ty Kn Kss“n”)'(t_s)_'u'
o y| YT oxp (= [a— g2 (8- Hr-Ry-(1— 1)

Inequé,lity (3.6) is obtained by tracing constants in [9; Section 1.4].
We now introduce the functions Z,:= Zugp,, I'i= I, , by de-
fining for (=, t), (¥, 8) €Qp with > s:

Zo(zy By 9y, 8) :=fZ(w—- &= é; T)@(E, 7, Y, 8)d(§, 1),
2x(0,T)

Iz, t,y,8) :=Z(z—y,t— 8, Yy 8) + Zolw, £, 4y 8) .

I'" is the fundamental solution of differential equation (1.10). From
(3.3), (3.6), and [9; Lemma 4.3], it follows that the derivatives
D.Z, are defined on {(,t,v,s)e@: t> s} by continuous extension
(1=%=N). Because of (3.2), this property is inherited to I
We have the following inequalities for Z,: :

(3.7 | Dy Zo(, 2, y, 3)1§E(T1 Kl:' Ko, p)
“(t—8)"H# jo— y| N -lalet2nta

for (w,1), (¥, 8)€Qr, With vy, t>s, for ac N¥, with |a|, <1,
and for pe(— oo, (N 4 |a|u— a)/2] ;
(3-8) iDaZO(‘E’ t} Y, 3) 6 -Dazu(iy z’ Ys 8)] =
S E(T, By Koy ) (8= DO o — B[0+77)
.(5_ 8)~ 15‘7‘— y|—N lale +2-u0—1/2+x/2
for 4, f, s€[0, T] with t={> s, a, &, yeg
with |z —y|=2-|o— &,
aeNY with |a|, <1, pe(— ooy (W + [aly+ 1— a)/2].

62
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These inequalities may be deduced from (3.3), (3.6), and [9; Lem-
ma 1.4.3]. This approach, when applied to the proof of (3.8) in
the case |aly = 1, leads to calculations which are not totally ob-
vious. To give a hint, consider the case @ 7 &, { = f. Then, refer-
ring to (3.5), the main trick consists in breaking the domain of
integration (s,#) into the parts (s, sV(— |o— ;T:lﬂ)), and its com-
plement:
For ge C°(2x (0, T7) with

(3.9) M = sup {|g(+, Do~ 1221 1€ (0, TT} <oo,
and for (z,t) €@y, we define

Wbl 8):=0, if1=0;

t
W a,0,0,4( 1) ::f Ir(mr t, 9, 8) q(y, s) dy ds , if 1>0.
)

With the method from [9; pp. 193-194], we obtain from (3.3), for
q as above:

(3.10) |Wapodiias (R+ 8- T%%)- 1 ,

where M is defined as in (3.9).

Next we introduce some notations concerning the description of 0.2
by local parameters. As we mentioned in Section1, we use the
deseription from [7; § 2], which was inspired by [10; 6.2]. Thus,

according to [7; Lemma 2.1, 2.2], we may choose E(2) e N, a cube
k(£2)
A c R¥-1, (*-functions f&, ., 4% from A into 98, and functions

By, ..., Byay€ Ci(4), with the properties to follow:
(3.11) TFor 1<i=<k®), B, is given by By=woudys
for some o€ O2(RY), J,€ CY(4).
k() i
(3.12) ffd.Q =3 f;‘o w(n)-Bin) dn
A

Q

“for any integrable function f on 0£2.

As an easy consequence of [7; Lemma 2.2] we note for pe€ 4,
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te[0, T), 1< i< k(Q):

(313) ot (Dyu(e), ..., Dy_yle), 4(u(o), 2) -mou(0)) = K, .

Furthermore, according to [7; Lemma 2.2], we may choose =(£),
K(Q) e (0, o0) with the following properties:

(3.14) For x, £ 2, and for ie{l, ..., k(2)}, one of these three
cases holds:

1) @ = u(e)— x-moulg) , &= u(g)— 7 now(s)
for some g, ge 4, %, #e [0, «(D)];
2) &+ 8- (@— &) — uln)| = e(2))2

for #€[0,1], nesupp (B,);
3) |lz— &= e(02)/2.

(318) |z—x-n(@)—&|=s(Q) |2— &, |[r—xn@)—F=x
for @, €02, xe[0, ¢(£2)].
(816)  |u(e)— uln)| S K(Q):lo—n| for g,ned, 1Si<KQ);

(3.17) Ke— &, n(x))| = E(2):|o— & for z, #c0Q.

