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Consider a bounded domain Q in R* with C*-boundary 9Q. In [1] the Stokes problem in the exterior
domain R*\Q, with resolvent parameter 1 € C\] — 0,0], is solved by using the method of integral
equations. However, for estimating the corresponding solutions in L? norms, it turns out that a certain
operator defined on the spaces L"(3Q)3, for r €]1, o[, has to be evaluated in the norm of L"(3Q)3. This
estimate is proved in the present paper.

1. Introduction, outline of Proofs

Let Q be a bounded domain in R?, with C?-boundary Q. Then consider the Stokes
system in the exterior domain R\ Q, with resolvent parameter Ae C\] — o0, 0]:

—Au+iru4+Va=f divu=0 in R\Q, (1.1
and with Dirichlet boundary conditions
u[0Q =0. (1.2)

The function f is assumed to be given in L?(R>\Q)3, for some pe 11, oo[. Solutions to
(1.1, 1.2), and their estimate in L? norms, are of interest for numerical purposes, and for
treating the full Navier-Stokes system by means of functional analysis; see [1] for
a more detailed background. In [1], we adapt the method of integral equations in
order to construct a function

ue WA (R3\Q)* n WP (R\Q)?,
and a function ne L (R*\Q), with Vz belonging to LP(R*\Q)?, and with (u, 7)
solving (1.1). u is uniquely determined, and = is unique up to an additive constant. Of
course, the condition ue W{?(R*\Q)?® implies that u solves (1.2) in a weak sense.

Concerning L? estimates of solutions, one would like to find a constant
2,(0,p,E,Q) >0, for [0, n[, pe]l, o[, E > 0, which satisfies the relation

lul, < 2,6,p, E,Q)IA" " ], (1.3)
where fe LP(R*\Q)*, 1eC with || > E and |arg(4)| < 6, and where (u, ) is the
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solution of (1.1, 1.2) corresponding to 4 and f. Up to now, estimate (1.3) could not be
proved directly; see [1] for more details and for references. Since the approach in [1]
yields an integral representation of w, it is natural to try and estimate [u|, by using
this representation, As shown in [1], this method reduces (1.3) to estlmatmg a certain
integral operator 7 * which maps L"(0Q)? into itself (r€]1, oo [). It is the purpose of
the present paper to prove this estimate. We still have to introduce some notations
before we can define .?" * However, to give an idea of what we are aiming at, let us first
state the result on Z* that is needed in [1] (see [1, Theorem 1.5]): for 6&[0, =n[,
pell, o[, there are constants Z,(6, p,Q), 25(6,p,€Q) > 0 such that

@), < Z,0,p,Q) |® + THD)],
for ®e LP(0Q)%, e C with |arg(A) <60,  |A = 2,(0,p,9). (1.4)

Now we turn to introducing our notations. We write n for the outward unit normal
to Q. Among the equivalent norms of L?(d€), we choose the norm | ||, given by

i/p
||¢t|,,1=<LnIl//(y)I"dQ(y)> » (YeLP(0Q), pell, o).

The symbols D,, D? div, V, A, with keN, aeN§, neN, are to denote differential
operators, with obvious meanings. For any matrix B, the term BT stands for the
transpose of B. The symbol ¢, > means the inner product in R*(neN). For neN,
xeR" ¢ > 0, we write B%(x) for a ball in R", with centre x and radius ¢, whereas
0"(x, ) means a cube in R" with centre x and edge-length 2¢. For any set A, the
symbol id(4) denotes the identity function on A4, and y, the characteristic function
with respect to A. If n, keN, A an open subset of R", and ue C*(4), then |ul,
abbreviates the sum of the terms |D*u|,, taken over ae Ng with |a|, <k, where | |,
denotes the supremum norm, and |a|, means the length a, + - - - + a, of aeNg. For
ge L*(R"), g denotes the Fourier transform of the function g, and g its inverse Fourier
transform. Take neN, B a subset of R" and pe]l, oof. If (f,)s>0 1s a family of
functions in LP(B), converging in LP(B) for o | 0, then we write LP(B) — lim f, for the
corresponding limit function. el0
Next, turning to the definition of 7%, we set

