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We consider the Stokes system with resolvent parameter in an exterior domain:

—vAn + Ao + V=T,

diva = 0 in R\,
under Dirichlet boundary conditions. Here Q is a bounded domain with C* boundary, and AeC\] — oo, 0],
v > 0. Using the method of integral equations, we are able to construct solutions (u, ) in L” spaces. Our
approach yields an integral representation of these solutions. By evaluating the corresponding integrals, we

obtain L? estimates that imply in particular that the Stokes operator on éxterior domains generates an
analytic semigroup in L”.

1. Introduction, main results, and outline of proofs

Let Q be a bounded domain in R3, with C? boundary 8Q. This domain will be kept
fixed throughout. Take A C\ ] — o0, 0],ve]0, o[, pe]l, o[, fe LP(R3\ Q). Then
we consider the Stokes system in the exterior domain R3 \Q, with resolvent parameter
A, right-hand side f, and viscosity v:

—vAu+iu+Vr=1f  divu=0in R*\Q. (1.1)
We prescribe Dirichlet boundary conditions:
uloQ = 0. (1.2)

The unknown functions u, 7 are to take values in C?, and C, respectively. We shall
study the boundary-value problem (1.1, 1.2) in L? spaces, giving new and elementary
proofs for our results, which concern the existence and uniqueness of solutions, L?
estimates of these solutions, and applications to the Stokes operator in exterior
domains. In particular, our results imply that an analytic semigroup is generated by
the latter operator. Before giving more details, let us remark on some notations.

The spaces L?(A), W*?(B) and W*?(B), defined in the usual way, are to relate to
complex-valued functions (pe]l, o[, 4, B < R® B open, keN). For ceN?2, we
denote the length g, + 0, + 05 of ¢ by |g]|,. For R > 0, By denotes the set {xe R:
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|x| < R}. For keN, and for 4 c R¥, A means the closure of A. We shall use the
differential operators D*, D,, A, div and V (ae N2, 1 €1 < 3). The meaning of these
operators should be clear. It will be convenient to use a special symbol—namely
{x, y>—Tfor the inner product of x, y e R*. n denotes the outward unit normal to Q. We
shall write H (R*\Q) for the closure in LP(R3\Q)* of the set

{peCTR*\Q):dive =0}, (pell, o).

I, denotes the identity mapping of H,(R*\Q) onto itself. For pe]1, o[, we define
HY7(R?\ Q) as the set of all measurable functions ¢ from R*\{ into C, with the weak
derivatives D;g (1 <j < 3) existing and belonging to L(R*\Q), and with g|Bg\Q
contained in L?(R>\Q), for Re]0, wo[. For re]l, o[, the function space 4" is to
contain any pair of functions (u, ©) with

ue WA RIN\Q)® A WEARA\QY, ne AV (R*\Q)

If (u, m)e A", then of course u solves (1.2) in a weak sense.
Now we may state our existence and uniqueness result:

Theorem 1.1, Let ve]0, o[, AeC\]— o0, 0], pe]l, o[, fe LA(R3*\Q)3. Then there
is a pair (u, ©) € AP solving (1.1). w is determined uniquely, and m is unique up to an additive
constant,

The next theorem gives L? estimates of our solutions to (1.1, 1.2):

Theorem 1.2. Let ve]0, o[, 0e[0, n[, pe]1, co[. Then there are constants Z (v, 0,
p, Q), Z,(v, 8, p, Q) > 0 with the following properties:

Let /. C with|arg(d)| < 6,|4] = 2,(v, 6, p, Q). Take fe LP(R*\Q)>. Let (u, n)e A” be
the solution to (1.1, 1.2) corresponding to f and A. Let ce NJ with |c|, < 2. Then

|A[L= W2 D%, + (| Vx|, < D,(v, 6, p, D) £ - 1.3

In addition, let E > 0. Then there is a constant 94(v, 8, p, Q, E) > 0 such that for AeC
with |arg(A)| < 8, || = E, and for f, (u, n) as above, the following inequality holds:

lall, < Z5(v, 0, p, Q, E)|A|"*|f] . (1.4)

Next we introduce the Helmholtz decomposition of LP(R3\Q)*>—a fundamental

tool when dealing with problems related to the Stokes system in R\ Q:

Theorem 1.3. (Helmholtz decomposition): Let pe]l, oo, fe LA(R3*\Q)>. Then there
exists a uniquely determined function ge H (R3\Q), as well as some he H?(R*\Q),
uniquely determined up to an additive constant, such that f = g + Vh. There is a constant
,(p, Q) > 0 with

lgll, + VR, < o (p, Q)] g + VA,
for ~ B
geH (R*\Q), heH“P(R*\Q). (1.5)
The preceding theorem will be taken as given here. An elementary proof may be
found in [11]. A linear operator P, mapping L?(R*\Q)* into H (R*\ Q) is defined by
the first assertion of Theorem 1.3. Inequality (1.5) means, in particular, that P, is

bounded.
Take ve]0, o[, pe]l, oo[. Then we set

A(p, v)u:= — vP (Au)
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for
uer(W\Q) N WER3\Q)? n WEPR3\ Q).