For ke C°(M;), we shall introduce the single-layer potentials

U, = Uiy Uspi= Uy, corresponding to the kernels Z, Z,, by
setting for (=, t) € Qr:

Uh(m’ t) = Unk(w, t):: 0, ift=0 H

t
Us@, 1) =] [2@—y,1— 5,9, 5)- My, s) 4Q() ds,
Q0 80
4
Unl, ) 1= f f Zy(x, t, 9, 8)-hiy, s) dQy)ds, it t>0.
0 092 h

The ensuing inequality is an easy consequence of (3.3):

(3.18) LAPES Bk for he 0%(My) .
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From (3.7), (3.8) we get that
(3.19) j [Unnlrpa = 8- (Rl for he C°(M;) .

Now we introduce an abbreviation for the conormal derivative:
Tor g€ C*(Q,), we define a function D(A)g: M - R by setting
for (xz, t) € My:

N
D(A)g(@, 1) := 2, G(@ 1) Mm(2) Dy g(2, 1) -

t,m=1

For He{Z,, I'}, (@ 1) € Mz, (4, 5) €Qn, the term D(A), H(x, 1,9, $)
ig an abbreviation for

§ Gy 1) (@) - D H(2, 1, 9, 8)

i,m=1

The meaning of D(A), Z(z, 1,9, 5), for (#,1) € My, zeRN, re (0, o),
(y, 8) €@y is now obvious. By using the equality
(3.20)  D(A),, Zl@— Y, t— 8 Y 8) =

= (—1/2)-(t— ) {n(y), o — Y Zxz—y,t— 89, 8),

it follows from (3.3) and (3.17):

(3.21) : ID(A)W,Z(:E— Yot — 84, 8=
< B(K,, Kyy o, p) (1 — 8) ¥ [ — y|-¥-1iEate
hence from (3.7):

(3.22) ID(A)%SF(.’L', ty Y, 8=
=P,(7, KI? Hyyioy ghy=lt="ay 2 foe yl_N—1+2-#+a

for (y, 8) € My, (%, 1) €Qr With z7 y,t>8, p&(— oo, (N +1— @)/2],
where P,: RS -—>(0, o) is monotone inereasing in its frst
variable. Contrary to our convention at the beginning of this
section, we gave an individual name to this function. This will
be convenient at a later point (see Section 4). We now consider
an integral equation involving a double-layer potential: For any
h e C)(My), there is a function @u:= @4p.64€ C°(My) such that the
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equation

(3.23) qula, 1) =

4
= (=2) [ [DA4), L@, 1,9, 9) paly; ) A2y ds + 2-hiz, 1)

0 82

holds for (a&, t)e My. ¢, satisfies the following inequality; for
he C(My):

(3.24) l@a(®, 2)| < 8-sup {|(-, 8)|o: s€[0, 2]} .
These results are established by using (3.22) and [9; Lemma 5.2.1];
see [9; p. 145] for some indieations.

By the method described in [2; 4.26], we may construet an
extension operator & from C,.({2) into C)«(RY) such that &
180 1,0 = Blar): |p]s, for y e Cya(2) -

We now define for (,?)€Qs:

ng,g-(a'/', t) = T(ﬂ)‘), if ¢t = 0;

Yoy 1) 1= [ (4--0) 272 exp (— o — y[2/(4-D) 8P W) dy, if 10"

It is clear that Y, ,|@x(0,T] belongs to 0*}(2x(0,T]). The
results in [18; pp. 278-279] imply that ‘

(3.25) Yo phso < B [Ply,a

With the abbreviation ¥ := ¥ ,|Qx(0, T], we define

N N
G:=6,,,0i=— Dy Y+ 3 61 DD Y+ 3b DY+ e ¥,
=1

Iym=1

Again by adapting arguments from [18; pp. 278-279], we obtain for
t e (0, T]: A

|G+, D= B(K,, ) (1 + /L lgjll,m't_1!2+a'r2 ‘
As a consequence of (3.10), it follows:

(3.26) |Woas,c041l = (B 4+ 8- ToRAMR=2). (M + PP, ,)



968 PAUL DEURING
Define
(3.27) H:=H,1%0"= P DA Fapcrsa+Tyr)+a"

Bocause of (3.26) and (1.17), we have for te (0, T]:

(3.28) | D(4) Yo nl-y0)— g(+, Do =E(T, By, @) (P10 + [gal) 7.
From (3.24), (3.26), (3.28), we may now conclude, for ?¢ [0, T]:
(3.29) (B 105 8- (U + [Pt 1g) 7. |

We are now in a position to define a O%-solution of (1.10)-(1.12),
namely

(3.30) V=144 0120 = Wapetret Yoo+ Us+ Uwg.

