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i. Introduction and main results.

Let O be a bounded domain in 1R3 with connected Cz—boundary o). Let
vel0,ool. The domain () and the real number v will be kept fixed through-
out. Then, for functions f: RS > CS, b: o0 > C3, consider the Stokes-

system in the exterior domain !R3\5, with right-hand side f:
() -vAu+ Ve = £ divu =0 in RAQ,

under Dirichlet-boundary conditions, with boundary data b:
(1.2)  uloQ = b.

This boundary-value problem, which we shall call exterior problem, mo-
dels slow motion of a viscous, incompressible fluid around a body of

shape , under an external force f. If the system of equations in (1.1

1513

Copyright © 1991 by Marcel Dekker, Inc.



1514 DEURING

is not considered in 1R3\6, but in the bounded domain (), with a func-
tion f mapping Q into 033, then we shall speak of the interior problem.
Let us briefly review some previous results on the exterior problem (1.1},
(1.2). Using the method of integral equations, Odquist [16] obtains a
strong solution under the assumption f=0. This solution consists of a
sum of certain single-layer and double-layer potentials. In [14] Chapter
3, Ladyzhenskaya takes into account the case f+0 by adding a suitable
volume potential to Odquist’s solution. However, in [14] a LP-theory is
stated only for the interior problem. Ladyzhenskaya's results are worked
out in detail in [6]. In [22], Temam proves existence of weak solutions
under suitable conditions on f, which are satisfied, for example, if
feL6/5(IR3\ﬁ)3 (see [221 p. 31). The theory in [22] covers any space dimen-
sion n=3. In [19] p. 467, Solonnikov studies the solution constructed in
[14]. Assuming fECOS(iRs)s, he estimates this solution in LP-norms, with
constants depending on supp(f) in the case p>3/2. For the proof of his
assertions, he refers to [14], suggesting that it suffices to repeat the ar-
guments used there for dealing with the interior case. In fact, a corres-
ponding remark may be found in [14] p. 79. But when attempting to check
this statement, we encountered difficulties related to the single-layer
potentials which are part of the solution to the exterior problem, but
do not appear in the interior case. The main obstacles arising in this way
were removed in [5] Section 8, which is concerned with IP-regularity of
Ladyzhenskaya's solution to (1.1}, (1.2). Still, the theory in [5] Section 8
is not yet satisfying since it requires f to belong to Lr(]RS\ﬁ)3 for some
rel3/2, [ - an assumption which does not hold in certain applications

(see [10] for example). Taking a different approach, Specovius [20] and Far-
wig (7] study problem (1.1), (1.2) in weighted Sobolev spaces.

Sohr and Kosono [12] consider problem (1.1), (1.2) for any space dimen-
sion n23. They first treat the interior problem and the case of the en-
tire R™. Then, by a localization procedure, they obtain weak and strong
solutions to (1.1), (1.2) in LP-spaces. In their proof, they apply results by
Giga [9], Bogovski [3], and an assertion on regularity which Temam de-
rived from Agmon, Douglis, Nirenberg [2] (see [22] p. 33). In [10], Sohr and

Giga establish a uniqueness result with respect to strong solutions to
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(1.1), (1.2) in Lp—spaces ([101 Corollary 3.6 (1)). Sohr, Kosono [13], and Sima-
der, Galdi [8] study weak solutions to (1.1}, (1.2) for b=0. Miyakawa [15]

obtains a negative result which is closely related to Theorem 1.3 below.

In the work at hand, we shall derive a LP-theory with respect to the
exterior problem. This theory concerns uniqueness of strong solutions
(Theorem 1.1), as well as existence and LP-estimates of such solutions
(Theorem 1.2). We study a more special problem than treated in [12]: we
do not consider weak solutions, nor higher regularity; we treat the
equation div u = O instead of div u = p, and we only consider space
dimension n=3. Still, in other respects, our results are stronger than
those in [12]. In fact, for a solution (u,m) of (1.1), (1.2), we shall evaluate
the terms !iulls, IJDmuIIq, ||11:l|Cl for a larger range of coefficients s, q
than admitted in [12]. Improving on [5], neither the presentpaper nor
reference [12] require f to belong to L"(RAD® for some rel3/2,00l. As
for uniqueness, when the result from [10] is taken for space dimension

n=3, it is a special case of Theorem 1.1.

