Journal of Mathematical
Fluid Mechanics

(© 2015 Springer Basel

J. Math. Fluid Mech. I
DOI 10.1007/s00021-014-0198-x

Pointwise Spatial Decay of Weak Solutions to the Navier—Stokes System
in 3D Exterior Domains

Paul Deuring

Communicated by G. P. Galdi
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1. Introduction

Consider the time-dependent Navier—Stokes system
O — A+ 7 (v-Va)v+Veo = g, divpu=0 in Zy = (R*\Q) x (0,00), (L.1)

under a homogeneous Dirichlet boundary condition on S, := 9 X (0,00) and with vanishing velocity
at infinity,

V|Se =0, wv(z,t) >0 (Jx] = o) for t € (0,00), (1.2)
and with the initial condition
v(z,0) = vo(z) for z € Q° =R\, (1.3)

where  is a bounded open set in R? with C%-boundary 9. This initial-boundary value problem is a
mathematical model for a viscous incompressible fluid moving around a rigid body described by the set
Q. The velocity at infinity of the fluid is supposed to be zero. The initial velocity vy : Q° — R3 of the
flow, the Reynold’s number 7 € (0, 00) and the volume force g : Z,, — R? are given, whereas the velocity
field v : Zo, — R? and the pressure field o : Zo, — R of the flow are unknown.

There is an extensive literature dealing with temporal decay of spatial LP-norms of solutions to (1.1).
As examples, we mention [6-10,16-18,28,33-35,40,42,45,46,49,52-55,62,65]. Also pointwise decay of
strong solutions to the Cauchy problem

Hw — Agw+ 7+ (w-Vy)w+ Ver = h, divaw=0 in R x (0, 00), (1.4)
w(z,0) = wo(z) (xR (1.5)
has been studied rather frequently. As far as we know, Knightly [37,38] was the first to take up this subject.
He constructed analytical solutions to (1.4), (1.5) exhibiting spatial and temporal decay. However, his
estimates of pointwise spatial decay do not hold uniformly with respect to time and require smallness

assumptions on the data. Takahashi [59] established uniform in time estimates, under the assumption that
the velocity is small in some L?(L?)-norm. In subsequent papers [3,5,13,36,41,48], Takahashi’s smallness
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condition is replaced by various other smallness assumptions, some of which take the form of asymptotic
decay of certain quantities when ¢ tends to infinity. Other authors [43, Chapter 25], [61] established
existence results implying spatial decay of the velocity without any smallness condition, but this decay
does not seem to be uniform in the lifespan of the solution in question. If the initial data exhibit certain
symmetries, decay rates increase [13,14]. Results on spatial asymptotics of the velocity are presented in
[5,15,18], under the constraint that the velocity is bounded by a term of the form C- (14 |x|)=® - (1+¢)~5,
with suitable constants C, «, (.

He and Miyakawa [35] constructed strong solutions to problem (1.1)—(1.3) (exterior domain problem)
which decay pointwise with respect to space and to time, provided that ¢ = 0 and the initial data are
small in L3(Q2°)3. The spatial decay is uniform with respect to ¢ € [1, 00).

In the work at hand, we consider L2-weak solutions of (1.1)-(1.3). We will show that if the initial data
vo decrease as O(|z|~#) when |z| tends to oo, for some p > 7/6, and if the function g decays sufficiently
fast for large values of |z|, then the velocity part of an L2-weak solution to (1.1)—(1.3) exhibits the decay
rate O(|z|~ ™n{w13/5) for || — oo, uniformly in ¢ € (0, 0o). Important features of this result are that we
consider weak solutions in an exterior domain instead of strong ones in the whole space R3, we do not
need any smallness condition, and our estimates are uniform in time for ¢ € (0, 00). It remains an open
question how to obtain combined estimates of spatial and temporal decay of weak solutions, and whether
a spatial decay rate O(|z|=37¢) may be established for ¢ > 0 arbitrarily small, as was done in [35] for the
case of strong solutions.

Let us state our theory in more detail. First we give a list of our assumptions, using notation as
specified above and in Sect. 2.

(A1) o € L2(Q°) N L/ (Q°); there is So, Co > 0, € [7/6, 00) with |vg(y)| < Co - |y|# for y € BE, .

(A2) The function g : Z, +~ R? is measurable with g|Zs, 0 € L°*(Zs,.00); there is v €
L%/4((0,00)), 11 € (3,00) such that |g(y, s)| < y(s) - |y|* for y € Bg,, s € (0,00).

(A3) The function v is the velocity part of a weak solution to (1.1)—(1.3) in the sense that v €
L>®(0,00, L2(Q2°)) N LE,([0,00), V), Vov € L*(Zs)°,

loc

[ [ o000 4 0(0) (Varte) - 90) 4 (0) 7 (o0) - T2 o0 0 = 9(0) - 9(0) - 0] d

:Luvo-ﬁdx-@(O)

Q
for ¢ € C5°([0,00)), ¥ € C5°(Q°)? with dive) = 0.

An important role in our theory is played by Theorem 6.2, which states that |v(x,t)| is bounded
uniformly in ¢t € (0,00) if « is located outside a sufficiently large ball—a deep-lying but well known
regularity result for weak solutions to (1.1)—(1.3). For this theorem to hold, some additional conditions
on the data and on v are needed. According to [63, Satz III1.5.1], Theorem 6.2 is valid if (A3) and the
following assumptions (A4)-(A8) are satisfied. We introduce the conditions in (A4)—(A8) only in view of

that theorem; they will not be exploited in any other context. Functions v, ¢ with properties as in (A3)

and (A5)—(A8) exist by [63, Satz I1.4.1; p. 306/307; Satz I1.5.1].

(A4) There are constants § € (5/2,00), d € (0,1), ¥ € (0, 1/4] such that vy € D(Ag”‘w) N
Lg/s(ﬁc), and such that g belongs to C?([0,00), L2(Q°)?) N L} ([0, 00), L3(€1°)3), as well as to
L7 (0,00, L¥(Q°)?) for 7 = s = g and for r = 2, s = 9/8. Moreover g € L(0,00, L2(Q°)3) and

lg(@)ll2 — 0 (t — o0).

(A5) v/ € LL (0,00, L"(Q°)3) with ¢ = 3/2, r =9/8 and ¢ = r = 5/4,
ve Ll (0,00,B) with ¢ =3/2, B = D(Ag/s) and ¢ = 5/4, B = D(As,4).

(A6) There is a measurable mapping g : (0,00) — L'/7(Q°)NL5(Q°) such that ¢ € LY, (0,00, L"(Q))
with ¢ = 5/4, r = 15/7 and ¢ = 3/2, r = 9/5, and V0 belongs to L} (0,0, L7 (Q°)3) with

g=r=>5/4and ¢ =3/2, r =9/8, and such that the pair of functions (v, ) satisfies (1.1).
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(A7) The function v is a “suitable weak solution”, in the sense that

t
/w(t)-\v(t)|2dx+// @-\V$v|2dxdr
o° s JQ°
¢
< [ e uldo s [ [ 0B (ot Brg) 4 (o +2:0)- 0 Vo2 (Pag-0) o] dodr
Q° s JQ°

for a.e. s € (0,00), for any t € [s,00) and for ¢ € C2(2° x [0,00)) with ¢ > 0.
(A8) |lv(@)|3+2- f: Vev(r)||3dr < |lo(s)||3+2- f: Jae g - vdxdr for a.e. s € (0,00), for s = 0 and for
any t € [s,00).

Our main result may now be stated as follows.

Theorem 1.1. Under the assumptions (A1)~(A3), the relation v € C°(]0,00), L2(Q2°)3) + C°([0, 00),
L3/4(Q°)3) holds.

Moreover, if the conditions in (A1)—(A8) are valid, then there are constants Ry, co € (0,00) such that
Qc Bpr, and

w(z,t)| < o - ||~ ™5 for any t € (0,00) and a.e. € B, - (1.6)

We remark that the assumption p > 7/6 in (Al) may probably be replaced by the requirement
1 > 1+ ¢, for some € > 0. But such a generalization would give rise to additional technical problems
we wanted to avoid. Of course, if in (A1) we drop the condition vy € Ly 4(56) and require instead that
> 12/5, we still have vy € L5/4(Q°)3. Hence, by [29, p. 119] and the assumption vy € L2(Q°), we recover
the relation vy € Lg/ 4(Qc). Thus a slightly less general but somewhat more explicit variant of (A1) reads
like this:

(A1) wo € L2(Q), and there is Sp, Co > 0, p € (12/5, co) with |ve(y)| < Co - [y|* for y € Bg, .

Inequality (1.6) is optimal for u € [7/6, 13/5], in the sense that for such p, the velocity part of the
solution in question reproduces the decay rate of the initial data. The upper bound 13/5 is ultimately
due to the fact that for weak solutions as in (A3), the nonlinearity (v - V)v belongs to L/4(Q%)* ([32];
Theorem 6.1). We did not address the question as to which is the largest range of functions g such that
inequality (1.6) remains valid. Instead we restricted ourselves to giving an example, that is, (A2), of a
list of suitable assumptions.

Our results are similar to those in [25], where the Navier—Stokes system with Oseen term,

O — A+ 70 v+7- (V- Vy)v+Veo =g, divao=0 in Zp:= Q° x (0,7) (1.7)

is considered for a given number T € (0, 00]. But there is an important difference between the theory
in [25] and the one presented here: whereas in [25], we consider only strong solutions of (1.7), here
we admit weak solutions to (1.1). There are essentially two reasons for this disparity. The first concerns
boundedness of solutions to (1.1) and (1.7), respectively, outside a large ball. As mentioned further above,
such a boundedness property is well known for weak solutions of (1.1)—(1.3) (Theorem 6.2). However,
no such result seems to be available for solutions of (1.7), neither for weak nor for strong ones, so an
appropriate estimate had to be proved in [25, Lemma 4.2]. But the proof of that estimate carries through
only for strong solutions.

The second major reason why weak solutions are admitted here but not in [25] is related to a key
feature of our theory both here and in [25], that is, integral representations of the velocity part of
solutions to a linearized problem—the Stokes system (1.8) here and the Oseen system in [25]. These
integral representations give access to decay estimates of solutions to the respective linearized problem:;
in a second step, these estimates are then extended to the nonlinear case. The integral representations
established in the work at hand are Green’s formulas, whereas in [25, Theorem 3.4] we solved an integral
equation on the boundary Sp in order to obtain a suitable representation. In the context of (1.1) or
(1.7), Green’s formulas have the disadvantage of featuring a critical term involving the trace on 9 of
the pressure and of the first-order space derivatives of the velocity. In the work at hand, this critical
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term is handled in Corollary 5.1 below, which is perhaps the key observation of the present theory, giving
rise to the number 13/5 in the decay rate O(|z|~™»{#13/5}) in (1.6). But it is not self-evident that
Corollary 5.1 can be exploited in the nonlinear case. In fact, here this will be possible—via Theorems 5.2
and 6.3—because of the relation (v-V,)v € L%*(Z,)? (stated in Theorem 6.1) and due to maximal
LP/*-regularity of solutions to the linearized problem (1.8)—(1.10) (stated in Theorem 3.5). In the context
of the Oseen system, though—used as linearized problem in [25], as mentioned above—such regularity
does not seem to be available. By choosing an approach via an integral equation in order to arrive at
a suitable representation formula, we were able in [25] to circumvent this difficulty. In fact, the formula
obtained in this way does not feature the critical term just mentioned. But the requirements we had to
impose on the data of the integral equation in question are such that when we applied our linear theory
to the nonlinear equation (1.7) [25, Section 4], we could only admit strong solutions.

Some remarks are perhaps in order as to how we structure our argument. As already mentioned above,
we use the Stokes system

Ou —Ayu+Vep=f, divzu=0 in Z (1.8)

as linearization of (1.1). Equation (1.8) is supplemented by boundary and initial conditions as in (1.2)
and (1.3), respectively:

u[Seo =0, u(x,t) =0 (Jz| — o0) for ¢ e (0,00), (1.9)
u(x,0) = ug(x) for z e Q. (1.10)

In Sect. 3, we will present various auxiliary results related to problem (1.8)—(1.10). These results are
essentially well known, but some technical subtleties seem to be new, or at least we do not know any
reference for them. This is true in particular for a uniqueness theorem for mild solutions of (1.8)—(1.10)
(Theorem 3.4), which slightly differs from the usual one, as stated for example in [50, Corollary 4.1.5].
This theorem allows to identify L2-weak solutions and certain mild solutions to (1.8)—(1.10) (proof of
Corollary 3.2), and thus gives access to a result on spatial regularity of weak solutions to (1.8)—(1.10)
(Corollary 3.2). A much more deep-lying regularity property—maximal L5/4-regularity—is also valid for
problem (1.8)—(1.10) and is needed for our argument, as indicated above. We will present this property
in Theorem 3.5, referring to [31] and [47] for a proof.

Section 4 provides integral representations of the velocity part w of solutions to (1.8)—(1.10). In the

first part of that section, we will require two sets of assumptions: either ug € D;;Z’5/47 f e LP4(Zy)3,
or ug €V, f € L?(Zs)3. Actually, in the second case, it would be sufficient for our purposes to assume
f =0, but we will admit more general functions f as long as they do not give rise to additional difficulties.
For both sets of assumptions, we will establish a Green’s formula, expressing v by a sum of certain
integrals, one of them involving the pressure (Theorem 4.2). In the second part of Sect. 4, we will derive
a representation theorem for u under the conditions that f = 0 and the initial data only belong to
L2 (ﬁc) In this situation, the difficulty arises that the pressure has very low regularity near ¢ = 0. In
order to circumvent that obstacle, we will use the fact that u(tg) € V for g > 0. This means that the
representation formula derived in the first part of Sect. 4 is valid with u(- + ¢p) in the role of u. After
transforming this formula in such a way that the pressure is eliminated, we will then let ¢y tend to zero,
obtaining an integral representation without pressure term (Theorem 4.3).

In Sect. 5, we will exploit our representation formulas in order to study the asymptotic behaviour of
the velocity part u of solutions to (1.8)—(1.10), under the assumptions ug = vy with vg from (A1), and
f = g+g with g from (A2) and § € L%/*(Z,,)>. The decay result we will obtain is stated in Theorem 5.2.
In the proof of this theorem, we will split % into a sum u" +u(?, with (! being a solution of (1.8)—(1.10)
for f as above and uo = 0, whereas u(?) solves (1.8)—(1.10) for ug as above and f = 0. We may apply to

u(!) the representation formula valid under the conditions g € D;;i’ /% and f € L5/4(Z.)? (see Theorem
4.2). The spatial asymptotics of ™ will then be determined by evaluating the integrals appearing in that
formula—with one exception: there is a volume potential, denoted by PR(g) and involving the function g,

that will not be analyzed until we consider the nonlinear problem (1.1)—(1.3) in Sect. 6, where we will
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take g = —7 - (v - V,)v. Concerning u(?), we will derive suitable decay estimates of u(?)|(0,1] by using
the representation formula that does not involve the pressure (see Theorem 4.3). Unfortunately we could
not see how this formula might yield such estimates uniformly in ¢ € (0,00). In order to get around this
difficulty, we will use the fact, established in Sect. 3 (Corollary 3.2), that u(?)(1) € D(As,4), where A5 /4

is the Stokes operator in L%/4(Q°). Since D(As4) C D;;Z’5/4, we will be able to obtain an integral

representation of u(?)(- + 1) by again using the formula valid in the case ug € D;;i’5/4, feL*Zy)?
(see Corollary 3.4, Theorem 4.2). This representation will then lead to decay estimates of u(?) on (1, 00).
We remark that Corollary 5.1—the corollary we discussed further above —enters into the estimate of u(!)
and u®|(1, 00).

