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SPATIAL DECAY OF TIME-DEPENDENT INCOMPRESSIBLE
NAVIER–STOKES FLOWS WITH NONZERO VELOCITY

AT INFINITY∗

PAUL DEURING†

Abstract. We consider the time-dependent Navier–Stokes system in a three-dimensional exterior
domain with nonzero velocity at infinity. Under suitable assumptions on the data, it is shown that
the velocity part of strong solutions, after subtraction of the far-field velocity, decays as

( |x| · (1 +

|x| − x1)
)−1

, and its spatial gradient as
( |x| · (1 + |x| − x1)

)−3/2
, for |x| → ∞. The solution class

in question includes solutions obtained by L2-variational methods and characterized by the fact
that the velocity u and its spatial gradient ∇xu are L∞(L2)-functions, and ∇xu is additionally
L2-integrable in time and in space.
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1. Introduction. Consider a rigid body moving with prescribed steady velocity
v∞ ∈ R

3\{0} and without rotation in a viscous incompressible fluid. Assume that the
flow in a vicinity of the body is not influenced by some distant boundaries. Moreover
suppose the flow in question is described with respect to a coordinate system attached
to the body. Of course, although the rigid object moves with constant velocity, the
flow near its boundary need not be stationary in general. A situation of this kind is
usually modeled by the evolutionary Navier–Stokes system

∂tv − ν ·Δxv + (v · ∇x)v + �−1 · ∇xπ = �−1 · f, divxv = 0,

in ZT0 := Ω
c × (0, T0), with a homogeneous Dirichlet boundary condition on ST0 :=

∂Ω× (0, T0) and a boundary condition at infinity,

v|ST0 = 0, v(x, t) → v∞ (|x| → ∞) for t ∈ (0, T0),

supplemented by an initial condition,

v(x, 0) = v0(x) for x ∈ Ω
c
,

where the open bounded set Ω ⊂ R
3 with connected Lipschitz boundary ∂Ω represents

the rigid object, and the exterior domain Ω
c
:= R

3\Ω corresponds to the space occu-
pied by the fluid. The given quantities of this problem are the viscosity ν ∈ (0,∞),
the density � ∈ (0,∞), the far-field velocity v∞, the initial velocity v0, and the vol-
ume force f , whereas the velocity v and the pressure π are unknown. The role of the
parameter T0 depends on the type of solution under consideration: either T0 cannot
be determined in advance and thus is an unknown (solution locally in time), or it
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is a given quantity (solution globally in time). Without loss of generality, we may
assume that v∞ = β · (1, 0, 0) for some β > 0. Since a nonhomogeneous boundary
condition at infinity is difficult to handle mathematically, we transform the velocity
by a translation. In addition, we normalize the problem with respect to the size of
the domain Ω and the magnitude β of the far-field velocity v∞. In this way, we obtain
the following initial-boundary value problem, denoting the transformed quantities in
the same way as the original ones:

∂tv −Δxv + τ · ∂1v + τ · (v · ∇x)v +∇xπ = f, divxv = 0 in ZT0 ,(1.1)

v|ST0 = (−1, 0, 0), v(x, t) → 0 (|x| → ∞) for t ∈ (0, T0),(1.2)

v(x, 0) = v0(x) for x ∈ Ω
c
.(1.3)

The parameter τ ∈ (0,∞) is the Reynold’s number. Note that the transformation
of the velocity by a translation gives rise to the term τ · ∂1v (“Oseen term”) and to
an inhomogeneous boundary condition on ST0 . We are interested in a larger class of
boundary values than just constant vectors like (−1, 0, 0). Therefore we replace (1.2)
by

v|ST0 = v∗, v(x, t) → 0 (|x| → ∞) for t ∈ (0, T0)(1.4)

with a given function v∗ : ST0 �→ R
3. A solution of (1.1), (1.3), (1.4) should reflect the

main features of the physical flow in question. In particular, such a solution should
exhibit a “wake.” This means in our context that in a paraboloidal downstream
region, the velocity converges slower than elsewhere to its constant boundary value at
infinity. Such an asymptotic behavior is well established for solutions of the stationary
version of (1.1)

−ΔU + τ · ∂1U + τ · (U · ∇)U +∇Π = Ψ, divU = 0 in Ω
c
.(1.5)

In fact, if the velocity part U of a solution to this system belongs to L6(Ω
c
)3, and

∇U to L2(Ω
c
)9, and if the volume force Ψ decays sufficiently fast, then

|∂αxU(x)| = O
( [ |x| · ν(x) ]−1−|α|/2 )

for |x| → ∞,(1.6)

where α ∈ N
3
0 with |α| := α1 + α2 + α3 ≤ 1, and where the function ν : R3 �→ [0,∞)

is defined by

ν(x) := 1 + |x| − x1 (x ∈ R
3).(1.7)

The factor ν(x) in (1.6) may be considered as the mathematical manifestation of
the above mentioned wake. The condition |α| ≤ 1 means that (1.6) describes the
asymptotic behavior of U and the gradient of U . The result in (1.7) has a long
history. Key references are [24], [7], [23], [27, section IX]. In a note [10], we indicated
how (1.7) follows from the theory in [27, section IX]. Active research is still ongoing
in the context of (1.5), (1.6) [3], [4], [5].

In the work at hand, we want to show that strong solutions to the evolutionary
problem (1.1), (1.3), (1.4) exhibit the spatial asymptotics of stationary flows, in the
sense that velocity part v of these solutions decays like this:

|∂αx v(x, t)| = O
( [ |x| · ν(x) ]−1−|α|/2 )

for |x| → ∞, uniformly in t ∈ (0, T0),(1.8)
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for α ∈ N
3
0 with |α| ≤ 1. The class of solutions we consider includes the “standard”

strong solutions obtained by L2-variational methods [29], [30]. Since in the stationary

case, the decay rate
[ |x| · ν(x) ]−1−|α|/2

appearing in (1.6) is the best possible in
general, this rate should also be optimal in the evolutionary case. Therefore (1.8)
seems to be the best results one can expect in general for the decay of v and ∇v if
v is the velocity part of a solution to the initial-boundary value problem (1.1), (1.3),
(1.4).

Let us state our results in more detail. To this end, we present a theorem on the
stationary problem (1.5) with Ψ = 0. We need this theorem in order to be able to
handle time-independent boundary data like the vector (−1, 0, 0) in (1.2). Fix S0 > 0

with Ω ⊂ BS0 and b̃ ∈ H1/2(∂Ω)3 with
∫
∂Ω
b̃ · n(Ω) dox = 0, where n(Ω) denotes the

outward unit normal to Ω. Then we have the following theorem.

Theorem 1.1. There is a function U ∈ L6(Ω
c
)3 with ∇U ∈ L2(Ω

c
)9 and divU =

0, U |∂Ω = b̃,∫
Ω

c

(∇U · ∇ϑ+ τ · ∂1U · ϑ+ τ · (U · ∇)U · ϑ ) dx = 0 for ϑ ∈ V.(1.9)

Moreover there is some μ0 > 0 with

|∂αxU(x)| ≤ μ0 ·
( |x| · ν(x) )−1−|α|/2

for x ∈ Bc
S0
, α ∈ N

3
0 with |α| ≤ 1.(1.10)

For the first part of this theorem, we refer to [27, Theorem IX.4.1], [26, Theorem
II.5.1]. As for inequality (1.10), it was proved in [7]; also see [27, section IX.7], [34],
and [10].

Instead of (1.1), (1.3), (1.4), we consider a slightly more general problem, which
may be stated as follows:

∂tu(x, t)−Δxu(x, t) + τ · ∂1u(x, t) + τ · (u(x, t) · ∇x

)
u(x, t)(1.11)

+ τ · (u(x, t) · ∇ )U(x) + τ · (U(x) · ∇x

)
u(x, t) +∇xπ(x, t)

= f(x, t), divxu(x, t) = 0 for (x, t) ∈ ZT0 ,

u|ST0 = b, u(x, t) → 0 (|x| → ∞) for t ∈ (0, T0),(1.12)

u(x, 0) = a(x) (x ∈ Ω
c
).(1.13)

Note that the pair of functions (u, π) solves (1.11) iff (v, π) with v = u + U verifies
(1.1). By considering problem (1.11)–(1.13) instead of (1.1), (1.3), (1.4), we may split

the boundary data v∗ from (1.4) into a stationary part b̃, introduced in Theorem 1.1
as the boundary value of U , and into a part b supposed to decay for t tending to
infinity. In fact, we require b ∈ H∞ with H∞ being a certain subspace of L2(S∞)3

that will be defined in section 2. Thus a stationary function on S∞ like the vector

(−1, 0, 0) from (1.2) cannot belong to H∞. We further require that a ∈ H
1/2+ε0
σ (Ω

c
)

for some ε0 ∈ (0, 1/2] with a|Bc
S0

∈W 1,1
loc (B

c
S0
)3 and

|∂αy a(y)| ≤ δ0 ·
( |y| · ν(y) )−1−|α|/2−κ0

for y ∈ Bc
S0
,(1.14)

where δ0 ∈ (0,∞) and κ0 ∈ (0, 1] are given constants. Since we want to show that the
velocity u from (1.11)–(1.13) decays in the same way as v in (1.8), assumption (1.14)
is the best possible, except perhaps for the fact that we exclude the case κ0 = 0.
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Turning to f , we require that f : Z∞ �→ R
3 is a measurable function such that

f |ΩS0 × (0,∞) ∈ L2
(
ΩS0 × (0,∞)

)3
and

|f(y, s)| ≤ γ(s) · |y|−A · ν(y)−B for y ∈ Bc
S0
, s ∈ (0,∞),(1.15)

where A ∈ (2,∞) and B ∈ [0, 3/2] are constants with A + min{1, B} > 3 and
A + B ≥ 7/2. The function γ belongs to L2

(
(0,∞)

) ∩ Lp0
(
(0,∞)

)
for some

p0 ∈ (2,∞). We remark that the condition on spatial decay of f stated in (1.15)
is again optimal in view of (1.8), because already in the case of the stationary Oseen
system, a condition as in (1.15) has to be imposed on the right-hand side in order to
obtain an asymptotic behavior of the (stationary) velocity as indicated in (1.6). We
refer to [34, Theorems 3.1 and 3.2] for details.

We fix T0 ∈ (0,∞], s0 ∈ [1, 3), r0 ∈ (3,∞), and we consider a function u :
(0, T0) �→W 1,1(Ω

c
)3 with

u ∈ L∞( 0, T0, Lκ(Ω
c
)3
)

for κ ∈ {s0, r0},(1.16)

∇xu ∈ L2
(
0, T0, L

2(Ω
c
)9
)

and (u · ∇x)u ∈ L2
(
0, T0, L

3/2(Ω
c
)3
)
.(1.17)

Since s0 < 3 and r0 > 3, we may assume without loss of generality that s0 ≥ 2. This
function u is supposed to be the velocity part of a solution to (1.11)–(1.13) in the
sense that

u|ST0 = b, divxu = 0,(1.18) ∫ T

0

∫
Ω

c

[
−(u(x, t) · ϑ(x) ) · ϕ′(t) +

(∇xu(x, t) · ∇ϑ(x)
) · ϕ(t)(1.19)

+ τ · ( ∂1u(x, t) · ϑ(x) ) · ϕ(t)− (F (x, t) · ϑ(x) ) · ϕ(t)] dx dt
=

∫
Ω

c
a(x) · ϑ(x) dx · ϕ(0)

for ϕ ∈ C∞
0

(
[0, T0)

)
, ϑ ∈ C∞

0 (Ω
c
)3 with divϑ = 0, where

F (x, t)

(1.20)

:= f(x, t)− τ · [ (u(x, t) · ∇x

)
u(x, t) + (U(x) · ∇x)u(x, t) +

(
u(x, t) · ∇)U(x)

]
for x ∈ Ω

c
, t ∈ (0, T0), with U from Theorem 1.1. It will become apparent below

(Corollary 3.3) that the function F belongs to L2
(
0, T0, L

3/2(Ω
c
)3
)
, so that the inte-

gral of
(
F (x, t) · ϑ(x) ) · ϕ(t) in (1.19) makes sense.

The conditions on u in (1.16)–(1.19) are satisfied, for example, by the solution
to (1.11)–(1.13) constructed by Heywood [30] and characterized by the relations u ∈
L∞( 0, T0, H1(Ω

c
)3
)
and ∇xu ∈ L2

(
0, T0, L

2(Ω
c
)9
)
. In fact, in that case one may

choose s0 = 2, r0 = 6 in (1.16). The second condition in (1.17) then becomes
redundant; see the remark following Lemma 3.2. The same type of solution arises as
a special case in the existence theory derived by Solonnikov [41] for a more general
problem. (Choose p = 2 in [41, Theorem 10.1, Remark 10.1].) Heywood [30] and
Solonnikov [41] obtained their existence results under a smallness condition on either
T0 or the data, as is usual for the three-dimensional nonstationary Navier–Stokes
system. It is important to note that the decay results established in the work at hand
hold without smallness conditions of any kind. In other words, once a solution of
(1.11)–(1.13) satisfying (1.16)–(1.19) is available, it decays as in (1.8). More precisely,
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the following theorem—the main result of this article—is then valid.
Theorem 1.2. Let R ∈ (S0,∞). Then

|∂αx u(x, t)| ≤ C(R) · ( |x| · ν(x) )−1−|α|/2
for x ∈ Bc

R, t ∈ (0, T0),(1.21)

α ∈ N
3
0 with |α| ≤ 1, where the constant C(R) depends on Ω, on the parameters

τ, S0, ε0, δ0, κ0, p0, A,B, μ0, r0, s0, R, on upper bounds for the quantities ‖a‖1/2+ε0, 2,
‖γ‖2, ‖γ‖p0 , ‖f |ΩS0 × (0,∞)‖2, ‖U‖6, ‖∇U‖2, ‖u‖s0,∞;T0 , ‖u‖r0,∞;T0 , as well as
‖(u · ∇x)u‖3/2,2;T0

and ‖∇xu‖2, and on the function ϕ : [S0,∞) �→ [0,∞) defined by
ϕ(r) := ‖u|Bc

r × (0, T0)‖6,2;T0 for r ∈ [S0,∞).
As far as we know, up to now only Knightly [32] and Mizumachi [37] studied point-

wise spatial decay of solutions to (1.11). Knightly detected the wake phenomenon,

but he did not obtain the optimal decay rate
[ |x| · ν(x) ]−1−|α|/2

, and his results
depend on various smallness assumptions. Mizumachi proved (1.21) for α = 0 (de-
cay of u but not of ∇u), under the assumptions T0 = ∞, U = 0, f = 0, (u, π) a
classical solution of (1.11)–(1.13), u ∈ L∞( 0,∞, Lr(Ω

c
)3
)
for some r ∈ [1, 3), ∇xu ∈

L∞( 0,∞, L2(Ω
c
)3
)
, |u(x, t)| → 0 for |x| → ∞ uniformly in t ∈ [T̃ ,∞) for some

T̃ ∈ (0,∞) [37, p. 515], and |a(x) − u0(x)| = O(|x|−2) (|x| → ∞), where u0 is
the velocity part of some solution to the stationary problem (1.5). No conditions
on the boundary data are specified in [37]. We think the pointwise decay condition
|u(x, t)| → 0 for |x| → ∞ uniformly in t should be part of the conclusions, not of the
assumptions. We further remark that the argument in [37] seems to have a gap: it is
not clear why references [40] and [28] should imply [37, (2.42)]

Note that if u ∈ L∞( 0,∞, Lr(Ω
c
)3
)
for some r ∈ [1, 3), and if ∇xu is in

L∞( 0,∞, L2(Ω
c
)9
)
and in L2

(
0,∞, L2(Ω

c
)9
)
, then u ∈ L∞( 0,∞, L6(Ω

c
)9
)
by

Lemma 2.3, and hence (u · ∇x)u ∈ L2
(
0,∞, L3/2(Ω

c
)3
)
by Hölder’s inequality. This

means that the conditions on u in (1.16) and (1.17) are fulfilled if Mizumachi’s as-
sumptions on u (see above) hold, but with his pointwise decay condition replaced by
the much weaker relation ∇xu ∈ L2

(
0,∞, L2(Ω

c
)9
)
, which is valid even for standard

weak solutions of the Navier–Stokes system.
The work at hand builds on previous papers [11, 12, 13, 14, 15, 16, 17, 18], where

we studied Oseen flows, that is, the velocity part of solutions to the time-dependent
Oseen system ((1.1) without the nonlinear term τ · (v · ∇x)v). The decay result in
(1.8) is established for such flows in [17] under the assumption that Ω = ∅ (Cauchy
problem) and f = 0. In [11], [14] we solved the integral equation (3.7) below in the
Oseen case. As a consequence, in [15] and [16] we obtained a representation formula
for Oseen flows, which allowed us to prove (1.8) for such flows in the case Ω 
= ∅, first
(see [15]) on the condition that v0 and f have compact support, and then (see [18])
for v0 as in (1.14) (with a replaced by v0) and for f as in (1.15). Reference [12] deals
with a criterion for f in view of solving the integral equation just mentioned, but this
criterion will not play a role here. Regularity issues related to Oseen flows under the
assumption a = 0, f = 0 are discussed in [13].