Our theory will be established in the follolwing way: First, we shall
give an existence and regularity result under the assumption 1"EC(:§(R:3)3
(Lemma 1.1). This assertion will be shown by improving some estimates
from (6] and from [5] Section 8, which are based on the method of inte-
gral equations. The main tool involved in this approach is a LP-estimate
for the Laplacian in bounded domains. Otherwise, only standard results
are needed, such as the Calderon-Zygmund theorem (used to obtain esti-
mate (2.5) below), the Hardy-Littlewood- Scbolev-inequality ( also used
in the proof of (2.5}), and the Schauder theory for compact operators in
Banach spaces (applied in [6], Section 6). In our next step, we shall
prove uniqueness (Theorem 1.1). For this purpose, we shall need Lemma
1.1, as well as some results on Fourier transforms of Lp—functions, with
p not necessarily equal to 1 or 2. Thus we have to recur to the theory
of tempered distributions, as given in [23] p. 146-153. In addition, we
shall use the multiplier theorem from [21]1 p. 96. Our final result on
existence and regularity (Theorem 1.2) is an immediate consequence of

Lemma 1.1 and Theorem 1.1. It should be noted that all the proofs in
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the work at hand, as well as those in [6] and (5] Section 8, could easily

be adapted to any space dimension n23.

Our existence and regularity results (Theorem 1.2) cannot be improved in
an essential way. This is shown by some counterexamples in [5] p. 56-63,

and by the negative result stated in Theorem 1.3.

We further remark that integral representations of solutions to (1.1), (1.2)
may be useful for numerical purposes. We refer to Hebeker [11] for an ex-
ample, although the representation used in [11] is somewhat different from

ours.

Before stating our theorems, let us introduce some notations. Partial
derivatives are denoted by Dm (melN), with obvious meaning. COS(ER:S) is
defined as the set of C®-functions on R® with compact support. We
write n for the outward unit normal to Q. For x,y € Ra, the term <{x,y>
means the inner product of x and y. The symbol I stands for the

3 with centre

identity mapping of RS, By B]_(x), we denote a ball in R
xeRs, and radius r>0. For an open subset U of [Ra, and for keN, pell,eol,
the set Wll(ég(ll) is to contain any function from LE’C(U) which has weak
derivatives of all orders up to k, with these derivatives belonging to
Lﬁ)c(U). S(R®) denotes the set of rapidly decreasing functions on RS
(see [23] p. 146). For f¢ Lz(]Rg), we write ,F\ for the Fourier-transform
and f* for the inverse Fourier transform of f. We shall use the notation

T For the Fourier transform of @ tempered distribution T in R> ([231 p.
150/151). Define

SLI := {gEL}OC(]RB) : _{{3 lg(x)] - (l+|x|2)_k dx < « for some keJN},

("slowly increasing measures” in the sense of [23] p.150, Example 3). Note
that any function feLr(]Rs) belongs to SLI (rell,o[). For feSLI, the term
Tf is to denote the corresponding tempered distribution ([23] p. 150).
Let fECOO(lR3) be slowly increasing in the sense of [23], p. 150, Definition

3. Then we write T for

2, and let T be a tempered distribution in R
the product of f and T ([23] p. 151, Definition 3). The set

2-1/s,s

BOW:= N { W ey® 1 wetst

("smooth functions on the boundary”) is a subset of C‘x(aQJS, for «el0,1]
(seell] 5.4, 7.56).
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Let INT ("integrable functions”) denote the set of all tuples (u,m) with
ue WELERANDPNLSRAD® for sel3, oo, e Wil (R,

Dyu, © & N (L5RAD) - sel3/2,000),

D Dyu, Dy e (LSRAD) : sallool), for 1sj,k,ms3.

The set UNI ("uniqueness”) is to contain any pair (u,m) satisfying the
properr_ies to follow:

usz (!R \Q) nerlt'ch(R:g\ﬁ); there is some pell,eol with
DD uBLONT ¢ IPBLONDS for T>0, 1skms3,  VreLlP®RAD?,
there exists qell,ec[, R>0 with 5£BR(0), u|]R3\BR(0) € Lq([RS\BR(O))s.

