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Preface

The book at hand is based on the habilitation thesis of the author. This thesis was inspired
and supperted by Prof. Erhard Meister (Darmstadt). Without him, this work would never
have come into being. Furthermore, the author gratefully acknowledges that it was Prof.
von Wahl (Bayreuth) who introduced him — by means of [13] - to the potential theoretic
treatment of the Stokes system. In addition, the author wants to thank Prof. Alber
{Darmstadt), Prof. Meister and Prof. von Wahl for acting as referees for his thesis, and

for pointing out some errors.

We very much appreciated the good cooperation with Akademie Verlag, resulting in a
speedy publication of this text.

Anyone who glances through this book may wonder why it contains so many formulas.
The reason is that we wanted to extensively present the “hard analysis” part of our theory
— of course without neglecting functional analytic arguments. In this way, our proofs
should be accessible not only for specialists working in the field of singular integrals, but
for any reader with a solid mathematical background.

A number of results derived in Chapter 3 to 8 slightly generalize certain facts which are
already known, either from the paper [9] by the present author, or from the article [20]
by Fabes, Jodeit, Lewis. Since these facts were proved only very shortly in [9] or [20], we
thought it worthwhile to develop them in more detail here. The larger part of this book,
however, covers new material which was not published before.

Those elements of our theory contained in Chapter 3 to 11 are studied because they are
needed as tools, although some of them, such as Theorem 8.1 and 8.2, are of interest for
their own sake. It is in Chapter 12 and 13 that we shall put together all our previous
results, like pieces of a puzzle, to obtain our main theorems.

Darrﬁstadt, November 1993 P. Deuring
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Chapter 1

Introduction

In the work at hand, we shall study certain double-layer potentials related to the Stokes
system in a right circular infinite cone in R®. Let us first define these potentials. To this
end, set

fur) = e + T {ree7T 4 e - 1}, (1.1)
Gofr) = e + 3.rP - (ree e - 1) for r € C\{0},
and

B = @)™ (G BOVA) - 5w o T BVERD ), 02)

Eulz) = (47 2°)7 - 2

for z € R™{0}, 4,k €{1,2, 3}, A€ C\(—o0, 0]. Note that the matrix-valued function
(Ex , B, EN, Ea)i<ikes is afundamental solution of the resolvent problem

—Au + Aw + V& = f, dive = 0 (1.3)

related to the Stokes system. This fundamental solution was constructed by McCracken
{33, p. 204-206]. Let the stress tensor (ﬁ;\-‘d)_j,k,ze (12,3} be defined by

~A

Dy = D;EY + DiEY — S Ba (G k1€ {1,2,3}, AeC\(-oo, 0]). (1.4)

Take pe (1,00), A€ C\(-vo0, 0], 7€{-1,1}, and assume that B is an open set in
R®, with boundary @B smooth enough such that an outward unit normal »(®) to B
exists. Then we define the double layer potential T'(7,p, A, B) : L*(3B)® — LF(3B)*
by

I(r, p, A, B)(f) (2) (15)
3 Bz - v) - WP () - FW) dB(y)) ,
B j k=1

1<i<3

= /2 @ + ([

a
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for f € L*(8B)®, z ¢ 8B. Of course, this definition only makes sense if the integral
on the right-hand side of (1.5) exists and, when considered as a function of belongs
to L?(8B)*. This condition is satisfied if, for example, B is a bounded dorr,min with
a smooth boundary; see [8, p. 342-344, Section 3]. Here we shall mainly be interested in
tlffe case B = K(y), where K(p) denotes an open right circular infinite cone in R3

with vertex angle 2-p (p € (0, 7)) . Without loss of generality, we may assume that th(;
axis of this cone coincides with the positive z5-axis. This means in particular the vertex
of K(p) is located at the origin. It will turn out that for B = K(®), the integral on

the right-hand side of (1.5) does in fact exist and belongs to LP(OB)® if considered as a
function of z; see Lemma 6.5.

For 2 ¢ R\{0}, 7, &k, [ € {1,2, 3}, define
Bu() = @) (b 127 + -z - 7). (1.6)
E(z) i= (4-m)7 . |21,

The matrix-valued function (Fhx, Eo, Fs, Eu)icres, with Ey from (1.2), is a
fundamental solution of the Stokes system -

-Au + Vr = f, dive = 0,
and F is a fundamental solution of the Poisson equation —Av = f. We further set

Dy = DjEy + DiEy — 6 - Ey, D, == DE, (1.7)

for 7k, 1 € {1,2,3}. Let pe(l,00), T€{-1,1}, B ¢ R?, with B open. Then
we define the operators

A(r,p, B) : I*(8B)® 12 (8B)?, {7, p, B) : I?(8B) +» I?(8B)
by setting

A7, p, B)(f) (=) (1.8)
= /2 S + fBZ Daule=9) - 20) - fl4) dBG))

I, p, B)(h) (=) . | o (1.9}
= (/2 h2) + [ Y Dule-y) - nl () - k() dBG),

88

for fe I7(0B)°, he LP(OB), z € &B. Here again, n® denotes the outward unit
norm?J to B. Asin the case of (1.5), these definitions are justified if B is a bounded
fiomam with a smooth boundary (see [13, p. 135, Lemma 4.7, p. 144, Lemma 5.1]), or
if B=K(p) (see Lemma 6.2). Moreover, if B is a bounded domain with a Lipsc};itz
bounda_ry, then the integral on the right-hand side of (1.8) and {1.9) may be understood
as a principal-value integral, as follows from a result by Coifman, McIntosh Meyer [4]
We shall discuss and use this fact in Chapter 13. , ’ .

It is the principal aim of this book to investigate the Fredholm properties of the operator
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{7, p, A, K(¢)). As we shall show, these properties may be derived from certain facts
pertaining to invertibility of the operators A{7, p, K(¢)) and II{ -7, p/(p—1), K(p)).
Concerning the last two operators, we shall investigate their features by making use of the
theory of locally compact abelian groups.

Before elaborating these indications, let us explain why it is of interest to study the
behaviour of I'(7, p, A, K(¢) ) . To this end, we fix a bounded domain @ in R? with a
smooth boundary. Then consider the resolvent problem (1.3) on the domain €, under
Dirichlet boundary conditions

|82 = 0. (1.10)

This boundary value problem will be called “interior problem” (related to (1.3)), The
term “exterior problem” is used when the system in (1.3) is to be solved-in the exterior
domain R*Q. Concerning existence and regularity of solutions to the interior problem,
the following theorem holds true:

Theorem 1.1. Let p € (1,00), X € C\(—o0, 0] and f € L#(Q)®. Then there is one
and only one velocity uw € W2P(Q)?, as well as a pressure m € WHP(Q) - uniquely
determined up to an additive constant - such that the pair of functions (u, ) solves the
resolvent equation (1.3) in Q, and u satisfies boundary condition (1.10). Thus, {(u, )
is @ solution of the interior problem related fo (1.3).

In addition, for p € {1,00), # € [0, 7), there is a constant C' = C(p, 9, ) > 0 such
that

lul, < C - 11l

lullzye + 197l < C - 1 FlEp (1.11)

for f € LP(Q)?, for X belonging to the sector Xy := {p € C\{0} : |argu] < #} of
the complez plane, and for the corresponding solution (u, m) € WHF(Q)F x Whe(Q) of
the interior problem related to (1.3).

This theorem, which was proved by Solonnikov [44] und Giga [25], is the key to solving the
non-linear, time-dependent Navier-Stokes system in 'Q by means of semi-group theory in
I?(9). A detailed discussion of this approach may be found in von Wahl [48], [49]. For
the most recent results, we refer to Giga, Sohr [26].

Solonnikov [44] reduces Theorem 1.1 to a. [#-theory for the time-dependent Stokes system.
Giga [25] proves this theorem by referring to the theory of pseudodifferential operators.
In [8], [9] we apply the method of integral equations in order to derive similar results
for solutions of (1.3) in the exterior domain R*\Q, under boundary condition (1.10).
Solonnikov [44] and Giga [25] alse deal with the exterior problem, but the access in [8],
[9] is more elementary. For other results on solutions to (1.3}, we refer to [10], [11], [12],
[14], [46], among many other papers.

Let us briefly explain the approach from [8], [9], and then discuss whether this approach
may be applied to & non-smoothly bounded domain as well. From these arguments it
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should become clear why it is interesting to study the operator I'(7, p, A, K(p)) defined
above.

Although in [8], [9], the exterior problem related to (1.3) is investigated, the method used
there may be applied to the interior problem as well, and in the latter case, it turns out
to be somewhat less complicated. Therefore, we shall continue to consider the interior
problem.

in the first step of the approach from [8], [9], the interior problem related to (1.3) is
reduced to the homogeneous resolvent equation

—Au + A-u + Vr = 0, dive = 0 in 0, {1.12)
under nonhomogeneous Dirichlet boundary conditions;
w0 = g. (1.13)

In fact, Theorem 1.1 above may be detrived from the following result on (1.12), (1.13)
{compare [8, p. 338 - 340]):

Theorem 1.2. For p€ {1,00), A € C\(—o0, 0], g € W 1P-?(80)° with [ g-nldQ =
sn

0, there is one and only one velocity u € WHP(Q)* N C=(Q)?, as well as a pressure
T € Whe(Q) N C=(Q), whick is unique up to an additive constant, such that the pair of
Junctions (u, m) solves boundary velue problem (1.12), (1.13).

In addilion, for pc (1,00), # €0, x), there is a constant C = C(p, 4, Q) > 0 such
that

[ull, < € AYED g, , (t.14)

leilsp + 197l < €= (YD gl + Ngllorsps )
for ATy, ge WEYP (0 with [ g -n™ dQ = 0, and for the corresponding
solution (u, ) of boundary value pmblerrin(l.w), (1.13).
(For the definition of X4, we refer to Theovem 1.1.)

In [8], [9], similar results are proved for the exterior problem by using the method of
integral equations. In order to explain this method, as applied to the interior problem, let
us first consider Laplace’s equation

-Avy = 0 in Q, (1.15)
under Dirichlet boundary conditions

v[8 = 7. (1.16)
For any h € LP(9), the function
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W@ = [ 3 Pua-y) i) h) RO €D,

an T

belongs to C°(£2) and solves (1.15). (The symbol 2 denotes the outward unit normal
to €©.) In addition, the function v(h) has a trace on 99, which we denote, as usual, by
v(h)|8. This trace function satisfies the equation

v(h) |09 = T{(+1,p 2)(H),

with TI(+1, p, @) from {1.9). This property of v(h) is called “ju.m_p f'ela.tior.l”, for
reasons which will be explained at the beginning of Chapter 9. Thus, if it is possible to
find a function A € LF(8Q) solving the integral equation

o(+1,p,2)(R) = 7§ (1.17)

with 7 from boundary condition (1.16), then v(h) isa sol.ution of bou-nda,ry value
problem (1.15), (1.16). In fact, such a solution & € LP(89) exists folr any 7€ LP(BQ) .
Tn this way, boundary value problem (1.15), (1.16) is reduced to the integral equation in
(1.17), hence the name “method of integral equations”.

Odgquist [37] succeeded in adapting this approach to the Stokes system
—-Au + Vr = 0, dive = 0 i €, (1.18)
under Dirchlet boundary condition (1.13). He arrived at the integral equation

A(4+L,p, @)0H) = 9, (1.19)

with ¢ from (1.13). (The operator A{+1, p, Q) was defined in {1.8).) Odquist [37]
then proceeded to solve this integral equation in Holder spaces.

Ladyzhenskaya [30, p- 67-79] referred to Odquist’s approach in order to derive a L?-theory
for the Stokes system (1.18). She could show:

Theorem 1.3. For g € W*~1/7.2{(9Qy with [ g-n\ dQ = 0, there exists a uniquely
8

determined velocity uw € W2P(Q)? and a pressure @ € WLP(8), which is unique up fo
an additive constant, such that the pair of functions (u, 7) solves (1.18), (1.13).

The proof of this result is indicated only shortly in [30, p. 67-79]. More details may be
found in [13].

Odquist’s method may be carried over to the resolvent problem (1.12), (1.13), and then
leads Lo the integral equation

(41, p, 5, 0H = ¢, {1.20)

with T(+1, p, A, Q) from (1.5).
It turne out that the operator (41, p, A, Q) — A(+1, p, 1) is compact in Le(8Q)°.
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Starting from this observation, a LP-theory for (1.20) may be deduced from Ladyzhens-
kaya’s results related to (1.19); see [8, p. 338-340, 342-344]. This L*-theory can then
be used in order to obtain the first part of Theorem 1.2, which concerns existence and
uniqueness in LP-spaces of solutions to the resolvent problem (1.12), (1.13). This first part
of Theorem 1.2 may thus be regarded as a corollary of Theorem 1.3, We refer to (8, p-
339/340, 345-348] for more details.

It is much more difficult to prove estimate (1.14). Proceeding as in [8], [9], we may start by
considering the double-layer potential T'(7, p, A, R* X {0, c0)) related to the halfspace
R?x (0, 00) . It holds:

I2ll, < D-[T(1p A R*x(0,00))(B)], (1.21)

for pe(l,00), #€[0,m), ®¢c IP(R*)®, A€ 3,, where the constant D only
depends on p or 9. (See Theorem 1.1 for the definition of %, J

Inequality (1.21), which was established by McCracken [33, p. 219, Theorem 5.8], is then
used in order to estimate the double-layer operator I'(+1, p, A, 2} related to the domain
Q2. In fact, the relation in {1.21) yields that

e, < C-[0(+1,p A Q)(@)], (1.22)
for p€ (1,00), #€0,7), ©cLP(39)° with [ ®-n™ dQ - 0, andfor A€ Xy
a0

with |A| > €. Here the symbols ¢, C denote constants which only depend on p, ¢
or ©. We refer to [9] for details, which are rather technical. Inequality (1.22), in turn,
leads to the resolvent estimate (1.14); see [8, p. 340] for the corresponding arguments in
the case of the exterior problem related to (1.3).

Now we weaken our assumptions on the domain € and only require that Q is Lipschitz
bounded. Then it is an open question how to obtain a LP-theory for the resolvent problem
(1.3), (1.10). However, based on what is known if p = 2, — we shail discuss this case
presently — let us guess what might be the best possible result:

Supposition 1.1. For p e (1, 00), A € C\(—o0, 0], f € IP(Q)?, there is one and only
one velocity
we [ wHeer)®,
ee(0,1)
as well as o pressure
T ﬂ Wllp—e.p(Q)
€€(0, 1)
- uniguely determined up o an additive constant - such thal the pair of functions (u, 7)
solves boundary velue problem (1.3), (1.10).

In addition, for p€ (1,00}, 9 €[0, 7}, ¢, 6 € (0, 1), there is a constant C - depending
on p, ¢ 8 or Q - such that

CHAPTER 1. INTRODUCTION 15

[ull, < €< A7 - [l {1.23)

ey + |7 = [r@a\(fa2)], < ORI,

for A€y, feLr(2)®, and for the corresponding solution (w, 7) of (1.8), (1.10}.

In the case p = 2, Deuring, von Wahl [15] could show that Supposition 1.1 is true_ if
A=i-7, with 7 € R. Their proof is based on the I2-theory developed by F.a.bes, Kenlg,
Verchota [21] and Shen [43]. In the former paper, the Stokes gystem (1.18) is studied in
interior and exterior Lipschitz domains. The latter paper contains a LQ—theory for the
time-dependent Stokes system in interior Lipschitz domains. This theory is re('luced to
I-estimates pertaining to the gradient of single-layer potentials related to equation (1.3)
with A=i-7, TeR.

Let us now drop the condition p = 2. Then Farwig, Sohr [22, p. T, Corollary 1.4} treat
boundary value problem (1.3), (1.10) under the assumption that the boundary of'ﬂ has
conical points of angle r/24+ ¢, with ¢ > 0 small. The authors prove tl_mt in such
a situation, Theorem 1.1 remains true. We further mention a paper b3f Galdi, Simader,
Sohr [24] dealing with weak solutions of (1.3), (1.10), under the assumption that 02 may
be described by local parameters having small Lipschitz constants. H(m"ever, u.nder less
restricting assumptions on Q, it is not known whether Supposition .1.1 is trufa if p#2.
Tn this situation, it seems to be natural to consider a Lipschitz domain £ Wthh,.On one
hand, je sufficiently general in order to cause typical effects of non-smooth boundar.les. On
the other hand, €2 should be chosen in such a way that its boundary may be descrlb.ed by
explicit local parameters. This may simplify the study of boundary va.lue_ problems in .Q.
In this spirit, we assume that all boundary points of Q are regular,_mth t-he excrfpt{on
of a gingle point z,. In a neighbourhood of thig point z,, the domain £ is to coincide
with a right circular cone with vertex . Let 2-¢, for some ¢ € (0, m), be the vertex
angle of this cone.

Solutions of partial differential equations in this type of domain are t?ften estimated in
weighted norms, with the weight of & point z € © depending on the distance of = fro.m
the vertex of the cone. Results of this kind pertaining to the Stokes system may be found in
the paper [31] by Maz’ya, Plamenevski. Concerning other partia:l differf.entia,l -equations, we
refer to the book [32] by Maz’ya, Nasarov, Plamenevski. We did not investigate whether
the theory given in [31], [32] proves or disproves Supposition 1.1. Instead we atterflpted
to check our conjecture by recurring to the approach from (8], [9], which _redu.ces estimate
(1.11) to McCracken’s inequality (1.21), thatis, toa result related to solutions in halfspace.
Since a solution theory for domains with conical boundary points ca.nnot.be sol‘ely bazed
on a result pertaining to halfspace, it should be expected an additional estimate is needed,
different from (1.21) in so far as the halfspace R? x {0, co) is replaced by the cone K(p)
defined above. More precisely, the following inequality should be proved:

Supposition 1.2. Let 7 ¢ {-1,1}, pc (1, ), #€l0,7), @€ (0, 7). Then there
is a constant D only depending on 7, p, ¢ or @ such that

|
[
:
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Iall, < D - |T(r p, A K@) (h) ], (1-24)

for A€ Ty, he LP(9K(p))®. (The set Sy was introduced in Theorem 1.1.)

This is the point where the operator T'(r, p, A, K(p)) arises. As mentioned further
above, the study of this operator is a main topic of this book.

If estimate (1.24) were available, we might attempt to proceed in a similar way as in the
case of a smoothly bounded domain. First, Supposition 1.2 and McCracken’s result (1.21)
would lead to inequality (1.22), which — in a second step — may possibly be used in order
to derive the resolvent estimate (1.11). Unfortunately, this program cannot be carried
through since we shall show that in general, inequality (1.24) is false for p+ 2. This is
one of the principal results of this book.

Let us explain this fact — and some others — in more detail. Since we shall study both
P{(+1,p, A, K(9)) and T(-1, p, A, K(¢) ), we may assume without loss of generality
that @ € (0, 7/2]. Then it holds by (6.13), Lemma 6.13, 6.17, 12.2 and 12.10:

Theorem 1.4. Let p € (1,00), 7€ {-1,1,. Then inequality (1.2{) is true for any
P€[0,7), v €(0,n/2) if and only if the operator T(r, p, X, K(p)) is Fredholm and
its adjoint is one-to-one (A € C\(—o0, 0], @€ (0, 7/2]).

The next theorem is a consequence of Lemma 8.5, Corollary 12.5 and 12.6:

Theorem 1.5. Let 7 € {-1,1}, p € (1,00). Then I'(7,p, A, K(@)) is Fredholm
Jorany @ € (0, 7/2], A€ C\(—o0, 0] if and only if the operators A(r, p, K(ip)) and
(-7, p/(p—1), K(¢)) are both topological for all ¢ € (0, x/2].

Naote that the last twe operators mentioned in Theorem 1.5 do not depend on .

The operator II(—1, p, K(r/4)) is treated by Fabes, Jodeit, Lewis [20, p. 101,/102], who
transform this mapping into an operator !+ K, defined by

(Y +E,(M)(r, 8 = ~(r, ) + /0” [.-00 Ep(r/s, §—a)-vy(s,a)- 5" ds do

with I‘(Jp denoting a suitable kernel function, (r, 8) being a member of (0, 00) x [0, 2:7],
and ¥ : (0,00} x [0, 2-7] —» C* belonging to an appropriate function space (see
Definition 8.1, 8.2, Lemma 8.3). Then in [20, p. 102], the Mellin transform in the variable
7 € (0, 00}, and the discrete Fourier transform in the variable 6 € [0, 2- 7] are applied
to the operator 7+ K. In this way, a symbol of the operator II(-1, p, K(zx/4)) is
obtained. By recurring to the theory of locally compact abelian groups, it may be shown
this symbol has no zeros if and only if the operator II{—1, p, K(z/4)) is topological.
Therefore, if we want to find those values of p having the property that the preceding
operator is topological, we have to look for numbers p € (1, o¢) which yield a symbal
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staying away from zero.

This approach is only briefly indicated in [20, p. 102]. In Chapter 7 and 8, we shall work
out the details and shall arrive at the following result (see Corollary 8.3, Theorem 8.1,

8.2):

Theorem 1.8. On one hand, the operator 11{7, p, K(p)) is topological for p € [2, 0}, ¢
€ (0,#/2], me{-1,1}.

On the other hand, there are certuin values of p € (1, 2) such that I1I(-1, p, K{x))
is not topolagical for any @ € (0,7/2]. If w € (0, m/2] is fized, then the set of these
exceptional values of p is countable.

In Chapter 8, we shall further use the approach from [20,']3. 102] in order to deal with the
operator A(T, p, K(y)) . However, compared with studying the operator II(7, p, K(v) ),
it will be much more difficult to find a symbol of A{r, p, K@) ), .a.nd then check whether
this symbol has any zeros. Still, we shall be able to obtain a fairly complete result (see

Theorem 13.1, 8.1, 8.2):

Theorem 1.7. The operator A(7, p, K(@)) is lopological for ¢ € {0,%/2], pc
[2,00), TE€{-1,1}.

There are reals py, P2 € (1,2), @1, 92 € (0, m/2) such that the operators A(lL, p1,
K(p1)) and A(-1, p2,K(p:)) are net iopological. If ¢ € (0, 7/2] end 7 € {1, 1} are
fized, there is at most a countable number of values p € (1,2) such that A(T, p, K{))
is not topological. .

The second part of this theorem will be established by examin:m.g the symbol of A{7, p,
K{y)). For the proof of the first part, however, we shall a,ddlt}ona,lly need two lle¥nmas
by Shen [43, p. 364, Lemma 5.2.11 (i), p. 369, Lemma 5.3.7, with = = 0],. pertaining to
the L2-theory of the Stokes system (1.18) on domains with bounded Lipschitz boundary.

We further mention that the second part of Theorem 1.7 should imply non-regularity re-
sults for solutions to the Stokes system on Lipschitz domains. An example for such a result
is provided by Theorem 13.2. It might be worthwhile to look for further consequences.

Tn the context of this book, Theorem 1.7 is of interest mainly in connection with the study
of the operator T'(T, p, A, K(g) ) - In fact, we may conclude from Theorem 1.5, 1.6 and 1.7:
The operator T'(7, 2, A, K¢} ) is Fredholm forany A € C\(~o0, 0], weE (0, 7r'/2] , TE
{~1, 1}. On the other hand, it will be shown the adjoint of .F(T, 2, A, K(cp)) is one-to-
one (Theorem 9.4). Now Theorem 1.4 implies that Supposntlon' 1.2 — that is, megua,hty
(1.24) - is true in the case p=2 (Corollary 13.3). This result in turn leads to .emstence
and regularity of solutions to the resolvent problem (1.12) in the cone K{y), with boun-

dary datain L?(9K(yp))” (Corollary 13.4).
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TFurthermore, by Theorem 1.5, 1.6, 1.7, we arrive at the following negative result concerning
the behaviour of the operator T'(r, p, A, K()) in the case p# 2 (see Corollary 12.9):
For ¢ € [0, 7), there are numbers p, p» € (1,2}, ps € (2,00), ®1, P2, 93 €
(0,7/2), such that the operators [(+1, p1, A, K(w1}) and T{-1,p;, A, Klp;)) (je
{2, 3}) are not Fredholm for A =r-¢'?, with r € (0, ). This implies by Theorem 1.4
that Supposition 1.2 fails in the case p#2.

Chapter 2

This leaves open the question as to what the preceding results imply for I?-regularity
of solutions to the resolvent problem (1.3), (1.10} in a domain which has one ‘conical
boundary point and is smoothly bounded everywhere else. To put it differently, we may |
ask whether Supposition 1.1 is correct for such a domain. It must be expected that the ot

1 behaviour of the operator I'(T, p, A, K(y)) is closely related to regularity of solutions NOt atlons
to (1.3), (1.10). This seems likely since in the case of a smoothly bounded domain, it
could be shown that estimate (1.21) of the operator T'(7, p, A, R*x (0, co}} leads to the
resolvent estimate (1.11), as we explained above. Now recall that for p# 2, the operator
r'(r,p, », K()) is not even Fredholm in general. Thus we suspect that inequality
{1.23) is not vakid for domains with conical boundary points. We further recall the cloge
connection existing in the case of smoothly bounded domains between the Stokes system
{1.18) and the resolvent problem (1.3). Thus, since in general the operator A(7, p, Kiw)) o N, N,
related to (1.18) is not Fredholm either, Supposition 1.1 may be false even if inequality
{1.23) is deleted.

L 5::!

Kronecker symbol.

the set of positive and nonnegative integers, respectively,

Let us finally mention another aspect of our results: Consider the Helmholtz equation «Z,R,C
the set of integers, real numbers, complex numbers, respectively.
A+ Aw =0 in K. (1.25) ° 8

®
Up to now, it seemed to be unknown how to estimate solutions of (1.25) uniformly in

X. In Chapter 13, we shall be able to obtain such an estimate for the resolvent problem
(1.12) related to the Stokes system (Corollary 13.4), even though the latter problem is

the conjugate of the complex number r.

. * |2
more difficult to treat than (1.25), due to the pressure term WV, and because of the . .
additional equation dive = 0. Moreover, (1.25) is a scalar equation, whereas (1.12) is a For & € C, the absolute value of # is denoted by |z]. If n€N, z€€", we
system. Therefore, since it works when applied to the Stokes system, our approach should o=t n vz
also be an appropriate tool for investigating other differential equations, such as (1.25). |2| = (Z | -’b“i|2) ]
Perhaps it may even be adapted to standard domains other than a right circular infinite i=1
cone. 5 Ialt

For ne N, a€ N§, weput |g|, == a1+ -++ +@n.

« -« (point)
Three kinds of multiplications will be denoted by a point:
multiplication in € (in particular in R): a'b forabe C;
inner product in R*: 2.y for z,y €R";

multiplication of matrices, in particular muitiplication of a matrix with a vector:
A-B, A-z for AcC*™, BeC™" zeC™, I,mncN.

s arb, aVh
For ¢, be R, wedefine aAb:= min{e, b}, aVb:= max{a, b} -
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s B, (z, R)

abbreviation for theset {y € R™ : |z—y| < R}, with n ¢ N, z €R*, R € [0, o]
(open ball with centre z and radius R). Note that B,(z, 0) =0, B, (z, c0) =R".

Xa

characteristic function of A ¢ R* (m € N).

dist(z, )

For neN, Q C R*, z € R", weput dist(z, Q) :=inf{|lz—y| : v €Q}.

E,

unit matrix in C™** (n € N).

arg
Let the function S:[0,2-7) = {z€C : |z] =1} be defined by S(p):=¢€"* for
@€ [0, 2-m). Then we set arg:=5"'.

Rz}, S(2)
real and imaginary part of 2 € C.

$b

For ne N, z € R, be N, put zb:= | E?'

2]
i=

—

aq, 0
boundary and closure of £ C K™ with respect to the usual topology of the euclidean
space R" (n € N).

supp(f)
support of a function f: A — C* (A CR®, n,keN).

| flo
For n,c € N, B C R*, and for a function f:B — C°,
[flo == supf |f(z)| : z€ B}.

we set

o {circle)
Given some sets A, B, C, as well as mappings f: A~ B, g: B — C, let the
mapping go f: A — C be defined by (go f)(z):=g(f(z)) for z € A.
g|C

Given the sets A4, B with € C A, and the mapping g: A — B, we denote by
¢|C the restriction of g to C.

id{A)

identical mapping of a set A.
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im(F), kern(F)
For sets A, B, and for a mapping F: A = B, we put
im(F):={Fla) : a€ A}, kern{F):={acA: Fla)=0}.

LB(X,Y)
Tet X,Y be normed linear spaces. Then we denote by LB(X,Y) the linear space
of all bounded linear operators from X in Y, equipped with the usual norm.

indez{G)

Let X, Y be Banach spaces and ¢ £B(X,Y). Assume that either dim kern(G)
or dim (Y/im(@)) is finite, where Y/im(G) denotes the quotient space of ¥ by
im (). Then we define

indez(G) := dim kern(G) — dim (Y/im(G)).

F,-operator

Let X,Y be Banach spaces, and assume that &' : X +— Y is a bounded linear
operator having a finite dimensional kernel and a closed range. Then we call G a
“F,-operator”, or we say that “G has property F,”, or simply: “G is I ”. Note
that any Fredholm operator has property F, .

adjoint operator

The notion of “adjoint operator” is to be understood as in [29, p. 167]

A topological

Let ¥/, V be topological spaces and A :U — V a continuous, bijective mapping.
Assume that the inverse mapping A~! of A is continuous too. Then we call A
“topological”.

&7 (product of function spaces)

Let ¢ € N. Assume that A is some set, and G is a subspace of the set of all
mappings from A inte €. Then define

G° = { f mapping from AintoC° : f;€G for i€ {l,--+, 0}}.

a/0z; h(z)

Let n,o ¢ N, ie{l,---,n}, A CR", €A with 2; cluster point of the set
{reR (@, oo, @i, 7 @i, 0, Ba) € A}. Put e = (5"“)1<k<n‘ Let
h:A — C° be afunction such that the limit

lm (A2 +c-e) ~ hiz)) /e

exists, Then we denote this limit by 8/8=; h(z).
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.Diga Dﬂg! V., A

Let o,n € N, B C R* open, { €{l,---,n}, and g:B — C° a function.
Assume the limit 8/8z,g(z) exists for any z € B. Then we define the function
Dig: B — C° by setting Dyg(z) := 0/8z,g(z) for e € B.

Suppose g is m-times differentiable, for some m € N with m > 2. Then the
function D*g is introduced by iterating the preceding definition. For &y, -+ ,k, €
Ny with & +---+ k, < m, the partial derivative D .. -D¥» g is again defined
by iteration. If e« € N} with |a|, < m, we write D%g:=D?...D?g. Tinally

we set
Vg = (Dig, -+, Dag) (gradient of g},
Ag = Z Dig {Laplacian, applied to ¢).

i=1
cm(B), C3(B)
Let » ¢ N, B C R*. Then we denote by C°(B) the space of all continuous
functions mapping B into C.

Let B C R" be an open set. Then C™{B) denotes the space of all functions from
B into € which are m-times continuously differentiable (m € N). In addition, we
put

C>(B)

(] c™(B),

meN
and for m € NU {00} :

Ce{B) = {feC™(B) : supp(f) C B, supp(f) bounded}.

f regular

Let »,0 € N, G C R® anopenset, f:G r+ R® afunction which is continuously
differentiable. We call the function f “regular” if the jacobian matrix of f has
maximal rank at any point z € G.

a%/8z" f(z), V. flz)

Let m,n,¢ ¢ N, A CR*, f:Aw~ C° afunction, 2 € A, a € NI
with |al. € m. Assume there is some ¢ > 0 such that B,(z,¢) C A and
f|B.(z, e} € C™(B,(z,¢) ). Then the notations 9°/0z°" f(z) and V,f(z) are
defined by referring to the function f|B,(z,€) in an obvious way. We shall use
these notations when A is not open.

almost every (a.e.), set of measure zero, measurable, integrable

Whenever these notions from measure theory will be used without further indica-
tions, they will relate either to Lebesgue measure in R* (n € N}, or to the usual
surface measure on the boundary 9 of an open, Lipschitz bounded set Q in
R* (ke N, k> 2). In each case, it will be clear from context which is the number
n or the set  we shall refer to.
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By the usual surface measure on €}, we mean the measure which may be reduced
to Lebesgue measure in R*~' by means of local coordinates,

identity of measurable functions

Let n, k€ N, £>2, @ C R* open and Lipschitz bounded. Suppose that B isa
measurable subset of either R® or #Q. Then, as usual, we identify two measurable
functions f, g: B — C° (o € N) if they only differ on a set of measure zero.

1{ g(z) dz

Let n,e € N, B C B" measurable. If cither g: B — [0, o0} is a measurable

function or g: B — C’ is an integrable function, then we denote the Lebesgue

integral of g over B by [ g(z) dz; compare the definitions in Cohn [3, p. 63,
B

64/65).
g flz) d(=)

Let k,0 € N, &> 2, £2CR* open and Lipschitz bounded, B C 8} measurable.
Assume that either f: B +— [0, 00} is a measurable function or f: B — C° is an

integrable function. Then [ f(z) df2(z) denotes the surface integral of f over B.
B

[ f(z) do,
B
In the case Q@ = B,(y,7) (ne N, yeR*, r>0), wewrite [ f(z) do,
B
instead of [ f(z) dB,(y, ) (z).
B
I£lls s L2 (Bj
Let p € [1,00), 6 € N. Assume either = € N, B ¢ R™ measurable, or

keN, k>2, 2 C R* Lipschitz bounded, B C 0 measurable. Furthermore,
let f:B — C° be a measurable function. Then we put

1/p 1fp
1A= ([ 15@P de)™  and = ([ @P d2(@)”,
respectively, where we implicitly used the notation co'/? := 00, In addition, define
LBy={f:B~ C I£lle < o0}

Since we identify functions which coincide almost everywhere, we obtain a norm by
restricting || - ||, to E7(B).

[ measurable,

LP(B) -3 limslﬂ fs

Let n,0 € N, B C R" measurable, f. € I¥(B)° for € € (0, 00). Suppose there
is some f € LP(B)” with ||f. — f]l, — 0 for el 0. Then the limit function f is
denoted by L*f(B) —lim.y, f..
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o fi f
Let n,0 € N, fe& LY{R"” U L*(R™)". In the case f ¢ I}{R")°, we set for
£eR":
A -n/2 =&
F© = @me. [ et ) i,

v .
1= @m0 an
(Fourier transform and inverse Fourier transform of the function f).

If fe LAR"?, we define the Fourier and inverse Fourier transform f, f of f
in the usual way, that is, by a limit in L?*(R"), choosing constants as in the case
f € L*(R™)? so that both definitions coincide if f ¢ L2(R™)7 n LY{R%)*.

w2 Uy, | ls,»

let neN, U C R" open, s € (0,00), pe (,c0). Then we write W*=P(I/)
for the usual Sobolev space over U7, of order s and with exponent p; see [1, p.
44/45, 3.1] in the case s € N, and [23, p. 330 ff, 6.8] in the case s & (0, c0)\N.
The corresponging norm is denoted by | ||,,,.

For w e W*P(882)®, we set
lullsp = | (lealle,p > Nwelia,o s llusllen) | (2.1)

Wee @), |l s

Let ke N, £>2, Q Cc R* open. Assume in addition that either Q is Lipschitz
bounded and s € (0,1], or that € is C*-bounded and s ¢ (0, 2]. Then we use
the symbol W*?(952) for the usual Sobolev space over 92, of order s and with
exponent p; see [23, p. 327, 6.7.2].

There are many equivalent norms which may be introduced on this Sobolev space
(see [23, p. 328, 6.7.3, 6.7.4]). In ordet to choose one of them, it would be necessary
to first fix a parametric representation of d€2. However, whenever these norms will
arigse, that is, in Chapter 1 and 13, such details will be of no interest. Therefore,
we assume that for &, s, @ as above, one particular norm of W*7{3(}) has been
chosen, and we denote this norm by || ||,,, -

I v e W=?(dQ)®, then the expression |[%||, , is defined in analogy to (2.1).

K@®
Let 0,5 € N, A, B, B c R? measurablesets, K : Ax B +» C°%°, &:B —
C° measurable functions. Suppose that B ¢ B, and

f |K(§s n) - (p("?)’ dnp < oo for almost every £ € A.
B

Then we define the function K @ ® : A — C° by

s K.@®
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(Ko8)(©)= [ K€ o0 d forae e

In order to indicate that the functions K and ® satisfy the preceding conditions,
we shall say for short: The function K ® @ is well defined.

A —~ —
Let 0,5 € N, B C R? a measurableset, K :R*xR?*+— C°* ©:B — C°
measurable functions. Let ¢ € {0, o), and assume that

/};X(E,w)ﬂf—nn K& ) - B(m)| dp < oo forae €KL (2.2)

Then we introduce the function K, @ ® : R? v+ C° by setting
(K. @0)©) = [ XoumllE=n) - K& ) 9@ dn  forac £cR.

e K®, @
Let o, & B, K be given as in the preceding definition, and let p € (1,00), ® €
L#(B)7 . Assume that (2.2) holds for ¢ € (0, 00). In addition, we require that the
limit
P(RY - lj{g (Ke® ®)
exists. Then we denote this limit by K ®,®. In order to indicate that the functions

K and ® satisfy the requirements just stated, we shall write briefly: The function
K @, ® is well defined.

s Kx®
Let o, &, B, K, ® be given as in the definition of K. ® ®. Assume

LIK(&{—W)-@(n)fdn < oo forae £€R.

Then define the function K +® : R? v C° by

(K+@)(©) = [ K(EE~n) 0 dy  forae K.

Once more, we shall use a shorter statement in order to point out that the preceding
conditions on K und @ are fulfilled. In fact, we shall write: The function K +@
is well defined.

e I x®
Let o, &, B, K be given as in the definition of K. ®®. Take p€ (1,00), ® €
LF(B);. For any ¢ ¢ (0, oo} and for almost every & € R?, we assume that

f X (€= a0 < 1K €=n) - B)] dn < oo (2.3)

Then, for € € (0, oc), we introduce the function K, *® : R* — C° by setting

{Ke % @)(€) := fB XcoyE=l) - K€, €—m) - ®(n) dy  forae. £€ R
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o Kx,®

Let 0,5, B, K be given as in the definition of K, ® ®. Assume that (2.3) is
satisfied for any € € (0, o0) and for almost every & € R2. We require in addition
that the limit L7 (R?) — lim.o (K. * ®) exists. Then we set

K4, ®:= L”(Rz)—ligl(Ke*@),
and we say for short: K #, @ is well defined.

» Sometimes, for shortness, we shall compress two inequalities into a single one: If
A, B,C arereals, and if 4 < C as wellas B < ¢, then we shall write:
A B <.

A rather large number of functions, operators and sets will be introduced in the main body
of this book. For the convenience of the reader, we shall list those of them here which will
used most frequently:
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Ave, A

Alyp, 8)

A(T, p. ¢ R, S)
A‘(T, e R S)
A (p, A, 6, R, S, @)

B(v) ((Pa 5: R, Sa ‘I))

Diy Dy
ok
D

E4.’H E_;\k
F, Ej;;
=A

E;

fl 1 f2 H .f3
F(r,p o, B, )
F(R, S), T(R)

G, 2

G, §a

gy, Gy, 67
g(w)

7(%6)

G(R, 8), G(R)
G{r, p, ¢, €)
GH(r, p, i, €)

L{r, p, X K(e) )
I‘*(T1 p’ A’ K((p))
Té0(r, p, A, ¢, R)
P("e")('r, p’ A’ (Pﬂ R)
jAC))

H*(r, p, v, R, §)
Jle.€)

J{'r, 5 A e R, S)

Definition 5.2
Definition 10.1
Definition 6.3
Definition 6.3
Definition 10.3

Definition 10.3

(1.7)
(1.4)

(1.2)
(1.6)

Definition 5.1

Definition 5.1
Definition 6.3
Definition 6.2

Definition 5.1
(1)
Definition 5.1
Chapter 3
Chapter 3, {3.10}
Definition 6.2
Definition 6.3
Definition 6.3
(1.5)
Definition 6.1
Definition 6.1
Definition 6.1

Chapter 3
Definition 6.3

Chapter 3, (3.10)
Definition 6.3

K{y)
K (g, 2, 6)

L{s, €)
Li(r, )y L;(0, ¢)
LY (@, 8)

L(r, p, M\ o, B)
A7, p, B)
A*(r,», B)
Aen(7, p, o, R)
Ae)(r, p, @, R)

M(7, p, A, @, €
M*(r,p A, €)
M(p, A), Mg, )

n(®)

nle.€)

R;"AH

v,

I(r, p, B)
II* (7, p, K{e) )

Q(0B)
Q§k:

T(e)
w9

V( dL(p, €))
V(8B)
& ( OL(p, €) )

xl, ar
XM, Xe, XX

»

X A
Y2,

Y,
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Chapter 1, 3
Definition 10.2

Chapter 3, (3.10)
Definition 4.1
Definition 10.2
Definition 6.3

(1.8), Chapter 13
Defin. 6.1, Chapt. 13
Definition 6.1
Definition 6.1

Definition 6.3
Definition 6.3
Definition 10.2

Chapter 3
Chapter 3, (3.10}

Definition 5.1

‘Definition 5.3

(L9)
Definition 6.1

Defin. 9.2, Chapt. 13
Definition 5.1

Definition 5.3
Chapter 3, (3.10)

Definition 9.2
Defin. 9.2, Chapt. 13
Definition 9.2

Definition 5.1
Definition 5.2

Definition 5.1
Definition 5.2



Chapter 3

Parametric Representations of the
Surface of a Right Circular Cone

Let ¢ € (0, w/2], and recall that in Chapter 1, an open right circular infinite cone with
vertex angle 2-¢ was denoted by K(p). Stated more formally, this means

K(p) = {(&, r+ [¢]-cote) : £€R?, 7€ (0,00)}.

In this chapter, we are going to consider two parametric representations of the surface
JK(p) of K(¢). In addition, we shall introduce a parametric representation of the sur-
face of a cone-like object having a smooth end instead of a vertex.

First, let us describe OK{y) in cylindrical coordinates: Define the function g : R? —
OK(p) by

g9(€) = (&, [¢]-cotp)  for £ c R

Note that ¢*) is bijective and Lipschitz continuous. Moreover, g |R?\{0} is a regular
C-function, and we have for £ € R?\{0}:
A gle . () = gin~?

det(9/0¢ (5)(€)) - 9/06 (¢©) ), = sn7(o).

This means the constant sin™'(y) represents the element of surface area related to g(@) .
For ¢ € N and for every function f : dK(p) — C, it follows: f is measurable
(integrable) if and only if the function fo ¢ : R? »» C° is measurable (integrable).
Furthermore, if either f : 8K(¢) + [0, o) is a measurable function or f : 9K(¢) +» C°
15 an integrable function, then the following equation holds true:

o T D) = [ (£oa)(@) s~ de. -

For z € 3K(x)\{0}, let 2)(z) denote the outward unit normal to K(y) in the point
z. Then we have for £ € R {0}

(10049) (&) = (cosp & [el™, cosp - [, —sing). (3:2)
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Now let us describe @K() by polar coordinates: Define the function W i R? o FK(¢)
by

RN, 8) = |r| - (cosﬂ-sinqo, gin @ -sin e, cnscp) for (r, 8) € R,

Then A is onto and Lipschitz continuous. The image set AU ([0, c0) x [0, 2 7))
coincides with K{i), and the restriction A()[(0,00) x (0,2 ) is one-to-one and
regular. Furthermore, it holds for 7 € (0, oo} % (0,2-m):

det ( 8/9n; h¥) (1) - 8/dm. k() ) = - sin’(ms).

1g4.k<2

Thus, if the function J) : {0, c0) x (0, 2-7) — {0, cc) is defined by

J)(r, ) == r-sing  for re{0,00), 8€(0,2:7),

then J is the element of surface area related to k| (0,00) x (0, 2:7) . From these facts,
it follows for ¢ € N, and for any function f : AK(y) — C° : The function f is
measurable (integrable) if and only if the mapping (f o B [ {0, 00} x (0, 2-11')) - Jte)
is measurable (integrable). In the case that either f : K(p) +» C° is integrable or
F:9K(y) > [0, 00} is measurable, it holds

LMNK fj(hWUn%

For the convenience of the reader, we further point out the following equations, which hold
for r, s € (0,00), 0, peR:

r-sing df dr. (3.3)

(n o )(s, 0) = (cosg-cosgo, sinp - cosy, —sincp);

(h(qo)(,., 8) — h¥)(s, Q)) - (0 o BV (s, @)

= —r-(1 - cos(f—g)) - cosyp - sinE;

K 0y — A (s, )
= {r=8?® + (1 ~ cos(f—0)) - 2-7s - sin’()
— s 4 & — 2.r.5- (cos’(y) + sin’(i) -cos(f —2)).

Now let us construct a right circular cone with a round end instead of a vertex. For
th1s purpose, we choose a function & € C™(R) with gllo,1/2) =0, &|(1,00) =
, 310, c0) monotone increasing. It follows

0< @) <1 for s€[0,o00).

1
1-/¢(s)ds>o;
0

Let the function @ : [0, co) —

(0,c0) be defined by

1

Tir) = .[o' plsy ds + 1 — /u #(s) ds for r € [0, 00).-

I
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Then we have

1
T(r) = 1 —/0 @(s) ds > 0 for re€|0,1/2); @(r) = r for re[l, 00);
U(ry = r for re|0, c0); T e ([0, 00)).

Let % : R? — {0,00) be defined by P(n) = \T’(|n|) for n € R?. Then it holds for
neR®:

1
o(n) 1 - ]ﬂ &(s) ds in the case [n] < 1/2; P{n) = ln| in the case |7]>1;
B(m) = [nl.

In addition, we have % ¢ C*(R%, and the partial derivatives of % are bounded.

For ¢ € (0,00), we define the functions gles R = R, ~#9 R —~ R3, Tlwe:
R? v+ R®, J®9 R [1,00) by

B (p) = e cote - B((1/€) -7),
T(Ap,e)(n, ?‘) = (Tj, ﬁ(‘ﬁnf)(n) + T') 1
J(tp.f)(n) = (]_ + Z(Diﬂ(%s)('rf) )2)1/2

Furthermore, we set for ¢ € (0,00) :

Y (m) = (0, BC9(m)),

for neR?, reR.

L{p, ¢) := T (R*x (0,00)).
In particular, L(p, ¢} is a domain in R®. It holds for ¢ € (0,00), 7€ R:AB,(0, ¢) :
B (n) = coty - [nl, Y@ Im) = ¢“n),

_Moreover, we have B¢ 9(g) > coty - |p| forany peR?, €€ (0,00). Hence L{p, ¢
is a subset of K(yp), and above the hyperplane zi = ek the sets L(p, €) and K(p

coincide:
T3 2 Eﬂ

However, the sets K(¢) and L(yp, €¢) differ below this hyperplane, since K(p) has a
vertex, whereas L(i, ¢} has a smooth end. We [urther observe, for € € (0, coj :

YOIRY = OL(p,€);

J:9(g) = sin(g). (3.6)

) L cotd
Lecatt

Lig, ey n {z e R® Nn{zeR® : for €€ (0, c0).

p2dl = K)

70 € R

In addition., the function 4% is one-to-one and regular. Thus it is a parametric
representation of the surface dL (i, €), and the set L{p,¢) is C®- bounded.
Let nl#9 denote the outward unit normal to L{w, €). Then it holds by (3.6):
("9 €
(n® 9oy @) = (nlog®)(y) for e (0,00), TERAB(0,6).  (3.7)

N : e} :
ote that the function J(*¢ is the element of surface area related to (¥, Thus, for
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o €N, €¢ (0,00), and for functions f: AL(p, €) = C7, it holds: f is measurable
(integrable) if and only if {f o)) . J(9) is measurable (integrable). In the case that
cither f :dL(ip, ¢) + C7 is integrable or f: AL(p, €) — [0, c0) is measurable, the
following equation holds true:

[ rauee = [ (For®Nm - Im dn. (3.8)
ALz, €) &2

Moreover, we observe for ¢ € (0,00), 7€ R?:

(9 0ytn)(g) = (Se9m) " (D), DI, <L) B9)

In the following, we shall often prove assertions which refer to L{i, ) with €€ (0,0c),
as well as to K(g). Then it will be convenient to use the ensuing notations:

Lz, 0) = K(g), n?:=n®, 5@ :=g® @)= sin(¢), (3.10)
7@y r) = ¢¥(n) 4+ (0,0,r) for n€R?, reR

These definitions imply for € € [0,00) :

L = T@OR x (0,00), RAL(p 9 = TOI(R x (-o0,0)).  (3.11)

Let us now prove some properties of g¥), 4 and Tl

Lemma 3.1. Take @, @' € (0,7/2], & n€R?. Then

(2 049)(@) - (8919 ~ 9| < dcosp-fE-al (€D (312)

| (7 0 g )(g) - (&) - 9¥(n)) (3.13)
- (¥ e g)(e) - (4¥0(0)

< 4-je—¢| - (el =iml" - QI

= g(w’) (”)) I

The first inequality stated in the lemma will play an essential role when we shall prove
continuity of certain potential operatorssuch as those introduced in (1.5), (1.8); see Lemma.
5.9, 5.11, 6.1, 6.2, 6.5 for some results of this kind. As for the second inequality, it will be‘i
used in Lemma 6.14, which, in turn, leads to the homotopy results stated in Lemma 6.17.

Proof of Lemma 3.1: 1t holds for & € {p, ¢'} (see (3.2)):
(2@ 0g®)©) - (stL®) -~ Pm) = Be-1e™ - (lel-lal - &),

whete 0 < |£]-ly| — &-n, due to the Cauchy-Schwarz inequality. Furthermore, we
observe that

(3.14)
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e-nl* = (&i—1)" + 2 (el-lal — €-0) > 2 (g1l - 7).