A(p, v) is called the Stokes operator (in LF(R*\Q)*). It is linear and densely defined in
the Banach space H,(R*\Q), and in addition it satisfies the following assertions:

Theorem 1.4. Let v >0, pe]1, co[. Then A(p,v) is closed, and any Ae C\]— 0, 0]
belongs to the resolvent set of — A(p,v). Let 6e[0,n[, E> 0. Then the ensuing
inequality holds for A€ C with |arg(d)| €6, || = E.

(4P, ) + AL) "M, < D3, 0, p, Q E) A" (1.6)

Theorem 1.4 implies that A(p, v) generates an analytic semigroup in the space
H,(R? \ Q)—a fundamental property if one wants to apply functional analytic tools to
the full Navier—Stokes system. This property of A(p, v) was first proved by Solonnikov
in [14]. There he estimates functions solving the time-dependent Stokes system in
exterior domains, under Dirichlet boundary conditions (‘Solonnikov’s estimates’).
Then, using a trick due to Sobolevskii (see [13, pp. 720/1]), he concludes that
inequality (1.6) holds at least for some 6 = 6,€]4n, n[, and for some E = E, > 0. He
does not consider the question of whether the resolvent set of A(p, v) contains any
element Ae C\] — oo, 0] with |4| small. In [17, pp. 74/5], the resolvent problem for
the Stokes system in bounded domains is dealt with in a similar way, that is, by
reducing it to Solonnikov’s estimates in [14]. However, these estimates represent
a rather deep-lying theory, with an extensive proof. It should not be necessary to refer
to them for the purpose of proving Theorem 1.4. In addition, the fact that A(p, v)
generates an analytic semigroup is interesting because it is useful for dealing with
time-dependent situations. Thus, one would like to derive it without referring to the
time-dependent Stokes problem.

Giga [6] uses the theory of pseudodifferential operators in order to show that the
Stokes operator on bounded domains generates an analytical semigroup. He then goes
on to remark (see [6, p. 327]) that his method may also be applied to the Stokes
operator in exterior domains, yielding the result from Theorem 1.4, even for any space
dimension. However, the theory of pseudodifferential operators that his proofis based
on is very general, and not casily accessible.

This leaves the question of whether there is a direct and elementary proof for
Theorem 1.4, as should be expected for a result related to a boundary-value problem
as concrete as the system (1.1, 1.2). Tt is the purpose of this paper to give such a proof
for Theorems 1.1, 1.2 and 1.4. We shall achieve this by using the method of integral
equations, which allows us to represent solutions to (1.1, 1.2) by certain integrals. Such
a representation may be useful for numerical purposes as well; see Varnhorn [16] for
an application related to the Stokes system on bounded domains. It should be noted
that we are able to weaken Giga’s assumptions on 3Q: we only suppose Q to be C?
bounded, instead of C2** for some a [0, 1], as required in [6].

The present paper was inspired by [4] and [8]. Reference [4] represents an
elaborated form of results that Ladyzhenskaya [7] obtained for the Stokes system
without resolvent parameter, in interior and exterior domains. Ladyzhenskaya uses
the method of integral equations as adapted to the Stokes system by Odquist [9].
McCracken [8] deals with the Stokes system in the half-space in R?, also basing her
proofs on the method of integral equations. Both [4] and [8] treat the case of space
dimension three ‘only. We too shall restrict ourselves to this case, since it will be
convenient for us to cite from those references.
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At this point we should mention an application of the results proved by Giga [6]
and McCracken [8]: Borchers and Sohr [2] were able to estimate the resolvent of the
Stokes operator for | 1| — 0 by using arguments that involve [6] and [8] in an essential
way.

Let us now outline our proofs. This will serve us in two ways. First we want to
indicate how the method of integral equations works out when adapted to the
boundary-value problem (1.1, 1.2). In particular, we are going to state our integral
representation of solutions to (1.1, 1.2). Second, we shall reduce Theorems 1.1, 1.2 and
1.4 to certain technical assertions containing the main difficulties inherent in our
approach. These assertions will be proved in later sections, with the exception of
Theorem 1.5, which is established in [3].

For the rest of this paper, we shall assume v = 1. If our results are established under
this assumption, they immediately follow for any other value of v.

Let us introduce the fundamental solution to (1.1) (see [8, p. 204; 16, section 12]).
To this end put

gir)=e"+r e +reT 1),
g2(N=e""+3r 2" +re"—1), (reC\{0});

Ej(m):= (4nlz)) " [0, (/Al2]) — 27121 2g,(\/A12])]
Eg(z):= (4n|z|?) "'z, (zeR3\{0}, 1eC\{0}, 1 <j, k< 3).
Observe that
— AB} + AE% + D,Ey =0,

Z DiElk = 0, (1 --<_], < 3, ;{,EC\{O}). (1.?)