gi(N:=eT"+r e +e "= 1),

g,(r):=e"+3r 2(re " +e "= 1), (reC\{0})

t{fk(x) i= (47|x]) " [8,69 (V/AIXI) = X% 2g,(/A1xD],
E(%):=(@4n)x)"'x,, (1<j,k<3, AeC\{0}, xeR*\{0});
Shom:=03Esm — D;Etn — DyEfn, (1<jik,m<3, 1eC\{0});
T EH®)(x):=2 Y Sha(x — Y@, (y)m(y)dQ(y)

M 1<j,k<3
(1<m<3, ®el’(0Q)° for some re]l, oo, xedQ, 1eC\] — 0,0])

F* is well defined, as explained in [1, section 3].

We know of only one reference pertaining to (1.4): In [3] McCracken uses the
method of integral equations in order to investigate system (1.1) in the half-space in
R3, under Dirichlet boundary conditions. The present paper was inspired by that
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article. The role that Z * plays in [1] is taken in [3] by an operator R* defined as
follows: set

fi) =3¢ +re" + 6p=fe™" +re”" — 1),
£ =142+ 6p=fe™ " +re— 1), (reC\{0})

Xi(p):i= @Gnlpl) ‘0, L(/Alp  YHp):= @rlpl) o (/AP
(j=12 41eC\]—,0], pERZ\{O}),

R"((D):=<X{*t3,Xé*E, Y Yj’*&) (AeC\] — 0, 0],

1<j<52
® e L*(R?)? for some se]1, oo),

where the symbol * means convolution. Note that X%, Y}eL*(R?) for 1 <j <2,
1eC\]— o, 0], se]l, wo[, so that R* is well defined. R* will enter into the com-
putations leading to (1.4).

At this point let us mention the tools that will be needed in the following. From [3]
we shall use [3, equation (5.5)], and [3, Lemma 5.6]. Furthermore, we shall apply the
multiplier theorem from [5, p. 96], the Calderon-Zygmund theorem for odd kernels,
as given in [4, p. 89], the open-mapping theorem, and some standard results on
Fourier transforms. In section 2, when studying the operator &, introduced there, we
shall implicitly use the maximum principle for harmonic functions. Otherwise we shall
only use elementary analysis.

In order to give an idea of our reasoning, and to reduce our proof of (1.4) to its main
difficulties, let us state the main steps leading to (1.4). The first one concerns some
particular descriptions of 0Q by local parameters:

Theorem 1.1. There are constants oZ,(Q), o/,(Q) > 0, and for any €€]0,1] a finite
index-set 1(¢), and for t € I(¢) an orthonormal matrix D e R3*3, a vector Cfe R3, as well
as a C?-function ¢, mapping Q*(0, .o/, (Q)) into R, such that the following assertions
hold: take €10, 1], and set

A= Q%0,6e.4,(Q) for 6€]0,1], A, :=AL
1i(p) := Di(p, Bi(p) + Ci,  Ji(p):= (1 +[VB(p)I*)"
for peA,, tel(e).
then we have

HEI < Qe vl < LQ) Bl <& (1.5)

neyim) = Di( = VBi(m), H(1/Ji(M))  (meAi, tel(e)); (1.6)
1/p
<, () Ilfllp<< Y |If°vfIAS||5> <A,Q 11,
tel(e)
for pell, o[, feLP(0Q), de[%,1]. (L.7)

The local parameters y¢ may be constructed by breaking up 0Q into small parts, and
by projecting these parts on suitable tangent planes to 0Q. This approach must be
carried through in such a way that both inequalities (1.5) and (1.7) are satisfied. This is




/L Pﬁ&w\(z)‘“ ("t“l?-ls)m [SAMZJ fA(VXIH)
-+ lev»'fx_(vxhl)])

not completely trivial since the constant in (1.7) must not depend on ¢. A detailed
proof is lengthy, but straightforward; so we do not give it here.

If £¢€]0,1] and K is a function from A, into C*, then we shall denote the trivial
extension of F to R34 by EX*(F).