The last section—Sect. 6—deals with the asymptotic behaviour of the function v introduced in (A3) as
velocity part of a weak solution to the nonlinear problem (1.1)—(1.3). As indicated above, we will consider
v as a solution to the linear problem (1.8)—(1.10) with the right-hand side f replaced by g — 7 (v- V)v,
a point of view allowing us to apply the decay results from Theorem 5.2 to v. In this way the problem
reduces to determining the spatial asymptotics of the volume potential 2(g) mentioned above, with
—7 - (v - Vg)v in the role of g. In a first step in this direction, this potential is transformed by an
integration by parts into a term—denoted by 2—with a space derivative acting on the original kernel
and with the nonlinearity —7- ((v;-0;)vr)1<k,1<3 replaced by 7- (v;- vk )1<k,i1<3. Thus we will have to study
the asymptotic behaviour of the potential 2. Our starting point in this regard is Theorem 6.2, which was
already mentioned above and which states, as we may recall, that v is bounded pointwise outside a large
ball, uniformly with respect to time. On referring to this theorem, using an argument by Babenko [4], and
applying the decay estimates from Theorem 5.2, we may show that |v(x,t)| = O(|z|~7/°) for |z| — oo,
uniformly in ¢ € (0,00) (Theorem 6.4). Once this result is available, it will be possible to prove that 2
decays with a rate higher than —7/6. Referring to Theorem 5.2 once more, we will then conclude that
the function v also decays with this higher rate. The technical details of this argument may be found in
the proof of Lemma 6.6. Depending on the size of the parameter u from (A1), this reasoning either yields
the looked-for inequality (1.6) directly, or has to be repeated, leading to (1.6) after a finite number of
iterations.

2. Notation: Preliminary Results

Recall that in Sect. 1, we introduced the open bounded set Q with C2-boundary 0. This set will be
kept fixed throughout. The notation Q°, also introduced in Sect. 1, is generalized to A°¢ := R3\A for
any A C R3. We additionally recall that we defined Zy := Q° x (0,7) and Sp := 9Q x (0,T) for
T € (0,00]. Let n(*) denote the outward unit normal to Q. We put B,(z) := {y € R® : |z —y| < r}
for x € R3, r >0, Bg := Bs(O), Qg = Bs\ﬁ, ZS,T = Qg X (O,T) for S € (0,00), T e (0,00] Set
er = (8;1)1<j<3. For a multiindex o € Nj, we use the abbreviation || for the length oy + a2 + as of a.

We write C' for numerical constants, and C(vy1,..., 7,) for constants depending on quantities
Y1, « -y Yn, for some n € N. If U is a vector space consisting of functions from an arbitrary nonempty set
Ainto K, with K=Ror K=C, and if m € N, we put " :={F: A— K" : Fy,..., ,F, €0} I | |
is a norm on Y, we will use the same notation || || for the norm (Z;nzl | F;]|%)Y/2 (F € B™) on V™.

For n € N, A C R3 measurable, ¢ € [1, 0], the usual norm of the Lebesgue space L9(A) is denoted
by || |l4- The same notation is used for L%-norms on 99 and on Sy. For ¢ € (1,00) and A C R?® open, we
define L4 (A) as the closure of the set {v € C§°(A4)? : divv = 0} with respect to the norm of L(A)3.

Let A C R® be open. Then, for m € N, ¢ € [1,00), we write W™4(A) for the usual Sobolev space
on A of order m and exponent g. The standard norm of W 9(A) is denoted by || |lm,q- In the context
of the resolvent equation (2.1), Lebesgue and Sobolev spaces are to be understood as spaces of complex
valued functions; otherwise they are to consist of real valued functions. For brevity, we write V for the
closure of the set {v € C§°(A)? : dive = 0} in W12(A)2. The symbol V' stands for the usual dual space
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of V.. The subspace W["?(A) of W™14(A) is defined in the standard way. By W,""?(A), we designate the
set of all functions w : A +— R with w|K € W™4(K) for any bounded open set K C R with K C A.

Let a,b € RU{—00,00} with a < b. If B is a Banach space and ¢ € [1,00], then the usual norm of
the space Li(a,b,B) is denoted by || I a(a ). However, if ¢,r € [1,00], 0 € {1,3}, T € (0,00] and A
a measurable subset of R?, we write || ||, 47 for the norm of the space L(0,T, L"(A)7).

Let T € (0,00], ¢ € [1,00], and let B again denote a Banach space. Then we write L, (0,7T,B) and
WL9(0,T,98), respectively, for the set of all functions v : (0,T) +— 9B such that v|(a,b) € LI(a,b,B) and
v|(a,b) € Whi(a,b,B), respectively, for any a,b € (0,T) with a < b. On the other hand, we use the
notatlon L} ([0,T), B) for the space of all functions v : (0,T) — B with v[(0,7") € L1(0,7",B) for any

€ (0,T). The space Wlif([() T),B) is to be understood in an analogous way.

If a,b € RU{—00,00} with a < b, A C R3 open, o € {1,3} and w : A x (a,b) — R a function such
that for any « € A and t € (0,00), the term V,w(x,t) is well defined, we write V,w for the function
(x,t) — Vyw(z,t). The notations Ayw and divyw are used with an analogous meaning. For a Banach
space B, a function w : (0,00) — B and for ¢y € (0,00), we define w(- + tp) : (0,00) — B in an obvious
way. The same notation will be used for functions w : [0, c0) — B.

For ¢ € (1,00), the set D(A,) and the operator A, (Stokes operator) are defined in the passage
following Theorem 2.4. The space D;;Z’W * is introduced in the remark preceding Theorem 3.5. For the
definition of the fractional powers of Ay appearing in (A4), we refer to [56, p. 133-134].

Let us now point out some properties of LP- and Sobolev spaces.

Theorem 2.1 [29, Theorem I11.1.2]. Let ¢ € (1,00). Then, for any F e L1(Q°)3, there are functions
Py(F) € LLUQ) and Go(F) € WEI(QF) with VG (F) € LY(Q°)3, F = Py(F) + Gy(F), and ||Py(F)|, +
IVGo(F)llq < C(Q2q) - [[Fllq-

Theorem 2.2 [29, Section IT1.4.2]. Let q € (1,00), v € Wy 4(Q°) with divv = 0. Then there is a sequence
(pn) in C2(Q°)? with divp, =0 forn € N and ||¢, — v||1,4 — 0.

Inversely, if v € Wl’q(ﬁc)3, and if there is a sequence (p,) with the above properties, then v €
Wy (Q°)? with dive = 0.

Lemma 2.1. Let ¢ € (1,3), k € (1,00), v € W Q) n L#*(Q°) with Vv € LYQ)3. Then v €

loc

L2/ G=D(Q) and [[v]|3.q/(3-q) < C(2,9) - [|V]]4-
Proof. Proceed as in the proof of [24, Lemma 2.4], where the case ¢ = 2 is treated. O

The ensuing lemma gives a link between Bochner and Lebesgue integrals.

Lemma 2.2. Let J C R be an interval, n € N, U C R" open, q € [1 oo) I J — Lq(U) integrable as a
Bochner integral in LY(U). Then [, |f(t)(x)|dt < oo and [, f(t)(z (f; f( x) for a.e. z € U,
where the first integral in the preceding equation is a usual Lebesgue mtegml and the second a Bochner
integral.

Proof. Compare the proof of [23, Lemma 3.5], where the case ¢ = 2 is treated. O

The next lemma should be well known. But since we cannot give a reference, we indicate a proof for
the convenience of the reader. This lemma will be applied frequently but mostly implicitly in Sect. 4.

Lemma 2.3. Let ¢ € (1,00), u € Wh([0,00), LY(Q)). Let ' denote the weak derwative of u as a

loc
function from (0,00) into Lq(QC). Then the weak derivative Oyu of u as a function from Zs, into R exists

and Oyu(- ,t) = u/(t) for a.e. t € (0,00).

Proof. Let ! € CSO(RS) with a >0, supp(a) C By, fBl a(z)de = 1. For e > 0, W € LI(Q°), = € R,
put Je( = fgse?ale - (z—y)) - W(y)dy (“Friedrich’s mollifier”; see [1, Section 2.17]). The
mapping JE is a hnear and bounded operator from L4(Q°) into L2(Q°).
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Let e >0, we L'(0,00, L9Q)). Since the operator J, is bounded, we have .J, (oo w(t)dt) =

fo ))dt, where the preceding integrals are to be understood as Bochner integrals in L9(Q°).
Due to the standard properties of Friedrich’s mollifier, the preceding equation means that the term
fo <( dt)( ) is a continuous function of y € Q°. On the other hand, the Lebesgue integral
fo o ( (y) dt is a continuous function of y € Q°, as follows by Lebesgue’s theorem and again by stan-

dard properties of Friedrich’s mollifier. Now we may conclude with Lemma 2.2 that ([, Je(w(t)) dt)(y) =
Jo" Je(w(t))(y) dt for any (and not only for a.e.) y € Q.
Let € > 0 and ¢ € C§°(Z ) For z € Q°, we have ((z, - ) € C5°((0,00)), so by the preceding part of

this proof and because u € W,,7([0, 00), LI(Q")), we get

| e g (/ () dt) ) == [ actat) g ule) e

for any y € Q°. On choosing y = =, integrating with respect to 2 € Q°, and using Fubini’s theorem, we
get [, C(x,t)-Je(u'(t)(2) d(2,t) = — [, 9((x,t)- Je(u(t))(2) d(z,t). On the other hand, by a standard
property of Friedrich’s mollifier and by Lebesgue’s theorem, [;°[|Fe(- ,t)|lqdt — 0 (¢ | 0) in the case
Fo(z,t) = ((z,8) - [T (v (8)) —u/(8)](x) for (z,t) € Zoo, € > 0, as well as if F(z,t) = —0((x,t) - [Je(u(t)) —
u(t)](z) for (z,t), € as before, Thus we may conclude that fZ ¢-ud(z,t) = —fZ 0i¢ - ud(z,t). This
proves the lemma. U

We will frequently make use of the fact that the fundamental theorem of calculus is valid for functions
from Whl(a,b,B) if B is a Banach space:

Lemma 2.4. Let B be a Banach space, a,b € R with a < b, v € Wh1(a,b,B). Then, possibly after a

modification of v on a subset of (a,b) of measure zero, we have v € C°([a,b], B) and v(t) — v(tg) =
ftz v'(s)ds for t tog € [a,b], where the preceding integral is to be understood as a Bochner integral in B.

Proof. We refer to [56, Lemma IV.1.3.1] and the remark in [56, p. 193 below]; also see [60, Lemma
3.1.1). 0

Next we turn to the divergence equation.

Theorem 2.3. Let R > 0 with Q C Bpg. Then, for any F € C§°(Qr) with fQRFdac = 0, there is a
function D(F) = Dq r(F) € C*(Qg)3 with divD(F) = F. The operator ® may be chosen in such a
way that it is linear, and such that for q € (1,00), there is a constant Co(Q, R, q) > 0 with |D(F)|1,4 <
Co(S, R, q) - || Fllq for F as before.

Proof. [11, Theorem 2.4]; also see [29, Section IIL.3], in particular [29, Theorem III.3.2]. O
We will need some results about the Stokes resolvent problem.

Theorem 2.4. Let ¢ € (1,00), A € C\(=00,0], F € LIYQ°)3. Then there is a unique function U €
W24(Q)3 N Wy (Q9)? N LLQ°) and a function TT € W9(Q°), unique up to a constant, such that
VII € L4(Q°)? and

_AUHN-U+VI=F, divU =0. (2.1)
Let 9 € [0,m). Then, for A € C\{0} with |arg A\| <O and for F, U as above, we have ||Ull; < C(Q,9,q) -
AT (1 -
Proof. See [12,30], or [19-21]. O

Theorem 2.4 may be reformulated in terms of the Stokes operator on ﬁc, which we denote by A, and
define as follows:

For ¢ € (1,00), put D(A,) := W>9(Q)3 n W, 9(Q)> N L"), Agv:= —P,(Av) for v € D(4,),
with P, introduced in Theorem 2.1.

An operator-theoretical variant of Theorem 2.4 may now be stated like this:
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Corollary 2.1. Let ¢ € (1,00). For A\ € C\(—00,0], the operator v — A+ A -v, v € D(A,), is
a bijective linear mapping onto LL(Q°). We denote its inverse (Stokes resolvent) by R(, A,), so that
RO\ Ay) : LE(Q°) — D(Ay) with R(\, Ag) AJW = —X- RO\ Ag)W + W for W € D(A,).

Let 9 € [0,m). Then |R(\, Ay) Fllq < C(,3,q) - |A|7L - ||[Flg for X € C\{0} with |arg )| <9, F €
L1(Q°).
Proof. This corollary follows from Theorems 2.4 and 2.1. O

Corollary 2.1 allows to introduce “mild solutions” to (1.8)—(1.10). We recall some facts in this respect
which will be relevant later on:

Theorem 2.5 [27, p. 101-105]. Put T := {r-e™*" : r € [1,00)} U {e"? : ¢ € [-9,9]} U {r- 6“9 RS
[1,00)}, for some fired 9 € (7/2, 7). Let q € (1,00), ug € LL(Q°), and put e~ Aaug := (2-7-1) f eMt
R(\, Ay) ug dt fort € [0,00), where the integral is to be understood as a Bochner integml in L1(Q°), and
where T is to be oriented from —oo - e~ "V to oo - e*?.

Then the function t — et Aaug, t € [0,00), belongs to C°([0,00), LL(Q2°)) N C((0,00), LL(X)), and
e tAayg € D(A,) with d/dt (e~ Aaug) = —Age~ Aaug fort € (0,00), e~ O Aaug = uy.

In the next lemma, we settle a technical point involving Eq. (2.1).

Lemma 2.5. Let A € C\(—00,0], ¢1,q2 € (1,00), F € L®(Q°)3 N L2(Q°)3. Fori e {1, 2}, let U) ¢
D(A,,), 1) ¢ VV1 @ ) such that VII'%) e L) (Q)3 and the pair (U9, 11)) solves (2.1) with
U@) 11 4n the place of U, 11, respectively. Then U4 = U(22),

Proof. For ¢ € C°(Q°)%, r € (1,00), let W) (p) € D(A,), A7) (p) € WL (Q°) such that VAT (p) €
L7 (Q%)? and the pair (W) (), A1) () solves (2.1) with U, II, F replaced by W) (o), A (¢), ¢, respec-
tively.

Take 7, ¢ € (1,00) with WH¢(Q%) ¢ L™ (Q°) and W' (Q°) ¢ LI (Q°). Further take ¢, 1 € C5°(Q°)3,
and abbreviate U := W) (p), I := A (p),V := WD (), R := A9 (¢)). By Theorem 2.2, there is a
sequence (7,) in C§°(Q°)? with div~y, =0 for n € N and ||y, — Ul|1.» — 0. Then

’

n—0o0 n—oo

/ U-t¢dr= lim 'yn Ydr = hm/ Yn - (AV + XV + VR) dz
o

= lim (Vyn - VV + X 'yn~V)d:r:/(VU-VV+)\-U~V)d:v, (2.2)

n—oo [gGe ac
where the second equation is valid because of (2.1), and the last one holds since Wh¢(Q°) ¢ L™ (Q°).
Again referring to Theorem 2.2, we choose a sequence (p,) in C5°(Q°)? with [lo, — V14 — 0 and
div 9, = 0 for n € N. Then we deduce from (2.2) that

/ U-t¢dr= lim (VU~VQn+)\-U-Qn)dx:/7 -V, (2.3)
a° n—oo Jge a°
where the first equation holds due to the relation W (Q°) c L7 (Q ) and the last one due to (2.1).