1<1<€3

Next we introduce some potential functions. Set for fe CP(R’)’, 1eC\{0},
1<j<3, ¢el?(d3Q)® for some pe]l, wo[:

o, £)(9= J S Ehx— pAmdy,

P1<k<3
g(f)(X)i=j3 Y Ealx—9fi(y)dy, (xeR?),
R 1<k<3

S~}"k1 = 5jrcE41 = DkEj‘z — D,-th 1<j,k<3),
Wix, )= J Y = S — Yo yn(y)dQ(y),
N 1<j,k<3

ﬁ‘l(X, ¢):= J; > [2D;Eq(x — y) — A(4m)~ Hx —yl 7 0]

Q1<j,k<3
X ¢ (Vn(y)dQ(y), (xeR*\3Q),
T HP)x)=2 " HZ;P( Sha(x — Y (Nn(y) dQ(y), (x€dQ). (1.8)

It will turn out that the integral operator  * is well defined, and that the following
assertions hold:
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Lemma 1.1. Let AcC\]— 0,0], pe]l, oo[. For any ae L?(3Q)>, the equation

~HO + THD)~a (1.9)
may be solved uniquely in LP(0Q)>. There is a constant sZ,(4, p, Q) > 0 such that
ol < 20 p. QN d + T )], for de LP Q). (1.10)

If0e[0, 1[, and & + T *(d)e C*(0Q)?, then & belongs to C*(dRQ)>.

For feC2(R*)? the function v(4,f) belongs to C*(R3?)®. Thus, according to
Lemma 1.1, there is a uniquely determined function (4, f)e C°(8Q)* solving integral
equation (1.9) for a = — v(4, f)|2Q. We define for fe C2(R?*)?, 1eC\] — o0, 0]:

u(d, )= [v(4 ) + Wi+, (4 )] R*\Q,
n(4, £):= [g(f) + IT*(-, &(4 1)) ]| R*\Q.

The pair (u(4, ), n(4, f)) solves (1.1, 1.2) in the following sense:

Lemma 1.2. Let fe C2(R?)%, 1eC\] — w0, 0]. Then the functions u(4, ), n(4,f)
belong to C*(R3\Q) (1 < j < 3), and the pair (u(4, ), n(4, f)) solves (1.1). Furthermore,
u(4, f) may be continuously extended to R*\Q, and the corresponding extension vanishes
identically on 0QL

Thus, for fe C2(R?)?, a solution to (1.1, 1.2) is given as a sum of a volume potential
and a double-layer potential, with the latter being weighted by a function that solves
an integral equation on 8.

Now we turn to the more difficult task of estimating the functions u(4, f), n(4, f) in
LF norms. For this purpose we shall show:

Lemma 1.3. (Estimate of the volume potential) Take 0[O, n[, pe]1l, co[. Then there
is a constant 2,(0, p, Q) > 0 such that

4]t 12 DV (A, D) 1|, + [ Vg(£)]l, < D46, p, QI s (1.11)

Iv(4, D)I0QIl, < 2,0, p, Q)47 127, (1.12)
for £e C3(R?)?, AeC\ {0} with |arg(d)] < 60, ce N2 with [c|, <2
Lemma 1.4. (Estimate of the double-layer potential) Let 0€[0, n[, pe]1, co[. Then
there is a constant (8, p, Q) with the properties to follow: take AeC\{0} with
larg(4)| < 6, de C°(0Q)*, we C2(R®)® n LP(R?)? with divw = 0, ce N2 with lel, <2
Assume

O+ T Hd) = — 2w|oQ (1.13)
Then

IWAC-, §)IRTNQ], < 256, p, QUA 2701l , + [ Wl,), (1.14)

A1~ 12 DEWA(-, §)|R*\Q, + | VIT*(-, §)IR*\Q,

D56, p, DA 12201 @1, + DI, + 1AW, + | WIBR 2= 1/p,p)- (1.15)

Lemmas 1.1, 1.3 and 1.4 imply that the terms [u(4, f)| ,,, and || Va(4, f)|| , may be
estimated against ||, times a constant depending on 4,p,Q (A1eC\]— o0,0],
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pell, wo[,feCZ(R®)%). Thus, for 4, p and f as before, the pair (u(4, f), n(4, f)) belongs
to A7, A(p, 1) is closed and A belongs to the resolvent set of — A(p, 1). Furthermore,
the existence result from Theorem 1.1 may now be proved by a simple density
argument. The assertion on uniqueness stated in Theorem 1.1 will be deduced from
our existence result (see section 7).

In order to finish the proof of Theorems 1.2 and 1.4, we must attempt to establish
inequality (1.10) with =/, (4, p, Q) replaced by a constant that does not depend on 4. In
this respect we can show:

Theorem 1.5. Let 0e[0,n[,pe]l, co[. Then there are constants 2P0, p, Q),
%2,(0, p, Q) > 0 with

b, < 2,06,p,- 10+ T D),

for e C°(0Q)°, AeC with |arg()| < 6, |A] = Z4(6, p, Q).