From [18; § IV.13] we may conclude that v|2x (0, I'] belongs to
051(2x(0, T]), and solves differential equation (1.10). By simple
but tedious calculations, we obtain from the just cited reference
that » satisfies the estimate in Theorem 1.4. In addition, from the
definition of the potentials appearing in (3.30), it follows at once
that o» solves initial-condition (1.12). Finally, these potentials,
with the exception of Uy, belong to O +a(QT), and were already
estimated in the norm of this space; see (3.19), (3.29), (3.25), (3.26).
Concerning the potential Uy, we only evaluated |Ugl|.; see (3.18).
This means that we have at least established (1.20). This leaves
us to estimate |D,(Ug|@2x (0, T])|«, for 1 <1< N. More concrete-
ly, we shall establish that

(3.31) |D,(Ta|R2%(0, T+ < (B + S.Ta.'s,\(ué—afz)),

” N
(I + et lgla+ By @) 3 [DuP]00L).

When this point is settled, we may conclude that inequality (1.21)
holds. This means in particular that the function v, defined in
(3.30), belongs to Cy.s(@r). From [18; §IV.15] we then get that
v solves boundary condition (1.11). Thus, when we have gshown
(3.31), Theorem 1.2 is completely proved. .
Inequality (3.31) will be established in two steps. First we
take 1€{l, .., N}, i€{l, ..., k(Q)}, he Oa(Mz) Wwith A(+,0)=0,
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and consider the function /G, defined by

t
(3.32)  Jol@, =] ID,Z(a,-—&(n),t—s,&(n),s)-h(&(n),s)-
(] -

By(n) dn ds for (z,1)e 2x(0,1].
We shall show that

(3.33) (ol < Bl (B + 8- T .

In the second step we shall prove for the function H defined in
(3.27):

(3.34) |H|s= (B 8- TreAQ2=52)).
N
(U + Pl lglet By o) 3 (D] 22)

Inequality (3.31) then follows from (3.33), (3.34), and (3.12). !
For the proof of (3.33), we first observe a consequence of (3.13)
and (1.19), namely :

(3.38) |V,|= B(K,, K,)*

N-1 i 2
(3, KDaite), P31+ KA(ie), ) mae), V)

for VeRY, 1<i<k®Q), o4, te(0, T].

Now take 1,4, b ag in (3.32). By means of (3.35), we shall show
that

(3.36) | Mo(u(o) — %-mou(e), 1) — Mo(u(e) — - moule), )| <
< [hla (B + 8+ T*%) [ — 7%,
for ped, %, % (0, ()], te(0, I1;

(3.37) | Mo(u(e) — % nou(e), £) — Mo(u(@) — % nou(g), )| <
< [Bla* (B + 8-T°2)-Jo— g]*,
for g, e d, xe (0, &(£2)] with |':6(Q)— ':a(é')[ =x,te(0,T].

For the proof of (3.37), we first apply the mean-value theorem,

relative to g, . From that point onward, (3.37) may be shown

~—
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by the same reasoning as used for proving (3.36). So we may

restrict ourselves to considering (3.36). Thus take g, x, %, ¢ a8 in
(3.36). Abbreviate

z:=’{¢(g)—x'ﬂo;§(g), 'Z":=1‘£(Q)—5E'nof:£(g);
Then we conclude from (3.3) and (3.4):
MGz, £) — H(E, 8)] < (8- [Blo+ B+ |hla) e— #|* + | T+ h(ulo), )] ,
where I,, for 1< p=< N, is defined by
I,:= f [, 2~ ), t— 8 (@), ) — D, B(E— uln), t— 5, w(g)y D}
Bl 3 i B{) dn ds .
But for 1 < r=< N — 1, we have by (3.3):

N i i 3
3. D, ty (@)L S B- pe— Al +

p=1

4ﬂ.ff@ﬁm2(w—&wnv—a&wxﬂ—
0 4

— 0o, Z(5— o (n), t—s3, % (2), 1) |- Bilor) dn s

- . | . £ v i 3 . ] We ma’y
By applying partial integration in the preceding integral,
achieve that the derivative in # acts on B;: Note that no boundary
terms appear since B;e€ 03(4). Now a simple application of (3.3)
yields that

|S D@1,

lp=1

<R p—#" (=r=N-1).