Now let r € (1, 3/2] so that W (Q%) c L¥2(Q°), W3(Q°) c L™ (Q°). Thus by (2.3) with ¢ = 3, we
get [oe W (0) - pda = [qe - WO () da for ¢, 1 € CF° (Q%)3. This implies that W) (@) = WG/2) (o)
for o € C2(Q°)3, r e (1, 3/2].

Next let 7 € [3/2, 3] so that W' (Q°) ¢ L*(Q°) and W'3/2(Q°) ¢ L (Q°). Thus we may again use
(2.3), this time with ¢ = 3/2, to obtain [ W () - thda = [ o - W2 () da for ¢, ¢ € C§(Q°)>.
Therefore W) (p) = WG/2) () for ¢ € C3°(Q°)3, r € [3/2,3).

Finally take r € [3,00). Obviously W' (Q%) c L"(Q°), W' (Q°) c L”(Q°) and +' < 3, so by
(2.3) with ¢ = " we have [ W) (p) - ¢pdz = [oep - W) da for ¢, ¢ € C°(Q°)%. But since
' < 3/2, we already know that W) () = WG/2 (). Thus we may conclude that W) () = W& (¢)
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for r € [3,00), ¢ € C5°(°)3, hence W) (¢) = WG/2)(p) for such ¢ by what we showed before. Now
Lemma 2.5 follows by a density argument based on the previous equation and the inequality at the end
of Theorem 2.4. O

In the rest of this section, we define and discuss various potential functions. We begin by introducing
the usual heat kernel in R3, which we denote by $:
9z, t) = 4-7-t)73/2. B ACL I (2,t) € R3 x (0, 00),
9(2,0):=0 for z € R*{0}.

Furthermore, we introduce a fundamental solution of the time-dependent Stokes system by setting as
in [51]

Lir(z,t) == 0,1 9H(z,1) +/ 0;0k9(z,8) ds, Ep(x):=(4- 7r)*1 A |:v|*3
t

for (z,t) € B := (R3 x (0,00)) U (R*\{0} x {0}), z € R3\{0}, 1 < j, k <3.

Theorem 2.6. 9, I'j; € C°(B); for z € R?, t € (0,00), o € N3, | € Ng, j, k € {1, 2, 3}, the estimate
101029 (2, )| + |0L02T i (2, 1)| < C (1, |a]) - (2|2 + ) =3/2=1el/2=1 holds.

Proof. See [57] for the estimate of $), and [51] for that of T'. O
Lemma 2.6. [ 9(z,1) dt =1 for z € R3.
Lemma 2.7. [0°Ey(2)| < C(a) - |z|7271°l for z € R3\{0}, a € N3 with |a| < 1.

Theorem 2.7. Let v,q € [1,00] with ¢ < v, s € [1,00]. Let h € L*(0,00, L4(R3)), M € (0,0), j, k €
{1, 2, 3}. Let a € N3 with |a| < 1. Suppose that 1 —|a|/2+ 3 (1/v —1/q)/2 > 1/s. Then, if v < oo,

0o v 1/v
L[ om0 05Tate =t = o)l o)l dy de ) o]

S C(Vv q, 5) ! MS.(l/Vil/q)/dei‘al/zil/s : ”thyS;OO fO’I“ any te (07 OO)

If v = o0, the preceding inequality has to be modified in an obvious way (pointwise estimate for any
r€R3). If1—|a|/2+3-(1/v—1/q)/2 < 1/s, the preceding inequality holds with X(M,o0) 0 the place of
X (0,M) if v < 00, and with obvious modifications in the case v = oo (pointwise estimate for any x € R?).

Proof. Theorem 2.7 follows by the proof of [25, Theorem 2.8] and [22, Lemma 2.7]. In these references an
Oseen fundamental solution takes the place of the Stokes fundamental solution I appearing above. But
the argument in the proof of [25, Theorem 2.8] and [22, Lemma 2.7] consists in first applying Minkowski’s
and Young’s inequality for integrals, then performing a change of variables which turns the Oseen into the
Stokes fundamental solution, and finally calculating the integrals arising in this way. So this reasoning also
works here; it even simplifies because the change of variables just mentioned is no longer necessary. [

Lemma 2.8. Let ¢ € [1,00), s € (1,00], A C R? measurable, T € (0,00]. Suppose that h is a function
belonging to the space L*(0,T, L1(A)?), and write h for the zero extension of h to Z,. Then the integral
fot Js IT(z —y,t — o) -h(y,0)| dy do is finite for any t € (0,00) and z € R3\N;, with Ny C R3 a set of
measure zero that may depend on t.

If s > 2, an analogous statement is true for fot Jgs 0T (x —y,t—0) iNL(y, o) dy do, with | € {1, 2, 3}.

Proof. Choose v € (g, 0) so close to ¢ that 1+3-(1/v—1/q)/2 > 1/s. (Note that s > 1.) Then the first
part of Lemma 2.8 follows from Theorem 2.7 with M = ¢. The second part may be shown by the same
argument, with v € (g, 00) chosen in such a way that 1/24+3-(1/v —1/q)/2 > 1/s. O

We remark that the condition s > 2 at the end of Lemma 2.8 may be dropped if the last statement of
the lemma is to hold only for a.e. (x,t) € R? x (0,00), instead of for any t € (0,00) and a.e. x € R?; see
[22, p. 898 below].
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Lemma 2.9. Let g € [1,00], ¢ € LY(R?). Then [ps H(x —y,1t) - |c(y)| dy < oo fory € R®, ¢ > 0.

Proof. Use Lemma 2.6 in the case ¢ = co and ¢ = 1, and Theorem 2.6 combined with Holder’s inequality
else. d

Now we are in a position to define two volume potentials we will need in the following. Put

h)(x,t) ::/0 /]Rgf(x —y,t—0)-h(y,0) dy do

for h, h as in Lemma 2.8, for ¢ € (0,00) and for a.c. z € R3,
) (z,t) = | @ —y,t)-cly) dy
-
for ¢ € LI(R?)? with some ¢ € [1,00], and for z € R?, ¢ > 0.

Theorem 2.8. Let i) € CJ(R?)3. Then J()(x,€) — () (€ | 0), uniformly in x € R3.
Proof. Well known; compare [26, Theorem 1.2.1]. O

Lemma 2.10 [23, Lemma 5.10]. Let g € (1,00), F € LL(Q°), z € R®, ¢ > 0. Then Jae D(z—y,t)-F(y) dy =
J(F)(x,t).

Next we introduce a single layer potential related to I'. In fact, by Theorem 2.6 and Lebesgue’s theorem
we get

Lemma 2.11. Let s,q € [1,00], T € (0,00], ¢ € L*(0, T, LI(9Q)3). Then, for x € R*\9Q, t € (0,00), the

integral fg Joq IT(x —y,t —0) - ¢(y,0)| doy, do is finite, where ¢ denotes the zero extension of ¢ to Su
Thus we may define B(p) : (R3\IQ) x (0,00) — R3 by setting

)(z,t) //aQ (x—y.t—0) oy, o) doy do
for x,t as before. We have B(p)(- ,t) € CO(R3\9N)? for t € (0,00).

In the last part of this section, we deal with a truncated version of I" appearing in the potential
function Kg(u) defined below. This potential function will be part of a representation formula without
pressure term (Theorem 4.3). For the definition of this modification of I', we introduce a family of cut-off
functions. Put R(Q2) := inf{r € (0,00) : Q C B, }. For any S € (0,00) with Q C Bg, we have S > R({),
so we may fix a function g € C§°(R?) with 0 < g < 1, pg(z) =1 for & € B(g)+s)/2, ¢s(z) =0 for
r € R3 with |2| > (R(2) +3-9)/4.

Lemma 2.12. Let S € (0,00) with Q C Bg. Then pg|0Bs =0, ¢s|Q =1 and Vs € C5°(Qs)3.

For S € (0,00) with Q C Bg, 2 € By, y € Qg, 7 € [0,00), we put

Ms(x,y,7) (Z@kcpg (z—y,r)) .
1<j<3

Lemma 2.13. Let S € (0,00) with Q@ C Bg, = € Bg , r € [0,00), | € {0,1}. Then the function
O Ms(x, - ) belongs to C5°(Qs)? and [, OLMs(x,y,r) dy = 0.

Proof. Since # € Bg', the function y — T'(z — y,r) (y € Bs) is in C'(Bg)**® (Theorem 2.6). Let
Jj € {1, 2, 3}. We note that 22:1 Oy Ljk(x —y,r) = 0 for y € Qg, so the mean value of the function
y — OLMs j(z,y,r) on Qg equals — [, Zizl oL (z—y,r) ~n§€Q) (y) doy. The preceding integral coincides
with [, Zi 1 0y OLT k(2 — y,7) dy, and thus vanishes. O

Y ~r
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Due to Lemma 2.13 and Theorem 2.3, we may define a function Gg : Bg' x Qg x [0, 00) — R3*3 for
S € (0,00) with © C Bg by setting
GS(J?, Y, T) = [@S(y) ’ Fjl(x - Y T) - QQ,S (MS,j (l‘, ' ,7"))[ (y)] 1<5,1<3
for z € By, y € Qg, r € [0,00), with the operator Dq g introduced in Theorem 2.3.

Lemma 2.14. Let S € (0,00) with Q C Bg, x € Bs', re [0, 00).
Then Gs(z, - ,r) € C®(Qs)*3, S _, 0, Gsji(z,y,r) = 0 fory € Qs, 1 < j < 3, Gs(z,y,7) =
[(x—y,r) fory e 9N, Gs(x,y,r) =0 fory € OBg.

Proof. Lemma 2.14 follows from Lemma 2.12, 2.13 and Theorem 2.3. O

Lemma 2.15. Let S € (0,00) with Q C Bg, « € B, and define L(y,r) := T(x — y,r) fory € Qg, r €
[0,00). Let g € (1,00). Then the mapping r — L(- ,r) (r € [0,00)) belongs to C([0,00), W14 (Qg)3*3),
with d/dr(L(- ,7))(y) = 0,T'(x — y,r) forr € [0,00), y € Ng.

Proof. Since dist(x,Qg) > 0, the function L and its derivatives are uniformly continuous and bounded
on Qg x [0,T7], for any T € (0,00) (Theorem 2.6). O

Lemma 2.16. Let S € (0,00) with Q C By, x € By , q € (1,00). Then the function r — Gg(z, - ,r) (r €
[0,00)) belongs to C1([0,00), Wh4(Qg)3*3), and

d/dr (Gs,ji(x, - 7)) (y) = ¢s() - O Ljk(x —y,r) = Da,s (O- Mg j(x, 7)), ()
fory e g, ref0,00), 1 <j,k<3.
Proof. Lemma 2.16 follows from Theorem 2.3 and Lemma 2.15. O
Lemma 2.17. Let S € (0,00) with Q@ C Bg, S1 € (S,00), ¢ € (1,00), = € B, r € [0,00), | €

{Oa]-}a Ve {17 2, 3} Then Hdl/dTl(Gs(.’E, ’ aT))”q < C(qua Sa Sl) : |x|7372'l and Hal/(GS(xv : »T))”q <
C(qu7S7S1) : |.’II|_3.

Proof. We find with Lemma 2.16, Theorem 2.3 and 2.6 that

1/q 3
||dl/drl<Gs<x,~,r>>||qs</ |a£r<w—y,r>|qdy) + > [P0 (9hMs (. -.1) o

Qs j,k=1

1/
o)

S

< C(©,4,5)- ( / |air(w—y,r)|qdy)l/qscm,q,a - ( /
h (2.4)

But for y € Qg, we have
|z =yl > |z| = |yl = (1 = 5/51) - |z[ + (S/S1) - [#| =S > (1 = S5/S1) - |=]. (2.5)

Thus the first estimate in Lemma 2.17 follows from (2.4). As for the second one, we observe that by
the same references as above,

l,q

1/q 3
10, (@@, - 1) [l < ( | - y,mdy) 103 190 (Msya, 1),
S

jk=1

1/q 1/q
gc~(/ x—y|—4'qdy) +c<9,q,s>-(/ |r<x—y,r>|qdy)
Qg Qs

1/q
<C(S,Sl>-|x|‘4+0(9,q,S)-(/ x—y—?’ﬂdy> <C0(Q,q,8,51) |z 72
Q

S

O
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Lemma 2.18. Let S € (0,00) with Q C Bg, S1 € (S,00), u € C°([0,00), L*(Qs)3), w € L*(Zs,)?, = €
B§ , t€(0,00), o € N§ with || < 1. Then

t
/ / (d/dr (Gs(a, - .t — 1) (9) - u(y,r)| dy dr < C(Q,5,81) - |a]> - llulZs.e .1
0 Qg

t
| [ 105Gt =r) i)l dy dr < O@5.80) o] 072 ol Zs o
0 Qs
Proof. Using Holder’s inequality, we see that the left-hand side of the first inequality in the lemma
is bounded by Ji(fo_ d/dr(Gs(z, - 1t — ))(y)dy)"/? - [u(r)|Qs]l2 dr, hence by C(2,8,81) - 2] -
fot lu(r)|]2 dr (Lemma 2.17), and thus by C(£, S, S1) - |z|~° - |[u|Zs,¢]|2,1;+. This proves the first estimate.

The second follows by an analogous argument. (I

Lemma 2.19. Let S € (0,00) with Q C Bg, S1 € (S,00), u € C°([0,00), L*(Qs)?), z € B, s,t € [0,00).
Then fQS |Gs(z,y,t) - u(y,s)| dy < C(Q,5,81) - |z|=3 - |lu(-, 5)]2-
Proof. Holder’s inequality and Lemma 2.17. O

_ In view of Lemmas 2.18 and 2.19, we may introduce a volume potential f£5(u) for S € (0,00) with
Q2 C Bs and u € CY([0,00), L*(Qs)?) with V,u € L?(Zg,«)? by defining fs(u)(z,t) as

t 3
/0 /Q (Zayle(aJ,y,t—r).8lu(y,r)—d/dr(G5(x, .,t—r))(y).u(y,r)> dy dr

=1

+ Gs(z,y,0) - u(y,t) dy — Gs(z,y,t) - u(y,0) dy forz e Bs, te [0, 00).
Qg Qs

3. Some Results on the Instationary Stokes System

In this section, we present some aspects of the LP-theory of the instationary Stokes system (1.8). Most
of the results in question are well known, but we will give a proof of some details for which we could not
find a clear reference. We begin with a uniqueness theorem for weak solutions to (1.8)—(1.10).

Theorem 3.1. Let u € L}, ([0,00), V) with [;* [qe(—¢'(t) - u(t) - 9 + o(t) - Vyu(t) - V) da dt = 0 for

loc
@ € C3°([0,00)), ¥ € C°(Q°)3 with divd = 0. Then u = 0.
Proof. See [56, Lemma IV.2.4.2, IV.2.2.1 a)]. O

Next we state a basic existence result for L?-weak solutions of problem (1.8)—(1.10).