The proof of this theorem, which is independent from the rest of our arguments, is
given in [3]. It involves a detailed study of the integral operator  *.

Theorem 1.5 and Lemmas 1.3 and 1.4 imply inequality (1.3). As for inequalities
(1.4, 1.6), they are established at this point only for parameters 6, p and E with
E = 20, p, Q). However, in the case E < Z¢(0, p, Q), there exists an upper bound for
the set

{I(A(p, 1) + AL) M ,: AeC, |arg (1) < 0, E < | 4] < Z6(0, p. Q)}.

This is implied by standard arguments involving the expansion of a resolvent in
a series (see [18, p. 211]), and the Heine-Borel theorem. Now inequality (1.6) follows.
As for the estimate in (1.4), it may be deduced from (1.6) by means of Theorem 1.3.

In sections 2-7, we shall prove Lemmas 1.1-1.4, as well as the uniqueness result
from Theorem 1.1. Let us indicate here the non-elementary tools which will be needed.
In addition to the Helmholtz decomposition (Theorem 1.3), and the expansion of the
resolvent in a series, these tools include L? estimates of the solution of the Dirichlet
problem for the Laplacian on bounded domains, some properties of compact oper-
ators on Banach spaces ([18, p. 283, Theorem 1]), the open mapping theorem,
a multiplier theorem as in [15, p. 96], and the Calderon-Zygmund theorem for odd
kernels. The last two results will be mainly applied in [3]. The idea used for the proof
of equation (5.12) is due to Professor Simader. It helped us remove a vexing difficulty
involving the estimate of the gradient of the function that solves a certain Neumann
problem.

At this point, the author would like to thank Professor Simader for helpful
discussions, Professor Sohr for pointing out the problem, and Professor von Wahl for
introducing the author—via[4]—to potential theoretic treatment of the Stokes-
system.

2. Some auxiliary results

The ensuing theorem gives L? estimates of functions solving the Dirichlet problem
for the Laplacian in bounded domains:

Theorem 2.1. Take neN. Let U be a bounded domain in R with C? boundary. Let
ueC°(U) with u|lUeC*(U), uldUe W2~ 1nr(@U), Aue L'(U), for re]l, co[. Take
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pe]l, co[. Then u|U belongs to W*P(U), and the estimate
lull2,, < & (p, Ul Aull, + 142Ul 2-1/p,p) @1

holds true, with a constant % (p, U) that depends only on U and p.

Let us remark on the proof of this theorem. In the case p >3, we refer to
[4, Lemma 7.12]. There our assertion was deduced by combining [10,
Theorem 10.10] and the maximum principle. Now assume p<3. From
[4, Lemma 7.12] we know that u|U eﬁ(U) for re]3, oo[. Since U is bounded, we
thus have u|Ue W2P(U). On the other hand, the Laplacian, considered as an
operator from W2 ?(U) into L?(U), is both one to one and onto. The first of these
assertions may be shown by the method used in section 7, whereas the second
property follows from the first one and from [10, Theorem 10.10]. Thus inequality
(2.1) is obtained by combining the open mapping theorem, and the relation
ulUe W2P(U).

Next we choose local parameters describing 0Q. We may take k(Q)eNN,
oc(Q)E]O o[, and a tuple (U); <, < x With the ensuing properties: for 1 <t < k(€Q),
iisa C2 diffeomorphism mapping ] — «(Q), «(Q)[? into some open subset of 3Q.
Furthermore, 002 equals the union of the sets

u(] — «(Q)/4, x(Q)/4[2),

with 1 <t < k(Q).

Abbreviate A = ] — a(€), «()[%. As remarked in [5, section 6.2; 4, Lemma 2.17, we
may require that for any 1 <t < k(€), there is an orthonormal matrix A,eR?*3,
a vector C,eR?, and a function a,e C*(A), such that

u(p) = A,(p, a,(p)) + C,, forpeA, 1<t<k)
Define the function p, by

p(¥)= (A) ' (y = C))h <52, (YER], 1<t<k(Q).
Note that

By — ol <lu(p) =¥, lp—nl<|d(p)— d(n),

(p,meA, 1 <t < k(Q), yeR?). (2.2)
According to [4, Lemma 2.2], there are constants K(Q), £(€2) > 0 with

[<x —y,n(y)>| < K@)]x —y|%, (2.3)

i(p) — u(n) < K(Q)lp — nl, (2.4)

|x £ xn(x) — y| = (@Q)|x —y]) A &, 2.5)

x + kn(x)eQ, x — xkn(x)eR3\Q, (2.6)

(p,meA, x, yedd, ke]0,6(Q)], 1 <t < k(Q)).

The norms of the spaces LP(0Q), W*?(0Q) (pe]1, oo[, s€]0, 2[) are to be defined
with respect to the local parameters

i, 1<t < k(Q);
compare [35, sectron 6.3.2; 4, p. 73].

R e VA
f-:;‘w | P )
TW ()
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Take £(€2)€]0, e(Q)], and define a function T, from A x ] — &(£2), £(Q)[ into §, by
setting
T,(p, ©):= u(p) + xnet(p),
(ped, xel—E&), e[, 1<it<k)).