Combining the two preceding inequalities, we obtain:

| (#099) () - (496) - ¢¥m)| < (/2 -cosp- el fe— P (3.15)

l(n(w)og(w))(g) . (g(wj(g) - g(w)(m) (3.16)
(n0g®))(e) - (¢*7(€) — 9*(n}) |
< (1/2) « Jeosp —cos' [ < ¢ - e -l < (1/2) - le— | - JEITT - 6 ).

If |n| < 2-1¢], then we have 2-1¢] > (|| +|n/)/2. Hence in this case, inequality
(3.12) follows from (3.15), and the estimate in (3.13) is a consequence of (3.16).

Now assume that [f| > 2-|€]. Thenit holds [¢—n| > (1/4)(|¢]+ 9]} so that
I -l lal = &-m) = ol - (lE[-€)-m < gl <
< 4 fE=al* - (el + 1)

where't%le first of the preceding inequalities follows from the Cauchy-Schwarz inequality.
Combining (3.14) and (3.17) yields (3.12) and (3.13) in the case |y| > 2. |£].

€] + 7] (3.17)

Lemma 3.2. For @€ (0, 7/2], €€ (0,00), & nCR?, it holds:

yedm) = ey N((1/e) - n); JEO () = J@U((1/e) -n).

(19 0y® ) () = (W Dor D) ((1/e)-n).

Set C) == max{l, _i[D,-@IO - Then, for ¢ € (0,7/2], €€ (0,00), & 5 c R?,
i=1 "

the following inequalities are satisfied:

99, < CiesinTNe), |79 — v )]

< Grosini(p) - fe— ).

Proof: The lemma follows by some simple computations.

The next lemma gives an estimate analogous to (3.12}, but related to L{p, €) with € > 0.

'DJ-D;C_TJ;IU. Let £, 9 € R?, e (0,00), ¢ € (0, 7/2].

Lemma 3.3. Define Cp :— 22:
Then =

1

| (+79¢e) -

Y9m)) - (9 0ye )] < o (1/6) - cotp - € —nl".
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Proof: We obtain by (3.9), after twice applying the mean value theoreni:

(v#9() = 7= (m) - (17 077 (E)

f‘; (f—n)j-(&n)k-j: jnl(l—ﬂ)

ik
.DjDkﬂ(¢,€)(§ + 7—.(19_1).(5_17)) dr dé.

-1

(s9@®)

Since J@(¢) > 1, the lemma follows by the preceding equation and Lemma 3.2.

Corollary 3.1. There is some constent Cy > 0 such that for ¢ € (0, /2], €€
0,00}, & n € RA\{0}, the following inequality holds true (recall the notations from

(8.10)):
(7906 — 7#9m)) - (17207

< Cy-sin' (@) - (€] InD) 7 - 1€l

Proof: Define Cs:=4 -max{1, C1, Ca}. Let v, 6,&, 1 be given as in the lemma. In
the case € = 0, the above inequality follows from Lemma 3.1. Therefore, let us require

e > 0. For brevity we set
L:= |(’Y(“”'€)(E) — 7(«9.6)(”)) . (n(v.e) 0‘{(“”5))(71)|:. |

We distinguish four cases:

15t case : 2-¢ > |€], 2-€ > |9l. Then |€14 |nf < 4-€, sothat Lemma 3.3 implies:

L < 4-Cy-ootp- (Il +Im)7 - 1€ -l
ond case: [¢ > €, || = €. Now it follows from (3.6) and Lemma 3.1:

4-cose - (|€]+ )7t 1€ —ni
Then

E E

37 case: [¢] 2 2w¢, |n} < € i€ —nl > (1/4) - (€] + ), and we may

conclude from Lemma 3.2:
I < |4%9@) — y*9m| < sai(@) - Ci € — 7l
< sini(g) -4 - Cr- (DT gl

AMR cage: In| > 2:€, |&| < ¢. Use arguments as in the preceding case.

Lemma 3.4, For p€ (0, 7/2], ec[0,00), §n€ R?, r € R, it holds (recall (8. 10}
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!T(W")(EJ _ 7(%6)(71.) + (0,0,7)] > Je—m|. (3.18)
|y#9(&) = 72 (m) + (0,0,r)] (3.19)

> (1/4) -sing - (|4290€) — @) |+ Ir]).

Proof: Inequality (3.18) is obvious. For the proof of (3.19), take ¢ € (0, 7T/2L re

R, c€[0,00). In the case ¢ =0, we put 8 )(n) :=cote - |g| for # € R?. Then we
have for any ¢ € [0, 00) :

42 = (a9, 89n))

Take £, 7 € R%. In the case ¢ > 0, we find:

18e9(E) — BIm)| = ot e |T(lel/e) ~ F(lnl/e)]

L)

for 7€ R?.

1
= cote - [iel =il - | [ @(Inie + 0- (el=la/€) ad| < eotio-le—n).
Hence, being obvious for € =0, the inequality
|ﬁ(sﬂ. 9(E) — pI(n)] < cote-[E—1 (3.20)

holds if € > 0 and if ¢ = 0. Now we distinguish two cases:
150 case: | B () — B I(m)| < (1/2) - ||
I7®9E) — 79 + (0,07)] > |9 — fIm) + 1| 2
ond ;o |ﬂ("”")(E) - ﬁ(ﬁa")("?” > (1/2) - |r].
1# ) — 49 + 0,01 2

> (1/2) - tane - 7|,

Then

(1/2) - Ir|-
This assumption:ﬂ‘implies

tang « |3 NE) — g ()]

L2

E—nl =

‘where the first inequality follows from (3.18), and the second one from (3.20). Therefore
it holds in both cases: ’

[7*9E) — ¥ + (0,0,m)] = (1/2) - (1Aatang) - |r]. (3.21)
On the other hand, by first using (3.18), and then (3.20), we find:
2(e) — v () + (0,0, = [¢-n| (3.22)

-1/2

il

(1+cot2(e)) ™" - (le— 0l + cot?(p) - I¢ - nlz)ll2

1/2

v

sing - ([€-nl* + |P(E) — 4% (n) )

= sing - {109 — 49n)).




36 CHAPTER 3. PARAMETRIC REPRESENTATIONS

Now inequality (3.19) follows from (3.21) and (3.22).

Lemma 3.5. Let @ € (0,7/2], €€ [0,00). Then T ) is g topological mapping of
the set R® onto itself, and T 9| (RA{0}) xR is a reqular O -function satisfying the
equation

/m flz) da = (3.23)

f (FoT®O)(n,r) dy dr  for [ € L'(RY).
B JE2

Proof: Define the function F :R®r+ R* by setting for = ¢ R?:
if e=0,

F(z) := (xl, @3, B3 —cob@ - [{T1, m2)|)

F(-’”) = (mla Ta, xs_ﬁ(w’e)(mh -«"32))

Then F is a left and right inverse of T, Since F and T are continuous, we
conclude that T(© is topological. Obviously, 709 | (R?\{0}) x R is a C>function.
It is casy to compute that the jacobian determinant of Tl | (R:\{0}) xR equals 1
at every point (1, #) € (R®\{0}) x R. On the other hand, T%* was shown to be
bijective, so equation (3.23) now follows by the substitution rule.

if €>0.

o

Chapter 4

[P-Estimates for a Riesz Potential
on the Surface of a Cone

Deﬁnition 4.1. For ¢ € (U? Tr/z]l r E&g;fﬁj, J‘ € {1: 21 3}1 (E! TJ‘) € Rz with {: '_Ié 7,

we set

Ly(r, @)(& )
= (@) (gDE) — gD + (0,0,7)), |99 - ¢) + (0,0,

= D;(g¥(&) - ¢ () + (0,0,7)).

HR

In this chapter, we intend to show that for r € R, j € {1,2,3}, @ € L*(R?), the
function L;(r, @) ®p ® is well defined. In addition, we are going to estimate the L*-norm
of this function, and we shall carefully study its dependence on ¢, in view of later
homotopy arguments. The basic idea of our proof consists in expanding L; (r, %) into an
infinite sum so that the function L;(r, ) ®, ® is transformed into such a sum as well.
To each summand of the latter series, we shall apply the Calderén-Zygmund theorem. For
this purpose, we shall need a number of technical lemmas, some of which will be useful at
a later point once more. For example, Lemma 4.3 will be needed in the present chapter
as well as in the proof of Lemma 11.2.

Note that the results from [4] cannot be applied to potential functions defined on the
surface 9K(p) because @K(yp) is unbounded.

Theorem 4.1. Let p € {1,0¢). Put

Coalp):= 8 + 2-max{(p—1), (p—1)7"},  Calp):=24-Cas(p),

Cslp) == 8-C,,(p) .fl(pt)-s/‘*- [1—/2-t"Y* dt.
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Fet §¢€(0,=/16), ® ¢ L*(RY) with ®(n) >0 for & R?, Define
A::{(r-cosgé,r-sinqﬁ) r € (0,00), ¢€(—5,5)}.

Then the following inequalities hold true:

r 1/p
(=i et o™ - a0 dn)” ae ) n
< i) ([ opan)”
(Lo (L=l eitad™ - o) an)’ d’f)w < G)llell.  (42)

Note that the integrals on the left-hand side of (4.1) and (4.2) are singular, with non-
negative kernels. However, due to the special form of these kernels, these integrals exist
and the estimates stated in (4.1) and (4.2) are valid, as will be proved below.

Proof of Theorem 4.1: Set ¢ := (1—1/p)"*, v := min{1/p, 1 1/p}. Then we
first note the ensuing inequality, which holds for s € (0, o) :

j (8 + 7))V s —r|7H2 (s )7 r T dr (4.3)
0
= fm (8487 &) s =t 72 (st 8)h (£ 8)' TV s b
A
— gve . fm (1+t3)'1/4 ‘1 _t|—1/2 , (l—l—t)_l Ve d
0
2 oo
< §19.9. (f &Y dt + / timve dt) = s 7 Cualp) -
1] 2

The preceding inequality is valid since by the choice of 7, we have 1—y-¢ > 0. The last

equation follows from the definition of Cay(p) and from the fact that v-¢ = 1/(p—1)

or y:g=1.

By the choice of +, we have in addition: 1—4-p > 0, and y-p=1 or y-p = (p-1).

Thus, a similar computation as in (4.3) yields:

fm (s* + 1“2)—1.(4 e — r|‘1"2- (s +r)‘1 TP ds < pTYP L Oy (p). (4.4]
1]

Inequalities (4.3) and (4.4) will be of use in order to deal with the right-hand side of the
following estimate, which follows from Holder’s inequality:
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4 1/p
([ ([re=n" Gal+Inh~- @) dn )" at)
A A

(j: ‘/0005'(‘/: Lwf‘-|{s-cos¢,s-sinq5)—(r-cosqf),r.sing)rl

ifr
(s+r)t-B(r-cos?d, r-sin?) drdﬂ)p dsdqﬁ)

(/j: -/;w s.(]_i j;w r1—7-4-|(s-005¢,s-sin¢)

-1
— {r-cos#, r-s'm'ﬁ‘)’ - (s+1)? drdﬂ)

(4.5

IA

p—1

L] oo -1
. f / r1+""”-|(s~cos¢,s-sin¢) - (r-cosﬂ,r~sin19)|
-é J0 tp
{a+7)"1-®(r-cosd, r-sind)? drdﬂdsdqb) .

In order to estimate the right-hand side of (4.5), we first observe for s € (0, 00)
(“‘51 5) :

; ¢ €

& o0 -1
/ f piore |(s -cosd, s-sing) — (r-cosd, rsin ﬂ)! (s++)~! dr d?
-5 Jo

'~1/2

./: ‘/Ooo RESTH |2 . (32+r2) .sin2((¢_.,9)/2) + (S_T)z - cos(¢—9)
| S(s+r)~tdrdy

1A

2.4 o0 »
[ e @) (o D) s = - cos (o)
—2.8 Jo

-(s+r)"tdrde.

The last inequality follows by first performing the substitution # = ¢—o, then increasing
the domain of integration (-4, ) to {—2-4,2-6), and finally applying the inequality
{e+8)"12 < @~V 471/% (g, b > 0). Next we note, for s, ¢ as before:

-1 '

| - (s+r)"Ldr d¥

& -]
ja f rlore. |(s ccosghy s-8ing) — (r-cosd, r-sin ) {4.6)
-5 Jo

2.4
< Cyyfp)y-s77e f |sin(#/2)|7Y2 . cos™V/%(9) dof
~9.3
24
< 3.Coyp) 52 f | sin(8/2)|" Y2 - cos(#/2) 49
2.4
sin §
= 6-Cau(p)-s77 j e dt = Cufp)-sin'/*(6) - 6777
—sin &

The first of the preceding inequalities follows from (4.3). As for the second one, observe
that 3] < n/8 for 4 € (2.6, 2-8), hence cos(9/2) > cosd > 1/2, so that

COS‘IJ’&(&) < 21/4 < 25/4 . COS(‘&/Q) < 3 005(6/2) .
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Using (4.4) instead of (4.3), we obtain by analogous computations:

j ] s'TP (s cos @, 5-sing) — (r-cosd, - 81n'a9)| (s+r) tdsde 4.7

< Calp) -sin'?(8) - +7¥?  fiir r € (0,00}, 9 € (-5, 8).

Collecting our results; we find:

([ ([ = eelon ot an) &)™ “3)

& 0o
< (f f 5-{Culp) sin'/2(5) - 5~ )9—1
_s Jo
é oo )
f f r1+’)"p-|(S-COS¢’y3-SiH¢) - (r-c !‘},r-sin,ﬁ)l
—& Jo 1/
.(S—H")—I . 'I)(r -cos B, r‘ﬂinﬂ)p dr 9 ds dé) o
< (Cdn) .Sinl,z(a))l .

_(/_66 /Um REETS /_Z /Dmsl"’"’-|(s-cos¢,s-sin¢)

-1 1/p
— (r-cosd, r-sinﬂ)' (s+7)" - B(r-cosd, rosin )’ ds dop dr d-ﬂ)

) ©o M 1fr
Calp) - sin'/*(8) - (fé ./o r-®(r-cosd, r-sind)y dr d@?)

IA

i/p
= Cufp) (@) ([ 0GP an)
P
where the first inequality is valid due to (4.5), (4.6). The third one follows from (4.7).

In order to prove (4.2), we shall modify inequality (4.6). In fact, it holds for ¢ €

[-m. 7], r€(0,00):

/_T jomsl_"{'p'](s-cosé, s-sing) — (r-cosd, T-Sin'ﬁ)‘—l.(s+r)—1 ds d

w [=4)
f f ST
—x J0
m =)
] ] R
—x 40

Castp)r7 - [ Lsin((6 = /DI

(5 —r)* cos(¢p — 9) )‘1/2
(s+r)7t dede

{(s* + r3) Y4 | sin (4 - ‘15‘)/2)|’1/:" s —r|7M2
| cos(¢ — 't‘))|‘1"'1 (s+r)~! dsdg

2- (s° +72) -sin®((¢ — 9)/2) +

I~

T
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[eos? (6 - 9)/2) - sinz((¢_,9)/2)|‘”4 d

where we used (4.4). Thus, resuming the preceding estimate, we find:

T [=e] o . —1
/ L st "‘P-|(s-cos¢-, s-sing) - (r-cos?, r-sinﬂ)l (s+r)"tds dg

1A

- 9/2)|

Cya(p) -+ 772, ] | sin{r
. l cos®(r — #/2) — sin’(r — 1‘}/{) ldM dr L L

wf2—9/2
= Caa(p)-r777 '2'j | sin | ~/2. |cos? (o) - sinz(cr)l_lj4 do
r/2-9/2

— sin®(a) |Ml‘/‘1 do

w2
%. Cin(p)-r77" -8 f sin™*(a) - [cos*(0)
0

whete we first increaged the domain of definition (—#%/2—-#/2, /2~ 4/2) to (-m, 7},
and then performed some simple substitutions. We may continue our estimate as follows:

j_” j°°° g7 '(s rcos g, s-sing) — (r-cosd, r-sin 19)|_1 -{s+r) "L ds do (4.9)

w/2
8:Canl(p) - 777" jl; sing - (1 —cos?(a)) ™|~ 1 + 2-cos(0)|" V¢ do

1
S'Cd,l(P)'f_""p'fo (1 - )73 |1 2.4 M% dt

S-C.m(p)-r‘“"!‘.fl(l_t)—W‘l (14873 1 — V2.8, (1426711 gt

0

1A

1
8- Cyulp) -r7? jn (1 =2y 1 — /24714 — Cs(p) - 177

J[&corrisponding computation, based on (4.3) instead of (4.4), yields for s € (0, cc), @€
-7, )3

i

< Cs( ) LgTe,

-1
(s cosd, 5-sing) — (r-cosd, r-sind) | {s+r)"" drdd  (4.10)

Now, by proceding as in (4.5

} and (4.8), but referring to (4.9) and (4.10) instead of (4.6),
(4. 7) we finally arrive at (4. 2)

tl\lhaxt we shall consider a number of technical results which will be used in order to expand
e function I, 3(r, ©) @, ® into a series.
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Lemma 4.1. Let j€{1,2}, & neR? with £#0. Then
[E+m)y (el + 1) = &7 < 2-1E =gl (g +aD)

Proof: The lemma readily follows from the equation
(€4m;- (el+1a)™" = & 1€
= (r-©)-1e + & (el - 1D ) - (lel+1m)-1eT)

2 2
Lemma 4.2. Let £, n € R? with [§|=1. Then | (E % -{,-) - |n|2|
i=1

Proof: Observe that
2 2 3
(Em-c’e)Q—Inl2 = YR g+ 2mombb -
i= i=1 =1
Z - Y+ 2mm-b-le = - (77 - (€ 51))_-

Now the lemma may be derived from the Cauchy-Schwarz inequality.

Lemma 4.3. Let &, n€ R? with £F# 0. It follows:

(S € - mi-g/lel)| < 1601~ nP- (el + 1)

| (lel = 1a)* -

In addition, take v € N. Then
(-0 — =)~ (e neane) - le-ar)

i=1
< 16w (€] Inl) - 1€~ T

Proof: We start with the following observation:

(¢~ In)* - (i € -6l

i=1

(i (et e rmh) - (- mi-&:/1€)

i=1

»

I
-

< |q”.
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2 2
= (e weErmetariT + e nea/e)
i=1 =1

(€ mi (€ n-te+ a0~ - 6el) ).

Applying Lemma 4.1 to the right-hand side of the preceding equation, we see that

- 1D = (32 (€ = mh- /1)’

< (;rs—nl-z)-(gz-if—nﬁ-(iﬂﬂnn*l) < 16-1€— - (€] + gl

Thus the first part of the lemma. is proved. As for the second part, we use a well known
formula for expanding the expression (& — 8)* (g, b € R). It follows:

(-~ te=af) — ((Se-migne) - kont)

i=1

(Zzlj €= n-&d1el))
- - nlﬂ) ((22:

i=1

KGR
¥ NGRS

< 16-v- g —al* (g + )7t Je - Y2,

where the last inequality is implied by Lemma 4.2 and the first part of Lemma 4.3.

i-&/1€l) — 1e - nP)U_H

Lemma 4.4, Let &, ne R? with |[£1=1, ve N. It holds:

(Cn-e) - me) -

i=1

< 3-v- & .

Proof: Note that
2
(5 n-6) - 72|

|73f'(—522) + &+ 2"’)1'7?2'51'§z| < 30l lél.

|nf-£f+n§-£§+2-m-nz-£1-£z - ?ﬁ| (4.11)

Now, by using the formula for expanding the expression (a — 8)* (a, b > 0), and hy
refernng to {4.11) and Lemma 4.2, we arrive at the estimate

|((§ ﬂi'E{)z - fﬂlz) - (-n)
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2 2 - 2 2 2 F aqu-1—k)
< |[(Cw-&) - nl” + 2| - ng@;”"'f‘) ~ [nl*| - m
i=1 = i=
< 3-lpf &l v nPrR

@, ¢ € [we, #/2), veN, it holds:
()]

Po) -

Lemma 4.5. For i € (0, 7/2],
lsina((p) ccos?V(p) —  sin®(@)) - co (4.12)
< o —¢|-3- (w+1) 8™

Proof: The lemma is a simple consequence of the mean value theorem.

Lemma 4.6. Let ¢ € (0, 7/2], §,n€R? mit {#n, reR with

/| < min{|€—nl/2, (8 cote)-[E—ml}
and with |r| < |E—q|/2 in the case v = 7 /2. Then the series

)3 (_?;,2) ( (b Gel=1m) + 1) = coi’le) 6=n)

v=? Z +3(
U

in the case @ < /2,

-sin® () -7

((Qe1=tar 4 reng) — te-al)
|§ —m2v*

= sin’(p) - i (_iﬂ) -+ cos*™ ()

-3
converges absolutely and equals |g® (&) — ¢ (n) + (0,0, 1) |-

Proof: First note that

|69(&) - g9m) + (0,0,1)]" =

o ~3/2
(R EICRCHIEDY
-3/2

o (=“>ilﬂ"(<;3)-lx5—nl2 + (coti- (IEl=Inl) + r)z - cotz(tp)-lé—nlz)

On the other hand, since |i€| — [n]| < |€ ~ 7|, and because of our assumptions on r,
we find:
el = 1ml)” — 1€~ P I — ot r? <IE—nl*/4;

|2-r-cotg- (gl = la)| < 2-lrl-coterle-nl < (1/4) 1€l

T

CHAPTER 4. A RIESZ POTENTIAL 45

Combining these estimates yields

(ot (el =1ol) + 7) ~ coti(e)

|eot? () - (el - 1n)* —
cot? (@) - I —nl* + [E—9’/4 + [€—nl*/4
lE—q*> = ) - le—ml®.

Now the lemma follows by using some well known facts concerning the series expansion of
the function z~%2,

e =i

e~ n*) + 2-r-cotg- (1€ - |9) + ¢*|

1A

{1+ cot*(}) - sin~

N

Theorem 4.2. Take p € (1, 00), and let K : R7{0} x R®\{0} —» C be a measurable
Junction. Assume that for £ € RM\{0}, the function K(§, -} is odd and homogeneous
of order —2. In addition, suppose that

sp{ [K(&, )| : E€RA{}} < oo

Lo e{ i

Then the function K+, ® is well defined for any ® € L?(R%).
Let E € (0,00).

Jor n € RA{0} with [n|=1;

| : €€RA{0}} do, < oo

Then there is a constant Cg(p,
E)-l@ll

and for ell measurable functions K :

E)> 0 such that
K+ @, (K% 2], < Cslp

for ® € IF(R?Y), ¢c (0,00), R2\ {0} x R?\{0} —
C satisfying the properties to follow: K(E, ) 4s odd and homogeneous of order —2 for
£CR?,

sup{|K(E, 7| : EGRZ\{O}} < o

jam,(ou) Sup{ K (€ m)

for n € RA0} with in| =1,

| : €€R\{0}} do, < E.

This theorem is a special case of the Calderén Zygmund theorem. For a proof, we refer
to [36, p. 82-03].

Lemma 4.7. Let 1 € {1,2}, ¢ € (0, x/2). For £, n¢ RA{0}, pui

Ki(@)(e, n) - Z( 3/2) cos* ()

SlIl

(4-m)~". (4.13)
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- ((E n-&/lEl) - W)”. e

i=1
For any &, n € RA\{0}, the preceding series converges absolutely. Hence, this infinite
sum defines a measurable function Ki(p) from R*\{0} x RA{0} into R.

Let pe (1, ), ®€IP(RY), €€ (0,00), E€R with

= {—3/2 "
E> (1/2)-Z|( / )I  cos? ().
u=0
Then the function ’I—(Ul((p) ¥, @ is well defined, and it holds

[(Eie)), ¢ 2l K@) %@l < Colm E)-[12lls-

Proof: According to Lemma 4.2, we have for &, € RAH{0}:
L 2
(S n-e/iel) - Pl < Il
i=1

Thus, recalling the series expansion of the function z~3/2 we may conclude that the
infinite sum on the right-hand side of (4.13) converges absolutely for any £, 9 € RA{0}.
Tn addition, it follows for & 1€ RA{0} with |g]=1:

el < @05l wte.

Obviously, K;(¢) is measurable, and E(go) (€,-) is odd and homogeneous of order —2,
for £ € RA\{0}. Now the lemma follows from Theorem 4.2,

Theorem 4.3. For &, 1€ RN\{0}, 1€{1,2}, o, ¢ c(0,7/2], v€ 0,1, we set

GloEm = W7 XUl - n
2 5y 312 —3/2
{ (i + i) (S meane)) < (1 ot ) )

For 1, ¢, v as before, and for p € (1,0), ®¢€ LP(R2), the funetions Li(0, ) &, 4
and Gi(@, %) +, ® are well defined.

If p € (1,o), ¢ € (0,7/2], there is a constant C+(p, wo) > 0, such that for
@, ¢ € [go, 7/2], ec(0,00), [€{l,2}, P& LP(R?), v € (0,11, it holds:

“(Ll (0= ®) )[ ® (DHP ) HLl(Ou 90) By QHP < C7(p, LPG) ’ ”(I’“p s (14

I Gpm), 8], G %l < Celpioo) -7l (411
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"(L;(O, ®) )e ®® — (L(0, ) )E @@y, [1Li(0, ) R, @ — Li(0, @) & Pl (4.16)

< Colp0) o — &'t |12, -

Proof: Fix p € (1, ), o € (0, 7/2]. We first define the constants appearing in (4.14)
— {4.16). To this end, set

Cralwo) = rl-12. i ‘ (_1/2)| cv- (4 1) - cos? H(gg)

Cralppa) = Co(p, 22m-Cralps) ), Cralp, o) = Cs(p) - Cralseo) .
07(17, "PD) = C7’3(p, wo) + CT,B(pr o)
Since coso € [0, 1), the series appearing in the definition of C% (@) is convergent.

Now let @, ¢ € [po, #/2], €€ {0,00), 1€ {l,2}, ®€ I*(R?), v € (0,1]. Define the
functions K;(y), Hi(¢') asin Lemma 4.7. Then we obtain for &, 5 € R*\{0} :

(Ki(o) - Kile") )& 0) (4.17)
= (=-3/2
= emytene Y ( o/ ) (s0%(0) - cos™ () — sin®() - cos™(¢) )
=1 2 ) w
((Cm-sne) - 1) e
By referring to Lemma 4.2, and using the series expansion of the function 273/2, we get
for £, n e RA{0}:
Gle)Em) = (@) X (ENIED - m (4.18)
—3/2

.[(Sin—w.w b ottt (3 moe/ll) - nP))

i=l

—3/2
: (S‘”(so)-mnﬂ - Cot2(¢)-n3) ]

= @) Xy (6D - nsin®(e) -3 (‘3/2) < cost ()

w=0 v

TR (((i T?i'fi/lﬂ)z - |"?\2)U - (*Ug)")a

i=1
with the preceding sums being absolutely convergent.
Obviously, if K ¢ {Gi(e,7), E((P) — K(p’) }, then K is measurable, and K(£, -)

l(z-olcflgd and homogeneous of order —2, for any £ € R%{0}. Moreover, combining (4.17),
4-18), Lemma 4.2, 4.4 and 4.5, we obtain for £ € R2\{0}, 5 € R? with {n[=1:
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|G, V)€ m)| € Cralwo) -7 | (Bi(p) — K@) n)| < Cralwd  lo— ¢

It follows

f sup{ |Gi(, 1) (€ W) : € € Rz\{o}} do, < 2-m-Craleo) 75
&Bo(0;1)

Lo 2o{| (Bl - RieDED| - g RA\(0}} do,

< 2-7-Cralw) - lo— ¢l

Now Theorem 4.2 yields: The function Gj(ip,7) #, @ is well defined; estimate (4.15) is
valid, and it holds

I(Kiw) - Kale)), » @l,, (K@) - Kilg)) = 2|, (4.19)
< Coa(py o) - 121 - o — ¢

Furthermore, we note a consequence of Lemma 4.7, namely:

1K), x @, 1K) % Blls < Cralpypo) - 1215 (4.20)

For the proof of {4.14) and (4.16), we split Li(0, )} into two parts. One of these is the
function K{ip), the other one will be defined now: For {, n € R? with £# 9, £#£10,

and for @€ {p, ¢'}, set
R@En = @m) 7 sin’@ E-m-) (_1/2) - cos® (@) - 1€ — |7

v=0

2 v 2 2 v
- ((Ua i~ te=it) — (o E-miar) - ko) ) .
§i=1

Due to Lemma 4.2, the preceding sum converges absolutely. Moreover, Lemma 4.3 yields
for & n€ R? with £# 7, £#0, and for Fe{p ¢}

|E (&) (&, m)

(4m)" - sin®(p) - ii(

u=0

Cralipo) - 1€ = ul™* - (€l + [nD 7"
By Theorem 4.1 it follows for @ € {¢, ¥} -

(]m(jmlﬂ(cﬁ)(g, 7) - ()] dﬂ)p df)l;‘p B

Now Lebesgue’s theorem on dominated convergence implies that the function Fj(@) ®P:
is well defined (% € {p, ¢'})-

According to Lemma 4.6, we have for £ 7 ¢ R®\{0} with £#7:

_jfg)l-16-Tz-cos*“(¢)-LE-—nk'l-usl%-InD‘l

(74N

1A

Cra(ps o) @5 - (4.211
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L0, @)En = —F(@En) - K(@)E, e—n) for pe{p '}

This implies on one hand: The function L,(0, ¢) &, @ is well defined {3 € {p, ©'}). On
the other hand, by combining (4.20), (4.21) and (4.22), we obtain (4.14).

(4.22)

In order to prove (4.16), we observe for £, n e R® with £ £0, £#£7n:

< (4-«)'1-I£—nl‘1-(lfl+Ifrl)‘l'i|(_i/ 2)|'16"”

Jsin®() - cos™ () — sin®(y) - cos™ (o) |
< Cralpo) -lp— @1 = nl= - (€l + D).

For the first of these inequalities, we refer to Lemma 4.3, for the second one, to Lemma
4.5. From the preceding estimate and from Theorem 4.1, we get:

([ (L1t e - A€ n)- 26 i)’ i) (123

< Cralprwo) - 12lip - o — ']

Inequality (4.16) now follows from (4.19), (4.22) and (4.23).

Corollary 4.1. For p€ (1,00), B LP(R?, pe (0, /2], the function Ls(0, p)®,®
is well defined. If p € (1, 00) and o € (0, 7/2], then there is a constant Cy(p, po) > 0

solil;at Jor @, ¢ € [y, n/2], ® € LP(R?), €< (0,0c), the ensuing inequalities are
valid:

1(Ls0, 0)) @0, ILs(0, 9) @ @, < Calp, o) - (11l (4.24)

"(L3(0a 59) )c ®e - (L3(0= 110'))6 ® ‘I)llp v ”L3(01 30) ®p b — L3(0, ‘P’) ®P q)”P

< Ca(p, o) - (125 - [0~ '] -

(4.25)

Proof: Fi
H ix @€ (0,7/2], pe(l,oc). In order to define the constant Ca{p,g), we

& — 1
81(P, o) =" - cot g - Cs(p);  Coa(® wo) i= Conlp, o) + 2-coteg - Cop,n)

Caalpo) := 71 - cot gy - (2 -sin" % (i) + 3 i (_3/2) I fv+1)- cosz'”"l(cpﬂ)) :

kK

Sin :
te 0 <cospy < 1, the preceding series is convergent. We further define
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Ca alprpo) = Cs(p) - CS,E(‘PO) 3
Ces(p, o) 1= Caalprwo) + 2 (cotpo +2-sin™(i) ) * Crips o)t
CB(P-; ‘PD) = max { 08,2(p5 [PU) ’ 03.5(197 (PO) } ]

For &, 7€ R? with £ #0, we have

El—Ini = (&P - InP) - (el + 1D =

(€—mn)i-(E+n):- (1€l + ™" (4.26)

1

= e (e rme eI - G/} + D€ me el

o parts, each of which can be estimated in a

We shall split L;(0, ¢} inte a sum of twi
suitable way. To this end, we set for ¢, peR? with £#7,§#0, and for @€ {¢, @'}

F@6 ) = @n 3o € (€ Gel+ ™ ~&/e))
- PRGN

Then it holds by (4.26), for & m, & as before:

O AT = —eoip F@ED + otp SE/) L0 PG 121

Lemma 4.1 yields, for &, 7, @ as before:

F@Em < 7l (g 1eP@ - 2ol

(4.28)

< w e fe—al™t - (gl + DT

1t follows from Theorem 4.1, for @ € {y, ¢}, e LP(RY:

P 1fp
([ oot - Faem - sl an)| de) < Coaloea ol (420

@, ® is well defined (pc{e ), BE

"This means in particular: The function F(®)
(4.27), (4.29) and Theoren

£#(R%) . In addition, inequality (4.24) may be deduced from
4.3.

For £, neR? with §£75, §#0, it holds by Lemma 4.6:

leot o - Fp)(€,m) — cote - F@NE 7|
(cot — cot) - F(@){(& m)

b oty (- (- (€ mee G+t - &¢l) )

[=+]
v=0 v

(f‘”” 2) (sin®() - cos™(p) — sin’(¢) - cos () )

[
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=2 #
: ((lfl —Jal)* = le=nl?) -le—glz-al.
Now apply (4.28) and Lemma 4.1, 4.5, to obtain:

ot - P(#) (&) — cotg - F@)(E, n)]

< |eotyp — cote!| - a7 {E—p™t - (€] + [n]) '

1 2 f-3/2
+ % .cottpo.z_;,( U/ )| . (y+1)-3-6052'v—1(%) Ny |
A€ —al=t - I+ [ml) '
< Caglp, o) -lo— &1 -1 —nl™" - (€l +[n) '

Using this estimate, and recalling Theorem 4.1, we find for ® € LF(R?): |

(cote - F(@)(Em) — cote - F(¢) (& n)) - B(n)] in)’ d&)llp (4.30)

(L

< Cyulp, o) le—#1- 12, -
Combining (4.27), (4.30) and Theorem 4.3 leads to (4.25).

Corollary 4.2. For p € (1,00), @ € LP{RY,
function L;(0, @) 0, © is well defined.

¢ e (0,7/2], j€{1,238}, the

If pe(1,00), @o € (0, w/2], there iz @ constant Cy(p, @) > 0 such that
" (Lj (0; ®) )e @ e ”p ’ “Lj (0’ (P) @5 ¢“;l < CQ(P, ‘Po) : ”(I)”p ;

| (Z;(0 — (L:(0. &

| (2500, 0), 8@ — (L;(0,¢)), @@, [L;0,0)® @ ~ L;{0, ¢) ®, 2]l
< Golprg0) - 12l -l — 9

for ¢, ¢ € [0, /2], ® € LP(RY), €€ (0,00), je{l,2 3}
Proof: This corollary combines Theorem 4.3 and Corollary 4.1.

L
emma 4.8. For £ cR?, r e [0,00), it holds: [ r-(J6—1n| + r)_a dn < 3.7
B2 ’

Proof; Tn th
. 2 Cast = i 3 H L
we find: e r = 0, this estimate is trivial. Hence we may assume r # 0. Then

_/"1r-(|6__,r]| i T')_B dyy
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-3 -3
[ retenlenT e+ ro—al )" dn
Ba(€, 7} EXBa(£,r)
< r‘z-/ dn  + ,-.[ €-ni*dp = 37
Bz(£,7) RA\B2(€.1)

Lemma 4.9 {Young’s inequality). Let K R?xR? s C, ®:R?+ C be measurable
functions. Take p € {1, o0} . Then

(fm(fnjff{& n) - 2(n) dn)p df)up (4.31)

b s (e )™ cesi
-sup{([Kle(&f, 7) | d{)up : UERZ} |z -

In particular, it holds for measurable functions M :R\{0} » C, & R O

(Ag(fm,lM(E—ﬂ)@(n)l dn)p d«f)w < Ml 1@

Of course, these estimates are nontrivial only if their right-hand side is finite.

Proof of Lemma 4.9: According to Hblder’s inequality, the left-hand side of (4.31) &

bounded by

(fm (L,IK(E* Wl ) (fmJK(f, n |- lemP dn) dé)up-

Now the lemma follows by Fubini’s theorem.

Lemma 4.10. For p¢ (1,00), &€ lL? (R?), r €R, il holds:

(L (L Ge=m + )™ ot an) dg)”’ < 3-8l

Proof: Use Lemma 4.8 and 4.9,
|

Corollary 4.3. Take ¢ € (0, w/2]. Then there ecists some number Cio(ip) > 0 &
that

p ifp |
UR(L 7 - | g (&) — ¢ (m) + 0,0,7)] "+ 12(n)| dn) df) (44
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< Cufw)- 1215 for pe{l, ), ®cI’(RY), reR.

Proof: According to Lemma 3.4, the left-hand side of (4.32) is bounded by

a2 - ([ ([ 1r-Ge=ol + 1) ool an) )"

Hence, inequality (4.32) is a consequence of Lemma 4.10.

Lemma 4.11. Let f,?e R? with [£-n|>1, £€£0, ¢c(0,7/2). r e R with
[r] < min{ (8-cote) -, 1/2} in the case ¢ < m/2, and with |r| < 1/2 else. Then

|2-r-c0ttp-(;(ﬁ'ﬂ)i'fﬂﬂ)+f‘2[ < le-ml/2z < E-nP/e.

Proof:/IQn tI];e Eaf}f 7] =f 1];/2 , the preceding estimate is obvious. Thus we may require
@ < w/2. But then it follows by our assumptions on r, a db
o , and by the Cauchy-Schwarz

|z.r.mw-(g(s—n).--g.-/m)| < le-nl/a.

Since 7% < 1/4 < |£—1n|/4, the claim follows.

Lemma 4.12. Let &, %, @, r be given as in Lemma {.11, and let v € N. Then

((cot-1 -t + 7)" ~ eot’le) e —al*)

- ((cotga-;(:f—n)i-{g/lﬂ + r)z - cotﬂ(sa)'\‘f—"?F)v

£ 16-sin'2(¢) -v-(1/2 + cotn((p) )”‘1 . (Uﬂ ¥ |7?|)_1 - lg - g2V 4+ |- ﬂlz-u—l) :

Proof: First we conclude from Lemma 4.2 and 4.11:

[(sotp- 36— ni-islel + 7)" — cot?(e)-le -l

i=]1

E ICOtZ(cp) . ( ~

2
i=

(€-mi-&/kEl) — cot’(e) [~ nl

1
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+ 2-r-cot=p'(i(f*”)i"f*”fl) v

< cot?(p)-le-nl? + lE-nl/2 < (124 cot?()) - 1€~ ml*-
Furthermore, applying our aseumptions on 7 ina similar way as in the proof of Lemma

4.11, we obtain:
. 2
| (cot e« (IE1 =) + r) - cot? () - 1€ = 1|

|cott(g) - 16— nl* — eot*(e)- (€]~ )’ | + |27 cote- (g1~ In) + |

1A

(1/2 + cot?()) - € — "

IA

In addition, we find that
(ot (el ~In) + 7)) — (cote- L€ me- &/ )|

i=1

cott(p) - | (i~ In)” — (€~ &/kel) |

<

4 2 lrl-cote - |16l = Il — D€ &/l
< cotﬁ((p)-IG-IE—TIP'('E"FWD_I + 6-|r|-coteg- € — 7l
< din?(g)-16- (J6—oP - (€l + 1D + =)

Note that the second of the preceding inequalities follows from Lemma 4.3. In the thirél
Collecting our estimates, and using the

one, we again used our assumptions on .
abbreviations

w = (cotyp- (€~ Ia) + ) = cot’(e)-lE =7

b= (cote- ) (€—nk-&/iEl T r)z — cot () - |E -1l

i=1

we finally arrive at the inequality |

y—1

|(G-fb)u| B |a_bl.|2ak.bu—lﬁk\
k=0
< 16- Sin_z([p) L (1/2 + cotz(y.o) )v—l . |§- - n]g.u_z

(g - (el D"+ & —m)

Theorem 4.4. For 1€ {1,2}, v € (0, 7/2], reR\{0}, p€ (1,00), ® € L7
the function Li(r, p) ® ® 8 well defined. '

=
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Ifpe(l,o), € (0, ©/2], then there is a constant Cu(p, @) > 0 such that

|Za{r, ) ® Pl < Culpo) -2, (4.33)
for r € R\{0}, ®€L?(R?, le{1,2}.

Proof: Take p€ (1,0¢), ¢ E {0, 7/2]. As in similar situations before, we first define
the constant Cy;(p, ). In this way, it will be easier to check the ensuing estimates. So

we set
Cralp) =4 1. sin () ;
Cualy) = (4/m) - z_zlk (ﬁi/Q) | cv-(1/2 4 cot?(p) )”’1 -sin?t () 5

Cnalp )= (Cs(p) + 2:m) - Crra(®);

Cualy) = (1/2) - il (_1/2) l cos™* () 5

v=

Ci15(p, ) i= Celp, Cr1,4lp) )i

Cualy) = @m) - 3| (_1/2) | (1/2 + cot?() )" - sin®* ()

v=0

Civrlpy 9) = Crialps ) + Cuslp @) + 27 Ciiele) s

Cuslp @) = Cuple) -7 - ((1/2) -min{ (8 ‘COt‘P)_1= 1/2 })_2 + Cu(p, o)
in the case ¢ < m/2;

Chglp, @) = Cuuly) - 716 + Cni(p,ip) in the case ¢ = T/2;

Gll(P; ‘P) =3 Cll,B(P) 80) + - 011,1(<P) .

?::: that (1/2 + cot?(ip)) + sin®() < 1 so that the preceding infinite sums do in fact
erge.

us a.k € { T } < ( )- .
IJOW le‘ e l 2 s & I R ”eCEL lllg Lelnlnﬂ: 3.4 and the dEﬁIllllon Of

\Li(r, )€, 1) € Cuale)-(E—nl + IrD)7 (4.34)

for £, R?, r € R\{0}. Therefore, it i i
4 ; ore, it is obvious that the function L i
well defined for r € R\{0}. e

L : . -
wl?:hr € R\{0} with !r] < min{ (8 cote) 1, 1/2} in thecase ¢ < #/2, and
ith ir| < 1/2 in the case @ = w/2, respectively. Then we define for £, peR?:




(fm(fm O U DEREAE n) - ®(n) ! dn)P dE)llp

= {-3/2 R
< (fm(jk X, o0y (I —11) - (4/)- ;1( U/ )l-v'(1/2+cot ((p))l/
g (el () + i) 800 an)’ )

< Cualp, @) - 1®l5 -

The first of these inequalities is a consequence of Lemma 4.12, th
Theorem 4.1 and Lemma 4.9 (Young’s inequality). Note that

/BR,X(LOO)(E”W\)‘E—’W‘-E dnp = 2-7.
For € n€R? with ££7, 70, weput

(4-11‘)_1 . (E . rf])‘ R i (_1/2) . Sinz.v+3 |£ _ nl_g.u_a

e second one follows from

H(E ) = 2
Ui (Z) - ((cotao-ijtf—n)«-f.-/l&l)2 - cotQ(so)'l&—nlz)

.(Q-r-cot‘P' (i(f—"?)i‘&'/l&l) ¥ ,J)

i=1

Then we have for &, n € R? with ££n, £E£0:

I
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© (-3/2\ (. _ —v=312 G = Kiy) (€ €-n + HE,
Fe,m) = @m ™ E-m ) ( Y ) A(sin*(g) - €~ 7l*) €n = K6 m + H ), (4.37)
u=0 . where K;() was defined in Lemma 4.7. This lemma yields that
2 2 2 —
y ( ((CUW- (1€ = Inl) + r) — cot?(p) - 1€ - M ) 1B +el, £ Cuslp o) -li@l,. {4.38)
: 2 ' der to estimate (H); ®® 2 wi _ _
_ ((Cot¢.2(§ﬂn)i.§i/\5l+¢) - cotQ((p]-|£—'q|2) ), In order to estimate (H); ® ®, we observe for £, 7 € R* with £ - 7[> 1, £#£0:
izl o -3/2 u=!
© (_3/9 a2 |HE | < @mT 3 ( U/ ) -2 (ZQ) - cot™(p)
GE,m = (4-71')_1 (E—mh - Z ( o ) - (Sin—z(np) SjE= 'r]|2) v=0 k=0 k
”T . & —n**- (1 -t/ 2)7 - sin" T ) - | -l
2
i=1 < (4w Z | . & -cot®* (i) - g vtk g R sing'""'a(gp)
Lemma 4.6 vields that w=0 v k=0
Line)en = —-FEn - Gémn- (435) 1 < Cuele) 107
In the following, we shall evaluate (F); ®® and (G); @ so that by the preceding | Ty, first of the preceding inequalities is implied by Lemma 4.2 and 4.11. In the second
equation, we shall obtain an estimate for (Li{r, ¢))1 ®®. Then a scaling argument will © po we used the assumption | —n| > 1. Now we apply Young’s inequality (Lemma
Jead to the inequality {4.33). In order to carry out this program, we first observe that 4.9) in the same way as we did in {4.36), and we arrive at the following estimate:
P /e
e (jn.( [, Koo (=) - [HE ) 2(0)] dn) d&) (4.39)

< 2m-Carale) |l

Combining (4.35) - (4.39), we may conclude for r € R\{0}, ® € LP(R%)?, provided
Irl < 1/2 in the case v = 7/2, and |r| < min{ (8- cotw)™, 1/2} in the case
p<wf2:

“ (Li(r, ¢) )1 ®P "p < Cualp o) -2,

Let us now extend (4.40) to any r € R\{0}. By an easy computation, we find for
s, s € R\{0}, & neR? with £ #1n:

Lis, 9} (s:€,50m) = &' -Li(d /s, 90} n).

Put R = (1/2) -min{ (8- cotcp)_l, 1/2} inthecase ¢ < 7/2, and R := 1/4 in
the case ¢ = w/2. Then it holds by (4.41), for ® € L7(R?), r € R\{0}:

(jma(f‘/R)ﬂ. |V[B](7-/R)2 ; X(l,m)((l;/R)'lf— WI)
14 1/p
L, @) ((/B)-Em) ) - o((/R)-(6m) dn| )

(4.40)

(4.41)

[ o)), @@, =

It

o

(L1 X6 1) - L) 2(/R0) F )"

L il

LIvl
[ )




.
>

LI

Ll

Lo
L v}

| Ixl
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< (/R
* ( (fmﬂ(/nz X(n,n(lE' nl) - lL;(R, o) (&) - @((T/R)-'r))l d'rp):J df) o

+ (LIL Xawtie=a) - L @) m - @(E/R)n) dn|l df)m )

(4.40), (4.34}, and then Young’s inequality {Lemma 4.9}. In this way we

Now we apply
get:

[{Li(r, @), @2, < (:'t/R)z/p
) i/p
. (011,1(99) .R?. (f _/ X(o 1)('5‘ ql) - ]@((r/R) )| d"?) df)

) ([etom -t @) )

(4.42)

+ C117 ne

<y - Custp)- ([ 19(C/R) T i) = Cualpe) 12l

To finish our estimates, we compute for r € R\{0}, ® ¢ L*(R%):

(L af )"

yllg=ni) - Llr, @), 7) - 8{n)

< | (Llr o), @2l + I ) @9l

/»
< Custo) 10l + [ ([] [ 0060 a0 o] a)
< Cnalp.0)- 191,

o (LG X6~ 71) - 1Ll 9} ) - 2] da)’ )"

+ 2/?_(

i/p
Xloo)(li—nl)' i1, )& ) - 2(rem) dnl a’-&) ;

where the second mequahty is implied by (4.42) and (4.41). Now we first refer to (4.34)-_:

(4.42), and then again to Young’s inequality {Lemma 4.9), to obtain:

(4

< Cuslpe)- (|1l

+ 2P Cuale) - [ XanlE- )
[

1/p
) Lt ) - 2(n) dnf| dt )

ir
(ren)l dn) )

(443

e
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Ir
) ([, 1nip dn)

< 2 Cualno)- 0l + - x-Gusle) - ([ P an)”

+ 7 Chialp, e

= (2-Cuslp, @) + 7 Cnalg)) - 9],
By combining {4.42) and (4.43), we arrive at inequality (4.33).

Corollary 4.4. For ¢ ¢ (0, 7/2], r e R\{0}, p€ (1,00}, @€ LP(R?), the function
La(r, @) @ ® is well defined.

Ifpe (o), ¢€(0, 7/2], then there exists a number Cia(p, ) >0 with

Ls(r @) @@l < Culp @)@,  for reR\{0}, &€ I*(RY).

Proof: Let pe (1,00), w€ {0, n/2], r € R\{0}. Then we have for £, n¢€ R2;

&l = Il +r

S (€ (A - &)+ €6 47

i=1

This equation suggests the following definitions, for &, 5 € R?:

FOE,m) = (4m)7" cote - 2(&4#7)'-- ((€+m:- (gl +nD) ™ = &/161)
1g@(E) — ¢m) + 0,0,
FO(E, ) = (4om) - cotp - 7 g9 — g () + (0,0,)]

Thus we may write:

La("1 (‘0) (f, 77)
-F(g,n) + cotg - X_: (&/1€1) -

(4.44)

Li(r, @)(&n) — F@E n).

Lemma 4.1 and inequality (3.18) yield:

(1 -
1FhE,m < = for & 5 € R? with £ # 7.

LeEl Dt
Hence we may apply Theorem 4.1 to get:

(L(f | FO(E, 7) - @(n) | dr,) dg)llp < 7' cote - Co(p) - |12y -

The corollary now follows from (4.44), (4.45), Korollar 4.3 and Theorem 4.4.