Next we are going to introduce a certain operator which does not depend on 4. For
this purpose we define L

L NEG\(-00,0] Piu(z):= (4m)'3,2,12° (eR*\{0}, Ll <jkm<3)

Now we are able to state
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Theorem 1.2. If ®e C*(dQ)> for some a.€]0, 1[, then the limit
Z,(®)(x) := lim f Y Phn(x — YO, (y)n(y) dQA(y) (1.8)
al0 JoQ\B3(x) 1 Sj.k<3
exists for xe0Q, 1 < m < 3. For pe]l, oo, there is a constant 2 ,(Q, p) > 0 such that
1Z(®)], < 2, p) @], for ®eC*3Q) ae]0, 1[. (1.9)

Thus, for any pe]1, o[, the definition in (1.8) induces a continuous operator S, from
LP(0Q)? into itself. Finally, for pe]l, o[, there is a constant 24(Q, p) > 0 such that

IWll, < 2s@Qp) 13 +S,(W), for Vel @Q). (1.10)

Before we are able to explain why this theorem is of interest, we still need another
set of definitions. Put

XP(p):=@nlpl?) 'p; (peR*\{0},1<,<2)
L oo RO(Y) = (Xow s, Xy#5,0),  (WeL’®R2)® for some se]l, oo[),

where the convolution * is to be understood as a principal-value integral. For

AeC\] — o0, 0] and for 4 = oo, let the matrix-valued function E* from R? into C3*?

A be efined by the condition that the Fourier transform of $® + R*(®) is equal to

|- 4) ,for ® e L?(R?)*. This means in the case 4 = oo (see [5, pp. 57/8]) that E = 0 for
Hawnd 1 <],k< 3 with j # k e k # 3, and

EZ =% Ej(p) = tpl py for peR*\{0}, 1<k<31<j<2

; .
L-'i_, L} In the case Ale C\] — o0, 0], an exphclt form of E* is given in [3, (5.5)]. The function
E* is invertible, as proved in [3, Lemma 5.6] for the case Ae C\] — 00, 0]. For 4 = o0
this fact is obvious. Now define for AeC\] — o0, 0], ® e C°(0Q)%, £€]0, 1], tel(e),

1<m<3:
]_m Ve, t, ®,2)(p) := Lm B JkL i(p —n0) (D) @ovimdn  (peR?);
V(e t,®, o) ;= LP(R?) — lifx;f Yo, o ([IA(R?) — 1)
< <§< , om [DE(id (R?) — m,0)1(D)3@;° i (m) du;
L.. W(e,t,®, 4) := (DF)T [EEX‘(F‘((D) oYEAY?) + V(e t,®, 1)];

Wie, t,®, o0):= (DY)T[ — EX*(S,(®)°¥|A;?) + V(e, 1, ®, 0)];
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b(e,t, ®, 7) := (E*) ' { 4 $(D)T[(® + T*(®)) o y;| AY2]}

+(E) ' W(e t,®,2) — (E) ' W(e, 1, ®, ). (L.11)
After a short computation we obtain for 4, ¢, t and ® as above:
(D))" (3@ + S, (@) y;|A}* = [E*b(e,1,®,2)] "|AL*. (1.12)

This equation is the key to the proof of (1.4), for the following reason: on the one
hand, ||®]|, is less than a constant times the sum over t€I(e) of the L? norm of the
left-hand side of (1.12); see (1.7) and (1.10). On the other hand, the L” norm of the
right-hand side of (1.12) is bounded by a constant times |® + l(d))llp, plus
a perturbation that becomes small if | 1| is large, and & small. The latter fact will be
made precise in

Theorem 1.3. Take pe]l, w[, 8€[0, n[. Then there exists a constant 24(0, p, Q) > 0

such that the ensuing inequality holds for e C with |arg(d)| < 6, |4] = 1, ¢€]0, 1/8[,

DeC’RQ)*:

( Y I[E“be,t, @, 1)] AV* Mg)”p

tel(e)

< Z6(0, p, Q)[Il¢ + THD)|, + 7 0)A " o,

1/p
+e< Y [ ®oyi|Al? lI:) ] (1.13)

tel(e)

(1.4) may now easily be derived from (1.13), (1.12), (1.10) and (1.7). Note that the
constant ./,(2) from (1.7) does not depend on ¢. Note further that we need only
consider ®e C°(0Q)?, since J* is continuous, even compact, as an operator on
LP(3Q)? (see [1, section 3]).