Theorem 3.2. Let ug € Lg(ﬁc), f € L?(0,00,V"). Then there is a unique function u € L% ([0,00), V)
such that

L (L e a0+ 00 Vautt)-99) do - pt0)- £000)) dt = [ -0 900

Q
(3.1)

C

for ¢ € C§°([0,0)), ¥ € C(Q)? with divy = 0. This function u belongs to the spaces
Wh2([0,00), V'), L=(0,00, L2(Q°)), C°([0,00), L2(Q)) and L?(0,00, L(Q°)?). Moreover, V,u €
L?(Z4)?, u(0) = ug, divu =0, u|Se = 0.

Define B(9)(k) := [qe VO - Vk dx for 9,k € V. Then B(0) € V' for 9 € V and the equation
' (t) + B(u(t)) — f(t) = 0 holds for t € (0,00).
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Proof. The claim on uniqueness follows from Theorem 3.1. The rest of the theorem, except the relations
divu = 0 and u € L2(0, 00, LS(Q2°)3), hold according to [60, Section 3.1.3, 3.1.4 and p. 180 above]. The
equation divu = 0 is valid by Theorem 2.2 and because u(t) € V for t € (0,00), whereas the relation
u € L*(0, 00, L8(92°)?) is a consequence of Lemma 2.1 with x = ¢ = 2 and the fact that u € L?, ([0, 00), V)
anqueLQ(Z). O

We state in precise form that the last claim in Theorem 3.2 implies (3.1):

Lemma 3.1. Let ug € L2(Q°), f € L*(0,00,V"), and let u € L3, .([0,00), V) satisfy the relations u €
WL2(0,00), V'), W' (t) + B(u(t)) — f(t) = 0 for a.e. t € (0,00), and u(0) = ug. Then the function u

verifies (3.1).

Lemma 3.2. Let ¢ € (1,3), h : (0,00) +— Wﬁ)’ (Q°) with V,h € Lloc([O,oo), L1(Q°)3). Then there is
h: (0,00) = WEUQ) with h € LY, ([0,00), L¥Y®=D(Q%)) and Voh = Voh. If Voh € LY(Z)?, then

h e L0, 00, L34/ G3=0(Q°)).

Proof. Since V,h(t) € L1(Q°)? for t > 0, we know by [29, Lemma IL.5.2, Theorem IL.5.1] that for ¢ €
(0,00), there is ho(t) € R with [|a(t) —ho(t)||3.q/(3—q) < C(22 ) IV h(t )||q Define h(z,t) := h(z,t) — ho(t)
for (z,t) € Zoo. Then h : (0,00) — Wha@Q) N L39/G-0(Q% and V, h=V,h.

Put 7 := (3-¢/(3 —q))" and let ¢ € L"(Q°). Note that r € (1,3) and 3 - /(3 —r) = ¢. By
[29, Remark T1.5.1, Theorem I1.5.1, I1.6.1 and TI1.3.4], there is F € WL"(Q)? N LY (Q°)? with VF €
L7(Q°)9, divF = 1, and such that there is a sequence () in CG°(2 c) with |V (¢, — )H, — 0 and
llon— F||q/ — 0. Recalling that h(t) € L34/~ q>(Q ), Vah(t) = Vh(t ) € LY(Q°)3, we et fQ t)-pdr =
— Joe S Ayh(t)- Fydx for t € (0,00). Since V,h € LY ([0,00), LY(Q°)3) and F € LY (Q°)3, the function
t = foe E? 181~( ) Fydx, t € (0,00), is measurable [64, p. 131-132]. Thus we may conclude that
the integral [ge h(t) - ¢ dz as a function of ¢ € (0,00) is measurable. As a consequence [64, p. 131~
132], the functlon h 2 (0,00) — L39/G-9(Q°) is measurable. Due to the inequality ‘|’]’VL(t)H3‘q/(3_q) <
C(Q) - [|[Vzh(t)||q for t € (0,00) (see above), we thus get that he LY ([0,00), L3¥/G=9(Q%)), with the
preceding relation valid without the index “loc” if V, h € LI(Z)3. O

The next theorem gives an example on how additional regularity of the data of problem (1.8)—(1.10)
yields additional regularity of the solution.

Theorem 3.3. Let ug € V, f € L2(0,00, L2(Q°)3), and let u be the solution of (3.1) associated to ug and
[ according to Theorem 3.2. Then, in addition to the regularity results in Theorem 3.2, the function u
belongs to L?,.([0,00), W>2(Q°)?) and to W,2([0,00), L2(Q°)). Moreover u' € L*(0,00, L2(Q°)) and

u'(t) + As (u(t)) = Paf(t)  for t € (0,00). (3.2)

Moreover there is a unique function p : (0,00) — Wllof(ﬁc) such that p € L} ([0,00), LS(Q%)) and
V.p € L2 ([0,00), L2(Q°)3), and such that (1.8) holds.

Proof. The first part of this theorem, up to and including Eq. (3.2), holds according to [56, Theorem
IV.2.5.1,1V.2.5.2, IV.2.5.4]. Moreover, according to [56, Theorem IV.2.6.3], there is a function p : (0, 00) —
WL2(Q%) such that V,p € L?.([0,00), L*(2°)?) and such that (1.8) holds with p replaced by p. By
Lemma 3.2 with ¢ = 2 we know there is a function p : (0, 00) — Wlif(ﬁ ) with p € L2, ([0, 00), L5(Q))
and V,p = V,p. The latter equation implies that V,p € L% ([0, 00), L2(Q°)3) and that the pair (u, p)
satisfies (1.8).

Let p: (0,00) — Wlif( ) be another function satisfying the properties stated for p in Theorem 3.3.

Then we have Vyp = V,p due to Eq. (1.8), so Lemma 2.1 with K = 6, ¢ = 2 and v = (p — p)(¢) for
t € (0,00) implies p = p. O
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In the case f = 0, the preceding theorem yields a result on local regularity in time and global regularity
in space for the L%-weak solution of (1.8) from Theorem 3.2. We express this result in terms of time shifts
of this solution:

Corollary 3.1. Consider the situation of Theorem 3.2 with f = 0. Then, forty € (0,00), all the statements
of Theorems 3.2 and 3.3 are valid if ug and u are replaced by u(ty) and u(- +tg), respectively. In particular,
Egs. (3.1) and (3.2) hold with f =0 and with u(tg) and u(- + to) in the place of up and u, respectively,
forty € (0,00).

There is a unique function p : (0,00) — WE(Q°) with p(- + to) € L2,([0,00), L5(Q°)) and
Vaup(- +to) € LE ([0, 00), L2(Q°)3), and such that (1.8) holds with u(- +to), p(- +to) in the place of u
and p, respectively, for ty € (0,00).

Proof. Let to € (0,00). By Theorem 3.2, we know that u(- +t9) € L2, ([0, 00), V)NW,22([0,00), V'), and
that the equation u(- +t¢)’(t) +B(u(t+tp)) = 0 holds for ¢t € (0, 00). Thus, in view of Lemma 3.1, we may
conclude that Theorem 3.2 remains valid if f = 0 and ug, u are replaced by u(to) and u(- +to), respectively.
Since u(tg) € V and f = 0, it is obvious that also the statements of Theorem 3.3 hold with wu(tp) and
u(- + tp) in the place of up and w, respectively. This leaves us to show that there is a function p with
properties as described in the corollary. To see this, we observe that for ¢y € (0,00), Theorem 3.3 yields
existence of a unique function py, : (0,00) — Wllof(ﬁ ) such that py, € L2.([0,00), LS(Q)), Vaupy, €
L2 ([0, 00), L2(Q%)3), and such that (1.8) holds with u = u(- +to), p = ps,. But uniqueness of p;, for
to € (0, 00) implies py, (t) = py, (t+11—10) for ¢, to,t1 € (0, 00) with tg < t1. Thus, setting p(t) = p, (t—10)
for t € (0,00), tg € (0,t), we obtain a function p with properties a stated in Corollary 3.1. |

Next we prove a uniqueness theorem for mild solutions of (1.8)—(1.10).

Theorem 3.4. Let u € C°([0, 00), Lg(ﬁc))mwﬁj(o, 00, L2(Q%)) with u(t) € D(As) and v’ (t)+ Asu(t) = 0
for a.e. t € (0,00), and with u(0) = 0. Then u = 0.

Proof. We use a reasoning as in [50, p. 100-102]. Let A € C\(—o0, 0], and put K (t) := R(\, Ag) ( ), k:(t)
= A R(\, Ag)u(t) — u(t) for ¢ € [0,00). By our assumptions on u, and because R(\, Ag) : L2(Q°) —
L2(Q°) is linear and bounded, the functions K and k belong to C°([0,00), L2(Q°)), K|(T1,Ts) €
W12(T1,T2, L2(Q°)) for T, Ty € (0,00) with Ty < Ty, and (K|(T1,T2))(t) = R(X Ag)u/(t) for
t e (Tl, Tz)

The last equation, the relation w'(t) = —Asu(t) for a.e. t € (0,00) and Corollary 2.1 imply that
(K|(T1,T2))’( ) = k(t) for a.e. t € (T1,Ts), with T1, T as above. Now Lemma 2.4 yields that K(t) =
fl s)ds + K(1) for t € [T1,Ts], Ty € (0,1), Tz € (1,00), where the integral is to be understood as a
Bochner integral in L2(Q) ) Since K and k are continuous on [0, 00), we may conclude that the preceding
equation even holds for ¢ € [0, 00). Thus we obtain that K € C*([0, ), L2 (ﬁc)) and K’( ) = k(t) for any
t € [0,00). On the other hand, since u € C°([0, 00), L2(Q°)), the function () f eMt=Sy(s) ds, t €
[0,00), also belongs to C'([0,00), L2(Q%)), with @/ (t) = X - () — u(t). Thus the difference w(t) :=
K(t) —a(t), t € ]0,00), is in C([0, 00), L2(02)) as well, and w'(t) = X - w(t). Obviously w(0) = 0. These
relations imply by a standard argument that w(t) = 0 for any ¢ > 0. In fact, for ¢ > 0, we get with

Lemma 2.4 that
t
()]s = H Jeer
0 2

This means that ||w(t)|]2 < sup{|lw(s)|l2 : s € [0, (2-|A])7!]}/2 for t € [0, (2 |A])~], which is only
possible if w(t) = 0 for such ¢. Thus, by induction, we obtain that w vanishes everywhere on [0, c0). We
may conclude that R(\, A2)u(t) = u(t) for t € [0,00). In this situation, referring to the last part of the
proof of [50, Theorem 4.1.2] and to Corollary 2.1, we see that u(t) = 0 for ¢ € [0, 00). O

<AL=t - sup{[lw(s)llz : s € [0, ¢]}.

We exploit Theorem 3.4 in order to get the following result on global spatial regularity in W?2°%/4 of
L2-weak solutions to (1.8)—(1.10) with f = 0.
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Corollary 3.2. Let uy € Lg(ﬁc) N L3/4(§C), and let u be given as in Theorem 3.2 with f = 0. Then
u(t) € D(As/4) for any t € (0, 00).

Proof. Define u(t) := e~*#A2yq for t € [0,00); see Theorem 2.5. By that reference we know that u belongs
to the spaces C°([0,00), L2(Q2°)) and C'((0,00), L2(2)), and that %(0) = ug, u(t) € D(As) as well
as U(t) = —Aqu(t) for t € (0,00). In particular & € W?(0,00, L2(Q°)). By Theorem 3.2 we have
u € C°([0,00), L2(Q2°)) and u(0) = ug. Corollary 3.1 implies that u € W,>(0,00, L2(Q)), u(t) € D(As)
and u/(t) = —Agu(t) for t € (0,00). Now Theorem 3.4 yields that u = u. Put w(t) := e t4s/1yq for
t € [0,00). By Lemma 2.5, our assumptions on ug and the definition of the operator e~*4» in Theorem
2.5, we get u = w. Therefore u = w, so Corollary 3.2 follows from Theorem 2.5. O

Following (31, Remark 2.10], [58, p. 487], we define D;;i’ 5/% as the completion of D(As/4) in the norm

of the Sobolev space W?2/5:5/4(Q°)3. (For the definition of fractional order Sobolev spaces, see [1, Section

7.48] for example.) Obviously D(As5,4) C D;;i’5/4. The space D;;Z’E)M appears in the ensuing result on

maximal L%/ 4-regularity of solutions to (1.8)—(1.10).
Theorem 3.5. Let ug € D;;i’s/‘l, f € L%*(Zy)3. Then there are functions u, p with the fol-
lowing properties: The function u belongs to Ll50/04([0,oo), W25/4(Q°)3), Wli’f/4([0,oo), L§/4(§C)) and
([0, 00), Li/4(ﬁc)) and satisfies the equations u|Ses = 0 and u(0) = wg. The function p maps
from (0,00) into Wll()’f/4(ﬁc), Moreover p € L*(0,00, L'/7(Q%)), W, Vop, 8i0mu € L/ Zs)? for
1 <1l,m <3, and the pair (u,p) satisfies (1.8).

There is only one such pair (u,p), and u belongs to Li, . ([0,00),V) and verifies (3.1).

loc

Proof. By [31, Theorem 2.8], [47, Theorem 1.1], there exist functions u, p satisfying the claims in
Theorem 3.5 with p in the place of p, except the relations u € C°([0,00), L“;’/4(§C)) and p €
L5/4(0, 00, L'%/7(Q)), and the statements in the last sentence of the theorem. The function p is defined

by p(t) := Gs/a(—u'(t) + Au(t) + f(t)) for t € (0,00), with G54 from Theorem 2.1, which means in

particular that p maps into Wlt’f/ 4(56)7 a fact not explicitly mentioned in [31].

By Lemma 2.4 and because u € Wll’5/4([0, 00), L§/4(§C)), the function u may be modified on a subset

of (0,00) of measure zero so that u € C9([0, 00), Lg/4(ﬁc)). By Lemma 3.2 with ¢ = 5/4, there is a
function p : (0,00) — I/Vlt)g(ﬁc) with p € L34([0,00), L'¥/7(Q%)) and V,p = V,p. Thus obviously
V.p € L/*(Z4,) and the pair (u,p) satisfies (1.8).

In view of justifying the last sentence in the theorem, let (u, D) be any pair of functions with properties
as shown up to this point for w and p, respectively. By a Sobolev inequality, we have W25/ 4(§c) C
WL2(Q%). Thus, since @ € L/*([0, 00), W23/4(Q1%)3), we obtain that @ € L. ([0,00), W12(Q)%). But

loc loc
U|Se = 0 and div,u = 0, so we conclude by Theorem 2.2 that uw € L}, .([0,00), V). Let ¢ € C5°(]0, 00)).