The last condition implies that u(x) decays for large values of |x|. Of
course a condition of this type is necessary to obtain uniqueness of the

velocity part u of the solution to (1.1), (1.2).

Note that if (u,m)eUNI, then the function u has a trace on Q. In fact,
as a consequence of [1] 5.4, we know for (u,m)eUNI: ueW o ’p(JR \0)3
TCEWI'p(]R \(}) for some pell,ol. Thus, by a lemma in [18], and by the defi-
nition of the set UNI, it follows that

(1.3) for any (u,mt}eUNI there is some pell,col with
ulB(ONT « Wz’p(BT(O)\5)3, n|BL(ONT Wl’p(BT(O)\ﬁ) for T>O.

Of course the assertion in (1.3) implies the trace property stated above.

For functions f: R\Q —> C3 b: o0} —> CB, we define SOL(fb) ("solutions
of (LD, (1.2)") as the set of all tuples (un) ¢ Wil (RADIxwl! (R\q)
such that u|B..(O\T belongs to Wl’l(BT(O)\Q) f'or some T>0 with QcB.(0)
(that is, u has a trace on 3Q), and such that (u,m) solves (1.1) with
right-hand side f, and (1.2) with right-hand side b.

For rell,ool, tell, 3/2[ with t<r, define IO(r t} as the set of all numbers
sell,ol such that (1/t - 2/3™ < s = (/r - 2/3)7Y if r<3/2 and t-1,
3<s s (/r-2/37] if r<3/2 and t=t; (Wt - 2797 < s, if r23/2 and
t>1; 3<s, if r23/2 and t-=1.

Furthermore, for r, t as above, let ]l(r,t) be the set of all those numbers

qell, ol which satisfy the inequality (1/t - 1/3)_1 <qg= (1/r- 1/3)_1, if r<3
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and t51; 3/2 < q s (1/r - 1/3)7), if r<3 and t=t; (/t - /D! s q, if r23
and t>1; 3/2<q, if rz3 and t=1.

Now we are in a position to state our results:

Lemma 1.1: Let rell,od. Then there is a solution operator for (1.1), (1.2}
which maps any pair (£,b) ¢ CSO([RS)3X BOU to a tuple (U.(f,b,r), V(f,b,r))
belonging to INT () SOL( ﬂ]Rs\ﬁ, b). This operator may be chosen in

such a way that the following estimate holds:

Take tell,3/20 with tsr, selo(r,t), qe!i(r,t). Then there are constants
Kl(r,s,t,v,()), Kz(r,q,t,\;,ﬂ}, K3(r,t,v,Q) > 0 with
A Tul K raev ™ v (Dl Rl Kytra ty !
; ~1
+ (”Dkaqu‘+I|Dkﬁ”I‘) K3(r,t,v,0)

< NEl, + I€l, + Wblly_y /0

for FeCT(RY?, BBOU, u = ULy, = = VEDr), 1skms3.

Theoreml.l (Uniqueness): Let f, b be functions mapping IRS\ﬁ and o), res-

pectively, into C3. For je{1,2}, let (u(j), m(j)) belong to UNI (| SOL(f,b).
Then it follows: u(l) = w(2), ¥r(l) = ¥x(2).

If in addition there are numbers S¢l0,col, r(1), r(2) ¢ Mol with ﬁgBS(O),
r(j) IRX\Bg(0) ¢ L'V (R}\BG(0) for jelt 2}, then m(1) = =(2).

Theorem 1.2 (Existence and regularity): Let £ e LI‘(JRs‘\ﬁ)3 N Lt(IR3\ﬁ)3,
beWz_Vr’r(c‘JD)3 for some rell,ool, tell, 3/20 with t<r. Then there exists a

pair of functions (X(£,b), Y(f b)) ¢ UNI ) SOL(f,b). According to Theorem

1.1, this pair is uniquely determined.

Let rell,cof, tell, 3/2[ with t<r. Take sely(r,t), qgelj(r,t). Then inequality
(1.4) holds for Fe L'(RAD® N LYRADS, bew? TTe0)3, u = XEb),
r = Y(f,b), 1<k,m<3, with the same constants Kl(r,s,t,v,()), Kz(r,q,t,\:,Q),

K3(r,t,v,Q) as _in Lemma 1.1.