2. Proof of Theorem 1.2

Take €10, §[, teI(e). Set for 6€]0, o[, peAL/2:
V(p,0):= {zeR%:|z|* + (VBi(p),2)* < o?}.
For any bounded, measurable function K from A, into C, and for y € L*(A,), we set

H(K, ¢):= L K(n)y(m)dn.

Since [Bf]; < & < 1/8, we have for p, ne A, with p # 3

2
’(P - N Z Djﬂf(P)(Pj - ﬂj))

j=

=§1‘._4.)%2_2->MM H (‘3\//2)

2
) <sv)Dlﬂf(p)‘Dzﬂf(p)Z”‘slp e @1

0<s< 2

-3

—lp—m’

X

L (&) (o),

LA
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with the infinite sum on the right-hand side converging absolutely. Now take
Y eC*(A,) for some ae]0, 1[, pe A}, j, k, me{1,2,3}. We have

f 2425z 7" 97 2dz = 0, 2.2)
14

for n, ge N with q + n odd, and for V coinciding with one of the sets V(p, )\ V(p, 6),
B2(0)\ BZ(0), B2(0)\ V(p, o), where o, 6€]0, oo[ with ¢ > 6. If ¢ > 0 is small enough,
then for ¥ as before, the sets {neA,:p —neV} and {neR*:p — neV} are equal.
Thus, setting

L(p,n):= Liim(p,n)= }’k’m<Df[p - > , D,Bi(p)(p — n),]), (2.3)
[yt Mi(p,m):= Mis(p, W)= Pin(Fi(0) — [, (24)
" Ky (9o, 0)= Zge, . op@ — WL M), Ky (p. 1, 0):= PEEO(p —n)L(p, m),
W\ B (0) — _ — LB
c K3(p M, 0):= Y\ pp. (P — MM (p, M), Ky(p,, 0): p—M)M(p, ),

MG\ 0) Kelo10)= e i — (P~ WO, (€A, 7> 0)
L Xti we may in a first step conclude from (2.1, 2.2):
H(K(p,*,0) — Ki(p,*,6),1) = 0 for ¢ > & > 0, with ¢ small, and for
I<igj<2. (2.5
Next we note the inequality

Y. D.Bip)p—m), — Bi(p) + Bim)| < L (Q)lp —nl’, (med,). (26

1<rg2

The relations in (2.5, 2.6), and the Holder continuity of  yield the following conver-
gence result, for J = {3,4}:
The limit lim H(K(p, -, o), §) exists for je J, and takes the same value

al0
for any jeJ. 2.7

On the other hand, for ¢ > 0, ¢ sufficiently small, we get after some computations:
‘ L (K3 — Ks)(p,n, 0)dn| < & In[(1 + 4.4,(Q)0)/(1 — 44,(Q)a)], (2.8)

with &, independent of 6. By letting ¢ tend to zero in (2.8), it follows that (2.7) also
holds for J = {3,4,5}. However, (2.7) with J = {5} implies the first assertion of
Theorem 1.2.

Turning to the proof of (1.9), we first note that the integrand of the integral in (2.2) is
bounded by one. This implies by (2.1) and [4, p. 89] that for any pe ]1, o[, there exists
a constant Z,(p) > 0 with

(Je

for p e LP(R?), and g, neN, with g + n od%

4 1/p
dX) <Z,lel, 29

Lz (x —pi-(x—yhix —yl 17" 2o(y)dy

L whete the cnner tategral Csic be under stood
as o prineepal va lue Cntegral
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Let pe]l, oo be fixed for the rest of this section. Constants that only depend on
p or Q will be denoted by &. As a consequence of (1.5), (2.1) and (2.9), the following
assertion holds for j = 2:

H(K(p,-,0),¥), as a function of peA;’?, converges in LP(A}?) for

1
o | 0. The corresponding limit function is bounded by &y, (2.10)

From (2.6) we may conclude that (2.10) also holds for j = 4. Now (1.9) is an easy
consequence of (2.10), with j = 4, and of (2.7), with J = {4, 5}.