~cot - € —n|”

(4.45)
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2
Corollary 4.5. For j € {1, 2, 3}, pe(0,7/2], T € R\{0}, pe(1,¢), ®€ LF(RY)
the function L;(r,0)®® is well defined.
IFpe(l,oo), €0, #/2), then there is a constani Cha(py @) > 0 such that

\Li(r @) ® Bl < Cualpy9)-[1@ll,  for i€ {123}, reR, @ € IF(RY).

Proof: Combine Theorem 4.4, Corollary 4.2 and 4.4,

Chapter 5

Estimate of a Fundamental
Solution to the Resolvent Problem
(1.3). Some Multiplier
Transformations

In this chapter, we shall establish some technical results related to the fundamental solution
E2, (see (1.2)) of the resolvent problem (1.3). Tn addition, we shall study the stress tensor

ﬁ;k, defined by means of E’jfk; see (1.4). The ;na.in problem will consist in checking how
certain integral operators related to E} or Dy depend on the parameter A. In order

to control this parameter, we shall represent the kernels E‘;‘k and ﬁ;k, as a sum of
certain functions, thus obtaining a corresponding sum of integral operators, each of which
may be estimated in an appropriate way. These studies will be continued in Chapter 11.
In the present chapter, we shall mainly collect results which were already applied in [8] or
[9], but — for lack of space — were proved there only shortly or not at all. Here they will

be accounted for in more detail.

We begin by defining certain functions which will enter into the sums representing E;‘k

and 'b?k,. Most of these definitions were previously introduced in [8, p. 338; p. 342], or
9, p. 324; p. 320; Addendum).

Definition 5.1. For r € C, put
alr)i= = Y (=) 2 (BT
=0

Blr) = 3 (=)t - (1- (+27) - (49D

i=0
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In addition, define for r € C\{0} :

fl("") = 3.7 + e + 6-1"_2'(8_" + r-e" — 1),
L) =1+ 2-¢7 + 607 (e broe’ - 1),
falr) = 6. + o€ + 15-r2 (e +ree” — 1),

These functions gy, 92, f1, J2» fa will appear in the next definitions. In fact, let ik 1E
{1,2,3}, Ae C\(~o0, 0], 2€ RA™{0}. Then we set

B = (m)™ - - VA ga(VA-J2])
+ (@my A 2Tz g(VA-l2]);
Py(2) = (4-m)7" bu z -1z - AV D)

1L (4wt A 2l fz(\/X |21

2|7 - A (VA1)

Qule) = (@m)™ 8
@z a1 (VA2

V)& = (e 1217 (VA LD

Xiz) = (4t g |27 - Fa(VA-1z2]); X7 = (4-m)~t -z {272

The first of these functions will be used to write Ej’-‘k as @ sum of two parts (Lemma 5.2);
the others will lead to o representation of 5;, as a sum; see Lemma 5.7, B will turn out
that -E;k is the weakly singular part of E‘}k {Lemma 5.4).

Sometimes it will be convenient lo use the following two funclions, defined for r €
(0,00), A€ C\(—o0, 0]:

gi(r) = (4-7!')_1 L2 fl(\/x-rlﬂ) 1
Gar) = (om0 (VR

g = (4om)h R

The functions we shall introduce next will play a role when certain integral operatots are
written in terms of local coordinates, and when the Fourier transform in R is applied
to these modified operators. The ensuing definitions should be compared to those in [@

p. 325/326], which refer to the case @ = 7/2 (halfspace).

Definition 5.2. For j € {1, 2}, €€ RA{0}, sei
XP(E) = (@)™ - & 67 XP() = —i- (4w & €T

If A € C\(—OO, 0]1 ‘5 € R2\{0}! je {17 2}1 Pm
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Il

(4-m)t - & e A(VX-RED,
(4-m) & 1€ B(VAIED;

Y (¢) -
XM€Y

I

V3 = i - (40 D)) (A2 - 2elel (i)

X0 =& - (22 D) (4 1 - ke i) )
—i-g - (4w fE)TT
Furthermore, define for ¢ € (0, 7/2], 7 € {—13 1}
AT®
/2 — 2:7-sineg cosp - Xi° 0 2.7 -sin®(p) - X7°
= ~2wcosp - X5 /2 2-mesing - X3

—2.7-eos?(¢) - XT° 0 /24 27 -sing - cosp X7

Finally, we set for ¢ € (0, 7/2], Ae Cy(—o0, 0]:

ALY
/2 — 2w-sing-cosp - (X3 4+Y}) —2m-cosp- Y3
= —2.7-cosp - X T/2
2w - (sin’(g) - X7 - cos?(y) - X)) 2omesing ¥y

2.7 - (sin(p) - X} — cos*(y) - Y1)
2.7 -sinp - X3

T/2 + 2m-sing - cosp - (X7 + Y7)

zext WE-! shall ﬁx a cut-off function ®;, in R? which tends to the constant value 1 for
'tendlng to 1nﬁn.1ty, as will be made precise in Lemma 5.1 below. In addition, we are
going to define a simple elongation T(y) in R?, which will arise when certain ’integra,l
operators on AK(i) are transformed by the techniques used in Chapter 10.

Deﬁnit.ion 5.3;Fir a funftion 7 belongingto C=([0, 00) ), and satisfying the following
properties: im(3) C R, 71[0,1] = 1, j|[2,00) = 0, 7 monotone decreasing.

For he (0,00), let W, :R? > R be defined by W, :=j(|¢|/h) for £ €R2.

If o€ (0,m/2], then we define the function T(p):R? — R? by

Le) () = (sin~'() - m, m) for neRZ
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Now we shall investigate the functions introduced before. We begin by an estimate of W, :

Lemma 5.1. Let h € (0,00). Then

U, e C(R?), 0< W, <1, supp(¥s) C By(0,2:h), VU, |B,(0,h) =1,
supp(D*W,) C B, (0, 2-h) \ B2 (0, h)  for a € Nj with a #0.

In particular, it holds W,(€) — 1 (h—o0) for € RZ.

There is a constant Cy4 > 0 such that the ensuing estimate is fulfilled for h € (0,00), a €
N2 with |a|. < 4, E€R?, o€ [0,1]:

|Da‘1’h(£)| < Cl4 3 |€l—a-|al. . h—(l—a)-lal. .
The proof of this lemma is simple and will be omitted.

Lemma 5.2. For j, ke {1,2,3}, A€ C\] —o0, 0], we have

. —A
E}‘k = By + Ej. (6-1)

This result, already mentioned in [8, (3.1)], may be proved by a simple but tedious com-
putation, which we shall also omit.

Lemma 5.3. For k€ N, abe Nt, z € R\{0}, m € {1,2,3}, the following
estimate 1s valid:

000z (ot - fol™™) | < 20 4T gl L oA

This lemma may be shown by induction with respect to |al.. However, we do not write
out the details, which are rather simple.

In the ensuing lemma, as well as in Lemma 5.8 and 5.16 further below, we shall present
some estimates which are basic for our later arguments. However, the proof of all three
of these lemmas is thoroughly tedious, and we shall restrict ourselves to some indications.
We point out that most of the results contained in the next lemma were already mentioned

in [8, (3.2) - (3.4)].

Lemma 5.4. Take 9 € [0, 7). Then there is a constant Cy5(d) >0 with the properties
to follow:

Let = € RA{0}, j, ke {1,2,3}, Ae C\{0} with |argh] < ?, a, b€ N; with
jal. <3, 1< bl <3, y€[0,1]. Then

DB < ea A fa

| 52,
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IDEj(2)] < Cis(®) - [N - [ t-2 el (5.2)
—

|DBl@)| € Cis(d) - AP - faf 4200 (53)

=

[ Ej(z)] < Cis(9) - A2 - 2747, (5.4)

In addition, it holds for = € R\{0}, j, k, 1€ {1,2,3}, o, 0’ € C\{0} with |o| = |o’
|argo| < 9, largo’| < 9 » Ty C\{0} wi lal_lgl’

|DES () = DiEg(a)| = |DE}(2) - DEj ()] (5.5)

< Cis(9) - min{lul_1 “le[™* - argo — argo’|, o] - |argo — arga’[}.

. . = Y
Note that in any estimate of E}(z) and Ej(z), the exponents of |A| and |z| are
connected.

Proof of Lemma 5.4: We first observe that |e=* | < e-leleos(9/2) for , ¢ C\{0} with
largz| < 9/2. It follows there is a constant €, > 0 such that
157001 < @ g

for z € R3‘\{0} with |arg Al < 9, ve€ {0,1,2,3}, je {1, 2}, where §J(-v) denotes
the derivative of order v of the function g; introduced in (1.1). Hence, by (1.2) and
Lemma 5.3, we may construct a constant €, with

ID*Ej(2)| < - A7 o]l
and
ID,EJ‘-’k(z) — D,E']",:(z)[ < @ oth |arga — arga'] FT

for z, j, k, I, A, a, 0, @' as in the lemma. We further note an immediate consequence of
Lemma 5.3, namely

[D°Ej(z)| < 77'-4%.60-|z|"2-lal- (5.6)

v; |1f;/c{mlling>L(13mmz:,i 5.2, we are now able to evaluate t.he left-hand side of (5.2) - (5.5) if
‘x| > 1 and |/ 2| > 1. In order to deal with the case that the two preceding

assumptions are not valid, we use Lemma 5.3 to obtain a numerical constant €3 > 0 with

—
|Ejk(-"7)f < @ |/\|1/27 (6.7)

IDIE;;(w) - D;E;.’k(x)l < @ - ol - |argo — argo’| (5.8)

. for 2,4,k 1, A,b,0,0" asin the lemma. Thus, if VX 2] <1 and |\o-2| < 1,

the left-hand side of (5.2) - (5.5) may be estimated by means of (5.6) - (5.8) and Lemma

e
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Lemma 5.5 Let pe (1,00}, g€ (0,7/2). For [ ¢ 11,2}, ® € I?(RY), the function
(X oT(p)) *, @ is well defined.

There is a constant Cig(p, @) > 0 so that for & & PR, 1e{l,2}, e€(0,00), it
holds:

HXZoT), * @y 1(XP0T(@)) % ®ll, < Cislp, @) - 0],

Note that in the case p = 7 /2, the function T(p) coincides with the identity mapping
of RZ,

Proof: Let o€ (0, n/2], I € {1,2}. Then we have for 7 € RA{0}:

(XPoT@)m = (m) - (sin™ (0} m, m), - (sin"Xg) - 2 + 72)™*
Hence we obtain for 5 € RA{0}, ¢ ¢ (0,00):

(XZ0T(p))(t-n) = t72 - (X oT(p))(n),

(XZoT(@))(~n) = —(XoT())(n).

Thus the lemma follows by applying the Calderén-Zygmund inequality; see (36, p. 85; p.
89, Theorem 2).

Lemma 5.6. If & € L*(R?), [ ¢ {1, 2}, then (X,°°*2<I>)A = 2.7 X é

This lemma states a standard result on Riesz kernels. Tor a proof, we refer to [36, p. 101
- 103].

The following equations should be compared to (9, p. 329 below; Addendum].

Lemma 5.7 Let j, k, [ € {1,2,3}, Ae C\{0}. Then

Dim(z) = —-3-(4m)™ -z -z 2|2 for 2 R\{0}; D, = - Xy (5.9)
f);m = Dy + D;E, + D;E;; (5.10)
B = -PY - Qs (5.11)
Ph = - y;,} + - A (5.12)

Furthermore, it holds for v € {1,2}, zc B¥\{0}, o e {} o0}
Vi) = a-Gi), X6 = - GE(eP). |
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Proof: An casy calculation shows that (5.9) is valid. Equation (5.10) is a consequence of
(5.1). Concerning the proof of (5.11}, we note for r ¢ C\{0} :

rla{e”=1/2) + riee £ opTt (e - 1),

(=" +1/2).

alr) =
eir) = =3.rtileT-1) — 3.r e — a2,

- Y .
These equations are inserted into the definition of ¥, E,,. Then, after computing

Jh
DkF;.\“ DJ—E,':“ we put our results into (5.10). After a lengthy calculation, which uses
(5.9}, we arrive at (5.11). The last two equations stated in the lemma are obvious.

After Lemma 5.4, we now present the second lemma containing estimates which will be
essential for all what follows, The proof of this lemma will be kept short since it is rather
easy. Note that inequalities similar to those in the next lemma were stated in [9, (3.1},

(3.2)).
Lemma 5.8. Let 9 € [0, 7). Then there is a constant Cy(9) > 0 with the following
properties:

For X € C\{0} with |argh| < @, 2 € R™{0}, 7 k1€ {1,2,3}, a € N} with
lol« <3, v€l0,1], e e€{1,2}, rec(0,00), i holds:

1Dy (z)| + | DUAT - X)) < Cul®) - AT fel e (5.13)
(DY} ()| + | DX (z) | (5.14)
<(mww(§§w1”ﬂ“(gynwﬂf”-m4+“-w;

|Brale)| < Curld) - ol (5.15)
(G )] + (G = 62) 6 < Cul®) - A (ALY o™ (5.16)
(@)D < Culd) - (AA1)™" s (5.17)
(@)Y E)] < Cr@) - Al (IAIAT) T2 o2 (5.18)

Proof: By Lemma 5.4 it is obvious how to construct a constant &, > 0 with

Bil@)| < €& - o] for A, j, k, I asin the lemma.

Next we observe there is some €, > 0 such thatfor z € C\{0} with |argz| < 9/2, ue
{1,2}, ve{1,2 3}, it holds:

LHCINFIC SIS AR & - A=

() <
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Here the symbol fﬁ“J denotes the v-th order deri
We may construct a constant €5 > 0 with
IDVIE + 1D} - X)) < €y L fof el

@Y ) + 16} —GVN < e AT (AL T

for A, 2, 4,1, v asin the lemma, Next we
power sertes, which holds for z € C\{0} :

hi(z)

= zz'i(—Z)"-(l/(nHJ! T 3/(n+2)! — 6/(n+3)1 + 6/(n+4)1),

n==0

(5.19)

fZ(Z) = 2. i(—z)ﬂ . (I/(n+2)! + 6/(n+4)1 - 6/(ﬂ.+3)!)_

n=0
It follows for u € {1, 2}, ve{l,2,38}, re {0,00) with relvA <1
WA | < e (apre. gy

in the case v<2,
[fts")(\/X-rH £ &  inthecase v=3,

Now, applying Lemma 5.3 again, we may find a constant €4 > 0 with
la.

DY@+ Dk @) < ey (3 AR o
v=0

@Gy ey < e, - (AL~ (A AT)22 . pms
for A z,j, {,0,r asin the lemma, but with the further assumptions ]\/)_\zl < 1 and
WA -r <1,

With these estimates available, it should he obvious how to construct a constant Ci2(9)
with properties as stated in the lemma.

Lemma 5.9. Let p ¢ (1,00), € (0, /2.
with the properties to follow:

For A e C\{0} with largAl < ¢, reR, g n e RAN{0} with £+ 5, 5ted{1,2 3},
it holds

Then there is g constant Cield, @) > 0 |

,Z (ni(:p) °9(‘P))(W) : }k:(g(w)(f) = g(w)(ﬂ) + (0,0,?‘)),

k=1

(5:20)

< Cisl0) - (le—al™ (e + )™ + |r- 1996) — ¢ + (0,0,7)(7°),
and
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vative of f,. Thus, using Lemma 5.3,

point out an expansion of fi and £, into a

69
CHAPTER 5. ESTIMATE OF A FUNDAMENTAL SOLUTION
5.21)
[ ZE: (2l 0g®)(m) - Q) — 99(m))| (
k=1

< Cus(®9) - M7 - 1= al™ - (€14 )7

Proof: Recalling Definition 5.1, we note for A, £, 7, 7, asin the lemma:

|23: (2 o g@)(n) - Qu(g“E) — ¢ (m) + (0,0,7))] (5.22)

< 7|0 0g@) () - (599 - ) + (0,0,7))]
19®E) — () + (0,0,n){°
Y AR 69E) - P + 0,0,)) |

vefl, 3} ‘
th
Next we point out that fa(s) = —3/2 + fa(s) for s € O\{0}, wi

Al = 3o -9 - (Yt D+ 6/(n+2)! - 15/ +3)! + 15/(n+4)1).

n:o . v
infinite sum.
Moreover, we recall equation (5.19), where f; was also represented by an
! .
Thus there is a numerical constant €; > 0 with

(2} + |fs(2) +3/21 < €& -|2]*  for z€ C\{0} with |2]<1.

We further remark there is a constant €, > 0 such that

A + 1£202)] £ € ]2I™ for z € C\{0} with |arg A| < /2.

d by distin-
Now, by combining these estimates with (5.22), {3.19) and Lemma 3.1, and by
guishing between the case

VA (g¥(E) - ¢ () + (0,0,7))] < 1

and its complement, we may easily construct a suitable constant Cia(?, ).

NDW W 8 to e plolt the previous [%Ul al per-
e are g INg X TeV]: ts in OIdef to estimate some lIlt.egI' (o)

ators.

I*(R?Y), j€
Lemma 5.10. For p € (1, o0), AeC\(—oo,AO],Ago E.(O’;;/Z]’ & ¢ L*(R?), j
{1,2,3}, ke {1,2}, reR, and for He{X],V;}, it holds

[H®@ - 6@) + 0,07)  om)|dn < o jor E€R,
]BQ
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and the functions (X} o T{g)) *® and (Yo T{p)) *

fre(o), deln ),

such that the ensuing inequality is satisfied fo

11,2,3}, ke{L, 2}, reR,

® are well defined.

® € (0, m/2], then there is a number Cis(p, %, ¢) > 0
r A€ C\{0} with largd] < 9, j ¢

® € L*(RY, and for Hel{x}, »1, Ge{x}, Y2}

| L B0 - o9t + 0,0,0)) o) dnf, (Gorty)) + 0

< CIH(p: 191 (,D) H ”q)”P .

We recall that for ¢ = /2,7

the singular part AT, X

Proof of Lemma 5.10: Let pe(l, ), #e0, ),

Cls(ps 797 (P) =2 - 017('t9) +

Take A€ C\{0} with largA| <

For £ n e R? with £+ ¢,
5.8 and 3.4:

)
of this lemma, the main difficulty c

» respectively. It is due to this
and X2 that we shall need the results of Chapter 4.

is the identity mapping of R2,

onsists in the fact that the kernels X}, X contain

property of the kernels Xj)-‘

v € (0, n/2]. Define
max{ Cia(p, @), Cis(p, @}

9, 2 L(RY), je{1,2,3}, ke {1, 2}, reR.

the ensuing inequality may be verified by referring to Lemma,

|9} (5€) - g)(y) + (0,0,7))],

,X(u, Wy (=) - X} g®Ne) ~ g + (0,0,7))

Xy, (€ =1l) - (2} - 22)(¢@e)

<

In order to deal with the two-dime:
Xile) = X3(e,0) and Y (g) =
referring to Lemma, 5.8 and 3.4:

(Yoo} )ig - ),

= C'17(19) ) (X(U. |,\|—l/z)(lf_n|) ) ,)‘l + X(p.]—llz,oo)(lg_ ﬂl) ‘ ff\[_l ) IE_"?Iql)

- 990 + (0,0,7))]

usional kernels ¥* o T(y), X} oT(¢), we note that
Y2 (e, 0} for ¢ € R?. Thusit follows by once more

| Xeo, pyvmy (€= 10) -+ (X2 0 T() ) (6 - )
T X 1€ =l - (X2 = Xp) o T (e - n|

< Cu(@) - ( Xio, -1 (1€ = )

where we used the inequality |7(¢)

AL X (1€ =) - I e ),

E-n) > | — n|. But the function

Concerning the proof
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(| 2 Rz) ) - Al . 2 -4
(Xm0 X gutvmson (HED]) - DI [d(RAQOD [ ¢ o]

Y = .S
i Well dEﬁﬂed and a:CCOIdlng to YUUHg 8 lnequallt (LEmma 4.9)1 |he LI (R ) Norm o

18 y I t
lIlﬂpFl]lg 13 hOLlIldEd 2

s STl de - Bl = 2o 1B, -
[ (X om I - L+ X, D )

Next we note that | 2

X?o(g(‘ﬁ)(f) - g(“’)(n) + (U,U,T‘)) = _Lj(ri w)(‘fa TJ‘) for ngJER ’ 5#’7

4.5 that
h L;(r, ) was introduced in Definition 4.1. But we know from Corollary

the fanction i d, with

the function { L;(r, (p))m_u, ® @ is well defined,

1(Lio, Vo @ 8l S Cuslr @) - (12l o el doid
In addition, Lemma 5.5 states that the function (X§°°T(€0))|A|—1f2
n 1

too, and
" (ch:c Q T((P) )p‘l—:fz @ Np < Clﬁ(p! [P) ' H'I'”P .

. . . . a1
B]lt the pIBCedlng estimates lmply the lemma;, as ]Ilaay be seen by I‘ecalllng lhe tlei ition
D{ Clg(pi l"l ¥) -

| 7 [ T [ m th : ! -
emina 0 ) P (0, /2] . Then ere 1§ Some ’.‘-luﬂi
5.11. Let P c (1, OO) . [ ' N ) . | l
ber C. (P i) (p) > 0 SuCh that it holds for A 1S C\{U} with |a.rg/\| !9, 7 &
200 Y
{1,2,3},¢€L1(R)1’ER:

3 269 — @ m) + (0,0,7)) " (5.23)
Ul;(jm EQJ e (n{? ag®))(y) - @(ﬂ)( dﬂ)p df) : .
(L

S C2(l@a 19) (,’.7) * ”':I)Hp [] | - d.
d if in addition |\ > 1, R€ (0, 00). the following estimate is satisfied:
and § >1,

(f ( f |Za: Qg9 (©) - ¢9(n) - (nf og")(n) I (5.24)
T ()| an)” )

3 py ¥ - ® 1r))
3 Qg - ¥ + (0,0 o
- (a0 g®)(€) - @(m)| dn) df)

< Culp 8, ¢) - B - |12l
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Proof: Put
Calp, 7, ) = max{cm("?, ©) - (Cs(p) + Cu(®)), 47 - C'1a(?9)}‘

Then inequality (5.23) is an immediate consequence of (5.20), Theorem 4.1 and Corollary
4.3. This leaves us to prove (5.24). To this end, take R € (0,00), and assume in addition
that |A] > 1. Using (5.20) and (5.21), we find for &, n € R? with £ # 5:

;M(g(‘p)(f) - g(m('ﬂ)) : (n‘(‘v’)og(w))(n) : Xw\mg(u,ﬂ)(ff) d q’(’?]{

< Cla(’ﬂl ':P) ' R_l
* (X(o, 1)('5 - ’?|) * |E - Tfl_l + X(l_m)(lf - ’?|) * FE_ T]l_a) . |¢’('-'?)| -

But Young’s inequality {Lemma 4.9) implies
5 (X0, (|5(R?) — ]} - | id(R?) —

+ Xt oy (| R =) - |id(R?) —n|7") - [@(n)] dn

|—1

L (Xl - lol™ 4 Xy, mylloD) = [o17) dor - {1,

Now inequality (5.24) follows by collecting the preceding estimates.

Lemma 5.12. For A S C\(—OO, 0]7 ¢ € (0! W/QJ, J’l € {1) 2: 3}1 re R: 57 7 €
RAM{0} with £ # n, abbreviate

I e, r) = Z Dra(g9(€) ~ ¢9(m) + (0,0,7)) - (a0 g®)(m),

a

f(Z)()‘l e, 1) = Z Jkt g(W)(E - g(ia)(??) + (0,0,7)) - (ni“a)og(“’))(g)

For pe(1,00), ® € LF{R?), oe{l,2}, and for A o, 4, I, r as before, the function
FO0 0, 7) ® & s well defined.

Ifpe(l,oc), #€[0,m), e (0,n/2], then there is some number Cu(p, #, @) > 0
such that

!l .fj(f)()\a ©, 7') @ @”P < Cﬂl(pa "9v ‘P) : ”';,”P
for reR, o€ {1,2}, Ae C\(—co, 0] with largX| < 9, 5,1 € {1, 2, 3}, ® € L¥(RY).

Proof: This lemma combines (5.11), (5.12), Lemma 5.10 and 5.11.
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Next we are going to prove certain technical results related to the problem of inverting
the operator ['{7, p, A, K(2) ). These studies will be continued in Chapter 10 - 12.

The result stated in the next lemma was already mentioned in [9, p. 326].

Lemma 5.13. Let A € C\(-oc, 0], j €{1,2}. Then

X}, Y} e IP(R%) for pe (1, 00). (5.25)
Furthermore, the functions X? , Z;‘ introduced in Definition 5.2 satisfy the equations
AA A YA _ Y)\

X=X}, Y} =Y. (5.26)

Finally it holds for ® € LZ(R?):
A A
(xp«0)N = 2.0.x28, (o) - 251w (5.27)

Proof: Since X;‘(f) = X} {¢,0), Yj)‘ & = yj(g, 0) for £ € R™N{0}, equation
(5.25) follows from (5.14). As for the proof of (5.26), which is by no means trivial, it may
be found in [33, p. 214 - 216]. Equation {5.27) may be derived by combining Parseval’s
theorem ([51, p. 155]) with (5.25) and (5.26).

In the case ¢ = #/2, equation {5.28) below was used by McCracken [33, p. 216].
Surprisingly, the right-hand side of this equation does not depend on .

Lemma 5.14. Let A € C\(—o0, 0], ¢ € (0, /2], 7€ {-1,1}. Then
det AMY = /8 — T-22%- X} Y)Y - T.27%-X)-Y3; (5.28)

det A®¥* = 7/8. (5.29)

Proof: For brevity we set

a = ~2-1r-sin<p-cosga-£i‘, b= —Q-W-Singo-costp-xi\.
¢ = =21 - cOS{p - i’z\, d:i= —2-m.cosip Y, v:= —tany, o= cotep.
Then we find

7/24+a+b d a-bt+v-a
det AM* = det | ¢ /2 vy-e
a-a+yb y-d r/2-a-b

Since -y = —1, it follows

det A** = 1/8 — (r/2)- (¥’ +1) -c-d - (#/2) (¥*+2+0%) -a-b.
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On the other hand, we note that
Y41 = cos™* (), Y4240 = cosg)  sin T (g).

Collecting our results, we obtain (5.28). Equation (5.29) is obvious.

Lemma 5.15. There exists o number Cp > 0 such that for ¢ € (0,7/2], 1 ke
{1,2,3}, me{l,2}, §cRA{0}, 7€ {-1,1}, ac Nj with |o|. <4, it holds

0o a co a oo,y L s —ial. ;
1Dx2O ], |04z, ©], [D((4m)7) @] < Cn
Proof: The lemma is an immediate consequence of Lemma 5.3 and 5.14.

As announced in the remark before Lemma 5.4, the next lemma is the third one — afier
Lemma 5.4 and 5.8 - containing some estimates which will be essential for our later work.

Lemma 5.16. Take @ € [0, 7). Then there is e constant Co3(#) > 0 such that for
Ae C\{0} with |argA| £ ¥, me{l,2}, ac NZ with |al. <4, x€[0,1], and for
£ e R7\{0}, the following inequalilies are fulfilled:

| DX, (€)] < Casld) - €171 (5.30)

|D* (X0 - X2)©) |, DXL £ Cn®) [ P s (5.31)

Proof: Let X, m, a, &, € be given as in the lemma. By distinguishing the cases ®(A) > 0
and (A} <0, we may show for v € [0, 00) :

sin(#Vv (7/2)) - (1/2) - 7 (5.32)

v

A+
Pl 2 sn(9V(@/2) A (5.33)
Moreover, we find for b€ N2, z ¢ Z\{0} with z<1:

|0 /06 ((A+ 1)) | (5.34)

< (2-l+lzl) - (=7 e |+ 4% sinM (D v (r/2)).

v

This result may be proved by induction with respect to [b[,. We further mention the
inequalities

|7+(A+'p1’2| > v, |~r+(A+@”2| > sin'2(9v (r/2)) - NV, (5.35)
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with v € [0, o0), which follow from (5.33) after a short computation. Finally it holds
(compare [33, p. 216, (5.5)]):

YL = A (m) b ) (6 + O ) (5.36)

X = @0 (GHEDY )T+ X3 (5.37)

Now, by estimating the left-hand side of (5.30) and (5.31) by means of Lemma 5.3 and
(5.32) — (5.37), we see there exists a constant Cy3(#) having properties as stated in the
lemma.

The next lemma is a slight generalization of McCracken’s result [33, p. 216/217, Lemma
5.6]. McCracken shows that the lefi-hand side |det A% (n)| of (5.38) does not take the
value 0 if ¢ = m/2, |A| = 1. We are going to prove that the term |det A>¢(n}| is
bounded away from zero by a positive constant, uniformly in ¢ € (0, 7/2] and A e C
with |arg A| € #. Actually, since the term det A>¥{x) does not depend on ¢ (sec
Lemma 5.14), we only have to write out some arguments which seem to have been regarded
as obvious in [33].

Lemma 5.17 Take 0 € {0, 7). There is a constant Cyy(9) > 0 such that
|des 2(m)| > Cauld) (5.39)

for ¢ c {0,7/2], 7€ RA{0}, 7 c {-1,1}, Ac Q{0} with |arg)! < 9. In
particular, the matriz AM¥(n) is invertible for @, 5, 7, A as before.

Proof: For A ¢ C\(—o0, 0], £ € R?, 7€ {-1,1}, we set
F(r, A€ = 7/8 + 7272 ()\'|§|2/2 + et = (1/8)- A% lgl - (A + )R

= AR QI e (i)

Because of (5.33), the function F(r, A, £) is well defined. It follows from (5.28), after s
lengthy calculation (compare [33, p. 216]):

det A>?(8) = F(r, A, &) for £ R™{0}, Ac Cy\(-o0, 0], T€{-1,1}. (5.39)
Equation (5.39) implies that
dot A22() = det ANP(A2 )

for £ e RA{0}, A e C\(-o0,0], ¢ € (0,7/2], 7€ {-1,1}. Thus it suffices to
construct a constant Cae(¥) such that (5.38) holds under the additional assumption
|A| = 1 Therefore, assume that A, ¢, T are given ag in the lemma, and suppose in
addition |A| = 1. By exparding the function z'/? into a power series, it may be deduced
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from (5.39):
det AVP(E) = GO\ ) for £ERY,
with G defined by

Glr,r) 1= /8 — (1/8) - (i (*;/2) N i (‘i/ 2) (Rt
v 5 (Y 2) )

n=3

) for r € (1,00), € C with |s|=1. Hence there is some constant & > 1 such that
|Gk, r)| € 1/16 for r € [€, o0) and for & as before. This implies

ldet AX#(€)| = 1/16  for € R? with ¢ > C. (5.40)

As shown by McCracken [33, p. 216/217, Lemma 5.6], the expression F(r, K, §) is
different from zero for any £ € R?, & € C\(-oo, 0] with js| = 1. Furthermore,
F(r, x, €) continuously depends on & € C\(—o0, 0] and & € R?, as may be seen from
(5.33). Thus we conclude from (5.39), for £ € RA\{0}:

det AM*(E)
> inf{ F(r, %, 0} : k € Cwith |args| < 9, [s[=1; g€ R¥with g <€} > 0.

(5.41)
Existence of a suitable constant Caq(#) follows from (5.40) and (5.41).

Lemma 5.18. Let # € [0, w}. Then there exists some number Cys(9) > 0 such that for
X e O\{0} with |argh| < 9, 4, ke{1,2,3}, re{-11} ¢ € R\{0}, e €Nj
with |al, <4, £€[0,1], v € (0, 7/2), the following inequalities hold true:

| D*(A2%) 5, €} s |Da((A¢’(‘°)_l)jk(§)i < Chs(d) - €71
pe((aye - Aze) - (47) ) @],

|D“(A$°'“°-((Ai"“°)_1—(Ai“"’)'l)) @1 < Cu(d) - 7= AT

Jk

Proof: The preceding inequalities, some of which were already stated in [9, (3.4), (3.5)]
for © =0, are an obvious consequence of Lemma 5.15, 5.16 and 5.17.

At the end of this chapter, we shall present some results which are based on the multiplier
theorem {45, p. 96, Theorem 3]. For the convenience of the reader, we repeat this theorem
here, in a form which is suitable for our purposes:
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Theorem 5.1. Take p€ (1,00), E € (0, 00). Then there is a con
) ; ) . stant Cog{p, E) > 0
such that for ® € LF(R®) N LA (RY, M e C*(RHN{0}) with e )

ID*M(z)| < |2i™'  for z € RA{0}, ac N? with [a], < 2,

the following inequality holds true:

1a2- 8Vl < Calo B) - 18],

As a first application of this theorem, we note

Lemma 5.19. Let 1 .
cuch that et p€ (l,00), ¥ &[0, 7). Then there is u constant Car(p, #) > 0

108Vl < Gty - o,
for A e Q\{0} with |argA| £ 4, ¢ (0,7/2]. ® € LF(R®®* N EXR*®, re{-1,1}.
Me{(1-w) - A@e . ((Ae) < (ape)7),

(1) - (A2* — Aze) - (Ame)7,

Apee s (Ape)T, AR (Ap)T

(The function W, was introduced in Definition 5.5.)
Proof: The lemma follows from Lemma 5.15, 5.18 and Theorem 5.1.

The next inequality is a slight generalization of a resul i
esuft from [9, p. 332], wh
o e [9, p ], which we extend

Lemma 5.20. Let p€ (1, 00), ¢ £[0, 7). Then there is a number Cag(p, 9) > 0 with
0B BV, < Culo,d) - N2 ol

for A€ C\{0} with |arg)| < @, 7€ {-1,1}, ® € LP(R®* N LARY®, ¢ e (0, n/2],
B {ape ((40)" - (Axe)?), (4 - aze) - (aze) )

Proof: Set Coa1(#) :=32-Cos(d) - Cra; Caslp, #) =9 'Czs(P, Cas (,ﬁ)) .

:Acc;)rding to Lemma 5.1, we have supp(¥;) C B,(0,2). This fact and Lemma 5.18
lmp Y
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| -1/2 —|a| ) A V . )
| |D“(‘I’1 ' Bjk)(é)i < 028,1(19) éAl . |‘fl ” (Mjk ) ('U‘k ) ) ” < nglz(p’ ?9) . I,\|—1/2 - Z ”Dru‘,(:l ”p.

P r=1

for £ ¢ RA{0}, e € N§ with |a|. <2, j, ke{l,2,3}, and for A ¢, B as in the

e properties of the function ¥, (See eIINa 5.1):
1 1 5.1- )
lemma. Hence the estimate we are looking for follows from Theorem On the other hand, we deduce from th

| — @, = 0 if v— co. Moreover, it follows from Lemma 5.18 and 5.1:

|D“Mjk(£) ' < 029,1('(9) . ’ﬂ—lﬂl- for a € Ng with |0}|* < 2, 6 e RB\{U},

| ' The ensuing lemma is similar to an inequality in [9, p. 331 below], where the case ¢ =7 /2

Thus we may finish our proof by concluding from Theorem 5.1:
was treated.

v 3%
[ (35 (2= aN) ] 0 o 00). |
Lemma 5.21. et p € (1,00), ?€[0,7). Then there is a constant Cag(p, ¥) > 0 .

such that ,
)Y 9 Y D | i imi i
" ((1 -T,)- B- @) “p < Chlp, ) - |Al 2o v Finally, let us point put a result similar to that in [9, (3.8)].
3
Jor A€ C\{0} with |arg)} < B, ¢ (0,n/2], Te{-11}, @ecl(Rz)aﬂLz(R? f Lemma 5.22. Let ¢ € (0,%/2], X € C\(-o0,0], p € (1,00), & € LP(RH) N
W@, B {ame - ((aye) - (A7), (ade - Ape) . (47)7 ) L®), jke{L23), re{1,1),

Me{(-w) axe. ()" - (47¥)7),
(1=0) - (A7 — Aze) - (Aze)T ]

( ( )) Then it follows that
=92 . 4% . Cys(P) - Clhas Cig.a(p, 9) 1= Cas o, Caa(9) )
Chs1 (1) 25() 14 29,2 (M, - é)v - Lp(Rz)_uliflgo(Mi* y (TDQ)A)V (5.43)

Proof: We begin by defining

C'zs(P: 19) =9 029,2(19, 19) -

Moreover, it holds for v,t ¢ N z,
[ Let A, @ T P, B be given as in the lemma, and take 7, ke {l, 2, 3}. For ve N, put 5 % Sf ,t €N, and for almost every £ € R
] 7 Y 1

) = W, - @, with ¥, from Definition 5.3. Then we have ul*} € C‘;;(]R"‘):”2 for ve N. (Mjk ‘g, (U,- @)A)V(g) )
| Using the abbreviation M := (1-%,) -8B, we define a function F :R? — C by
l seing for 7 € {1,2}, € € K" = (277 fm () - ®(n) - (M- 8)N (- dn,
- . . -2 ;
F =0, if |§<1/2, F.(&) = (=) - Mll"2 - Mii(€) - & I€] else Furthermore, let A C R? be a measurable set, g: 4 — R? ¢ measurable function, and
{3 r ; ,
Since (1 —¥,)|B(0,1) = 0, we have F. € C=(R? for r € {1, 2} . Recalling the assume y
fact that u®® € CL(R??, we conclude for § € R?, veEN: ‘ (Mjk o, - (T, .:1>)/\) (@r < |g(&)]  fer £ A, vteN, (5.45)
2
Mal8) - (uf:’))/\(f) = YYD RO - (D,ug;))/\(f)l (5.42) Then it follows
r=1
e —lal A
Applying Lemma 5.18, 5.3 and 5.1, we compute: |D*F.(&)] £ Caonl®) - 1 leie for [ (M - @)VJA "p < all,- (5.46)

e R™f0}, »€ (0,7/2], r€ {1,2}, o€ Nj with jal. < 2. Now we may recur to
Theorem 5.1, to obtain for ve N r e {1,2}:

A Vv () Proof: Lebesgue’s theorem on dominated convergence yields: || (1—-%,) - ||, — 0 for
n (Fr : (Dr"u'g:‘})) ) “p < Cwalp 9) - [ Dr o - v — 0o. This fact and Lemma 5.19 imply (5.43). ,
I
This implies by (5.42): This leaves us to establish (5.44) and (5.46). In order to prove (5.44), we observe that i

My, - ¥, is a bounded function with compact support (t € N). Moreover, ¥, -® belongs
to the space L'(R? and has compact support too (v € N). Hence, equation (5.44) is a
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-
simple consequence of Fubini’s theorem.

5.46), we note that ¥, -® € LA(R?) for v € N. Since the function
- ’

Tuning to the proctof ¢ other application of Lebesgue’s theorem

M, 1s bounded ( Lemma 5.18), it follows by an
on dominated convergence:

| My - (1= %) - (2, @)\, 0 (200)  (EN).
Now we apply Plancherel’s theorem to obtain

A v t— o0 veN),
| (3 - -9 - (- @)N) T >0 o)

it follows
By a result from measure theory (see [41, p. 67, Theorem 3.12],_ for.exaérr_lfi;a), Iifoioomne
that for any v € N, thereis a function o, : N — N which is stri yg o
increasing and satisfies the following relation for v € N and for almost every

v
(Mjk ) (‘I‘u ‘I’)A)V(f) = tEﬂ;o (Mjk W (‘I’v ‘I’)A) (E) (5-47)
From (5.47) and (5.45), we may infer
| (M - (\I:v-@)’\)v(g)| < |g(€)] for veN andae §EA.

Now (5.46) follows by (5.43) and the preceding inequality.

Chapter 6

Fredholm Properties of Some
Layer Potentials

In this chapter, we shall present a device which, in various modifications, turns up fre-
quently when integral operators are considered. In fact, in order to study an operator
H:L*(B)? w— L*(B)°, with p€ (1,0), 6 €N, and B a suitable set, we shall split
H into a sum of four mappings, with domain L*(B;)° or L*(B;)?, and with range in
L*(B,)” or LP(B,)", where B, B, aresets with B = B, U By, BiNB;=10; see
Lemma 6.6. Then we shall fink the Fredholm properties of H with those of Hy,---, H,.
Typically, one of the operators H, to H, wil be a singular integral operator, with
the singularity of its kernel arising at the vertex of K{w), whereas another one of these
operators will be singular too, but with a kernel having a singularity at the infinite end of
K() . The other two operators will be compact.

We shall address ancther topic in the present chapter, namely, we shall check whether
certain operators continuously depend on the vertex angle ¢ of Ky}, and on the
resolvent parameter X arising in (1.3). These results will be exploited for homotopy
arguments; see Lemma. 6.17, for example.

Our first aim consists in showing that the integral operators presented in (1.5), (1.8) and
(1.9}, respectively, are well defined when K(w) is inserted for B in these definitions. In
addition, we are going to introduce some further integral operators which will be needed
later on. We begin our discussion by a number of technical lemmas:

Lemma 6.1. Let ¢ € (0, 7/2], A€ C\(~oc, 0], €€ [0, oc). Then there are numbers
&, € > 0 such that

| 32 Ke(r ) 1) + (0,0,m)) - (n 09 ) ()] (6.1)

< & min{ (I=n + )7,
(el+1a) ™ le=al™ + 1)+ (le—nl + 1)},
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|233 Bha(r®9E) — 72 + (0,0,7)) - (w7 01 ) () | (62)
k=1
<

¢, - min{ (e —al + 11D, B
S U nESURI UL B M
jor reR, 1e{,2,3} Ke{(P)cues (Dist)ycnes o &1 ERAO} with
£ #n. (For our nolations in the case € =0, see (3.10).)

2 >0
Let @, A be given as before, and take & € (0,00) . Then there exists some number €3
such that

IS K (9O — 790 + 0.0.) - (7 or )0 (639
< o (min(lenl, E—alt) 4 - (emal+bDT)

h 2
- 4 ,neR

for i le {1, 2,3}, K e {(Dk)15k53’ ('Djm)lskgaa ('DJH)1gk53}a &1

with £# 1, r€R.

a
Proof: Existence of a constant € satisfying (6.1) follows from Corollfa.rg 33)1;1 :;r:lr;l:
34 a,nc-i (5.9). Concerning inequality {6.2), we point out a consequence o (5.8),

| (DB + DEE)| < 2 Cul(laghl) - Y227t for 2 € RA{O}.

-~ f (6.2} to
Combining this inequality with (5.10), (6.1) and (3-18), we find the left handLo (6.2)
be bounded by

(€1 + 6'015(|3-1”g)\|))
Qe+ =l el (€Al + D S ) F
for &, 7 frl 250 (6.2). On the other hand, from (5.15) and (3.19) we obtain another
upper bound of the left-hand side of (6.2), namely
Cyr(JargAl) - 16 - sin™*(p) - (1€ =7 + )"

This proves (6.2). Inequality {6.3) may be established b:_y an analogous lreas%nilng, the
malls;l I()ii.{feren(:e being that we have to refer to Lemma 3.3 instead of Corollary 3.1.

Lemma 6.2. Let p€ (1,00}, ¢ € (0, r/2], c¢€0,00). Then there erisis € >0 so
that for j,1 € {1, 2, 3, reR, ®€ IP(RY), K€ {(Dk)15k537 (Djkf)lsksli}'
the following inequality holds true (recall (3.10)):
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2. Ke(v9(8) — v () + (0,0,7)) - (nff? 0y ()
k=1

1fp

- B(n) - S )| dn)’ d&) .

,,Z Ei(Y®9(€) — 42 9(m) + (0,0,7)) - (0P 0y 9} (g)

“B(n) - J@ ()| dn)’ d&)w.

Proof: The lemma. is a consequence of Lemma 6.1, Theorem 4.1 and Lemma 4.10.

Lemma 6.3. Let A, B C R?® be measurable and bounded sets, o, o' €¢ N and K :

AXB vy C7* a measurable function. Furthermore, assume there is some € > 0 with
|En)| < €-[-n Jor E€ A, neB with €#1.

Suppose B >0 is so large that AUB C B,(0, R), andlet pe (1, 00) . Then it jollows
for &€ LP(R?)"" :

P i/p
([([ixen oo a) &) < carr o, (6.9
In particular, the operator
T:I°(B)Y w I7(4)°, T@®) =Ka® for &c I?(B),

is well defined and continuous. Furthermore, T is compact.

Proof: We have
|K(€: TI‘)I S ¢ - X(O,,.R)(E—’ﬂ) H |§_'rl"—1 for fEA-, TIEB-

Hence (6.4) follows from Young’s inequality (Lemma 4.9). This leaves us to show com-
pactness of 7. To this end, we define

K& m) = X6 —l) - K(€,m)  for c€(0,00), £€A, neB.
For any ¢ € (0,0c), the function K, is bounded, hence

L1/ ay ™ e < o,

According to [28, p. 271/272; p. 275, Theorem 11.6], this means that the mapping

T LP(B)G' 5 LP(A)", TE(CI’)(f) ::]B K. (& n) - ®(n} dn ((fG A, dc LP(B)a')
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is » Hille-Tamarkin operator, and thus eompact, for any €€ {0, 00). On the other hand,

it holds for € € (0,00), €4, ne B with §#7:
K n) - K] € € X p(lEaD e

quality (Lemma 4.9), we may conclude for @ €

Once more referring to Young’s ine
I?(B)”, €€ (0,00)

7@ ~ @, < €27 li@lly -

e T —T. converges to Zero with respect to the upiform

Thus, for €40, the differenc
operator topology. Hence T is compact.

with either A or B hounded. Take

Lemma 6.4. Let A, B C B? be measurable sets,
is a measurable function. Suppose

o, o € N, and assume that K : Ax B v+ (idad
there 1s some € >0 with

(K& < ¢ - min{|¢—nl™, 77"} for £€ A, ne€ B with EF 7

Finally, let pe (L, ). Then there is another number €3 >0 with

° 1fp ,
([ (Lixen s ) )" < @, frocr@”. (9
A B
This means in particular that the operator
7. (B~ (A, T(®)= Kod for D€ LP(BY

is well defined and conlinuous. In addition, T is compact.

Proof: We consider the case that B is bounded. Otherwise, if the set A is bounded,

we may argue in a similar way.

Let § >0 be so large that B C B,(0, 5). According to Lemma 6.3, we have

,, 1fp
(Lonsrns (fix@n o1 ) ) < &Sl
| > l€/2. Thus it holds for R €

(6.6)

For EEA\]B:(O,Q-S), n € B, we have € —n
[2-§, 00), ® ¢ I#(B)” :

Jiwios (%@ o] an) dé)w

M ifp
coe ([, ([ emla) i) < G ROV
A\B2{0, B B
(p-1)7" -w)llp [ dy. Setting R=2" § in inequality (6.7), and
B

(6.7)

Wlth ¢2'1 = 4- ¢1 ' (
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g ( ' )7 -
Calll mate in {6 1 an 2
recal n 6.6 we uhlam tlle estl W th Ubvlous CthCe 0! E -

We still have to
prove compactness of T, For thi
. For this purpose, we d
5 efinefor Re 2.5
-8, 00):

Ta : LP(B)""rf — LP(A)°
) T =
r(®} = X]lh(ﬂ,R)nA - T(®) for & ¢ LP(B)‘" )

Referring to Lemma. 6.3, we see that

6.7 ) Tk i compact fi
(6.7), we have: L orany R€[2-5, oc). Because of

| (Ts — T)(® -
(Te—T)(®)[l, < C1- R 5|, for Rel2-5, ), &€ L7(B)

Hence, for B —
oo, the operator T
e r—T co .
operator topology. This implies that T is Com;‘:;ges to 0 with respect to the uniform

Lemma 6.5. Take
- P& (11 OOJ A c
{1,2,3}. For & 2 ! C\(-c0, 0], ¢ € (0, z/2] .
’ eR 9 ’ » €€[0
7 MO} with €49, r R, we write for sharmess[( r,'ezzgl’( S’J;;))E

E9(r) (€, 7)
= k; Dy (7€) — 1“(m) + (0,0,7)) - (nfF 9 0yle.) () . Je9(y)
) ),
K®(r) (€, )
3
= 1:Z=:1 (Y E) — ¥ ) + (0,0,7))  (nfP) oy ®9)(g) - Ty

Then the 1 v 1
function (K( )(r)) @D is well defined for v e {1,2
and there is some € > 0 with MR RELED: reR,

”(K(“)(r))®<I>|L < e€-|@l, for @eLP(RY, reR, vell, 2}

Proof: In the case
¢ =0, we refer to L
R2\B, (0 h 0 Lemma 5.12. Now as
def}n i‘ T E), we have T(V’: )(.'7) - g(,‘,](n) ’ n(‘P: 9 — n(‘p) ) Sune ¢
efor ve{l, 2}, reR, & neR? with £#9; i soe (3.6), (

Ki) r e
| (VE 1) = X (€D - Xie ooylln) - KO () (€, m),

K@) r =
| ()& m) = X, (18D - X oy (I} - () (€, m),

K v, 3) r —
(VM = X, o) (D) - X, o) - KO (€, m),

K&, =
N ( )(6! T}) = X(n' e)(!fl) ) X(O, E)(WD : K(VJ(T) (€1 T]),
en we may conclude from Lemma,
5.12: For ® € L?(R?)
» ve{L,2}, reR, th

>0. For ¢
3.7). Hence, if we

e
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function (K ) (r) ) ® & is well defined, and there is 2 number &; > 0 with

ko)) o] < @i, for e P®), ve{l2, rek.
r

According to (6.3), we may find €, > 0 such that for 7 € R, ve{l,2}, &R E R?
with |€] < e<[nl or 1¢] > € > |n|, the following inequality holds true:

| K@D ()€ | | K@) (& ) |

< & (min{lg—nl? a7} il (s o+ 1))
This implies by Lemma 6.4 and 4.10 thatfor r ¢ R, ® € I?(R¥), v € {1,2}, the
functions (K("' 2)(r)) ®%, (K(”’s){r}) ®® are well defined. In addition, it follows
there is some €3 >0 with

K(u,z) T ®‘p , K(u,a) P < ¢ . || @

[(xeon)se],, f(xeom)ee], < el
, Lemma 4.10 and 6.3, a corresponding result is true

for r, ®, v as before. Due to (6.3)

: 4
for K&, Since K&W(r) = 2 K®9 for r €R, vE{L, 2}, thelemma is proved.
a=1

The operators introduced in the next lemma are in SOME SeNSe “diagonal”: Either the
functions belonging to their domain are defined near the vertex of the cone KE(p), and
the functions in their range live near the infipite end of K(p), or the opposite situation
is true. These operators turn out to be compact.