By the properties of , the function ¢ -7 belongs to C°([0,00), LY *(€1)) and to W3/4([0, 00), L/ *(Q)).
Therefore by Lemma 2.4 and (1.8)

o:/0m<<~u>’<t>dt—<c-u><o>
-/ W) T + <) - (D) — VaB(t) + 1(8))) dt — C(0) - uo,

where the preceding integrals are to be understood as Bochner integrals in L2 (). Now Lemma 2.2 yields
that (3.1) holds with @ in the place of u. In particular the function u considered in the first part of this
proof belongs to L}, ([0,00), V) and satisfies (3.1). It follows from Theorem 3.1 that u = u. Therefore

Vep = VP by (1.8), so Lemma 2.1 with k = 15/7, ¢ = 5/4, v = (p — P)(- ,t) for t € (0,00) yields
p =D O
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Corollary 3.3. Letug € L2(Q)NLY*(Q°), f € L/*4(Z)?, u € L2 ([0,00), V) such that (3.1) holds. Let
(u®, pM) be the solution of (1.8) associated by Theorem 3.5 to the preceding function f and to ug = 0.
Let u(2) be the solution of (3.1) associated by Theorem 3.2 to the preceding function ug and to f = 0.
Then u = uM + w2,

Proof. According to Theorem 3.5, u(!) belongs to L}, ([0, 00), V) and satisfies (3.1) with u = u"), uy = 0.
Thus ™) +u® € L}, ([0,00), V) fulfills (3.1) for ug and f as given in the corollary, so Theorem 3.1
yields v = u® + u®. O

Corollary 3.4. Consider the situation of Corollary 3.3. For to € (0, 00), we have u'®(ty) € D;;i’5/4, with
the space D;;i’w4 defined in the remark preceding Theorem 3.5. In addition, the function u(2)(- + to)

belongs to Llo/c ([0, 00), W25/4(Q1°)3), Wllo’f/4([0, 00), Lg/4(ﬁc)) and C([0, 00), L5/4(Q )), and we have

u@ (- +tg), 3l8mu(2)(- +to) € LS4 (Zs)3 for 1 <1,m < 3, to € (0,00).

Moreover there is a function p : (0,00) VV;CSM(Q ) such that the relations p® (- + tg) €

L340, 00, LY¥/7(Q0%)), Vap@ (-+to) € L¥*(Zso)? and (u®) (t+to) — Agu® (t410) + Vap® (t+10) = 0
hold for ty,t € (0, 00).

([0, ), W22(Q°)%) and in W;,2([0, 00), L2(Q"))

-+ to) € LE,.([0,00), LO(9))
holds with f = 0 and with

Proof. By Corollary 3.1, the function u(? (- +to) isin L2,
for t5 € (0,00), and there is a function p(2) (0, 00) = W,22(Q°) with p™)(-
and V,p® (- + to) € L2 ([0,00), L2(2°)?), and such that equation (1.8
(u@ (- 4 to), P (- + 1)) in the place of (u,p), for tg € (0, 00).

Now fix to € (0,00). We have u? (tg) € D(As,4) by Corollary 3.2, so u(? (ty) € D; . Theorem 3.5,

applied with f = 0 and ug = u(®(t;), yields existence of a pair of functions (i, p) = (uto,pto) such that u
and J belong to the function spaces listed in the corollary for u(® (- + to) and p® (- + to), respectively,
and such that div,u = 0, @|Ss = 0, u(0) = u®(ty). Moreover this reference implies that (1.8) holds
with f = 0, (u,p) = (@, p). Theorem 3.5 further states that @ belongs to L}, .([0,00), V) and verifies
(3.1) with f = 0 and wug, u replaced by u®(ty), @, respectively. The preceding sentence is true in an
analogous way for u(®)(- + tg); see Corollary 3.1. Therefore Theorem 3.1 yields @ = u(® (- 4 ;). As a
consequence the function u(z)(~ + to) possesses all the qualities listed in the first part of Corollary 3.4.
Since Eq. (1.8) is valid with f = 0 for (u,p) = (u® (- +to), p® (- +1t0)), as mentioned above, as well as
for (u,p) = (u,p), it follows that V,p = V,p@ (- + o). Therefore V,p? (- +t9) € L%/*(Z)3, so from
Lemma 2.1 with k = 6, ¢ = 5/4 we get p® (t + to) € L'/ 7(Q°) for t € (0,00). Once more using Lemma
2.1, this time with x = 15/7, ¢ = 5/4, we may conclude that p®)(t + to) — p(t) = 0 for t € (0,00). It
follows that p) (- + to) € L5/4(0, 00, L'/7(Q°)). O

— =

l/a 5/4

In the situation of Theorem 3.5 and Corollary 3.3, the W' °/4(Qg)-norm of the pressure and of the
spatial gradient of the velocity is globally L®/4-integrable with respect to time, where S > 0 is arbitrary
but fixed. This observation is stated in the following two lemmas. Although obvious, it is a key ingredient
of our theory because later on (Corollary 5.1), it will allow us to control the trace on 9 of the pressure
and of the space derivatives of the velocity.

Lemma 3.3. Let u € L5/4([ 00), W25/4(Q°)3) with 0,u € L/*(Zs)? for 1 < 1,m < 3. Then V,u €
L340, 00, LY¥/7(Q%)). Let S € (0,00) with @ C Bs. Then V,u|Zs.o € L¥*(0,00, WH5/4(Qg)?%).

Proof. Let j, k € {1, 2, 3}. By Lemma 3.2 with ¢ = 5/4, there is a function h: (0,00) — VVI{)EM(QC)
with h € L%4(0, 00, L1J/7(Q )) and V,h = V, Djug. On the other hand, Djui(t) € LY*(Q°), so by
Lemma 2.1 with &k = ¢ = 5/4, we may conclude that Dj;u(t) € L15/7(§C), for t € (0,00). Another
application of Lemma 2.1, this time with £ = 15/7, ¢ = 5/4, then yields D;u(t) = h(t) for t € (0,00), so
Djuy, € L3/*(0, 00, L'/7(Q%)). This relation and our assumptions on u imply the statement at the end
of Lemma 3.4 O
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Lemma 3.4. Let ¢ € {5/4,2}. Consider a function p : (0,00) — W 9(Q°) with p belonging to
L9(0, 00, L¥9/G=0(Q%)) and with V,p € LI(Zs)?. Let S € (0,00) with @ C Bg. Then p|Zs.o €
Lq(oa 0, WLq(QS))'

4. Representation Formulas for Solutions of the Time-Dependent Stokes System

We will derive two integral representations for the velocity part of solutions to (1.8)—(1.10). These rep-
resentations are obtained by partial integration in integrals involving the Stokes fundamental solution I"
and solutions to (1.8)—(1.10). The difficulty with this approach consists in some subtle passages to the
limit. We deal with them in a series of lemmas which will enter into the proof of Theorem 4.2, where
we will state our first formula. The second (Theorem 4.3), which does not involve the pressure, will be
deduced from the first.

Lemma 4.1. Let x € R?, t € (0,00), € € (0,t), (R,) a sequence in (0,00) with R,, — 0o and Q C Bg,
for n € N. Then, in the situation of Theorem 3.3 or 3.5,

t—e t—e
lim / / I'(z—y,t—s) 0su(y,s) dy ds = / / -0z —y,t — s) - u(y, s) dy ds
0 Qr,, 0 o

+ [ P90 ulpt=0 dy— [ T(o=p.0) uo(y) dy.
Proof. Put ¢ = 5/4 if we are in the situation of Theorem 3.5, and ¢ = 2 else. Let n € N. By Theorem 3.3
or Theorem 3.5, we know that u € W,29([0,00), L4(Q°)3). Thus u|Zp, ;. € W9(0,t — €, LI(Qp, )?).

loc
The function (y, s) — ['(z—y,t—s), with y € R?, s € [0,¢—¢], belongs to C*(R3 x [0, t—¢])3*3, and all its
derivatives are bounded, as follows from Theorem 2.6 and the inequality t—s > € for s € (0,t—¢). Therefore
the function F(y,s) :='(z —y,t —s)-u(y,s) ((y,s) € Qr, x [0, t —¢]) is in WH9(0,¢t — ¢, LI(Qg,)?). By
Theorem 3.2 or 3.5, we have u € C°([0,t — ], Lq(ﬁc)‘?)7 so the mapping s — F(- ,s) is continuous from
[0,t — €] into L9(Qg, ). Thus with Lemma 2.4 we get fotie F'(s)ds = F(t — €¢) — F(0). Integrating this
equation over Qp and applying Lemma 2.2 and 2.3, we obtain

t—e t—e
/ / Ix—y,t—s) - Osuly,s) dy ds = —/ OsT(x —y,t —s) - u(y,s) dy ds
0 QRn 0 QRn
[ Pe-gg at-g di- [ Dm0 ul) dy
QRn QRn
But for s =0 and s =t — ¢, by Theorem 2.6 and Hoélder’s inequality, and because t — s > ¢,
1/2 —3-q 1/(1/
| Pt =) ulys)l dy < € (/ (I~ ol +(t— )72 dy) )l

< Cleq) - llu(s)llg-

Similarly
t—e
/ /, 10T (@ —yt— 8) - uly.8)| dy ds < Clet.) - 4l Zs—cl
0 Q°
t—e
/ [ (@ —y,t — ) - Buuly, )| dy ds < Clert,q) - |4/ Zo—ely-
0 Q°

But [|[u|Z;_|, < oo and ||[v/|Z;_||, < oo since u € WL9([0,00), LI(Q°)?), as mentioned above. Lemma

4.1 follows from these observations and Lebesgue’s theorem. (I
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Lemma 4.2. Let K € L"(Q°)*3 for any r € (1,00). Let s1,55 € [0,00). Then, for u as in Theorem 3.3
or 3.5,

/ K(y) - (uly, s1) — uly, s2)) dy:/: /ﬁCK(y)-asu(y,S) dy ds.

Proof. Put ¢ = 2 in the situation of Theorem 3.3, and ¢ = 5/4 else. Recall that u belongs to
C°(]0,0), L2(2°)3) and to VVllocq([O 00), L1(Q°)?) (Theorems 3.2, 3.3, 3.5). Thus Lemmas 2.3 and 2.4
yield f:: Osu(s) ds = u(s1) — u(sz2), where the integral is to be understood as a Bochner integral in

Lq(ﬁc)?’. Using Lemma 2.2, multiplying by K(y) and integrating with respect to y € Q° yields the
lemma. ]

Theorem 4.1. Let t € (0,00) and let (e,) be a sequence in (0,t) with € | 0. Then, in the situation of
Theorem 3.3 or 3.5, there is a subsequence (€,) of (€n) with [qe H(x—y, &) u(y, t—é,) dy — u(x,t) (n —
00) for a.e. z € .

Proof. Put ¢ = 2 in the situation of Theorem 3.3 and ¢ = 5/4 else. Let € € (0,t), x € R3. The function
y— 9z —y,e) (y € R3) belongs to L*(R?) for any x € (1 00), as follows from Theorem 2.6. Thus we
get by Lemma 4.2 that e H(z —y,€)- (u(y,t —€) —u(y,t)) dy = [, [ H(x =y, €)- Osuly, s) dy ds. We
may conclude with Minkowski’s and Young’s inequality for mtegrals ([2, Theorem 2.9, Corollary 2.25])
and with Lemma 2.6 that

(L0 wnt =0 -utra) dy\ng)l/q
</t (/ </ e =) [Osuly, >|dy) dx)l/q ds

t t
< [ ([ stads) 1ot ol as= [ ot sl ds < oz, (1)
t—e R3 t—e

Let k > 0. Since dsu|Z; € L9(Z;)? (Theorem 3.3 or 3.5), there is €; € (0,¢) such that the left-hand side
of (4.1) is bounded by /5 for any € € (0, e;]. Recalling that u(t) € L(Q2°)3, we may choose ¢ € Cg°(Q°)3
with |u(- ,t) — ¥[lq < k/5. It follows with Young’s inequality for integrals and Lemma 2.6 that for

€ (0,00),

</Rd/ 9z —y,€) - (u(y,t) — %Z)(y))dy’qdﬂﬂ)l/qS/Rafj(z,e)dz'ﬂu(,t)7,ZJ||q§/<;/5. (4.2)

Abbreviate M (z,€) := [qc H(x —y.€) - 1h(y) dy for z € R*, € > 0. Let R € (S,00) be so large that
supp(p) C Bryz. By Theorem 2. 8 we know that M (z,€) — (x) (e | 0), uniformly in = € R?, so we may
choose €5 > 0 such that

| (M(-,e) —¢)|Brllq < k/5 for €€ (0,e]. (4.3)

By the choice of R, we have |z —y| > |z|/2 for x € B$, y € supp(t)). Therefore the relation H(x —y,d) —
0 (6 ] 0) is valid for such x and y, so for € > 0,

H@ -y =lm(H@ -y, - Hz —y,0))

1
:hm/ 009 (@ —y, 6+0-(e—0)) di- (e —b).
310 Jo
But |09z —y, 6 +9-(e —8)| < C-(Jz —y| +[§+9- (e —8)]Y/?)7® for z, y, € as before, and for
0 € (0,¢) (Theorem 2.6). Therefore, in view of our previous estimate of |z — y|, we may conclude that
0<9(x—y,e) <C-e-|x|7® for z, y, € as before. It follows that
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1/q
| (M(-,e) =) [ Bgllg = [M(-,€)|Bgllg < C e [|¥]1 - (/B |$|_5‘qd$>

R

<CRB)-[[¢l-e

for ¢ > 0. As a consequence, there is €5 > 0 with |(M (- ,€) — ¥) | B%|lq < k/5 for € € (0, €3]. Define
L(z,€) := [5e (@ —y,€) - u(y,t —€) dy for x € R?, € € (0,¢). Then, by the preceding inequality and
(4.1)—(4.3), we have ||L(- ,€) — ¢||q < 4-k/5 for € € (0, min{ey, €2, €3}]. By the choice of ¢, this means
that | L(- ,e) —u(- ,t)||q < & for € as before. Therefore ||L(- ,€) — u(- ,t)||q — 0 (¢ | 0), so the theorem
follows. (]

Lemma 4.3. Let t € (0,00), x € [} Then, in the situation of Theorem 3.3 or 3.5, there is a sequence
(R,) in (0,00) with R, — o0, Q° C Bg, forn €N, and

t
L[ 0=yt =9l 0909+ (30D + 0,0 (@ = ot = 5)| (. )] do, ds
RVL
=0 (n—o0) for1<1<3.
Proof. Put ¢ = 5/4 in the situation of Theorem 3.5, and ¢ = 2 else. Abbreviate ¢ = 3 - ¢/(3 — q).

Fix some S € (0,00) with @ € Bg and S > 2 - |z|. Note that u € L% ([0,00), W24(Q°)3) and p €

loc
L} ([0,00), Lq(ﬁc)). By Minkowski’s inequality for integrals [2, Theorem 2.9],

([ ([wanas)'a) "< ([

and similarly (fBg (fot Ip(y, s)| ds)? dy)'/9 < oo and (fBg (f(;5 |V, u(y, s)| ds)qdy)/? < co. Put

A(y) = (/ |u<y,s>|ds)q " (/ |p<y,s>|ds)q+ (/ Vuly, s>|ds)q for y € BS.

Using this notation, we have shown that fBg Aly)dy < oo, so [g [,5 Aly)doydr < co. Suppose

1/q
|u<y,s>|qdy> ds <t/ |[u|Z]|, < oo,

c
S

for a contradiction there is some Ry € [S,00) with [, A(y)do, > r=1 for any r € [Rp,00).
Then f;j Jop, My) doydr = oo, which contradicts the relation Is Jop, Wy) doy, < oco. So we may
choose a sequence (R,) in (S,00) such that R, — oo and faBRn A(y)do, < R,;* for n € N. Let
n €N, [ €{1, 2, 3}. Then, for y € 0Bg,, we have |y| = R,, > 5 > 2-|z],s0 [y —z| > |y|/2 = R, /2. Tt
follows with Theorem 2.6,

n?

t t
// 0, T(@ — y.t — 5)| - [u(y, 5)| doy ds < C- /|x—y|-4~|u<y,s>|dsdoy
0o JoBg, 0

t
SC’-R;‘I-/ / lu(y, s)| ds doy
OBR,, Y0

1/q 1/q
e </aB d) </aB A(y) d> < CR R (1.4)
Rp Rp

where the last inequality holds by the choice of the sequence (R,). In a similar way it may be shown on
the one hand that fot Jop, L@ =yt =s)|-|p(y,s)| doy ds < C- Ry*T7 714 and on the other hand

that the estimate fg Jopy, T(@ =yt —s)|-|0wu(y,s)| do, ds < C- Ry,2*2/9 =19 45 Galid. The lemma
follows from (4.4) and the two preceding inequalities. O

OBn,,

Now we are in a position to prove the first of the two representation formulas we derive in this section.
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Theorem 4.2. Let ug, f, u, p be given as in Theorem 3.3 or 3.5. Let t € (0,00). Then there is a subset Ny
of Q° with measure zero such that forx e ﬁc\Nt,

u(z,t) = R(f)(z,t) + I(uo)(z,t) +T (Z n - (—0u+p- el)> (x,1). (4.5)

=1

A similar integral representation, but under different assumptions, was proved by Kozono [39].