In order to prove inequality (1.10), we propose to show that 3id(L?(3Q)?) + S, is
bijective. (1.10) then follows by the open-mapping theorem. Consider the operator &,
from LP(0Q) into LP(0Q2) defined by

F(@)(x):= (4m)~* Ln ), x — y>|x — y| 2 o(y)dQ(y), (xedQ, pe LPEQ)).
2.11)

Note that [{n(x), x — y)|is less than &|x — y|? for x, y €3 (see [2, (2.22)]). Thus, the
integral on the right-hand side of (2.9) exists, and defines a function belonging to
L?(0Q). The operator 3id(LP(0Q)) + ¥, is bijective. In fact, [2, Satz 5.1] implies
compactness of .#,. Thus we only have to prove that $1d(LP(0Q)) + &, is one to one.
Taking ® from the kernel of this operator, we may conclude from {2, Lemma 5.4]:
®eCO(dQ). Now [2, Satz 4.1] yields that the functions — 1® + F,(®), 1@ + F,(®D)
represent boundary values of certain harmonic functions in Q, and R3\Q, respectively.
This situation implies ® = 0. Returning to the operator S,, we note the equation

{n,S,(fm)) = F(f) for fe LP(2Q), (212
which may be derived from (1.8, 2.10) by a density argument. Now let T" e L?(9Q)* with
3T +S,(I) = 0. From (2.12) we conclude that (n,I') + #,(<{n,T)) is vanishing.
Thus we have {n,I'> = 0. By (1.8, 2.10), and a density argument, it follows that
S,(T') = 0, so that ' = 0. Hence S,, is one to one. Next take ac LP(0Q)>. There exists
some fe LP(dQ) with 3 f+ #,(f) = (n,a). Set

@:=fn, V= —S,(9) + <{S,(@),n)n, '=¢ + 2y + 2a — 2{n,a)n.

Then we have I'e L?(3Q)3, S,(9) = S,(I"). Equation (2.12) now yields: 3T + S,(I') = a.
Thus we have shown the function 3id(L?(0Q)%) + S, to be bijective, so that the proof
of Theorem 1.2 is completed.

3. Proof of Theorem 1.3

We begin by setting
fir):=6e""+re "+ 15r 2"+ re " — 1), (re C\ {0});
Qhom(X) 1= (47X ™ (8 mxi f1 (V/AIXD) — 2,33, %1 72 £ (/2 X)),
(xeR3\ {0}, 1 <j, k,m < 3).
Note that Sk, = Pim + Qfm (1 <Jj, k, m < 3).
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Take 0€ [0, n[, pe]l, o[, Ae C with |4 > 1, |arg(4)| < 0. These parameters will be
kept fixed for the rest of this paper. Constants that only depend on 6, p or Q will be
denoted by 2.

The proof of inequality (1.13) is based on the following estimates:

ID® P (X)) < 2|47 [x| =2~ lals + 20 ‘ 3.1)
ID*(Pjim — Pjem)(X)| < D|A] 71 x| ~4~ I8, (3.2)
1 > 3n,(z)Q,4,m(z -9 <Pz -7 (3.3)
<r<
1 )/6[0,4:( (xeR3\{0},z,ieaﬂ,z;éi,lsj,k,msjl)i
} /

eyt eoctt ID"E=(p)al, ID*E)7 (p)ul, ID*EX(p)yl, IDHEY) " (p)ul < 1ol "o, (3.4)

O(fy -/

ID*(E")™! = (E®)™1)(p)u| < Zlp| ~ 1+ 7127772 (3.5

| e wotl (PER\{O} 1<)k <3, ye[0, 1]).