Lemma 6.6 Let p € (1,0}, AE C\(—00, 0], ¢ € ©, /2, 5leil2 3y, RE
(0,00), Ri€ (R0, B2€ [0, R), €€ [0,00). Assume that

K ef (f);kf)gkga’ (Djk‘)lgk«_:aﬂ (5")15.&53}'

Define the operators

0, 70+ (B0, B \By(0, B)) > 17 (B0 R)\Ba(0: B)),
70, 79+ (B0, R)\By0, Ba)) = V(B0 B \B O B))
in the following way (vecall 8.10)):

3
{1) — n(was) {w,€)
TH(@) () : fngto,ﬁ,)\wn,m ,;Zﬂ( o)
E(4®92(8) — 1) - @) - J@(n) dn,

5> (afr 01590
Ku(@9(E) — 70 () - @) - J@ () dn

3
Bs(0, Ra)\B2{0, R} Ty

@) (€) = ||
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for ® € (B0, R)\B,(0, B) ), £€By(0, B)\By(0, By)

(2) — 2
(@) (€) -~f 3 (nf 9 oy® 9 ) (y)

Bi(0, R)\B:(0, Ra)

K70 NE) — 1@ n)) - B(y) - I (n) dn,

@) o :
g (Q) (‘f) o ‘[BQ(U, )\ Ba(0, R2) kZ:=], (niv’ ? 07(% E))(E)
Ki(y199(E) — 49(n)) - B(n) - 9
AN
for @ L"(Bz((h R)\ By (0, Rz)), £ €B,(0, Ry) \By(0, R).

Then all these operators are compact.

Proof: The lemma foll i
o a follows by a straightforward application of (6.1), (6.2) and Lemma

Due to Lemma 6.2
ma 6.2, 6.5, and because of (3.1), (3.8), the definitions in {1.5), (1.8) and (1.9)

make sense in the case B = K[
=E(p) and B=L L i i
some further operators, with their definition al&cp),l:isednoflhiefgﬂz?g% wedsgagl iroduce
.2 and 6.5,

fi itiDIl 1 . -

Defin 6.1. Take p ¢ (1, oc), e (0,7/2], e C\(-00,0], 7€ R e
‘ 1 H ( 1 ] 1 1

(0 OO) 3 Q € { K((P) 1 L(@, E) } . Let 'ﬂ( ) deﬂote the outward unit norma} to ,S;} ,

Then define the o *
perators [ (71, p, A, ), A* .
Jollowing way: For fc LP(BQ)S, 13: . 35)2, pUt( Ty Py Q) : LP(SQ)S Y LP(BQ)?' in the

I (r,2 4, 0) () (5)

= 0250 - ([ 3 Pue-n) @ g0 @), g
(1, 2) (/) @) L v

= 656 = ([, 3 Putey) o0 4 @) 4

In addition, we introduce the o
eral * .
he LP(08), z €09 perator 11(r, p,Q2) = L2(09) = L*(0N) by setting for

I, 2, Q) (B) (z) = (7/2) 3
' Py = +hiz) - / > !

) ank:le(z—y)-nsc)(x)-h(y) 0 (y) .
Furthermore, we shall consider the operator

I‘(‘“f)(r,p, Aw R - LF (w) (2 : :
with o B V(g9 (R\B (0, B) ) = 17 (¢9(RAB(0, B)))
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TN (r, p, A o BY(F) (@) = (1/2) fla)
b o oo 20, Bie =) 60 50 K010,
g (BAB(0,R) ) ;=1

. T e 9
for [ € L"(g(‘ﬁ)(Rg\Bg (0, R))) .z € g9 (R\B:(0, R)). The superscription n
indicates that the preceding operator acis on functions fieﬁned in a neighbourhood of the
infinite end of the cone K(g). On the other hand, we introduce the operalors

(e, p, A g, B), AC(rpoo, B), AT e B)
3 3
Lp(g(w)(]ﬂ.g((), R))) - LP(g(‘F)(le(O, R)))

by setting
ro™(r, 3, & o B (@) = (/7))
+ (f (0. 1) ) Dyl —v) - ) - fi(y) dE) (y))lszsa’
gt} { Ba(0, R qk=1
ACY (e p o, B (A (@) = (7/2) - fle)

3

iz —y) - n ) ) dK@©)), o
+([g(,)(mlm) j;lﬂa( v) () fily @ )15_

A (7, p, o, BY(F) (2) = (7/2) f(2)
= (f { ) 23: Dymlz —y) - ngf)(‘”)  fily) dK(y) (y))lslsﬂ'
g\ B2(0, 1)) ;=1

for f € LP(g(‘P)(le(O, R)))a, z € g (By(0, R)). Note that the domain of these
operators consists of functions living near the vertes of K(i).

Observe that (7, p, A, K@)}, AT, p, K(¥)) (s, p, K(p)) are t.he 1a.d_]0.lzll':;
operators to T'(7, ¢, A, K@), A(r, ¢, K(p)) and H.('r, p, K(p) ). r(?spect;vs y,l;s:e,s
g:=(1-1/p)™". We further note that II* (7, p, ]K(c,o)) is related to solutmnsfo ap "
equation (1.15) under Neumann boundary conditions; see {28, p. 211-2171, orde:'nca.m;:i .
Moreover, the operators [*(7, p, A, E(p)) and AT, p, K(:p)) ma:.‘y jbe used in o”r er
to construct solutions of (1.12) and (1.18), respectively, satisfying a “slip condition™ on
the boundary; see Theorem 9.1 and Corollary 9.2.

In the next definition, we introduce some trivial extension operators:

Definition 6.2. Teke Re [0, 00}, S€ [i,0), o €N.
For any function & : RA\B, (0, R-§) — C°, let F(R, ) (®) denote the zero extension
of ® to RA\B:(0, R).
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If @ is an arbitrary function from R*\B,(0, R) inte C°, then F(R)(®) is to denote
the trivial extension of ® o R2.

Now suppose R € (0,00 and S € [1,), o c N. Then, for any function @ :
By (0, R) = C°, let G(R)(®) denote the zero extension of ® to R?, and G(R, S)(®)
the zero extension of © to By (0, R-5).

We finally introduce a number of mappings which arise when certain operators on 9K{i)
are written in local coordinates:

Definition 6.3. Let p € (L, 0), ¢ € (0,7/2], Re[0,), S € [l,o0), A€
C\(—o0, 0], 7€ {-1,1}, €€ (0,00).

Define the operator F*(7,p, @, R, §5) : LP{R\B,(0, R-5)) v+ LP(RA\B,;(0, R)) by
F*(r, p, ¢, B, 5) (®)

- (_n*(—f, . K(g) (F(R-8)(@)o0 (g)7") ) o g% |R*\B, (0, F)

for @ € L*(R)\B,(0, R-S) ). This means that F*(r, p, ¢, R, ) is obtained by trans-
forming the operator —II°{ -7, p, K(p)) into local coordinates and then restricting its
domain to LP(R®\B, (0, R-8)), end its range to LF(R"\B;(0, R)). I follows for &
as before, and for £ € RAB, (0, ) :
F'{r,p o, B, 5)(®)(8) = (7/2) - F(R, S)(®) (£) (6.8)

 onons @ (00)(@) - (4900) - 09))

1) ~ ¢ B(m) - sin ) dn.

We further observe, for ® € LP(R?) :
Flrne 0 )@ = (~I0CnpKe) (20(s9)") ) o g, (69)
Moreover, we introduce the operator
H*(Ta 7 R, S) : Lp(Rﬂ\BZ(Oz RS) )3 s LP(RE\B?((]? R) )3
by setting
H'(r,p, 0, R, §)(®) = (7/2) - F(R, 8)(®)

+ sin~!(p) - (L,-(o, ) & ((n¥og®) -@)) R%\B, (0, R)

15553

for ® € L*(R*\B, (0, R-S) )3; see Corollary {.2. Inserting the definition of the function
L;(0, @), and writing out the definition of the operation “®”, we obtain for @ as before,



H f}t‘”— CJ("E’)( ’ (LP(RZ) - lim (fma\%(oiﬂ's) X, ooy (| 1(R?) = 7l) - @7
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and for € € R:\B,{0, R} :
He(r, 9y 0, B S)@) () = (7/2) - F(R, S){®) 3 (6.10)

T (fiRE—s]),
% %,6”)(.1 ] oA I (29 0g®) 7} - B} ) - sin”' () dn)) GF

Nezt we transform the operator T(7,p, A, K()) into local coordinates, and then restrict
its domain and range in the same woy as we did when defining (7, p, o, R, S). This

leads to a mapping

J(r,p, A @, B, S} 1P (RA\B, (0, R-5))" — I?{RA\B:(0, R
with
J(r, p, A o, B, S)(@)

- (r(r, ) (?(R-S)(@)o(g(v))*l)) '
for ® € IP(R*\B,(0, R-S) Y. It follows for & as above, and for § € R:\B, (0, R):
I oo B @) () = (7/2) - F(B, S)®) ) (6.11)

R*B;{0, R)

3

+ (jm\mg(o R3) JZ M(g("’)(f) — ¢mp)) - (n{” 0 g ) (n)
®;(n) - sin'(p) dn)

Let us write out the preceding definitions for some special values of R and S. In fact,
it holds for ® ¢ 17 (R\B;(0, B))*, ¥ e I*(R)*:

1<1<s

J(r, p, ¢ B, 1)(®) (6.12)
= (r(*"ﬁy)(r, A, @ R) (rbo ()" |9 (RAB: (0, R)))) o g% |RA\B (0, R)
ond

Jrp A e 0, D(W) = (F(r; ) K(g)) (‘I'O(g“”))*l)) o g"¥. (6.13)

Nezt, we introduce some notations concerning operators related to L{p, ¢). Recall that
we assymed € > 0. By transforming —II" (—7, p, L{w, €} into local coordinales, we
are led to an operator G*(7,p, @, ¢) + IF(R %) vy LP(R?) with

6, @) = — (= L, ) (20 ()7 ) e

for ® € I#(R?), thal is,
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G*(7, p, ¢, €)(®) () (6.14)
= (1/2) ®(£) - j]mz (4-m)1. ((n(ea) o g )(E) - (y(E) - 7(40,6)(,7)))
| yed(e) =y ()7 - B(y) - T (n) dy

2 .
for @ € LP(R%), €€ R?:. Writing —TI{—r, p, L(p, €)) in local coordinates, we obtain
an operator G{T,p, ¢, ¢) 1 LF(R?) — LF(R?) defined by

_ (H(—r, p, L, €)) (cpo (7(¢,6))—1) ) o 799

for @ € I?(RY. Later on we shall need an explici ]
plicit representaiion e
analogous to (6.1{). Therefore, we note for ® € L?(R*), £ e R*: o Cnped,

G(r, p, @, €)(®) (§) (6.15)
= (v/2) - (&) + fm (@-m) - (290 g@)(n) -« (v9(8) — ¥ (n)))

Ayted(g) =y [ ®(n) - T (n) dn.

G{r,p, @, €) =

Now, turning to (1, p, A .
LP(RY® by g {r,p, 2 K(p)), we define a mapping M(7,p, X, @, €) : LF(R%?

M(r, p, A, ¢, €)(9) = (F(f, 2 A L(g, 9) (®o (7“""’)_1)) o y#
for ® € LP(R?)?. This implies for £ € R? and for ® as before:
M(r, p, A, o, ) () () (6.16)
= @© + (f, Z Brua(4#9E) ~ 7#2(m) (a9 009 ()
y(n) - 7 () dn)
Finally, we shall need the operator M*(t, p, A, @, €) : I?(R%)® = L?(R?)® defined by
M5, 0 9, @) 3= (15,50, Ll 9) (20 (199) ) ) 0 909,
with ® € L*(R?)?3. Correspondig to (6.16), it holds for ® € IF(R?)?, £ ¢ R?:
A I (6.17)
= (r/2) - (fm”z i (v () = 7Im) - (w7 or ) (E) L4
oY S ), gy LA L4

Next we consider aperators acling on functions which are defined near the vertex of K(yp) .
To this end, take p € (1,00), ¢ € (0,%/2], R e (0,x], S €[l,™), 7TE€
{-1,1}, A€ C\(—o0, 0]. Then we introduce the operators

1<1<3

1




L2

RS
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Aoy 0 B, S), A(rp e B 5) 1 IP(Ba(0, B))” o I (Ba(0, R-S))
by setting for for & € LP(B,(0, R) )

Al p, ¢, B, 5)(3) i= (A(r, p, K@) (G(R)@)0 (¢)") ) o g

£ 71 9@ = (N K (GERE@) 0 (47 ) 0.0
Recalling the definition of A(T, p, K{p)), we obtain for @ € L7 (B, (0, R) )3, £c
B, (0, R~ 8):

A(r, p, @, B, S}(® )(E) = (1/2) - G(R, S)(®) (€} (6.18)

f Z Diw(g9(E) — ¢(m)) - (0 09 )(m)
Ba(0. R} ;=1 -‘I’j(n) ' Sin_l((p) dn)

B, (0, R-S),

B, (0, }-S).

1
1<1<3

For later references, we also state the corresponding formula for A*(1,p, ¢, R, §):
A*(1, p, ¢, R, 5) (‘I>) € = (1/2)- G(R SHP) () {6.19)
(o 32 PP — ) - (705N

e -<I’L(n) - sin " ) dn)lﬁta-
Let us take note of some special cases. Thus, for R =00, §=1, it holds
Alr, p, 9,00, 1)(@) = (A(r, p,Bg)) (20 (59)7) ) o g (6.20)
for @ € I?(R?)®, and if S=1, we find
A7, p, ¢, B, 1)(2)

= (A(uer)(_n P 0, R) (‘I)O (g(!P))-l |g(99)(]32(0, R))) ) o g(lP) B, (0, R)

for ® ¢ LF{B:(0, R))s, with corresponding formulae for A'(r,p, @, 00, 1) and
AT, pop, B, 1)

d R)® » 17(B,(0, R))® by
Lastly we iniroduce the mapping L{r,p, A, ¢, ) : L (B;(0, R)) — ,

L(r, p, A, @, B)(2)
= (1"("") (1-, P, A, @, R)(q; o (g(v’))‘l ]g(‘ﬂ)(BQ((], R) ) )) o g(sa)

for ® € I#(B,(0, R) )s. Thus L(r,p, A, ¢, R) is obtained by transforming the oper-
ator T (7, p, X, @, R) into local coordinates. Hence, for ® € L7 (B, (0, R)) , £c
B, (0, R), it holds

B, {0, R)
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L(r, p, A o, B)(®) (£) (6.22)
= w0 + ([ 3 Buls¥E) - 9m) - (605
" @,(n) - s~ () d).

1¢1<3

Now we are going to present some — rather abvious — properties of the operators introduced
above. First we observe that all of the preceding operators are bounded:

Lemma 6.7. Let p € (1, 0), pe (0,7/2], 7€ {-1,1}, A€ C\(~o0, 0], Re
[0,00), T€(0,00], S€[l, ), €€ (0,00). Then the operators

(rpo R, S), H(r,p 0, B, §), J(1,0, M, ¢, B, S), G™(r,p, 0, €), G, p, ¢, ¢) ,
M (r,p A, €) M(m,p, A 0,6, Alr,p, 0, T, S}, A*(1,p, 0, T, §)

are linear and continuous.
Proof: We refer to Lemma 6.2, 6.5, and to Corollary 4.2.

Lemma 6.8. Take p € (1,0), ¢ € (0,7/2], Re (0,0), S€[l,), 7€
{-1,1}, ® c I?(R\B,(0, B- 5))*. Then

(nPog®)) - H'(r,p, 0, R, 8)(®) = F(r,p, ¢ RS ((n(w) o gy . qs)_

Proof: The proof is based on Lebesgue’s theorem on dominated convergence, which may
be applied in a suitable way by referring to (6.8), (6.10), Lemma 3.1, Satz 4.1 and Corollary
4.2. We omit the details.

Next we study the Fredholm properties of the operators defined before. From now on, the
notion of a “Fi-operator” will arise frequently. We refer to our definition in Chapter 2.

The following lemma contains a basic result which was already announced at the beginning
of this chapter, and which concerns Fredholm properties of a sum of certain operators.

Lemma 6.9. Let A be o non-emply set, B a o-algebra in A, and i a (positive)
measure on B. Morcover, take p€ (1, c0) and o € N,

For any subset G of A, and for any function f:G v C°, let F5(f) denote the
trivial extension of f to A. Furthermore, if G C A is B-measurable, then LG, )
is to denote the space of all B-measurable functions f:G — C with [(f]P du < oo.

G
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Assume that A, Ay are B-measurable subsets of A with 141 N Ay = E)_, AjUA, = AL
Let K : IP(A, p)? — LP(A, p)° be a linear operator which is bounded with respect to the
. ] 1

usual norm on LP(A, p)?. Then we define the operalors
K(l) - Lp(Alz “)a = LP(Ala ‘u)a' K(z) : LP(AZ! 'u)a = LP(A2= ”)ﬁ ¥
KOV . I (Ayy @) s DP(An, )7, KO 1 I2(As, )7 o DA, )"

by
KW (®) = K(Fa,(®))]4; for je{l,2}, @€ LP(Aj, 1)
K®(®) 1= K(Fa,(®)) |42  for @€ LP(Ay, p)7;

KW (@) = K(Fa,(®))| A1 for & € L"(As, p)" -
Suppose that K and K“ are compact.

Then K is Fredholm (or Fy) if and only if KO aend K® are Fredholm (or Fy) too.
In case K, KO and K@ are Fy-operators, it follows
indez(K) = index(K"W) + index(K®) .

Proof: The operators
KO 174, )7~ IP(A, 87, KO@):= FAE(K(S)(<I>|A1)) for ® € I7(A, p)° .
B . 12(A, gy o IP(A4 0y, RO@) = Fy (KD(2 |42}) for @€ L(4, )

are compact since K® and K® have the same property. Hence it follows with [34, p.

95, Theorem 3.8): K Fredholm (or Fy) if and only if K — HK’(.:‘) — K@ Fredholm (or
F+,). If one of these assuptions is true, then the same reference yields:

indez(K) = index(K —K® - KW).

On the other hand, we have for & € LP(A, p) :

(K-K®-E®)@) = Fuo(K0(2]4)) + Fi(KO(@|4,)).

Defining the operator K : L (A, p)° x LP(Aq, p)° w2 LP(A1, p)7 X I?(Ay, p)° by
(@, ) = (ED(®), K®(@,))  for @ € DAy, p)°, B2 € LF(An, u)'

we may infer that K — K@ _ K@ is Fredholm (or F}) if and only if K -is Fredholm

(or F}) as well. In case both K — KB _ K@ and K are F.-operators, they have the
i )

same index.

Next observe that K is Fredholm (or F;) if and only if K ) and K@ have the same
property. Furthermore, if K, KM and K¥ are Fy-operators, it follows at once that

indes(K) = indes(K®) + index(K™®).

e

CHAPTER 6. FREDHOLM PROPERTIES 95

Collecting our results, we obtain the lemma.

Lemma 6.10. Let A, B, p, p, 0, A1, A; be given as in the preceding lemma. Consider
a linear operator K i LP(Ay, u)° v IP(A, p)° which is bounded with respect to the
usual norm of LP(Ay, ) and LP(A, u)°, respectively. For j € {1,2}, we define the
operator MU) : LP(Ay, p)° s LP(A;, p)° by

MUU(®) := K(®)|A4; for &€ LP(Ay, p)°.

Suppose in addition that M is compact. Then K is an Py -operator if and only if
MY} has the same properiy.

Proof: For any subst G of A and for any function f:G — €9, let Fg(f) denote

the trivial extension of f to A. Define the operators M, M® . LP(A), g)® —
LP(A, p)* by

ﬁ(j)(@) = FAJ'(MU)((I’)) = FA_,-(K(‘I') ,Aj) for ® € LA, )7, j€{1,2}.

Then M is compact, and it holds: K = M) + M® . Hence it follows by [34, p. 25,
Theorem 3.8]): K is F, if and only if M is Fy too. On the other hand, observe that
kern(MM) = kern(M®™), and im({M) is closed if and only if the set im(M®} has
the same property. Hence we may conclude that M@ is F, if and only if MW is also
a Fy-operator. Gathering up our information, we obtain the lemma.

Corollary 6.1. Let p € (1, ), ¢ € (0,7/2], A€ C\(-, 0], Re€ (0,00), §¢
(1,00}, 7€ {-1,1}. Assume that (L, L) coincides with one of the following
pairs of operators:

(Jip A\ e, B9, Jrp Ao RS 1), (A w0 R, S), Alnp e R D),
(Ao RS), £peRY), (FrpeRS), FreeRS1Y).
Then L is F, if and only if L® has the same property.

Proof: Define the operators K, MM, M@ in the following way:

K:=J(rp e R S); MW= J{r,p, A, ¢, B-S, 1);

M® ; [P(R\B, (0, R-5))" = L*(B,(0, R-S)\B,(0, RB))°,
MP(@) == J(r,p, ) p, B, S)(®)(B,(0, R-5) \ By (0, B)
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for ® ¢ [P{RAB, (0, B-5)).

r M® is compact. Now Lemma 6.10
R,8), L® =J(r,p M o R.5,1).
the main difference being
(6.8), {6.18) and (6.19),

It follows by (6.11) and Lemma 6.6 that the operato
yields the corollary in the case LW = J{(r,p, A, 9,
The other three cases may be treated in an analogous way,
that the reference to (6.11) must be replaced by another one to

respectively.

Corollary 6.2. Let p€ (1,00), @€ (0, 7/2], *¢ C\(—00, 0], Ry, fz € {0,0¢), TE
{-1, 1}. Choose (LW, L®) among the the following pairs of operators:

(76 p X0 By 1)5 T 2 By ), (Fpoo Bu D), Frmp e B 1),

(A(T:- @ er 1) 3 A(T'n P Rﬂy 1)) ) (A‘(Ta P, ¥ Rl! 1)1 A*(T'} D P R2, 1)) .

Then L is Fredholm (or F. ) if and only if 1. is Predholm (or Fy ) too. In case Lm

and L® are F\,-operators, they have the same indez.

Proof: The corollary is a consequence of Lemma 6.9, combined with the integral repre-

sentations given by (6.8}, (6.11), (6.18), (6.19) for the operators mentioned in the lemma.
Ty Dy ¥y R, 1) 1 L® = A'(T, P, R, 1) .

As an example, consider the case LU = A*(
> R,. Let us apply Lemma 6.9

Without restriction of generality, we may assume R,
with
g:=3, A:=DB(0 R}, A= B, (0, B), K= A7, p, o, By, 1)

For B, we take the Lebesgue-measturable subsets of A, and for p, the Lebesgue measure.

Let KM, .-, K9 be defined as in the lemma just mentioned. Note that K isa linear
bounded operator from LF{A)7 into Ir{Ay (Lemma 6.7). According to Lemma 6.6,
K® and K® are compact. The operator K® — (r/2) - id(A;) is compact as well;
see (6.1), (6.2) and Lemma 6.3. Hence, by [34, p. 24, Theorem 3.4}, the operator K® is
Fredholm with indez(K™) = 0. Finally we point our that K& = A*(r,p, @, By, 1).
Thus Lemma 6.9 yields the corollary for the case considered presently. The other cases

may be treated in an analougous way.

Corollary 6.3. Take p € (1,00}, ¢ € (0, /2], R € (0,00), 7€ {-L1}. Let
(LM, L®) be one of the following pairs of operalors:

(Fo.pe0D, Flnpek ), (A(r,p, 9,00, 1), Al 290 By 1)),

(A*(T?p) lp’m’ 1)5 A*(TTP,(IQi Rl 1))'
Assume that L) is o Fredholm operutor. Then L

(2) ig Fredholm too,
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Pl‘oof. ThlS result may be es a,bl S]letl I) a reaso 8117 la[ O e 0 h f
.
. y A5 nlng h ne uSed in the Proo:

Carallary 6.4. -Le_zt pe€(l0), pe€(0,7/2], XA e C\(-o0,0], Re (0,00)
{=1,1}. In addition, let (LM, L®) coincide with either R

F*'(r,p, o, R, 1), G*
( ( P, P )s (‘T,p,gﬂ,R)) ar (J(Tap:As(PaRal)r M(T,P,/\,(P,R)).

Assume L™ to be Fredholm. Then L is also Fredholm, and it holds:
indez (LMY = index(L?).

Proof: Consider the case L) = p=
- 1 ? ¥ ] (2) . *
apply Lemma 6.9 with g E e, =62 € G NS

— 22
gi=1, A=R* A :=B0,R), K:=GG(rpp k.

xo;l(:;)vE;) ::; ;:lflei ua.s the ]E;a.lg%br; of Lebesgue-measurable subsets of R?, and g
re o1 . Under these assuptions, de W ... K@ i
.Lemr'na 6.9. We observe that K is a linear and bounged ma.ppif:;efr(fn tile sl;af: )I}’aillg
::I;trz Iziilf g;lemma 6.7). Egl)lation (6.14) and Lemma 6.6 yield that K@ and K("?( az'e
(6'3)I)M(i Le;;pega;orHK —(7/2) - id(Ai) is compact too, as may be seen from (6.14)
(68 and Le Othzrl.l ) g e(rllce, by [34, p. 24, Theorem 3.4], KV is Fredholm with index,
rero. and, due to (3.6), (6.8) and (6.14), we have K® = F*(r, p, ¢, R, 1)
b follows by the assumptions in the corollary that K® is Fredholm. N v Lemma 6.9
yields the corollary for the case considered presently.  Now Lemma 6.

If instead LW = J(r, p, A %=
A e Ry, L = M(r,p, A ¢ B i
. ; v A @, RB), then we ma,
an analogous way, with the references (6.14), (6.8) replaced by (6.,16), {6.11), rexzrpf'j;:;fil\l;zg;1

{C_o;'o;lary sf;5. Let pe(l,00), o€ (0,7/2], A€ C\(-o0, 0], Re€ (0,00), T ¢
¢ v 1}. Then J(7,p, A, ¢, 0, 1) is Fredholm if and only if J(r,p, A, ¢, R, 1) and
(Ty 2, A, 0, B} have the same property. If these conditions are true, then

indew(J(T, A e, 0, 1))

= index(L(r, Py A, @, R)) + index(J('r, pA @, R, 1)) .

Proof: We apply Lemma 6.9 with
g:=3, A:=R? A :=B(0,R), K:=J(rpeol).

We further assume that B is the Lebesgue-o-algebra in R?, and p the corresponding
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. (@ apd KW
... K™ be defined as in Lemma 6.9. Then K'¥ an
begue measure. Let K2, .-, K n
ife ii;:npa,ct operators, as follows from {6.11) and Lemma 6.6 In addition, we conclude
from (6.11), (6.22):
K = L(T: Dy A, Py R)v K® = J(T= P AP R, 1) ‘

Hence the corollary follows from Lemma 6.9.

: X = Y isa linear

X, XY, Y are Banach spaces, K : /
]Ebfmorln; c?-::a.toiﬂp:rfge F:X' = X, G:Y = Y are linear topological operators.
Tl:‘:n ;{ i{: F%'edf;alm (or Fy) if and only if Go K oF is also Fredholm (or F.). In case

these operators are Fy, they have the same indez.

The proof of this result is simple, and we omit it.

Lemma 6.12. Let p€ (1,00}, 4, B C R? measurable, 0 € N, @ € (0, /2], €€
(0,00}, he{g?, Ao}, In addition, suppose that

K : LP(A)° » F(B), M: P(h(A)) = IP(h(B)”

are linear and bounded operators with

(M(cpoh—l |(4)) ) oh|B = K(@®) for ®€L(A).

Then K is Fredholm (or Fy) if and only if M is Fredholm (or Fy). When any of these

conditions is true, it follows that indez{K) = index(M).

Proof: Apply (3.1), (3.8), as well as Lemma 6.11 with
G By — IP(R(B)), G¥):= Woh ' |R(B) for ¥€ L"(B:r)";
F:LP(h(A)) = IF(4)7, F¥) = Toh|A for WeL?(h(4)) .

c
Corollary 6.8. Take p € (1,00), ¥ € 0,7/2], A E C\(—o0, 0], R € (0,00), T
{-1,1}. Choose (LY, L®) among the following poirs of operators:
(0 (-r, p K(g)» F(r.p 0 D), (F60(rp N0 B, Jimp do By 1)),

@) (r, p, Ay, R, L(T, 20 A 9, B) )
P(r o ML R)), M(r A0 B)), (T A e R), L )

(
(F(T: 7 A K{)) , J(r. A e, 0 1)) : (A‘ (wr)('ra oy B, AT, p, o R, 1)) b
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(A7, p, 0, ), A(r,p, ¢, R, 1), (Alr,n, K(g) . A(7, 9, @, o0, ).

(A*(T, p, K(p)), A*(7, p, . 00, 1)) ]

Then LW is Fredholm (or F, ) if and only if L'? has the same property. In case L'V
and L) are Fy-operators, it follows: indez(LW) = indez(L(®).

Proof: Use Lemma 6.12 and (6.9), (6.12), (6.13), (6.20), (6.21).

Lemma 6.13. Let p € (1, 00), A€ C\(—o0, 0], Rc[0,00), 7€ {-1,1}. Then the
operator J(r, p, A, /2, B, 1) is Fredholm with indez 0.

Proof: We note for 7€ R?:  g/A(n) = (n,0), (a0 g/D)(m) = (0,0, -1).
Hence we have for £, € R?:

(n(ar/2)og(:r/2))(n) . (g(vrlz)(‘g) _ g(wﬂ)(n)) = 0.

By (5.11), it holds for &, n€ R? with £#£n, 1€ {1,2,3}:

3
3 Baulg™AE) ~ g(m) - (a7 0 g) () - B5(n) (6.23)
3 - BaE-n,0) - 8.

Combining this equation with (6.11), Lemma 6.7 and [33, p. 219, Theorem 5.8], we
may conclude the operator J(r, p, A, 7/2, 0,1) is continuous, one-to-one and onto.
In particular, it is Fredholm with index 0. This proves the lemma in the case R —
0. Now assume R > 0. Then Corollary 6.5 yields that J(r, p, A, /2, R, 1} and
L(r,p, A, n/2, R) are Fredholm with

indez (J(r, p, A, ©/2, R, 1)) + index(L(r,p, X, /2, B) = 0. (6.24)
But from (5.12) and (5.14), it follows

| Pi(m 0} < Cur(largd]) - [M for n e RA{0}.

This implies by (6.23), (6.22) and Lemma 6.3: The operator

L{r,p, A, 7/2, B) — (7/2) - id(B,(0, R))

is compact. Thus, referring to [34, p. 24, Theorem 3.4], we obtain that L(r, p, A, /2, R}
has index 0. Now the lemma follows by (6.24).

Next we turn to the question whether our operators depend continuously on certain pa-
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rameters. We begin by an abstract result:

Theorem 6.1. Let X, Y be Banach spaces, and assume that A : [0,1] = LB(X,Y) is
a conlinuous mapping. Moreover, suppose that A(t) is a Fy-operator for any 1 € [0, 1]-
Then it holds: indez(A(0)) = indez( A(1)).

Proof: We refer to the proof of {34, p. 25, Theorem 3.11]. There, reference [34, p. 24,
Theorem 3.5], which states that the index of a Fredholm operator is invariant with respect
to small perturbations, should be replaced by a reference to [29, p. 235, Theorem 5.171.
The latter theorem concerns stability of the index of semi-Fredholm operators.

Now we shall check whether the assumptions of the preceding theorem are satisfied by

some concrete operators:

Lemma 6.14. Let p€ (1,00), o € (0, 7/2]. Then there is a constant Cx(p, wo) > 0
such that for @, ¢ € o, 7/2], T € {-1,1}, ¥el’ (R?), ® € LP(R?)?, the ensuing
four ezpressions

Z (f (L 2 D (g(E) — 92 (m) )(m) - (i 0 9) () (6.25)
) oy s )
- J}Z Dyua(g®)(€) — 9¥(m) + (nf 0g“)(m) - 3(m) - sin () | dn)p) ,
| A(r, B, @, 00, 1)(®) = Alr 2, ¢/ 00, D), (6.26)
| A (7, By @y 00, (@) — A(r 1y @' 00, D@ (6.27)
| B, pr 9, 0, VW) — F (72,6, 0, D) (629

are bounded by the term Caa(p, wo) « ¢ — /| - 1@l and Caalp, 90) - I = o' - 1]l
respectively.

Proof: Put

Caoa{ps w0) = (27/7) « sin™2(ip0) * coso - Cs(p);
Caoa(ipo) =21 (2.w)7" - sin™* (o) 5

Cios(p, 00} = Cao2(tpo) - 36 - sin™ (o) - cos@o * Cs(P)

Csu,4('Ps o) = sin'l(cp) ® (27/7’) ¥ CS(P) N Caolp, o) = Z Cﬁﬂ,j(pa o) -

je{1,3,4}
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Now let , ¢, 7, ¥, @ be given as in the lemma. It i i i i
in (6.25). Due to (6.18), we know that the term in (ﬁig;fg?ﬁ;[:; :it;;njﬁz f)l::e iXPrESS"Un
1(% (1(;261? As for the expre.ssion in (6.27), it may be dealt with by a duality argmﬁgs:-rii
ID. ) 1na.11y, the term in (6.28) may be evaluated by replacing ® with {{1/3) -16- -
bi<i<a » in (6.27) (1 €{1,2,3}), taking the sum in I, using (5.9), (6.9), (6.1 :
then applying the estimate in (6.27). ’ ESRED 2

In order to evaluate the term in (6.25), ! i
0 .25), let us introduce some abbreviati
RA{0}, B e€{p, ¢}, & neR®, we write R

K(z)i= =3 (@m0 - (5218 %)y, o
@ & )= (n® 0 g®)@m) - (4D(E) - ¢P(m)).

It follows for 7, 1€ {1, 2, 8}, =z € R%{0}:

| DaKyi(2}| < 21-(4-m)7" |22, (6.29)
Due to (5.9), the expression in (6.25) is bounded by i R,., where

m=1
Ry = |sin™ () — sin™'(¢) |

(L& m - K(ee) — g9m) - @] dn)’ dﬁ)%;

Ry == sin (g} - (.[Rg (fmz|h(f,9, &l
J(K(g9©) = ¢2m) ~ K(g®)(©) — ¢¥(n))) - ()| dn)p df)w;

By = sin™'(¢) - (/m( | 1Ble & m) — B¢, &, )|
(K (gE) — ¢¥O(n) - ®n)| dy )’ df)”p.

Since

P B —
|sin™'(a) — sin™H )| < sin*HaAd)-|a—d| for a,a € (0, /2] (6.30)
we conclude from (3.12) and Theorem 4.1:
B £ Caoulp, o0) - lo—¢| - |12, (6.31)
We further observe, for &, 7€ R? with £ #94, j,1€{1,2,3}:

| Ea(g(©) - 9P(m) — Kau(g*(€) ~ ¢ ()]

{cotp — cote’) - (|&] — |nl)

[ Daka((€ M, (corg + 0 (ot cote)) el -1 ) 49|
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< 21-(4-m)7t - [cote cote'| - €~ ™ € Caoa(d) - le — | - 1€~ 7=,

where the first inequality follows from {6.29). Applying (3.12) and Theorem 4.1 once more,
we get

B, < Caoa(p, @o) -l —¢| - 12l (6.32)

Finally we conclude from (3.13) and Theorem 4.1:

Rs < Caoalp, @) - le— ¢ - 9[- {6.33)

Now, combining (6.31) - {6.33) with the definition of Cao(p, e}, it follows that the
expression in (6.25) is bounded by Caolp, o) - le— | - [|®llp-

Lemma 6.15. Take p € (1,00), A€ C\(—oc, 0], @0 € (0, 7/2]. Then there is @
number Ca(p, @o, A) > 0 such that it holds for o, ¢ € [wo 7/2], T€ {1, 1}, @€
P (R%®:

170, p, A 0, 0, 1)(®) = J(r,p, 2 ¢, 0, (@, < Caa(p, 0, A) -l — &1 - |12l

Proof: We begin by defining the constant Cai(p, @or A) . To this end, we set
Coaa(ps o) = 9+ Colp, o) - (sin(pn) + 207 (en) )3

Caralio, X) := 108 -sin™* (o) - Cis(larg Al) - (IAIV A7)

Car(p, 0, A) := Calp, o) + Coalps o) + 8-7 -sin " () + Cana{ipo s A) -

Let 7, ¢, ¢ Dbe given as in the lemma. For Felp ¢}, &neRA{0} with £ # 1,

we set
3

K@ &n)= (sin ut Z (9@ - g@ () - (nfv‘:’og(;))(n))

1€1,i¢3

Moreover, we define Kl (&, & m) - K@, €, n) in the same way as K(3, £, 1), but
with the function ’D_,,k, replaced by ’DJH, D; EH + DkEJ, , D; E‘k, 4 DkE_,',,, — 85 - By,
respectively (j, k, { € {1,2,3}).

By the definition of 13;,,, and Djy in (1.4), (1.7), respectively, and because of (5.1), it
holds:

K = K1+Kz = K3+K4.

Thus we have chosen two different ways of writing K as a sum of two summands.
follows by {(6.11):

It
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” J(Ta P A e, 0 1)(¢) - J(rp, A0, 1)(®) "p < Z R, , (6.34)

with

R, = (jl;’ (j;a X(u_n(lf_’?l) : |Km(‘Ps £ m) - ®(m)
~ (¢ &) 0(n)| dg)’ de)w

for m € {1, 2}, and

Boi= ([ [ X, =11) - (Knle,&m) - 20
— Kn(, &) - @(n)) dy lp d&) "’
for m € {3, 4}. Now we apply Lemma 6.14 to obtain

Ry < GCalp o) - le— | - ||2],- (6.35)

Next we write R, in the following way:

R, =

(Si“_l(w) (L0, ), ® () 0g¥) @)
~ sin~ 1 (L, ) & ((n(w')og(v')) . @))

tgigally

with I, gO, ®), Li(0, ¢') introduced in Definition 4.1. Recalling Corollary 4.2 and (3.2)
we may infer from the preceding equation: o

Ry < Canalp,ed - le—<& - [[2],- (6.36)
In order to evaluate R, and Hs, we define for &, s € R? with ££n:

Kanl6ym) = 3 (sin (¢} - (a0 g®) () ~ sin~'(¢) - (nf 0 g )(m) )
: ((DJ'E:I + Dkf;:)(gw)(f) - g('f’)(n)))l« ot
Kapa(€, ) == Z sin” n?) 0 g ) ()
. ((DjFiz + Dijr)( (‘P)(‘f) - g(p)("?))
- (D Ekt + D.E. )(g(w) = g(w’)(ﬂ'))) o

Let Kj;, K32 be defined in the same way as K,;, Koy, but with the function
D;Eq + D:E,, replaced by D;E} + DuE3, for j, k, 1 € {1,2,3}. Then it holds

Km(‘Pa E: 77) - Km((P’a fa 7?) . Km,l(fa 7]) + Km,Z(f) Tf) (6'37)

fc‘);lm c{1,2}, £ q¢e BE with € # n. We are going to use this equation in order to
evaluate R, + Rs. To this end, we first note a consequence of (3.2) and Lemma, 5.4. In
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fact, it holds for &, n € RA\{0} with £#7:
| EKopn (6, 1)« (M £ Canalios A) - le— &'l - @), (6.38)

| Ksal€,m) - @(m 1 € Caaloo M)+ lp =1 € —al™* - [@(n)]. (6-39)

In order to deal with K,, and Ks,, we take note of the ensuing estimate, which is
valid for 7, k,1€{1,2,3}, £&in€ R2\{0} with £#n:

IDEN(gP () - g¥m) — DiEu(s®® - 47 M)

(cotp — cot?) - (1€] = In])

[ DB (gm0, (song + 9 (cote -~ cone) (el~1nD ) 49|
0

Crs(larg Al) - [A] - | —a|™" - [cot — cotg'] - | €] = Inl|

1A

Chs(lacgAl) « A - 2 - sin{go) - lp = &1
with the first inequality implied by Lemma 5.4, An analogous argument yields, for
4, k, 1, & n as before:

|D,EN(59E) - d9() — DyEA©) - ¢ ()]

A

< ChgllargAl) - A7 - 2 - sin (o) - o — @/l 1€ =™
Now it follows for £, n € RA\{0} with £#7:
|K2,2(E= n - ¢'(W)II < Cazlwn, A) - Si“_l(‘PD) - |‘F’—‘P’| @0 (6.40)

Ci,2(0, A) - Sinll(%) e - AR 1’I|"1 - |@(m)! . (6-41)

1A

| K32(6, ) - ®(n) |
Recalling (6.37), we may conclude from (6.38) - (6.41):
Ry + By < 4-sin™ (o) - Caralipos A) - lp— &'

'(/]P(L,(X(DJ)UE—’?I) + X(l,m)(lf—’ﬂ) : |E—TI|_4)
@)l dn ds)

But the right-hand side of the preceding inequality may be estimated by Lemma 4.9
(Young’s inequality). It follows

ifr

Ry + Ry < 8:7-sin (o) - Caalpes A je—¢l- 2l (6.42)

Now the lemma, is implied by (6.34), (6.35}, {6.36) and (6.42).
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Lemma 6.18. Let p € (1,00), 9 € [0,7), we (0, 7/2], r€{-1,1}, Re (0,00},
b e LP(RY)3, v,v €[-9,9]. Then

| 7(r, p, R-€, 9,0,1)(®) — J(r,p, B-67, p,0,1)(2} ], (6-43)
< 27-7-Cys(d) sin () - (R+EB7) - [y =71 - 2],
Proof: For A € C\(—cc, 0], & n e R? with £4£ 75, we put
KOO & )= (X n([E- 1) - sin™' ()
3
Y (DB + DER () — ¢P () - (o 0g®) ()
k=1 1<18,4<3
KOO n) = (X, ) ([E=1l) - sin7 (p)
3
’ Z (DjEfc\z + DkE’ﬁ)(g(“")(f) = g(tp)("?)) ' (ngf)og(w))(”))1<1j<3'

k=1
=
From the definition of Dy, in (1.4}, and from (5.1), (6.11), we obtain for A, X €

C\(—OO, 0] :

" J(’r, A e 0, l)(Q) - J(Tr A », 0, 1)(Q) H
+®;(n) dﬂ) df) :

By Lemma 5.4 and (3.18), it follows that the left-hand side in (6.43) is bounded by

Cis(9) |'Y“7'| ' 27-sin_1(go) : (/ (/ (R . X(u,l)(lg_"l‘l)
E? \ R 2 ip
+ B X (lE—al) = nl™t) 180 dn) df) .

Applying Young’s inequality (Lemma 4.9}, we see that the preceding expression may be
estimated against the right-hand side of (6.43).

P
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Lemma 6.17. Let p€ (1, 00), @ € (0,7/2], 7 {-1,1}, AeC\(-o0, 0], RHe
[0,00), § € (0, ). According to Lemma 6.7, the following mappings are well defined:

B, ¢ [0, 7/2) = LB(L7(RAB (0, B)), L*(R'\B,{0, R))),
1II1(‘10) = F*(T’ be R1 1) fOT‘ pe [990, 7!'/2];
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W, : fypo 7/ = LB(Z(B,0,5))°, P(B:(0,9)°),
‘IIZ((P) = A(T! » ¥ S: 1) fO‘l" YE [(P(], 7T/2];

By ¢ oo, /2] o LB(L(B2(0,5)), FF(B:(0,5)) )
Uy(p) = A*(r,py 9, 5, 1) for ¢ € [wo, 7/2]5

B, : [po, 7/2] = LB(P(RAB0, B))’, IF(RAB(0, B)Y ).
‘114((10) = J(T’ ? A: Ps Rs 1) fO?‘ GRS [[1901 71'/2] f

Tet je{1,2, 3,4}, and suppose that for any @ € (o, m/2], the operator U;(p) has
property Fy . Then it follows index(¥; (¢)) = 0 for ¢ € [po, 7/2].

Proof: Since

P ni2 RY = (52) i 2 (RAB, m)),

A, p 72, 8,1) = A(r,p /2,51 = (r/Z)-id(LP(]B;(O,S))s).

the index of the three preceding operators has value zero. Furthermore, we know from
Lemma 6.13 that the operator J(r, p, /2, I, 1} has index zero too. On the other
hand, it is clear by Lemma 6.14 and 6.15 that ¥, for j €{1,2, 3,4}, is a continuous
mapping. Hence Lemma 6.17 follows from Theorem 6.1.

Chapter 7

Fourier Analysis on Locally
Compact Abelian Groups

In this chapter, we are going to present some results from Fourier analysis on locally
compact abelian groups. We shall apply these results in the next chapter in order to
investigate the behaviour of the operators A(T, p, K(¢)) and H(7, p, K{y)) .

Consider a non-empty set ¢, which is equipped with a group operation & (“addition”},
and with a topology 7. Assume the group (7, @) to be abelian, and the topological
space (G, T) to be Hausdorff and locally compact. Suppose in addition that the triple
(G,®, T) forms a locally compact abelian group ([42, p. 253]). If # € G, the symbol
z~! stands for the inverse of & with respect to the operation &. Let B denote the
Borel-o-algebra generated by 7 on G (see [3, p. 205]). Then there exists a non-negative
regular measure m on B with the properties to follow:

m(V) > 0 for VeT with V0, m{z @ FE) = m(F) for E€B, (7.1)

(Concerning the concept of a “regular measure”, we refer to [3, p. 206].) If m’ is another
non-negative regular measure on B satisfying the properties listed in (7.1), then there is
a number ¢ € (0, 00) with m=rc-m'.

A proof of the preceding results may be found in [3, p. 303 - 310, Section 9.2]. A regular
measure with properties as in (7.1) is called a “Haar measure” on . From now on, such
a Haar measure m on (7 is assumed to be fixed.

If f:G v C is a B-measurable function, integrable with respect to wm, then the
corresponding integral is written as

fG (@) dm(z).

We point out the following equations, which hold for B-measurable and m-integrable
functions f:G — C:
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fG fleoy) dm(z) = j; f(a) dmiz) for yeG, (7.2)

]G Fe) dm(z) = fG f(z) dm(z).

For a proof, first consider the case f = X 4, fora Borel set A € B. Then the first
equation in (7.2) is valid due to (7.1}, and the second one holds according to [42, p. 3,
1.1.4]. As for the general case, we may reduce it to the preceding one by choosing a
sequence of simple functions (finite linear combinations of characteristic functions of Borel
sets) converging to f in a suitable sense; see (3, p. 51; p. 54, Proposition 2.1.7; p.
64/65; p. 70, Theorem 2.4.1].

If pell,o0), let L?(G, m) denote the set of all B-measurable mappings f from G
into C with

L|f(m)|” dm{z) < oo.
For pe[l,00), f€LP(G, m), weput

flla = ([ i@ dm(a))™".

As usual, we shall identify functions from & into C if they only differ on a set with
m-measure zero, Hence the mapping || ||,,¢ may be considered as a norm on L?(G, m).

According to [3, p. 318/319, Proposition 9.4.1), we have for f, g € L' (G, m} :

fa [flzdy™) - 9y | dm(y}) < oo  for m-almost every = € G. (7.3)
Thus, for f, g € L'(G, m), the convolution

FAg:G €, (fAg)(e)= fG fleoy™) - o(y) dmly) formae z€G

is well defined. Furthermore, we have fAg € L'(G,m), and it holds

lfnglhe < Wle - lglhe  for fige LNG, m); (7.4)

see [3, p. 318/319, Proposition 9.4.1]. A mapping 7 : G — € with

yeoy) = v(@) -y, |he)=1 forzyed,

is called a “character” of G. By I', we denote the set of all continuous characters of G .
For 7,7 € I', the mapping YOy :G = C isto be defined by the usual multiplication
of complex-valued functions. The set I’ equipped with the operation O is a group, the
so-called “dual group” of G . If fé€ L'(G, m), we call the function

Firmc,  fo= [ f@) o) dmis)  for yCT,

the “Fourier transform” of f (with respect to the Haar measure m). Note that
P

)
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{fel (@ m) : fiy) =0 for yeT} = {zerofunctionin LNG, m)}; (7.5)
see [42, p. 16, 1.3.4; p. 29, 1.7.3 (b)]. Define
AT) = {f : felG,m)}.

According to [42, p. 9, Theorem 1.2.4 (a)], A(T) is a subalgebra of the space of continuous
functions from T' into €. We equip T with the weak topology induced by the functions
Fe A(T); see [42, p. 8/9,1.2.3; p. 249, A10], [50, p. 55, Definition 8.9]. In this way,
' becomes a locally compact Hausdorff space ({42, p. 10, 1.2.5; p. 262/263, D4]). ,

For f, g € LY (G, m), the Fourier transform of fAg is gi 7o
’ y y g is given b . 12, p. 9
Theorem 1.2.4 (b)]). y f-g ([42,p. 9,

If B e.Ll(G, m)¥3, fe LY(G, m)®, we define the Fourier transform B, f of B, f,
respectively, and the convolution BA f in the following way:

~

-~ -~ —~ 3
B = (BJ )lsj,k <37 f:= ('ﬁ)lﬁfsl"’ BA.f:: (Z B}kéfk)

1<j5<3

Lemma 7.1. Teke vy € I'. Then there is some A € B with m(A) < oo and

E(’Yo) # 0.