Proof. Put ¢ = 5/4 in the situation of Theorem 3.5, and g = 2 else. Let (¢,,) be a sequence in (0, ¢) with
em 1 0.Let m e N, z € Q°. Choose a sequence (R,,) in (0,00) associated to ¢ and x as in Lemma 4.3. By
Eq. (1.8) we have

n—oo 0

t—em
0= lim / I(z—y,t—s) (Osu—Ayu+ Vyp— f)y,s) dy ds. (4.6)
QR,,

Note that for s € (0,t), the function y — T'(z — y,t — s) (y € R3) belongs to C°°(R3)3*3 (Theorem
2.6), and that Zi 10y Djp(x —y,t —s) =0 (y € R® 1 < j < 3). In view of the relations u €
LY ([0,00), W29(Q°)3), p|ZR o0 € L ([0,00), Wh4(Qp, )?) (Theorem 3.3 or 3.5, Lemma 3.4), we may
thus integrate by parts in (4.6) with respect to the space variables, to obtain

t—€m 7
0= lim (911(1‘, s) + Ao (x, 8) + Z?Zl,,(n, x, 5)) ds, (4.7)
0

n— o0
v=3

with
3

A1 (x, s) ::/ Iz —y,t—s)- Z (Ou—p-e)(y,s) doy,

RAz(z,8) : /dQ —yt—s)- (nz(ﬂ) (y) - uly, S)) doy,
=1

As(n,z,s) = — Ay (x —y,t—s) - u(y,s) doy,
Qr,

Ao, 2, 5) = /Q @ —y,t — ) - fly,s) doy

for s € (0, t—€,). The terms A3(n, x, s) and Ay(n, z, s) are defined as Ay (z, s) and As(x, s), respectively,
but with the domain of integration 9 replaced by 0Bpg,, and the factor nl(m (y) by —yi/R,,. As con-
cerns the term A7(n,x,s), it is defined as Ag(n, z, s), but with —dsu(y, s) in the place of f(y,s). Since
u|Ss = 0, we have Az(x,s) = 0 for s € (0, t — €,,). By the choice of the sequence (R,,) and by Lemma
4.3, we further get lim,,_, o ft “(Az(n,x,s) + Ay(n,x,s))ds = 0. Moreover, according to Lemma 4.1,
lim,, o0 ft T Ar(n,x,8) ds = Zr:l B, (m,x), where By (m,z), Ba(m,z), Bs(m,z) are defined as the
first, second and third term, respectively, in the sum on the right-hand side of the equation in Lemma
4.1, with e replaced by €,,. (Actually the term B3(m,x) is independent of m.) By Theorem 2.6, we
know that for y € R3 s € (0,t — €y,), the inequality [A,I'(z —y,t —s)] < C - (Jz — y| + 61/2)
holds. Therefore the function (y,s) — A,I(z — y,t — s), with (y,s) € Z;_.,., belongs to LY (Z;_., )**>.
Since u|Z;_.,, € LY(Z;_., )3, we may thus conclude by Lebesgue’s theorem that the function (y,s) —
AT (x—y,t —s)-uly,s) (y,s) € Zi—,,) is integrable, and fotie’" As(n, x,s)ds — By(m,x) (n — 00),
with

t—em
By(m,x) := —/ [ A (z—y, t—s)-uly,s) dy ds.
0 Q°
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Since f € L9(Z4)3, and because |I'(x — y,t — s)| < C - (Jz — y| + 6%2)_3 for y € R3, s € (0,t—€n)
by Theorem 2.6, the same argument yields fgiﬁ’" As(n, x, s) ds — Bs(m, z) (n — 00), with Bs(m, z) :=
- fgié"‘ Jae T(x —y,t —s)- f(y,s) dy ds. Thus we get from (4.7) that

t—em 5
0= /0 Ay (z,s)ds + Z B;(m,x). (4.8)

i=1
Since —0sI'(x —y,t — s) — AyT'(x —y,t — s) = 0, the terms B;(m,z) and B4(m,x) cancel. By Lemma
2.10 we have

m JJ / ﬁ yaem ’ (y7 )dyv (49)

Bs(m,z) = /ﬁc —9(x —y,t) - up(y) dy = =T (ug)(x,t). (4.10)

The results from (4.6) to this point hold for any m € N, z € Q°. Now we are going to let m tend to
infinity. To this end, we observe that for z € Q°, there is d(z) > 0 with |z —y| > d(z) for y € 9,
hence |I'(z — y,t — s)| < C - §(x)~3 for s € (0,t), y € OQ by Theorem 2.6. Thus by Lebesgue’s theorem
we get fotfe’" Ay (x,8)ds — fg A (z,5)ds (m — oo) for any 2 € Q°. Note that fot 2 (z,s)ds coincides
with ‘Z](Z?Zl nl(Q) (Ou—p-e))(x,t). As indicated in (4.10), Bs(m,z) = —T(up)(x,t) for m € N. Since
f € L°*(Z)3, we see by Lemma 2.8 and Lebesgue’s theorem that B5(m,z) tends to —R(f)(x,t) for
m — oo, for a.e. x € Q. Finally Theorem 4.1 and (4.9) imply that Bo(m;, ) — u(z,t) (j — oo) for
a.e. © € Q°, where (m;);>1 is some strictly increasing sequence in N. Equation (4.5) now follows from
(4.8). O

Next we represent the velocity part of a solution to (1.8)—(1.10) by integrals not involving the pressure.
In a first step (Lemma 4.4), we suppose that ug € V, f = 0. Afterwards (Theorem 4.3), we reduce the
assumptions on ug to ug € L2 (ﬁc) The integral representations in question only hold at points outside
a ball Bg with Q C Bg.

Lemma 4.4. Let ug, u, p be given as in Theorem 3.3 with f = 0. Let S € (0,00) with Q C Bg, t € (0,00).
Then there is a set N, C Bs' of measure zero such that u(z,t) = J(uo)(x,t)+ Rs(u)(x,t) for z € Bg \N;.

Proof. Let z € Bg' . In view of the properties of the function Gg (Lemma 2.14), in particular due to the
relation 22:1 Oy Gs,jk(z,y,7) =0 (y € Qg, 7 € [0,00), 1 < j < 3), we get

3
T (Z . (—Ou+p- el)> (2,t) = BV (z, 1) + B (2,1), (4.11)

where B (z, 1) fo st Zl 10y, Gs(z,y,t—0)-0u(y, o) dy do, and where B3 (2, t) stands for the inte-
gral ﬁ) Jo. Gs(a,y,t =) - (Ayu—Vyp)(y, o) dy do. Now we recall that u belongs to C°([0, 00), L? Q93

(Theorem 3.2) and to Wﬁ)’f([o, 00), L2(Q° ) ) with Ayu — V,p =« (Theorem 3.3), and that the function
r— Gg(z, -,r)is in C1([0,00), L?*(Qs)**3) (Lemma 2.16). Thus, referring to [56, Lemma IV.1.3.2], we
may integrate by parts, to obtain

B> (z,t) = /0 /Q —d/dr (Gs(z, - ,t —7)) (y) - uly,r) dy dr

+ GS(x7yaO) : U(y,t) dy+ —Gs(LU,y,t) : u(y70) dy (412)
Qs Qs

The lemma now follows from (4.11) and Theorem 4.2. O

Theorem 4.3. Consider the situation of Theorem 3.2 with f = 0. Let S € (0,00) with Q C Bg, t € (0, 00).
Then there is a set Ny C Bs® of measure zero such that u(z,t) = J(uo)(z,t)+Rs(u)(z,t) for x € Bg \N;.
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Proof. Choose a sequence () in (0,1) with ¢, | 0. Let n € N. By Corollary 3.1, all the statements
of Theorems 3.2 and 3.3 are valid if f = 0 and if ug, u are replaced by u(t,) and u(-,t,), respectlvely
Therefore Lemma 4.4 with u(t,,), u(- ,t,) in the place of ug, u, respectively, implies for a.e. x € Bs' that

w(a, t+t,) = T (u(ty)) + Z AD (), (4.13)

with Ql fo fQS Zz 10y, Gs(z,y,t —r) - Qu(y,r + t,) dy dr, and with ng)(z), ‘21%3)@) and
AD (1) deﬁned as the first, second and third integral on the right-hand side of (4.12), but with
u(y,r), u(y,t), u(y,0) replaced by u(y, r+1t,), u(y,t+t,) and u(y, t, ), respectively. Let = € Bs". We have
u e C°[0,00), L2(Q2°)3) (Theorem 3.2). The function r — d/dr(Gg(z, - ,r)) with r € [0,00) maps con-
tinuously into L?(Q2s)**? (Lemma 2.16). Therefore the integral [, d/dr(Gs(z, -, t—r))(y)-u(y,r+r)dy
as a function of (k,r) € [0,1] x [0,¢] is continuous with respect to x € [0,1], for any fixed r € [0,¢], and
is bounded uniformly with respect to x € [0,1], r € [0,¢]. Hence by Lebesgue’s theorem

A (z) H/o /Q —d/dr (Gs(z, - ,t —71)) (y) - u(y,r)dydr for n — oco.

The function Gg(x, - ,0) is L*-integrable on Qg (Lemma 2.16). Thus, by Hoélder’s inequality and the
relation u € C°([0, oo) LZ(QC)3)7 we get that AP (z — Jo, Gs(x,9,0) - u(y,t)dy (n — o). The same
argument yields 91 fQ —Gs(z,y,t)-uly, )dy (n — o00). Since the function r — Gg(x, - ,7), r €

[0,00), maps contlnuously into W2(Qg)3*3 (Lemma 2.16), and because dyu(k) € L2(Q°)3 for 1 < <
3, k € (0,00), Holder’s inequality yields that the function

H(r,k) = Zaylexy, )- Oy, k)dy  (ref0,t+1], k€ (0,t+1))
s =1

is continuous with respect to r € [0, ¢t + 1], for any fixed « € (0, t + 1). Therefore, for € (0, t + 1),

X(0,00) (tn +1 = K) - X(0,00)(F — tn) - H(tn +1 — K, &) = Xjo,00)(t = &) - H(t — K, k) (n — 00).

Moreover, again recalling that the function » — Gg(z, - ,7) is continuous from [0, o0) into W12(Qg)3*3,

we see there is ¢ > 0 with \H(r k)| < ¢ ||Vau(k)|2 for r € [0,t+ 1], k € (0,¢ 4+ 1). Since V,u €
L2(Zso)® C L}, ([0,00), L2(Q)%) and AN (z,t) = [/ ™" H(t, +t — K, k) dr, hence

t+1
91;1)(37, t) = / X(0,00) (tn +1 = K) - X(0,00)(F — tn) - H(tn +t — K, k) dk,
0

it follows with Lebesgue’s theorem that Ql(l) — f H(t — k, k)dr for n — oo. Moreover, because
19(z —y,t)| < C-(Jx —y| +t/2)73 for y € R3 by Theorem 2.6, the function y — $H(z —y,t), y € O,
belongs to L2(Q°). Therefore the relations u € C°([0,00), L2(Q2°)3) and u(0) = ug together with Holder’s
inequality imply that J(u(ty))(z,t) — J(uo)(z,t) for n — oo.

Thus we have shown that for any # € Bg', the right-hand side of (4.13) converges to J(uo)(x,t) +
Rg(u)(x,t) when n tends to infinity. Again using the relation u € C°([0, 00), L2(Q2°)3), we further obtain
lu(tn +t) — u(t)|l2 = 0 (n — o0), so there is a subsequence of (¢,), which we also denote by (t,), such
that w(z,t + t,) — u(z,t) (n — oo) for a.e. & € Q. Therefore representation formula in Theorem 4.3
holds for a.e. z € By . O

5. Pointwise Spatial Decay of Solutions of the Time-Dependent Stokes System

In this section, we study the spatial asymptotics of the velocity part of L?-weak solutions to (1.8)—(1.10).
To this end, we use the representation formulas derived in Sect. 4, estimating each term appearing in
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them, under the assumption f = g + g, with g from (A2) and § € L5/4(Q°)3. We will further use the
quantities vg, So, Co, 7, i introduced in (A1) and (A2), respectively. As an obvious consequence of (A2),
we note

Lemma 5.1. g € L%%(Z,.)%.
Due to this observation and (A2), we may give a pointwise decay estimate of 2R(g):

Theorem 5.1. Let Sy € (S, 00), x € Bg,, t € (0,00). Then
R(g) (2, 1) < C(So, 51, 11) - (17ll574 + 191 Z50,00]15/4) - || 7H/°.

Proof. We have |R(g)(x,t)| < S0, |2, with 2; := fot Ja, T —y,t—s)-g(y,s) dy forie{l,..., 4},
with A1 = QSO, A2 = B|x\/2\BS07 A3 = B2‘x|\(B‘x|/2 U BSO), A4 = Bglz\ For Yy € Al, we find as in
(2.5) that the estimate |v —y| > (1 — Sy/S1) - || holds, so we may refer to Theorem 2.6, arriving at the

inequality 21| < C(So, S1) - fot fQSO(|x|2 +t—35)"3%.|g(y,s)| dy ds. Hence

1/5

t
201 < Cls 51)- [ (/ <|x|2+ts>15/2ds> Mgy, - Yls/a dy.
S 0

0

Thus [2:1] < C(So, S1) - ||/ - ||g| Zsy,00|l5/4- We further observe that |z — y| > |[/2 for y € By, /2, so
with Theorem 2.6, Holder’s inequality and (A2),

t
<o [ (o 4 — )™5/2 4 (s) - [yl dy ds
0 JBjz/2\Bs,

<C-: |75y llsa - [yl ™ dy < C(So, 70) - |27 - 19154,
Biz1/2\Bs

where in the last inequality we used that g > 3. Moreover, again applying Theorem 2.6, Holder’s inequality
and (A2), we get

t
w <o [ (o = yl2 +t — )79/ (s) - |y| 7 dy ds
0 J B \(Bz|/2UBsg)
<C-lhlsya [ o — |y dy
Ba.jo|\(Be|/2UBs,)

< C@- Il lel - [ e — ol dy.
Ba.z|\Bjz|/2
But By.jz) C Bs.[z((), 50 %3] < C(i)- |Yll5/a- 2| #+2/® < C(S1, 1) - [|7]l5/4 - || ~**/%. Finally, for y € 2y,
the relation |« — y| > |y|/2 holds, so by the same techniques as above,

t
|214|s0~//3 (P 1 — ) A (s) - |yl F dy ds
s

22l
< C - |lls/4 / ly| A5 dy < C(1) - [[V]l5ya - 2] P25 < C(S1, B) - 1Yllsya - 2] 7375
2-|x|

Combining the preceding estimates of [ to 2,4 yields the theorem. (I
Lemma 5.2. Let S € (0,00) with @ C Bg, S1 € (S,00), ug € L2, (Q)?, C € (0,0), v € (0,3) with
luo(y)| < C-|y|=" fory € BE. (This means in particular that xos -uo € L*(Q°)? and XBg U0 € L (Q%)?
so that J(ug) is well defined by Lemma 2.9.) Let v € BS , t € (0,00). Then |J(uo)(x,t)| < C(S,S1,v) -
(C + [luol€2s][1) - [
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Proof. We start by observing that |J(ug)(z,t)] < 5 + s + Az, with A; = ‘[Ai Dz —y,t) - |uo(y)| dy,
for i € {1, 2, 3}, where A; := Qg, Az := Bj;/2\Bs, A3 := B|cm|/2\BS’ For y € Qg, we obtain by an
estimate as in (2.5) that |[x —y| > (1 — S/S1) - |z|. Therefore we may conclude with Theorem 2.6 that
A, < C- st lz — 9|2 Juo(y)| dy < C - |z|73 - |lug|Qs||i. Moreover, noting that |x — y| > |z|/2 for
Y € B|y|/2, we obtain

WO oyl vy £ Colal P [ dy <€) lal

Byz/2\Bs Blzi/2

where we used Theorem 2.6 again. Note that v < 3. Finally, for y € Bfw‘ J2r We have

213§5-/ fﬁ(fc—y7t)~|y\_”dy§0(V)-5-le_”-/ 9z —y,t)dy.
Bf,)/2\Bs Bf,2\Bs

Now Lemma 2.6 yields 23 < C(v) - C - |z| 7. The preceding estimates imply Lemma 5.2. O

Lemma 5.3. Let S € (0,00) with Q C Bg, S1 € (S,00), ¢ € LY4(S,)3, z € BS,, t € (0,00). Then
[B(6) (@, )] < C(Q.5,81) - |84 - ] /5.