](A(* iL"

Concerning the proof of these inequalities, we remark that det E*(p) # 0 for p e R?
(see [2, Lemma 5.6]). Using this fact, (3.4) and (3.5) may be shown by easy but tedious
calculations. Inequality (3.3) is a consequence of (2.6).

Now fix ®e C°(0Q)*, £€]0, 4[. Take te N (¢). By (1.12, 3.4), and by the multiplier
theorem from [5, p. 96] we may conclude, with notations as introduced in section 1:

ICE®b(e, £, ®, HT A5 < D||(® + T H®)) o vi|ALZ |2

+ [[E®[(EY) ™! — (E*) ' TW(e, 1, ®, )T |AY* |2

+ (W, £, @, 1) — W(e, t, ®, 0))|A*]|5. 3.6)
This leaves us to estimate the second and third summands of the sum appcarmg on the
right-hand side of (3.6). To this end, we choose @peC¥(R?) with ¢|B(0) = 1,

©|R?\B3(0) = 0,0 < ¢ < 1. For he]0, o, pe R?, we set ¢,(p):= ¢((1/h)p). Further-
more, we choose CeC“’(R) with0< <1,

00— Fo,@Q, 5, @1 =1,  JR\[ —34,(Q), }.,(Q)] =0,
with o/, from Theorem 1.1. Set
L(p):={(p,/e){(p,/e) for peR?, e€]0, 1.

The second summand on the right-hand side of (3.6) will now be split into terms
that can be estimated in a suitable way. With L, *and M5 * defined as in (2.3), but
with the superscript co replaced by 4, we set for 1<m < 3 peAl’?, ceR%:

Hym(p)= ) LW(L;,;‘ M3 ) (o m)(@;my) o yi(m) i (m)dn,

1<j,k<3

Hy m(p):= 1 z 3 [Pﬂm(Ds(p 1,0)) — L “(p, W1(@;n,) ° vi(p)JZ(p) dp,
<] <

(3.7)

Hy m(p):= ) . LM Plim(Di(p — 1, 0)[(Ds — myco v JE (W] D5 i () dm,

I<jk<




Ry
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r

Hy w(p):= Plim(Y5(p) — ¥)mi (y) ®;(y) dQ(y),
1 <jik <3 JoQ\IH(A?)

Hs ,(0):= Plim(Di(6 — 1, 0))(D5)3 ®;° yi (1) dn,
1<jk<3JA)?

Hg w(p):= Qlim(¥i(p) — V), (y)®,(y) dQ(y).
1<jk<3JeQ

We further set

~H)<,R1\Am Hy:= (D))" 40 H,, Hj= (D)TEX*(H)) for 1 <j<6,j#5.

Thesn Wi(e, t, @, /) is equal to the sum of the terms ﬁj, for 1 <j < 6. This implies that
the second summand on the right-hand side of (3.6) is bounded by the sum
IGll, + ... + G5, where the terms G; (1 <j < 7) are defined as follows:

B:= E*[(E*)~! — (E*)"1],

G;=[B(1 — o) {{,H;} TIA¥* for1<j<3,
G,:=[B(1 — ¢){{,(A, + )} T|A*
Go=[BU—o){(1-0) 3 HFTiAM

<j<5

ofonl 3,9
1<j<5

Let us now estimate ||G;|,, for 1 <j < 7. We begin by noting that

H,eC'(A;?),

A, G,=[B: {ﬁc}kﬂAle-

with
ID*H, ||, < 2|14"* |®|, for aeNg,al, <1

The preceding inequality is established by some careful calculations involving
(2.6, 3.1), and the mean-value theorem. It follows that { H, € C$(R?)3, with

ID,CH)I, < 21 e @], (s=1,2).

Trivially the function {,H, also belongs to C§(R?)3, and the LP-norm of its first
derivatives is bounded by Z2¢73|®@|| »- On the other hand, take 1 <j, k <3, and
consider the functions F,, F, e C!(R?) defined as follows:

F,(@):=0 for aeB};,(0),

F(@):=A"?By@[1 — ¢,(@)]la| ">, for e R*\B},(0)
(r = 1,2). We have for we C}(R?):

[Bi(l — o)W1 =147 ¥ [F{Dw} 1

1<r<2
It now follows by [5, p. 96] and (3.5), for we C§(R?):
1Bl — @)W1, < 21472 Y |D,wl,.