Next, by applying [9; (1.2.7)] and (3.3), we get:

N

2 wm(&(e),t)'nmo'f&(g)"b

pym=1
) i
lim I{Z (z —U & ’;"(9); t) —Z (z — 1, & #(g), l5) i
8{0
2

< R-|x—&l +

i

b

— 2 (s =11, 80), 1) + Z (20,1, o), 9 }-o0)
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where @ wWas introduced in (3.11). But the preceding integral is
bounded by E-i~*2-|x— %% as follows from (3.3) and [9; The-
orem 1.1.1]. ; :
By combining the preceding estimates, and recalling that
h € Co(My), R(-, 0) =0, we may derive (3.36) from (3.35).
Similar arguments yield for xe @, ¢, {e(0, T] with t=7,
ge Oalz(MT):

338) | [ [Diz(o—atn),t— s, utn), 5)- a(utn), 9) Butr) dn ds| <
0 4
= 8 (lglae* T+ Igl) -
In particular we get in the situation of (3.32):

(3.39) [ Mo, 2)| = 8- T8 |h|o for ze 2, te(0, T].

Now we consider |AM(x,?)— A(&, t)|, for o, &€ 2, te (0, T]. In
view of (3.39) we assume

(3.40)  |o— F| < (QAK(R) , with £(Q), E(Q) from (3.14)-(3.17)..

We may further suppose that the first case in (3.14) holds. Thus
we may choose x, % € (0, &(2)], o, §€ 4 agin (3.14) 1). From [7; (2.26)]
we know that

~ i £ ~ ~

|#—# = |z — %, lu(e) — w(@)| =v/2: e — & .
Now it follows from (3.36), (3.37):

[Me(, 1) — (&, )| = |B]a: (B + 8- T%2): |Jo— &~
The proof of (3.33) is completed by the inequality
| Aolety 8) — Soly B < (Bl (B4 8- T42)-i— {2 (@€, 1, {0, T)),
which may be shown by arguments similar to those used in the
proof of (3.36).

This leaves us to show (3.34). The main difficulty consists in

proving that
(3.41)  |gp—2-hja= 8- (ks T8+ |B],) for he Cu(My),

with @, from (3.23).
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We note that ¢,— 2-h is given by a double-layer potential; see
(3.23). Applying (3.12), (3.23), (3.21), (3.7), (3.24), we obtain by
an easy calculation:

(3.42)  |@alap=8-|hla;
|gn—2-hla= 8- |hlo+
+ sup {L(@, & t, ) |o— o~ + Mz, 1, £, 9)- [t — B-e2:
(@, 1), & DeMr, v > 1<i< K2)}.
Here L(z, & ¢, 1), for @, £€ 082, te(0, T, 1=4=< kD), is an ab-

breviation for

i
] [ [ (o). 2— D)y, 7)o~ utm, 1= s, at), 5)
0 4
— (D)2 — DAYy, 2)(E— wn), 1= 5, )y )}
-ga(u(n), 5)- Balon) dn ds
and M(, t, §, 4), for we 3, t, {€ (0, T], 1 < i = k(Q), is given by

% (aim(my t) _a‘lm(‘/’vj 3-)) N ()

1,m=1

ov(2i—1) ) _
[0 (ot 1 =3, o), ) - (bt o)- B s

0 4

As an easy consequence of (3.42), (3.3), (3.38) we find that

M(w, 1, F,5) = 8- (|k|a T8+ [hlo) [t — f|2

for w€0Q, §,t€(0,T] with t >, 11 k(D).
Thig leaves us to estimate L(w,#,t,1), for x, &€ 0, t(0,T],
1<i<k(2). Because of (3.14), we may restrict ourselves to the

cage that o = 'fc,(g), &= u () for some o, g€ A. By the tria,ngle
inequality, L(w, &,1,4) is bounded by a sum J, 4 Jy+ J;, with