Concerning existence of solutions to (1.1), (1.3), (1.4) or to (1.11)–(1.13) or to
the time-dependent Oseen system, Heywood’s existence result in [30] with respect
to (1.11)–(1.13) was already mentioned above; it is based on variational arguments
and extends the theory he developed in [29]. Existence results in both Hölder and
Sobolev spaces, for a generalized Stokes system and also for a nonlinear problem
more general than (1.1), (1.3), (1.4), were established by Solonnikov in his article [41]
mentioned above. Kobayashi and Shibata [33] constructed an Oseen semigroup in
Lp-spaces. Such a semigroup implies existence results for the time-dependent Oseen



SPATIAL DECAY OF NAVIER–STOKES FLOWS 1393

system. Enomoto and Shibata [22] introduced an analogous semigroup in the case of
space dimension n ≥ 3. Mild solutions to the nonlinear problem (1.1), (1.3), (1.4) were
constructed by Miyakawa [36] and by Shibata [39], with the first author considering
local in time existence, and the second global in time existence for small data.

Lp-Lq-estimates of Oseen flows were established in [33]. These estimates were
extended to the case of space dimension n ≥ 3 in [22]. Local Lp-Lq-estimates for
Oseen flows were shown in [33] (n = 3) and [21] (n ≥ 3). Bae and Jin [8] proved
weighted Lp-Lq-estimates for Oseen flows, using weight functions that are adapted to
the wake appearing in such flows. Stability results for solutions to (1.1), (1.3), (1.4),
in the sense of temporal decay estimates of spatial Lp-norms of the velocity, were
proved by Masuda [35], Heywood [30, p. 675], Shibata [39], Enomoto and Shibata
[22] (case n ≥ 3), and Bae and Roh [9].

In the case Ω = ∅ (Cauchy problem), certain aspects of the asymptotic behavior
of a solution to (1.1) may be deduced from the decay properties exhibited by solutions
of the Navier–Stokes system without Oseen term [31, p. 507], [42].

Let us indicate how our proof of Theorem 1.2 is structured. In section 3, we show

that the function F from (1.20) belongs to Lp
(
0, T0, L

3/2(Ω
3
)
)
for p ∈ [q0, 3/2] with

some q0 ∈ [1, 3/2) (Corollary 3.3). This means that the velocity u enters into the
framework of [18] if u is considered as the velocity part of a solution of the Oseen
system with right-hand-side F . Thus the representation formula for Oseen flows given
by [18, Corollary 4.5], which is a consequence of the theory in [16], yields an integral
representation of u (Theorem 3.4). Our task then consists in estimating the integrals
appearing in this representation. But all of them except one were already estimated
in previous papers. The one exception consists of a volume potential involving the
nonlinearity

(
(u+U) ·∇x

)
(u+U). An estimate of this potential—the main difficulty

of our proof—is achieved by a rather long and delicate iteration process presented
in section 4, whereby every improved estimate of the potential in question implies a
corresponding improved decay estimate of u or∇xu, which in turn is used to revisit the
critical potential. It is particularly challenging to advance to the relation |u(x, t)| →
0 (|x| → ∞) uniformly in t ∈ (0, T0) (Lemma 4.1 to 4.4), which in [37] is imposed
as an assumption. Another difficulty consists in showing that |∇xu(x, t)| is bounded
for large values of |x| (Lemma 4.7). Once these results are available, we establish

the decay rate
( |x| · ν(x) )−1

for |u(x, t)| (Theorems 4.5, 4.6) and
( |x| · ν(x) )−3/2

for |∇xu(x, t)| (Theorem 4.8). In this context, the theory in [34] on the asymptotics
of solutions of the stationary Oseen system in the whole space R

3 turned out to be
useful. Our argument is complicated by the presence of the terms

(
u(t) · ∇ )U and

(U · ∇x)u(t), which transform into the matrix-valued function
(
Uj · uk(t)

)
1≤j,k≤3

after a partial integration. However, the technical difficulties related to these terms
are reduced by Theorem 3.7, which states that Uj ·uk is an L∞(L1)-function, a relation
that is also valid for uj · uk (1 ≤ j, k ≤ 3) according to that theorem. Thus, in many
estimates in section 4, we may handle Uj · uk and uj · uk in the same way.

2. Notation. Some auxiliary results. We recall that the bounded Lipschitz
domain Ω with connected boundary, the parameters τ , S0, ε0, δ0, κ0, A,B, p0, μ0, r0, s0
and the functions b̃, U, a, f, γ, b, u, and F were introduced in section 1. We further
recall that we denoted the length of a multiindex α ∈ N

3
0 by |α| (see the remark

following (1.6)), defined a weight function ν describing the wake phenomenon (see
(1.7)), introduced the notation n(Ω) for the outward unit normal to Ω, and used the
abbreviations ST := ∂Ω × (0, T ) and ZT := Ω

c × (0, T ), for T ∈ (0,∞]. Concerning
the notation Ω

c
introduced at the beginning of section 1, we more generally write
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Ac := R
3\A for any A ⊂ R

3. We put e1 := (1, 0, 0). For r > 0, x ∈ R
3, we set

Br(x) := {y ∈ R
3 : |y − x| < r}, Br := Br(0), Ωr := Ω ∩Br.

We write C for numerical constants, and C(γ1, . . . , γn) for constants depending
on parameters γ1, . . . , γn, for some n ∈ N. These parameters typically belong to
(0,∞), but the case γ1 = Ω will also arise. In sections 3 and 4, the notation C is
used for constants that may depend on all the quantities listed at the end of Theorem
1.2, except on R and on the function ϕ. The exception with respect to ϕ is lifted
from Lemma 4.4 onward. The symbol C(γ1, . . . , γn) stands for constants that may
additionally depend on γ1, . . . , γn ∈ [0,∞).

If H is a vector space consisting of functions from an arbitrary nonempty set A into
R, and if m ∈ N, we put Hm := {F : A �→ R

m : F1, . . . , , Fm ∈ H}. If ‖ ‖ is a norm
on H, we will use the same notation ‖ ‖ for the norm (

∑m
j=1 ‖Fi‖2)1/2 (F ∈ Hm)

on Hm. For n ∈ N, A ⊂ R
n measurable and p ∈ [1,∞], the usual norm of the

Lebesgue space Lp(A), defined with respect to Lebesgue measure in R
n, is denoted

by ‖ ‖p. The same notation is used for the norm of Lp-spaces on ∂Ω or on ∂Ω× (0, T )
for T ∈ (0,∞]. Let A be an open set in R

3. Given m ∈ N, p ∈ [1,∞], we write
Wm,p(A) for the usual Sobolev space of order m on A with exponent p. The standard
norm of this space is denoted by ‖ ‖m,p. If p = 2, we write Hm(A) instead of
Wm,2(A). The notation Wm,p

loc (A) stands for the set of functions w : A �→ R such
that w|U ∈ Wm,p(U) for any open bounded set U ⊂ R

3 with U ⊂ A. If p = 2, we
write Hm

loc(A) instead of Wm,p
loc (A). For s ∈ (0, 1), let Hs(A) be the Sobolev space

defined via the intrinsic norm with exponent p = 2 introduced in [1, Section 7.51].
This norm is denoted by ‖ ‖s,2. For ε ∈ (0, 1], let Hε

σ(Ω
c
) denote the closure of the

set
{
v ∈ C∞

0 (Ω
c
)3 : divu = 0

}
with respect to the norm of Hε(Ω

c
). For brevity,

put V := H1
σ(Ω

c
). This means in particular that V is equiped with the norm ‖ ‖1,2

of H1(Ω
c
)3. As usual, V ′ denotes the canonical dual space of V . The Sobolev space

H1(∂Ω) is to be defined in the standard way (see [25, section III.6], for example). Let
‖ ‖1, 2 denote the usual norm of this space with respect to some local coordinates of
∂Ω [25, section III.6.7]. The notation ‖ ‖H1(∂Ω)′ stands for the canonical norm of the
dual space H1(∂Ω)′ of H1(∂Ω).

If B is a Banach space, T ∈ (0,∞], and p ∈ [1,∞], then the norm of the space
Lp(0, T,B) is denoted by ‖ ‖Lp(0,T,B). However, if p, q ∈ [1,∞], σ ∈ {0, 3}, and A is a

measurable subset of R3, we write ‖ ‖q,p;T for the norm of the space Lp
(
0, T, Lq(A)σ

)
.

If h is a function from (0, T ) into Lq(A)σ and h̃ a function from A×(0, T ) into R
σ, and

if h(t)(x) = h̃(x, t) for x ∈ A, t ∈ (0, T ), then we identify h and h̃. This convention
is justified because h : (0, T ) �→ Lq(A)σ is measurable (or more precisely, strongly

Lq(A)σ-measurable in the sense of [43, p. 130]) iff h̃ : A× (0, T ) �→ R
σ is measurable

in the usual Lebesgue sense; see [16, proof of Lemma 2.1] for some references on this
well-known fact. In the case q <∞, we may conclude with Fubini’s theorem that the
norm of the spaces Lq

(
0, T, Lq(A)σ

)
and Lq

(
A × (0, T )

)σ
coincide. Therefore we

may use the norm ‖ ‖q instead of ‖ ‖q,q;T for functions from Lq
(
0, T, Lq(A)σ

)
, and

we may identify the latter space with Lq
(
A× (0, T )

)σ
. Analogous remarks are valid

with respect to the spaces Lq
(
0, T, Lq(∂Ω)σ

)
and Lq

(
∂Ω× (0, T )

)σ
.

Again take T ∈ (0,∞]. Following [38], we introduce a space HT of functions on
ST . To this end, we put

L2
n(ST ) :=

{
w ∈ L2(ST )

3 :

∫
∂Ω

w(x, t) · n(Ω)(x) dox = 0 for a.e. t ∈ (0, T )

}
,

H̃T := {�|ST : � ∈ C∞
0 (R4)3, � |R3 × (−∞, 0] = 0}.
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For ϕ ∈ C1
(
(−∞, T )

)
with ϕ|(−∞, 0] = 0, and for t ∈ (0, T ), we set

∂
1/2
t ϕ(t) := π−1/2 · ∂t

(∫ t

0

(t− r)−1/2 · ϕ(r) dr
)

(“fractional derivative of ϕ”). We further put ∂
1/2
4 w(x, t) := ∂

1/2
t

(
w(x, · )

)
(t)

for (x, t) ∈ ∂Ω × (0, T ), w ∈ H̃T . For any w ∈ L2(ST ), we may define Fw ∈
L2
(
0, T,H1(∂Ω)′

)
by setting

Fw(t)(μ) :=

∫
∂Ω

w(x, t) · μ(x) dox for μ ∈ H1(∂Ω) and for a.e. t ∈ (0, T ).

We will write w instead of Fw. For w ∈ H̃T , set

‖w‖HT

:=
(∫ T

0

(
‖w( · , t) | ∂Ω‖21, 2 + ‖∂1/24 w( · , t)|∂Ω‖22 + ‖∂tw( · , t) · n(Ω)‖2H1(∂Ω)′

)
dt
)1/2

.

The mapping ‖ ‖HT is a norm on H̃T . Let the space HT consist of all functions

w ∈ L2
n(ST ) such that there exists a sequence (wn) in H̃T with the property that

‖w − wn‖2 → 0 and such that (wn) is a Cauchy sequence with respect to the norm
‖ ‖HT . This means in particular that the sequence (‖wn‖HT

)
is convergent. Its limit

value does not depend on the choice of the sequence (wn) with the above properties.
Thus, for w ∈ HT , we may define the quantity ‖w‖HT in an obvious way. The mapping
‖ ‖HT is a norm on HT , and the pair

(
HT , ‖ ‖HT

)
is a Banach space.

It will be convenient to use the following abbreviations:

G(t) := τ · [ (u(t) · ∇x

)
u(t) +

(
u(t) · ∇ )U + (U · ∇x)u(t)

]
,(2.1)

Hjk(t) := τ · (uj(t) · uk(t) + uj(t) · Uk + Uj · uk(t)
)
,(2.2)

g
(b)
k (t) := τ ·

3∑
l=1

(
bl(t) · bk(t) + bl(t) · b̃k + b̃l · bk(t)

) · n(Ω)
l(2.3)

for 1 ≤ j, k ≤ 3, t ∈ (0, T0). Next we present some estimates related to ν(x).

Lemma 2.1 (see [23, Lemma 2.3]). Let β ∈ (1,∞). Then
∫
∂Br

(
1+ν(x)

)−β
dox ≤

C(β) · r for r ∈ (0,∞).
Lemma 2.2 (see [19, Lemma 4.8]). ν(x − y)−1 ≤ C · (1 + |y|) · ν(x)−1 for

x, y ∈ R
3.

Let S ∈ (0,∞). Then |y|−1 ≤ C(S) · ν(y)−1 for y ∈ Bc
S .

In [18], the following lemma is deduced from [26, Theorem II.5.1].
Lemma 2.3 (see [18, Lemma 2.4]). Let v ∈ W 1,1

loc (Ω
c
) with v ∈ Lκ(Ω

c
) for some

κ ∈ [1,∞), and ∇v ∈ L2(Ω
c
)3. Then v ∈ L6(Ω

c
) and ‖v‖6 ≤ C(Ω) · ‖∇v‖2.

In particular, u ∈ L2
(
0, T0, L

6(Ω
c
)
)
and ‖u‖6,2;T0 ≤ C(Ω) · ‖∇xu‖2.

Next we introduce the fundamental solutions we will consider in the following.
We write H for the usual fundamental solution of the heat equation in R

3, that is,

H(z, t) := (4 · π · t)−3/2 · e−|z|2/(4·t) for (z, t) ∈ R
3 × (0,∞).

Furthermore, we introduce a fundamental solution of the time-dependent Stokes sys-
tem by setting as in [38]

(2.4) Γjk(z, t) := δjk · H(z, t) +
∫ ∞

t

∂j∂kH(z, s) ds, Ek(x) := (4 · π)−1 · xk · |x|−3
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for (z, t) ∈ R
3 × (0,∞), x ∈ R

3\{0}, 1 ≤ j, k ≤ 3. (The function Ek is introduced for
completeness; it will not play any role in the following.) Finally we define the velocity
part of a fundamental solution of the time-dependent Oseen system by putting

Λjk(z, t, τ) := Γjk(z − τ · t · e1, t) for (z, t) ∈ R
3 × (0,∞), j, k ∈ {1, 2, 3}.