Proof: Assume X ,(7) = 0 forall A€ B with m(4) < oo. Put

&= {Zaj'XAj : nEN? al,"',QnGC, Ala"'lAnEB
~i=1
with m({A;) < oo forie{l,---,n}}.

Then it follows f(y,) = 0 forany fe€&.

Now take f & L'((, m). According to [3, p .51; p. 52, Proposition 2.1.7; p. 64/65; p.
70, Theorem 2.4.1], there is a sequence (f,} in £ with ||f — falli,e = 0 for n > o0,
But for n € N, we have '

P = B0l < [ 15 = @)l o] dme) = 1~ fille,

o that f(yo) = 0. Since f is an arbitrary function from L!(G, m), we have arrived
at a contradiction to [42, p. 49, Theorem 2.6.2].

Theorem 7.1. Let B € L'(G, m)*3 | pe (1, 00). Then the operator K : LF(G, m)®
IP(G, m)*, with

K(f)(z) = flz} + j;vB(ﬂ:EBy_l) - fly) dmiy) for fEF(G,m)?, z€G, (7.6)

is well defined and continuous.



110 CHAPTER 7. FOURIER ANALYSIS

The convolution on the right-hand side of (7.6) will be abbreviated in the sume way as in
the case f € L'(G, m) (sce (1.3)), that is, by (BA f)(z) .

If there is some € > 0 with |det(Ey + Bm))| = ¢ for yET, then K s bijective.

Conversely, if K is bijective, then it holds det(Es + B(y)) # 0 for vel.

Proof: Take h € L!(G, m). Applying Holder’s inequality in an analogous way as in the
proof of Lemma 4.9, and recalling (7.2), we find for f € LF(G, m):
ifr

(L (fG bz @y ) - |F )] dmiy) )P dm(m)) < Nilue - 1l e- (7.7)

This means in particular (see [3, p. 159; p. 68, Corollary 2.3.12; p. 64/65]):

j Rz @y )| - |f(»)] dmly) < o0 for m-almost every z € G,
G

so that the integral on the right-hand side of (7.6) exists for m-almost every = € a.
Tn addition, we may conclude from (7.7) that the integral on the right-hand side of (7.6)
defines a function belonging to L?(G, m)?. This means the operator & is well defined.
It further foliows from {7.7) that K is continuous.

Now suppose there is some ¢ > 0 with
|det(Es + B(m)! = € foryel. (7.8)

Without loss of generality we may assume € < 1. Since A([) is an algebra, as mentioned
above, we have det(FEs + B(y)) — 1 ¢ A(l). So there is some f € LY@, m) with

det(Es + B(y)) = 1 f(y) foryel. (7.9)
Put
Ei={z€C : |z4+1 > ¢2} = RAB((-1,0),¢/2)-

Then E is a domain in R2, with 0 € F. Define the function ¥ : E — C by
F(z):==z-(1+2)! for z € E. This function is real-analytic, with F{0) =0. Due to
(7.8), the function f introduced in (7.9) satisfies the relation

zm(f) C RZ\BZ((“LU) s E) :
Recurring to a theorem by Wiener and Levy (see [42, p. 133, Theorem 6.2.4]), we may

-~

conclude that F(F) € A(I'), that is, there is some fy € LG, m) with fo=F().

-~ -

Recalling the definition of F, we obtain fo = F+- 1+ f)~'. Now define the operator

R0 1 LG, m)® n PG, m) — LY@, m)® N DG m)°

by
BO(g) == g — foldg for g€ L'(G, m)* N (G, m)”.
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Because of (7.3), (7.4) and (7.7), this definition makes sense. For g as before, we have

— A -~ -~
(g} = 9-Ff-5 = a+H* 3. (7.10)
If je{1,2 3}, weput o(f) := max{1, 2, 3 \{j} ) == mi i i

H $ [t} ? QJ)'_mlﬂ 1=2y3 -U

these notations, we introduce the operator ( { PSS
K® MG, m)®n PG, m)® = LG, m)® N LP(G, m)®
by setting for i € {1, 2, 3}, g€ LYG, m)® N LP(G, m)*:
K™ (g)

3
ERTC I F DR DI < e
=1( 1) (50(3),0(0 Setin ety - K3 @) + Botiow - Bair.aty A KV (g)

<,

+ 8oi)ey * Botn o) AK(9) + Batiron A Bay, ot A K (9)
= St  Setinoty * K3 (@) — bati, e - Banow A K;V(g)
= G Botihon AK(g) — au),g(e)ABgu),a(f)Aﬂl)(g))‘

Referring to (7.3), (7.4) and (7.7) once more, we see that K(* is well defined.

For any matrix 4 € C*** and for 4,7 € {1,2,3}, let AGS) € 022 denote the
matrix obtained from A by deleting the i-th row and the j-th column. Then it holds for
g € LMGE, mP?*n G, m)®, yel':

(Ro@) o) (“10)
= (e aa[(Bs + B)™) (B0 ).

<45

Now it follows, with g,y asin (7.11):
(xFo@)) &) = (B0) 0 + Boy (F99) ) (7.12)

= (Bt B (B2) @) = dei(Ea + B - (RO9) ().

The last equation is a consequence of (7.11), From (7.10), (7.9) and (7.12) we infer, for
g, asin (7.11): '

(£(&9)) 0 = 3).
Because of (7.5}, this implies
K(K®(g) = g for g € LY@, m}® N IP(G, m)®. (7.13)

It may be shown in a similar way that
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KO(K(g) = g for g € LG, m)* N LX(G, m)°. (7.14)
Now put

& = 6 max{1 + 2 [Bulie + WBulle : 5kE{L2 3]s

¢ = ¢ - 9 (L+]folle)-

Then we infer from (7.7),if g € L}G, m)® N LF(G, m)®:

3
KD @l < €L IK @lhe < & lalse
i=1

Moreover, the operator K(?) is linear. Since the set L'(G, m)* N I:i(G, m)® is d-ense
in I?(G,m)* (see [3, p. 108, Proposition 3.4.2)), it follows that K® hfms a unique
extension to a linear bounded operator K : L?(G, m)® — LF(G,m)*. Using the fact
that K and K are continuous, and recalling (7.13) and (7.14), we conclude

(KoK)(g) = g9, (KoK)(g) =g for gel?(G m)’.

But these equations imply that K is bijective.
Conversely, let us assume that the latter statement is true. Then, sin_ce K is continuous,
we may apply the open mapping theorem to obtain some €3 > 0 with
3

lglpe < €-|g+ BAg|,, forg€ (G, m)®. (7.15)
Now take ~vp € ', and assume det(F3; + E('y(,)) — 0. Then there is a vector
a € CH{0} with
(Ea-fﬁ('}’u))ol = 0.

According to [42, p. 51, Theorem 2.6.5], there is an open neighbourhood U of 7 in T,
and a function Hy € LY(G, m) for 7, 1€ {1,2, 3} such that

(7.16)

- 7.17
|Halle < (18-C3)7", (7.17)
5 + Baly) - Haly) = & + Buln) foryelU. (7.18)

Put H:= (Hy), ., ,<,- et V be a compact neighbourhood of 7 with V C U.

: Ti< :
Referring to [42, p. 49, Theorem 2.6.2], we may choose a function FL € LYG, m) with
fily) = 1 for yeV, ﬁ('y) = 0 for ye\U.

Next, applying Lemma 7.1, we fix some A € B with m{A) < o0 and X ,(v) # 0.
Put fa:=X,40 fi. Dueto (7.4) and (7.7), this function f» belengs to LY{G, m) N
LP(G, m) . In addition, we observe that

fz{%) = 5(:(’)’0) ‘fl("fo) # 0, J?z(’)f) = 0 for yeT\U.
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Set go = (o1-fa, @3- fo, @3- fo}, with a from (7.16). It follows that g, &
LY@, m)® n LP(G, m)®, and

(90 + BAg - HAQO)A('Y) = (B + B - Hm)-a@ly)  for yer,

But go(y) vanishes for v € T\U. Furthermore, if v is any element of T', then it holds
G(Y) = fa(¥) - @. Recalling (7.16) and (7.18), we thus arrive at the equation

(Bs + B(v) - A)) @) = 0 for yer,
hence,

A
(Bs + Bog - HAg) (1) = 0 for yeT.

This result and (7.5) imply that Fy + BAg, — HAg, is the zero function. Now we
obtain

3
lgoline < € |HAGlhe < € - Z | Hix & (g0)illp, & (7.19)
k=1 :
3
< € Y [Hullue - Nkl < (1/2) - lgollp.c
G k=1

where the first inequality follows from (7.15), (7.18), the third one from (7.7), and the
fourth ope from (7.17). Thus we have shown |lgo|l, ¢ = 0. This implies g =0 m-
almost everywhere, so that ||gofl,,¢ = 0. On the other hand, we know that anlv) #£0,
hence [lgo|l1,¢ > 0 due to (7.5). Thus we have arrived at a contradiction, and it follows

det( Es + B(y,)) = 0. This finishes our proof.

Now let us consider some concrete locally compact abelian groups.

Of course, the set R of real numbers with the usual addition and with the euchidean
topology forms a group of this type. As a Haar measure on this group, we may take
the Lebesgue measure on R, as follow at once from [3, p. 26, Proposition 1.4.1; p.
30, Proposition 1.4.5]. The corresponding dual group consists precisely of all functions
exp(i-a - id(R)), with a € R (see [42, p. 12]).

Definition 7.1. Consider the set T := {e'"* : @ €R}, equipped with multiplication
in C as group operation, and with the topology induced by the euclidean topology of R?.
Let By denate the corresponging Borel:c-algebra on T, that is, By coincides with the
resiriction to T of the usual Borel-v-algebra on R2; see [, p. 205, Lemma 722 In
particular, every By-measurable sel is Lebesgue-measurable too. This of course implies a
corresponding result with respect to integration. Moreover, we set

my(A) ::j:‘”XA(e"'”)dB (AeBy); Tyg ::{exp(i-n-(argoid('ll‘])) : nEZ}.

[
ij
i
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We further consider the set Ry := (0, 0c), equipped with the usual multiplication as
group operation, and with the topology inherited from the euclidean space R. Let B,
denote the corresponding Borel-o-algebra. Thus B, is the restriction to (0, c0) of the
usual Borel-c-algebra on R, so that any B-measurable set is Lebesgue measurable as
well, with a corresonding statement holding true with respect to inlegration. Finally, we

pul
my(A) = fuwXA(r) b dr for A€By;  Tyoe={ (id((0, oo)))“' :a€R}.

According to [3, p. 304}, T is a locally compact abelian group, and the mapping mx
defined above is a Haar measure on T. Moreover, [y is the dual group of T, as

explained in [42, p. 13]. As for Ry, my, I, we note the following lemma, which is

well known, although we cannot cite a reference for its proof:

Lemma 7.2. The space R, from Definition 7.1 is a locally compact abelian group, the
mapping ., is ¢ Hoer measure on Ry, and ', is the dual group of R,

Proof: It is clear that R is a locally compact abelian group. For A € By, t€(0,00),
it holds

Lm Xpalr) 770 dr = fo‘” X, ()T dr = fnm X, () - 7t dr.

For any open set U C R,, we have my(U} > 0. The measure my is regular, as
follows from [3, p. 206, Proposition 7.2.3]. For any o € R, the function (id(R,))™
mapping B, into C is continuous, with

(r-s)y® = rf® . ', |72 = 1,  for r, s € (0, 00}.

This implies (d(Ry) )i'a € T, for a € R. Conversely, take 7y € I';.. We define a
function F:R — C by F(t) :={e') for t € R. Then

Fis+t) = (et = 7)) = Pls) - F(t), for 5,1 €R.

This means that F belongs to the dual group of the locally compact abelian group R,
where R is understood to be equipped with the usual addition and topology. As men-
tioned above, this implies there is some @ € R such that Ft)=¢&™=* for tcR. It

follows

4 = () = gholmr — pie for r € (0, 00) .

This proves the last statement of the lemma.

For j € {1,2}, let G; be alocally compact abelian group with topology 7;, Haar
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measure 7t; , and with dual group T';. We assume that for j € {1, 2}, the to
' 1 pOIOgy T;
has a countable base. Let B; denote the Borel-c-algebra on G; generated by T (7 EJ

{1,2}).

On the cartesian product G x G5, we introduce the group operation which acts by
addition in each coordinate (“complete direct sum”; see [42, p. 254/255, B7]). Moreover
we equip G3 X G with the product topology 71 ® T2 of 71 and 7. In this wa,y,
&1 x (G; becomes a locally compact abelian group ([42, p. 254/255, B7]. ’

Denote by B(G:, G2) the Borel-o-algebra generated by 71 ® T2 on Gy X (5. Since
TJ: has a countable base (j € {1, 2}), the product B; @ B, of the o-algebras B, and B
coincides with B(Gy, Ga1) (see [3, p. 154 - 158, Section 5.1]. Hence the product measurz
my O my on By © By ([3, p- 154 - 158, Section 5.1]) is a Haar measure with respect to
the locally compact abelian group G; x 3 introduced before. In particular, the measure
my © my is regular; see [3, p. 242, Proposition 7.6.2]. The dual group Of’ I'NeT: of
(1 X Gy consists precisely of the mappings +: G, x (3 ++ C having the property that
there are v, € 'y, 2 € I'; with

‘Y((flh, 3«"2)) = 7(r) - 1a(zs) for (z,, @) € G1 X Ga;
see [42, p. 37/38, 2.2.2]. Hence it follows for f € L'(G; X Gz, m; ® my) that the

Fourier transform f of f with respect to m; ® m, is given by

flm,m) = le fG, Fl{my ) - m((z) ™)« yal(w2) ™) dmalza) dmy(zy)

for v; €11, 93 € I'y. This implies in the case Gy =Ry, G5 =T (recall Lemma 7.2):

Cor.ollary 7.1. The product measure mg, Omy is a Hear measure on the locally compact
abelian group Ry xT. For fe L'(Ry x T, mg, ©Omy), it holds

2. 0o
-[K+XT fd(mg, Omy) = fﬂ fo flr, &%) . r7t dr do.

T{I.; dual group Ty Ot of Ry xT consists precisely of the mappings Yo o : Ry xT — C
wit '

'Ta,n(f‘, z) = pie | GURATES Jor r e (0, oo), z¢T,

where ac R, ncZ. If fel'(RyxT, mg, ©mr), then the Fourier transform [
of f with respect to mg, © mr satisfies the equation

-~

2% o0
S o) = j{; ,/.;. flry ey rie. ™ . p=l dr 4 for eR,necZ.

Moreover, if[e LRy xT, mg, ®my), pc(l,0c0), g€ LP(Ry x T, mg, ®my), Lf

then it holds for r € (0,00), 8 €[0,2-7]:

(fog)(r, &) = f:.r j:c F(r/s, ey . gls, o) 57" dsdo.




Chapter 8

The Operators A(7, p, K(¢)) and
(7, p, K(y))

In this chapter, we want to find out which are the values p € (1, ) having the property
that the operators TI(7, p, K(¢)) and A(r, p, K{p)) are invertible. To this end,
we shall apply the results from Chapter 7 related to Fourier analysis on locally compact
abelian groups. However, only a partial result will be obtained: For certain values of
7 €{-1,1}, ¢ € (0, /2] and pe€ (1,2}, these operators ate not invertible (Theorem
8.2). On the other hand, TI{7, p, K{}} will turn out to be topological for p € [2, x)
(Corollary 8.3). This leaves open the question how the operator A(7, p, K(¢)) behaves if
P €[2, o0). We shall deal with this question in Chapter 13 by recurring to an additional
tool {L*-theory for the Stokes system on bounded Lipschitz domains).

Definition 8.1. Let R, T be the locally compact abelian groups introduced in Definition
7.1, and my, mq the Haar measures defined there. For pe[l, o), o€ N, we set

12: = LP(R+XT, m+®mT).

According to Corollary 7.1, this means that L2 conteins those and only those measurable
functions f: Ry x T — C having the property that

fuh /lef(r, Vel dr df < co. (8.1)
Let ¢ € (0, 7/2). We pul for r (0, 00}, 80, 27]:
@, 8) == 1 + 1 — 2.7 (cos*(p) + cosd . gin®(p) )

= (r—=1 + 2-r- (1—cosf) - sin’(y).

Note that g5 (r, 8) £ 0 if and only if (r, 8) eP, with
Pi={({rd) € (0,00)x[0,2:7] : r#1 or 8¢{0,2-7}}.
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We further define the mappings R® :CxP — C, S¥):CxP — C™ by

B9 (2,7, 0) == (2:7)7" - cosp - sin®() - (L —cos¥) - r* - (g ), 9))43/2

S (2,7, 8) = 3-(2:w)7* - cosgp - sin’(p) - (1 - cosb) - - 5, r, 8)
80,1, 0) - (9870 8"

for j,k€{1,2,3}, z€C, (r,8) €P, where

5o, r, 0) := (r —cosd) - sinep, E{b)(go, r #) = (r-cosf—1) -sinep,

58, r, 0) := —sinf - sing, 8P (p, v, 8) 1= —r - sinb - singp,

S, r, 0) = 580, r, 8) == (r ~1) - cose, for re (0,00}, 80, 2:7].

When the operator T1(T, p, K(y)) is transformed into polar coordinates, it turns into an
integral operator with kernel R ). Similarly, after transforming A(T, P, K((p)) into
polar coordinates and performing some additional computations, we obtain an integral
operator with matriz-valued kernel 5 ;  see the proof of Lemma 8.3, When studying
these transformed operators, it will be can'uement to use the following functions, defined

Jor zeC, {r,) eP:
) —5/2
oz, 1, 0) == v, - sin’(p) - (1-—cos®)? -+ - (g8 (r, )"

—5/2

Yo - sin?{) + cosB - (1 —cosf)® - r* - (g8(r,8))"",

agﬁ) {z, 7, #)

a$(z, r, 8) 1= 7, - sin’*(p) - sinf - (1 —cos6)” - 1" - (g§9(r, 9))-5/2
al?(z,r, 8) == 7, -sin*(p) -sinf - (1 —cosf) -7 - (r—1) (g 9))45’2
ol (2,7, 0) = 7, - sin’(p) - cosd - sin@ - (1 —cosh) -1* - (r—1)  (g§(r, 0))_5/2,
o (2,0, 0) = 7o - (L—cos) - r* - (¢, 0))",
Wz r,6) = 7, cosb - (1-cost) -1 (6870, 0))",
where we used the abbreviation v, = 3+ (2-7)™! - cos¢ - sin*{p).
The next lemma shows how the functions R®), 5§ and a&‘*’), RN a(7"’) are related.

Lemma 8.1. Let @€ (0, n/2]. Then it holds for z€ C, (r,0) €P:

RO (z,r,0) = (1/3) - al(z,r, ),

sz, r,0) = —a®z+1, 08 + (1-2: sin®(¢) ) - P (z+1,r0)
+ sin®{y) - a¥(z, v, 8),

Sz 0 = -aP(z+1,r0) - a(+1,10),
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SNz, r,8) = cosp-sing -2l (2, 1, 6)
~ (2-cosp - sing — cotp) @ (z+1, 7, 8) — cote - a?(z r )

ng,]v) (za r 3) = - agp) (z! L 9) + a(W) (za T, 9) 1

Sé";)(z rnd) = “iz+1,r, 6 + alp) (z4+1,r8),
Sgg)(z rnt) = —cote: (‘p)(z, r, ),
Wz r8) = cose-sing - (‘p)(z rnd) — 2-cosyp  sing - a(;)(z+ 1, r,86)

— cotp - alP(z+1,r,8) + cote-a(zr,6),
58z, r,8) = —cotp-a¥z+1, r, &,

$8Mz,r, 8) = cosi(@) - P (z,r, 8) - 2-cos?(p) &Pz 1, g).

These equations may be proved by some simple computations, which we do not write out
here.

In the following lemma, we are going to check existence of certain integrals needed later
on.

Lemma 8.2. Let pe (1,0), e (0, 7/2]. Then it holds for C €0, 4):

2o 20
j j (1—cos)'™® . r¢ . (14 |lnr]) - (g8, 0)) " dr d§ < o0,
1] 0

and for (€ [0, 3):

2w o0
/ f (1—cos®8 |r—1| - 1 (14 |Inrf) + (giP(r, 9))_5',2 dr df < oo,
o Jo

and finally for ¢ €0, 2):

2w o0
f f (1—cosd)® . v¢ . (14 |7} - (48, 8))" gr dp < oo.
0

Proof: We shall split the domain of integration (0, o) into the parts (0, 1/2), (1/2, 2)
and (2, 0c), and then evaluate the three integrals arising in this way. Our calculations
are based on the following inequalities, which hold for r € (0, 0c), # €[0, 2:7]:

a?(r, 8) > (r—1)%, (8.2)
ggw)(r, 8 > 2-(1-—cos®) - r . sin’(yp). (8.3)

Take ¢, €[0,4), ¢ €[0,3), ¢3€[0,2). For brevity, we set for (r, 8) € P
Ai(r, 8) == (1—cos8)8 . 70 . (14 |Inr]) - (90 )%,
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Ay(r, ) = (1—cos@)5 - [r—1[ - %5 - (L+|Ine) - (g(r, 8)) 7,
-aj2

Ag(r, 0) == (1—cos®)/® . vl . (14 |lnr]) - (¢§7(r, ).

In order to evaluate the integral of A, over (0, 2.w) X (0, 1/2), we use inequality (8.2),

which implies ¢*(r, 8) > 1/4 for r € (0,1/2), 6 € [0, 2-7]. Hence it follows for

vedl,2 3}:

2.7 1/2 /2
f / Au(r, 8) dr df < 44.7r.f (1-Ilnr) dr < oco. {8.4)
o Jo 0

Now we turn to integrating A, over (0,2-7) x (2,00), starting with the inequality
g[{,"”)(r, 8) > r*/4 (r € (2,00), #€[0,2-w]), which is also a consequence of (8.2), and
which implies that

- -5/2 o—
(g0 ) < 2, e 1] (o0, 0)7 < 16007

1A

e (g, )7 < e,
Since €:= min{5—{1, 4G, 3—C(} > 1, weconclude for ve {l,2,3}:
2 oo o0
/ f Au(r,8) dr dB < 28-«-] (1+lar) - v~ dr < co. (8.5)
1} 2 2

Finally we are going to integrate A,{r, §) with respect to ¢ € (0, 27} and r € (1/2,2).
Due to (8.2) and (8.3), we obtain for (r,#) € P with r € (1/2, 2]:

PRSI (]_ — €08 0)15/8 . (!}éw)(r: 8) )_5"2
S (2 .Sinz((p))ig/‘] . IT_ 1|—1/2 ) (1 _cosg)—ﬂfa . r(1—9/4

sin™?(p) - [r - 1|72 . (1— cos §) 38

IA

P (L cos)V0 - fr— 1] - (o, 8)7" < 1@ (Lo cosB) (7(r )
< (20sin?(@)) " = 17 (1 cosf) 7S T
< sinTHp) - fr 172 (1—cos§)~¥%;

1 (1= o) - (g, )"

(2-sin2(p)) ™ - Jr— 1742 - (L= cos)™/® - p6s=305

[Fa

sin M2 (e) - |r— 1712 . (1 - cos )8,

1A

Note that it holds for 6 € [0, 2-x]:
1—cosd = 1 — cos®(8/2) + sin®(6/2) = 2-sin’(8/2) .
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Thus, applying the substitution rule according to the equation sin(f/2) = 2-t . (1+£3)1,
we obtain for ve {1,---, 7}:

2-r 2
/ ] A(r,8) dr 48 < oo, (8.6)
o 1/2

The lemma now follows from (8.4), (8.5) and (8.6).

Corollary 8.1. Let ¢ € (0,7/2], je {1,.---, 7}, k,1€{1,2,3}, z€ C with
1 < R(2) < 3. Define the functions G, Hy : R.xT — C by

G(r, &) = R¥{z,r 0, Hy(r, %) = ,E‘f)(z, r, &) for (r,®)eP.
Then G and Hy belongto L!.

Proof: Referring to Lemma 8.1 and 8.2, it is easy to check that the functions G and
Hy, satisfy the condition in (8.1), which is necessary and sufficient for any function to
belong to L.

Due to Corollary 8.1, Theorem 7.1, Corollary 7.1 and Lemma 8.2, we are able to introduce
the following notations:

Definition 8.2. Let p € (1,00), ¢ € (0, 7/2], 7 € {-1,1}. Then we define the
operators R(r,p,p): L — LE, 8(r,p, p): (L{,’)a — (L2)Y by

Rir,p, 9)(@) (r, &) = - 0(r, )

+ /02.” /(,m Rm(l—i—Z/p, r/s, Fﬂe—"gf) . tI>(s, e""’) -s! ds do, 'fl G-¢
S(r,p, @)(¥) (r, &%) = 7. T(r, )
+ (‘/:." /nwgsjgf)(l+2/p, rfs, *ﬂg—‘—"-t)-‘llj(s,e""’)~571 ds da)lstsal Hoe-g

where ® € L2, We (I2)°, re(0,00), Oe(0, 2-7].
Furthermore, we set for z€[0,2) xR, neZ:

2w o0
Y©)(z, n) = / f Rz, 7, 0) - €™ dr df,
[} 0

2. oo
Z¥)N(z, n) = j ] SNz, 8) & dr df.
o a

Put =4 for j€{1,2,3}, (:=3 for j€{4,5}, and =2 i je {6 7).
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Then we define for 7€ {1, g T, ze|0, ) xR, ned:

29 o0
AP my= [ [ e e dr . (8.7)
o] [}

As will be seen in the proof of the next lemma, the operator R(7, p, @) arises by trans-
forming I(r, p, K{¢)) into polar coordinates. A comparison with Corollary 7.1 shows
that R(r, p, ¥) may be considered as a convolution operator with respect to the group
R, x T. Unfortunately, when A(r, p, K(g)) is transformed into polar coordinates, no
such convolution may be identified. However, by further computations involving addi-
tion formulas of trigonometry, an operator of suitable form - namely S(r, p, ) — may be
obtained.

Lemma 8.3. Let p € (1,00), ¢ € (0,7/2], 7 € {~1,1}. Then the operator
1(r, p, K(w)) is topolagical if and only if the mapping R(r, p, ) is bijective. An
analogous relation holds true with respect to A(T, p, K{p)) and S(7,p, ¢).

Proof: We shall show that A(r, p, K(¢)) is topological if and only if S(r,p, g} is
bijective. As for the analogous relation between II(r, p, K(p)) and R{r,p, ) stated
in the lemma, it may be shown by similar arguments. However, the calculations arising in
latter case are much shorter than in the former one, due to the above mentioned fact that
I1( 7, p, K(¢) ), upon transformation into polar coordinates, turns out to be a convelution
operator with respect to the group Ry x T.

We recall the parametric representation of 2 of 9K(yp) introduced in Chapter 3.

Let f ¢ L?(9K(g))® be given. Due to (3.3) - (3.5) and (5.9), we get for r € (0,00), # €
[0, 2-7]:

(A7, 2 K@)() 0 B9 ) 8) = (7/2) - (Foh®)(r0) (8.8)
+ ( o) > Diu(W(r,0) - v) - w () i) 4OK(p) (y))
K(e) k=1 1<1<3
= (7/2) - (foh®)(r, 0)

+ fh fm 3. (417t cosp -sin®(p) 7 -5 {1-cos(§—a))
n Jo
-(g(r, 5 8- o))" Qr, 5, 8,0) - (fohl)(s,8) ds db,

where the functions §: (0, 00)? %[0, 2.7} = R, @: (0, )% x [0, 2:7]2 — R¥*® are
defined by
Frys,0) = 1 + & — 2-r-8- (cos’(y) + cosg- sin®{¢) )

for r,s € (0,00}, g€ [0, 2:7];
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Qr,s, 8, 0) = (q,-(r, 5,8, 0) q(r s, 0, a)) ,
1€4,i<3
with
gi(r,5,60,0) == r-cosfl -singy — s-cosc -sing,
gs(r, 8,8, 0) 1= r-sinf - ginyp — s-sinc - sing,

gs(r, s, 0, 0) 1= (r—s) - cose, for r,5€ (0,00), 8,0€[0, 2:7].

cosf sind O
For # €[0,2-7], weput B(#):= | sind —cosfl 0 | . In addition, we introduce the

1] 0 1

functions p}“) , pg-b) : (0,002 % [0,27] = R (je{l,2 3}) by setting
P, 5, 8) = (r — 5 -cos8) -sing,  p{’(r,5,8) = (r-cosd — 5) - sing,
pg“)(r, 8, 8):= —ssinéd -sing, p(;)(r, s, 8) ;= —r - sind - sin¢,
w5 (r, 5, 8)
We further define for r, 5, § as before:
P(r, s, §) :== (pg-“)(r, 5 8) - P (r, s, 6))

Then it holds for r, s € (0, 00}, #, ¢ €[0, 2:7]:

pg’)(r, s, 6):= (r—s) rcosep, for r,5€ (0,00}, d €0, 2-7].

15,188

Qr, s, 8,0) = B(9) - P(r,s, 8§ —a) - B(o). (8.9)

This equation involves a lengthy calculation based on addition formulas for trigonometric
functions. Combining (8.8) and (8.9), we obtain for r € (0, 00), # € [0, 2.7]:

2 - BO) - (A(r 3, K@) 0 1 )(r0) (8.10)

(r/2) - 70 - B - (£oh) (0
+ 3. (4.7} - cosgp - sin®{y) - 1P

. fuz.w fom JrELT N (1—cos(@—a)) - P(r,s,8—0) - {G(r, s, 8- o-))—slz
-s*? . B(o) - (foh(w))(s, o) - s7! ds df

(r/2) - v - B(8) < (Foh@)(r, )
v [ [T SO, o5, 0-0) - Blo) - (foh) (s, 0)
-571 ds do,

where f was chosen arbitrarily in L?{ 9K(¢))®. Forany f e LP(9K(p) ), we define
the function F(f) :R;x T+ C* by




124 CHAPTER 8. THE OPERATORS A(r, P, K{¢)) AND II{r, P, K(¢))

F(f) (r, é?) = r¥" . B(9) - (foh®)(r, ) (re(0,00), 8€[0,27]). (811)

~ -1
Futhermore, we put A = (h("’) | {0, o) x (0, 2-11')) . Finally, for ® € (If‘;)3 , we
introduce the mapping G(®) : 8K(p} ~+ C* by

6@ (@) = (@) - Blha(a) - #(Fa(e), &™) (8.12)

for = € OK(@)\{0} with z ¢ {r - (sing, 0, cosp) : re€(0,00)}. Using (3.3), we
find

F(f) c(12)° for feLP(0K(p)®,  G(@) € LF(9K(p))” for @€ (12),

so that the definitions in (8.11) and (8.12) introduce an operator F : LF(BK((,D))a —
(Lf)3 and G: (Lﬁ)3 — L”(BK(Lp))a, respectively. Now, recalling Definition 8.2, we
deduce from (8.10), for f € L”(BK{(p))a, re(0,00), 8€[0,2.7]:

F(A(r, 2 K@) (1) (7, ¢) (8.13)

= w2 FO e 4 [ [T 800 s 0-0)
F(fy(s,€7) st ds do

(1/2) : S(Ts P tp)(F(f))(T‘, ei.a)'

On the other hand, it is easily checked that G(F(f}} equals f, and F(G(®))
coincides with ®, if f e I?(0K(g))® and @ ¢ (I?)’. This means the opera-
tor I" is bijective. Now equation {8.13) yields that A(r, p, K(p)) is bijective if and
only if &(, p, ¥) has the same property. But according to Lemma 6.7, the operator
A(7, p, K(}) is continuous. Hence, by the open mapping theorem, the properties “bi-
jective” and “topological” are equivalent for this operator. Thus we have shown that
A(r, p, K(p)) is topological if and only if &§ (r, 2, ) s bijective.

Now, referring to the results presented in Chapter 7, we are able to study the behaviour
of II(7,p, K(¢)) and A(r, p, K(p)) by means of Fourier analysis. To this end, the
Fourier transform related to the locally compact abelian group Ry x T will be applied to
the operators R(r, p, ¢) and S(r, p, ¢). Then, recurring to Theorem 7.1 and Lemma
8.3, we shall obtain a symbol for each of these operators. These symbols are given by the
functions 7+ Y& (2/p+i-£ n) and det(r + ZW(2/p+1i- & n)), respectively, with
the variables £ € R and n € Z. By looking for zeros of these symbols, we may obtain
information concerning the behaviour of the corresponding operator. These indications
will be made precise in the following corollary and its proof:

Corollary 8.2. Let p e (1,00), ¢€ (0, 7/2), 7€{-1,1}. Then it holds:
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If there exists some ¢ > 0 with

|7+ YO(2/p+i-€, n)| > € for£€R, neZ,

then II{7, p, K(¢)) is topological.

If there is ¢ > 0 with

ldet(T-E’a 1 2w (2/p+i-€, n))| > ¢ forcR, nciZ,
then A{T, p, K(p)) is topological.

Conversely, if (1, p, K(p)) is topological, it follows

T 4+ YN2pti-€, m) # 0 for£€ER, n€Z,

and if A{7, p, K(y)) is topological, then

det(r By + Z¥(2/p+i-€, n)) # 0 forfeR, nekZ.

Proof: Define the mappings F: R, xT — C and H:R, x T — C33 by
F(r,e?) == B¥(14+2/p, r,0), H(r,&’) = SY(1+2/p,r,0)

for (r,f) € P. Let A denote convolution with respect to mf @ my on Ry x T; see L }R‘f

Theorem 7.1 and Corollary 7.1. Then we have by Definition 8.2:
Rir,pp)(®) = 7-® + FAD for ® € I, (8.14)
Sr,p.e)(® = 1-® + HA® for de (I2). (8.15)

Denote by R and § the Fourier transform of F and H , respectively, related to the
Haar measure my @ mp. Let vy be an element of the dual group T'y ©®TI'y of Ry x T,
According to Corollary 7.1, there is some £ € R, n &€ Z with

vlr,z) = ¢t . gineEr for re{0,00), z€T.
Referring to Definition 8.2 and Corollary 7.1, we find

Due to these equations, and because of (8.14), (8.15), the assumptions of Theorem 7.1 are

fulfilled if G =R, xT, m= mt@ my. Now the corollary follows by that theorem and L ‘R_"

Lemma 8.3.

Lemma 8.4. Let #€ (0,2:m), ¢ € (0, 7/2]. Then the following integrals I, ---, I
are equal to 1 :
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= s 2 (@) -3/2
o= [T cst) sint(e) - (o, 0) 7 dr,
1]
b= ./ (1 - COS@) { Sin2(§0) T (gc(lw)(ra 9))ﬁ3/2 dr,
0
L= [ 8- (-cost) -sin'(p) v - (7,807 dr,
1]
o= [ 3 (L-sost)? - sint(y) -1 (7 6))7
0
o= 8 (L-cost) sin’(e) - (r= 1) (a7(n0) T
0
Iy = / 3-(1—cosh) - sin®(g) - (r—1)%-r. (g (r, 3))—5f2 dric
o
Furthermore, it holds
I; = _/ 3. (1-cosd)? - sin’(p) - r* (489(r, 9))—5/2 o
a
= 2 — cos’(p) - cosf-sin’(p) = 1 + (L—cosf)- gin®(¢p) .

Proof: In a first step, we compute f;. I3, and the integral
I = f 3 - (1—cosf)® - sin*(g) - (g5 (r, 9))-5/2 dr.
o

To this end, following Rathsfeld [39], we choose an angle o € (0, 7/2] satisfying the
relation cosa = cos?(p) + sin®(p) - cosf, and then apply the substitution rule with
r = g-sine + cosa, toget

L=1, IL=1, Iy = 2— cos*(p) - cosh -sin’(g).

By the change of variable » = 1/s in I, I; and Is, we obtain the other integrals listed
in the lemma, either directly, or as a linear combination of integrals already computed.

Lemma 8.5. Let B be a Banach space, A : B — B a linear bounded operator,
A* : B — B the adjoint of A. Then A is topological if and only if A* has the same

property.

Proof: According to [29, p. 154/155, Section IIL3], the operator A* is linear and
bounded too. Assume A to be topological. Then im(A) = B and kern(A) = {0}.
Hence it follows from [29, p. 234, Theorem 5.13] (“closed range theorem”) that A*
is bijective. Since A* is bounded, we may apply the open mappping theorem, which
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yields that A* is topological. An analogous argument yields the opposite direction of the
equivalence claimed in the lemma.

Now we are able to prove that the symbol 7+ Y®(2/p4i-£, n) of (7, p, Kip))
has no zeros for p € [2, 00). Consequently, the latter operator is topological for these
values of p, where  is supposed to be an arbitrary element from (0, #/2]. This is a
generalization of a result in [20, p. 102]. As for the symbol det(r- E; + Z(9)(2/p+i-£))
of A(7, p, K(¢)), we could not prove directly that it has no zeros for p € [2, ).
Instead, we shall establish by a different reasoning that A(r, p, K(¢)) is topological if
2 < p (Theorem 13.1), so that by Corollary 8.2, the symbol of this operator cannot vanish
for these values of p. Actually, we are not interested in the latter result for its own sake.
It is the former fact — invertibility of the operator A(r, p, K(¢)) - which we want to
establish.

Corollary 8.3. Let p € [2,00), ¢ € (0,7/2], 7 & {-1,1}. Then the operators
H(r, p, K(p)) end I*{r, (1-1/p)7, K(p)) are topological.

Proof: Recalling Definition 8.2, we find for £€ R, ne N:
Y (2/p+i-€, n)|

1A

2.7 o
(2-m)~L - cos e - sin’{yp) fa f (1-cosf) - r2* . (g (r,8))7" ar ap
o

< (2%)7 - cosy
S (em - [T 0o - (620,0)7 ar

+a-2p) - [ sinte) - (- cont)  (o,6)7 ) a0

= cosp.

The last equation follows from Lemma 8.4, whereas the second inequality is implied by
the assumption p > 2 allowing us to apply the estimate

a-b < y7teadm 4+ (1=1/)- bll(l*lh) for @, b€ [0,00), v€(0,1),
which arises in any proof of Hilder’s inequality, Thus we havefor £ € R, ne N:
|7 + YO 2/p+i-€, n)| > 1-cosp.

Since ¢ € (0, /2], the term 1—cosy is positive. Now we may conclude from Corollary
8.2 that the operator IT(7, p, K(¢)) is topological.

The mapping [I*{7, (1 — 1/p)~%, K(p)) is the adjoint of II*{r, p, K(¢)) . According
to Lemma 6.7, these operators are bounded. Now Lemma 8.5 yields that II*(r, (1 —
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1/p)7%, K(y)) is topological.

In the rest of this chapter, we shall show that for certain values of ¢ and 7, thereis a dis-
creet subset of (1, 2) such that TI(7, p, K(¢)) and A(7, p, K(¢)) are not invertible for
p from this subset. Qur proof, inspired by [20, p. 102], is based on the fact that the func-
tions Y (-, n) and Z¥)(-, n) are holomorphic on (0, 2) xR . The desired result may
then be deduced by the identity theorem for holomorphic functions. However, the technical
details are somewhat involved. In particular, we shall have to show that the functions 7+
V(¥ (z, n) and det(r-Es+Z¥)(z,n)) decay for |3(z)| -+ 0o as well asfor » — co. This
will lead to a sharpened version of Corollary 8.2 (see Corollary 8.5}, which in turn will en-
able ug to obtain our results on non-invertibility by considering the functions 74+Y®!(-, n)
and det(r-Ea + Z#){( -, n)) for n=0.

We begin by a lemma which will be needed in order to expand Ag‘f)) into a series.

Lemma 8.6, Take ¢ € (0, 7/2], 6 € (0, 2:7), £ €R. Then it holds for ¢ €[0, 4y :

[
D) (ﬁ (CHi-€+7)) - (Ii 3-C—ié+4)) - (k!-(ﬁc+2)!)*1

i=

= T(C+iE+1) - T@A-C—i-) - (1/12)

=
o
—

-(1/2 + cos?(9)/2 + cosB-Sinz(go)/2)k.

If ¢ €0,2), the ensuing equation is satisfied:

[ @, dr = T(Cing D) TR-C-i6) - (172
i (1:[ (C+i-£4+4) ) (ﬁ(l—Cmi-ﬁJrj)) : (kq . (;H_l)!)_l

-(1/2 + cos?(@)/2 -+ cos()asin2(<p)/2)k.

As should be expected, these results may be looked up in integral tables. We refer to [19, p.
310, 6.2 (22)] and [17, p. 423, 10.13], for example. However, it turned out that the formulas
given there are false. The reader may check this by himself, setting s =2, v=>5/2 or
s=1, v=23/2 in [IT, p. 423, 10.13], and then comparing the result with Lemma 8.4.
To clarify the matter, we shall carry out the proof of the preceding lemma in full detail,
following the indications in [18, p. 160].

Proof of Lemma 8.6: Let 0 € (-1,1), v€R with v —1/2 ¢ N, and z € C with

-1 < R(z) < 2-v-1.

For t € (0,00}, wehave 2.t (1+£)7% < 1/2. Since [¢— 1| < 2, it follows for
€ (0, 00) !
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[2:8-(e~1)-(1+8)7? < (1-0)/2 < 1. (8.16}

Hence we may use the expansion of the function z~¥ into a power series, to obtain for
te(0,00):

(1 + 2-t-(1+t}‘2-(071))_u (8.17)
= ,i (_k'”) (20t (1472 (0—1))!‘,

where the series on the right-hand side converges absclutely, In addition, it holds due to
{8.16):

> N (R R (T:) (2t kgt (Uml))k‘ (8.18)
< §R6) . {1+ i {( )| 1—0’)/2)

Since —1 < R(z) < 2-v—1, we have
f e (141)7* dt < oo,
0

Thus, combining (8.17) and (8.18) with Lebesgue’s theorem on dominated convergence,
we infer that

Jrearn (1w 209 @-n) @ (8.19)
= g’: (_k) SCARYE fo (L7 (2-t . (1+t)‘2)k dt .

Now we find

f (1 + &+ 2.0.t)" dt
0
= Z (k k . (O' - l)k -F sk {l_i_t}—-"r-l—!}k d'l!
u
2% . (e —1)* - f [t = 1)5tk . p-2v-2k gy
H
1
2% . (af]_)k . j (1- S)z+k . gmEHRTu=2 g
1]

¥ (o-1)F Blz+k+1, k+2.v—2-1),

)
<)
¥)
<)
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where the first equation is a consequence of (8.19). The last one is valid by the definition
of the Beta function; see [38, p. 37, (1.11)]; note that R(z) > -1, R(2-v— 22— 1 > 0.
Referring to a well known relation between Beta and Gamma function (see [38, p. 37]),

we may deduce from the preceding relation:

j Fo(1 4 2+ 2-00¢)" dt (8.20)
a

Il

i (_kv) c%F (g -1 T(z+k+1) Tk+2-v-2-1) /T2 k+2-v)
k=0

= Z(H vt)) ()72 (L—o) - Tz +k+1)
k=09 Tk+2-v—z-1)/(2 k+2-v-1)L
Concerning the last equation, we remark that v — 1/2 € N. This implies in addition
that 2-kE+42-v— L is an even positive integer il k € Ny. Hence it follows for such k:
v-1/2

@k+2-0-11 = k+v-1/2t-( [T G-1/2))- (H(J+U).22-k+2.u_1_

i=1
Tnserting this result into (8.20), and expanding the terms ['(z+k+1} and I'{k+2-v— 1)
into products, according to the fundamental recurrence formula for the Gamma function

(see [38, p. 32, (1.03)]), we arrive at the equation

] (1 + &+ 2-0-8)" dt
0

v—1/2

= 2 (] G-1/2)" TE+1) TR v-z-1)
.ki((l—a)/z)" ; (ﬁ z+_7)) (]_:[ (2- véz—2+j))

(Bt ro-12)1)

Setting o = —cos’(p) — cosf - sin’(p), aswellas v =15/2 and v = 3/2,
respectively, we obtain the two formulas stated in the lemma.

Now we are going to derive some inequalities which, together with the preceding result,
will enable us to estimate Y®)(z, n) and Z\)(z, n) for large values of $(z) and n.

Lemma 8.7. Let k€ N, £ R. Then it holds in the case k > |£]:

[/ +) < en(-6/0-£1k), (8.21)

and if k< [¢] -
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_11(1‘3/(3'2%")) < exp((—m/2+1n2) - J¢]). (8.22)

Proof: Without loss of generality, we may assume £ £ 0. Take j € N with § > &
Then T

m(a?/(2*+€%)) 2 W(/(F*+€)) for z€[f, ),
hence,
ln(g(jz/(j’+£’))) = iln(f/(jue?)) S]k a(a?/(2? +€)) de (3.23)

= [2'1’.’ slnz — z-Inlz*4+€) - 2.¢. arctan(w/f)] )
=k
= =¢&-m 4+ k-In(1+ /) + 2.¢ . arctan(k/€).
Concerning the last equation, we point out that
2.z lnz — z-W(@*4+€) = z-W(=YE@+€)) — 0 (2o x),
as may be deduced from the relation

z - ln(2?/(2?+€%)) = z-& (@ +&)7- i(l/k) (& + a3
which is valid for « € {0, oo}. If ¢, z € {0, co) ,k::e set,

Flé2) = ~€o7 + o-In(1 4 £/2%) + 2-£ - arctan(z/€).

Therefore, 8/8z f(¢, ) = ln{1+£%/z?) > 0 for =, €€ (0, o0), so that
f€&,z) < f&€ = (—=/2+ m2)-¢,
Now (8.22) follows from the preceding inequality and (8.23).

with £ € (0,00}, z € (0, £].

Next, recurring to the series expansions of the logarithm and arc tangent, we find for
£ ¢ (0, 00), :I:E(E,oo):

@9 = @ YT (e (6

s0 that

fle,€) < —&/e + (1/6) - £/2® < —(5/6) - £¥/z.
Combining this estimate with (8.23) yields (8.21).

C

I+ 2V
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Now we are able to show that the functions Y ¥(z, n) and Z(¥)(z, n) decay for ¥(z)
tending to infinity.

Lemma 8.8, Let ¢ ¢ (0,7/2], v€{1,---,7}. In addition, fake 7, € [0,4) in the
case v € {1,2,3}, 7, €[0,3) if ve {45}, and v €[0,2) in the case v € {6,7}.
It follows AP ((+i-&, n) = 0 for [§] +oo, uniformlyin (€ [0,7v], neZ.

Due to Lemma 8.1 and Definition 8.2, this means in particular, for v € [0,2):
YO C4i-€, n) » 0, det(r-Ea + Z9(CHiE, n)) =7

for |£] =+ oo, uniformlyin n€Z, (€ [0, v].
Proof: If 4 ¢ (0, 2-7), re(0,00), £€R, (€0, 4), ¢ €0,2), then we set
o) = (1/2) + cos’(g)/2 + cosf - sin®()/2,
B, &, 0) = [ (o,0) " ar,
D

. o . —3/2
BE &6 = [ - (s 0) 7" dr,

F1(8) == 7, - sin®(p) - (1 —cos0)?, F2(8) = 7, - sin®() - cos - (1 - cosb)?,
f2(8) == 7, - sin’(ip) - sinf - (1 —cosB)?,  fald) = 7, sin?{¢) - sind - (1 — cosy,
F5(8) = 7, - sin’(p) - cosf - sind - (1 - cosf), fs(8) :i= 4, - (L—cosf),

(8) := =, - cosf - (1 —cosf).
Recalling Definition 8.1 and (8.4), we find in the case v € {1, 2, 3} :
Apcriem) = [0 B 60t @ (8:20)
for (€[0,4), £€R, n€Z. In the case v € {4, 5}, we have
AR (C+i-€, n) (8.25)

- f £40) - (BC+1,6,6) — B E0)) - &0 df

for (€[0,3), £€R, neZ. X ve {67}, it holds:

AP(CHi€E, n) = [ £(6) - BC,&,8) - & df

for €[0,2), £E€R, neZ. Let us estimate the kernel functions of the preceding
integrals. It follows from Lemma 8.6,for (€[0,4), £€R, 8¢ (0,2-m):
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1B & 0] < (1/12) - [P +i-€+1) - T4~ ¢ ~i-8)] (8.26)

S Li- Ci-E4340) C+ie+D] - (s1(s421) (a(8))

=0 j=1

In order to evaluate the right-hand side of (8.26), we take note of the ensuing estimate,
which holds for s € N, {€[0,4), £eR:

f[l(—c—z'-f+3+j) (C+iE+7)]

s 1/2 17z std
= TI(c+3+7 +€) - (¢+n*+ &) < [[E+e)
=1 i=1
14
= ()" JTO + €/7%).
=1
According to [27, p. 484, (89.5.16}], we have
(1 +&/7) = (2mle)™ (e - o) (geR).

Thus wegetfor se N, (€1(0,4), £cR:
[II(=C—i-&+3+35) - (C+i-€+7)] (8.27)
i=1

< ((+)) - (2w )T - (el — emmiel) (1‘[ PP+ €)).