Choosing &(Q2) small enough, and defining S, in an appropriate way, we may achieve
that T, is bijective (1 <t < k(Q)), and that any yeR?® with dist(y,0Q) < E(Q) is
contained in one of the sets S, ..., Sy

3. Proof of Lemmas 1.1 and 1.2

We begin with some definitions:

oo

- Y (= + 2%+ 3),

=0

0:00= Y (=0l —(+221/0+ 4, eC)
1=0

Ep(2):= (8m) '(Oplz| ™! + z;2,l2|3),
Eh@:= (@m) " [B/ 29, (/A12]) + Alz| ™ 2,2,,(/Al2))],
(AeC\{0}, 1 <j, k < 3, ze R*\ {0}).
Note that
El=Es+ E%, (1<j,k<3,1eC\{0}). (3.1)

This decomposition of E % is due to Varnhorn [16]. Take # [0, z[. Then, after some
simple but tedious computations, we obtain a constant %, (6) > 0 with the ensuing
properties:

|D*Eji(@)| < 2, ()| 4] 77|z~ 2 ~lah, (3.2)
IDYEji(@)| < 2,(B)| 47|z 1Pl + 2, (3.3)
|E4()] < 9,0)|A]" 4z, (3.4)

(1 <j, k<3, 2eR>\{0}, ye[0, 1], 0€[0, n[, 1€ C\{0} with |arg())| <6, a, beN]
with |a|, <3,1<|b|, <3).
Now fix AeC\]— o0, 0]. Let

T P*d)(x) = (— Z)L Shilx — Y)m(x) ¢ ,(y) dQ(y),
Q1<j,k<3

(e L7(dQ)* for some pe]l, wo[, xedQ, 1 <1< 3). (3.5)

Define 7,(¢)(x) and 7} (g))(x as the right-hand side of (1.8), with §%, replaced by
D, Ek; + DE; — 6Ey, D, EH + D.E f;, respectively (1 <j, k1< 3). Let T *(d)(x),
”" ¥ (h)(x) be given by modlfymg the right-hand side of (3.5) in the same way (¢, [, x
as in (3.5)). By [4, Lemmas 4.7, 5.2] the operators g, T * are well defined. Setting
A = 1in (3.3), we see that the kernel D, E (1<mn, l < 3) has a singularity of order
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zero. This implies that the definitions of F* F** make sense, Thus, because of (3.1),
the operators .9_ A g%+ are well defined, and 5= T + g %, with an analogous
equation for J * * Due to the weak singularity of D E,,, (1 <m n, 1<3), the
preceding equations imply that the operators & %, & ** behave as well as 7, 7 *,
respectively. But the mappings &, 7 * were alreadz studied in [4, sections 4, 5]
Therefore, when stating some assertion about 7 * or 7 **, we shall refer to a corres-
ponding result in [4], related to J or 4 *, and shall not bother to deal with 5’ 4
F**_ The only exception will occur in sectlon 6, where it will be somewhat more
dlﬁicult to estimate the expression H:’T (D) 2= 1/p, -

By [4, Lemma 5.4] () is a C* function if ¢ € C*(9Q)? (xe [0, 1[). Thus, the last
remark in Lemma 1.1 holds true. Now fix pe]l, oo[. Then for d e LP(0Q)?, the
functions F (), T **(¢) belong to LF(aQ)s (see [4, Lemmas 4.7, 5.2]). Thus the
mappings 7 *, F** induce operators T3, T2* from LP(0Q)° into L?(d€Q)>. These
operators are l1near and compact, with TA * the dual operator of T ﬁ ([4, Satz 5.1]).
Thus Lemma 1.1 follows from [18, p. 283, Theorem 1], provided we can show that the
operator id(LP(0Q)?) + T}* is one to one. In order to prove the last assertion, take
¢ L”(3Q)* with ¢ + TZ*(¢) =0. Then ¢ is continuous. Define for ke[ — £(Q),
Q] 1<j< 3

Vix)= ¥ Ej(x — y + kn(y) d(y)dQ(y), (xeR?),

3,/00Q

I

Q" (x):= j Eq(x — y + kn(y)) ¢, (y) dQ(y),
1<k<3 Jon

(xeRMN\Q, R*}\0Q, Qif x >0, k = 0, k < 0 respectively).