We will need the following properties of Λjk and Γjk.
Lemma 2.4 (see [38, Proposition 2.1.9]). The functions Γjk and Λjk( · , · , τ)

belong to C∞(
R

3 × (0,∞)
)
for 1 ≤ j, k ≤ 3. Moreover

|∂αz Γjk(z, t)| ≤ C · (|z|2 + t)−3/2−|α|/2,

|∂αz Λjk(z, t, τ)| ≤ C · (|z − τ · t · e1|2 + t)−3/2−|α|/2

for z ∈ R
3, t ∈ (0,∞), α ∈ N

3
0 with |α| ≤ 1.

On the other hand, concerning the term |z−τ ·t ·e1|2+t, we have the next lemma.
Lemma 2.5 (see [11, Lemma 2]). Let K ∈ (0,∞). For z ∈ R

3, put γK(z) := |z|2
if |z| ≤ K and γK(z) := |z| · ν(z) else.

Then |z − τ · t · e1|2 + t ≥ C(τ,K) · (γK(z) + t
)
for z ∈ R

3, t ∈ (0,∞).
Theorem 2.6. Let K ∈ (0,∞), μ ∈ (1,∞). Then∫ ∞

0

(|y − τ · t · e1|2 + t)−μ dt ≤ C(τ,K, μ) · ( |y| · ν(y) )−μ+1/2
for y ∈ Bc

K .

Proof. See [20, Theorem 2.19] with z = 0, δ = 1, and S replaced by K/2.
Lemma 2.4 and 2.5 yield the following.
Corollary 2.7. Let K ∈ (0,∞). Then

|∂αz Λjk(z, t, τ)| ≤ C(τ,K) · ( γK(z) + t
)−3/2−|α|/2

for z ∈ R
3, t ∈ (0,∞),

α ∈ N
3
0 with |α| ≤ 1, where γK(z) was defined in Lemma 2.5.

Another important tool in our proofs is the following estimate, which follows from
Hölder’s and Young’s inequalities.

Theorem 2.8. Let p, q ∈ [1,∞], r ∈ (1,∞], s ∈ [1,∞] with q < p, s ≤ r.
Then, for h ∈ Ls

(
0,∞, Lq(R3)

)
, M ∈ (0,∞), j, k ∈ {1, 2, 3}, α ∈ N

3
0 with

|α| ≤ 1, the ensuing inequality holds: for W = (0,M) if 1−|α|/2+3 ·(1/p−1/q)/2>
1/s− 1/r, and for W = (M,∞) if 1− |α|/2 + 3 · (1/p− 1/q)/2 < 1/s− 1/r,(∫ ∞

0

[∫
R3

(∫ ∞

0

∫
R3

χW (t− σ) · |∂αxΛjk(x− y, t− σ, τ)|

· |h(y, σ)| dy dσ
)p

dx

]r/p
dt

)1/r

≤ C(τ, p, q, r, s) ·M3·(1/p−1/q)/2+1−|α|/2−1/s+1/r · ‖h‖q,s;∞
if p <∞, r <∞. If p = ∞ and/or r = ∞, the preceding estimate has to be modified
in an obvious way. For example, if p = r = s = ∞ and 1 − |α|/2− 3/(2 · q) > 0, we
have ∫ ∞

0

∫
R3

χ(0,M)(t− σ) · |∂αxΛjk(x− y, t− σ, τ)| · |h(y, σ)| dy dσ

≤ C(τ, q) ·M−3/(2·q)+1−|α|/2 · ‖h‖q,∞;∞

for h ∈ L∞( 0,∞, Lq(R3)
)
, M, j, k, α as above, x ∈ R

3, t ∈ (0,∞).
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Proof. In the case s < ∞, we refer to [15, Lemma 2.7]. If s = ∞, the ar-
guments from the preceding reference remain valid. As an example, take the case
p = r = s = ∞, q > 1. For h,M, j, k, α as in the lemma, W ∈ {(0,M), (M,∞)}, and
for x ∈ R

3, t ∈ (0,∞), we find by Lemma 2.4 and Hölder’s inequality that∫ ∞

0

∫
R3

χW (t− σ) · |∂αxΛjk(x − y, t− σ, τ)| · |h(y, σ)| dy dσ

≤ C(τ) ·
∫ ∞

0

∫
R3

χW (t− σ) ·
(
|x− y − τ · (t− σ) · e1|+ (t− σ)1/2

)−(3+|α|)

·|h(y, σ)| dy dσ

≤ C(τ)·
∫ ∞

0

χW (t− σ)·
(∫

R3

(
|x− y − τ · (t− σ)·e1|+ (t− σ)1/2

)−(3+|α|)·q′
dy

)1/q′

·‖h( · , σ)‖q dσ

= C(τ) ·
∫ ∞

0

χW (t− σ) ·
(∫

R3

(
|z|+ (t− σ)1/2

)−(3+|α|)·q′
dz

)1/q′

· ‖h( · , σ)‖q dσ

≤ C(τ, q) ·
∫ ∞

0

χW (t− σ) · (t− σ)−|α|/2−3/(2·q) · ‖h( · , σ)‖q dσ

≤ C(τ, q) · ‖h‖q,∞;∞ ·
∫ ∞

0

χW (t− σ) · (t− σ)−|α|/2−3/(2·q) dσ.

Now, distinguishing the case W = (0,M), −|α|/2 − 3/(2 · q) > −1 on the one hand
andW = (M,∞), −|α|/2−3/(2 ·q) < −1 on the other, we may integrate with respect
to σ and obtain the looked-for inequality.

A first consequence of Theorem 2.8 is the following.
Corollary 2.9. Let s ∈ [1,∞], q ∈ [1,∞), h ∈ Ls

(
0,∞, Lq(R3)3). Then, for

a.e. (x, t) ∈ R
3 × (0,∞), α ∈ N

3
0 with |α| ≤ 1, we have

∫ t

0

∫
R3

∑3
k=1 |∂αxΛjk(x− y, t−

σ, τ) · hk(y, σ)| dy dσ <∞.
Proof. Theorem 2.8 shows that the corollary holds for (x, t) ∈ R

3× (0,M) for any
M > 0; compare the remarks in [15, p. 898].

Due to the preceding corollary, we may define a function R(τ)(h) : R3× (0,∞) �→
R

3 for any h ∈ Ls
(
0, T, Lq(A)3) with s ∈ [1,∞], q ∈ [1,∞), A ⊂ R

3 measurable,
T ∈ (0,∞], by setting

R
(τ)
j (h)(x, t) :=

∫ t

0

∫
R3

3∑
k=1

Λjk(x− y, t− σ, τ) · h̃k(y, σ) dy dσ(2.5)

for a.e. x ∈ R
3, t ∈ (0,∞), where the function h̃ in (2.5) denotes the zero extension

of h to R
3 × (0,∞).

Lemma 2.10. Let s ∈ [1,∞], q ∈ [1,∞), and h ∈ Ls
(
0,∞, Lq(R3)3

)
. Then

the weak derivative ∂lR
(τ)
j (h) exists for 1 ≤ j, l ≤ 3, in particular, R(τ)(h)( · , t) ∈

W 1,1
loc (R

3)3 for t ∈ (0,∞). For a.e. x ∈ R
3, t ∈ (0,∞), 1 ≤ j, l ≤ 3,

∂lR
(τ)
j (h)(x, t) =

∫ t

0

∫
R3

3∑
k=1

∂lΛjk(x− y, t− σ, τ) · hk(y, σ) dy dσ.

In particular, the trace of R(τ)(h)( · , t) on ∂Ω is well defined for t ∈ (0,∞), so

R(τ)(h) has a boundary value on S∞.
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Proof. The lemma follows from Theorem 2.8.
Lemma 2.11 (see [17, Lemma 2.3]). Let q ∈ [1,∞], c ∈ Lq(R3). Then the integral∫

R3 |H(x− y− τ · t · e1, t) · c(y)| dy is finite for x ∈ R
3, t ∈ (0,∞). Thus we may define

I
(τ)
j (c)(x, t) :=

∫
R3

H(x− y − τ · t · e1, t) · cj(y) dy

for x ∈ R
3, t ∈ (0,∞), 1 ≤ j ≤ 3. The function I(τ)(c) belongs to C1

(
R

3×(0,∞)
)3
.

The function I(τ)(c) even belongs to C∞(
R

3 × (0,∞)
)3
, but we will not need

this fact. Next we consider convolutions of the Oseen fundamental solution on ∂Ω.
Lemma 2.12. Let s, q ∈ [1,∞], ϕ ∈ Ls

(
0,∞, Lq(∂Ω)3

)
, 1 ≤ j, k ≤ 3. For

x ∈ R
3\∂Ω, t ∈ (0,∞), α ∈ N

3
0 with |α| ≤ 1, the integral

∫ t

0

∫
∂Ω |∂αxΛjk(x − y, t −

σ, τ) ·ϕk(y, σ)| dΩ(y) dσ is finite. Moreover, if ϕ ∈ L2(S∞)3 and α = 0, the preceding
integral is finite also for a.e. (x, t) ∈ S∞.

Proof. The first claim of the lemma is obvious by Corollary 2.7. As for the second
conclusion, we refer to [15, Lemma 2.19].

In view of Lemma 2.12, for s, q ∈ [1,∞], T ∈ (0,∞], ϕ ∈ Ls
(
0, T, Lq(∂Ω)3

)
, we

may define

V
(τ)
j (ϕ)(x, t) :=

∫ t

0

∫
∂Ω

3∑
k=1

Λjk(x− y, t− σ, τ) · ϕ̃k(y, σ) dΩ(y) dσ(2.6)

for 1 ≤ j ≤ 3, x ∈ R
3\∂Ω, t ∈ (0,∞), where ϕ̃ denotes the zero extension of ϕ to

S∞. If ϕ ∈ L2(ST )
3 for some T ∈ (0,∞], we define V

(τ)
j (ϕ)(x, t) as in (2.6) for a.e.

x ∈ ∂Ω, t ∈ (0,∞). As a consequence of Corollary 2.7 and Lebesgue’s theorem, we
note the following.

Corollary 2.13. Let s, q ∈ [1,∞], ϕ ∈ Ls
(
0,∞, Lq(∂Ω)3

)
. Then for x ∈

R
3\∂Ω, t ∈ (0,∞), and j, l ∈ {1, 2, 3}, the derivative ∂xl

V
(τ)
j (ϕ)(x, t) exists, and

∂xl
V

(τ)
j (ϕ)(x, t) =

∫ t

0

∫
∂Ω

∂lΛjk(x− y, t− σ, τ) · ϕk(y, σ) dΩ(y) dσ.(2.7)

We note a consequence of (1.15).
Lemma 2.14 (see [18, Lemma 2.27]). Let κ ∈ [1, 2]. Then f ∈ L2

(
0,∞, Lκ(Ω

c
)3
)

and ‖f‖κ,2;∞ ≤ C(S0, A,B, κ) ·
( ‖γ‖2 + ‖f |ΩS0 × (0,∞)‖2

)
.

In particular, f ∈ L2(0,∞, V ′).
Concerning the spatial decay of I(τ)(a), we will use a result from [17].
Theorem 2.15 (see [17, Theorem 1.1]). For S ∈ (S0,∞), x ∈ Bc

S , α ∈ N
3
0 with

|α| ≤ 1, the inequality

|∂αx I(τ)(a)(x, t)| ≤ C(Ω, τ, S0, S, κ0) · (δ0 + ‖a|ΩS0‖1) ·
( |x| · ν(x) )−1−|α|/2

holds with δ0 and κ0 from (1.14).

In [18], we studied the spatial asymptotics of R(τ)(f) and V(τ)(φ), obtaining the
ensuing two results.

Theorem 2.16 (see [18, Theorem 3.1]). Let S ∈ (S0,∞). Then

|∂αxR(τ)(f)(x, t)|
(2.8)

≤ C(τ, p0, S0, S, A,B) · ( ‖γ‖2 + ‖γ‖p0 + ‖f |ΩS0 × (0,∞)‖2
) · ( |x| · ν(x) )−1−|α|/2
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for α ∈ N
3
0 with |α| ≤ 1, x ∈ Bc

S , t ∈ (0,∞), where p0, A, B, and γ were introduced
in (1.15).

Lemma 2.17 (see [18, Lemma 3.2]). Let S ∈ (S0,∞), κ ∈ [1,∞). Then

(2.9) |∂αxV(τ)(ϕ)(x, t)| ≤ C(Ω, τ, S0, S) · ‖ϕ‖
L2
(
0,∞,Lκ(∂Ω)3

) · ( |x| · ν(x) )−1−|α|/2

for ϕ ∈ L2
(
0,∞, Lκ(∂Ω)3

)
, α ∈ N

3
0 with |α| ≤ 1, x ∈ Bc

S , t ∈ (0,∞).
If ϕ ∈ L1(S∞)3, then for α, x, t as before,

|∂αxV(τ)(ϕ)(x, t)| ≤ C(Ω, τ, S0, S) · ‖ϕ‖1 ·
( |x| · ν(x) )−3/2−|α|/2

.

In the following theorem, we cite a result from [34] involving convolution integrals
of a type arising frequently in the context of Oseen flows.

Theorem 2.18. Let A ∈ [1,∞), B ∈ [0, 3/2], and put
E := A− 1/2, F := B if A ≤ 2, A < B + 1, A+min{1, B} < 3;
E := (A+B)/2, F := (A+B)/2− 1/2 if A > B + 1, A+ B < 3; and
E := F := 3/2 if A+min{1, B} > 3, A+B ≥ 7/2.

Then ∫
R3

(
(1 + |x− y|) · ν(x − y)

)−3/2

· (1 + |y|)−A · ν(y)−B dy(2.10)

≤ C(A,B) · (1 + |x|)−E · ν(x)−F .

Proof. See the proof of [34, Theorem 3.2]; in particular, see [34, p. 92,
Figures 2 and 3].

In the ensuing corollary, we draw some conclusions from Theorem 2.8.
Corollary 2.19. Let m ∈ [2,∞), μ ∈ (3/2,∞) with 1/3 > 2/m − 1/μ > 0.

Moreover, let w ∈ L∞( 0,∞, L2(R3)3
)∩L∞( 0,∞, Lm(R3)3

)
and l ∈ {1, 2, 3}. Then

wl · w ∈ L∞( 0,∞, L1(R3)3
)
.

Let t ∈ (0,∞). Then ∂lR
(τ)(wl · w)( · , t) ∈ Lμ(R3)3 and

‖∂lR(τ)(wl · w)( · , t)‖μ ≤ C(τ,m, μ) · [ ‖w‖22,∞;∞ + ‖w‖2m,∞;∞
]
.

Proof. Let j ∈ {1, 2, 3}. For x ∈ R
3,

(2.11)

∫ t

0

∫
R3

3∑
k=1

|∂lΛjk(x− y, t− σ, τ) · (wl · wk)(y, σ)| dy dσ ≤ A(1)(x) + A(2)(x)

with

A(i)(x) :=

∫ t

0

∫
R3

χWi(t− σ) ·
3∑

k=1

|∂lΛjk(x− y, t− σ, τ) · (wl · wk)(y, σ)| dy dσ

for i ∈ {1, 2} with W1 := (1,∞), W2 := (0, 1]. Noting that μ > 3/2, hence −1+3/(2 ·
μ) < 0, we may apply Theorem 2.8 with r = s = ∞, p = μ, q = 1. It follows that

(2.12) ‖A(1)‖μ ≤ C(τ, μ) · ‖wl · w‖1,∞;∞ ≤ C(τ, μ) · ‖w‖22,∞;∞.