F=3+5

Note that in the case s = 0, this estimate is trivial. As another preparatory result, we
mention the ensuing equation, which is valid for ( €[0,4), £ e R:

PCHi-E+1) - T~ —i-8) (8.28)

3

(H(J'—C—i-f)) T +i-€+1) - T(—¢—i-€)

=0

I

a

(ITG-¢-i-§)-m sin((-¢=i-¢) - 7)

j=0

3 1

(TTG=Cmiog)) - 2o« (e Cocs — eroc)”

i=0

The first of these equations follows by applying the fundamental recurrence formula for the
Gamma, function ([38, p. 32, (1.03)], the second one is implied by the reflection formula
for the Gamma function ([38, p. 35, (1.07)]. As may be shown by some elementary
calculations, there is some constant €; > 0 such that it holds for { € [0,4), £ € R
with [£] > 1:
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_ ) -1 _
e,r.(_,.c.hg) _ e‘!r—(1-(—§) | ’ (2 T |§|) t (8.29)
(el _ mvieiy

|f{(j»c—é-£)|-2-r-

< & - [P,

Gathering up the results in (8.26) - (8.29), we may construct a constant & > 0 such
that the following inequality is fulfilled if ¢ € [0,4), # € (0,27), £ €R with [§| > 1:

[B(¢, &, 6)i (8.30)

[+=] -1

R (CE (H PIGEHEN) - (@) - (! (s+2)1)

5=0 j=s45

A

IA

%Wﬁ-fﬂ[ﬂwu) (Hs+g)(113 @ +€)) - (a8)"

i=e45
Now we choose €3 > 0 so large that it holds for z € {0, co) :
t? - exp(—(5/6)-z) < &, z* - exp((-v/2+m2) -z) < &5
Then, by Lemma 8.7, we get for s € No, £€R, in thecase s +5 > [¢]:

(e/6s+57) - (TT #1062 +€))

J=345

< (€(5+5)?) - exp(=(5/6)-€/(s+5)) <

and in the case s+5 < |£]:

(1‘[ PIGE+E)) < g -exp((-r/2 H2) JE]) < G

J=s5+5
Now we apply (8.30),for ¢ €[0,4), £ €R with [{|>1, 8 € (0, 2-7). This leads to
the inequality

IB(C, &, 0)
<65 zerl-ij;(f[ +) - (IL6+0) - G497 - (o10))

Abbreviating €, 1= €, s_¢3, it follows for 2 €,8 as before:

BEEO < Gl T e (@) (831)

Now fix €€ (0,00), and take ¢ € [0, 7], E€R, 8€(0,2-7), neZ. Then wefind
in the case v e {1,2, 3}:

[£,(8) - B(C, £, 8) - €™ (8.32)

< re [ wost) o (g 0)
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< e [T @cost) s (1) (o 0) 7 ar,

and in the case v € {4, 5}:

6)  (BCH1,60) - BE & 6)) | (8.33)

< 2 [0t (L) ot (06 0) 7 ar.

Due to Lemma 8.2, we may choose s € (0, 7) in such a way that it holds in the case
ve{l, 2 3}:

e [’a (1-cos6)” - (141%) - (g(r,0))™" ar db (8.34)

{0,k) U (27—k, 2.m)
< €2,
and in the case v e {4, 5}:
2 N a2 .
L ‘[(O,K) U (2x—x,2m) ./ﬂ (1 cos 9) ’ (1 +rt ) E PT - ll (835)

(g2, ) dr do
< /2,

Combining (8.32) - (8.35), it follows for (€ [0, 7,]. £€R, ne€ Z,if ve{1,23}:
B . pind
/(M vimn iy | O BGED S a8 < g, (8.36)

and if ve {4,5}:

/(‘U.m) U (2m—5, 1)

There exists some & € (0, 1) such that o(8) € [-6,4] for 0 ¢ [x, 2.7 — &]. Thus
inequality (8.31) yields for { €[0,4), ¢ € R with |¢|>1, f ¢ [£,2-7 - &]:

£,(6) - (BC+1.60) - B 6)) &

8 < €/2. (8.37)

f==]

B &0 < &g -3 (s+5)% - &,

s=0

0o
where 3~ (s+45)® - & < oo since § < 1. Hence we may choose ry > I such that it

5=0

holds for {€(0,4), n€ Z, £ R with |£] > ry:

[ 7100 B e0 < o (8.38)

in the case v ¢ {1, 2,3}, and

f2~1r—i:
[

fv(a) " (‘B(C+11 3 9) - B(C: £, 0)) - e:’-n-b‘r d# < 6/2 (839)
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in the case v € {4,5}. From (8.24), (8.25) and (8.36) - (8.39), we obtain in the case
ve{l, -+, 5}, for [0, 7], £cR with [} =7, REZ:

| AP (¢+i-€, n)| S e

Thus we have proved the lemma if v € {L,--,5}. In the case v € {6, 7}, which is
somewhat easier to treat, we may use similar arguments.

In the next lemma, we collect some technical results which will be used frequently in the
following.

Lemma 8.9. Put (;:=4 for j€{1,2,3}, {:=38 for j€ {4, 5}, end {; =2 for
j€{6,7}. Take @€ (0, 7/2]. Then the following equations hold true:

2w oo
A;(iw)(z, n) = ju j; cos(n-4) - ag-“’)(z, r, 8) dr df {(8.40)

for j{1,2,6,7}, z€[0, ;) xR, neZ;

2-x o
APz m) = i ju ]0 sin(n-6) - o) (z, 7, 8) dr d# (8.41)

for 5€43,4,5}, ze[0,G) xR, n€Z;

AP0 = 0, R(AP(,m) =0 (8.42)

forje{3,4,5}, zE[D,Cj)XR, ‘YE{U,C_.;), ne.
$(AP,0) = 0 fie{l 7}, 7D ) (8.43)

A§¢)(1, n) = 0 ifjc{4,5}, nek, orif j€{1,6}, neZ\{0}, (8.44)
AP0 = 0 for je{2, T}, AP(1,0) = (1/3) - APP(1,0) = cosg,
AP, m) = (1/3)- A1)

2-w

= cosp (2m)71- j cos(n-8) - cos@ df  for n € Z\{0},
0

2.0
A:(;P)(l’ n) = d-cosp- (2myl- f gin(n-#) - sind df for n € Z\{0};
0

RAP(+i6,0) = B4 6 0). 59
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(AP (2+i-€6,0)) = -3s(aP(1+i¢,0)),
R(APEm) = R(4PVLn), AP = 4V,

2w
AP (2,m) = i-cosp -sin’(p)  (2m)7 / sin(n - ) - sin g d0
]

for ¢€{1,2,3}, neZ, £€R;
A(3,0) = cosp - (14sin’(p)), A¥N3,0) = (~1/2) - cosip - sin®(p);  (8.46)
Ao, 0) = o0 (a12); (8.47)

AE,W)(Z, 0) (8.48)
= (-1/2)- 48z 0) + (3/2) AP(=41,0) + (3/2) - AP (241, 0)
for zc[0,2) xR.

Proof: The equations in (8.40) - (8.46) follow by referring to Definition 8.1, {8.7), Lemma
8.4, and the substitution rule, applied with r = 1/s. As for equation (8.48), it may be
derived by performing an integration by parts with respect to # in the integral defining
AY): see (8.7). The proof of (8.47) is based on the observation that

adP 8 = (r-1% > (1/4)-r® for §€[0,2-7], rc 4, 0).

Thus it follows by the definition of A{ in (8.7), for o € [0, 2} :

2-x 00
AP0, 0) 2 v fu L (1 cosd) - r° - (g§(r, 0))""" ar a8

> 2w-,-8- rdr > we, o (2—0)7.
4

This implies (8.47).

Next we study how the function A{*)(z, n) decays for n tending to oo, in contrast to
Lemma 8.8, where decay for |3(2)| — oo was considered.

Lemma 8.10 Take ¢ € (0,7/2], v e {1,---,7}. Let v, € [0,4) in the case
ve{l,2,3, 7 €[0,3) inthe case v {4,5}, end 1, €[0,2) if jE{6,7}. It
follows Al (2, n) = 0 for n — foo, uniformly in z€ [0, ] xR.
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Proof: The main device consists in performing an integration by parts with respect to #
in the definition of A{#*). Before entering into details, let us introduce some abbreviations.

Put
gy = 3 (2-7)7' - sin*(i) - cos  in the case v € {1,--., 5};

gy = 3 {2-m)7 - sin®(¢) - cosye  in the case v € {6, 7}.
If re(0,c0)\{1}, 6 €0, 2-7], weset
filr,8) == 2-sin8 . (1 —cosf) — (L—cosh)? 5.7 sin®(p) - sind - (gi¥(r, 0))7",
fo(r,8) »= 2-cosf -sinf . (L-cosf} — sind - (1—cosf)®
~ cosf - (1—cosB)® - 5.1 -sin(y) - sind - (giP(r, 0))",
fa(r, 8) = 2-sin*(8) - (1—cosd) + cosé - (1—cosd)?
— sin?(8) - (1—cos)? - 5-r - sin®(¢) - (¢§(r, )",
fulr, 8) == sin®(f) + cos@ - (1 —cosf)
~ sin(8) - (1 —cosf) - 5-r - sin®(p) - (g57(r, (9))_11
fs(r,0) == cosf-sin®(#) — sin®(8) - (1—cosf) + cos?(8) - (1 —cosd)
— cosf - sin®(6) - (1—cosd) - 5-r - sin’(@) « (g (r, 0))_1,
fo(r, 8) :== sinf — (1-cosh) -3-r-sin’(p) - sind - (g{(r,6))7",
fo(r 8) == cosl -siné ~— siné - (1—cosf)
~ cosf - {1—cosB) - 3-r - sin’(y) - sind - (g{?(r, 0)) 7.
For r e (0,00)\{1}, z€ [0, 1,] xR, #€[0, 2-x], we define
holz,r, 0) = o, - 1" - (689(r, )" inthe case v e {1, 2,3},
holz, 1, 8) = gy - (PP = %)« (g§(r, )™ in the case v € {4, 5}, and
holz,r, 8) o= 0o -7 - (g§7(r, )7 if ve {6,7).
Note that g{*(r, 8) # 0 for any r € (0, oc)\{1} and €0, 2-7].

If re{0,00\{1}, #€[0,27], z€[0, 7] xE, nc N, then it holds in the case
vefl, 26, 7}:

8/00 () (z, 1, 6) - n™' - sin(n-0) )

= cos(n-8) - alf)(z, 7, 8) + 7' .sin(n-8) - f,(r. 0) - hy(z, r. 0),

and in the case v € {3, 4, 5}:
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ajo8 (afj‘”(z, r ) -nt. cos(n-ﬂ))
= —sin{n6) - a(z, 78 + 0. cos(n-B) - f{r,0) - hzr,8).

For r ¢ (0, c0)\{1}, 2€[0,,] xR, n €N, weobtain in the case v € {1,2,6,7}:

2
f cos(n-8) - al¥(z, r, 6) d8 (8.49)
1}

— (~1/n) - ]0“ sin(n-8) - £u(r. ) - ho(z 1, 0) df,

and if ve {3,4,5}:

2-m
f sin(n-0) - al®(z, r, 8) df (8.50)
a

= (1/n) - fuh cos(n-0) « f,(r,8) - ky(z, 1, 8) df.

If ve {4,5}, weintroduce an additional term on the right-hand side of (8.50), to obtain:

fh sin(n-8) - a2, r, §) d6 {8.51)
— (1/n) - jﬂ " (cos(n-8) ~ cox™(8)) - fulr, 6) - hu(z, 7, 8) dO

+ j:w cas™ !(#) - sinf - al?)(z, r, §) df
for r € (0, c0)\{1}, z€[0, %] xR, n e N.It may be shown by induction that
[sin(n-6)| < n-|siné,
fcos(n-d) — cos®(#)] < =n-|sing] forneN, €0, 2-x].
This implies for 8, n as before:
|sin(n-6)] < |sin(n-@)[¥* < 2. |sing|¥* < 2.2%% . (1-cosf)?/5,
[cos(n-8) — cos™(@)| < 4. n¥*. (1-—cos@)¥®.
We further observe that
|| = ) < 14" for re(0,00), 2€[0,7]xR. (8.52)

Thus, gathering up our information, we see there is a constant € > 0 such that we have
for r £ (0, 00)\{1}, neN, €0, 2:7], z€[0, 7] xR:

’sin(n-f)) c fu(r, 8) - holz, 1, 9)| < € n¥t Gy, 0) (8.53)

in the case v e {1,2,6,7}, and
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|cos(n-3) (e, 0) - hy(z T a)[ < € -Gy(r, 8) (8.54)
if v=3, as well as

| (cos(n-0) — cos™(8) )+ folr, 0) - hulz,m, a)| < € n¥t Gy, 6) (8.55)
in the case v € {4, 5}, where the function G, is defined in the following way:

Gylr, 0) = (1 cos8)™® . (14+r7) - (gi9(r, 19))—5"2 for v € {1, 2, 3},

Go(r, 8) == (1— cos)V3 - |r—1| - (1477) - (g§(r, ) )_5"2 if ve{4,5},
Go(r, 0) = (1—cos®)7® . (L+r") - (g§(r, )™ in the case v € {6, 7},

with € (0, 00)\{1}, # € [0, 2:n]. If v {4,5}, then we further obtain by referring
to (8.52),for me N, 80, 2:x], re (0,c)\{1}, 2 [0, 7] xR:

Icos"‘l(ﬂ) - sin8 - alf(z, r, 8) l < |eosf*' - hy(r, 6), (8.56)
where A is defined by

T, 8) 1= 2-p, - (1-cosO)¥2 - fr—1] - (1+77) - (g{?(r, )",
with the constant p, introduced at the beginning of the proof. In the case v €
{1,2,3,6,7}, weset h{r,8):=0 for r € (0,00), 6 €0, 2-7].

Now, combining (8.40), (8.41), (8.49), (8.51) and (8.53) - (8.56), we obtainfor n € N, z¢C
[0, 7] xR:

|48 (2, ) (8.57)
2-7 oo 2-x o -
< €.ne f f G(r, 8) dr dy + f / cos 8™ - B (r, 0) dr d6.
a a 0 [s)

But according to Lemma 8.2, the functions G, and h, are integrable on (0, c0) X

(0, 2-7w). Hence the lemma follows by (8.57) and Lebesgue’s theorem on dominated
convergence.

Lemma 8.11. Toke w € (0, x/2], nc Z, je{l,---,7}. Set {;:=4 in the case
j€{1,2,3}, ¢ =3 inthecase j & {4,5}, and §;:=2 if j € {6,7}. Then
the function AY(-,n)|(0,(;) xR is holomorphic, and the function AY'(-, n), which
maps [0, ;) xR into C, is continuous.

Proof: Tix e € (0,00). For r€(0,00), #€[0, 2-7], the function

Frs (0, G - XR = €, frol2) = a?(5,r,8  (2€(0,( - € xR),
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is holomorphic, as may be seen by the definition of e{) in Defiation &.1. In addition, by
referring to Definition 8.1 once more, we find for 2€ (0, {; — ) xR, re(0,c0), # €
[0, 2.7} that

|d/dz(f.0(2))| = |lnr-af?(zr6)| < h(r6),
where the function kb is defined by
h(r,8) = |turl - ([0, 7, )] + 16,0 ]),

for r,f# as before. From Lemma 8.2 we know that the function h is integrable on
(0, o0} x {0, 2-7) . Hence, referring to the definition of A;-“’) in (8.7), and to Lebesgue’s
theorem on deminated convergence, we may conclude that the function A}"") |(0,¢—€) xR

is holomorphic. Since ¢ was arbitrary from (0, o), we have shown that A;-"’) [(0,¢) xR

is holomorphic too. Continuity of A;-””) may be proved by recurring once more to Lemma
8.2 and Lebesgue’s theorem on dominated convergence.

Corollary B.4. Let ¢ € (0, n/2], T € {-1,1}, n€ Z. Then the functions
T4 YOU, )| (0,2) xR and  det(r By + 2, m))[(0,2) xR

are holomorphic. Furthermore, 7 + Y@ (.. n) and 7 B + Z% (., n) are continuous
funetions on [0, 2) xR,

This corollary readily follows from Definition 8.2, Lemma 8.1 and 8.11.

Now we are able to prove a sharpened version of Corollary 8.2:

Corollary 8.5. Let pe (1,00), ¢ € (0, n/2], € {-1,1}. Then it holds:

4+ YO(2p+i-&,n) £ 0 forall E€R, n€Z if and only if T(r, p, K{))
is topologicel;

det(7- By + Z@(2/p+i-¢, n)) # 0 forall E€R, neZ if and only if

A(7, p, K()) is topological.

Proof: Due to Cotollary 8.2, we only have to show:
IFr4+Y®2p+i-&,n) # 0 forany £ €R, n € Z, then there is some € > 0
with |7 + Y@ (2/p+i.&,n)| > ¢ for £€R, n€Z;

if det(T—Ea + Z@¥N(2/pti-£, n)) # 0 forany £ €R, n € Z, then there exists

some € > 0 with



142 CHAPTER 8. THE OPERATORS A(r, P, K(¢)) AND II(r, P, K(¢))

‘det(r-E3+Z(‘P)(Z/p+i-§,n))l > ¢ for£€R, neZ. (8.58)

We proof the second implication; the first one follows in an analogous way. According to
Lemma 8.10, there is 1y € N so that it holds for £ €R, n € Z with [n| > g :

|det(r-E3 + Z(“’)(Z/p+i-£,'n,))| > 1/2. (8.59)

Recalling Lemma 8.8, we may choose rq > 0 such that inequality (8.59) is valid for £ E R
with |£| > 7o, and for n € Z with |n| < mg. On the other hand, the function

Ay i [=7g, To] — [0, 00), with
An() == |det(r- B + 2 (2fp+i§,m)) | (E€l-ro, ml),
is continuous (n € N); see Corollary 8.4. Now suppose

det{r-EBs + Z9(2/p+i-§,n)) # 0 for SER, nel.

Then, for n € Z with |n| < ny, there is some €, > 0 such that A,(z) > €, for
€ € [=rg, ro] - Recalling (8.59), we now see that inequality (8.58) is satisfied if we set

€ 1= min{ 1/2, €_n, *+, €0, "0y €ng } -

Temma 8.12. Let @€ (0, 7/2], 7€ {-1,1}, n€Z. Then

det(r-Bs + 29)(1, n)) £ 0 fornel; (8.60)
r YO R = 7 for neZ\{0}; T+ YW(L,0) = 7+ cosgp; (8.61)
det{r By + Z9(1,0)) = (1-cos’(g)) - (7+cos’(p)). (8.62)

Proof: Combining (8.42), (8.44), (8.45), Lemma 8.1 and Definition 8.2, we obtain
T — coS ¢ 0 cos?(y) - sin g
r-E + 2Z¥N1,00 = 0 T4 cosp 0
0 0 T + cos*(@)
This implies (8.62), as well as (8.60) in the case n = 0. Now take n € Z\{0}. For brevity

we write B:= 1-F; + Z®(1,n). Then, applying (8.42) - (8.46) and Lemma 8.1, we

compute:
2-1

B, = 1 + cosg- (1tsin’(p))- (27)"- j; cos 6 - cos(n-6) dff,

2.
By = 7 + cosgo~(2-7r)‘1'f cos - cos(n-0) d, Bayy = T,
0
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le

2.7
i cosep - (2.m)70 j gin @ - sin(n-) 4,
a

2-x

By = —i-cosp- (1+sin(y)) - (z-fr)*l-fa sinf - sin(n-0) do,

By = 0 for (,0)e{(1,3),(23}.

Observe that in the case n € Z\{1, -1}, it holds

/02« cosf - cos(n-0) df = '/024r ginf - sin{n-60) d¢ = 0.

Thus it follows by expanding B according to the last column:

det(r By + 291, n)) = 1.

Now take = € {—1, 1}. Then we find

/ﬂh cosd - cos(n-6) df = f:" Gind - sin(n-6) ¢ = r,

so that

det(r-Ea + zt)(1, n)) = r. (1 + 7 cosp - (1 + (1/2) - sinz((p)) )
If ocl0, /2], weset f(o):= coso - (1 + {1/2) - sinz(a)). Using the fact that
ey = sineo- (—1 — {1/2) - sin*(o) + cosz(cr)) < 0

for o € (0, n/2], we obtain

fle) < F0) = 1, flo) 2 f(n/2) = 0 (o€(0,n/2]). (8.63)
It follows

|det(r - By + 291, m))| > 0 for pe(0,n/2.

Collecting our results, we arrive at inequality (8.60). The equations in (8.61) are an
immediate consequence of (8.44).

Now we are in a position to prove the main results of this chapter:

Theorem 8.1. Let € (0, 7/2], 7€ {-1,1}. Then the following sets are countable:

P o= {pec(l,00) : (7, p, K(p)) is not topological .},
P= {pc(l,o0) A7, p, K(p)) is not topological . },
Py:= {pe(l,00) : II*(7, p, K(p)}) is not topological .},
Poi={pec(l,00) : A*(r,p, K(¢)}) is not topological . } .
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Proof: We shall show that P is countable. As for P, , we may proceed in an analogous
way, with some details turning out to be somewhat simpler, due to the fact that Y],

contrary to Z¥), is a scalar function.

But once the sets P, and P; are known to be countable, we may recur to the fact that the
operator T1*( 7, p, K(y)) is adjoint to (r, (1-1/p}", K(»)), and A*(7, P, K(¢) ) to
A7, (1=1/p)"', K(y} } . On the other hand, these operators are continuous, as mentioned
in Lemma. 6.7. Hence we deduce from Lemma 8.5 that P; and P, are countable sets.

In order to prove that P, is countable, we first note the ensuing equation, which is a

consequence of Corollary 8.5:
P = {p € (1,00) : Thereis some £ € R and some n € Z with (8.64)
det(T-E_-, + ZWN(2/p+i-&, n)) = 0.}.
For n € N, we set
Q, = {p € (1,00) : There is some & € R with
det(T-Ea + Z(“’)(Z/p+z'-£.n)) = 0.}.
Because of (8.64), we know that
P = |J @ (8.65)

neN
If neZ, méeN, define

Qnm = {p e[l+1/m,m] : Thereis £ € [-m, m] with
det(T-E3 + Z("’)(Q/p+i-f,n)) = 0.}.
Then we conclude for n € Z:

Qn = |J Qum- (8.66)
meN

We are going to prove that Qn . is finite for n € Z, m € N. Then equations (8.65) and

(8.66) yield that P, is countable. In order to establish our claim, we take n € Z, m €N

and assume that (. . is an infinite set. Then we may choose a sequence (py) in Gnm

so that p, £ p, for p, ve Nwith u#v. Forany ve N, there is some &, € [—m, m]

with

det(T-E3 + ZW¥N2/p, +i-§v,'n_)) = 0.

Define the function &: (0, 2) x R — € Dby setting

G(C+i-£) = det(r-Bs + ZOC+i-€,n)) for C€(0,2), EER.

Putting v = 2/ps + i-&, weseethat 7, € 2/m, 2-m/(m+1)]x[~-m,m],
and G(v,) =0 for v € N. Furthermore, any two terms of the sequence (7,) are
different. Hence there is a mapping o : N = N strictly monotone increasing, as well as
an element v € [2/m, 2-m/(m+1)] x [-m, m], such that 7o) — 7o (v — 00)
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and Yoy # Yo (v € N). Moreover, we have G(vw) = 0 for v € N. Since

G:(0,2) >< R — C is holomorphic (Corollary 8.4}, it follows by the identity theorem for
holomorphic functions (see [41, p. 209, Theorem 10.18]):

Gz =0 for z€(0,2) xR. (8.67)
On the other hand, it holds by Lemma 8.12:
det(r By + Z¥(1,K)) # 0 for keZ

— a contradiction to (8.67). Thus our assumption that @, ., is an infinite set turned out
to be false. This completes our proof.

We still have to show that the sets appearing in Theorem 8.1 are not empty. In fact, we
shall establish are more precise result: ’

Theorem 8.2. If 7 € {—1,1}, @€ (0, r/2] we define
Qi(r ) = {pe(,2) : {7, p, Klp)) is not topological. } ,
(r,¢) = {p€ (2 00) : M{(r,p, K(p)) is not topological. } ,
. p) == {pe(1,2) : A7, p, K(p)) is not topological. },
(ro) == {pe(2,00) : A7, p, Klp)) is not iopological. } .
Then, for any @ € (0, 7/2), the sels Q(—1, ©) and QI{-1, ¢) are not empty.

In addition, for =€ {1, 1}, there is some angle
’ , ¢ € (0, ©/2) such that \
and Q3(r, ) #0. el 20

Proof: According to Corollary 8.5, it holds for 7 € {-1, 1}, ¢ € (0, x/2]:

Alre) = {pc2) : r+ YO (2Yptig,n) = 0 (8.68)
for some £ € R and some n € Z},

Qire) = {pe(1,2) : det{r By + 29 (2/p+i-E, n)) = 0 (3.69)
for some £ € R and some n £ Z}.

Now take ¢ € (0, 7/2). Recalling Definition 8.2 and 8.1, we find for p € (1, 2]:

1+ Y®(2/p,0) = -1 + (1/3)- AP (2/p, 0). (8.70)

On the other hand, we know from (8.44) and (8.47):




146 CHAPTER 8. THE OPERATORS A(7, P,K(¢)) AND TI(7, P, K(¢))

AE;W)(]., 0) = cose, Agp)(a', 0) & oo for ct2.

Hence there is some p € (1,2) with 1 — (1/3) - AP(2/p,0) = 0. Due to (8.70)
and (8.68), this implies p € @1(—1, ) .

For p € (1, 00), the operator IT*( -1, (1-1/p)~}, K(p}) is adjoint to (-1, Kg)) .
Furthermore, these operators are continnous {Lemma 6.7). Hence, referring to Lemma 8.5,
we conclude that Q%(—1, ¢) #9.

Turning to Q:(7, ), we first introduce some abbreviations by defining for T €
{-1,1}, ¢ (0,7/2], vc[0,3):

Bir,p,7) == 1~ AP(y+1,0 + (1 - 2-sin%(e)) - 4 (741, 0),
By(r,07) == T + APy 41,0 + AP(v+1,0),

By(r, ¢, 79) == T — 2-cos’(p) - AP (v 41, 0),

By(t, 0, 7) i= - (2-cosp -sing — cote) - AP (v +1,0) — cotyp - A¥(y,0),

Ba(r, @, 7) = —2-cosp - sing - AP (y+1,0) ~ cotp- A (y+1,0)
+ cote - AP (y, 0).

Recalling Lemma 8.1, Definition 8.2, 8.1, as well as {8.42), we obtain for 7 € {-1,1}, ¢ €
(0, 7/2], v€1[0,2):

det(7-By + 29y, 0)) = Bur,e7) (8.71)
'((BI(T1 P 1) + sin’(p) - AP (1, 0))
(Balr ¢, %) + cos(p) - AP (,0))
= (B4(T, ©,7) + cosp - singp - AL (y, 0))
. (B5(r, ©, 1) + cosp - sing - AL (4, 0)) ) .
For 1 €{-1,1}, ¢ € (0,%/2), Y€ [u,ﬁi_), we define
Bs(r,,7) = Bi(r,,7) - Ba(r,007) — Balm 2. 7) - Bs(m, 9,7),
Bi(r, 0, 7) = cos’(¢) - Bi(r, 0, 7) — cosy - sing - Bs(r, 0, 7),
Bs(r, ¢, 7) = sin*(p) - Bs(r, 0,7} — cosg - sing - Bur ¢, 7).
Then it follows from (8.71), for 7, ¢, 7 as given there:

det(T By + Z(‘p)('?': U)) == BZ (Tl @, 7) (872)

(Balr o) + Bilren) - AP0 + Bulropm) AP, 0).
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Next, we set for 7€ {-1, 1}, v (0, 7/2], v€[0, 3):

Bq(T, 9, 7)
= Bo(r,,7) + Balrie7) - (3/2) - (AP (v 41,0 + 4P (y+1.0),

Buo(7, 9, 7) i= Bilr, 1) — (1/2) - Bs(r, 0,7) -

Referring to (8.72) and (8.48), we find for 7, ¢, v as in (8.71):

det(r-Es + 2¥)(y,0)) (8.73)
= Bire,7) - (Bolripn7) + Bulr o) - AP, 0)).

On the other hand, Lemma 8.11 yields

Bi{r, e, v) = Bi{r,9,2) (v12) for je{2 9, 10}. (8.74)

This reference to Lemma 8.11 is justified, since only the functions A{¥ (v, 0), Ag“’)('y +
1,00, A¥(y,0) and A¥(y+1, 0} enter into the definition of B;(r, @, v), for
j€A{1,---,10}. Next we point out a consequence of (8.46), namely

By(r,p,2) = 7 + cosp- (14 (1/2) sin’(¢) ),

so that it follows from (8.63):

sign(Ba(r, 9, 2)) = sign(r) (re{l,1}, ¢c(0,r/2]}. (8.75)
In addition, we conclude from (8.44) - (8.46):

Bulr,p,2) = —(r/2) sin’(g) + 7-co(g) — co’(s) (5.76)
for 7€ {-1,1}, @€ (0, 7/2]. But there is some 5 € (0, 7/2) with

(1/2) - sin’(pn) - cosl(p) — co(p) < 0.

This means by (8.76): Big(—1, ¢1,2) < 0. On the other hand, we know from (8.75)
that By(—1, @1, 2) < 0. Now it follows from (8.73), (8.74) and (8.47):

det(—Es + Z“")('y,ﬂ)) — oo for v12.
We further recall equation (8.62), which yields
det(—E;; + Zo(, 0)) < 0.
Thus there is some v € (1, 2) with
det(~ 85 + 7%y, 0)) = 0.

Referring to (8.69), we may conclude Q.(-1, ¢;) # 0. Next we point out there is some
w2 € (0, 7/2) with
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—(1/2) - sin’(g2) + cos®(pz) — cos®(yps) < 0.

This means by (8.76): Bip(1, 3,2} < 0. According to (8.75), we have Ba(1, ¢2,2) > 0.
Now we recall (8.73), (8.74) and (8.47) to obtain

det(Ea + ZleD(y, 0)) — —oc for y12.
On the other hand, we know from {8.62):
det( By + 29(, 0) > o.

Hence there is some v € (1, 2) with

det (B + Z%)(y, 0) = o,

so that it follows by (8.69): Qa(l, @) # 0.

The operator A*(r, (1 — 1/p)™, K(g)) is continuous {Lemma 6.7) and adjoint to
Alr,p, K@), forany 7€ {-1,1}, p¢€ (1,0), ¢ € (0,7/2]. Now Lemma 8.5
yields that Q3(—1, ¢:) # 0 and Q3(1, w2) # .

We close this chapter by a lemma needed in Chapter 13. It states that in f)rder .to prove
invertibility of A{7, p, K(¢)) for pe (2, oo)\{4}, it is sufficient to consider either the
range p € (2,4) or p€ (4, 00).

Lemma 8.13. Lei ¢ ¢ (0,7/2], re {-1,1}, p¢€ {2 o). Assume the operalor
A(r, p, K(p)) to be topological. Tfm{ A7, 2-p/(p—2), K(p)) has the same property.

Proof: According to Corollary 8.5, we have
det(r s + Z9(2/p+i-€, n)) # 0 forall EER, neZ.

Applying the substitution rule with r =1 /s in the definition of Z#) (see Definition
8.2), we deduce that

det(r-E3+z(w)(1—2/p—i-g,n)) £ 0 for £€R, n€Z.

Hence, by referring to Corollary 8.5 again, we see that that A(7. 2-p/(p—2), K(p)) is
topological.

Chapter 9

Some Uniqueness Results

It is the aim of this chapter to show that the operators T*(r, p, A, K(¢)), {7, p A,
L(p,€)) and II*(7, p, L(g, €)) (¢ > 0) are one-to-one for certain values of p (Corollary
9.3, Theorem 9.4). These results are based on a suitable application of the Divergence
theorem (see (9.43), (9.52)). However, it will take some effort to work out the details of
this approach, due to the fact that the surface 3L{ip, ¢} is not bounded.

Qur approach yields somewhat stronger results than will be needed later in this book. For
example, there will be no occasion to use the fact that I™{r, p, A, L(p, ¢} ) is one-to one
not only for p =2, but also for p ¢ (1,2), if ¢ > 0. However, almost no additional
work was necessary in order to attain the present level of generality. So there is no reason
to omit any of the results presented in this chapter.

In a first step, we shall establish 2 “jump relation” for the potential functions we are going
to introduce now. Note that the following definitions make sense due to Lemma 6.2 and
6.5.

Definition 9.1. Take p€ (1,0), A€ C\(~o0, 0], ¢ € (0,7/2], €€[0,0), reR.
Then we define the operators

R'(p, L{p, ), 1), .ﬁ*(p, A L{g, ), r) @ LP(OL(p,¢€) )3 — LP(9L{p, ¢) )5
by setting for f € L*{8L(p, ¢ )3, x € OL{p, €) :

B (p, L(ps o), r)(f) (o) = (ﬁ]aw > Dinlz—y + (0,0,1))

9 k=1
-0 9a) - filw) dL{p, () .

1<j<3
R*(pa A: ][‘((Pl E), f‘)(f) (x) = (_ -/BL( ) z ﬁ;k!(m_y + (U,U,?"))
el L k=1

19z} - Sily) dLiz, ) ()

15528
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The following theorem is called a “jump relation” because the LF-limit function appearing Choose & € (0,00} in such a way that in the case ¢ = 0, we have supp(®) C
in thie theorem comes out different when r tends to zero from either the positive or B, (0, 1/8) \ B,{0, §), whereas in the case ¢ > 0, we require § < 1/¢, supp(®) C
negative side of the real line. We shall reduce this result to a cortesponding theorem B (0, 1/8) .
pertaining to bounded domains with smooth boundary. Next we construct a bounded domain € with C'°-boundary by setting
Theorem 9.1 (jump relation). Let p < (1,00), pe(0,7/2], A€ C\(-00, 0], €€ Ag = L{p,6/3) N By(0, 3-(6-sing)™") in the case ¢=0;
3
0,00), 7 €{-1,1}, feLr(dLlg,€)) . It follows: Aoi= L{g, € N By(0, 3-(-sing)L) if €>0,
f At (1, p, L, ) (f) (2) g and then defining
AL (ip,€) . .
~R'(p: Llpy 9, =7 7)) ($)| dL(e, ) () Qu= Ay U {9-(5-sing)® - |z 2+ €A}

—+ 0 forrl0;

jt;l.,(:p,e)

— 0 forrlO.

Thie means that € is the union of A; with the set obtained by {-rrverrmé Ag vfwﬂ“ Hr(’.{"{e(ﬂhﬂ
. { the spherical surface dBs(0, 3-(§-sing)™'). Let m denote the oulward |+
(7, p, X, L(g, €))(f) (2) unit normal to §. For brevity, we set for o €1, 3]:

B AL g, —m- N @] dLie 9 () 4o Bu(0, 0/B)\Bu(0 G/} n the casu €0,

il

Alo) = B,(0, o/8) if ¢>0.

Then 9 1 A(8) is a parametric representation of
Proof: Fix j,[€ {1,2, 3} For brevity, we set

(r¢} — (%, €}
- Yo (A@))nee = +“9(A(3) N oL(e ¢,
8 = Dy, 88 =D, for ke{l,2,8); Y= oyl
! and for p-membei x of this set, we have nl#9)(z) = m(z). Moreover, thereis & >0 H e elew
3

v P € h that

KO (6 n) = — 3 S(r@2©) - ¥ + (0.0.1)) such tha
k=1 R (ngp'e)orr(#’.s))[g) . J(‘F.E)(-ﬂ) z + (0_’ 0, r) c Q‘ z + (0, 0‘ —T‘) € Ra\ﬁ for z € 7(¢IE)(A(2)), re (0, 60) )

for reR, ve {2}, &ne R? with £ # 1. According to Lemma 6.2, 6.5, the Define the mapping h: 882 — C by
function K®(r) @ 7 is well defined if € R, 7€ [2(RY), v €{1,2}. Weare going by = (80 (199) ) @) for = €1#I(4)).
to show that for v € {1, 2}, the following relation holds true:

| (r-62/2) - ¥ + KM ®T¥ — KO (-r-r)@¥||, — 0 (ri0). (9.1 hz):=0 for z ¢ OQ\Y =9 (A(2)).

- : Then we have h € CYHS) and supp(h) C y*¥9{A(1)). Now, in the case v =1
i 1 « implied by the preceding convergence result. PP Y ; .
Recalling (3.1) and (3.8), we see the lemma 15 implied by P & . we may recur to the jump relation for double-layer potentials on bounded smooth domains,
In order to establish (9.1), we first note that by Lemma 6.2, 6.9, there is some &; > 0 as given in [30, p. 56-58], [5, p. 51-56], or [13, p. 136, Satz 4.1], with a detailed proof in
cuch that we have for v € LP(R?), r € R\{0}, ve{1,2}: [13, p. 113-129, p. 137-139]. it follows

/) - O o1l . [EOC el < €l 62) s
L(rosaf2y 7+ KOO 0, KO ST - [. sy 22 SRy (0,0,7-m) ) - ) 400) (9.4)
Now let & € (0,00) be given. Choose & € C'(R?) with supp(®) compact, and R k=1
with  j|@ - ¥, < w/(4- ¢;). In the case ¢ = 0, we assume in addition that —  (—7-83/2) - h(z)

supp(®) C RA\{0}. From (9.2), we conclude for r € R\{0}, v e {1,2}: .
| (r-8:/2) - (E =) + KOy ® (V- ), &V @ T-2) I, (9.3) + [,(w-n(m)) g St —y) - muly)  hly) dy) for rl0,

< /4 uniformly in z € ¥®(A4(2)), ve{l,2}. f v=2, wenote that
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B - D = DEL+DEN  Gik1e{l23}),

Jkt

with the right-hand side being bounded; see (5.3). Therefore, in the case v = 2, the
relation in (9.4) is easily reduced to the case v = 1; compare the arguments in [13, p.
141-143]. Next we observe there is some € >0 with

Im(z) —my)| = [2¥®9) - 2| < G- le-yl

for =,y € 79 (A(2)). Thisis clear in the case € > 0 since nl# oy € C°(R%)?.
If =0, we point out that

aedo (09 [RA{}) = n®o (g |BA{0}) € CO(RA(0}),

A(2) Cc R\B,(0, §/2).
Thus, recalling (5.9), (5.15) and Lemma 3.4, we see there is a constant T3 >0 with

IZ SE(z—y+ (0,0,r) - (ms(e) —me(w)) - h®)| < Ca-lE—nl™" - (A
for z, g€ v 9(A2)), reR, ve{l,2}. It follows (compare [13, p. 141-143]):

]( ) ()) E ;:g(x_y + (0’ 0= QT'T)) : (mk(x)—mk(y)) . h.(y) dﬂ(y)

k=1
3
-/ > S —9) - (o) - maly)) - k() (@) for L0,
v =)(.A. 1) b=1
uniformly in 7 € v*9(A(2)), ve€ {1,2}. This result and (9.4) imply:

(e - —7o7)) - my(z) - o
- j;(u =)(A(1)) Z Sjk’(m ¥ + (0’ 0’ T )) ( ) h’(y) (y)

- ; Gl - dQ f 0,
Loty 2, Sl =) - male) - i) d) tor 7
uniformly in = € ¥ ‘)(A(Z)) v € {1, 2}. This means
(r-82/2) - 2(¢) + (K®(0) @ @)§) - (KV(-r-r)83)(§) — 0
for r )0, uniformly in £ € A(2). In particular, there is a number 7, € (0,00) with
[ |- 20 + (KO0 @9)E - (K908 @)E) a3
A4(2)

< (wf4) forre(0,m), ve{l, 2}.

Take 5 € supp(®). Then we have 1€ —p| > [€/2 for £ e R:\B,(0, 2/8). If ¢=0, it
holds in addition:
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€—nl = (1/2)-Inl 2 (1/2}-8  for £€By(0, §/2).

According to Lemma 6.1, there exists some number € >0 so that

LK@ (ry (6, m)] < € - |~ 5|™* for &, n e R\{0} with £#n, reR, ve (1,2}

It follows for n € supp(®), £ € RNA(2), reR, ve{l,2}:

| K@) Em)| € 4-Ca €7 i £ e RAB(0, 2/5); (9-6)
|[K®(r) (&, )| < 4-€-6% inthecase e=0, £¢ By(0, 6/2).

In a firet step, these estimates imply by Lebesgue’s theorem on dominated convergence:

LroeEn-omda — [ K90 €D -emd -0,

with £ € RNA(2), v € {1, 2}. It further follows from (9.6}, for £ € R®\B,(0, 2/4), r ¢
R, ve{l,2}:

| [ KO0 € - ot anf < el

P
where we have set € := (|115|U 4.8 f dT]) . If e=0, we get in addition:
supp(®)

| [ k96 € -8 an] < &5

for £ e By(0, §/2), re R, ve{l,2}. Butthe function L :RHA(2) +» [0, o0},
with L(&) defined by

L(€) =€ - [€] %7 if £ € R)\By(0, 2/4),
L&) :=¢; - 67%® inthecase ¢ =0, £ cB,(0, 6/2),

is integrable. Thus, applying Lebesgue’s theorem once more, we may find some number
ry € (0,00) such that it holds for v e {1,2}, r € (—r, ra) ¢

o (K@@ 2)E — (KO0) @ 2O de < (w/4). 0)
Since ®(¢) =0 for £ € R™NA(2), the integrand in (9.7} may be replaced by

(7 84/2) - 3(©) + (KO(0) @ @)(©) - (KW() ® @)(e)] .

Now we combine (9.3), (9.5) and (9.7) to obtain for v € {1,2}, re (0, (riAry)):
[(r-82/2) - + K@) ¥ — KM (-r-rj@¥| < =.

Since & is arbitrary from (0, oc), the proof of (9.1) is completed.

Theorem 9.2 (Hardy-Littlewood-Sobolev inequality in R?). Let p€ (1,00}, a ¢
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(0, 2/p). Then there is a constant Csa(p, @) > 0 such that

(/m:(j];ﬂ € = n=2e . |@(n)| dn)l/(llp-a/2} dg)ll?éan

For a proof, we refer to [45, p. 119].

< Calp,e) - 2],

Lemma 9.1. Let ¢ € (0,%/2], e [0,00), A€ C\(-o0,0], 7, k€ {1,283}, pc
(1,2), g€ (1,00). Inthe case ¢ <2, define t:= (1/q- /). If ¢ > 2, take
t € (g, 00).

Then there are constants €, € > 0 with the properties to follow:

(]131( RJS(FYW’E)(E) = 79n) + (0,0,7)) / 1/p-1/2 (9.8)
.@(ﬂ)l 5 J(w,e)(n) dn)l {1/p—1/2) dg)
< -2l

for ® e I?(RY), rcR, Se{FE, Ep};

(L:([EJE;,‘(YW)(O — =) + (0,0,7)) " (9.9)
@(n)] - (o) da) de)
< & -2l

for ® € LYRY), reR.

Proof: Due to Lemma 3.4, we havefor r € R, S€{E, Ex}, & neR? with {#7:
) . - -1
|S(¥#9E) — v ) + (0,0,n))] < (wesing)™ - {lE—ni+ri) . (9:10)

Thus inequality (9.8) follows from Theorem 9.2. According to Lemma 5.4 and 3.4, it holds
for £, peR? with £#£7n, andfor rcR, &[0, 1]:

| ER (v 9(€) — v (n) + (0,0,r))}] (9.11)

—24a

< (4 sing)*™ - Cug{| argAl) - (AT (€ - gl + Ir[)

Now, by referring to (9.11) with e =1 if ¢ <2, and with a = 2/¢— 2/t else, we see
that inequality (9.9) may also be deduced from Theorem 9.2.

Lemma 9.2. Let ¢ € (0,7/2], ¢ €[0,00), A€ C\(-00, 0], j ke {1,2,3}, pe€
(1,2), @ I?(R?), g€ (1,00), YE Li(R?) . Then
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L15 = 4%2m) - #n)] - S@9m) dy < oo

for Se{E, Ex}, 2 eR*\IL(p, ¢}, and for almost every z € L{y, €) ;

Aalﬁfk(z — @) ()| - I* ) dy < oo

for z € R®\ 9L(p, €}, ond for almost every z € IL(¢, €}

/RJIE%('L' —7®9m) x| J@m) dy < oo for z e R\ IL(p,€).

Proof: Take z € R®\ dL(yp, ¢) . According to Lemma 3.5, there exists some £ € R?, r ¢
R\{0} with =z = ) + (0,0,7). By (9.10}, (9.11), we conclude thereis € > 0
such that for n € R*, S € {E, E;; }, we have -

|S(2 = ¥*m)| < € (lg=ai+ 1)

|EX(z ~ 42|, |Balz = 1@} < € (le—nl+ )7

Now, by Holder’s inequality, it readily follows that the integrals appearing in the letnma
are finite for = € R®*\ dL{¢p, €). Moreover, by Lemma 9.1, the first two integrals exist for
almost every z € dL(gp, ¢).

Due to Lemma 9.2, we are able to introduce some so-called “single-layer potentials™:

Definition 9.2, Let p € (0, 7/2}, e €[0, ), Ae C\(—o0, 0],
FeU{Lr(L(p,9)’ : pe(1,2)},  AeU[LP(dL(p,9)’ : pe(l,0)}.

Then the functions
V(0L(g, ))(fi) : R* = C, V(8L(p, ) )(f) : R? = C?,
PAOL(p, )W) : R+ €7, Q(9L(p, ) () : R\ OL{p, o) C

are to be defined by

V(3L(p, ) (f) @)= [ Tla—v) - hly) dlip, 9 ),

Bl(w,€)

V(oL )@= ([ Y Bule-v) 40) dLipd W),

Blig.€) p=1 1£5<3

VA (BL(p, €) ) (B) () := (j%w) > Bhe—y) - hly) dL{g, 0 (1))

Fye} 1gig8

for z € R\OL(w, €) . and for almost every z € L (g, €);
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QLo 0 @)= [ 3 Bule 1) - ) dLie, 9 ()
Jor z e R*\OL{p, ).

Lemma 9.3. Let ¢ (0,7/2], e € [0,0), AeC\(-o0, 0], jk€{l,2,3}, Se€
{E, Ej, E‘}k, Ey}, a€ N} with 1< |a|.t Furthermore, take K C R3*\8L(¢p,€)
with K C R\ 0L(p, €)

Then there are constants €, 4 > 0 with

|D°8(z — ¥#m)| - J@Ig) < € (v for we K, neRE

Proof: By Lemma 5.3, 5.4, we may find some number & > @ such that
| D*Ba(z ~9)| € € -Jz—gl M (912)

ID°S(z —y)| < & - le—y7 7,

for $€{E, Ey}, z,y € R® mit z #y. Furthermore, using Lemma 5.3 and the
properties of the exponential function, we may construct a constant ¢, > 0 with

D*ER(z -y} < & -z g7l for 2, y € R® with z#y. (9.13)

Finally, by referring to Lemma 3.5, we see there is a number & > 0 such that 7| = &
for (§,7)cC (T(‘P"))d(K) . Hence, using {9.12), (9.13) and Lemma 3.4, we are able to
construct a constant @3 > 0 with

| D°S(T A, r) — ¥ m)| < & -8 for (&) € (1) (K), neR".

Now the lemma follows by the boundedness of K.

Corollary 9.1. Let ¢ € (0, 7/2], e€[0,00), A€ C\(—o0, 0], and assume thai
FeUlIP(8L(p, ) : pe(1,2)}, heU{IP(L(p,g)° : pe(l o0}
Then, for 1€ {1,2,3}, the functions

V(8L(p, ) (£) [R\OL(p, ), Vi( 8L, ©)(1) |[E*\OL{p, )

T (0L, ) (1) [R*\OL(p, ), Q(BL{p, €))(B)

all belong to C(R*\ 8L(p, €)) . Moreover, let = € R*\dL(p,¢). 1€ {1,2,3}, e€
N3. Then

002 (V(oLp ) () @) = [~ DBl i) e ),
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j Z Egk Z — fk(y) d][‘(")o! 6) (y):

k=

9°/82°( Vi(IL(e, ) )(f) (z) )

i

[aL 2 DEj(z—y)  huly) dL(p,€) (),

k=1

8°/0z"( V2 (9L(p, €) )(h)

Mm

/02 Q(AL(p, 9 )b} (2)) = fw) D*Ey(z - u) - huly) dL(g, €) ().

k=1

Proof: The corollary is proved by induction with respect to |a|.. Use Lebesgue’s thearem
on dominated convergence, which may be applied due to Lemma 9.3.

goro].lary 9.2, Let @, ¢, A, f,h be given as in the preceding corollary., Then the function
V(OL(w, €) )(f1} | OL(p, €) solves Lapluce’s equation (1.15). For brevity, put

(@O, HOY = ( (AL (@, €) ) |R3\3]L(<p, €), Q(AL{p, )} (S )

(G, HO) = (VA(8L(p, €) ) () [R\OL(p, €), Q(IL(p, €)) (k)

Then the pair of functions (GO, H) satisfies the Stokes system (1.18), whereas (G,
H@) is g solution of the resolvent problem (1.12).

Let r ¢ R\{0}, end put
MY r) = R*(p, L(g, €), r)(f), MD(r):=R*(p, M L, &), r){h).
Then it holds for almost every z € 8L (g, €), and for v e {1, 2}:
MY (r)(z) (9.14)
3
(- X (Di6Y + DG~ 8,H Y@+ (0,0,1) - 1 () )

k=1 12543
H the eorr esponcling (tmt (wnction
Whenhhe right-hand eide of (9.14) wib—fm}qm--ﬁhe-‘ﬁaaundaxymm-eﬁh&s- Lrld on
—Pest-r-}c.ued coincides with the function A*(—1,p, L(g, €))(f) if » = 1, and with
I*(-1, p, A, L(p, €) }(h) in the case v =2, This follows from ﬂs—]:éi-)—aﬂd-‘Theorem 9.1. i 0

Corresponding results are valid 1fMe right-hand side of (9.14) ’F&m%e&tcrﬁa’(m Lo o HJL

Prescribing a boundary value H the right-hand side of (9.14) is called a “slip condition”. | '@‘?