(j=1,2,3),

[
Jj:=’_“' f Je,mf(n,s)-%(&(n), 8)‘31-(?7)%@8
I,m=1
0 4
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where we have set for ned, se(0,?), 1=1, m= N:

Rl $):= 3 [1a(0, 1) (0) = (i), 8 0(r)]-

{[DuZ(v— u(t), t— 8, u(t), s) —

— Dy Z(vo— jo— & -n(v) — u(n), t— s, uln), )],
Rormaltls 8) 1= (Bim(®, 1) 1 () — Grn(, 8) - 1 (B)}

"D, Z(w— o — & n(@) — u(n), t— 8, u(y), s) ,

Hima(ny 8) 1= {a!m(ﬁ’ 1) - (E) — a;m(?fb(?]), t) '”m”i("])}'
-{D;Z(.’B— Jm_ ﬁ| “n{w) — ';"(77), t—s, ":"(7])! s) -

— D, 2(E— |w— &|-n(&) — uln), t— s, u(n), 8)} .

From (3.2) and (3.3) we easily derive that J, = 8-|hl,- |z — &|*.
By (3.38), (3.42), and (3.24) we get

oS 8 ([hlas T2 4 (Rl o — &]°

—
——

As for J;, we first apply the mean-value theorem. The resulting
expression is then estimated by using (3.3) and the following ine-
quality:

(@ + D (0 — ) — o — & nou(g + (0 — §) — wln)| =

> B 15— u(y)| for 9€[0,1], ned.

This result may be derived from (3.15), (3.16). Now we obtain
that J, =< 8-k~ |z — &|~.

By combining the preceding estimates, we arrive at inequality
{3.41). For the proof of (3.34), we need a last auxiliary result,
namely:

(3.43)  |D(A) Top— 9] = {B(Ey, @) + B(Ks, o) T2 [P0+

- N
+ |gla+ B(K,, a)- leDmel 80),.

{3.34) is now a consequence of (3.41), (3.43), and (3.26).
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4. — Proof of Theorem 1.3.

We begin by defining the funetion E;. To this. purpoe, set for
ae(0,1), K, e(0, co):

(4.1) PyR,, o) := (-8 N2 K,)¥- B(w/2, «[4) ,
where B is the Bernoulli-funection;

P4(a);:sup{ f [sv—z}—N“*""'de(z):m‘-‘e_a,Q}. |
a2

Now, for K,, K, € (0, o), 2 € (0, 1), we define Ry(K,, K, ) a8

min{l, [2'K1°.N2'P1(K1: Kz; (N + £ oc)/2) 'Pﬂ(Kl? _a)]—w.a’.
[Py(1, By, Koy @, 1— af4)- (8]a) Pu(e)] ™},

where P,, P, were introduced in (3.3), (3.22) respectively.
Now consider the situation of Theorem 1.3. For brevity we

get A := (ﬂzm), ﬁi: (&Mn), and for (By q, h) E{(A: fy g), (4&" fr g)}

LZg:= (LZ)00, Pai=Pronr Zeni= Zopo,0: Iy:=1Tg0,0,
Wai=Wp50,00+Cs00s" Hy:=Hp,0,0%

These functions were introduced in Section 3. Concerning the con-
gtants which will appear in our estimates, we adopt the same con-

vention as in Section 3.
The proof of Theorem 1.3 is based on the ensuing estimate of

Z.A.'_ Zj_:
42)  |DhirDuZ,— Z1)(er 1, Y, 9)| = By, Koy p)- |4 — Ao
b |g| =¥ lal =2 142 4. exp (— [2]#/(8 - N*- Ky 7))
for le Ny, acN¥ with 21+ |a[x=3, ze R™N\{0},
re (0, o), ¥ 3)EQI'4
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Setting ** -
@3)  Fo:=sup{(®,— D;)(, 1,9, 5)|- (t— )T +E-z.
-exp (Iq—- y2/(8-N*-K,-(t— s))); (z, 1), (v, 8) €Qr With > s},
we sh‘all.dedl_lce from (4.2) that the inequality
(44 | Fo=8-|4— A3
is valid. Folr the proof of (4.4), we first note that