On the other hand, since m ≥ 2 and 1/3 > 2/m− 1/μ > 0, we have m/2 ≥ 1, 1/2 +
3/(2 · μ) − 3/m > 0 and m/2 < μ. Therefore Theorem 2.8 may be applied with
r = s = ∞, p = μ, q = m/2. This reference yields

(2.13) ‖A(2)‖μ ≤ C(τ,m, μ) · ‖wl · w‖m/2,∞;∞ ≤ C(τ,m, μ) · ‖w‖2m,∞;∞.

The corollary follows from (2.11)–(2.13) and Lemma 2.10.
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We close this section by establishing various estimates of ∂lR
(τ)(g)(x, t) for the

case that supp
(
g( · , t) ) is bounded and the distance between x and supp

(
g( · , t) )

is larger than some given quantity.
Lemma 2.20. Let S, R1, R2 ∈ (0,∞) with R1 < R2. Let j, k, l ∈ {1, 2, 3}. For

measurable functions g : BR1 × (0,∞) �→ R, and for x ∈ Bc
R2
, t ∈ (0,∞), define

A(g)(x, t) :=

∫ t

0

∫
BR1

|∂lΛjk(x− y, t− σ, τ)| · |g(y, σ)| dy dσ.

Let t ∈ (0,∞). Then, for p ∈ [1,∞), q ∈ (2,∞), g ∈ L∞( 0,∞, Lp(BR1)
)
,

‖A(g)( · , t)‖q ≤ C(τ, R1, R2, q) · ‖g‖p,∞;∞.(2.14)

Moreover, for g ∈ L∞( 0,∞, L1(BR1)
)
, x ∈ Bc

R2
,

A(g)(x, t) ≤ C(τ, S) · ‖g‖1,∞;∞ · θ(x,R1, R2),(2.15)

where θ(x,R1, R2) :=
( |x| · (1 − R1/R2)

)−2
if BR1 ⊂ BS(x), and θ(x,R1, R2) :=[ |x| · (1−R1/R2) ·max{1, ν(x)/(1 +R1)}

]−1
if BR1 ∩BS(x) = ∅.

If R2 −R1 ≥ S, we have for p ∈ (4/3,∞), g ∈ L2
(
0,∞, L1(BR1)

)
that

‖A(g)( · , t)‖p ≤ C(τ, S,R1, R2, p) · ‖g‖1,2;∞,(2.16)

and for x ∈ Bc
R2

and g as before

A(g)(x, t) ≤ C(τ, S,R1, R2) · ‖g‖1,2;∞ · ( |x| · ν(x) )−3/2
.(2.17)

Proof. For x ∈ Bc
R2
, y ∈ BR1 , we have

|x− y| ≥ |x| · (1−R1/R2) + |x| ·R1/R2 − |y|(2.18)

≥ |x| · (1−R1/R2) +R1 − |y| ≥ |x| · (1−R1/R2) ≥ R2 −R1,

and with Lemma 2.2,

ν(x− y)−1 ≤ C · (1 + |y|) · ν(x)−1 ≤ C · (1 +R1) · ν(x)−1.(2.19)

Take p, q, g as in (2.14). Referring to the preceding estimates and to Corollary 2.7

with K = R2 −R1, we find with the abbreviation C̃ := C(τ, R1, R2) that

‖A(g)( · , t)‖q

(2.20)

≤ C̃ ·
(∫

Bc
R2

(∫ t

0

∫
BR1

( |x− y| · ν(x − y) + t− σ
)−2 · |g(y, σ)| dy dσ

)q

dx

)1/q

≤ C̃ ·
(∫

Bc
R2

(∫ t

0

( |x| · ν(x) + t− σ
)−2 ·

∫
BR1

|g(y, σ)| dy dσ
)q

dx

)1/q

≤ C̃ ·
∫ t

0

(∫
BR1

|g(y, σ)| dy
)
·
(∫

Bc
R2

( |x| · ν(x) + t− σ
)−2·q

dx

)1/q

dσ,
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where the last inequality follows by Minkowski’s inequality for integrals [2, Theorem
2.9]. Put ε := (q− 2)/(q+2). Since q > 2, we have ε > 0 and q > (q+2)/2. It follows
that

ε ∈ (0, 1), (−1 + ε) · q < (−1 + ε) · (q + 2)/2 = −2.(2.21)

On the other hand, observing that
∫
BR1

|g(y, σ)| dy ≤ C(R1)·‖g( · , σ)‖p for σ ∈ (0, t),

we deduce from (2.20) that

‖A(g)( · , t)‖q(2.22)

≤ C̃ · ‖g‖p,∞;∞ ·
∫ t

0

(∫
Bc

R2

( |x| · ν(x) + t− σ
)(−1+ε−1−ε)·q

dx
)1/q

dσ

≤ C̃ · ‖g‖p,∞;∞ ·
∫ t

0

(R2 + t− σ)−1−ε dσ ·
(∫

Bc
R2

( |x| · ν(x) )(−1+ε)·q
dx

)1/q

.

But with (2.21) and Lemma 2.1,∫
Bc

R2

( |x| · ν(x) )(−1+ε)·q
dx =

∫ ∞

R2

r(−1+ε)·q
∫
∂Br

ν(x)(−1+ε)·q dox dr

≤
∫ ∞

R2

r(−1+ε)·q
∫
∂Br

ν(x)−2 dox dr ≤ C ·
∫ ∞

R2

r(−1+ε)·q+1 dr ≤ C(q, R2).

Now inequality (2.14) follows from (2.22). Next take g, x as in (2.15). In the case
BR1 ⊂ BS(x), we have |y − x| ≤ S for y ∈ BR1 , so Corollary 2.7 with K = S yields

A(g)(x, t) ≤ C(τ, S) ·
∫ t

0

∫
BR1

(|x− y|2 + t− σ)−2 · |g(y, σ)| dy dσ;

hence with (2.18),

A(g)(x, t) ≤ C(τ, S) ·
∫ t

0

[( |x| · (1 −R1/R2)
)2

+ t− σ
]−2

·
∫
BR1

|g(y, σ)| dy dσ

≤ C(τ, S) · ‖g‖1,∞;∞ ·
∫ t

0

[( |x| · (1 −R1/R2)
)2

+ t− σ
]−2

dσ

≤ C(τ, S) · ‖g‖1,∞;∞ · θ(x,R1, R2)

with the term θ(x,R1, R2) defined in the lemma. Now suppose that BR1 ∩BS(x) = ∅,
that is, |x− y| ≥ S for y ∈ BR1 . Then Corollary 2.7 with K = S implies

A(g)(x, t) ≤ C(τ, S) ·
∫ t

0

∫
BR1

(|x− y| · ν(x − y) + t− σ)−2 · |g(y, σ)| dy dσ.

Using (2.18) and (2.19), and writing C instead of C(τ, S), we may conclude that

A(g)(x, t)

≤ C ·
∫ t

0

[
|x| · (1−R1/R2) ·max{1, ν(x)/(1 +R1)}+ t− σ

]−2

·
∫
BR1

|g(y, σ)| dy dσ

≤ C · ‖g‖1,∞;∞ ·
∫ t

0

[
|x| · (1−R1/R2) ·max{1, ν(x)/(1 +R1)}+ t− σ

]−2

dσ

≤ C · ‖g‖1,∞;∞ · θ(x,R1, R2).
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Thus we have proved (2.15). Next suppose that R2 − R1 ≥ S, and let p, g be given
as in (2.16). Due to (2.18), it follows that |x − y| ≥ S for x ∈ Bc

R2
, y ∈ BR1 , so

Corollary 2.7 with K = S implies

‖A(g)( · , t)‖p

≤ C(τ, S) ·
(∫

Bc
R2

(∫ t

0

∫
BR1

( |x− y| · ν(x − y) + t− σ
)−2 · |g(y, σ)| dy dσ

)p
dx

)1/p

;

hence by (2.19) and again by (2.18),

‖A(g)( · , t)‖p

≤ C(τ, S,R1, R2) ·
(∫

Bc
R2

(∫ t

0

[
|x| · ν(x) + t− σ

]−2

·
∫
BR1

|g(y, σ)| dy dσ
)p
dx

)1/p

.

It follows by Hölder’s inequality that

‖A(g)( · , t)‖p

(2.23)

≤ C(τ, S,R1, R2) ·
(∫

Bc
R2

[(∫ t

0

[
|x| · ν(x) + t− σ

]−4

dσ

)1/2

· ‖g‖1,2;∞
]p
dx

)1/p

≤ C(τ, S,R1, R2) · ‖g‖1,2;∞ ·
(∫

Bc
R2

[
|x| · ν(x)

]−3·p/2
dx

)1/p

.

But with Lemma 2.1 and the assumption p > 4/3,∫
Bc

R2

( |x| · ν(x) )−3·p/2
=

∫ ∞

R2

r−3·p/2 ·
∫
∂Br

ν(x)−3·p/2 dox dr

≤
∫ ∞

R2

r−3·p/2 ·
∫
∂Br

ν(x)−3/2 dox dr ≤ C ·
∫ ∞

R2

r−3·p/2+1 dr ≤ C(p) ·R−3·p/2+2
2 .

Inserting this inequality into (2.23), we obtain (2.16). Again using Corollary 2.7 with
K = S, as well as (2.18) and (2.19), we get for x ∈ Bc

R2
that

A(g)(x, t) ≤ C(τ, S) ·
∫ t

0

∫
BR1

(|x− y| · ν(x− y) + t− σ)−2 · |g(y, σ)| dy dσ

≤ C(τ, S) ·
∫ t

0

[
|x| · (1 −R1/R2) · ν(x)/(1 +R1) + t− σ

]−2

·
∫
BR1

|g(y, σ)| dy dσ

≤ C(τ, S) · ‖g‖1,2;∞ ·
(∫ t

0

[
|x| · (1−R1/R2) · ν(x)/(1 +R1) + t− σ

]−4

dσ
)1/2

≤ C(τ, S) · ‖g‖1,2;∞ ·
[
|x| · (1−R1/R2) · ν(x)/(1 +R1)

]−3/2

,

so we have proved (2.17).

3. Some properties of U and u. We begin with some observations with
respect to the function U from Theorem 1.1.
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Lemma 3.1. We have

‖U‖p ≤ C(S0, p) · (‖U‖6 + μ0) ≤ C(p) for p ∈ (2, 6],

‖∇U‖p ≤ C(S0, p) · (‖∇U‖2 + μ0) ≤ C(p) for p ∈ (4/3, 2],

‖U |Bc
S0
‖p ≤ C(S0, p) · μ0 ≤ C(p) for p ∈ (2,∞],

‖∇U |Bc
S0
‖p ≤ C(S0, p) · μ0 ≤ C(p) for p ∈ (4/3,∞].

Proof. Let α ∈ N
3
0 with |α| ≤ 1. With Lemma 2.1 we obtain that the integral∫

Bc
S0

( |y| · ν(y) )(−1−|α|/2)·p
dy is bounded by a constant C(p, S0) for p ∈ (2,∞) if

α = 0 and for p ∈ (4/3,∞) if |α| = 1. Since U ∈ L6(Ω
c
)3 and ∇U ∈ L2(Ω

c
)9, and

because of (1.10), the lemma follows.
We are going to show that the function F from (1.20) is in L2

(
0,∞, Lp(Ω

c
)3
)
for

a range of p including the interval [6/5, 3/2]. To this end, we draw some conclusions
from (1.16), (1.17), and Theorem 1.1.

Lemma 3.2. We have 1 ≤ 2/(1 + 2/s0) < 6/5 < 2/(1 + 2/r0) < 2. Let
p ∈ [s0, r0], and put θ := (1/p− 1/r0)/(1/s0 − 1/r0)

−1. Then∥∥ |u| · |∇xu|
∥∥
2/(1+2/p),2;T0

(3.1)

≤ C · ( θ · ‖u‖s0,∞;T0 + (1− θ) · ‖u‖r0,∞;T0

) · ‖∇xu‖2 ≤ C,∥∥ |U | · |∇xu|
∥∥
11/10,2;T0

≤ C(S0) · (‖U‖6 + μ0) · ‖∇xu‖2 ≤ C,(3.2) ∥∥ |U | · |∇xu|
∥∥
3/2,2;T0

≤ ‖U‖6 · ‖∇xu‖2 ≤ C,(3.3) ∥∥ |u| · |∇U | ∥∥
11/10,2;T0

≤ C(S0) · ‖u‖2,6;T0 · (‖∇U‖2 + μ0) ≤ C,(3.4) ∥∥ |u| · |∇U | ∥∥
3/2,2;T0

≤ ‖u‖6,2;T0 · ‖∇U‖2 ≤ C.(3.5)

Proof. The inequalities in the first line of the lemma follow from the relations
s0 ∈ [2, 3) and r0 ∈ (3,∞). For β ∈ [2,∞), we have 2/(1 + 2/β) ≥ 1, so Hölder’s
inequality yields∥∥ |V | · |∇xu|

∥∥
2/(1+2/β),2;T0

≤ ‖V ‖β · ‖∇u‖2 for V ∈ Lβ(Ω
c
).(3.6)

These observations and the inequality

‖u(t)‖p ≤ ‖u(t)‖θs0 · ‖u(t)‖1−θ
r0 ≤ θ · ‖u(t)‖s0 + (1 − θ) · ‖u(t)‖r0

for t ∈ (0, T0) prove (3.1). Inequality (3.2) follows from (3.6) with β = 22/9 and
Lemma 3.1, whereas (3.3) may be obtained by the same references, but with β = 6
in (3.6). We further remark that for β ∈ (4/3, 2], Hölder’s inequality implies that∥∥ |u| · |∇U | ∥∥

6/(1+6/β),2;T0
≤ ‖u‖2,6;T0 · ‖∇U‖β. Inequality (3.4) is a consequence of

this estimate with β = 66/49 and Lemmas 2.3 and 3.1. As concerns (3.5), we
may use the preceding inequality with β = 2 and then apply Lemmas 2.3 and 3.1
again.

If r0 ≥ 6, we may use inequality (3.1) with p = 6 to obtain (u · ∇xu) ∈
L2
(
0, T0, L

3/2(Ω
c
)3
)
. Therefore the preceding relation is redundant as an assump-

tion in (1.17) if r0 ≥ 6.
Corollary 3.3. Put σ0 := max{11/10, 2/(1 + 2/s0)}. Then σ0 ∈ (1, 6/5) and

‖F‖p,2;T0 ≤ C, ‖G‖p,2;T0 ≤ C for p ∈ [σ0, 3/2], where F and G were introduced in
(1.20) and (2.1), respectively.
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Proof. See (1.16), (1.17), and Lemmas 3.2 and 2.14.
Now we are in a position to derive the representation formula of u mentioned at

the end of section 1, applying a result from [18].
Theorem 3.4. There is a unique function ψ ∈ L2

n(ST0) with

V(τ)(ψ)|ST0 =
(−R(τ)(F )− I(τ)(a) + b

) |ST0 .(3.7)

This function verifies the estimate ‖ψ‖2 ≤ C. The function u from (1.16)–(1.19) is

given by u =
(
R(τ)(F ) + I(τ)(a) +V(τ)(ψ)

) |ZT0 .
Proof. Theorem 3.4 follows from [18, Corollary 4.5] with h replaced by F , Corol-

lary 3.3, the relation b ∈ H∞, and the assumptions on a and u. We note that [18,
Corollary 4.5] is a consequence of the representation formula for Oseen flows estab-
lished in [16].