Proof of Corollary 9.2: All the results stated in this corollary, with the exception of
{9.14), are a consequence of Corollary 9.1 and the properties of the fundamental solutions
introduced in (1.2}, (1.6). As for equation (9.14), it follows by referring to Corollary 9.1
again, and by recalling the definitions presented in (1.4), {1.7), Definition 9.1 and 9.2.
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o ith
Lemma 9.4. Take @€ (0, 7/2], €€[0,0¢), A 63(3\(—00, 0], geC (651(:90]516)) E;ﬂ;s
supplg) compact, p € (1,2), fe LF(0L(p,€))", g€ (1,00), he LIy, .
Then it holds for t e (1, (1/p—1/2)7]:

jal-(tp,ﬁ)

— 0 (r—0).

V(9L{g, &) )(f) (e +(0,0,7)) (9.15)

“ V(8L )N @) - s dL(p ) ()

In addition, the following relations are valid for t € (1, 00} in the case ¢ > 2, and for
te (1, (1a—1/2] i g<2:

]BL(%E)

— 0 (r—}b).

VAOL(, €))(R) (= + (0,0,7)) (9.16)

— PAOL(p, 0)(B) ()] - la(2)] dL{g, o) (@)

Finally, there exists a set G C OL(p, €) of measure zero such that it holds for = €
A, )\ G :

V(8L(p, )W) (2 +(0,0,r)) — V(3L(p,))()(z) (r—0), (917)

VMaL(p, 9)(B) (2 +(0,0,1)) = ¥ (0L(w, 9)(B) ()  (r—0). (9-18)

Proof: Set p:=p, pi=¢q, t:=(1/p—1/2)7'. K ¢>2, wetake 3 € (g, ooi,
whereas in the case ¢ < 2, weset &, = (1/g— 1/2)"!. We further deﬁ‘ne oy ._f )
aswell as ap =1 if ¢ <2, and ey := 2/¢—2/t; if ¢ > 2. Then it follows for

ve{l,2}:

a, € (0,111 (0, 2/p), 1/t = 1/ps — /2.

In addition, we define for &, 7 € RA{0} with é#n, rcR:

KO (6 n) = (Ep( 9O — 79() + 0,0,0) - J*m)

(9.19)

KOr) (&) = (EA(y*9(0) — 7 9(m) + (0,0,7)) - J“”‘)(ﬂ))lgikss-

eV = foyl®d, .= ponled,
H . 2
Note that e € IP+(R%® for v € {1,2}. Let us show there is a set N C R* of

measure zero such that

(KEOE En) - KD@) &) - &Hm|dr — 0 (-0, (920

o

for £ € RAN, wv e {l,2}. This relation yields (9.17) and (9.18), as may be seen by
(3.1), (3.8). Furthermore, we shall establish the following result:
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LULI(E0O € - k9@ 6 n) - o) (0.21)

Jlgov@)m| dy

- 0 (r=0) for ve {1, 2}.

Because of (3.1), (3.8), this proves the relation in (9-15) for ¢ = (1/p—1/2). In addition,
if g <2, the convergence result in (9.21) implies (9.16) for ¢ = (1/¢-1/2)". In the
case ¢ > 2, the statement in (9.21) yields (9.16) with ¢ = ¢,. But in the latter case,
t; was chosen arbitrarily in (g, 20}, so that if (9.21} is proved, the relation in (9.16} is
established for any ¢ ¢ {g, o0). Since supp(g) is compact, we may then conclude that
(9.15) is true for t € [1, (1/p— 1/2)7], and (9.16) is valid for ¢ ¢ I, (1/p- 1/2)-1]
in the case ¢ < 2, and for tell,o0) if g>2.

This leaves us to show (9.20) and {9.21). For this purpose, take v ¢ {1,2}. Then we
observe there is €, > 0 so that

KOME D] < @ le—al ™ for € neR? with ££m, reR: (9.22)
see (9.10), (9.11). Because of (9.19) and Theorem 9.2, we have
ty

L CLe=ar 19w a)” & < . (9.23)
Rz mﬂ

Thus there is a set &Y ¢ R? of measure zero such that for any ¢ ¢ RAN, the function
FiR2 o [0,00),  Filn) = I§— 0l . e for pe k2,

is integrable. Applying (9.22) and Lebesgue’s theorem on dominated convergence, we ohb-

tain (9.20). Finally the convergence result in (9.21) follaws by again referring to Lebesgue’s
theorem, which may be vsed due to (9.20), (9.22), (9.23).

Lemma 9.5. Let » € (0, /2], e€0, ), € {-1,1}, A€ C\(-o, 0, ge¢
C*(OL(p, ©)) with supp(y) compact, p€[4/3,2), fe LP(R®?, qe[4/3, o), he
LYRH3. Then

faL(“) ( (V(aiL(cp, 9N (= + r.(o,o,r)))“ - R*(p, Ly, o), T-r){f) (z) (9.24)
- (Ve DN @) Aor 51w, 9) (0 (m)) - 9(z) dL(p, &) (2)

-—0 (r |0},

j.;l..(w a9 ((?*(BL(% )k (z + 7 (O’O’r)))cc (626)
\ -E"(q, A L(p, o), T-r)(h) (z)
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cC

— (P (oL, B} (2)) - T*(=7, 4, 2 L(p, ) (W) (m)) - gla} dL(g, &) (=)

-— 0 (rl0).

Proof: Since p€[4/3, 2) and ¢ > 4/3, we have
(1-1/9* < (/g—-1/2)™" ifg<2, QA-1/p~" < (1/p-1/2)7". (9.26)

Put pi=p, pi=gq, FO:=V{3L(p &)(f), F&:= VA(OL(p, €) )(h). Then
Lemma 9.4 implies for v € {1, 2}:

jﬂL(tpsf)

for r = 0. It is known from Theorem 9.1:

"R*(p, L(‘P#‘)’T'T)(f) - A*(—'r,p,L(ga,e))(f)”p — 0 (T'.LO),

lg(z)| dL(g,€) (2} — 0O

1/(1-1/p-)
F(z +(0,0,r)) — F(”’(m)I/ ;

||ﬁ*(q,A,L(cp,e),T-r)(h) — F*(—T,g,A,L(cp,e))(h)||q — 0 (ri0).

If v=1, orif v=2 and g < 2, it follows from (9.26),for r e R:

1=1/py

(LL(wle) |F(0)(3; + (O’O’T))ll/(lfllpu) . |g(ﬂ.7)| d]L((p, €) (;1;))

< (f dL(p, €
&L (p,¢) Nsupp(g)
(L e+ @0/ dLie o 0)
8L (1w,€)

Furthermore, in the case v =2, g > 2, we choose t € (g, 00} and then obtain for
reR:

(/aw ) | F®(z + (0,0,7)) |1/(1_1/q) g2} dL{g, € (@)

< (f dL(p, ¢
8L (i, €) N supplg)

) (faMm | F®) (& + (0,0,7)){" dL(g, ¢ (z))llt.

Now Lemma 9.1 implies there is €, > 0 such that it holds for v € {1,2}, r€R:

1-1/p~

(/{;w , | PO (1 (0,0,7) Y47 . g(@)| dL(g, ¢) (2)) < @ e

with e := f, e® := h. By referring to Lemma 6.2 and 6.5, we see there is @, > 0
such that we have for r cR:

)3,'2f2/p.,

)1/;1"-1/2

)1—1/q

)1—1/q—1/t
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” R*(P: Lig, €) r‘)(f) ”p < & - “f”p:

1B (5, 2 Lig, 0, )W), < . a,.

Now the lemma follows by fi ; : . .
equality. y first applying the triangle inequality, and then Hélder’s in-

Lemma 9.6. Let ¢ € (0,7/2], ¢ ¢ 0,00), 4, k€{1,2,3}, AeC
+ i ’ 3 1 4y H \ o0, 0 v
{_15 1}7 pe (11 4/3)5 qc (11 2]7 fELP((?]L(tp, E))ay hELq(a]L(()D: E)()a' } o

Take g € C'(R®) with g|Ba(0,1) = 1, supp(g) C Ba(0.2). F
set yﬂ(m) ::g((l/ﬂ)_x)_ (g) BS(; ) or n e N, z € R® we

Put Q:=L{g, &) if =1, and Q= RA\L(p, ¢) if T=—1. R follows:

swp [ V0L, ) () (& + 70,0, |

r€(0,00)

L8 Q0L )1 (2 4 - (0.0,0)

+ 0/05 V(0L 9)(0) (2 + 7 (0,0,))

+ 000, (W(0146, )1 (2 + 7 0,0,7) | | D) i
— 0 (n— o0);

swp [ [TAOLG, ) (= + 7 (0,0,0))|

rE(U,cc)

-‘-aj,, “Q(OL(p, ) )(h) (= + 7 (0,0,7))

T 3/3.’..";‘(??(3][..(90, 9)(h) (= + T-(O,[],r)))

#0102, R(0L0, )0 o 17 00))| - Dt e

— 0 (n = co).

Proof: For brevity, we set for S NER? with €475, rcR:

Km(") (& n) = (Djk!('?'(%e)(f) - 7((’0'5)(77) + (0,0, PJ) : J(w's)(’?)) '

LO@) (6 m) = (Ba(r9(8) - v9(m) + (0,0,r)) T () )

1<i<s’
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Let K®(r)(&, n) and L®(r)(€,n) be defined in the same way as KM(r){g, n) and

—~N ~ .
LU(r)(€, ) , but with the functions Djy; and Ej replaced by Dy, and B, respectively.
Furthermore, if r € (0,00), n € N, we set

Al = [ V(oL ) (= + 7 0.00)]
’ _J'k'Q(aL(ﬁose))(f)(x+T'(0=Uvr))

+ /05 Vi(8LGp, ) (1) (2 + 7 0,0,1)))

+ #fom;(V(0LGp D) (& + 7-0,0,0) ) | [ D) 2.

The expression As(r,n) is to be accor:ling to the same scheme, but with
V(L{p, 9)(f), Q(IL{p,&))(f) replaced by V*(9L(p, €))(h), Q(IL{p,¢))(R),
respectively. We finally set @) = foyn?9, o) = hov™9 aswell as J = (0,00)
in the case 7 =1, and J:=(-oc0, 0) if 7=-1.

Due to (3.1), (3.8), (3.11), Lemma 3.5 and Corollary 9.1, we obtain for v € {1,2}, re€
(0,00}, nEN:

A,(rm) = ’/sz

(L@ +7-7) @ 89 ) () f

W(KM@+rqq®¢MMaiwﬂmeﬂ@wﬂl@d&

Note that supp(Dig.) C B3(0, 2-n) for n € N, so that
|72 + (0,0,5)] < 2.n for (§5) € R2x R with Dyg, (T (€, 8)) # 0.
Now we conclude from Lemma 3.4, with the abbreviation §:=8-sin™' () :

lef < 2-m, || <é-m for neN, (£ 5) ER*xR with Diga (T (£, 5)) # 0.

Hence we have for r € (0, 00), n€ N, ve{l,2}, with & = |Deglo:

Au(r,m) = f”_é_ o ]m 2_n)|(L<“)(s+r-r)<>3>'I>(”))(<’E)[ (9.27)

-|(K(")(s+r-r) ® Q(”))(E” ! |Dkgn(T(!P'E)(£7 s))| d€ ds

S (1/%) I /;n(—-a- &n) -/JB(U 2.n) (L(U){S+T-T) @ ‘I)(U))(E)|

.|(K(u)(s+,-.,.) ® ) (¢)| de ds.

Now let us consider the case v = 1. From (9.27), we obtain by Halder’s inequality, for
re(0,o0), neN:
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Ai(rym) < & - (1/n} -

Jn({—én,dn)

| £ (s +7-7) @ @0 (9.28)

futs1rz)

NED(s+rer) @ 29|
Put @; := 4/p—3. Using the fact that p € (1, 4/3), we get
B/2-1/p)7" (Up-1/2"" € (Leo);  (3/2-1/)7 > p; & €(0,1);
3/2-1/p=1/p—ay /2.

We further define ¢, := 12.7x°1. sin_z(cp) |7 9. Then we find for &, nc R? with
E#n, scJ, re(d co):

V(s1a-17) B

KD s+r-r)En| < &-([E—nl+ls+7-r])"

< &, - |S+T-r|_°'1 . J‘E_T?I_Hm < ¢, |Sf"°" . |E_ m-2+a1r

where the first inequality follows from Lemma 3.4. Concerning the last one, we point out
that by the choice of J, we have |s4+7.#|>|sI >0 for s€J, r& (0, ). Now we
conclude from Theorem 9.2, for s € J, r€ (0, ) :

Pt @ 80y sy < C b, (9:29)

where €3:= €y - Caa(p, oy) - |[@Y]|,. On the other hand, referring to Lemma 3.4, we
find for », seR, £ ncR? with £¢£9:

|[LO(s+r) (€] < & lé—n7,

with the abbreviation € := 3.(4x)~*.|J® ;. Now Theorem 9.2 yields for r, s € R :

[ LM(s+ ) @ &1 ”1/(1/})_1/2) < @, {9.30)

with € := Cu(p, 1) - €4 - [|®W)]|,.  Inequalities (9.29) and (9.30) are inserted into

(9.28). Since @, < 1, it follows for n e N, r ¢ (0, oc)

Arim) < €. (1/n) - f "0 ds < € -
Jn{-dn,én)

with €= & &, C:=2-¢  (1- a1}~ - 6'~*1. Thus we have shown:

sup A;{r,m}) =0 (n—o0).
r€{0, oo}

Now we turn to the case v = 2. Applying Hélder’s inequality on the right-hand side of
(9.27), we obtain for r € (0, ), €N,

Az(T‘, n) (9.31)
< ¢ (Un) - | (22471 8 e®) B0, 2.0

IJN(—ér,én)

-”(K(2)(s+r-r) ® q;(ﬂ)f]ﬂﬁ([]rg.n) ”2 iz .
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Setting €5 := Cy7(|argA]) - 48 -sin™*(¢p) - |J®:€)|g, we infer from (5.15} and Lemma 3.4,
for k€[0,2], re(0,00), s€J, £, neR? with £#£7:
| E®(s+7-r) (€ )| (9.32)
< 3.Cularg) - 79 - [¥#0E) — 10m) + (0,0, s47-1) [
< G fe—niT st
Recall that |s+7-r| > |s| for r € (0,00}, s€ J.Moreover, defining
€ = HCur(largAl) - (LY ) - 174,

and applying (5.2) as well as Lemma 3.4, we find for ¢4, 0. € (0,00) with oy +o2 €
[11311 re (0700), SEJs fv"?eRz with 575771

[Z®(s+7-r) (& m] < G- [y@9(€) - 72 (m) + (0,0, 5+ 71-7) 7% (9.33)
< g - €T - 877

Now consider the case ¢ € (1,2). Put s:=2/¢—1. By %ee&s—r-md to (9.32), Theorem
9.2, and to (9.33) with 0y =2—x, 6, =0, wegetfor neN, r¢ (0,00), sed:

< Cunlp, s) - C - 8@l - 7%

T =64 - &y - sin (i),

| K@ (s+7-r) & 7,
Caa(p, &) - T - |i‘I’(2)”q d

After substituting these two inequalities into (9.31) and integrating in s, we see that
SUD,¢ (g, o0y A2(r, 7) tends to zero for m— 0.

[Z®&(+7-7) ® 20, <

Finally assume ¢ = 2. Then we use (9.33) again, to get
|L®(s + 7 -7} (€, 1)l
< Q:ID ) |5|_1/2 N (X(o, 1)('6 - "?|) ' |£ - ’?|_1 + X(Lw)(lf - ﬂl) - ME - "?|_5/2) 1

for s, r, £, 7 asin (9.33). Now Young's inequality {Lemma 4.9) yields for n € N, 7 €
(0,00}, s€J:

|| (LOs+7-1) @ ™) |]B2(l], 2-n) |12 < @y |8"ME6em - (|8, (9.34)

Moreover, for « € {0, 1), and for n, r, s as before, we find

H(K(z)(s—l—'r-r)®¢(2))1]B2(O,2-n)"2 (9.35)
< (@-x)?ont - [ED(s+7or) @ 87 ll20-n)

1A

(1) - ] € - G2, %) - 189,

with the first estimate following from Halder’s inequality, and the second one from {9.32}
and Theorem 9.2. After inserting inequalities (9.34), (9.35) into (9.31) and integrating in
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%, we see there is a constant €3 > 0 such that

sup Az(r,m) < Q- (1/2—&)7' - n7V2 L Ce(2, K)

r€(0, 00)

for neN, rc(0,00), &€ (0,1/2). Thus it follows once more that sup Ay(r, n)
vanishes for n —+ oo, r€(0, co) A12ATs

Lemma 9.7. Let ¢ € (0, 7/2], A € C\(-o0,0], c€[0,00)}, j ke {1,238}, re
{-1,1}, pe(4/3,00), feL(dL(p,))", gc CO'(RY) with supp(g) compact.

éﬂf;&f;{;ase T=1 weset Q:=L{p,¢), and if 7=-1, we put Q:=R\L(yp, ¢}. Then
L7t )@ + 7 0,07)) — T(oLie, )N )| - lofa)] do

(rl0);

— 0

[ aroes{ W onte, )1 (o + 7 0.0,) )

- 8/05,( R (00, )N @) )| - lo(o)] @2

— 0 {rl0);

[ |oros (viorte. ) (e + 7-0,0))
- ojos, (i, )0 @) | o) 2
(rl0);

Proof: Put J:=(0,00) if 7=1, and J :=(—0c0, 0) in thecase 7= —1. In addition,
define for £, n € R? with £+# 17, reR:

KOG 6 m) = (B (v — v + (0,00))
EO) (€ n) = (DEN) - 79w + 0,0,1))) _ |
)

KO (€ n) = (DBu(v99(€) — 4*9) + (0,0,r))

We further set @ := f o9, and

Aw) = [ [

[(EOG+mn) 6 n) — KO9(6) € n))

~®(n) - S () ﬂ'f‘n|2 (goT® )&, 5) dE ds
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for r € (0,00), ve{}, 2 3}. Nowfix ve {1, 2, 3}. We shall show that
A,ir) = 0 (rl0). (9.36)
Due to (3.1), {3.8), (3.11), Lemma 3.5 and Corollary 9.1, the lemma then follows.

In order to prove (9.36), take It > 0 with supp(g) C B, (0, B) x (-R, R). Then we
have for r € (0, o0) :

il < o [ [ ([T - K@ @Dl 03D
|B()| dn) dE ds.

In the case p< 2, weset t:=2, a:=2/p-1, andif p> 2, weput t:=6-p/3, a:=
1/(3-p) . Then, recalling the assumption p > 4/3, we find in any case:

ae(0,2/p), t>2, a-t<l, 1/t =1/p-a/2. (9.38)

Now we apply Hélder’s inequality on the right-hand side of (9.37), to obtain for = €
{0, o0) :

ael < e (L (LK En - KOEEn] 030
' \ 2/t
A@(n) dn)’ de ds) .

where we have set & = |glo - (2-7- RS)ULUB. By Lemma 5.4 and 3.4, we may find
constants €, €3 > 0 such that it holds for r €[0,00), s€J, & 7€ R? with £ #7:

KW (s+7-r) (€ m)] < - [7E) - Y@ () + (0,0,5+T-r)|  (9.40)

< € (lE—nl+ls+r-r]) < G —nl |67,

where the last inequality follows by the choice of J. In fact, the set J was defined in
such a way as to admit the inequality |s+7-r| 2 |s| >0 for s€J, re (0 00). Due
to (9.38) and Theorem 9.2, we obtain

[ [ (e o) an) e ds < oo, (9.41)

This relation implies there is a set A’ C R® of measure zero such that for (£, 3) €
B,(0, R) x (-R, R) with (£, s) ¢ A/, the function Fie, sy : R? = [0, 00), defined by

Feoln) == ls|= - |6~ 0|7 - |8(n)}  for ne K,

is integrable. By Lebesgue’s theorem on dominated convergence, it then follows from
(9.40), for any (¢, s) belonging to (B (0, 1) x (-, R\

[IEO G En - KODEDI-1#@l d — 0 (10, 04

We know from (9.41) that the function G :By{0, R) x (—R, R) — [0, 00), with
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Gle )= Lol - ([l =™ 180n)| dn)  for €€ B0, B), s€ (R, B,

is integra.ble.. Now the convergence result in (9.36) follows by recurring to (9.42), (9.40)
and once again to Lebesgue’s theorem on dominated convergence. ,

Theorem 9.3, Let ¢ € (0,7/2], o € {-1,1}, e¢€ [0,00), p € (1, 4/3 €
(4/3,2), fe LF(0L(yp, €))NL* (IL(p,€)) with TI*(o, p, L{p, €))(f) = 0. )i“hei: it
Jollows f=10.

Proof: Take 7€ {-1,1}. Inthecase T =1, weset Q:=L(p,¢), andif = —1

we put © :=R%\L({p, ¢). In addition, »™ is to denote the outward unit normal to €2.
Take g € C'{R?) with

im(g) CR,  g(z)20 for z€R?  g[Bs(0,1) =1,  supp(g) C Bs(0, 2).
If neN, zeR? put g.(z) =g((1/n)-2).

Leth”" € (0, oc) . By (3.11) and Corollary 9.1, the mapping £, : —7+{0,0,r) + Q2 — C
wit L] 8

E(:L‘) = V(a]L(QD, E))(f) (..’L‘ + T-(U,O,T‘)) for z € —T-(0,0,‘r‘)-l—ﬂ,

is a C'*-function on the open set —r . (0,0,7) + ©, which contains £ as a subset.
Moreover, as mentioned in Corollary 9.2, we have AF.(z} =0 for z € 0. Using these
facts, as well as Lemma 9.7 and the Divergence theorem, we obtain for n € N:

J

= Iim
0 Jn

2

- gu(z) dz (9.43)

v.(V(0Lle ) @)

2
- () dr

V. (V(aLt, ) (2 + 7-0,0))

= lm [— [ (v (one.9)n (= + 7 0,0))"

. kz::l a/axk(V(aL(so, M (z + r-(o,o,r))) - Dyga(z) de

[ (T ) = + - 00m)”
-y 6/3.’5;,(7(6L(<p, )N lz + T-(O,U,T‘)))

(2) - ga(z) dL(p, ¢ (:c)] .
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Concerning the reference to Lemma 9.7, a remark is in order. In fact, setting ¢ =
(830 - Flicies for ve{l, 2, 3}, weget

a3
V(0L{p, 9)(f) = 23 Vu(OL(# 9 (g™ (9.44)
v=1
Thus it makes senge to refer to Lemma 9.6 for the first equation in (9.43). The references
we shall cite later in this proof are to be understood in a similar way: They are justified
due to (9.44), and because it follows from (5.9):

3. (-7 p Liw,)f) = X_:A;(_TspaL(‘Paﬁ))(g(u))r (9.45)

3- Du(V(0L(g 9)(f) |RAIL(p, ) = 3 (D, + DG — 8, HY)  (946)

v=1

for k€ {1,2, 3}, where we used the abbreviations
G® = V(L(p, 9 )(g™) [R\IL{p,¢), H™ = Q((p, ) (g").

Let us transform the right-hand side of (9.43) by using these equations. First we note that
the outward unit normal to R*\L(gp, ¢} coincides with the inward unit normal —n{#®
of L{g,€). Thus, taking account of (9.45), (9.46), {9.14) and Lemma 9.5, we see that
{he second summand on the right-hand side of (9.43) converges for r | 0, so that the
first summand must have the same property. But due to the preceding references, we even
know the limit value of the second summand when r tends to 0 from above. Inserting
the corresponding result into (9.43), we obtain

Liv-(vorean@)| e
- i [ - (FOLp )N (= 4 700
. Z—: 6/6%(?((‘%({,9, )N (z+7-(0,0, r))) - Diga(z) dz
+ [ (T )"
(=7 - (7, py Ll ) (2) - a(a) ALl ) (2).

Now we are going to estimate the right-hand side of the preceding equation. In & first
step, we cbserve

J

v. (VoL ) @) ) de (9.47)

3

<> s [ |70 )N a7 0,00)]

k=1 r€(0, 00}

eros(Feonie ) (2 4 7 ©0.0.7))} - 1Dt da
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+

V(9L(, ) (f) (=)

AT (=7, 8, L, 9)(£) ()] - 9a(2) dL{ip, €) (2).

For z € R®, we have g.(z) T 1 (n — oc). Combining thi i
, n : g this fact with {9.47), (9.45
{9.44) and Lemma 9.6, we obtain ( b B4

()

2

[]v-(7orwan@)] a (0.48

< LMW) V(9L(g, ) )(f) (n:)' J Jr[v(ff, » L, )} f) (:1:)‘ dL(g, €) (z) .
Now consider the case o =1, thatis, I1'(1, p, L(, €} }(f) = 0. Then it follows from

(9.48), with £ =R¥L{p, €) :

2

jmﬁ\m V“(V(aﬂ‘(% €))(f) (ﬂf)) dr = 0,
so that
(VL)) = 0 for s eRALG 0.

Tl::_s the function V{8L(p, ¢}) |R*\L(p, ¢) must be constant. On the other hand,
setting

€= (4m)7 - T, = desinT(g), Gi=& - [ for®I|,
we find for re R :
V(0L{p, ) (D) (v90) + (0,0,7))] (9.49)

< & [ 1@ 9w+ 0,0)] | (£er% ) @) dn
< & [ (rl+in)™ - [(Forte)m) | dn
& ([ (el D)™/ gy

- - 1-1/p
= ¢+ (fm(l_'_lnl) 1fa-219) d’q) e,

where the first inequality follows from (3.8), and the second one from Lemma 3.4. Since
p< 2, wehave 1 —2/p < 0. Thus estimate (9.49) yields

V(8L(g, )(f) (Y200 + (0,0,1)) — 0 (| o0).

A

On the other hand, we observe

7# 0} — (0,0,7) € RA\L(gp, € for r € (0, o¢);
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see (3.11). Since the function V{8L(,€))(f) is constant on R?L{, ), as shown
before, we are now able to conclude;

7(3L(p, )(N)|R\Llp, g = 0. (9.50)

Due to {9.44) and (9.17), it follows V(8L{(y, €))(f) (z) = 0 for almost every z €
8L (p, €) . Inserting this result into (9.48), with © = L(¢p, ), we arrive at the equation

3
[ |7-(vioe. @)| & - o

L(g, e
By an analogous reasoning as in the proof of (9.50), we infer from the preceding equation
that V(OL(p, € )(f) | L(, ¢) vanishes on L{gp, ¢). Recalling (9.46), (9.45) and (9.14),
we may recur to Theorem 9.1, which yields I*{ -1, p, L(w, ) )(f) = 0. However, since
H*(l,p, L{w, 5)) - H*(_lv P L, f)) = [,

and because we assumed II*(1, p, L{i, €) )(f) = 0, we finally obtain f=0.

If we start with the equation II*(—1,p, L{p, €)) = 0, we first exploit (9.48) with
@ =L(p, ¢), and then proceed in an analogous way.

Lemma 9.8. Take p, g € (1,00) with p<gq, ®e IF(RY), TE L*(R%®, 7€
{—1,1}, €€ (0,00), pe (0, /2]

If Glr,p, 0, €)(B) or G*(r,p, ¢, €)(®) belongs to LP(RY) n LY(R?), then it follows
o e LI(RY).

Similarly, if M(r,p, A, @, (¥) or M* (r, 1y Ay @, (W) @5 a member of the spaces
LP(R?)? and Le(R%)?, then it holds W € LI(R?)*.

Proof: In order to show the first implication stated in the lemma, we assume that
G(r, p, @, €)(®) or G*(r,p, p, €){(D) belongs ta L*(RHNLIRY. For & n e R?
with £ # n, we put

KD, ) = —(4m) - ((n(w) 0 g®)(&) - (v () — ./(w,e}(.,?)))
' |7(w,f)(€) — @) ,_3 . J(w,E)(.,T),

(4 ((n) 0 g®)(m) - (¥ 9E) — ¥ (m))
Ay — AT I

il

K®(E, n) -

Then it holds according to (6.14) and {6.15):
Gir,p, o €)(®) = (r/2)-@ + KVgo,
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G ryp, e () = (17/2)- @ + KW@ 6.

Due to our assumption at the beginning of the proof, there is an index v € {1, 2} such
that

(r/2) - @ + K@ ¢ LM(R)NLIRY. (9.51)
If ¢ €l0,1], we may use (6.3) to find a constant & {a) with
K ml < @fo) - [§-nfT* for & ne R with £ £ 1.

Recalling Theorem 9.2, we conclude for s € (p, (1/p—1/2)7"] in the case p < 2, and
for s (p ooy if p22: |KY®P|, < oco. On the other hand, since K™ @@
belongs to LP(R?) according to Lemma 6.2, it follows in the case p < 2:

EVg® e ({I'RY : selp, (1/p-1/2)7"]],

and in the case p> 2:

EY®% e [JL'RY @ selpo0)}.

Hence, if p< 2 and ¢ < {1/p—1/2)~', orif p > 2, wesee that K @& is a member
of LI(R?). Due to (9.51), we may now conlude @ ¢ L¢(R?).

We still have to consider the case p <2, g > (I/p—1/2)"!. Then, since p < 2, the
function K™ ® & belongs to Ll/(””“llz)(RZ) , a8 explained before. On the other hand,
because ¢ > (1/p— 1/2)~!' > p, we are able to use {9.51) once more, to obtain:

(r/2) - & + KM @d ¢ LVOr IR,

Thus we have & € Ll/(”p'llz)(R"). Since ¢ > (1/p—-1/2)"! > 2, we may now
recur to a case considered before, but with (1/p— 1/2)"! in the place of p. It follows
® € LI(R?).

As for the second implication claimed in the lemma, it may be proved by an analogous

reasoning, the main difference being that we have to refer to (6.16), (6.17) and Lemma
6.5, instead of (6.14), (6.15) and Lemma 6.2, respectively.

Combining Theorem 9.3 with Corollary 8.3, which states that the operator 1I{ 7, p, K(¢) )
is topological for p > 2, we obtain a remarkable result on G(7, p, ¢, €) and thus on
I{r, p, L(g, € ), for €> 0. In fact, these operators turn out to be one-to-one for any
pe(l,o0):

Corollary 9.3. Let ¢ € (0,%/2], ¢ € (0,c0), 7€ {-1,1}, p€ (l,00), ¢ €
I?(OL(g,€)) with G(r,p, @, }{®) = 0. Then it follows ®=0.
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Proof; Take g € (1, 4/3). According to Corollary 8.3, the operator I (-, |", K((,!El)

is topological for any o € (0, 7/2]. Hence, by Corollary 6.6, F*(7, g, o, 0, 1)~has the
same property for o € (0, 7/2]. In particular, the latter operator is Fredholm, so that by
Corollary 6.3, the mapping F*(r,q,0,¢ 1) is Fredholm as well (o € (0, 7/2])}. Now
Lemma 6.17 yields:

indez( F*(1,9, 4,6, 1)) = 0.

Next we apply Corollary 6.4 to obtain that G*(r, g, @, ¢) is Fredholm with index zero.
Since ¢ < 4/3, we know from Theorem 9.3 and Lemma 9.8 that G*(r, ¢, @, €) is
one-to-one. Hence G*(T,q, @, €) Iis bijective. Since this operator is continuocus as well
(Lemma 6.7), it is even topological, as follows from the open mapping theorem. Because
G(r, (1 - 1/g)7", », €) is adjoint to G*(r, q, ¢, €), Lemma 8.5 yields that G(r, (1 -
1/¢)71, ¢, €) is bijective, in particular one to-one. Here ¢ was an arbitrary number from
(1, 4/3). Hence G(7, ¢, ¢, €) is one-to-one for any ¢ € (4, c0).

Now we consider the number p given in the corollary. Since G(r, p, ¢, €){®) vanishes,
we know from Lemma 9.8: & ¢ L9(R? for ¢ € [p, o0}. Thus, for any such ¢, the
function G(7, ¢, @, €}(®) is well defined. Of course it coincides with G(r, p, @, €) (P},
so it must vanish too. But G{r, ¢, ¢, €) is one-to-one for any ¢ € (4, o), as was shown
above. Thus we obtain ®=0.

Theorem 9.4. Let ¢ € (0,7/2], o € {-1,1}, A€ C\(-o0, 0], €€ [0,00), pE€
4/3,2], heIr(8L(p, &))" with T*(a,p, X L(p,&))}(k) = 0. It follows h=0.

Proof: Choose 7,9, n® and (ga)nen asin the proof of Theorem 9.3. Recall that for
any r € (0,00), theset —7-(0,0,r)+Q is open and containg {0 as a subset. We
define the mappings F : —7-(0,0,7r)+ @ — C* and GO —r(0,0,r)+ 02— C
by putting

V*(0L(e, € )(h) (z + 7-(0,0,1)),
Q(L{w, €) ) (R) (= + r-(0,0,v)) for z € —7-(0,0,7}+ 2.

Fr {z)
Gt (z)

Then FU) and G are C®-functions on —7 - (0,0,7) + €, as follows from {3.11) and
Corollary 9.1. According to Corollary 9.2, it holds for r ¢ (0,00), TE€8:

3
—AF(r)(w) + )\-F(")(a:) + VG'(’)(SC) = 0, Z DvFéT)(x) = 0.
v=1

By referring to these facts, and using Lemma 8.7 and the Divergence theorem, we obtain
for ne N:

[ PO )W @] onle) do (0.59)
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+am-f 3

fE=1

/02,77 (8L(w, ) () (o))

+(9/6:cj(ﬁ"(3][4(go, O)h) (m)) ' . gn(z) do

= lim [—f
rlD f+]

32 (70t )W (e 1 7-0,0.0))"

’ (5.:”‘ ’ Q(BL(SGn 5))(h) ($ + 7-(0,0,7))

+ a/azk(f/;(al.(cp, )R (z + 7 (O,U,r)))

/00,72 (0L, )8 (2 4 7-00.0.) ) ) - Dusn(a)

+ [N (L )w (e + 7 0,01))

Lip,e) j k=1
(-8 QL) (2 + 7 0.0
+0/00,( 3 (0(p, ©)(0) (2 + 7+ 0,0,1)) )
+0/0m,(T(0L(5, 0)(8) (= + 7- (0,0, r))))

‘0f(z) - glz) dL(e, e)(z)] :
Note that the outward unit normal to R*\L(, €} is identical to the inward unit normal
—~n®9 to L(gp, €) . Hence, by (9.14) and Lemma. 9.5, the second summand on the right-
hand side of (9.52) converges to a limit as r | 0. Thus the first summand converges as
well when % tends to zero from above, and we obtain for = € N, applying (9.14) and
Lemma 9.5 once more:

A [P0k, B @) - gale) ds (9.53)

+ (1/2) 'fnj,il

/62,7 (0L(p, ) () =) )

+0/02,( T (0L(p, ) (4) @) ) | - gule) o

= =l | “Z} (VA0L(e, ) () (2 + 7-(0,0,1)))

: (géﬂf - Q(AL{e, €))(h) (z + 7-(0,0,7)}
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+a/axk(x7;*(aL(ga, 9)(h) (e + T-(0,0,r)))
+ 0105, (7200, )0 &+ 7 0.0)) ) Dugnle) s

b [ (PO B @) - (1) T (=724 Lip, 9)(4) (2)
e n(e) dL(p, ) (2)

But in the case J{X) # 0, the expression

sl - [ 317 (0L(0 ) (1) () [ - o)

j=1
is less than or equal to the left-hand side of (9.33). In. the case I(A) =0, we recall that
X ¢ C\(—oo, 0], hence R(A) =X >0, so the expression

A S 1P (0Ll )W @ - ) e

=1

coincides with the absolute value of the left-hand side of (9.53). Setting

vi=|S(A)| inthe case S(A)#£0,  y:=A if F(A)=0,

we see thal 7> 0, and we infer from (9.53), for n € N:

N1 9.54

7 [ DR OLe DB @ - 0.(e) do (9.54)
n =1

< Z [ 170G, )W) (2 + 7 0.0.0)]

—& - Q(AL(p, ) ) (k) (z + 7-(0,0,7))

+0/0a (7 (0L(p, )(8) (x + 7-(0,0.1) )
+ 0/, (T (0106, )0 (= + 7 0,0:) ) | Dsga(el]

b PO )W @] (T (-7 24 L)) @)
OL{p.€) -galz) dL(p, ¢) (2)-

Observe that g,(z) 11 (n — o) for z € R®. Hence we obtain from Lemma 9.6 and
(9.54):

1 [P 0L, )0 @ do

(9.55)
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S o [PHOL )B) 0] 11 (5,2, 0, L, )8) (1) | Ll 0 o).

Now suppose (1,2, A, L(p, €))() = 0. Then it follows from (9.55), with Q =

RAL(s, o) :
[ [Pl 0) W @) f & = 0.
SIS xowy

This means the function ¥*(9L(p, ¢))(k) vanishes on R*A\L(p, ¢}, so that by (9.18),
we have for almost every = € OL(p, ¢) : f/"’\(alL(cp, &) ){h) (z) = 0. Now we conclude
from (9.55), with @ = L{¢, ¢) :

L(‘“)I‘?"(@L(%c))(f)(z){ﬂ dz = 0,

s0 V*(8L(, €) )(h) vanishes on L{p,€) as well, and we have shown that the func-
tion VA{(9L{yp, €)) is zero everywhere on RA\AL(p, €). Thus, by Corollary 9.1 and

9.2, the mapping V(Q(B]L(go, e))(h)) must vanish too. This means the restriction
Q{IL{w, ) }(h) |L(p, €} is constant. But on the other hand, we have

Q(IL(p, ))(B) (*9(0) + (0,0,7)) = 0 (r— o).

This may be proved by modifying the estimate in {9.49) in an obvious way. Note that
the assumption p < 2 is not needed this time since the kernel of Q(6L(¢, €))(h) has
a singnlarity which is stronger than the one appearing in {9.49). Due to the preceding
results, the function Q(OL(p, ¢))(h) must also vanish on L{g, €}, and we obtain by
{9.14):

B (2, Lpg,e), r)(h) = 0 forre (0, oo} .

Recalling Theorem 9.1, we conclude (-1, 2, A, L{p,€)) = 0. But
M(-L2 0L, )H) — T(1L2 A Lpd)(h) — &,

g0 that we may infer A =10,

When the equation I'(-1,2, A, L(, €))(h) = 0 is assumed, we may proceed in an
analogous way.

Let us finally mention a consequence of Lemma 9.8 and Theorem 9.4:

Corollary 9.4. Let ¢ € (0, 7/2], 7€ {-1, 1}, Ae Q\(-c0, 0], €€ (0, o), pc
(1,2, heLP(8L{p,¢))° with T*(r,p, A L{g,¢))(h) = 0. Then it follows h— 0.




Chapter 10

A Representation Formula for the
Operator J(7, p, A, ¢, R, S)

In the following, we shall consider the operator J(r, p, A, ¢, R, S), which arises, as
the reader may recall, by transforming the operator T'(r, p, A, K{¢))} into local co-
ordinates, and then restricting its domain to LP(R2\B,(0, R-S))°, and its range
to LP(R:By (0, R))a; see Definition 6.3. Here we shall further restrict the domain
of J(r,p, &, ¢, R, 5), namely to LF{A(0, ¢)\B, (0, R))s, where A(0, ¢) is an ab-
breviation for the sector {r . (cosd,sin®) : 9 € (—¢ €)} in the plane. This re-
striction will be shown to coincide with a multiplier transformation, also restricted to
L2{ A0, €)\B: (0, R) )3, plus some perturbation terms, with the multiplier transforma-
tion being applied to H*(r, p, v, R, S) plus some other perturbation terms; see (10.19).

In Chapter 11 we shall exploit this representation of J(r, p, X, ¢, R, S) in order to
evaluate the L7-norm of J(r, p, A, ¢, R, S) against that of H*(r,p, ¢, R, §), while
keeping track on how the constants appearing in these estimates depend on the resolvent
parameter A. Afterwards, in Chapter 12, this result will allow us to derive some Fredholm
properties of J(7, p, A, ¢, R, §) from those of H*(r, p, ¢, R, §). On the other hand, it
will turn out that H*(r, p, ¢, R, 5§} behaves in much the same way as F*(r, p, ¢, R, 5],
and thus is closely connected to the operator II*(—7, p, K(¢)). Since the behaviour of
J(r, p, A, g, R, §) is similar to that of T¢/)(r, p, A, ¢, R), we shall ultimately be able
to show that the latter operator inherits certain features of IT*{ -7, p, E(y)) (Theorem
12.1). Note that from Chapter 8, the Fredholm poperties of IT*( -7, p, K(i¢)) are known
in some detail.

In order to fully exploit this knowledge, we further intend to invert the preceding line of
argument, that is, we shall suppose that T*)(7, p, A, @, R) satisfies a certain property,
and then obtain a contradiction by concluding that II*(—r, p, K(¢)) has an analogous
feature. This approach is based on a representation formula of H* (7. p, @, B, S} with
respect to J(7, p, A, ¢, R, §), as given by equation (10.20), which is in some sense dual
to equation (10.19) mentioned before. In fact, comparing (10.20) and {10.19), we see that
the role of J{r, p, A, o, R, 8§}, X* Y*, A* in one of these formulas corresponds to that
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of H*(r,p, o, B, 8), &7, Y :=0, A%, respectively, in the other one.

It is a principal aim of this book to discover the Fredholm properties of (T, p, A, K(}) -
But by Corollary 6.5 and 6.6, this problem reduces to studying the features of the operators
[z, p, A, @, i) and L6 (7, p, A, ¢, R) . As explained before, riefi(r, p, A, @, R)
will turn out to behave in a similar way as [*( -7, p, K{g)) . Concerning the operator
T (r, p, A, ¢, R), which is easier to treat than T¢*0(r, p, A, p, R}, its properties
will be determined by those of A{r, p, K(¢)), the double-layer operator related to the
Stokes system (1.18). The details of this program will be elaborated in Chapter 12. We
point out that the operator 11*(—7, p, K()) may be used in order to construct solutions
of Laplace’s equation under Neumann boundary conditions ([28, p. 211-217]). Since the
pressure term in (1.12) is harmonic, the preceding remarks indicate that the influence
exerted by this term on T(7, p, A, K(#) ) manifests iteelf by means of II" (-7 9 Kp)) .

As should become clear by the above observations, the representation formulas (10.19) and
(10.20), although very technical, are a key tool for investigating the operator {7, p, A
K()) . In order to derive these formulas, we begin by introducing some notations:

Definition 10.1. If @, € R, & € (0,00), we set

Ao, 6) = {r(cosp, siny) re(0,00), p€(pa—19, wot8) 1

Definition 10.2. Let @ € (0, w/2], A€ C\(~o0, 0], j, 1€ {1,2,3}, §€(0,/6). &
neR? with £# 7.
In Lemma 10.4, the kernel of J(7, p, A, 9, R, S) will be split up into @ sum with the
following summands:

il
|
&
oS
T
Pt
tqﬁ
s
—
e
<z
|
taﬁ
A
—
o]
S
S
~—
=
A
o
Q—‘\
2
N
—_
-5
=

K (g, ), 8)(E, m) :

ED(p, A 8)(E 1) = = Y Flulg¥(©) — ) (n{” 0 g Y0} * Xgnaw,a

K (@, A )& )
= (L@ - ) - (e e+ - /i)
:r W(gE) — ¢ (m) - m/lnl
§ W - ) - 33 () )

n=1 1’1-

- cotp - dy; - (nl(,p) 09(“’))(’7) . XA(G,S-&)(T’);
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KEP(e, A, )€, m)
= —(; X9 = g9m) - (E+mo - Gl ID™ — nu/lnl)
+ X3 (W& - ¢ () - m/lnl
P @ - 1/2 2.
+ X1 (g9 — ¢¥n)) - “Z:‘; (,{)‘(—1)"'772" . Inl‘“)

) i (e
cotw - by (’ﬂj Og(w))(’?) 2 XA(u,;g.g)(ﬂ)i

K, A, 8)(E, 1)

K, X, 6)(E, )

= —((1 —8y) - AMgNE) — g¥ () + du - cote - X} (gW(E) — g(‘”(n)))

(%

n=1

(l,i 2) =D 1 cos + By (1 0g®) )
“Xaw,sam:
KD (@, A, 8)(& )
= (-8 (090 - @) — e wree-n)
+ coti - & - (Vg - ¢ m) — V(- cottp'(«f—n)l)))
-(51: - cosip by -sincp) * Xag,as(mi
K (o, X 8)(E )
= —((1—531)-(X?(y(“’)(f)—g“")(n)) — XNE—n, cotp-(E-n)))

+ oot - b - (X1(gNE) ~ ¢m) ~ AY(e-m, cotso-(f—ﬂ)i)))

179
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. (513- - cosp — Jg - 8in cp) . XA(O'a_ﬁ)(ﬂ);

K (e, X 8)(Em = —((1*53,-;) Y& —m, cote-(E—1h)
+ cotip - 8 - Vi(E—m, cote- (£ 77)1))

» (511 - CO8p — dsi - Siﬂ‘P) . XA(G,3~6)(17):

K{%(, A )& = —((1—631) CXME—m, cot-(E— )
+ coty - dy - X’;(é’—n, cot(p-(f—n)l))
-(51;,- -cosg — O - sin(,a) -XA(D'”)(W).

Next we introduce some terms which will allow us fo represent the kernel of H*(7, p,
@, R, §) as a sum (Lemma 10.4):

LD (6, )& m) == - AP (gD(E) — 99 (m) - (w7 0g®)(M) - Xpnupsn(®)
Ly 8) (& )
= -(ixzc’(g(‘ﬂ(e) @) - (€ (el +a) — w/ial)
U:+1 X2 (g — ¢ () - m/lnl
+ X2 (g9 — ¥ (m) - i (lf) G VAR - Inl‘z'")
cotep - 6y - (0 0 )M - Xa,a8(M):
L (g, 8)(€. M)

= —((1—531) AP - g9(m) T b - cote XT(g(E) — y“"’(ﬂ)))

'(513' ' i (17/12) ()RR g cosp + &y - (n) Oy‘v’)(n))

n=1

. XA(n,a.a)(T") ;

LY (e, 6)(& )

= —((1~531) (A (gE) — dm) - AT cot- (€~ m1))
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+ coti - 0y - (AT (g(E) — gWm)) — XP(E-m, cotso-(f—ﬂ)l)))
. (51j ccosp — by - singa) . XA(0,3~6)(’7):

10)

L.:E'i (‘Pa 5)(‘5! 17) = _((1—6:'“) 'X?O(E_'m COt‘P‘(f“’W)I)
+ cote - &ar - X;Q(E_'rf: coty - (E_T?)l))
. (51j - coBip — 8y - sin ‘P) ; XA(D,a-J)(n)'

In Lemma 10.5 and 10.6, it will turn out that integral operators induced by the kernels
K@, 2, 8) + K§e, A, 8) and Li%(e,8) (1< j,1 < 3) coincide with the con-
volution operators generated by the ensuing functions M(g, A) and M(p, 00), respec-
tively, with p € (0, 7/2], X € C\(~c0, 0]:

Mg, A) 1=
ding cosg s (R LYY) —cosp VP sind(p) - XD — cos?(p) - VP
—cosgp - X3 0 gingp - X2

sin® (i) - Y - cos®(p) - X} sing - ¥ sing - cosy « (X + 1)

—sing - cosp - X7 0 sin’(p) - X

M(p, 00) = —cosp - X§° 0 sing - X£°

—cog?(p) - X 0 singp - cosg - X{°

Before studying the properties of the preceding functions, we point out some simple but
useful equations:

Lemma 10.1 Let X € C\(—oco, 0], ¢ € (0,7/2], £ € RA\[0}. Let (G, H) coincide
with one of the pairs (Y*, Y*}, (X, X*), (Y™, X*) of vector-valued functions. Then
it holds

(Gi(€, cote &) = (sing - (HioT()©), (HaoT(p))(8)).

12752

This result may be proved by some simple calculations.
Next we shall check whether the functions introduced in Defintion 10.2 can in fact be used
as kernels of integral operators. It turns out that M(e, oo} and L'E-f'") (i, 8}, with v e

{1,---, 5}, only yield principal-value integrals, whereas the kernels KJ(-:’)(@, A6 (ve
{1,---,10}) and M(p, A} lead to integrals which exist absolutely:
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Lemma 10.2. Let @ € (0, 7/2], p€ (1,0¢), AE C\(-o0, 0], 6€(0,7/6), 5, 1€
{1,2, 3}, ® € LP(R?). Then the ensuing functions are well defined and belong to IP(RY) :

E (0, 0 8) @ @ for ve{l, -, 10}; I8(e, 8) ®, @ for v {2,4,6,8, 10}
Mjl(lfh )‘) * (I)z Mjl(lp': OO) *p ®.

Proof: According to Lemma 3.5, the function M;i(p, o) *, @ is well defined. Due to
Lemma 10.1, 5.5 and Corollary 4.2, the same statement is true with respect to LJ,)(cp, a)
&, ® if ve{2 8 10}.

We have assumed & € (0, 7/6), hence |m2/|7] | <sin(3:8) < 1 for 9 € A0, 3-8)\{0},
so that it follows

() e < () e e s

Now we may conclude from (10.1) and Corollary 4.2 that the function LS-}’)(cp, N e
is well defined for v € {4, 6}.