48)  |(LZ,~ LZ;)(,t,y,9)| < 8|4 — A1 (8 — 5) O +E-0I
-exp (— |0 — y[*/(8- N*-K,- (t— 9)))
for (@, 1), (¥, 8)€Qr with t>s.
This_ inequality follows from (3.3), (4.2) by distinguishing between
the cases t>s + |4 — A, and t=s+ |A— d|,. Now take (=, 1),
(v, 8) €@z with > s. By referring to (4.5), (3.6), and [9; Lemma
1.4.3], we arrive at the estimate
(4_3) (P, — P:)(@, 8y, 8)| ST + 8|4 —J|:f4-(z- §)~WHa—alale.
-exp (— |o— y[*/(8-N*-Ky-(t— 9)))

where J is an abbreviation for the integral
¢
[ [112.00,t 60 @,— 006 v 9, 9)| @z ax.
s 2

From [9; Lemma 1.4.3] and (3.3) we obtain:
J<N*-K,-PK,, K., (N + 2— )/2) Py(R,, a)- (t — 5)~ ¥ +2-3ai2)/2.
exp (— [o—y[*/(8-N*-Ky- (t—9))-Ta,
with 5, P, as in (4.3), (4.1) respectively. Observing that
(t— 8)*2< T2 < Ry(K,, K,, «)*2 (see (1.22)),
it follows from the definition of R, that
4.7 J=(1/2) Ty (t— s)~ @ +2—2)2.
-@xp (— lo— y|2/(8-N2-K,- (¢ — s))) :
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Now (4.4) may be deduced from_(4.6) and (4.7). From (4.2) and

(4.4) it follows for (, ?), (¥, ) €@y with 1> s, w#y, ac Ny with

|ai*§ 177!‘6(_ ©9 (N += Ia’l*)lzl:

(4.8) (D,Z.,,— D, Z ;)@ 4y 8)| + (DL, — D I, Y, 8)| =
<8-|A— j]gu.(t_ 8)~H o — yl—leaI.+2'.u'.

By some easy calculations we may conclude from (4.8) that
49)  |W,— Wl = 8-{4— A" (M + |P],,s) + K},
with 3 as in Theorem 1.3.

Besides in the proof of (4.4), the smallness condition (1.22) on T
is also needed for showing the following estimate:

(4.11) |®4,0,0— f}?‘i,o,o,ﬂoé Nl A~ ﬁl%"s' (\h]o S |Eln) + jh— rﬂo]
for k, he C*(My) .

This result follows from integral equation (3.23). There we split
the domain of integration (0, ?) into the parts (Ov(t— |A— A1), t),
and its complement, and then apply (3.22), (4.8), the definition
of R,, and (1.22).

From (4.11), (4.9), (3.25), and (3.26) we obtain
@12) |H,—Hio <81+ M+ Iplatlglat |Fla)
(A=A lg—glo+ 5) 5

with ¥ as in Theorem 1.3. We observe that for h, ke Cu{ M),
with (-, 0) = k(-, 0) = 0, we have the following inequality:

(413)  |Ugp— Ugjle+ | Uss,0,00— Usjo,05lh0=
< 8- (1 [hlat [Bla)- (14— AL+ —ALGH) .
The second summand on the left-hand side of (4.13) is evaluated

by means of (3.7) and (4.8). As for the first summand, we refer
to the arguments in the proof of (3.36).

Due to uniqueness, any C°-solution to (1.10)-(1.12) is equal to

the solution introduced in (3.30). Thus Theorem 1.3 follows from
(4.9), (4.12), (4.13), and (3.29).
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5. — Proof of Theorem.i.l.

Let T, C, a, (Aim)r<t,mswy Fy ¥, G be given ag in (1.4)-(L.8).
The constants I,, B, L, are to be defined as in (1.4), (1.6). Take
I, € (0, oo) such that

(5.1) sup {|F(-, 1, *)|o-t42-%2: t€ (0, T} =< I, .
Now we set
K, :=max{|d;.)e: 1=, m=N};
ew 1= (1/2)-max {€ — |D,¥P|,: 0ZIZ N} ;
I i=ILy+ [Plat 2 Lo+ Ly Bif@): [Plao+ 1;
K,:=L,-[2 4 Ry(K,, B, a)-I].
Take T e (0, TA1] such that T is smaller than
min {[R,(1, K,, E, «)-I]~%=,
[NV (1 + Ry(K;, B, @)-1)7 L] 000
e [By(1, K,, B, ) + By(K,, B, a)]¥*- 1%
[R.(1, By, B, a)-I]-Memrz=am)  R(K, B, a)}.
Define m as the set of all functions u € O’1+a(QT) such that
u(z, 0) = ¥(@) for xef; |IDul,<C for 0<I<N;
[wla =1+ By(@) [Plha;  |[6la=1+ By(E, Kyya)I.