Since F = f−G, hence R(τ)(F ) = R(τ)(f)−R(τ)(G), and because the asymptotic

behavior of R(τ)(f), I(τ)(a), and V(τ)(ψ) has already been studied, we may now

reduce the proof of Theorem 1.2 to an estimate of R(τ)(G).

Corollary 3.5. Abbreviate J := R(τ)(f) + I(τ)(a) +V(τ)(ψ) |ZT0 with ψ from
Theorem 3.4. Then

u = J−R(τ)(G).(3.8)

Let S ∈ (S0,∞), x ∈ Bc
S , t ∈ (0,∞), α ∈ N

3
0 with |α| ≤ 1. Then

|∂αx J(x, t)| ≤ C(S) · ( |x| · ν(x) )−1−|α|/2
.(3.9)

Proof. Equation (3.8) follows from Theorem 3.4 and the equation F = f −G (see
(1.20) and (2.1)). Inequality (3.9) is a consequence of (3.8), Theorems 2.15 and 2.16,
and Lemma 2.17.

In the next step we derive two estimates related to the product Uk · ul.
Corollary 3.6. Let S ∈ (S0,∞), κ ∈ (3,∞], t ∈ (0, T0), l ∈ {1, 2, 3}. Then

the inequality ‖∂lR(τ)(ul · U + Ul · u)( · , t)|Bc
S‖κ ≤ C(S, κ) holds.

Proof. Suppose κ <∞, j, k ∈ {1, 2, 3}. Put

A :=

(∫
Bc

S

(∫ t

0

∫
Ω

c
H(x, y, t, s) dy ds

)κ

dx

)1/κ

with H(x, y, t, s) := |∂lΛjk(x − y, t− s, τ)| · |u(y, s)| · |U(y)| for x ∈ Bc
S , y ∈ Ω

c
, s ∈

(0, t). Then A ≤ A1 +A2, where A1 and A2 are defined in the same way as A, except
that the domain of integration Ω

c
is replaced by ΩS0 in the case of A1 and by Bc

S0

else. Inequality (2.14) yields A1 ≤ C(τ, S0, S) ·
∥∥ |u| · |U | |ΩS0 × (0, T0)

∥∥
1,∞,T0

, so that

A1 ≤ C(τ, S0, S) · ‖u‖s0,∞,T0 · ‖U |ΩS0‖s′0 ≤ C(τ, S0, S) · ‖u‖s0,∞,T0 · ‖U‖6,(3.10)

where the last inequality holds because s0 ∈ [2, 3), so that s′0 ∈ (3/2, 2].We further ob-
serve that A2 ≤ B1+B2 with B1,B2 obtained from A2 by introducing the additional
factor χ(0,1)(t−s) in the case ofB1 and χ[1,∞)(t−s) in the case ofB2, inside the triple
integral abbreviated by A2. By Theorem 2.8 with M = 1, s = r = ∞, p = κ, q = 3,
and Hölder’s inequality we get

B1 ≤ C(τ, κ) · ∥∥ |u| · |U | |Bc
S0

× (0, T0)
∥∥
3,∞;T0

(3.11)

≤ C(τ, κ) · ‖u‖r0,∞;T0 · ‖U |Bc
S0
‖3·(1−3/r0)−1 .
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Now Lemma 3.1 implies that B1 ≤ C(τ, S0, κ) · ‖u‖r0,∞;T0 · μ0. Again referring to
Theorem 2.8, this time with M = 1, r = ∞, s = 2, p = κ, q = 2, we obtain

B2 ≤ C(τ, κ) · ∥∥ |u| · |U | ∥∥
2
≤ C(τ, κ) · ‖u‖6,2;T0 · ‖U‖3.

Hence by Lemmas 3.1 and 2.3, B2 ≤ C(Ω, τ, S0, κ) · ‖∇xu‖2 · (‖U‖6 + μ0). Thus, if
κ < ∞, the corollary follows from Lemma 2.10, (3.10), and the preceding estimates
of B1 and B2.

In the case κ = ∞, we handle the term A1 by using inequality (2.15) with S
replaced by S + S0, for example. Moreover, instead of (3.11), we observe that by
Theorem 2.8 and Lemma 3.1,

B1 ≤ C(τ, κ, r0) ·
∥∥ |u| · |U | |Bc

S0
× (0, T0)

∥∥
r0,∞;T0

≤ C(τ, κ, r0) · ‖u‖r0,∞;T0 · ‖U |Bc
S0
‖∞ ≤ C(τ, κ, r0, S0) · ‖u‖r0,∞;T0 · μ0.

The estimate of B2 given above remains valid.
Theorem 3.7. There is σ1 ∈ (1, 2) with ‖u‖p,∞;T0 ≤ C(p) for p ∈ [σ1, 2].

Moreover the estimate
∥∥ |u| · |U | ∥∥

1,∞;T0
≤ C holds.

Proof. For x ∈ B2·S0 , y ∈ ∂Ω, we have |x− y| ≥ |x| − |y| ≥ |x| − S0 ≥ |x|/2 ≥ S0

and ν(x− y) ≥ C(S0) · ν(x), where the last inequality holds according to Lemma 2.2.
Recall the function ψ introduced in Theorem 3.4. For x ∈ R

3\∂Ω, t ∈ (0,∞),

let the functions V (1)(x, t), V (2)(x, t) be defined as V(τ)(ψ)(x, t) (see (2.6)), but with
an additional factor χ(0,1)(t − σ) and χ[1,∞)(t − σ), respectively, inside the double
integral in (2.6). Let p ∈ (3/2, 2], t ∈ (0,∞). By Corollary 2.7 with K = S0 and
the two estimates at the beginning of this proof, we obtain |Λjk(x − y, t − σ, τ)| ≤
C(τ, S0) ·

( |x| · ν(x) )−3/2
for x ∈ Bc

2·S0
, y ∈ ∂Ω, σ ∈ (0, t), 1 ≤ j, k ≤ 3. Therefore

‖V (1)( · , t)|Bc
2·S0

‖p ≤ C(τ, S0) ·
(∫

Bc
2·S0

( |x| · ν(x) )−3·p/2
dx

)1/p

(3.12)

·
(∫ t

0

∫
∂Ω

χ(0,1)(t− σ) · |ψ(y, σ)| doy dσ
)
.

Since p > 3/2, we have 3 · p/2 > 9/4; hence the first integral on the right-hand side

of (3.12) is bounded by C(S0, p) ·
∫
Bc

2·S0

( |x| · ν(x) )−9/4
dx. But the preceding integral

may be rewritten as
∫∞
2·S0

r−9/4 · ∫∂Br
ν(x)−9/4 dox dr. Thus, on applying Lemma 2.1,

we see that the first integral on the right-hand side of (3.12) may be estimated by a
constant depending on S0 and p. Concerning the second integral, we apply may apply
Hölder’s inequality obtaining ‖V (1)( · , t)|Bc

2·S0
‖p ≤ C(Ω, τ, S0, p) · ‖ψ‖2. In order to

estimate ‖V (2)( · , t)‖p, we apply Minkowski’s inequality to obtain

‖V (2)( · , t)‖p ≤
3∑

k=1

∫ t

0

∫
∂Ω

(∫
R3

|Λjk(x− y, t− σ, τ)|p dx
)1/p

· |ψ(y, σ)| doy dσ.

Now we may proceed as in [13, inequality (25)], using Lemma 2.4, but with p in the
place of the exponent 2 considered in [13]. We get

‖V (2)( · , t)‖p ≤ C(τ, p) ·
∫ t

0

χ[1,∞)(t− σ) · (t− σ)−3/(2·p′) · ‖ψ( · , σ)‖1 dσ.
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Since p > 3/2, we have −3/p′ < −1, so
∫ t

0
χ[1,∞)(t−σ) · (t−σ)−3/p′

dσ ≤ C(p). Thus

the preceding estimate of ‖V (2)( · , t)‖p and Hölder’s inequality yield ‖V (2)( · , t)‖p ≤
C(τ, p) ·‖ψ‖2. Altogether we have shown that ‖V(τ)(ψ)( · , t)‖p ≤ C(Ω, τ, S0, p) ·‖ψ‖2.
Hence with the estimate of ψ in Theorem 3.4, ‖V(τ)(ψ)‖p,2;∞ ≤ C(p) for any p ∈
(3/2, 2].

For x ∈ R
3, t ∈ (0,∞), let R(1)(x, t), R(2)(x, t) be defined as R(τ)(F )(x, t) (see

(2.5)), but with an additional factor χ(0,1)(t − σ) and χ[1,∞)(t − σ), respectively,
inside the double integral in (2.5). Let κ ∈ (3/2, 3). By Theorem 2.8 with M = 1, r =
∞, s = 2, p = κ, q = 3/2, we get ‖R(1)‖κ,∞;∞ ≤ C(τ, κ)(κ) · ‖F‖3/2,2;∞. Consider
the parameter σ0 from Corollary 3.3. Since 1 < σ0 < 6/5, we have 3/2 < (1/σ0 −
1/3)−1 < 2. Let κ ∈ ((1/σ0−1/3)−1, 2]. Then we have in particular κ > 6/5 > σ0 and
1/σ0 − 1/3 > 1/κ so that 1+ 3/(2 · κ)− 3/(2 · σ0) < 1/2. Therefore Theorem 2.8 with
M = 1, r = ∞, s = 2, p = κ, q = σ0 yields ‖R(2)‖κ,∞;∞ ≤ C(τ, κ, σ0) · ‖F‖σ0,2;∞.
Thus, with the above estimate of ‖R(1)‖κ,∞;∞ and Corollary 3.3, we arrive at the

inequality ‖R(τ)(F )‖κ,∞;∞ ≤ C(κ) for κ ∈ ((1/σ0 − 1/3)−1, 2].
Let p ∈ (2/(1 + κ0), 2], with κ0 from (1.14). Then we obtain with the latter as-

sumption that ‖a|Bc
S0
‖pp ≤ δ0 ·

∫
Bc

S0

( |y| · ν(y) )(−1−κ0)·p
dy. The integral on the right-

hand side of this estimate is bounded by
∫∞
S0
r(−1−κ0)·p · ∫∂Br

ν(y)(−1−κ0)·p doy dr, so
we get with Lemma 2.1 and because (1 + κ0) · p > 2 that ‖a|Bc

S0
‖p ≤ δ0 · C(p, κ0).

Obviously ‖a|ΩS0‖p ≤ C(S0) · ‖a|ΩS0‖2 ≤ C, so we have found that ‖a‖p ≤ C(p).
Since

∫
R3 H(y, t) dy = 1 for t ∈ (0,∞), it follows with Young’s inequality that

‖I(τ)(a)( · , t)‖p ≤ ‖a‖p ≤ C(p) for t ∈ (0,∞).

Due to the preceding estimates of V(τ)(ψ), R(τ)(F ) and I(τ)(a), we may refer to
Theorem 3.4, concluding that ‖u‖p,∞;T0 ≤ C(p) for any p belonging to the interval(
max{(1/σ0 − 1/3)−1, 2/(1 + κ0)}, 2

]
. This proves the first claim of the theorem.

The second follows from the first and Lemma 3.1.
Finally we transform R(G) by a partial integration in order to obtain a variant

of (3.8) and (3.9), respectively, that will be useful in the following.
Lemma 3.8. Let j, k ∈ {1, 2, 3}, x ∈ Ω

c
, t ∈ (0, T0). Then∫

Ω
c
Λjk(x − y, t− σ, τ) ·Gk(y, σ) dy = −

∫
∂Ω

Λjk(x− y, t− σ, τ) · g(b)k (y, σ) dΩ(y)

+

∫
Ω

c

3∑
l=1

∂lΛjk(x− y, t− σ, τ) ·Hkl(y, σ) dy

for σ ∈ (0, t). (The functions G,H, g(b) were introduced in (2.1)–(2.3)). In particular

R
(τ)
j (G)(x, t) = −V

(τ)
j (g(b))(x, t) +

3∑
l=1

∂lR
(τ)
j

(
(Hml)1≤m≤3

)
(x, t).(3.13)

Proof. Take σ ∈ (0, t). Put h := |u( · , σ)|2 + |u( · , σ)| · |U |. Since U, u( · , σ) ∈
L3(Ω

c
)3 (see (1.16) and Lemma 3.1), we obtain that h ∈ L3/2(Ω

c
). We further note

the equation
∫
Bc

R
h(y)3/2 dy =

∫∞
R

∫
∂Br

h(y)3/2 doy dr for R ∈ [S0,∞). Suppose for a

contradiction that there is R0 ∈ [S0,∞) with
∫
∂Br

h(y)3/2 doy ≥ 1/r for r ∈ [R0,∞).

Then
∫
BR0

h(y)3/2 dy = ∞ by the preceding equation, in contradiction to the relation

h ∈ L3/2(Ω
c
). Therefore we may choose a strictly increasing sequence (Rn) in [S0,∞)
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with Rn → ∞ and
∫
∂BRn

h(y)3/2 doy ≤ 1/Rn for n ∈ N. On the other hand, in view

of (1.18), and by Theorem 1.1, we get with a partial integration that∫
ΩRn

Λjk(x− y, t− σ, τ) ·Gk(y, σ) dy(3.14)

= An −
∫
∂Ω

Λjk(x− y, t− σ, τ) · g(b)k (y, σ) dΩ(y)

+

∫
ΩRn

3∑
l=1

∂lΛjk(x− y, t− σ, τ) ·Hlk(y, σ) dy for n ∈ N,

where An :=
∫
∂BRn

∑3
l=1 Λjk(x− y, t− σ, τ) ·Hlk(y, σ) · yl/Rn doy. Let n0 ∈ N be so

large that |x| ≤ Rn0/2 and S0 ≤ Rn0 . Then, for n ∈ N with n ≥ n0 and for y ∈ ∂BRn ,
we find

|x− y| ≥ Rn − |x| ≥ Rn/2 +Rn0/2− |x| ≥ Rn/2 ≥ Rn0/2 ≥ S0/2.

Corollary 2.7 with K = S0/2 now yields

|An| ≤ C(τ, S0) ·
∫
∂BRn

( |x− y| · ν(x − y) + t− σ
)−3/2 · h(y) doy .

We thus get |An| ≤ C(τ, S0) · R−3/2
n

∫
∂BRn

h(y) doy, so with Hölder’s inequality,

|An| ≤ C(τ, S0) · R−5/6
n · (∫

∂BRn
h(y)3/2 doy)

2/3 if n ≥ n0. Recalling the choice of the

sequence (Rn), we may conclude that |An| ≤ C(τ, S0) · R−3/2
n for n ∈ N, n ≥ n0.

Thus we obtain that An → 0 for n → ∞. As concerns the two integrals over ΩRn in
(3.14), they converge to the corresponding integrals over Ω

c
for n→ ∞. This follows

from Corollary 2.9, the relations G ∈ L2
(
0, T0, L

3/2(Ω
c
)3
)
(Corollary 3.3), Hkl ∈

L∞( 0, T0, L1(Ω
c
)3
)
(Theorem 3.7), and Lebesgue’s theorem. Therefore, on letting n

tend to infinity in (3.14), we arrive at the first equation in Lemma 3.8. Integrating
this equation with respect to σ, summing up with respect to k, and applying Lemma
2.10 yields the second equation.

The function V(τ)(g(b)) may be estimated as follows.
Lemma 3.9. The function g(b) belongs to L2

(
0,∞, L1(∂Ω)3

)
+ L1(S∞)3, and∫ t

0

∫
∂Ω

3∑
k=1

|∂αxΛjk(x− y, s− σ, τ) · g(b)k (y, σ)| dΩ(y) dσ(3.15)

≤ C(S) · ( |x| · ν(x) )−1−|α|/2

for S ∈ (S0,∞), x ∈ Bc
S , t ∈ (0,∞), j ∈ {1, 2, 3}, α ∈ N

3
0 with |α| ≤ 1. This means

in particular that |∂αxV(τ)
j (g(b))(x, t)| is bounded by the right-hand side of (3.15).