Proof. Theorem 2.6 yields that |B(¢)(z,t)| < C - fot Joo(lz —y>+t —s)73/2 - |6(y, s)| doy ds. Therefore
by Holder’s inequality

1B(¢)(z, 1) < C /8Q (/Ot(lw —ylP ot —s) d8>1/5 N6y, - )lls/a doy

< [ o=y oty Ml do, (51)
On the other hand, since Q C Bg, S; > S and x € BS , we have |z —y| > (1 —5/S)) - || for y € 9O
[compare (2.5)]. Hence inequality (5.1) implies [B(¢)(z,t)| < C(Q,5,51) - |¢[]5/4 - |2|73/5. O

Corollary 5.1. Let S € (0,00) with Q C Bg and Sy € (S,00). Let u : (0,00) Wi’cl(Qs):g with Vzu €
L5740, 00, WH5/4(Qg)%). Let p € L>*4(0,00, Wh5/%4(Qg)), = € B¢, t €(0,00). Then

3
‘% (an“” (~du+p- eo) (2.1)
=1

<C(Q,8,51) - (HVIUHL5/4(0,OO,W1,5/4(QS)9) + ||p||L5/4(07oo7W1,5/4(QS)))

. |x‘—13/5.

Proof. Let I € {1, 2, 3}. A standard trace theorem on Qg yields that
[01u]Seclls/a < C(2,8) - [|01u| Zs 00| L5/4(0,00, w.5/4(25)2)- An analogous estimate is valid for p|Ss. Thus
Corollary 5.1 follows from Lemma 5.3. O

Now we are in a position to give decay estimates for solutions of (1.8)—(1.10) under assumptions which
correspond to the case that the nonlinear flow from Theorem 1.1 is considered as a solution of (1.8)—(1.10)
with f=g—7-(v-Vy)v.

Theorem 5.2. Letg € L°/*4(Z.)3. Letu € L ([0,00), V) satisfy (3.1) with f = g+, and with ug replaced
by the function v from (A1). (The function g was introduced in (A2); it belongs to L°/*(Zs)? accord-
ing to Lemma 5.1.) Then V,ulQ" x (1,00) € L5/4(1,00, L7(Q%)%) and u € C°([0,00), L¥/*(Q°)3) +
CO([0,00), L*(Q2°)?).
Let S1 € (So,00). Then there is C(S1) with
lu(z, t)| < C(Sy) - o]~ ™ 13/5% 1 | R(G)(x,t)|  for t € (0,00) and for a.e. x € BS, . (5.2)

The constant C(S1) depends on €2, Sy, Co, u, v, fi (see (Al), (A2)), Si, and on certain norms of
00|28y, 9|Zs,,00, w and p, with p a pressure function associated to .
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Proof. Choose v, u®, p() as in Corollary 3.3 and p® as in Corollary 3.4. Then v = u(® + 42
(Corollary 3.3). By Theorem 3.5, Corollary 3.4 and Lemma 3.3, we have V,u") V,u®(- +1) ¢
L%/4(0, o0, L15/7(§C) ), so V,ulQ° x (1,00) € L3/4(1,00, L'¥/7(Q%)?). Corollary 3. 3 and Theorem 3.5
further yield that u™") € C°([0, 00), L5/4(Q )). Moreover by Theorem 4.2,

3
u® (z,t) = R(g) (2, 1) + RG)(x,t) + DT (Z n{ (o 4 pD) . el>> (2,1) (5.3)
=1

for t € (0,00) and for a.e. z € Q. Corollary 3.3 and Theorem 3.2 yield that u(® € C°(]0,00), L2(Q°)),
and Theorem 4.3 implies that

u® (x,t) = J(vo) (2, t) + Rs, (uP)(x,t) for any ¢ € (0,00) and for a.e. z € Bg, . (5.4)

Thus we have found in particular that u is continuous in the sense stated in the theorem. By Corollary
3.4 with to = 1 and by Theorem 4.2

u<2>(x,t+1):7(u<2>(1)) z,t) +m<zn [—Au@ (- +1) +p?¢- +1)-el]> (z,8)  (5.5)

for t € (0,00) and for a.e. z € Q.
The constants Cy, ..., C; appearing below may depend on the same quantities as the constant C(S7)
n (5.2); in this respect see the remark following Theorem 5.2. Referring to Corollary 3.3, Theorem 3.5,

Lemma 3.3 and 3.4, we get 8lu£,1,)\ZSO’OO, pM|Zs, 00 € L¥4(0,00, W15/4(Qg,)) for 1 < I,m < 3. Thus
Corollary 5.1 yields |Q3(Z?:1 nl(Q) S(=ou® + pM) - e))(z,t)| < C1 - x|/ for € Bg,, t € (0,00).
Therefore by (5.3) and Theorem 5.1

luM (z,8)] < Co - 2| 13/° + R(G)(x,t) for t € (0,00) and a.e. z € B, . (5.6)
Lemma 5.2 with ug, S, C, v, S; replaced by wvo, So, Co, i, (So + S1)/2, respectively, implies
J(vo)(z,t) < Cs-[z|™" for x € Blg 4g,)/2, t € (0,00). (5.7)

By Corollary 3.3, we have u(?) e C°([0,00), L2(Q°)?), Vu® € L%(Z)?. Thus, from Lemma 2.18 and
2.19 with S, Sy replaced by Sp, (So + S1)/2, respectively, we may conclude that

By (u®) (2,0)] < C(9, 50, 81) - al >+ (14112 + 1)
(max{[Ju® (r)|Qs,llz = 7 € [0,4]} + [ Vau® | Zsy o),
so that |Rs, (u®)(z,t)| < Cy - |2|73, for a € Bfg, 5,)/2> t € (0,1]. This estimate, (5.7) and (5.4) imply
[u® (x,8)| < Cy-|z|™" for te (0,1] and for ae. € Blsy15,)/2- (5.8)

In particular [u® (z,1)| < Cy-|z|~* for a.e. z € Bls, 15,2+ Recalling that u®(1) e L2(Q°)? (Corollary

3.3), we may apply Lemma 5.2 with ug, S, C~', v replaced by u® (1), (Sy + S1)/2, C4, p, respectively, to
obtain

5 (u® (1) (2,0)] < Cs-lal# for 2 € B, 1€ (0,%0). (5.9

We know from Corollary 3.4, Lemmas 3.3 and 3.4 that 6lu(2)( +1)| Zsy.00 and p? (- +1) | Zs, « belong
to L%/4(0, 00, W5/4(Qg,)). Therefore we may deduce from Corollary 5.1 that

3
| (Zn [~0u@ (- +1) +p@ (- +1)-el]> (z,1)

=1

< Cg - |z| 713/
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for t € (0,00), x € BS, . As a consequence of this inequality, (5.5) and (5.9), we arrive at the estimate
|u® (z, t+ 1) < Cp - 2|~ ™in{w13/5} for ¢ € (0, 00) and for a.e. x € B¢, . Inequality (5.2) follows from the
preceding observation, (5.6), (5.8) and the equation u = u™) + u(?). O

6. The Nonlinear Case

Our aim in this section is to deduce Theorem 1.1 from Theorem 5.2, considering a solution of (1.1)—(1.3)
as a solution of (1.8)—(1.10) with right-hand side f = g—7-(v-V)v, with g from (A2). We recall that the
parameters 7 and Sy and the velocity part v of an L?-weak solution of (1.1)—(1.3) were fixed in Sect. 1.
In the following, they will be used without further indications. The starting point of our estimates are
the ensuing three theorems.

Theorem 6.1 [32]. (v-V,)v € L%*(Z)>.

Theorem 6.2. There is 7o € (0,00) with Q C B,, and Ay € (0,00) such that |v(z,t)] < Ay for a.e.
(1) € B, x (0,00).

Proof. [44], [63, Satz I115.1], (A3), (A4)—(AS). O

Theorem 6.3. The relation V,v|Q° x (1,00) € L¥*(1,00, L'/7(Q%)?) holds. Moreover, the function v
belongs to C([0, 00), L5/4(Q%)?) 4+ C°([0,0), L3(Bg")?).
For 81 € (Sp, 00), there exists a constant A(S1) > 0 with

o, £)] < A(S1) - o~ ™13/ 4R (<7 - (0 V. )o) (3, 1)
for any t € (0,00) and for a.e. x € B, .

Proof. According to (A3), the function v satisfies (3.1) with f =g —7- (v - Vg)v, where 7- (v - Vy)v €
L%/%(Z4)? by Theorem 6.1. Thus Theorem 6.3 follows from Theorem 5.2. O

Lemma 6.1. v € L2(0, 00, L5(Q°)?).

Proof. We have v € L> (0,00, L2(Q°)?) and Vv € L2(Z)? (see (A3)). Thus we may apply Lemma 2.1
with Kk = ¢ = 2. ([

Next we transform JR((v - V. )v) by a partial integration.
Lemma 6.2. Let z € Q°, t € (0,00), s € (0,t). Then
3
[T =5t =9 (@ V)0 ) du == [ 30Tyt =) (- 0)(w.) .
=1

Proof. According to Lemma 6.1, we have v(- ,s) € L5(Q2°)3. Since v € L*(0, 00, L2(Q2°)3), we thus get
v(-,s) € L3(Q°)3. In view of Theorem 6.1, we have ((v - V)v)(- ,s) € L¥*(Q°)3. Moreover Theorem
2.6 implies that the terms I'(x — y,t — s), Oy I'(z — y,t — s), considered as functions of y € Q°, belong
to L3(©2°)**3 and to L*2(Q°)3*3, Thus the lemma follows by the proof of [25, Lemma 3.8] and the
assumption v(- ,s) € V, which implies v(- , 5)|0Q2 = 0. O
Corollary 6.1. fot Joe 1oL (x —y t — s) - (v - v)(y, 8)| dy ds < oo for 1 < j,k,1 <3, te(0,00) and for
ae. x Q. Therefore we may define

‘ 3
Az, t) := /o /ﬁc lzzlalr(l" =yt —8) ((vk - 0)(Y,8)) 1 <p<3 dy ds

for x, t as above. The equation R((v - V,)v)(x,t) = A(x,t) holds for such x and t.
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Proof. We have vy, -v; € L>®(0,00, L'(Q%)) for 1 < k,1 < 3, so Corollary 6.1 follows from Lemma 6.2 and
2.8. (I

Now we turn to pointwise decay estimates of v, adapting an approach by Babenko [4]. To this end we
fix a number Ry € (max{Sp, 7o}, ), with ro from Theorem 6.2 and Sy from (Al). We define

Y(R) :=sup{|v(z,t)| : * € Bf, t >0}, ¢(R) :=||v|Bf x (0,00)]|6,2:00 for R € [Rg, 00). (6.1)

Note that by Lemma 6.1, we have p(R) < oo for R € [Ry, c0). In the rest of this section, we will write
¢ for constants that may depend on Q, 7, Sp, on p (see (Al)), Ay (see Theorem 6.2), Ry, A1(Ry) (see
Theorem 6.3), on the function ¢ from (6.1), and on certain norms of v. Constants that may additionally
depend on 71, ..., v, € (0,00) for some n € N will be denoted by €(y1, ..., Yn)-

Lemma 6.3. Let t € (0,00), v € B, 1 < j,k < 3. Then

/ / |0k (x —y, t —s) - (vi - vi)(y, 9)| dy ds < €.
Proof. The integral in Lemma 6.3 is bounded by AW+ A® L A®) | with

t
AW = / /Q 0Tk (z —y, t — )| - |v(y, s)|* dy ds,
0o Ja,,

t
A9 = [ eyl =5) 10T~ ot = 5)| - oy, o)y ds.
0 JBg,

The term 2A® is to be defined in the same way as Ql@), but with the function x(i ) replaced by
X(0,1]- Since z € By and Ry > ro, we find for y € Q. that [z —y| > (1 —ro/Ro) - [z] (see (2.5) and
1 —ro/Ro > 0. Therefore with Theorem 2.6,

t
m“)gc-// (lz =yl* +t—5)72 Jo(y, s)[* dy ds
0 JQy,

t
< C(ro, Ro) - Ja| - / / [o(y, 5)[2 dy ds
Q

< C(ro, Ro) - Ja| - ( / ) / lo(- . 9) 9|2 ds < C(ro, Ro) - 0] 5.me.
Moreover, by Theorem 2.7 with v = s = 00, ¢ = 12/5,

t
A < AY/°. / / X(100) (E = 8) - |0 i (2 =y, t — )| - [v(y, 5)|*/C dy ds
o JBg,

7/6 5/6
<C-AYC oIy,

2,00;00"

Finally Theorem 6.2 and Theorem 2.7 with v = s = o0, ¢ = 6 yield
t
A0 < - Ay% / / Xo.)(t = 8) - [T j(x — y,t — )| - |o(y, s)*/* dy ds
0 JBg,

2 3/2 5/3 3
< C-AY? o] BE, % (0,00) 17200 < C - AY - o]y,

9,00;00 2,00;00"
Lemma 6.3 follows from (A3), Lemma 6.1, the preceding estimates of A, %A® and A®. O
Corollary 6.2. Without loss of generality, we may suppose that
lu(z,t)| < A(Ry) - ||~ ™{w18/5F 47 190(2,t)| for any t € (0,00) and for any x € B,  (6.2)
and Y(R) < € for R € [Ry, 00).
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Proof. In view of Theorem 6.3, Corollary 6.1 and Lemma 6.3, and because Ry > Sy, we may modify v(t)
on a set N; of measure zero, for any ¢ € (0,00), in such a way that (6.2) holds for any x € B% . This
means by Lemma 6.3 that [v(z,t)] < € for t € (0,00) and = € Bf , so the last claim in the corollary is
proved. (I
Lemma 6.4. ¢(R) < - (R77/6 + (R/2)7/%) for R € [2- Ry, 0).
Proof. We use a similar approach as in the proof of Lemma 6.3. Let R € [2- Ry, 00), (z,t) € Bf x (0,00)
and j € {1, 2, 3}. Inequality (6.2) yields
3
o (@, 0)] < Av(Ro) - |13 o 37 (0 + 2l ), (6.3)
k=1

where 91,(;1) is defined in the same way as the term 2 in the proof of Lemma 6.3, except that the domain
of integration (2, is replaced by {1g /s in the case i =1, and By by B}C?I/2 ifi=2ori=3.Fory € B/,

we have |z — y| > |z]/2, so by proceeding as in the estimate of the term 2" in the proof of Lemma 6.3,

we get
A <o |zt )|Q d
k= |z| ||’U s)| R/2||6 S.
QR/z

Hence ngl) <Ol R? - ||0]|§ 2.0 < C-R72-||0]3 5,00, Where the last inequality holds because z € Bf.
Theorem 2.7 with v = s = 0o, ¢ = 12/5 yields

t
A2 < C-p(R/2)7/S / / X(1,00)(t = 8) - [0k (z — y,t — 8)| - |v(y, s)[/® dy ds
0 BICQ/2
< C-p(R/2)7 - |Jvl3/S

Theorem 6.2 and again Theorem 2.7, this time with v = s = 0o, ¢ = 6, imply

(3) <C-AV* / / X1)(t = 8) - [0 ju (@ =y, t — 5)| - [0y, s)[*/* dy ds

2,00;00"

<C-Ay? ||v|BR/2 (0,00)[[g/2 0 < C - Ay - p(R/2)T/S - |Ju]ly/2

Lemma 6.4 follows from (6.3), (A3), Lemma 6.1, the preceding estimates of Ql,(i), Ql,(fl) and 2[,(3) and from
the assumption p > 7/6. O

Lemma 6.5. Let « € (0,00). Then there is R, € [2 - Rg,00), depending on the quantities
K, Ao, A1(Ro), [|[v]l6,2:00 and on the function ¢ introduced in (6.1), such that |v(z,t)| < k forx € By , t €
(0, 00).