For uem, let Lo be the C-'-golution to the linear problem (1.10)-
(1.12), with (@), (B:), ¢, f, g given by

i@y 1) 1= Ay, 8, (D, (@, D)oz,=n) for @, 1)€Qr, 1S1, mZ N ;
b:=¢:=10 for 1<I<N;
glz,t) = G(m, t, w(x, 1), (|D,u(=, t)|?)1<,,ﬂ,) for (x,t)e My ;
flo,8) = F(z, 1, (D, u(%, ))ogrsa) for (z,1)€ 2x(0, T ;

an'd with the initial value ¥ which was fixed at the beginning of
thig section. We obtain from Theorem 1.2 that £ maps m into .
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Now we require in addition that F satisfy (1.23). Then The-
orem 1.3 yields that € is continuous in the norm | [, of 0v(Qr)-
Thus we may apply Schauder’s fixed point theorem in the form
of [13; Theorem 10.1]. It follows that there is some wem with
£w = . This funetion w is a solution of the nonlinear problem
(1.1)-(1.3).

Now we suppose that F does not necessarily satisfy (1.23).
Then we choose a sequence ({;) in OF(R¥+) guch that 0 = (=1,
supp (&) CQzeyy Culw, t) =1 for t € [1/k, T'], z€ Q with dist (=, o) =
>1/k (keN). For keN, (z,1t)e2x(0,T], Pe(— g, Cyv+, we set

Fy(z, t, P) = Lulm, 1) Fla, 1, P).

Then conditions (1.5), (1.23), and inequality (5.1) are valid for Fi
(k€ N). Thus the previous arguments yield a solution w;€m of
(1.1)-(1.3), with F replaced by F, in (1.1). Since the functions w,
belong to m for ke N, they are uniformly bounded in the norm
| |y~ From this we may conclude that a subsequence (W) con-
verges in the norm of C%%@Qr). Let w be the limit of this sub-

gequence. Then w belongs to C; . 4(@r), and solves (1.2), (1.3). By
combining Theorem 1.4 with a convergence argument on K X i8; T,
for 8€e(0,T), KEc R¥ with Kc®, we obtain that |Qx(0, T]
is an element of C%}(2x(0,T]), and solves (1.1).

6. — Counterexamples.

Our first counterexample coneerns the question whether the
natural compatibility condition (1.9) is really natural in the con-
text of problem (1.1)-(1.3). Consider the case that 2 is a domain
in R? with C%-boundary, and

[— 2, 2]%(—2,2)c Q¢ (— 4, 4) X (— 2, 2).
Furthermore choose a function ¥e C*({2) such that
D) =1 for we[—1,1]1x{2},
DY (x)y=0 for z€ 002,
DY (x)=0 for z€0QN\[— 3/2, 3/2] x{2}.

Set O:= [P, +1, a:=16-(1+3-0)*+ 1. Take ge C(R) such
that

@(s)=1/s for s=1/2, p(s) =0 for s=1/4,0=¢p=4.
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For (z,1, po, D1, PZ)EQI X [— 6; 6]3 y et Ay, ty Doy D1y Pa)

be given by
@, if (I, m) =(1,1);
1, if (I, m)=(2,2);

(@ + 20— P(@)t— p]-p(p) , if (I, m)e{(2,1),(1,2)}.
Then from our choice of C and a, it follows that
det (A1) 1g,mz2) =1 .

Furthermore we have A€ 0@, x[—C,0P) 1=l,m=<2). In
particular (4,),<, <, satisfies the assumptions in (1.4)._ We as-
sume G = 0. Then ¥, G satisfy (1.9), as follows by an easy cal-
culation; note that n(x) = (0, 1) for xe[— 2, 2] x{2}. Now let us
suppose there is some 7'e(0,1] and a function we 0+°(Q,) such
that (1.2) and (1.3) hold, and |Dw|,<C (0=<1=<2). Then we
may choose §e& (0, T] such that P

(6.1) |Dyw(z, t) — D, P(z)| < 1/4 for (z,1)eq,.