Proof. Since U |∂Ω = b̃ (Theorem 1.1), we get by a standard trace theorem that

‖b̃‖2 ≤ C(Ω, S0) · ‖U |ΩS0‖1,2. Hence ‖b̃‖2 ≤ C(Ω, S0) · (‖U |ΩS0‖6 + ‖∇U |ΩS0‖2) ≤ C,

in particular, |b| · |̃b| ∈ L2
(
0,∞, L1(∂Ω)

)
. Obviously |b|2 ∈ L1(S∞). As a conse-

quence, Lemma 2.17 with κ = 1 yields that the left-hand side of (3.15) is bounded by

C(Ω, τ, S0, S) · (‖b‖2 · ‖b̃‖2+ ‖b‖22) ·
( |x| ·ν(x) )−1−|α|/2

. Recalling the estimate of ‖b̃‖2
given above, we see that ‖b‖2 · ‖b̃‖2 + ‖b‖22 ≤ C, so (3.15) is proved. The last claim of
the lemma follows from that latter estimate and (2.7).
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At this point we may prove the variants of (3.8) and (3.9) mentioned above.

Corollary 3.10. Abbreviate K := J+V(τ)(g(b)) with g(b) from (2.3) and ψ from
Theorem 3.4. Then

u = K−
3∑

l=1

∂lR
(τ)
(
(Hml)1≤m≤3

)
.(3.16)

Let S ∈ (S0,∞), x ∈ Bc
S , t ∈ (0,∞), α ∈ N

3
0 with |α| ≤ 1. Then

|∂αxK(x, t)| ≤ C(S) · ( |x| · ν(x) )−1−|α|/2
.(3.17)

Proof. Equation (3.16) follows from (3.8) and (3.13), whereas inequality (3.17) is
a consequence of (3.9) and Lemma 3.9.

Corollary 3.11. Let S ∈ (S0,∞), α ∈ N
3
0 with |α| ≤ 1, p ∈ [3,∞) if α = 0,

and p ∈ [2,∞) if |α| = 1. Let t ∈ (0, T0). Then

‖∂αxJ( · , t) |Bc
S‖p + ‖∂αxK( · , t) |Bc

S‖p ≤ C(S).(3.18)

Proof. Let us estimate the term (
∫
Bc

S

( |x| · ν(x) )−p−|α|·p/2
dx)1/p in order to

exploit (3.9) and (3.17). Consider the case α = 0 (hence p ≥ 3). Then, with Lemma
2.1, (∫

Bc
S

( |x| · ν(x) )−p−|α|·p/2
dx

)1/p

=

(∫ ∞

S

r−p ·
∫
∂Br

ν(x)−p dox dr

)1/p

(3.19)

≤
(∫ ∞

S

r−p ·
∫
∂Br

ν(x)−3 dox dr

)1/p

≤ C ·
(∫ ∞

S

r−p+1 dr

)1/p

= C · (p− 2)−1/p · S−1+2/p.

Since p ≥ 3, we have (p−2)−1/p ≤ 1, S−1+2/p ≤ max{S−1, 1}. Thus we may conclude

from (3.19) that (
∫
Bc

S

( |x| ·ν(x) )−p
dx)1/p ≤ C(S). Inequality (3.18) now follows from

(3.9) and (3.17). An analogous argument may be used in the case |α| = 1.
As the reader may easily verify (compare Lemma 3.1), inequality (3.18) holds for

p ∈ (2,∞) in the case α = 0, and for p ∈ (4/3,∞) if |α| = 1. But the range of
parameters p considered in Corollary 3.11 is sufficient for our purposes. And since
this range stays away from, respectively, 2 (α = 0) and 4/3 (|α| = 1), the constant in
inequality (3.18) may be chosen independent of p, a fact that will be useful later on
(proof of Lemma 4.1).

4. Proof of Theorem 1.2. We begin by showing that u belongs to the function
space L∞( 0, T0, Lν0(Bc

S)
3
)
for some ν0 ∈ (6,∞).

Lemma 4.1. There is some ν0 ∈ (6,∞) such that ‖u|Bc
S×(0, T0)‖ν0,∞;T0 ≤ C(S)

for S ∈ (S0,∞).
Proof. If r0 > 6, assumption (1.16) implies that we may take ν0 = r0. Now

suppose that r0 ≤ 6. Then in particular 1/r0 − (1/3− 1/r0)/2 = 3/(2 · r0)− 1/6 > 0.
Since r0 > 3, we have 1/3− 1/r0 > 0. Thus there is a unique k0 = k0(r0) ∈ N with

1/r0 − k0 · (1/3− 1/r0)/2 > 0, 1/r0 − (k0 + 1) · (1/3− 1/r0)/2 ≤ 0.(4.1)

Due to the first relation in (4.1), we may define ri :=
(
1/r0− i · (1/3− 1/r0)/2

)−1
for

i ∈ {1, . . . , k0}. Since 1/3− 1/r0 > 0, we have ri < ri+1 for 0 ≤ i ≤ k0 − 1. Moreover
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2/ri − 1/ri+1 = 1/ri−1, hence 0 < 2/ri − 1/ri+1 ≤ 1/r0 < 1/3 for 1 < i < k0 − 1.
In addition, 0 < 2/r0 − 1/r1 < 1/3. By the second relation in (4.1), we obtain
1/rk0 ≤ (1/3−1/r0)/2. This inequality and the assumption r0 ≤ 6 yield that rk0 > 6.
(We even get rk0 ≥ 12, although we do not need this.)

Let S ∈ (S0,∞). For i ∈ {1, . . . , k0}, put Ri := S0 + i · (S − S0)/k0. Then
S0 < R1 < R2 < · · · < Rk0 = S. By (3.16) and definition (2.2), we find for t ∈ (0, T0)
that

‖u( · , t) |Bc
R1

‖r1 ≤ ‖K( · , t) |Bc
R1

‖r1 + τ ·
3∑

l=1

‖∂lR(τ)(ul · U + Ul · u)( · , t) |Bc
R1

‖r1

+ τ ·
3∑

l=1

‖∂lR(τ)(ul · u)( · , t) |Bc
R1

‖r1 .

Recalling that 0 < 2/r0 − 1/r1 < 1/3, we apply Corollary 2.19 with m, μ replaced by
r0, r1, respectively. Moreover, we use (3.18) with R1 in the place of S, Corollary 3.6,
and the first inequality in Theorem 3.7 with p = 2. It follows that

‖u( · , t) |Bc
R1

‖r1 ≤ C(S) + C(τ, r0, r1) · (‖u‖22,∞;T0
+ ‖u‖2r0,∞;T0

) ≤ C(S).(4.2)

Assume that k0 > 1, let i ∈ {1, . . . , k0−1}, and suppose that ‖u|BRi×(0, T0)‖2ri,∞;T0
≤

C(S). Then, noting that 0 < 2/ri − 1/ri+1 < 1/3 and Bc
Ri+1

⊂ Bc
Ri
, we may use the

same references as in the proof of (4.2) to obtain for t ∈ (0, T0) that

‖u( · , t) |Bc
Ri+1

‖ri+1 ≤ ‖K( · , t) |Bc
Ri+1

‖ri+1

+ τ ·
3∑

l=1

(
‖∂lR(τ)(ul · U + Ul · u)( · , t) |Bc

Ri+1‖ri+1

+ ‖∂lR(τ)
(
ul · u |Bc

Ri
× (0, T0)

)
( · , t) |Bc

Ri+1
‖ri+1

+ ‖∂lR(τ)
(
ul · u |ΩRi × (0, T0)

)
( · , t) |Bc

Ri+1
‖ri+1

)
≤ C(S) + C(τ, ri, ri+1) · (‖u|Bc

Ri
× (0, T0)‖22,∞;T0

+ ‖u|Bc
Ri

× (0, T0)‖2ri,∞;T0
)

+ τ ·
3∑

l=1

‖∂lR(τ)
(
ul · u |ΩRi × (0, T0)

)
( · , t) |Bc

Ri+1
‖ri+1.

The last term on the right-hand side of the preceding inequality is estimated by (2.14),
whereas the assumption ‖u|Bc

Ri
× (0, T0)‖2ri,∞;T0

≤ C(S) and Theorem 3.7 are applied
to the second. We thus obtain for t ∈ (0, T0) that

‖u( · , t) |Bc
Ri+1

‖ri+1 ≤ C(S) + C(τ, ri+1, Ri, Ri+1) ·
3∑

l=1

‖ul · u |ΩRi × (0, T0)‖1,∞;T0 .

Hence ‖u( · , t) |Bc
Ri+1

‖ri+1 ≤ C(S)+C(S) · ‖u‖22,∞;T0
≤ C(S). Since Rk0 = S, we may

conclude by induction that ‖u|Bc
S× (0, T0)‖rk0 ,∞;T0 ≤ C(S). Therefore we may choose

ν0 = rk0 .

Next we show that u is bounded on Bc
S × (0, T0) for S ∈ (S0,∞).

Lemma 4.2. Let S ∈ (S0,∞). Then |u(x, t)| ≤ C(S) for x ∈ Bc
S , t ∈ (0, T0).
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Proof. Abbreviate R := (S0 + S)/2. Let (x, t) ∈ Bc
S × (0, T0). By (3.16),

|u(x, t)| ≤ |K(x, t)| + τ ·
3∑

l=1

(|∂lR(τ)(ul · U + Ul · u)(x, t)|(4.3)

+ |∂lR(τ)
(
ul · u |Bc

R × (0, T0)
)
(x, t)|

+ |∂lR(τ)
(
ul · u |ΩR × (0, T0)

)
(x, t)|).

If |x| ≤ 2 · R, we have BR ⊂ B3·R(x). On the other hand, if |x| > 2 · R, it follows for
y ∈ BR that |y− x| ≥ |x|/2 + |x|/2−R ≥ |x|/2 ≥ R, so that BR ∩BR(x) = ∅. Thus,
using (2.15) with R2, R1, S replaced either by S, R, 3 · R, respectively, or by S, R,
and R, respectively, we get

|∂lR(τ)
(
ul · u |ΩR × (0, T0)

)
(x, t)| ≤ C(τ, S0, S) · ‖ul · u‖1,∞;T0(4.4)

≤ C(τ, S0, S) · ‖u‖22,∞;T0
≤ C(S)

for 1 ≤ l ≤ 3; see Theorem 3.7 for the last inequality. Moreover,

|∂lR(τ)
j

(
ul · u |Bc

R × (0, T0)
)
(x, t)| ≤ |A(1)

j,l |+ |A(2)
j,l |,(4.5)

where

A
(i)
j,l :=

∫ t

0

∫
Bc

R

χWi(t− σ) ·
3∑

k=1

∂lΛjk(x− y, t− σ, τ) · (ul · uk)(y, σ) dy dσ(4.6)

for 1 ≤ j, l ≤ 3, 1 ≤ i ≤ 2, with W1 := (1,∞), W2 := (0, 1]. By Theorem 2.8 with
p = r = s = ∞, q = 1, and Theorem 3.7, we have

|A(1)
j,l | ≤ C(τ) · ‖ul · u‖1,∞;T0 ≤ C(τ) · ‖u‖22,∞;T0

≤ C.

Choose ν0 = ν0(r0) ∈ (6,∞) as in Lemma 4.1. Since ν0 > 6, Theorem 2.8 with
p = r = s = ∞, q = ν0/2 yields

|A(2)
j,l | ≤ C(τ, ν0) · ‖ul · u|Bc

R × (0, T0)‖ν0/2,∞;T0
≤ C(τ, ν0) · ‖u|Bc

R × (0, T0)‖2ν0,∞;T0
.

Collecting inequalities (4.3)–(4.5) and the preceding estimate of |A(1)
j,l | and |A(2)

j,l |, using
Lemma 4.1 with S = R in order to evaluate the term ‖u|Bc

R × (0, T0)‖2ν0,∞;T0
, and

applying (3.17) as well as Corollary 3.6 with κ = ∞, we obtain Lemma 4.2.
In the ensuing step of our argument, we are going to show that u(x, t) decays as

O(|x|−1) for |x| → ∞. Our proof is based on an approach by Babenko [6, pp. 23–24],
also taken up by Mizumachi [37, Lemma 6, p. 513]. We begin with two preparatory
lemmas, before using Babenko’s method in the proof of Theorem 4.5, where we present
the result just mentioned with respect to the decay of u(x, t).

Lemma 4.3. For R ∈ [2 · S0, ∞), define

ψ(R) := sup{|u(x, t)|+ (|u(x, t) · U(x)|)1/2 : x ∈ Bc
R, t ∈ (0, T0)}.

Then ψ(R) ≤ C · (R−1 + ψ(R/2)7/6) for R ≥ 4 · S0.
Proof. Let R ∈ [4 · S0, ∞), (x, t) ∈ Bc

R × (0, T0), j ∈ {1, 2, 3}. By (3.16), (3.17)
with S = 2 · S0, we have

|uj(x, t)| ≤ C · |x|−1 +

3∑
l=1

(
|∂lR(τ)

j

(
(Hml)1≤m≤3 |Bc

R/2 × (0, T0)
)
(x, t)|(4.7)

+ |∂lR(τ)
j

(
(Hml)1≤m≤3 |ΩR/2 × (0, T0)

)
(x, t)|

)
.
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Since |x| ≥ R ≥ 4 · S0, we find for y ∈ BS0(x) that |y| ≥ |x| − |y − x| > R − S0 ≥
R/2. Therefore BR/2 ∩ BS0(x) = ∅. Thus, by (2.15) with R, R/2, S0 in the place of
R2, R1, S, and by Theorem 3.7, we get

3∑
l=1

|∂lR(τ)
j

(
(Hml)1≤m≤3 |ΩR/2 × (0, T0)

)
(x, t)|(4.8)

≤ C(τ, S0) · |x|−1 ·
3∑

l=1

‖(Hml)1≤m≤3‖1,∞;T0

≤ C(τ, S0) · |x|−1 · ( ‖u‖22,∞;T0
+
∥∥ |u| · |U | ∥∥

1,∞;T0

) ≤ C · |x|−1.

Further observe that
3∑

l=1

|∂lR(τ)
j

(
(Hml)1≤m≤3 |Bc

R/2 × (0, T0)
)
(x, t)| ≤

3∑
l=1

2∑
i=1

|A(i)
j,l |(4.9)

with A
(i)
j,l defined as in (4.6) but with R replaced by R/2 (1 ≤ i ≤ 2, 1 ≤ l ≤ 3) and

ul · u by (Hml)1≤m≤3. We get by Theorem 2.8 with p = r = s = ∞, q = 12/5, and
by Theorem 3.7 that

|A(1)
j,l | ≤ ψ(R/2)7/6 ·

∫ t

0

∫
Bc

R/2

χ(1,∞)(t− σ)(4.10)

·
3∑

k,l=1

|∂lΛjk(x− y, t− σ, τ)| · |Hkl(y, σ)|5/12 dy dσ

≤ C(τ) · ψ(R/2)7/6 · ∥∥ (|u|2 + |u| · |U |)5/12 ∥∥
12/5,∞;T0

≤ C(τ) · ψ(R/2)7/6 · ( ‖u‖5/62,∞;T0
+
∥∥ |u| · |U | ∥∥5/12

1,∞;T0

) ≤ C · ψ(R/2)7/6

for 1 ≤ l ≤ 3. Moreover, Theorem 2.8 with p = r = s = ∞, q = 6 yields for 1 ≤ l ≤ 3
that

|A(2)
j,l | ≤ C(τ) · ‖(Hml)1≤m≤3|Bc

R/2 × (0, T0)‖6,∞;T0

≤ C(τ) · ( ‖u|Bc
R/2 × (0, T0)‖212,∞;T0

+
∥∥ |u| · |U | |Bc

R/2 × (0, T0)
∥∥
6,∞;T0

)
≤ C(τ) · ψ(R/2)5/3

·
(
‖u|Bc

R/2 × (0, T0)‖1/32,∞;T0
+
∥∥ |u| · |U | |Bc

R/2 × (0, T0)
∥∥1/6
1,∞;T0

)
,

so that we arrive at the upper bound C · ψ(R/2)5/3 for |A(2)
j,l |. But since R ≥ 4 · S0,

hence R/2 ≥ 2 ·S0, Lemma 4.2 with S = 2 ·S0 and Lemma 3.1 imply ψ(R/2)1/2 ≤ C.