Proof. Let R € [2- Rg,00), M € (0,00), (m t) € B x (0,00), j € {1, 2, 3}. Then by (6.2) we have
lvj(z,t)| < A1(Rp) - ||~ mindn 13/5} 4 7. Zkl 1(%(1) + %,(fl) + %,(fl’)), with %,(Cll) defined in the same way
as AY in the proof of Lemma 6.3, except that the domain of integration €2, is replaced by Qg2 (so
that %il coincides with the term Ql( ) from the proof of Lemma 6.4),

%](fl) = / / X(M, oo) t - S) |alrjk5( —y,t— 8)‘ ' |U(y7 8)|2 dy dS,
Bgo

and with ‘B,(j) defined in the same way as ‘B,(j), but with the term x(az,o0)(t — ) replaced by x(o,ar(t — ).
Since € B, we have |z —y| > R/2 for y € Bpjs, s0 |9 (z —y,t—s)| < C-R~* fory € Bgy2, s € (0,t)
by Theorem 2.6. As a consequence, proceeding as in the estimate of 2AM) in the proof of Lemma 6.3 and
of Ql,(jl) in the proof of Lemma 6.4, we find ‘B,(gll) <C-R2-||v]g 2:00-
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Concerning %l(fl), we use Theorem 2.7 with s =1, ¢ = 3, v = 00, to obtain
2 — c
Bj) < C- Mo ] By x (0,00) .00 < C - M7 - [0 By x (0,50 e

so that B2 < €. M~1. p(R/2)2. Turning to B>, we obtain with Theorem 2.6 and 6.2 that
@) ' -
3 <c-ae [ [ xoan(t=9- (lo=yl+ = 9"2) " ay s
0
t
<C-A3 / X(o,m(t = 5) - (t—s)"Y2ds < C- A2 MY/2,
0

Altogether we have found that |v(z,t)| < C(A(Ry), Ao, |[ulls.2:00) - (R™' + MY2 4 M~ . p(R/2)) for
x € Bf, t € (0,00). (Recall that ¢ > 1.) By Lemma 6.1 and Lebesgue’s theorem, we have ¢(R/2) — 0
for R — oo. Therefore, by first choosing M sufficiently small and then R sufficiently large, we see that
Lemma 6.5 follows from the preceding estimate of |v(z,t)]. O

Theorem 6.4. [v(z,t)] < € [x|~7/C forz € B, , t € (0,00).

We adapt the proof of [25, Theorem 4.5], which goes back to Babenko [4]. By Lemma 6.4, we know
there is a constant C; > 0 with

W(R) < Cy - (3*7/6 n ¢(R/2)7/6) for R € [2- Ro,o00). (6.4)

Without loss of generality, we may assume that Cc; > 1. Note that ¢ is decreasing. By Lemma 6.5,
we may choose R € [2- Ry, 00) with ¢(R) < (4-Cy)~6-27Y7. Put Ry := maX{R (4-C1)7/2}. This
means in particular that By > 1 and Ry > R > 2- Ry. The fact that Ry > R implies ¢(Ry) < ¢(R) <
(4-Cy)76. 2717 1t follows with (6.4) that

W2 R) < Cr- (20 R)TO+(R)TY) < Oy (20 R)TO4 (40270,

hence (2 Ry) < Cy-27Y/6 . ((2- RI/®)=1 4+ (4. Cy)~"). Since Ry > 1, we have R./® > Ry, so by the
choice of R; we may conclude that ¥(2- Ry) <27 7/6. (4. Cy)~S.

For a proof by induction let n € N with ¢(2" - Ry) < 27™7/6. (4. C;)~S. Then we find with (6.4)
that (27! - Ry) < Oy - (2™ - Ry)™7/6 + (2" - Ry)7/%). By our assumption on n it follows that
(2 Ry) < Cy - (271 Ry)~T/6 4+ [2749/36 . (4. C4)7] 7). Again we use that R7/® > Ry > (4-C1)7/2,
to obtain

B R < O - ([2(n+1)~7/6 C(4-Cy)T/2 Y 4 29736 L (4. 01)7]—1)
—(4.0)"6.27L. (2—(n+1)‘7/6 n 2—n‘49/36—1> .

But since n-49/36 4+ 1 > (n+1) - 7/6, it follows that (2" ! - Ry) < (4-C;)~6-2=(»+D-7/6 Thus we
have shown by induction that the inequality (2" - Ry) < 27™7/6. (4. C})~° holds for any n € N.

Let R € [2- Ry, 00). Then there is n € N with 2" - Ry < R < 2"+1. Ry, so that 277/6 . R1/6 < R7/6 <
2(n+1)7/6 . RI/ ® Tt follows with the inequality just proved that

Y(R) < (2" Ry) <2770 (4. Cp)7°
< o(n+1)-7/6 R7/6 CRTT/6.9-nT/6 (4-C)5=(2- RI/R)7/6 (4.0 (6.5)

Now let ¢ € (0,00), € BS . Then x € B, so |v(z,t)| < 1(|x|). Moreover, recalling the choice of

x and referring to (6.5), we obtain the estimate 1(|z|) < (2- Ry/|z[)7/¢ - (4 - C1)~5. Therefore we may
conclude that |v(z,t)| < (2- Ry)7/®-(4-Cy)~%-|2|~7/%. For 2 € Ba.g,\Br,, the second inequality in
Lemma 6.3 yields |v(z,t)| < €, so |v(z,t)] < € (2- Ry/|z|)7/%. Thus the theorem is proved. O
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Lemma 6.6. Suppose there are constants cy, € > 0 with
[o(y,s)| < co-[yl ™7 for y € By, s € (0,00). (6.6)

Let x € BS ., t € (0,00). Then [A(z,t)| < € (1+¢3) - (|2|7' 72 + [2]7?), where A(x,t) was defined in
Corollary 6.1.
If € > 1, we further get |A(x,t)| < €(e) - (14 c3) - ||~ 13/5.

Proof. ¥or y € Bf, ,, we have |y| > £U|/2 > Ry, so |v(y,s)| < co-|y|7' 7 for y € Bf, /, due to (6.6).
Thus, with Theorem 2.6 and because {2 C Bpg,, we find
t
e < [ [ (r=yP+t=97 o)l dyds <C- (-1 + 2),

with £1 1= fo fBC \x y|>+t—s)72-|y| 72" dy ds, and with £, defined in the same way as £1, except
that the domain of mtegratlon B\II/Z is replaced by B|x|/2\§, and the factor |y|=272 by |v(y, s)|?. But

£, <C- / o —y[ 72yl P Pedy < C- Z/ [z =y [yl 272 dy, (6.7)

Blayj2
with A; := By.z|\B|s|/2, A2 := B 5| We may conclude

c<c. <|z|“'f S e—vans [ |y|“'6dy>
A1 AZ
<(C- <|x|_2_2'E . / |a: — y\_Q dy + |x|_1_2'€> <C- |x|_1_2'5. (6.8)
B3 ‘ ‘ xr

Moreover, since |z —y| > |z|/2 for y € By,|/2, we find

t
<0 |x|—4-/ / oy, 5)[2 dy ds
0 B‘m‘/zﬂﬁc

+ 2/3 1/3
soll [ ([ ar) ([ ewola) s <ol i <€ el
0 Bla2 a°

Note that ||v]|¢,2:00 < 00 by Lemma 6.1. Thus we have proved the first estimate claimed in Lemma 6.6.
Now suppose that € > 1, so that by (6.6)

[o(y,s)| < eo-lyl™ 7 < co - C(Rose) - [y| ™ for y € B, s> 0. (6.9)
Since |z —y| > |z[/2 > 0 for y € Bj;/2, the function y — I'(z — y,t —s) (y € Bm/g) 1s C°° for any

€ (0,t) (Theorem 2.6), so by an integration by parts, we get A;(z,t) = Zl 1 Zkl 1 jkl, where for
1<4,k,1<3, we put

i [ [ At ) du s

\ /2

3= [ [ Tt (o 00 () dy ds,
Byyy/2\2

SBgi,?l = / /83 Ljp(x —y, t —s)- (v -vp)(y,s)-2-y/|x| doy ds.
l=1/2

The term ‘B§ k)l is to be defined in the same way as DA j kl, except that the domain of integration 9B, /2
is replaced by 92, and the factor 2 - y;/|z| by — Z(Q)( ). Since v(- ,s) € V for s € (0,00), we have
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‘Bﬁ)l =0for 1 < j,k,1 < 3. After applying (6.6) and Theorem 2.6, an estimate as in (6.7) and (6.8) yields
|%§}€)l| < C-ck-|z|717%¢ By Theorem 2.6

t
B <C [ (o yP = 0, ellns) dy ds
0 JBja/2\Q

t
gc-/ (\x|2+t—s)*3/2./ (0 V)l (s 5) dy ds. (6.10)
0 Bz 2\

Since v € L>=(0, 00, L*(Q°)?) and Vv € L*(Zs)?, we have (v - V,)v € L?(0,00, L'(Q2°)?). Due to this
fact, we get

min{1,t}
[ Pt [ 0V )el(wes) dyds < el (- Vel
0 Bia|/2\0

<C- 2|7 (v Va)v Zi 120 < € |2| 72

(6.11)

The estimates (6.10) and (6.11) imply in the case ¢t < 1 that |%§i)l| < € |z|73. Consider the case t > 1.
Using (6.9), we get for s € (0,00) that

[lv(- ,5)||15/s <|jv(-,s)] QRo||15/8 + (-, s) |ch30||15/8

8/15
< C(Ro) - |lv(- , 8) [ QR ll2 + co - C(Ro,€) - (/ ly| 1o dy>
B

< C(Ro¢€) - (lv(-, )2 + co)-
Since v € L*°(0, oo, LQ(ﬁc)g), it follows that [|v]|15/8,00;00 < (14 co) - €(€), so by Hélder’s inequality

t
[l ve=972 [ @Vl dy s
1 Blej/2\02

c
Ro

t
< / (|22 4+t = )72 - |ollis/s,c000 - Va0 (-, 5)l1s/7 ds
1
1/5

t
< €(e) - (1+co) - </ (|x|2+ts)15/2ds> V2ol x (1, 00) 157,550 (6.12)
0

But ||va|ﬁc X (1,00)|l15/7,5/4;00 < 00 by Theorem 6.3, so in view of inequalities (6.10)—(6.12), we obtain
B3] < €(e) - (1+ o) - || ~'3/5. Moreover, by Theorem 2.6, (6.6) and the fact that |z]/2 > R,

t
|EB§?1| <C-cf- / / (Jo —y|> 4+t —s)73/2 . |y| 7272 doy ds
0 JOBjs|/2

¢
<C-c@- x| 722 '/0 (Jz|? +t — 5)73/2. /013 do, ds < C'-cp - |z|717%¢, (6.13)
l1/2

The second estimate claimed in Lemma 6.6 follows from the preceding estimates of |%§2\ to |’B§2\
and from the equations U;(z,t) = Z?:l Zi,l:l %Yk)z and %52 = 0 stated above. O
Now we are able to carry out the

Proof of Theorem 1.1. The continuity property of v stated in Theorem 1.1 holds according to Theorem
6.3. Thus we have to show (1.6). By Corollary 6.2 we know that |v(xz,t)| < € for x € B , t >0, so

[v(z,t)| < €-|z|™* for = € Ba.g,\Br,, t > 0. (6.14)



P. Deuring JMFM

We know from Theorem 6.4 that |v(z,t)| < € - |2|77/¢ for = € Bg,, t > 0. Therefore from the first
estimate in Lemma 6.6 with € = 1/6, we get that |U(z,t)| < €-|z|~%/3 (z BS ,, t >0). Thus by (6.2)

lo(z,t)] < € (|o|~ ™t 13/5) L 2|=4/3) for z e B3 g,, t € (0,00). (6.15)

Due to (6.14) the preceding inequality even holds for x € B , t > 0. If 4 < 4/3, we have proved (1.6).
Now suppose that @ > 4/3. Then inequality (6.15) and the remark following it yield that |v(x,t)| <
¢ |z|~4/3 for x € Bg,, t € (0,00). Therefore we may conclude from the first estimate in Lemma
6.6 with ¢ = 1/3 that |A(x,t)] < € - |z|73 (2 € BS ., t > 0), so by inequality (6.2) we obtain
lv(z,t)] < € (|Jo|~mindm 13/5F 4 |2|=5/3) for o € BS ., t € (0,00). By (6.14) the preceding inequality
extends to x € By , t > 0. If p < 5/3, inequality (1.6) is proved. Otherwise we may conclude that
lu(z,t)] < € |2|75/3 for x € B§, , t € (0,00). Again referring to the first estimate in Lemma 6.6, this
time with € = 2/3, we get |2(x,t)| < € |z|~2, where z € B3 g,, t > 0. Thus, by another application of
(6.2) and (6.14), |v(z,t)| < €- (Ja| = 2indr 13/5} 4 12| =2) for 2 € B, t > 0. At this point estimate (1.6) is
established if y < 2. Otherwise |v(z,t)] < €-[z|~? (x € Bg,, t € (0,00)). In this situation we may deduce
from the second inequality in Lemma 6.6 with e = 1 that |U(z,t)] < € - |2|~13/°, for x € BS g,, t > 0.
This estimate, (6.2) and (6.14) imply (1.6). O
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