For ke ] — &(Q), O[, we see from (2.6) that V¥, Q% are C* functions on . In the case
xke]0, e(Q)[, the functions V*, Q* are smooth on R3*\Q. From (3.2) and [4,
Lemma 3.1] we obtain the following equation, for U e {Q, R*\Q}, for k€] — &(Q), 0]
in the case U = ), and for k€0, £(Q)] otherwise:

1

Ay [ViPdx+= Y |D;V¥ + D, V¥|*dx

1<j<3 Ju 2 <i<3Ju
= ¥ j (D VE+ D VE — 6,0Q%)Vn, dQ(x). (3.6)

1<j,k<3 JOO
However, the right-hand side in (3.6) tends to
1 &

> Fe+T R () V7 dx (3.7

1€j<3 Joo

for k = 0, k < 0 (see [4, pp. 170-172]), and thus to zero. Using (3.6), we may conclude:
V°|Q = 0. This means that V°|9Q = 0, since V° is continuous on R*([4, Lemma 6.1]).
Furthermore, the right-hand side of (3.6) converges for x — 0, x > 0, and the corres-
ponding limit is given by the expression in (3.7), with ¢ + F **(¢) replaced by
— ¢ + T **(¢). This modified form of (3.7) is also vanishing since V°|3Q = 0. Now
we obtain from (3.6): V°|R*\Q = 0. Equation (1.7) then implies: Q°|R*\Q = 0. It
follows as in [4, Lemma 4.8]: — ¢ + F **(¢) = 0. Recalling the assumptions on ¢,
we obtain ¢ = 0; and Lemma 1.1 is proved.
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~ M , Next, by referring to [4, Satz 4.1] we see that for any ye C°(0Q)?, the functions
L w W( )| Q, W( )| R34 Q may be continuously extended to Q, and R3\Q, respect-
) i%ly. Denoting the corresponding extensions by ‘E( Vins W( ¥).,, we have in
Lw”" addition: -

L) W, WialoQ = —4(—¥ + T4W)), (3.8)
o W, We0Q = — 300 + THW), (WeCORDY)). (3.9)

Lemma 1.2 is now implied by (3.9).

4. Proof of Lemma 1.3

First we remark that inequality (1.11) is established in [8, p. 107/8] via Fourier
transforms and the multiplier theorem from [15, p. 96]. A similar proof is given in
[6, p. 303/4]. However, (1.11) could be shown just as well by applying the
Calderon—Zygmund theorem and the simple form of Young’s inequality given in [,
4.30]. As for inequality (1.12), it turns out that it cannot be obtained from (1.11) by
standard trace estimates. Thus, it must be proved directly.

To this end, take @€ [0, n[, pe ]1, co[. We shall keep these parameters fixed for the
rest of this paper. Constants that only depend on 8, p or Q will be denoted by 2.
Furthermore, we fix AeC\{0} with |arg(4)| < 6. For brevity we shall write
g=01-1/p) "

Take fe C2(R?*)?, 1 <t < k(Q), 1 <, k < 3. Then inequality (1.12) is proved if we
can show that

(],

To this end, choose some real number « such that k is greater than 1 — 1/p, and less
than the minimum of 3(1 — 1/p) and 1 — 2/3p. Then we have by Hélder’s inequality:

i pla
J< U (J | EG(u(p) — y)l"“dy>
A rR?

~ 1/p
><LSE?;:(l?(p)—y)l““"”lﬁ‘(y)%"dydp} : (4.2)

P 1/p
dp) < @|A|THHE|L . 4.1)

L Eh(d(p) — y)f () dy

Take ye R, After breaking up the domain of integration A into the parts

D(y):= {peA: |p(y) — pl < A"}, and A\D(y),
we obtain from (2.2) and (3.2):

f |E%(u(p) — )| 9Pdp < 9| 4|1 0R2 L, (4.3)
A
Next take pe A. Then we have

j | E%(i(p) — y)I**dy < DA<z, 44)
IR3
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as may be seen by splitting the domain of integration R* into the set containing any
yeR?® with

ly — u(p)| < |4]712,

and its complemeht, and by applying (2.2, 3.2). Inequality (4.1) now follows from
(4.2-4.4).

5. Estimate of the double-layer potential: inequality (1.14)

Let w, ¢ be given as in Lemma 1.4. This means in particular that equation (1.13)
holds. Define for ke[ —&(Q2), ()], 1 <1< 3

Wi(x):= Y, Shux—y+ kn(y)¢,(y)m(y) dQ(y), G.1)

M 1<j,kE3

with xeQ, R*}\0Q, R*\Q, if k < 0, k = 0, x > 0, respectively. In particular, we have
WO = W*(-, ¢). In the following we shall prefer the shorter notation W°. For x, k and
las in (5.1), let the expressions J}(x) and F(x) be given by the right-hand side of (5.1),
with §}H replaced by DJ,-E;’}; + Dkﬁﬁ and — 8, Ey, respectively (1 <j, k < 3). Note
that the functions W% J7° and F~*¢ belong to C*(Q)?, and W°, J° and F* to
C*(R3*\Q)?, for £]0, £(Q)] (see (2.6)), whereas W?, J® and F° are C*™ functions on
R3\0Q. For any ke[ — &(Q), &(Q)], W* is equal to the sum J* + F*, Let us show that

[19°01, < D147 27( ], (5.2)

To this end, choose R > 0 with Q = By, and with |x — y| = 4|x| for xe R*\ By, yeQ.
Then, applying inequality (3.2) with y =1/2p, we obtain an upper bound
D)A|7122|| ¢ ||, for || J°|R*\Bgl|,- The remark at the end of section 2 shows that an
analogous estimate holds for | J®|Bg\S||,, where S denotes the union of the sets S,
(1 <t < k(Q)). This leaves us to evaluate ||J°[S,[ ,, for 1 <t < k(Q). Since the func-
tion T, (see section 2) is a diffeomorphism, we may instead estimate the term || J O T, | .
(1 <t < k(€)). To this end, we fix parameters 1 < s,t <k(Q), 1 <j, k,mn<3, and
abbreviate

K(p, ¢, )= |D,En(ui(p) + encui(p) — dm)l, (p,meA, ee] — EQ), HQ)D.