Thus |A(2)
j,l | ≤ C · ψ(R/2)7/6. Combining (4.7)–(4.10) with the preceding estimate of

|A(2)
j,l |, we obtain the lemma.
Lemma 4.4. Let κ ∈ (0,∞). Then there is Rκ ∈ [4 · S0, ∞) depending on

the quantities listed in Theorem 1.2 (except R) and on κ such that |u(x, t)| ≤ κ for
x ∈ Bc

Rκ
, t ∈ (0, T0).

Proof. Let j ∈ {1, 2, 3}, R ∈ [4 ·S0, ∞), M ∈ (0,∞), (x, t) ∈ Bc
R× (0, T0). Then

by (3.16) and Lemma 2.10,

uj(x, t) = Kj(x, t) +

4∑
m=1

3∑
k,l=1

B
(m)
k,l ,(4.11)
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where for k, l ∈ {1, 2, 3}, m ∈ {1, . . . , 4}, we used the abbreviation

B
(m)
k,l :=

∫ t

0

∫
Am

χWm(t− σ) · ∂lΛjk(x− y, t− σ, τ) ·Hkl(y, σ) dy dσ

with A1 := Bc
2·S0

, W1 := (0,M ], A2 := Ω2·S0 , W2 := (0,M ], A3 := ΩR/2, W3 :=
(M,∞), A4 := Bc

R/2, W4 := (M,∞). Choose ν0 = ν0(r0) ∈ (6,∞) as in Lemma 4.1.

By Theorem 2.8 with p = r = s = ∞, q = ν0/2,

|B(1)
k,l | ≤ C(τ, ν0) ·M1/2−3/ν0 · ‖Hkl|Bc

2·S0
× (0, T0)‖ν0/2,∞;T0

≤ C(τ, ν0) ·M1/2−3/ν0

· ( ‖u|Bc
2·S0

× (0, T0)‖2ν0,∞;T0
+ ‖u|Bc

2·S0
× (0, T0)‖ν0,∞;T0 · ‖U |Bc

2·S0
‖ν0
)

for 1 ≤ k, l ≤ 3. It follows with Lemmas 4.1 and 3.1 that

|B(1)
k,l | ≤ C ·M1/2−3/ν0 (1 ≤ k, l ≤ 3),(4.12)

where 1/2− 3/ν0 > 0 because ν0 > 6. Next we estimate B
(2)
k,l by applying (2.15) with

R1 = 2 · S0, R2 = R, S = S0. Note that for y ∈ B2·S0 , we have |x − y| ≥ |x| − |y| ≥
R− 2 · S0 ≥ 2 · S0, so that B2·S0 ∩BS0(x) = ∅. We obtain

|B(2)
k,l | ≤ C(τ, S0) · ‖Hkl|ΩS0 × (0, T0)‖1,∞;T0 · |x|−1(4.13)

≤ C(τ, S0) ·
( ‖u‖22,∞;T0

+
∥∥ |u| · |U | ∥∥

1,∞;T0

) ·R−1 ≤ C ·R−1,

where the last inequality follows from Theorem 3.7. By inequality (2.15) with R1 =
R/2, R2 = R, S = 2 · S0 (so that BR1 ∩BS(x) = ∅, R1/R2 = 1/2) and by Theorem

3.7, we see that (4.13) also holds for B
(3)
kl . Turning to B

(4)
kl , we apply Theorem 2.8

with p = r = ∞, q = 3, s = 1, and with p = r = ∞, q = 3, s = 2, to obtain

|B(4)
kl | ≤ C(τ) · (M−1 · ∥∥|u|2 ∣∣Bc

R/2 × (0, T0)
∥∥
3,1;T0

+M−1/2 · ∥∥|u| · |U | ∣∣Bc
R/2 × (0, T0)

∥∥
3,2;T0

)

≤ C(τ) · ‖u|Bc
R/2 × (0, T0)‖6,2;T0 · (M−1 · ‖u‖6,2;T0 +M−1/2 · ‖U‖6).

It follows with Lemmas 2.3 and 3.1 that

|B(4)
kl | ≤ C · (M−1 +M−1/2) · ϕ(R/2)

with the function ϕ defined in Theorem 1.2. We may conclude, referring to the
preceding inequality and to (4.11)–(4.13), and by observing that |Kj(x, t)| ≤ C · R−1

by inequality (3.17) with S = 4 · S0,

|u(x, t)| ≤ C · (M1/2−1/ν0 +R−1 + (M−1 +M−1/2) · ϕ(R/2) ).(4.14)

According to Lemma 2.3, we have u ∈ L2
(
0, T0, L

6(Ω
c
)3
)
, so that ϕ(R/2) → 0 (R →

∞) by Lebesgue’s theorem. Thus, recalling that 1/2−3/ν0 > 0, we see that |u(x, t)| ≤
κ for (x, t) ∈ Bc

R×(0, T0) if we first chooseM sufficiently small and then R sufficiently
large in (4.14).

Theorem 4.5. Let S ∈ (S0,∞). Then |u(x, t)| ≤ C(S) · |x|−1 for x ∈ Bc
S , t ∈

(0, T0).
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Proof. Let the function ψ : [2 ·S0, ∞) �→ [0,∞) be defined as in Lemma 4.3. Note
that ψ is monotone decreasing. By referring to Lemma 4.3, we see there is a constant
C0 > 0 depending on the quantities listed in Theorem 1.2 (except R and ϕ) such that

ψ(R) ≤ C0 · (R−1 + ψ(R/2)7/6) for R ∈ [4 · S0, ∞).(4.15)

Due to Lemmas 4.4 and 3.1, we may choose some R̃ ∈ [4 · S0, ∞), depending on

the same quantities as C0 as well as on the function ϕ such that ψ(R̃) ≤ (4 · C0)
−6.

Put R0 := max{R̃, (4 · C0)
7/2}. Note that R0 ≥ max{4 · S0, (4 · C0)

7/2}. Since
ψ is decreasing and R0 ≥ R̃, we further have ψ(R0) ≤ (4 · C0)

−6. Due to (4.15),
ψ(2·R0) ≤ C0 ·

(
(2·R0)

−1+ψ(R0)
7/6
)
, hence ψ(2·R0) ≤ C0 ·2·(4·C0)

−7 = (4·C0)
−6/2.

Let n ∈ N, and suppose that ψ(2n ·R0) ≤ (4 · C0)
−6 · 2−n. Then with (4.15),

ψ(2n+1 ·R0) ≤ C0 ·
(
(2n+1 · R0)

−1 + ψ(2n ·R0)
7/6
)

≤ C0 ·
(
2−n · (4 · C0)

−7 + (4 · C0)
−7 · 2−7·n/6 ) ≤ 2−n−1 · (4 · C0)

−6.

Thus we have shown by induction that ψ(2n · R0) ≤ 2−n · (4 · C0)
−6 for n ∈ N. Now

let R ∈ [2 · R0,∞). Then there is n ∈ N with 2n ·R0 ≤ R < 2n+1 ·R0, so that

ψ(R) ≤ ψ(2n · R0) ≤ 2−n · (4 · C0)
−6 ≤ R−1 · 2 ·R0 · (4 · C0)

−6.(4.16)

For x ∈ Bc
4·R0

, t ∈ (0, T0), inequality (4.16) with R = |x|/2 yields

|u(x, t)| ≤ ψ(R) ≤ 4 · R0 · (4 · C0)
−6 · |x|−1.(4.17)

On the other hand, we have min{4 ·R0, S} > S0, so Lemma 4.2 yields that |u(x, t)| ≤
C(S) for x ∈ Bc

min{4·R0, S}, t ∈ (0, T0). Hence |u(x, t)| ≤ C(S) · 4 · R0 · |x|−1 for x ∈
B4·R0\Bmin{4·R0, S}, t ∈ (0, T0). Theorem 4.5 follows from (4.17) and the preceding
inequality.

At this point, we may prove one of the main results of this article—a pointwise
decay estimate for u.

Theorem 4.6. Let S ∈ (S0,∞). Then |u(x, t)| ≤ C(S) · ( |x| · ν(x) )−1
for

x ∈ Bc
S , t ∈ (0, T0).

Proof. Let j ∈ {1, 2, 3}, (x, t) ∈ Bc
2·S × (0, T ). Then, with (3.16), (3.17), and

Lemma 2.10, we find

|uj(x, t| ≤ C(S) · ( |x| · ν(x) )−1
+

3∑
i=1

3∑
k,l=1

B
(i)
k,l,(4.18)

where

B
(i)
k,l :=

∫ t

0

∫
Oi

|∂lΛjk(x− y, t− σ, τ) ·Hkl(y, σ)| dy dσ for i, k, l ∈ {1, 2, 3}

with O1 := Bc
S ∩BS(x), O2 := ΩS , O3 := Bc

S\BS(x). We observe that for y ∈ BS(x)

|y| ≥ |x| − |x− y| ≥ |x| − S = |x|/2 + |x|/2− S ≥ |x|/2.(4.19)

Let k, l ∈ {1, 2, 3}. By Theorem 4.5 and (1.10), we have

|Hkl(y, σ)| ≤ C(S) · |y|−2 for y ∈ Bc
S , σ ∈ (0, T0).(4.20)
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Due to (4.19) and the preceding inequality, and by Corollary 2.7 with K = S, we find

(4.21)

|B(1)
k,l | ≤ C(S) ·

∫ t

0

∫
Bc

S∩BS(x)

(|x− y|2 + t− σ)−2 · |y|−2 dy dσ

≤ C(S) · |x|−2

∫
Bc

S∩BS(x)

·
∫ t

0

(|x− y|2 + t− σ)−2 dσ dy

≤ C(S) · |x|−2 ·
∫
BS(x)

|x− y|−2 dy ≤ C(S) · |x|−2 ≤ C(S) · ( |x| · ν(x) )−1

with the last inequality following from Lemma 2.2. For y ∈ BS , we have |x − y| ≥
|x|−|y| > S, so that BS∩BS(x) = ∅. Therefore inequality (2.15) with R2, R1 replaced
by 2 · S, S, respectively, yields

|B(2)
k,l | ≤ C(τ, S) · ‖Hkl|ΩS × (0, T0)‖1,∞;T0 ·

( |x| · ν(x) )−1
(4.22)

≤ C(S) · ( |x| · ν(x) )−1
,

where the last inequality follows from Theorem 3.7. We further find with (4.20) and
Lemma 2.4 that

|B(3)
k,l | ≤ C(S) ·

∫ t

0

∫
A

( |x− y − τ · (t− σ) · e1|2 + t− σ
)−2 · |y|−2 dy dσ(4.23)

with A := Bc
S\BS(x). Next we use Theorem 2.6 with K = S to obtain

|B(3)
k,l | ≤ C(S) ·

∫
Bc

S\BS(x)

( |x− y| · ν(x − y)
)−3/2 · |y|−2 dy.(4.24)

But for y ∈ Bc
S\BS(x) = R

3\(BS ∪BS(x)
)
, we have

|y| = |y|/2 + |y|/2 ≥ S/2 + |y|/2 ≥ min{S/2, 1/2} · (1 + |y|),(4.25)

|x− y| ≥ S/2 + |x− y|/2 ≥ min{S/2, 1/2} · (1 + |x− y|).(4.26)

Thus, from (4.24),

|B(3)
k,l | ≤ C(S) ·

∫
R3

(
(1 + |x− y|) · ν(x− y)

)−3/2 · (1 + |y|)−2 dy.(4.27)

Now we refer to Theorem 2.18, with A = 2, B = 0, E = 1, F = 1/2, to obtain from

(4.27) that |B(3)
k,l | ≤ C(S) · (1 + |x|)−1 · ν(x)−1/2. This implies

|B(3)
k,l | ≤ C(S) · (1 + |x|)−3/4 · ν(x)−1/2.

We may conclude from (4.18), (4.21), (4.22), and the preceding estimate that

|u(x, t)| ≤ C(S) · |x|−3/4 · ν(x)−1/2 for x ∈ Bc
2·S , t ∈ (0, T0).(4.28)

But by Lemma 2.2, we have 1 ≤ 4 ·S2 · |x|−2 ≤ C(S) · ( |x| · ν(x) )−1
for x ∈ B2·S\BS ,

so that with Lemma 4.2,

|u(x, t)| ≤ C(S) · ( |x| · ν(x) )−1
for x ∈ B2·S\BS, t ∈ (0, T0).(4.29)
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Now we may conclude that inequality (4.28) extends to x ∈ Bc
S . It follows with (1.10)

that

|Hkl(y, s)| ≤ C(S) · |y|−3/2 · ν(y)−1 for y ∈ Bc
S , s ∈ (0, T0), 1 ≤ k, l ≤ 3.(4.30)

Again take j ∈ {1, 2, 3}, (x, t) ∈ Bc
2·S × (0, T0) Once more starting from (4.18), we

improve our estimate of B
(3)
k,l . To this end, we proceed as in (4.23), (4.24), (4.27) but

use inequality (4.30) instead of (4.20). In this way, we arrive at the estimate

|B(3)
k,l | ≤ C(S) ·

∫
R3

(
(1 + |x− y|) · ν(x− y)

)−3/2 · (1 + |y|)−3/2 · ν(y)−1 dy

(1 ≤ k, l ≤ 3). Again referring to Theorem 2.18, this time with A = 3/2, B = E =

F = 1, we may conclude that |B(3)
k,l | ≤ C(S) · ( (1 + |x|) · ν(x) )−1

for 1 ≤ k, l ≤ 3.

This estimate and (4.18), (4.21), and (4.22) imply |u(x, t)| ≤ C(S) · ( |x| · ν(x) )−1
for

x ∈ Bc
2·S , t ∈ (0, T0). Inequality (4.29) states that the preceding estimate is valid also

for x ∈ B2·S\BS. Thus Theorem 4.6 is proved.
We finally turn to pointwise decay estimates for ∇xu. In a first step, we show

that ∇xu is bounded on Bc
S × (0, T0), for any S ∈ (S0,∞).

Lemma 4.7. Let S ∈ (S0,∞). Then |∇xu(x, t)| ≤ C(S) for x ∈ Bc
S , t ∈ (0, T0).