Take ze[—1,1]x{2}. Since D,¥(z) = 1, it follows from (6.1):

2
I mz; IA;m(w, ty (D, w(@, 1)) o<,0) Bn(@) - Dy (e, 1) =

=1+ w(x, t)— P(x)]t for te[0, 87;
.hence from.(ll.s)): 0 =1+ w(xz, 1) — Y(x) for € (0, §]. But this
13 a contradiction, since w(z, t) converges to ¥(x) for ¢ tending to 0.

In our second counterexample, we consider the question whether

our solutions of (1.1)-(1.3) may be continued locally. Take £, ¥,
C, o, ¢ as above. For ,’

(2,8, Doy P1y Ps) E@z X[— éa 0]3 ’ {t, m) E{(]-: 2), (2, 1)} ’
we define A,,(z, ¢, po, py, p,) by

— P2 (1), if te[0,1];
[Q + 2o— P(@))(t— 1) — pa]-@(py) if 1=1.

63
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We further set Ay :=a, Ay :=1. Choose { € C=(R) such that
0<r=<1,Z(t) =0 for te(— oo, 1/2], {(t) =1 for L€ [3/4, o). Bet
w(z, t) := C(t)- ¥P(x) for (w, 1) e, 4 otk

F(x, 1, poy Prs P2) i= g’(w)‘é"(t)— ‘ f!
i Alm(wﬂ t! (E(t)'Drl‘{’(m))0§T§2)'C(t)'DIDmT(w) , &
iym=1

for x€ 2, te(0, 2], po,pl,pge[—ﬁ 2. This means that F is
independent of Pg, D1y Pa2- The functions (Ain)i<i,m=s, F satisfy
(1.4), (1.5). The function w belongs to 0=(Q,), and satisfies (1.1),
with T = 1, and with (4n)1<i,msey £ 28 introduced above. More-
over, w solves (1.2), (1.3) for T =1, ¥ =0, G = 0. But there
is no T’ € (1,2) such that a function ve C “(QT) exists satisfying
(1.2), (1.3), as well as the equation w = »|Q;. This is a conse-

quence of the previous counterexample.
Our last counterexample shows that the solutions from The-

orem 1.1 are not uniquely determined, and uniqueness cannot be
achieved by choosing a smaller value of 7. In order to see this,
consider the case 2 = (1, 2) c R, and set

w(w, t) := exp (— aft — 1/(z— 1) — 1/(2 — x)) for (e, 1) €02 % (0, o) ;
w(w, 1) :=0 for (w,1) €2 x {0} U 0Q2 X[0, co) .

Then we have we 0»1(2x[0, o)), Dyw(w, ) =0 for (w,1) €002 x
%[0, o0); w(z, 0) =0 for z€ . We set

0':=12-[sup foxp (r-1n ()= 7): re (O, 8] + 1. |

Note that i
12-[s7-exp (—8)P= O for re (0, 8], s€[0, o) ;
|D,wl,<C—1 for 0<1<1.
.Next we choose g€ C*(R) such that ; l 3‘;
0=g=1, ¢—0+1,0-11=1, ¢R\(-0C0=0. ? 4

For 8, €0, 4], ke{l,2}, (1, po, 1) € R X (0, c0) X R?, We define
B3, 1, Doy pr) 1= gll@— 1)+ (2— @)™ po)- (@— 1)+ (2 — @) o ’5

fg,;,k(m’ t, Doy P1) = pl(® — 1) (2 — w)‘é- Bz, 1))

(@ — 1) (2 — @) pE (e, 7
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For 4, 6€[0, 2], we set
R PR L
fur IR Bl A B
Finally rwe define for we (1, 2), te(0,1], po, pre(— C, €):

F(z, by Pos P1) := &+ f,(, 1, Do, 1) +
(2 A= R i D I D P (£ g )

Then F satisfies (1.5). For any T e(0,1], equations (1.1)-(1.3),
with I as just defined, and with ¥ = G = 0, 4, = 1, are solved
by two different functions, namely by the zero funetlon on @,
and by wiQT, with w as defined above.

Note added in proof.

The author learned of another paper which, though not dealing with
equations (1.1)-(1.3), gives very general results on related problems:
A. LuNarD1, Mawimal space regularity innonhomogeneous initial boundary
value problem, preprint.
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