Theorem 1.3: Assume () = BI(O), v = 1. Take pel3/2,00. Then there is no

constant K>0 with the property to follow:
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The inequality ||DkDm|.1IIp < K- "f”p holds for fe ﬂ{LS(JR:i\ﬁ)3 : sel, 01},
(u,m) e SOL{f,0) [N INT, 1<k,mx<3.

2. Proof of Lemma 1.1.

First we shall define some functions which will be used for constructing

a solution to (1.1), (1.2). Set

Ep (0= (Bmwlx) ™ (5 + xpxe1xd72), Egg0i=(amelxl}) Loxy

(xeR3\{0}, 15j,k<3);

u_(x):= [ > E (x-y)'f.(y) dy, m(f)(x):= [ > E.,(x-y)f.(y) dy
m R gee3 j R3 15j<3 1+ j
(xeR?, FCT(RYS, 1sm<3);

Vm(z,Q)== I X E. (x-—y)-fbj(y) dQ(y),

o0 1sj<3 1™
Qx.®:= [ 3 E,(x-y) 0.0y dly) (zeR3, xeR™o0, @3, 1sms3);
o0 1<j<3 ¥ ]
Sjkm:: Sjk-E4m - DjEkm - DkEjm (1gj,k,m=3);

W_ (x,®):= [ > -8, (x-y)®.(y)n, (y) dO{y),
m a0 1sjks3 Jkm 5k

Hix,®:= [ > 2:vD.E,y (x-y)-@.(y)ny (y) dO(y)
o0 1=jk<3 ] J

xeR™N00, @3, 1ms3).

The integral appearing on the right-hand side of the definition of
W (x,®) exists for xedQ) too (see [6] Lemma 4.7). However, this integral,
consndered as a function of xe]R does not belong to c%Rr3). For this

reason, we use a different notation in the case xed(), setting

210 T _(O)x):=2 [ p
i 30 1sjks3 Jkm

(@003, xe0, 1<ms3).

(x~y)- <I>j(y)- nk(y) dQy)

Setting
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220 W(x®_:= Wx® for xeR\Q,
“’(x,@)ex: (-1/72)(® + TI®))(x) for xe3Q,

we obtain a function W{. ,@®),, from iR3\Q into C3 which is continuous
([6] Satz 4.1). For OECO(r)Q)3, 1sm<3, xedQ), define Tn:(.}(X) by replacing
nk(y) with ny(x) on the right-hand side of (2.1). Choose functions Y(l)’
o Y(ﬁ) € CO(aQ)3 forming a basis of the subspace {.ELP(:—)Q)3 .

&+ TH@® = 0} of Lp(c)ﬂ)s, for pell,ol; see [6] Lemma 6.10. Define a ma-

6x6

trix Me C by setting

M := (gﬂ VT ), g (0> dO0O ) e
M is regular; see [6] Lemma 6.12. For bECO(aQ)S, set

eb)= M1 (1 <00, ¥4y0> 4000 )y

We further define for @, b ¢ CO(aO)S:

(2.3) v(@b):= W(-,@)ex+ > cm(b)-V(',f(m)),

1cm=<6

g@bi= (1,8 + 3 c (b Q¥ ))|R\.

1<msz6 ™

For fECCS(RS)3, the mappings u(f), =(f) are COO- functions on ]R3, and the
pair (u(f), =) is a solution in R> of the systems of equations in (1.1)
(see [6] (1.12), Lemma 1.10). If @, b ¢ co(ao)a, then v(®,b) is continuous
on R3\Q ([6] Satz 4.1, Lemma 6.1), and v(®,b)| R3\Q, g(®b) are C¥-func-
tions on RAD. Moreover, according to (6] Satz 6.4, the pair (V(Q,b)l ]Rs\ﬁ,
g(Q,b)) solves (1.1) for f = O.

Take beBOU, feCOS(IRs)3. By [6] Satz 6.4, there exists a function .eCO(c)Q)3
with

(2.4) v(®, b-uf))|s0 = b-ulf).