If we can show that

p i/p
J:= [f j (_[ K(p, e,n)tcﬁ,-oﬁ(n)ldn) dpds] < 21417127 b
1 E€0,EE[ J A A
(5.3)

then the term || J° ¢ T, || ,is bounded by an expression as on the right-hand side of (5.3).
In order to establish (5.3), we split the domain of integration ] — &(€), e(Q)[ into the
part

I:=1— &), e@LN]0, | 2|72,

and its complemient I,.
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Hélder’s inequality yields an upper bound J, + J, of J, with

o[ [ ([ 1)
i/p

><LK(P,e,n)ltﬁfﬁ(n)f"dfldpdﬁ] , (Je{1,2}). (54)

Using techniques as in the proof of (4.3), we obtain for p, neA, ee] — E(Q), EQ)[,
pe{l, 3}

J K(p, Safl)dfb'[ K(p, e, m)dp < @ 1/28 |74, (5:5)
A A

Now insert (5.5) into (5.4), with u =1, 4 = 3 in the cases j = 1, j = 2, respectively.
After integrating in ¢, we see that J,, J, are bounded by an expression as on the
right-hand side of (5.2). This proves (5.3), and by extension (5.2).

Next we remark on some technical facts concerning the potentials W*, J* and F*
(ke[ — &), e(Q)]). As we observed at the end of section 3, the function W°|Q may be
continuously extended to . Thus it belongs to L,(Q)3, for re]1, o [. We further note
the following convergence result, which is a special case of [4, Lemma 4.8]:

{n(x), FO(x + en(x))) - S(x) (5.6)
for ¢ = 0, ¢ > 0, uniformly in xe2Q), with

S(x):= — 3<n(x), §(x)>
— (4~ .[an {n(x), x — y>[x —y| 7><n(y), (y)>dQ(y), (xedQ). (5.7)

Note that due to (2.3), the integral in (5.7) exists. By (1.13), (5.6) and (3.9) we have
{n(x), J°(x + en(x))> — (n(x), w(x)) — S(x), (¢—0, 2> 0), (5.8)

uniformly in x € 3Q). Furthermore, by slightly modifying the proof of [4, Lemma 6.4],
we obtain the ensuing convergence results, which also hold uniformly in x€8Q:

WO(x + en(x)) — W**(x),
JO(x + en(x)) — J*5(x),
Fo°(x + en(x)) — F**(x) > 0 for e » 0, ¢ > 0. (5.9)

By using the transformation T, (1 <t < k() in a similar way as in the proof of (5.2),
we may show the relations

F/IR\QeL(R*\Q)® (¢€[0, e(@Q)[, rel3, o),
and
[Fe — FOIR*\Q | ,, | J° — J°|R*\Q}f5,

W™ —W°|Q,—=0, (¢6—0,¢>0). (5.10)

Now we intend to show that F°|R3\Q belongs to LF(R3*\Q)?, a fact that is not
evident in the case p < 3. We first conclude from (1.13), for xeR®3\Q, 1 <j < 3:

— 8nFj(x) = Ln (x — P)yIx — y172<n(y), () — T Hd)Y) — 2w(y)) dQA(y).
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By combining this result with (5.9, with minus signs), (3.8), Gauss’ theorem, and with
the relations W e C*(Q)?, divW ¢ =0, (¢€(0,£(Q)]), we are led to the ensuing
equation;
: 0 -
—87F%(x) = lim J ¥ vy [x — y)lx —y17°]
k

e—=0,e>0 JQR15k<3
x W) - w10 keRN\Q1<j<3).  Hly

This equation, along with the Calderon-Zygmund theorem and the last relation in
(5.10), yield the property of F°|R*\Q, which we sought.
As our next aim, we want to establish the inequality

IFCIR\Q, < 2(13°]l, + Iwll,). (5.11)

To this end, take a function ¢ € C*(R*\ Q) with compact support. Combining (5.10,
5.6, 5.9 (with plus signs), 5.8), Gauss’ theorem, and the relations J°, F*e C'(R*\Q)°,
divF® = 0 (e€]0, £(Q)]), we arrive at the following equation:

j (F°,Vp>dx = lim j (F*, Vo) dx
RI\Q RO

e=0,e>0

= lim (JF—w, pn)dQ = (w—J° Vo) dx. (5.12)
e—=0,6>0 J0Q RO
Those functions in Cl(R""\Q)thaVing compact support form a dense subset of Z—-"/Q
H'9(R3\ Q) with respect to the semi-norm || V- | ,; see [12]. Since J°|R*\ Q, F°| R3\Q
are L” functions, as proved above, we may now conclude that (5.12) also holds for
pe HV9R*\Q). Let fe L2(R*\Q)3, and take ge H14(R*\ Q) with f = P,f + Vg (see
Theorem 1.3). Then we have by (5.12) and Theorem 1.3:

< (P QUENIN, + Iwllp)-

'[ - (FO,fydx
R*\Q

This proves (5.11). The relations in (5.2) and (5.11) yield (1.14), as well as the following
inequality:

IFOIR\Q |, < 2(|AI7 V2P| @, + | w],). (5.13)
6. Estimate of the double-layer potential: inequality (1.15)

Take w, @ as in Lemma 1.4. Observe that ®cue C*(A) (1 < ¢ < k(€)), as may be
seen from [4, Lemma 7.5]. Furthermore, @ satisfies the inequality

1@ 2= 175 < DUAT V22D, + @], + | WIOR] 2= 1p,p)- (6.1)
In fact, by referring to [4, Lemma 7.8], this assertion may be reduced to the estimate
1T @) 21795 < DAL 22| O, (6.2)

The proof of this inequality in turn amounts to evaluating the triple integral

UA L(Limﬁfm(ﬁ(p) — d(m) — D*EZ, (§(p) — d()| |q,jo.}(“)|d“)"

.... . i/p
x |p —pI““’dpdp] .
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where aeN2 with lal, =2, 1<, m<3, 1<s, t<k(Q). The preceding term is
bounded by an expression as on the right-hand side of (6.2). This may be shown by
applying (3.3) and Hdlder’s inequality, using a similar technique as in the proof of
(1.12). The details are somewhat tricky, but we cannot enter into them here. Note that
for the parameter p, we only assumed pe]1, oo[. Thus inequality (6.1) holds for any
re]l, oo[, implying the relation ®e W?2~1r"(3Q)° for re]l, co[. Now define

4= — (47t)_1f7ﬁjan X —y|”<n(y), @(y)> dQ(y), (xeR*\Q),

= I*(-, ®)—II* with *(-,®) introduced in section 1. Then we have
VIT* = — AF°, with F® introduced in section 5. Thus the term ||| VII* |, is bounded
by the right-hand side in (5.13). In order to evaluate | VII|,, take R as in the proof of
(5.2). It is clear that | VH|R3\BRHP is less than Z| @[ ,. In the case p > 3[4
Lemma 7.15] implies that || VIT| B\ Q | ,is bounded by Z | ®| ;- 1, ,- However, the
proof of [4, Lemma 7.15] also carries through in the case p < 3, provided we do not
refer to [4, Lemma 7.12], but to Theorem 2.1. Note that ®eW?~1/""@Q) for
re]l, oo[, as we remarked above. Abbreviate

Ki= @[, + 2 2P| @ ], + (2] w], + W 2-1/p.p-
It now follows with (6.1):
IVIT*(, @)| R\, < 2K. (6.3)

Since the pair (W°|R*\Q, I*(-, ®)|R3\ Q) solves (1.1) with f = 0, we may estimate
| W°| B \Q| 2, , by applying (3.9, 1.14, 6.3), and Theorem 2.1. In this way we obtain an
upper bound ZK for the preceding term. The proof of (1.15) is completed by the
inequality

1D, WO B\QIl, < 2]4|71?K, (1<m<3),
which follows by combining (1.14), the preceding estimate of | W°|Bg\Q| . ,. and

[1,4.14]. Note that it is easy to evaluate [[D*WC°|R>\Bgl, for e¢eNj with
I<el, 2

7. Uniqueness

Let re]l, o[, (X, Y)e A, with (X, Y) satisfying (1.1) for f = 0. Then we have to
show X =0, VY =0. For this purpose, take @eCZF(R?)®. As we know by
Lemmas 1.1-1.4, the pair u(4, @), z(4, @) belongs to A% for se ]1, oo[, and solves (1.1).
(The functions u(4, @), n(4, @) were introduced in section 1.) Applying Theorem 1.3
and partial integration, we find:

J <x,q>>dx=f {—AX + X + VY, u(4, 9)>dx = 0.
R}M\D ®m\Q

The preceding equation implies X =0, V¥ = 0.

Note added in proof. After this paper was finished, we learned of another article
treating problem (1.1), (1.2) via the method of integral equations. The paper in
question is

-~



The Resolvent Problem for the Stokes System 349

Varnhorn, W., ‘An explicit potential theory for the Stokes resolvent boundary value
problems in three dimensions’, Preprint, TH Darmstadt, 1989.

The author constructs solutions of the Dirichlet and Neumann problem in interior
and exterior domains. In his introduction, he explains the role which problem (1.1),
(1.2) plays in the numerical treatment of Navier-Stokes system. L estimates of
solutions are not considered.
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