1<rg2
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Combining the previous estimates yields the relation
NG, < @ e @), forj=1,4.

Next we note that [[H, ||, is bounded by [|J, ||, + J; ||, where J; n(p), /2, m(p) are
given by the right-hand side in (3.7), with the domain of integration A}'? modified to

E(p)={neA;2:lp —u <4712},

and A}*\E(p), respectively (peA)/?,1 <m < 3). The term |J, |, is smailer than
Del|®@ovi|A}?|,, as follows from (2.1, 1.5). In order to evaluate J,, we write
J, =J% + JY, where the expressions J} ,(p), J3 .(p) are defined by substituting
Pl — P%n and P, respectively, for the kernel Pj,, in the definition of J, ,.(p)
(peAl?, 1 < m < 3). Applying (2.1, 1.5) and [5, p. 89], we obtain an upper bound
De||®oyi|A}? |, for |J3l,. Inequality (3.2) yields an upper bound of the same form
for |J3 ], By inequality (3.5) and [S5, p. 96] it follows that ||G, |, is less than
De|®yi|A}Y?||,. Using (1.6) and [5, p. 96], we may construct an upper bound of the
same form for |G, | ,. Turning to the estimate of |G|, and |G|l ,, we abbreviate

he= ) H,

J’
1<j<5

b= (1 — )k

As we may readily deduce from (3.1), the expression |[lhj,, and hence [h,][,, is
bounded by 2|A|"/*|®||,. Let us transform G5 by a partial integration. To this end,
take 1 <j, k < 3, and observe that

[Bi(l — @)k, i 1A} = LP(AY®) — lim [L*(A}*) — lim M, ], (3.8)

n—o r—w

with
Mn,r:= [Bjk(l - (pl)(pr{(pnhe.k}A]le:M (ra nGN).

Partial integration, along with some further transformations, yields for n,reN,
peAlf 1<), k<3

Y M, .(p) = (2m)~" JRZ @a(m)i, (ML V1620 (o — m)|p — |~
X

Le A (D16 oo .
(e, o= 2. {DD(Bx(l = ¢1)@,)} (p—m)dn.

15212

Now it follows by (3.5), for n,reN, pe Al/4:

H¥ [£A, () 14,00 1Mnr(p)l < 21472 sz 0, (M), () L@ (1o — q)|p — |~ *dn. (39)

By combining (3.8, 3.9) with our previous estimate of [, || ,, we arrive at the inequality
IG5, < 2 2474 @],

Using (3.5) with y = 1, and referring to [S, p. 96], we may see that
1B m1l, < 214~ 2], (1<jk<3)

This estimate implies |G |, to be less than 2|4|~V/*||®||,. For ||G, ||, we may find an

A
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upper bound Z|A|”'/?||®|, by applying (3.3, 3.5), and the multiplier theorem from
[5, p. 96].

Combining the previous results, we see that the second summand on the right-hand
side of (3.6) is less than

DE3AT + o) @A,

Using similar techniques as in the estimate of |H;]|,, for j = 1, 2, 3, we may find an
upper bound

DA + )@y A 2,

for the third summand on the right-hand side of (3.6). Inequality (1.13) now follows
with (1.5, 1.7). For the last step, as well as for the conclusion at the end of section 1, we
need the fact that the constant .«7,() is independent of e.
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Addendum
An Integral Operator Related to the Stokes System in
Exterior Domains

Paul Deuring

In [1], the auxiliary function P}, plays a crucial role. However, as the result of an

oversight, this function was left undefined in [1]. We want to give this definition here;
it reads:

Piion(2) = (4n|21*) ! [Bumz, i (V/412]) + Sz f5 (/212])],
. .(ieC\]1— 0,01, zeR)\{0}, 1<jkm<3)
where f;, f, were introduced in [1] p. 325.
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