For any oc%.n)3 satisfying equation (2.4), the tuple (R(®fb), S(&f b)),
defined by

R@Fb):= (uf) - v(@ b-ud))|RAD,  S@L£b:= n(®) + g(® b-ulf),

belongs to SOL(fHRs\ﬁ, b). This is the type of solutions constructed by
Ladyzhenskaya. The key step in her approach consists in solving the in-

tegral equation given implicitly by (2.4).
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Let us now study the regularity properties of the solutions constructed
before. For this purpose, we shall use the symbol M(p1,...,pn) to denote
constants only depending-on v, 0, Pgr s O where neN, and Ppr e €

¢ 10,l.

n

By referring to the Hardy-Littlewood-Sobolev inequality (see [21] p. 119),
to the Calderon-Zygmund theorem, and to [6] Lemma 1.9, 1.10, we obtain

the following inequalities:

2.5 lu®l, = Ms) £l 1
1/s + 2/3)

IDu®l_ + Ie@®l_ = M@-If] i
k™ q q (t/q + 17371

IIDkal.l(f')Ilr + HDk'n:(f)Hr < Ml(r)-|If “r
(s¢13,00[, qel3/2,c0l, rell,ol, 1sk,m<3, fECCS(IRs)B).
The preceding relations imply for rell,eol, tell, 3/2[ with t<r:
03
(2.6) ”u(fHaQElZ-l/r,r < M(r,t)-(]lflll_ + Hfllt) for feCO (RF)%.
Now take @BOU, bECO(aD)3. Abbreviate for rell,col:
K= @1,y + Ibll.

Then, for rell,eol, we may evaluate the functions v(@b), g(®,b) as follows:

@7 IW@®bB), s Mirs) K for sel3, (1/r - 2/3)71, if r<3/2,

and for sel3,ol else;

IDy (v @BDIRND )l + lg@bll, < Mg Kir) for fsksr,

.
||q
ael3/2, (/v - /371, if r<3, and for qel3/2,00l else;

Ip_D (vi@bIR\Q)I_+ ID g@BI_ < M@K for 1sks3.
Let us remark on the proof of (2.7). First we note a property of the
single-layer potentials V(-,T(m)) and Q(-,Y(m)). namely:
, 2-1/1,1 5 1 3 _ = olr =
(2.8) W ,f(m))l o0 e W ()7, Qf ,Y(m))IBR(O)\Q € W (Bp(OND)
for R>0, rell,cof, 1sms6.

The relations in (2.8) represent a difficulty particular to the exterior

problem. For their proof, we refer to [5] p. 8-38. Note that the restric-
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tion r>3/2 in [5] Lemma 8.4 may be removed by replacing the reference
to [6] Lemma 7.12 by another one to [4] Theorem 2.1. These two refe-
rences concern IP-estimates for the Laplacian on bounded domains; they

were both derived from [17] Theorem 10.10.
Now fix some number R>0 with |x-y| = |x|/2 for erR3\BR(O), ye0). Then

(2.9 IJH(-,O)\BR(O)\ﬁIIr < M(r)'”.ﬂz-l/r,r (rell,col).

For rel3/2, oof, this inequality is given by [6] Lemma 7.15. Its proof is
based on LP-estimates of the Laplacian on bounded domains, as stated
in [6] Lemma 7.12. In the case r<3/2, this proof also carries through, pro-

vided we again replace the reference [6] Lemma 7.12 by [4] Theorem 2.1.
With (2.8) and (2.9) at our disposal, we immediately arrive at the inequality
(2.10) "g(o’b)lBR(O)\ﬁ”Lr < Mir)-K(r) (relt, D).

Recalling that the tuple (v(.,b)lle\ﬁ, g(.,b)) solves (1.1) with f = 0, we

may conclude from (2.10), from the definitions in (2.2), {2.3), and from [4]
Theorem 2.1 (LP-estimates for the Laplacian);

(211 |!v(¢,b)IBR(O)\ﬁH2’r < M(r)-(|10+T(O)F|2_1/r,r+l((r)) < M(r)K(r).

with the last inequality implied by [6] Lemma 7.7. Now the estimates in
(2.7), with v(®,b), g(@b) replaced by V(O,b)IBR(O)\ﬁ, g(O,b)IBR('O)\ﬁ, fol-
low from (2.10), (2.11), and [1] 5.4 (Sobolev's lemma). Thus (2.7) is proved
if we can evaluate the restrictions of v(@b), g(®b) to le\BR(O). But this
is an easy task. The corresponding calculations may be found in the proof
of [5] Lemma 8.6.