Proof. Put Ri := S0 + i · (S − S0)/4 for i ∈ {1, 2, 3}. Let j, l ∈ {1, 2, 3}. For
(x, t) ∈ ZT0 , (3.8) and Lemma 2.10 yield

∂luj(x, t) = ∂lIj(x, t)−
3∑

i=1

G
(i)
jl (x, t)(4.31)

with

G
(i)
jl (x, t) :=

3∑
k=1

∫ t

0

∫
Ai

χWi(t− σ) · ∂lΛjk(x− y, t− σ, τ) ·Gk(y, σ) dy dσ

for j, k ∈ {1, 2, 3}, where A1 := Bc
R1
, A2 := ΩR1 , A3 := Ω

c
, W1 := W2 :=

(0, 1], W3 := (1,∞). For p ∈ (6/5,∞], we deduce from Theorem 2.8 with q = 6/5, r =
∞, s = 2 that

‖G(3)
jl ‖p,∞;T0 ≤ C(τ, p) · ‖G‖6/5,2;T0

≤ C(p)(4.32)

with the last inequality following from Corollary 3.3. Moreover, inequality (2.16) with
S replaced by (S − S0)/4 yields

‖G(2)
jl |Bc

R2
× (0, T0)‖2,∞;T0 ≤ C(τ, S0, S) · ‖G|ΩR1 × (0, T0)‖1,2;T0 ,

so that we obtain ‖G(2)
jl |Bc

R2
× (0, T0)‖2,∞;T0 ≤ C(τ, S0, S) · ‖G‖6/5,2;T0

≤ C(S), where
the last inequality is a consequence of Corollary 3.3. By this estimate, (4.31), (4.32),
and (3.18), we obtain

‖(∂luj −G
(1)
jl )|Bc

R2
× (0, T0)‖2,∞;T0 ≤ C(S) for 1 ≤ j, l ≤ 3.(4.33)

Theorem 2.8 with p = r = 3, q = s = 2 implies ‖G(1)
jl ‖3 ≤ C(τ) · ‖G|Bc

R1
× (0, T0)‖2.

But by (2.1), we see that

‖G|Bc
R1

× (0, T0)‖2
≤ C(τ) · ( (‖u|Bc

R1
× (0, T0)‖∞ + ‖U |Bc

R1
‖∞) · ‖∇xu‖2 + ‖u‖6,2;T0 · ‖∇U |Bc

R1
‖3
)
.
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Thus we may conclude by Lemma 4.2 with S replaced by R1 and Lemmas 2.3 and

3.1 that ‖G(1)
jl ‖3 ≤ C(S).

Again take j, l ∈ {1, 2, 3}. For i ∈ {1, 2}, (x, t) ∈ ZT0 , define G̃
(i)

jl (x, t) in the

same way as G
(i)
jl (x, t), but with A1 := Bc

R2
, A2 := ΩR2 . Put G̃

(3)

jl := G
(3)
jl . Then from

(3.8) and Lemma 2.10,

∂luj(x, t) = ∂lIj(x, t) −
3∑

i=1

G̃
(i)

jl (x, t)
(
(x, t) ∈ ZT0

)
.(4.34)

We further introduce the splitting G̃
(1)

jl (x, t) = B
(1)
jl (x, t) +B

(2)
jl (x, t) for (x, t) ∈ ZT0

with

(4.35)

B
(1)
jl (x, t) := τ ·

3∑
m,k=1

∫ t

0

∫
Bc

R2

χ(0,1](t− σ) · ∂lΛjk(x− y, t− σ, τ)

·[ (um(y, σ) + Um(y)
) · (∂muk −G

(1)
km)(y, σ) + um(y, σ) · ∂mUk(y)

]
dy dσ

and with B
(2)
jl (x, t) defined in the same way as B

(1)
jl (x, t), except that the expression

in brackets in (4.35) is to be replaced by
(
um(y, σ) + Um(y)

) · G(1)
km(y, σ). Theorem

2.8 with r = s = ∞, p = 4, q = 2 shows that ‖B(1)
jl ‖4,∞;T0 is bounded by

C(τ) · [ (‖u|Bc
R2

× (0, T0)‖∞ + ‖U |Bc
R2

‖∞)

·
3∑

k,m=1

‖(∂muk −G
(1)
km)|Bc

R2
× (0, T0)‖2,∞;T0 + ‖u|Bc

R2
× (0, T0)‖∞ · ‖∇U‖2

]
.

Due to this estimate, Lemma 4.2 with S replaced by R2, Lemma 3.1, and (4.33),

we thus arrive at the inequality ‖B(1)
jl ‖4,∞;T0 ≤ C(S). On the other hand, again by

Theorem 2.8, this time with r = ∞, p = 4, q = s = 3,

‖B(2)
jl ‖4,∞;T0 ≤ C(τ) · (‖u|Bc

R2
× (0, T0)‖∞ + ‖U |Bc

R2
‖∞) ·

3∑
k,m=1

‖G(1)
km‖3 ≤ C(S),

with the last inequality being a consequence of Lemmas 4.2 and 3.1 and the estimate

‖G(1)
km‖3 ≤ C(S) shown above for 1 ≤ k,m ≤ 3. Thus we get ‖̃G(1)

jl ‖4,∞;T0 ≤ C(S).
From (2.16) with (S−S0)/4, R2, R3 in the place of, respectively, S, R1, R2, and from
Corollary 3.3, we may deduce

‖̃G(2)

jl |Bc
R3

× (0, T0)‖4,∞;T0 ≤ C(τ, S0, S) · ‖G|ΩR2 × (0, T0)‖1,2;T0

≤ C(τ, S0, S) · ‖G‖6/5,2;T0
≤ C(S).

Thus we get by (3.18), (4.32) with p = 4 and (4.34) that ‖∂luj |Bc
R3

× (0, T0)‖4,∞;T0 ≤
C(S). It follows with Lemma 4.2 with S = R3 and Lemma 3.1 that

‖G|Bc
R3

× (0, T0)‖4,∞;T0(4.36)

≤ C(τ) · [ ‖U |Bc
R3

‖∞ · ‖∇xu|Bc
R3

× (0, T0)‖4,∞;T0

+ ‖u|Bc
R3

× (0, T0)‖∞ · (‖∇xu|Bc
R3

× (0, T0)‖4,∞;T0 + ‖∇U |Bc
R3

‖4)
]

≤ C(S).
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Once more take j, l ∈ {1, 2, 3}, and let (x, t) ∈ Bc
S × (0, T0). By (3.8) and Lemma

2.10,

∂luj(x, t) = ∂lJj(x, t)−
3∑

i=1

G
(i)

j,l (x, t),(4.37)

where G
(3)

j,l (x, t) := G
(3)
j,l (x, t), and G

(i)

j,l (x, t) for i ∈ {1, 2} is defined in the same

way as G
(i)
j,l (x, t), but with A1 := Bc

R3
, A2 := ΩR3 . According to (4.32), we have

|G(3)

j,l (x, t)| ≤ C(S). In addition, we use inequality (2.17) with R2, R1, S replaced by
S, R3, (S − S0)/4, respectively. It follows with Corollary 3.3 that

|G(2)

j,l (x, t)| ≤ C(τ, S0, S) ·
( |x| · ν(x) )−3/2 · ‖G|ΩR3 × (0, T0)‖1,2;T0

≤ C(τ, S0, S) · ‖G‖6/5,2;T0
≤ C(S).

Finally, applying Theorem 2.8 again, this time with p = r = s = ∞, q = 4, we obtain

|G(1)

j,l (x, t)| ≤ C(τ) · ‖G|Bc
R3

× (0, T0)‖4,∞;T0 ≤ C(S), where the last inequality holds
according to (4.36). Thus we conclude with (4.37) and (3.9) that |∇xu(x, t)| ≤ C(S).
This proves the lemma.

Now we arrive at our main result on the pointwise decay of ∇xu.

Theorem 4.8. Let S ∈ (S0,∞). Then |∇xu(x, t)| ≤ C(S) · ( |x| · ν(x) )−3/2
for

x ∈ Bc
S , t ∈ (0, T0).

Proof. Let j, l ∈ {1, 2, 3}, (x, t) ∈ Bc
2·S × (0, T0). Then by (3.8) and Lemma 2.10,

we find

∂luj(x, t) = ∂lJj(x, t)−
3∑

i=1

3∑
k=1

A
(i)
k(4.38)

with A
(i)
k :=

∫ t

0

∫
Ai
∂lΛjk(x − y, t − σ, τ) · Gk(y, σ) dy dσ for 1 ≤ i, k ≤ 3, where

A1 := ΩS , A2 := Bc
S ∩BS(x), A3 := Bc

S\BS(x). By (2.17) with R2 = 2 · S, R1 = S,
and by Corollary 3.3, we get

|A(1)
k | ≤ C(τ, S) · ( |x| · ν(x) )−3/2 · ‖G|ΩS × (0, T0)‖1,2;T0(4.39)

≤ C(τ, S) · ( |x| · ν(x) )−3/2 · ‖G‖6/5,2;T0
≤ C(S) · ( |x| · ν(x) )−3/2

.

Next we observe that by (1.10), Lemma 4.7, and Theorem 4.6,

|G(y, σ)| ≤ C(S) · ( |y| · ν(y) )−1 (
y ∈ Bc

S , σ ∈ (0, T0)
)
.(4.40)

Thus, by Corollary 2.7 with K = S,

|A(2)
k | ≤ C(S) ·

∫ t

0

∫
Bc

S∩BS(x)

(|x− y|2 + t− σ)−2 · ( |y| · ν(y) )−1
dy dσ(4.41)

≤ C(S) ·
∫
Bc

S∩BS(x)

|x− y|−2 · ( |y| · ν(y) )−1
dy for 1 ≤ k ≤ 3.

But Lemma 2.2 yields for y ∈ BS(x) that

ν(y)−1 ≤ C · (1 + |x− y|) · ν(x)−1 ≤ C(S) · ν(x)−1.
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Thus we may conclude with (4.19) that for 1 ≤ k ≤ 3,

|A(2)
k | ≤ C(S) · ( |x| · ν(x) )−1 ·

∫
BS(x)

|x− y|−2 dy ≤ C(S) · ( |x| · ν(x) )−1
.(4.42)

Next we apply Lemma 2.4, inequality (4.40), as well as Theorem 2.6 with K = S to
obtain with the abbreviation h(x, y, t, σ) := |x− y − τ · (t− σ) · e1|2 + t− σ that

|A(3)
k | ≤ C(τ, S) ·

∫ t

0

∫
Bc

S\BS(x)

h(x, y, t, σ)−2 · |G(y, σ)| dy dσ
(4.43)

≤ C(S) ·
∫
Bc

S\BS(x)

( |x− y| · ν(x − y)
)−3/2 · ( |y| · ν(y) )−1

dy (1 ≤ k ≤ 3).

In the next step, we refer to (4.25) and (4.26). It follows that

|A(3)
k | ≤ C(S) ·

∫
R3

(
(1 + |x− y|) · ν(x− y)

)−3/2 · ( (1 + |y|) · ν(y) )−1
dy.(4.44)

At this point, we may apply Theorem 2.18 with A = B = F = 1, E = 1/2, to obtain

|A(3)
k | ≤ C(S) · (1 + |x|)−1/2 · ν(x)−1.(4.45)

Combining (4.38), (3.9), (4.39), (4.42), and (4.45) yields

|∇xu(x, t)| ≤ C(S) · |x|−1/2 · ν(x)−1 for x ∈ Bc
2·S , t ∈ (0, T0).(4.46)

We have 1 ≤ (2 · S)3 · |x|−3 ≤ C(S) · ( |x| · ν(x) )−3/2
for x ∈ B2·S\BS (see Lemma

2.2); hence with Lemma 4.7,

|∇xu(x, t)| ≤ C(S) · ( |x| · ν(x) )−3/2
for x ∈ B2·S\BS .(4.47)

From (1.10), (4.46), (4.47), and Theorem 4.6,

|G(y, σ)| ≤ C(S) · |y|−3/2 · ν(y)−2 ≤ C(S) · ( |y| · ν(y) )−3/2
(4.48)

for y ∈ Bc
S , σ ∈ (0, T0). Now again take j, l ∈ {1, 2, 3}, (x, t) ∈ Bc

2·S × (0, T0).

Once more starting from (4.38), we revisit the estimates of A
(2)
k and A

(3)
k , using (4.48)

instead of (4.40). Then it follows as in (4.41) and (4.42) that

|A(2)
k | ≤ C(S) · ( |x| · ν(x) )−3/2

(1 ≤ k ≤ 3).(4.49)

Moreover, proceeding as in (4.43) and (4.44), we obtain

|A(3)
k | ≤ C(S) ·

∫
R3

(
(1 + |x− y|) · ν(x − y)

)−3/2 · ( (1 + |y|) · ν(y) )−3/2
dy

for 1 ≤ k ≤ 3. Again we refer to Theorem 2.18, choosing A = B = F = 3/2, E = 1.
We get

|A(3)
k | ≤ C(S) · |x|−1 · ν(x)−3/2 (1 ≤ k ≤ 3).(4.50)
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Bringing together (4.38), (3.9), (4.39), (4.49), and (4.50), we get

|∇xu(x, t)| ≤ C(S) · |x|−1 · ν(x)−3/2 for x ∈ Bc
2·S , t ∈ (0, T0).(4.51)

By (4.47), we may conclude that inequality (4.51) even holds for x ∈ Bc
S , t ∈ (0, T0).

As a consequence, with Theorem 4.6 and (1.10),

|G(y, σ)| ≤ C(S) · |y|−2 · ν(y)−5/2 ≤ C(S) · |y|−7/4 · ν(y)−3/2(4.52)

for y ∈ Bc
S , σ ∈ (0, T0). Once more take j, l ∈ {1, 2, 3}, (x, t) ∈ Bc

2·S × (0, T0), and

start from (4.38) a third time. But now we only need to improve our estimate of A
(3)
k ,

using (4.52) instead of (4.48). It follows as in (4.43) and (4.44) that

|A(3)
k | ≤ C(S) ·

∫
R3

(
(1 + |x− y|) · ν(x − y)

)−3/2 · (1 + |y|)−7/4 · ν(y)−3/2 dy

for 1 ≤ k ≤ 3. Turning to Theorem 2.18 with A = 7/4, B = 3/2, E = 5/4, F = 3/2,
we may conclude that

|A(3)
k | ≤ C(S) · (1 + |x|)−5/4 · ν(x)−3/2 ≤ C(S) · |x|−5/4 · ν(x)−3/2 (1 ≤ k ≤ 3).

It follows with (4.38), (3.9), (4.39), and (4.49) that

|∇xu(x, t)| ≤ C(S) · |x|−5/4 · ν(x)−3/2 for x ∈ Bc
2·S, t ∈ (0, T0).(4.53)

As before, we may refer to (4.47) to see that (4.53) even holds if x ∈ Bc
S . Thus with

Theorem 4.6 and (1.10),

|G(y, σ)| ≤ C(S) · |y|−9/4 · ν(y)−5/2 ≤ C(S) · |y|−9/4 · ν(y)−3/2(4.54)

for y ∈ Bc
S , σ ∈ (0, T0). A last time take j, l ∈ {1, 2, 3}, (x, t) ∈ Bc

2·S × (0, T0), and
return to (4.38). As in (4.43) and (4.44), but with inequality (4.54) in the place of
(4.52), we get

|A(3)
k | ≤ C(S) ·

∫
R3

(
(1 + |x− y|) · ν(x − y)

)−3/2 · (1 + |y|)−9/4 · ν(y)−3/2 dy

for 1 ≤ k ≤ 3. In this situation, we apply Theorem 2.18 with A = 9/4, B = 3/2, E =
F = 3/2. It follows that

|A(3)
k | ≤ C(S) · ( (1 + |x|) · ν(x) )−3/2 ≤ C(S) · ( |x| · ν(x) )−3/2

(1 ≤ k ≤ 3),

so by (4.38), (3.9), (4.39), and (4.49),

|∇xu(x, t)| ≤ C(S) · ( |x| · ν(x) )−3/2
for x ∈ Bc

2·S , t ∈ (0, T0).(4.55)

We know by (4.47) that inequality (4.55) also holds if x ∈ B2·S\BS, so Theorem 4.8
is proved.
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