For @, b, f from BOU, Co(c)ﬂ)s, CSO(R3)3, respectively, it follows from
(2.5), (2.7) that (R(@®,fb), S@F, b)) ¢ INT.

Let us now fix rell,col. By combining (2.8) with [6] Satz 6.4, 7.2, Lemma
6.1, 7.8, we may construct a constant M(r)>0 with the following proper-
ties:

For beBOU, feCSO(RS)s, there is a function @ = &b,f,r) ¢ BOU satisfying

equation (2.4), as well as the inequality

212) |®bED, s MO b - ubBl,
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Define for beBOU, feCSj(Rs)s:
U(fbr)= R(@(Ebr), f,b), V(Eb,:= S(8(fbr), £ b).

Then Lemma 1.1 follows from (2.5), (2.6), (2.7), and (2.12).

3. Uniqueness

Let f, b be functions mapping ERS\ﬁ, o), respectively, into C3. For je{1,2},
assume the pair (u(j), n(j)) belongs to UNI and to SOL(f,b). According to
the definition of UNI, we may choose Rel0,col, p(j)e N, ol with

3.0 AcBRO),  uRMBRO) « LPPRIBLOND  (Gelr,2h.
Furthermore, by (1.5) there is some number r(j)ell,[ such that
u() | BpONT ¢ WA B 0D, n()IBHONT « WhTP B (000)

for T>0; vr() ¢ LYO®RIDE  (elt,2D.

Thus it is clear that the zero extensions of the functions u(j)kl IR3\BR(0),
DkT!.'(j) belong to SLI (1<j<2, i<k<3). But this property is also true for

m(j) FIR3\BR(0). To see this, approximate m(j) by smooth functions, and then

apply the mean-value theorem.

Now set w:= u(l) - wu(2), m= n(l) - n(2), r:= min{r(D), r(2)}. This means
(3.2) ulBLONG ¢ WATBLONDS,  nlBLONT ¢ WTBLUOND)  for T>0;
(33) -v-Au+ Vr = 0, divu = 0, ujoQ = 0.

Note that the zero extensions of ukllRS\BR(O), rrFlRa\BR(O), D7 (1sk<3)

belong to SLI. Next we want to show that

(3.4) VrlRXBp, (0) ¢ LSR}\By,,(00°  for selt,rl

To this end, choose rpeCm(]Rs) with Osex<l, ‘p“RB\BRﬂ/z(O) = 1,
thBR(O) = 0. The zero extensions of the functions u e, Te, <u, Vo,
~v-({Vuy, V¢> + u-Ag) + n-De to R> will be denoted by v, TI, g,
h-k, respectively (1<k<3). Observe that

veWZI RS, mewlt ®%,  hen(LZ®H3: seriry,

g e NHWUSRY) ¢ selt,rl},
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(3.5 -v-Av+ VI = h, divv =g in R3.

In addition, the functions Vie 11, hk’ g, DkH’ Dkg are contained in SLI,
for 1<k<3. Because of (3.5), this property also holds for Avy and div v
(1<k<3). Now we obtain from (3.5):

?Dkn - %hk (sks3),  Tgo, = T

By an argument based on [23] p. 147 (5), we may conclude from the pre-

-v‘TAV g

ceding equations:

2 ~ < ~ ~ e ~ ~
36 v |II*T +iI T = T (1<k<3), > i1 -T = T..
Yk k I hk 1=m=3 m g

(3.6) yields after some computations:

-1 = wlZT. 4+ F L. L3

(1=m<3).
DmH Dmg 1<k<3 ™ k

Py
It follows by [23] p. 149/150:

(D . T-vD ga? + ¥ h-(U - }dx = 0
RS m Y mB cke3 K m K

for ‘FES(IR3), 1=m=3.

(3.7)

Now fix qell,r], me{1,2,3}. By [21] p. 96 there exists a bounded operator
Pk mapping the space Lq(]RS) into itself, and satisfying the equation
3

3.8) P (D = [Im-xk-lll'z-f]”, for ?;eLq(R YL (1=k<3).
From (3.7) and (3.8) we obtain

- 3
(3.9) Is{DmH ~ gyl = & Pl A¥ dx = 0  (¥eS(RY),

1ck<3
Since the Fourier-transform maps S(IR3) onto itself, and because Cﬂ (iR3
is a subset of S(R”), we may replace Y in (3.9) by any function CEC (R ).
Thus the mapping

F=D II1-v-D g- > P.(h)
T m® i KK

is a weak solution of the equation Au = 0 in R3. This means that for
any £>0, the corresponding mollifier FE (see [1] 2.18) satisfies the equa-

tion AFE = 0. Since

r(2)

3
@310 D 1 e FV®Y + L"P®Y,  vD g+ I Py @ LAR3),
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we may conclude that F8 is bounded (e>0). Now Liouville's theorem
yields Fg = ¢fle) for some cle)eC (e>0). Because of (3.10), this means
F_ = 0 for >0, so we have F = 0. Thus we may conclude from the

£
second relation in (3.10): Dml'I € Lq(IRS). This proves (3.4).

Now take OECSO(RS)a. According to Lemma 1.1, there is a pair (w,¥)eINT
with

@A) -v-Aw + VY = O[RAD, divw =0,  wloQ = 0.

For keN, choose [ cCP(RY) with §[B (0) = 1, G IR\B, (@ = o0,
0T <1 Set wyi= w-L, ¥i= ¥ (kelN).

Recalling (3.1), (3.11), and the relation (w,¥)eINT, we may conclude:

_{u,® dx = lim IS _ L, -V Aw ¢+ V‘Fk> dx.

J‘3
A k—>c0 R™\Q

R
For kelN, it follows from (3.2), (3.3):

I3

_lu, ~veAw, + VY, > dx = - [, <Vmrw > dx.
R3AG k k %0 k

Since in general the relation WELr(IRS\'ﬁ)3 holds for r>3 only, we have to

recur to (3.4) in order to obtain

(3.12) <V1=:,wk> dx —> IS _ Vmw> dx (k—>co).
R\

Ja _
R\a
But the right-hand side in (3.12) vanishes, as follows from (3.2), (3.4), (3.11).

Combining the preceding results, we arrive at the equation

_ <u,@® dx = 0 for *CIR)

I
rRAG

which implies u = 0. Theorem 1.1 now follows easily.

4. Proof of Theorem 1.3.

In this section, we assume () = BI{O)’ v=1. For neN, xe]R3, set

- 2 ol . _
(40 £ = 3-(@m? - 9)1. (10,0, if xe By, (ON\B,(O);
fn(x) = 0 else.

Using notations as in Section 2, we observe:
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(uf JIRAA, w(f JRAT) ¢ INT  (neN)  (see (2.5));

~viAu(f ) + Vn(f) = f, divuf) = 0 in R (neN).

The definition of fn was chosen in such a way that u(fn)(x) = (1,0,0)
for xeo), nelN.

From Lemma 1.1 we know there is a pair (V,P)eINT with
-vAV+ VP = 0, divV = 0, VioQ = (-1,0,0).
Now set for neN

(4.2) w_:=u(f) + V, = n(f ) + P.

Then we have (w I ) ¢ INT (] SOL( £, |R%\Q, 0 ).

Next fix pel3/2,c0l, and assume there is some number Kel0,col such that
IDDully s K-ligl, for tskms3, g ¢ M{LTRAD3 © refl,w]}, and for
(u,m) eINT [} SOL(g, 0). Then, recalling (2.5), (4.1, (4.2), we obtain for neN,
1<k, m<3:

IDD VI, s DD will + DD uf )l s (K+MpD-If ],

< clp) - n3/P -2

with a constant c(p)>0 which is independent of n. Letting n tend to in-
finity, it follows DkDmV = 0 (1sk,m=<3). Since (V,P) ¢INT, the preceding
equation implies V = 0. This is a contradiction, since V is continuous

on RAQ, with VIoQ = (-1,0,0).
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