Referring to (10.1) and Lemma 5.10, 10.1, we see that the functions Mj (@, A) ® ® and
K(")(:p, A 8) ® @ for ve{2 -, 10} are well defined and belong to L#(R?). Lemma
5.11 implies a corresponding result for K o, M, 6) © .

In the case ® € L#(R?)NLI(R?), with p, ¢ € (1,00), PF# ¢, the functions L;’,’)(z,a, 8@,

& and L(”) (g, 8) @, ® are of course identical. The same remark holds true with respect
to M(p, 00) ®y @ and M(p, o0} Ry L. This observation is a special case of the result
presented in the next lemma.

Lemma 10.3. Let p,q € (1,00) with p # q. Take F. € LP(RY n LI(R%) for
€ (0,00) . Furthermore, let F®) ¢ [?(R?), F@ e LI(R?), and assume

“FE—F(P)||9—>U, “FE’F(Q)HQ_}O (el 0).

It follows F® = F@) almost everywhere.

Proof: There is a sequence (€,) in (0,00) with
F., () » FP()

see [41, p. 67, Theorem 3.12]. Since || F, — F@ ||, vanishes for » —» oc, there exists a
subsequence () of (e.) with F; (&) — F@(€) if n— oo, for almost every £ eR?.
This implies F®)(§) = F@(£) for almost every ¢ € R*.

& — 0, (n-yoo) for almost every £ € R%;
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Due to Lemma 10.2, we may introduce the following integral operators:

](:())eﬁr;ition 10.3. Let w€ (0, x/2], A€ C\(ioo, 0, {e{1,2,3}, 6e(0,7/6), Re
,00), §C(1l,00), pe(l,00), & L?(RY)*. Then we set ’
R (&
L\B

(l}) . —_
A p, A, 6 R, S, 8) = - (Sln @) - Xapss * Xanmo,n

ZK"” (P A e8)  o(Te)"

<ig3 for vedl, ... 8}

(11) . -
A, 2,6, R, 5, @) = (sin7(9)  Xamapes ~ Xnaso.m

3
T EDe N + KM A0 00) o (1)

i=1 i<
(Sin—l(‘:") : Xm.,(n,R)

Z(K(g)(cp,A 6 + K% A 8) @) o (T)

AW (o A 8 R, S, ®) =

(v) o -
BY (¢, 8 R, S, 8 = - (Bm o) - XA(D,E-J) : Xm\m,(u.n)

3
AN . -1
; i (#:8) & '1’1)15,53 o (T(#)) Jor ve{2,4,6,8);

(11) i -
B"Y(p, b, R, S5, ®) = (sm Yy) - Xraamsn ™~ Xango,5)
(10) -1
E L (w, §) R, éj)lszs o (T(ga)) ;
B (¢, 6, R, S, @)
= (Sin (#) X}Bz 0, R) Z L(iu)(% ‘I"J) cies ® (T () )"1.

Following up on our indications in Definition 10.2, we shall now describe how the kernels

of J(r,.p, .,\, w, R, 5) and H*(7,p, ¢, R, ) are related to the functions introduced at
the beginning of this chapter:

Lemma 10.4. Let ¢ € (0,7/2], A € C\(-o0,0], & € (0,7/6), & 2 mi
X : ’ 3 1 ’ n € R* mit

E#n, n#0, 5,1€{1,2,3}. Then it holds: n

3 —~

P Du(a9© - ¢@m) - (nf? o) (m) = Z Ko, A 8 m;  (102)

RS)
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2 2

L0, )E 7 - (1P og®)m) = 3 LG (e & ). (10.3)
u=1

Proof: We obtain from (5.11):

Z Bra(g9€) — ¢¥(m) - (nf 0g“)(m) (10.4)

2
= STED @ A 0E

- Z P(g9(E) - ¢9(m) - (7 04) @) Xae,an-

This proves (10.2) in the case 7 € R\A(0, 3-6). Therefore we assume 7 € A(D, 3-4) in
the following. It holds
el -1l = (&P +1nP) - (gl + D™ (10.5)

2

= - (EFn - QeI - ) D E e Tl

v=1
Since 7 € A(0,3-6) and § € (0, 7/6), we have 7, > 0 and n2/|9? < 1. This implies
= [1/2 n
winl = (—a/im)” = X ( ﬁ) (=m/ 1) (10.6)
n=0

Furthermore, we observe
(g9(E) — g¥m); = cote (i€l = Inl) (10.7)
Gathering up the results in (10.5) - (10.7), we arrive at these equations:
~ WP (E) - ¢9m) - (nf? oy} (n)
= KD\ 8)(E ) - cote - YgPE) - ¢9@) - (=l o))

_x;(y(w)(g) - g(lp)(n)) . (n(}!’) og(“"))
= Ké;)(% A B8)(Em) — cote- Mg - g ) - (n(“")og("’))( E

In the case j # 3 and I # 3, we have K(, (p, A, 8) = 0 and KJI)((p,)\ 8) =
respectively. Thus we find by recurring to (5.12) and (10.4):

3
S Buls¥©) - 99 - (0o

= S KD (e A 8)E )

v=1
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- ((1 ~ &) - V(g€ - g¥ () + by - cotep - V(W€ - g“"’(n)))
(¥ 0 g1 ) (n)

((1— &) - X (@) ~ 99 (n) + bu - cote - X} (g¥)(E) - g(“"’(n)))
(nf” o g (n) .

Moreover, observe that (n{) 0 g®))(5) = —sing, and

= cosp-m-|pt = cosy i (1?{2) = (—77§/|"7F2)n

(see (3.2)), so we may conclude:

3 Dra(39E) - ¢9m) - (nf? 0 g ()

(ni” 0 ) (n)

w

&

ZK(“’)(@,A §(E )

= ((1 = 85) - Vi (g€} — ¥ (m)) + B - cotp - Vi(9(E) - g“”)(n)))
. (coscp » by — sing - 53;)
(-8 - B ~ 490 + b coti - XX - 4 (o)) )

. (coscp -8y, — sing - 53j) .
This implies (10.2). Equation (10.3) may be proved in an analogous way.

Next we point out how the functions Kj(f) (@, A, 8) and Kj(,m)(cp, A, §) are related to
Mep, A)

Lemma 10.5. Take p c (1,00), v € (0,%/2], A€ —oo, 0], &€ (0, /6
3 ¥ i ? b ) ) ¥ @
Lr(R3*. It follows al ! (0 x/9) )

3
sin~}(y) - (Z(Kﬁf)(sa, M)+ Kie 2 d) e @j) (10.8)
1€1<3

i=1

= (M0« (X - )0 (T6)7) ) o 7).

Proof: Let £ € R?. By Lemma 10.1 we have
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(sa™e) - [ wa (o, % 8)(6, ) - @;() dn)

= [(RoT@)E -1 (Xagan - 1))
+ sin"p) - (Yo T@))E - (Xapas = T2)(0)
+ ot - (Y2 oT(@)E- 1 (Xaoss) - @a)(n)) dn
- (cosip, 0, —sin ).

Furthermore, it holds

sm 1 L:ZK(ID (g, A, 6)(&s m) - @5(n) dn)1<t<3

= —/Jp(Xf‘oT(cp), sin‘l(cp).(X;oT(ga)), COt(p-(Xf‘oT(Lp)))(f—n)

. (cosga - (Xa(o,a-d) ' d’1)(71) ~ sing - (XA(D,S-J) K ‘@s)("?)) 2o

Combining these results, we obtain

(sin 1 fs Z (K@, 2 8) + K57 (2, 2, 6))E m) - 5(n) dn) (10.9)

— sin~l(y) - f M, N(TEHE=1)) - (Xagss - () dn.
But the right-hand side of {10.9) is equal to

fwM(«p, NT@E-1)  ((Xagas - ®) e (T )0 dn,

so that (10.8) is proved.

It is more difficult to show a corresponding relation between L(m)(cp, &) and M{p, ),
since these kernels only induce principal-value integrals. In fact, when attempting to adapt
the proof of Lemma 10.5 to this new situation, we had to check that the functions

:./]‘]x’ X(f,oo)(l(siﬂﬁﬁ-(g_n)li (E_ﬁ)g)l) . er(éfn)Q(n) dn
and
) = ]132 X(e_m)ﬂf— 7)) - X —mn) - ®(n) dn,

{e>0, &< R¥* both tend to the same limit for € | 0, with respect to the norm of the
space L%{R?); see (10.15), where this relation is stated in a more formal way.
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Lemma 10.8. Let p € (1, 00), ¢ € (0,7/2], §€(0,%/6), e LP(R%)3. Then

o) - (JX:; L@, 6) ®, ‘E‘)

1€1<3

- (M(% %) %5 ( (Xapas) - ®) 0 (T(w))”)) o T(¢).

Proof: For brevity we put & := (XA(O, s - @) o (T(¢))™". Then we find

(M, 20) %, ) 0 T(p) (10.10)

= —sintp-((le, sin™' () - X2, cot(p.X{"’)

*p (COS(p Y - sin¢ - 63)) o T(p).
On the other hand, Lemma 10.1 yields

(sin™ () - 3° L5, 6) ®, @) (10.11)

fa 1€1€3

[

~(XFoT(p), sin(9) - (XFoT(9)), cotep- (X oT(e)))
*p (COS‘P : XA(n,s.a) © @y — sing - XA(O,S-J) ) ¢3) .

Now take a sequence (g,) in C°(R%)? with (g, — Xag,as " lls = 0 for n = o0,

Then it follows || g, 0 {T(¢) )_1 -~ d|, =0 (n — o0), so we may conclude by Lemma
5.5,for € {1,2,3}, ie{1,2}:

|xe=0 8 — x2u, (enO(T(w))'l)j”p — 0,

| (X0 T(0) #0 (X = ®1) = (XP0T9)) % 2| — 0 (10
P
for m — oo, respectively. The first one of these relations implies
|2 8)010) = (%4 (o (@@)™), ) o] — 0 oy
3
?

if m — oo. Thus, if we are able to establish the ensuing equation for n € N, j ¢
11,2,3}, 11,2}

singp - (Xf‘° . (gnljo(T((p))_l)) oT(p) = (XPoT()) % en;.  (10.14)

ther_1 we can deduce from (10.12) - (10.14) that the right-hand sides of (10.10) and (16.11)
are identical, and the lemma is proved. So we still have to show (10.14). But this equation
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is equivalent to the following result:
dng - X7 4 (ens0 (D)) = ((X70T(9) % ons) 0 (T(¥)
for € {1,2}, §€{1,2,3}, neN. Onthe other hand, we find for I, j, » as before:
(X7 0T(®) % ans ) o (7))
= sng - R -l [ X (1T = (T 0])
X (3d(®2) - ) - (en;0 (T() ) (n) dn.
Thus we have to show for n € N, € {1,2}, j€{1,2, 3}:
X % (en,j o (T(e))) (10.15)
- PE) -l [ Xew(H(TE)T - (T - XEGAE) - )
{a50(T(@)) ") (n} dn-
In order to prove (10.15), we fix j€{1,2,3}, l¢ {1,2}, n € N. For shortness we put

7i=gn;0 (T(p) )_1 .
Since By(0, €) C T(2){By(0, €)), we have

-1

0,00)). (10.16
XT(tp)(Bg(D,E))\mg(ﬂ,e) (6 € ( DO)) ( )
As another abbreviation, we set for € € {0,00), r € (0,00) :

- . 1/2
Fo(r) == {196 0,%) : r>e¢>r- (sin?(p) - cos’(#) + sin® () ) }

Then it holds for ¢ € (0,00), £ € R?:

X dn = (m [

XRE\!E-;(D,E) - X.T(w)(m“\mq(ﬂ,e))

mo |~ dp (10.17)
(@) (B2(0,0)) \ Ba(0, )

/T(‘P)(Be(ﬂ, ) \Ba(0,)

= (4-7r)41-]°°[ (cos?, sin®); vt dd dr = 0.
0 L) U (r+E(r))
Since 7€ Cy°(R%®, the constant
€= (4om) o sup{ | @m) - B - -7V & meRY £ n}
is finite. Now we find for € € (0,00), & € R?:

X:t"(w)(nsa(n.e))\m\a(o,e)(5 —m - X - - 2l dn| (10.18)

L

l/'—;'(w)(mz(ﬂ,e)) \ Ba(0, ¢) X (o) - 8§ — o) dol
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Lo\ X700 (@601~ 20) de

I

lo|~*? do

¢. f
(e) (Ba(0,6) ) \Ba(0,¢)

< ¢ o] de = €-dem - (sinTg) - )
Bz (0, sin—1(ip) - €)

where the second equation follows from (10.17). Putting

6= sin~'(¢) + sup{|7l : 7€ supp(d)},
we get for e € (0, 1] :

(L

L XewllE= ) - X(€ =) - ) dn

1 » 1/e
[ X (1(T@Y €= ) - X =) - 20) de)

1/p
( R | )

(f 06|/z T(‘P(B;(Oe))\mj(ge)(g n) - X2(E—-n) - o) d,'n| )llp

1/
< a:-4-w-(sin'1(sa)-e)“2-(/M“) a) ",

with the first equation implied by (10.16), whereas the preceding inequality follows from
{10.18). As for the second equation, we refer to the estimate

le—n] > sin'(p) 2 sinTMg)-e  for £ eRNB{0, 8), € supp(d), € (0,1],

from which we deduce X

B3 XT(V’) (E?(U, E)) \Illz 0,¢) (E - ??) (E 77)

T(w)(%(w)) \]B:(U,C) (¢ —n) = 0. Thus, completing the proof of

(10.15), we may conclude

(R —hmj X, oy (| iR ~ 1] ) - X7 (id(R
Rz

010 -n) - 8(n) dy

= @) -ln [ X (1767 - (1) 0)]) - X (id®Y - 1)
-a(m) dn.

Theorem 10.1. Let pe (1, 00), Ae C\(—c0, 0], o€ (0,n/2], d€ (0,n/6), R¢&
(0,00), S€(1,00), ®c LP(RN\B,(0, B-5))* 0 L*(R\B, (0, R-5))°, 7€ {-1,1}.

Then it follows for £ € A(0,3-5)\ B, (0, R) :




190 CHAPTER 10. A REPRESENTATION FORMULA

J(r,p A ¢ B, SHE)(E) (10.19)

= Ai'w ) (Aic"'p)_l ) (?(R)(XA(U,:M) CHY (TP, R, 5)(@ ) ° (T )

AV
+ Z B(U) (99; (5, R: S, (I)) ) :l (T(‘P) (5))

v=2,4,6,8,11,12

+ sinTlg) -

3 (ZI(”)(;:,/\(S ) 2;) @

v=1,-,8 j=1

Furthermore, it holds for £ as before:
H' (1, p, ¢, R, 5)(2) (§)

= Az (ko) (?(R)(XA(M.E) ST A e B S)@) ) o (T()

(10.20)

AV
T 3 A% (e, A, 6, R, S, @)) ] (T(e) (€))

v=1,23,--,8,11,12

+ sin'(p) -

(Z L6, 8) @ @) __(6).

v=2,4,68 j=1

. -1 .
Proof: For shortness we set ® 1= F(R-SH X 40,35 = B) © (T(p))" . Using (6.11)

and Lemma 10.4, we find for £ € R:\B(0, R) :

(r/2) - F(R, 5)(®) (€) (10.21)
+(, S (KD X B ) + KV X )€ m)
RA\B: (0, F-5) ;-1 . @J(n) . sin_l(np) d'ﬁ‘)lgga
= Jmehe B S@E© - (2L EK@’(@, A 8)(E )
- ®;(n) - sin™" (40) dn)lstss'

Let us write Fj(£) for the right-hand side of (10.21}, with £ € R*\B;(0, £#). Then it
holds for such vectors £ :

(/) Xapasy&) * F(R, S)(®) (©) (10.22)
(] S(E @ A OE D + K@ X 8(E )
RA\B:(0, R-5) ;o) . ‘I)_:,-(W) i sin_l(tp) dn)ISKS
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XA(U,s-o")(f) - (8
+ Xanaasn® - ([ s ;(Ke) A )€ m) + KSV(p, A, 8)(€, 7))
®;(7) - sin ' (¢) dn)

After abbreviating the right-hand side of (10.22) by F, (€), for € € R\B,(0, B), we
obtain for any £ € R?:

(7/2) - FB (X ago.00) - F(B S)(®) (&) (10.23)

3
(9) (m
* (/m°\ng(u R-S) JZ; @ A GG M) + KG (e A, )6 1)
@(n) - sin”'(p) dn)

1<i<3

1<1<a

= F®(F)E© )
+ Xonom® - ([ + K%, A, 6)(E 1)

®;(n) - sin () dy)

Z (K (@, A, 8)(, m)

NBa(0, R-8) §Z

1<1<3
On the other hand, observe that

FB) (Xapps - FIRS)®) = FRS) Xpons - 2)-

Thus, recalling Lemma 10.5, and denoting the right-hand side of (10.23) by F(£) (£€
R®), we arrive at the equation

(r/2) - FIR-S) Xaoasy - @) + (Mg, 24 B)oT(9) = By,
which, in turn, leads to the following integral equation in R?:
(T/2) - & + Mg, )+ & =  Fo(T(p) . (10.24)

Comparing the function £ o (T(p))”" with the notations from Definition 10.3, we see
that

o(T(g))" = A" (g, A, 6, B, S, @)

v=1,2,3,,8,11,12

FE(Xapan - /000, R, (@) o (T()) ™"
After applying the Fourier transform to both sides of (10.24), we conclude by Lemma 5.13;
A A
ae-e = v AV (o, 2,8, R, S, @) (10.25)

v=1,2,3,--,8,11,12

3 AA
(T (Xapsn  I0i5 00 B S®) 0 (10 )

We remark that due to the assumption ® ¢ LPRA\B, (0, R))* N L*(R:\B, (0, R))®, we
may in fact recur to the L*-Fourier transform in the present situation, so the use of the

s

|
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symbol “A”™ {see Chapter 2) is justified.

Denote the right-hand of (10.25) by Fj. Since the matrix A} is invertible (Lemma
5.17), it follows

A
AP . & = A . (AM*)T L Fy. (10.26)
Now we apply the inverse Fourier transform to both sides of {10.26). Then, recalling
Lemma 5.6 and 10.3, we obtain

)V. (10.27)

(r/2)- & + Mipoo) %, & = (4F7 (4*)7 R

We write Fy for the right-hand side of (10.27). Then we get for £ € RAB, (0, R), after
inserting the definition of @ into the first summand on the left-hand side of (10.27):

(712 Xaoan© - FIR,S)@®)(E) + (Mg, ) % 8)(T(9)(€))

= (FroT(@))E).
Now Lemma 10.6 implies for & € A(0, 3-6) \ B (0, B) :

(r/2) - F(R, Y@ + sin™(e) - (L 10, 0) @ ), _(€)

=1
= (F0T(¥)©),
80 that it follows by Lemma 10.4, for & € A(0, 3-8)\ B (0, R) -

(r/2) - F(R, $)(®)(&) + sin" () - (Li(o, ¢) @, (a0 gt) - ‘D)) €

1€1<3

= (BoT@)E + Y sin (o) (X e ) 8 %) ().

u=2468
This completes the proof of (10.20). Equation (10.19) may be shown by an analogous
reasoning.

Chapter 11

LP-Estimates of the Operator
J(7,p, A, ¢, R, S)

In the following, we shall estimate the right-hand side of (10.19} and (10.20) in the rorm
of L7( A0, €)\B, (0, R) )* (Corollary 11.6). In this way, we shall obtain a LP-estimate of
J(7, p, ).\, @, R, S} against H*(r, p, o, R, S) and vice versa; see inequalities (11.43) and
(11.44) in Theorem 11.1. These results are crucial for our Investigation of the operator
T(r,p, A, K(¢) ), as we tried to indicate at the beginning of Chapter 10. Of I;_ourse
.in:qutaﬂiﬁies (111;433; am,ir 1(111.44) make sense only if we know the parameters which ente;
into their constants. erefore i i

dtved i e Sline we shall carefully trace constants in all the estimates

Our ﬁr.st lemma. ?Vﬂl imply that certain integral operators become small when the functions
belonging to their domain and range, respectively, are defined on sets being far apart.

Lemma 11.1. Let pe (1, ), and put Cua(p) = 1- ]
’ p) i= 27 (p—1)'37. Then it
® e I*(R?), Re(0,00), S€ (2 00): (p-1) en it holds for

(/ on (L sy 7 180 dn) )

< Caa(P) ' ”‘D”p : (S‘ 1)_2/p-

1/p

Proof: For shortness, set q:=(1- l/p)_1 - Then we find for ®, B, § asin the lemma:

A= (/MHR) (/MM,R_S) £~ nl=% - 1o(n) dn)? d&)llp

< (-[BQ(U,R) (jW\lBg(u,R.s) lf - ’?r“ dn)pfq dg)llp ! “‘I’”p

= T —
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1/

e ([ ([t ) )",
1fp

(@resis =" ([ ([ -t ar ar)" @) ol

Concerning the last inequality, we remark that for r € (S-B, 00), £ € By (0, R), it holds

r—lgl = (S-1)-r/S+ /Sl = (S-1)-r/S+ R - [

A

1A

> (§-1)-¢/5.

Since § > 2, thatis, S/(§—1) < 2, the preceding estimate may be continued as
follows:

A < @m@ag - | fh GRS a)" - o),

< (m@-)) ([ (5 R- k)T a) " el
< (2 -1 (-1 -RYT (fmam,m )" - jol,

Cas(p) - (S —1)7%7,

where the last inequality is based on the fact that §-R ~ [§] > (§-1)- R for
£ By(0, B).

The ensuing lemma states essentially that the left-hand side in (11.1) and (11.2) becomes
small whenever the vertex angle & of the sector A(0, §) is small too. This result will
be established by estimating the left-hand side of (11.1) and (11.2) against the function
|Gi{e, gin'f 2(3-6)) %,®| defined in Theorem 4.3, plus an integral operator having the kernel
[€ =5~ {|€]+In[)~. Then the desired result follows by applying Theorem 4.3 and 4.1.

Lemma 11.2. Let p € {1,00), ¢ € [0,7), ¢ € (0, 7/2]. Then there is a constant
Caalp, 9, @) > 0 such that

” sin‘l((,a) ’ XA(0»3-5) ’ (z K(U (e 2 8) @ & ) <I<3 " (11.1)

S C34(p_9 'B,QD) - Sin1/2(3'5) - ”XA(D,EM) ° Qllp
for ve{7,8}, AcC\{0} with |arg| <9, |Al > 1, &e LP(RY? 6¢(0,x/6).

Moreover, there erists Cas(p, @) > 0 so that the ensuing inequality is valid for @ €
LF(RY®, 6€ (0, n/6):
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ESRCES (Z L, 6) @,»)15[53 I (11.2)

P

< Cas(p, o) - Siﬂ1/2(3'§) : “XA(Q,Q,.J) » B,

Proof: First we introduce the constants mentioned in the lemma. To this end, we put
Caaa(?, 9) = (1Vcotp)-32- Cur(d) -cot®(0); Caaslp, 8, @) = Casn (9, @) - Ca(p) ;

Csalp, #, @) := sin™* () - 36 - (034,2(39: P, ) + Caui(?, ) 2-m
+ (EVeoty) - Cofp, ss));
035,1(9") = 12. (1 v COt‘P) sl COtz(ﬁP) H Cas,z(?; (P) = 035,1(90) 'C4(P) H

Cas(p, ) == 9-sin™!(¢p) - (C‘ss,z(Pa ©) + (1Vcote) - Ci(p, ))

Let A, @,d be given as in (11.1). Then we introduce some abbreviations, setting for
H1e{1,2,3}, &, neR? with £4£19, ££0:

KV, 1) = ((1—53j)

{2159 - )~ Ve, covp- el £~ ) )
+ cote - by,
{9 9E© - g9m) - Yie-n, cotsa-lfl‘l-{*(f—n))})

(Bucosp — by -sing) - Xaw,3.5);

K& ) = - ((1 — 83;)

{Vi(€-n cotg-lel (€ 1) — WNE-n eotg-E—n)) )
+ cot- by

e e )

(- cosp — by -sing) - Xawoaa(m;

K, n) = -((1—53:)
{xMgWE© - 99(m) - ) (e-n, coti €[~ -€-(E-m)) }

+ cotg-dy

e e e e ——— _—
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{2 (g - dPm)) — ANE-m cotsc-l&‘l-ﬁ-(f—n))})

* (61.1' PCOSYP — 63J' ) Sintp) g XA([!,a-é)(ﬂ):

K§2(E ) = - ((1 )
AN —m cote- T £ (€ m) - XM —m, ot (€—n)i) |

+ cote- by
X0, cotp 676 E-m) - Xi(s—n,cow-(f—nh)})

(815 cosp — 8a;-58in@) - X y(0,5.0(7) -
(81)
Furthermore, let L(.?'l)(g 7), Lg.?’:’) be defined in an analogous way as f{j‘ ({,1 ) da,nbd
1 ; ’ i i ion X7 is replaced by
K Jg?,z) & n, respectix:ly, the only difference being that the function A7 D
X®, and X} by AT.
For v € {7, 8}, we have

sin™!{¢p) - Xa 0,3:8) (23: KJ(}J)((‘D‘ A, 6) ® (I)j)1<;<a”p
(

=1 -

(11.3)

3

in 7 0) - 2 [ Xagon - (K010 @ %)
id=1

1A

3 4

< sin(g) - D D Fh

Ji=10e=1

where we used the ensuing abbreviations, for j, 7€ {1,2,3}, v€ {7,8}:

1/p
P
FO = U (] | KD E, n) - 25(m) | dn) di) ;
741 A(0,3-5) “4(0,3-8)
1/p

P
e N Xeoprarm 1€ =70} - KSDE, ) -@00) | dn)’ d€)
A(0,3-6) “JA(0,3.8) !

-

P i/p
B = ([ (] X6 =) - K26 ) 2t | dn ) d ) '
ihd A{0,3-8) “JA(0,5-6) '

® . j PN ()
Fias - (jA(u,M)( A(0, 8:8) X(p\l o)

Fiia = 0;

P ifr
(KD ) — LEVE ) - @] dn) dE)
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1/p
8 ,_ . riam L&, N
Fiin = (/A(U, 3-4) |[4(0,3-a) X(I‘\l_m"’")({’ m) L (& m) - @5(n) dn, df) '

Now we are going to evaluate the preceding terms, beginning with F}(,?1 and }7;(’?)1 . In
fact, it holds for 7,1 ¢ {1, 2, 3} :

(M

G = (1 Veoty) - m§=:1 (/A(o.s-a) (L(U,S-é) Iy?n(g(*’)(f) = 9(“’)('?))
2 1/p
= Valem cotg 6 €~ m) | 1w ) ag)

F9 < (1veote) - i_l ([A(o,s.a) (/Am 0 |X:1(g(’f’)(§) ~ ¢(n))

1/p

P
" a6 ot [ (6= 0)) |- o)l an)” ac)
Set k7 :=1, kg:=2, Then it follows by Lemma 5.7, for j, [ € {1, 2, 3}, ve{7,8}:

L < (1veotg) (11.4)

DATARI

m=]

(€ 1) - [ G116~ 0l + cot?() - (] — 1))

» 1/r
= Gl + o) (676 €= n)") |- 2t | an) dE)

£ 2. (1lVeotep)

-(L(D,a_a) (/.-4(0,3-6) €7l - lfﬂl(glf,,)'(lf—ﬂl2 + o{¢, n,1)) dt,
O o) - | 61 )" ~ (1™ 66 )| an) ae)"
where we used the ensuing notations, for ¢ ¢ [0,1], &, neR? with ££0:
o6 m,0) = cot’() - (- (€1 =In)” + (t-1)-(le]-¢- (€ —m))?).

The last inequality in (11.4) is a consequence of the mean value theorem, which may be
applied here since |£ — q|? + o(€, ,8) > |€=n* > 0 forany te[0,1], &, n € R?
with € #0, ££7.

Next we refer to (5.17) and Lemma 4.3 in order to deduce from (11.4),for v e {7, 8}, 5,1
€{L,23}:

. » 1/
A< ot ([, (L, 607 Gl ) o0y an)” a)™".
4(0,8-6) *JA(0,3.6)

Now Theorem 4.1 yields for v, j, I as before:

1,3_(1)1 < Chpl(p, 9, @) - sin1/2(3.5) - XA(M_J) B, (11.5)
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IFtel0,1], &, neR?, weset
56, n,1) 1= coti(e) - (¢~ (eI -€-E ) + (- E=n3)-

Then we have for j, 1 ¢ {1,2, 3}, ve {7,8}:

2

B < (1veoty) - 3 ( Jrosn (L Xt =) €=

m=1
1
([ (6L (=l + 66, m,0) de) - @sla) - o)
2 i/p
2

(e e € m) - )| ) )
where we applied Lemma 5.7 and the mean value theorem. The use of the mean value
theorem is justified because |§—7|* + 2(§, n,t) = |E=7|* > 0 for & 7€ R* with {#
7, t€[0,1]. Now it follows by (5.18) and Lemma 44, for j,1€{1,2,8}, ve{7,8}:
< Gualie) - ([ 16 P

A(0,3-)
p Lfp
: llE = al) Lol dn)” ag)
([, as Xm0 )" de

< Cga1(D, @)+ |A| -sin(3-4)
p ifp
( fA s ( fA o Xy (1€ = 7)< [@()] dn) dg) .

Recurring to Young’s inequality (Lemma 4.9), we get for j, v as before:

P}(:])g < Cs4,1{"9: (P) ’ |)‘l ' sin(3-6) ' ” XA(Q,:;;-J) nd ”9 . fmz X((}JM—U:)(IUD do (11-6)

= Caaa(d, @) - m - 5in(3:0) - | X a5y = 2lio-

In order to estimate F}:{')a for ve {7,8}, 4,1€{l,2 3}, wemay proceed in an anal-
ogous way. In fact, referring to (5.16) instead of (5.18), we obtain for v € {7, 8}, 4, 1€
{1, 2,3}, with G°(r) =0 for r € (0,00} :

(v) . .
Fj,l,a < (1VC0tSD) ([q(o,a-a) (L(o,s-a) X(|A|—uz,m)(15 70) {11.7)

-‘(&—n)m-f:(g; L gEY (- + 86, 1)) de

e

an) d&)

() -cot®(@) - (7€~ E—m)" — (€-m})

< Caaal(®, 0) - [A7H (/A(U 3_6)|§2/|E| {p
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1/p
. (/;(u,s-é) X(I)\l’lli,oo)(l‘f_ aly € —n*- & ()] d’?)p d{)

1IN

034‘1(’6, (p) . IA,—I sin(35) N ”XA((],B-E) b (I)“p N ]Ez X(I)\"IIZ,OO)(lo-I) - |0'!_4 dﬁ"

034,1('19: ‘P) C. Siﬂ(3'5) . ” XA(D,.'—!-&) ‘ ¢'”p .

IA

Concerning the term F, . wem ' L
(see (4.15)): FEXH ay recur to Theorem 4.3, which yields for j, [ ¢ {1, 2, 3}

F < (veoty)-C . 5i
FRK! ( ©) 7(ps ) sin(3-4) - ”XA(O,:'}-J) " @y {11.8)

Collectlﬂg our results we see tha-t 11.1 fD]lOWS ])y CO]ﬂblnln 11.3 «':Lnd . -

Proceeding in an analogous way as in (11.4), we find for « ¢ (0,00), 4,1€{1,2,3}
1 1 1 b ¥ :

(/A(u,a.@ (L. X 1=10) - | L0296 ) - 9, | an)’ )

< (1Veotp)-(4-m)t. 22: (/A(Mé) (L(O’EA”](E—WJ,“

1/p

m=1
(e = a7 + co’te) - el - 7)™
= (le=nP + cot?(y) -(lerl.g.(s—n))z)“"“} ,crj(m( dn)p df)w
< (1Veote) - (2.m)71 . (3/2) - (
) (3/2) /A(o,s-a) (j;(o,a.a) &= 7]
1[G + ol )™ |- o)
, B , » 1/p
100" = (766" ot an) e
< G . ! ! ’ Y
$ O ([ (foag €7 6410 o) an) )
< 035,2(1’; @) 'Sin1/2(3'6) : ”XA(D’3.J) : Q”107
where we again used the mean value theorem, Lemma 4.3 and Theorem 4.1. It follows
sin~! - - 3 (5:1)
“ (#) - Xageas) (J; L e Q,-)lgsa ",, (11.9)

< 9-sin!? - -gin/(3.
((P) 35,2(1’5 (19) &n (3 6) * ”XA(U,S-&) ’ QIIP'
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According to Theorem 4.3, the function Lg?,z) +, ®; is well defined for §, le{1,2,3},
and satisfies the inequality
" sin”" () - XA((),a-é) ) (L;(i?ﬂ) *p @; )15153 "p

< sin"Y(g)-9-(1Vcotyp) - sin(3-8) - Colp#) - N X w058y @ llp -

But we have Lg-?) (p, 8) = Lg?‘l) + Lf,-?ﬂ) for j,1€{l,2,3}, so that we may deduce
(11.2) from (11.9), (11.10) and the definition of Cas(p, @) .

(11.10)

Corollary 11.1. Take p € (1, ), #€[0,7), €0 7/2]. Then there are constanis
Cas(p, 9, @), Car(p,9) > 0, so that

I\ A® (g, A, 8, R, 5, @) l, < Caslps s @) sin'/?(3-8) | Xaws8 @y
“ B(a) (‘P! 55 R? S: ‘I))”P < C;w(j?, [P) ! sin1/2(3-5) ) ” XA(O,s-&) - @ ”P

for veE {7,8}, A€ C with jarg A < 9, [A] 2 1, Re (0,00), S€(1,00), ®€
L (RAB, (0, B+ §))°, 6§ € (0, 7/48).

Proof: The corollary readily follows from Definition 10.3 and Lemma 11.2.

Next we estimate some integral operators having kernels which may be written as a product
of a standard kernel, already considered in Chapter 4 or 5, times a factor which yields the
term sin'/?(3-8) on the right-hand side of (11.11) and (11.12).

Lemma 11.3. Let p€ (1,00), #€[0,7), v € (0, w/2]. Then there is some number
Cag(P, '19, Q@) >0 with

3
H sin™" () - X a8 " (E K};}) (oA 8) & )1<r<a “p (11.11)
5=1 <ig
< Cas(p, 9, 9) Sinlﬂ(&‘;) | XA(u,s.a) @,

for veE{3,4,5 6}, A€ C\{0} with larg A| < ¢, ® € IP(RY, d€ (0, 7 /48).

Furthermore, there ezists Cao(p, ) > 0 such that

" sin () + Xag,s0) ° (5—2 Li' (e 9) & cpj)lglﬂﬂ \L (1112)

< CBS(Ps @) Sinllz(‘?"d) . " XA(u,a.a) -0 ”P
for ve{4,6}, D€ *(R%)3, §¢ (0, mw/48) .
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Proof: Put
Cay1 =1 + 3 1/2 . 9—2n+l,
8,1 ,.Z=; ' n | 2 H Cag o) = Casq - (14 cot ) - 2;

Cas,s(P, 7, SD) = 019( , ‘PJ . 038,2(90): 033,4(19, i, ‘P) = 2-coto - Cqp(d) - C4(P);
C38(ps 795 (P) = Sin71(99) -18- (038,3(P; ?91 (P) + 033,4(29, 191 ‘P) );

Cso,1(p, @) i= (2:m)™" - cotp - Cy(p);

Cas(P: ‘P) = Sin_l(‘P) -18- (CB(Pa 99) ' Csa,z(ﬁﬂ] + ng,l(pn 90)) .

Then assume A, &, § are gi i
, @, given as in the lemma, and take j, 1/
{1, 2}, 7€ R™{{0}, £c R? with £+ 1y, we abbreviate PECHRI For e

19 = (s minl + -3 () ooz

n=1

. e B G
cot 53_1 (n“p og(w))(n) . XA(G,E.-&)(’?) ; @j(n);

f2(n) =~ (5;:2 /|l + b f: (1/2) (= emm I??I'z'")

n=l \ 7
. cot . 5 - (‘P) (
ot - O3 (n,-a og ‘P))(n) - XA(D,:;-J)(’?) C®{n);

(5) == (1 —
i) = ('5n (1—83) + u by 'COt‘P) “ Xaw,as  25(0)

= [1/2
| 8, ) ) n am Com
(8wreose 55 (V) - em e 4 6 eg )

(8) () —
i) = - (5p: Al—0a) + Gpr - ba -cot(p) . XA(D 3_5)(,7) - ®;(n)

. 6 .. . = 1/2 n 13
( 15 * COS Z (n) B ) I - T S P (ng“")og("’))(ﬁ))i

n=1

a2 m) = = (E+n - (el +inD™ ~ o)

: B S g )]
ot Gz - (" 0 g ) () X y0,0.5(1) - B5(n);

g0 ) = = (E+m - (€1+10D" — o)

ccoty - &g - (n(-‘p) o gt ) () - B,
Then it holds for ¢ € R?: ’ ) Xagaa - ®5(m).
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Il

Z ] 79N E) — ¢“(m) (11.13)
(gD ) + fPm) dn;

(KD (g, 2, 8) @ 8;)(8)

(K, 2, 8) @ 2;)(6) = Z/ X2 (g9(E) ~ ¢ (m) (11.14)
(gl ) + f2m) dn;
(K91 o8O = 3 [ 2e9® - 690) - f00) dni - (1115)
4 #:1 B:
(K, X, 60 2;)(€) = Zf X3 (g¥(E) - ¢“m)) - S0 (m) dn. (11.16)

Since 5 € A(0,3-8), we have |ny/|n|| <sin(3-5). But we assumed § < w/48, soit
holds |7z/|n|| < 1/2. Thus it follows for 7€ A(0, 3 §) (see (3.2)):

£ () o

n=1

< (g, - sin(3-8);

(0 og®)m)| = |eosg - m/lnl] < sin(3-5).

Hence, if n< A(0, 3-4), we find

|7a/ 1l |Z(I/2) poon ], [(nf? o g®) ()]

< 033,}_ . Sin(3-5) .

This implies for 7€ RA\{0}, ve {3,4,5,6}, pe{l, 2}:

|f,§”’(n)| < Casa(wp) - sin(3-0) - XA(Q,s.,s)("T) - |2{mi. (11.17)
Now we apply Lemma. 5.10 to obtain for v € {3, 5}, x € {4,6}, re€ {1,2}:

v 11.18
| ]E Yi(g¥ - ¢9m) - S ) dn] , (11.18)

| fm X~ gV(0) - ) dn "P

< Casga(p, 'ﬁr (P) ) Sl.l'l(36) * “XA([),aAa) : QHF

Furthermore, if @€ {1, 2}, we see that

4 1/p
(Jrons | [ 9@ ~ 82m) - P m) dn dg) (11.19)
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1/
([ L 22066 - ) - g9t n) anf ag)”
A(0,3-5) | JR>

< 2reotp - Curld) - (fA(o,s.s) (-[A(U 2.8) |976) — 99 [~
€= 1l (el + b= 0o} dn)” at)

< Casalp, 9, ) - sin'/*(3-4) . 1 X 0,34y~ @ 1ls-

1/p

where the first inequality follows from (5.14) and Lemma. 4,1, and the second one from
Theorem 4.1. After collecting the results stated in (11.13) - (11 16), (11.18), (11.19), and
recalling the definition of Caelp, 9, ), we arrive at inequality (11.11).

In order to prove (11.12}, we first note for £ € R?, € (0, 0o) :
(L0, 8)), ® @;)(©) (11.20)

> fm X amUE=21) - X2(gE) — 9“)n)) - (g€, ) + £} dn;

(20, ), © 2;)(®) (11.21)

Z_: [ X6 =71) - X2(49(0) — @) - £9(s) a

On the other hand, we infer from (11.17) and Corollary 4.2, if #€{1,2}, wve
{4,6}, €€ (0,00):

M Xee o (AR = 0l) - 424 = o)) - 1 () dn] (11.22)

< Colp @) - Cagpalee) - sin(3-5)-||XA 0,34 @,
i }

Moreover, if 1 € {1,2}, v e {4,6}, < (0, o0), it may be derived from Lemma 4.1
and Theorem 4.1 that

(f oaa)lfgz Xie.oy (16 =11} - X2(4(6) ~ 9©m)) - g6, m) dn| dg)w(n.%)
< (2'7I')_1 - cot

(oonn Lo = i) < too) an)” )™

< Cualp v - sin1/2(3-5) || XA(U,;M) @,
Now inequality (11.12) follows from (11.20) - (11.28) and the definition of Cgs(p, ).
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Corollary 11.2. Let p€ (1,0¢), P € 0,7, ¢ € (0,7/2]. Then there are numbers
Caolp, 9, ©), Car(p, @) > 0 with
1A, 0, 8 B, 5, @)l < Canlp, 9,9 - sin'*(3:0) - 1 X o5 * -

||B(“)(Lp, 5 R S5 ®)|, = Ca(p, ) - sin1/2(3-5) |l XA(ula.,j) @,

Jor ve{3,4,5 6}, pc {46}, A e O\{0} with |argA] < ¢, R € (0,00), S e
(1, 00), ®€ LF(R\B;(0, R-5))°, € (0,7/18).

Proof: We refer to Definition 10.3 and Lemma 11.3.

Corollary 11.3. Take p€ (1,00), #€(0, 7}, pe {0, #/2]. Then there is a constant
042(13, 19, "‘D) > 0 such that

[snie) - (L KR nd @) [ 1A% 55 RS 0,

j=1

< Culp, 9, ‘P) ' (R'S)_l ' ”(I’”p
for A€ O{0} with |argd| < 9, |3 21, HE€ (0,00}, S5 € (1,00), &€
(0,7/6), @€ L (RAB, (0, B-9))"-

Proof: Apply Lemma 5.11.

Lemma 11.4. Take 6§, & ¢ (0, 7/2) with & <&, £€ A(0,8), n¢€ RAA(0, §). Then
it holds

le—n] 2 sin((6—4)/2) - (&l-+Inl)-

Proof: There are numbers r, 5 € [0,00), a € (=&, 48, §¢€[-m m\(-4, &) such that
¢ = r(cose, sing), 7= s5-(cosf, sin 3) .

Thus we find

E—n2 = r*+ 5 - 2.r.5-cos(a— f) (11.24)
= 2.(r* 4 &) - sin®*((a—B)/2) + (r- 8)? - cos(e - B).
On the other hand, if |o— | < 7/2, thatis, /2 > loe— g > §— &, it follows

cos(a— @) > 0, sin*({a-8)/2) 2 sin®( (6 — &)/2).
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Now we may conclude by the second equation in (11.24):

E—nl* = 2-sin®((5-6)/2) - (KP+ni?) > sin®((6 - 6)/2) - (I¢l-+1n1)".

Next consider the case |o— g| > =/2
» 80 that 7/2 < |a—- g < 3.
cos(@ — 3) < 0. Thus we see by the first equation in (11.24) that A< onf2, hence

E-nl* > lel+® = (1/2) - (gl + )2
This completes the proof of Lemma 11.4.

Next i 5

ti!;e:a i WT/\Te—ﬁa_ul at;lhit.the difference |(X ,)‘ — A7) (=) may be estimated against a constant
mes Dk k, see (5:\13). E‘Ohe integral operator appearing in the next lemma is
g y the kernel A} — X7, so we shall attempt to evaluate this operator by

using the preceding inequality. In fact, a sui i i
' _ g ! itable estimate will be achi i
to Lemma 11.4, which will allow us to handle the singularity [$|_4.73'C reved by recurring

Lemma 11.5. Let # € [0 .
such that [0.7), @€ (0,7/2). Then there is a constant Caa(d, ) > 0

" sin”? (i) - XA(0,3“7)\M2(U:H) ’ (

7

S Cald, ¢) - sin™(6/2) - B2 - M| - |,

3
()

(BP0 ), 8) ~ 10, 0) 8, &) |

= 1€1<a ilp

1

i pe(lo0), de C\{0} with |arg)| < ¢ i
Lp(Rz\&(O,R))a_ w larg A| < 4, § € (0, /6), Re(0,), ®¢

Proof; Put 043'1('19, (P) =3-r- 017(1?), C43(T9, "‘0) = Siﬂ_l((P) 9. 043 1(1?, (P) .
Assume p, A, B, &, § are given as in the lemma. Take 7:1€{1,2,3}. Then we have

‘XA(o,n-a)\maw.RJ * ((Kﬁ)(‘ﬁ M8 - IP(p,9) @, 'I’J')

(11.25)

<
,;1 (L(U,B»J)\]BQ(O,R) (.[m\(A(o,a-a)uns,(o,R))
(B3} + 8- X0 = 8- ) (6908) — g |
A (0 g (m)| - |0(m)] dn)’ d«f)llp
=

3-Cir(9) AL (/ (f
A(0,25)\B2(0, &) * SR ( 4(0,3-5) U Ba(o, )

€ —nl=*  Je(n)] dn) a:;g)w~
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with the first inequality following from Lemma 5.7, and the second one from (5.13). Next

we apply Lemma 11.4 and obtain from (11.25), for € € (0,00) :

"XA(DIQ.a)\]BZ(UHR) - ((Kﬁ)(r‘p, A: 6) == L,;(,%)(Q‘% 6)) ®P @J) ”p

< 3017(19) . sin"‘(é/?) . |)\|‘1

1/p
(/ (f (i )™ - 1ol dny dc )
A4(0,2-00\B=(0, B) *JBA(4(0,39) UB.{0,R))

< 3-Chq(9) - sin~*(8/2) - |Al~t

. (L(O,Z-ﬁ)\Bg(O,R} ([lll’\(A(O,a‘J)uE,(U,R))
ifp
(1-+ 1) - (B}l dn de )

(€1 ¢ dn)”

’ /m?\(A(u,s-é) UBa(0, R} )

< 3 Cr(d) - sin™{(3/2) - N AT R

- " 1/p
-(L’\%(O.R) /]R?\!E;(D,R) (Il + D)~ - [B(m)IP dn df)

C4a,1(’l9, ‘P) -sin_4(6/2) - R7%. |)‘l_1 * ”q’“pu

IA

where the second estimate was derived from Hélder’s inequality, and the last one follows

by Fubini’s theorem.

The proof of the next lemma essentially amounts to an application of Lemma 11.1.

Lemma 11.6. Lef pe {1,0), 20, 7)), @€ (0, 7/2]. Then there are constanis
Caa(p, 9, ), Cas(p, @) > 0 such that the following estimates are valid for A € C\{0}

with |arg A < 9, 6€(0,7/6), R€(0,00), S€(2 0}, ®c IP(RAB, (0, B-5)) "
|| A9 (g, A, 6, B, S, @) I»
i) - (X (3 K018 89, )07

4=1

1

i

< Culp, 9, 9) - (S =177 1@l
I 3(12)(% 6, R, 5, ®) |, ,

sinHg) - (Xmg(u,ﬂ) ) (é 157, 8) q)j)lﬁlﬂii) °(T(9)”

< Cuslp,g)  (S=177 2.

P
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Beweis: First we define the constants appearing in the lemma, setting

Casi(p 9, @) = 6 (LVeotp) - Cir(¥) - Cas(p);

Cualp, 9, @) == sin () - 9. Caar(p, 9, )

Casi(p ¢) == 2 (1V cotgp) - (4-m) 7" - Cig{p):

Cas(p, 9) = sin ™' () - 9 Cusalp, ).

Then let A, 6, 11, S, @ be given as in the lemma, and take 7,1 ¢ {1, 2, 3} . Tt follows

I X]s,(n,R) ) (K;?)(‘Ps A 8) ® ;) ”‘,J

(jllh(o,ﬂ) (./m\(,;(gig,a)umz(o,&s)) ]‘Z:I lﬂ-ﬁ,r(g(w)(f) == g(fﬂ)(,r]))
(0¥ o g®@)) (1) .¢j(n)| dn)p dg)

IN

i/p

1A

0:Cal0) ([ (L1976 = 996 o) )’ ae)”

1A

C44,1(P= 7, ‘P) - (S - 1)_2/p . ”q)”p ’

with the second inequality derived from (5.1
12), (5.14), and i
Lemma 11.1. This lemma further yields (5.12), (5.14), and the third one from (3.18) and

1 X a0,y * (1521 8) @ ®5) ||

('[32(013) (fm’\(A(U--'*-ﬁ)uBz(U,R-s)) |le(g(¢) € - g(w)("?))
. (ng,v’) og(v))(ﬂ) - ®;(n) ( d’?)p df)llp

(4m)~" - Caalp) - (S—1)77 - ||, .

IN

IA

IA

By a similar reasoning, the i i iti
iy g, ensuing two inequalities may be deduced from (5.14) and

[ Yo - (P00 6 + K200, 8)) 0 9,
P

< 2-(1Vcot - 3
(1V cot) ; (/]Bz(ﬂ,ﬂ) (j.a(u,a.a)\mg(n,n.s) (ly?(f_ 1y cot - (€ —n)1) |
» 1/p
+|XNE-n cote-(€—m)|) - 2(n)] dn) df)
< 4-{1Veote) - Cp(d)

f
|
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i/e
_(fm(o!ﬁ) (L(n's_é)\wm_s) £ — i 10(m)! dn) d&)

< Cualp, B, 9) - (S =177 < M12ls5
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Doom - (L300 @ 8], < Coalpig) (5077 100

Now the lemma follows from Definition 10.3.

t consider the terms A (@, A, & R, S, €) and BY(yp, é, R, §, ®)

Up to now, we did no
to prove a suitable

for v € {2, 11}. It is perhaps the most difficult task in this chapter
estimate for the function arising when a multiplier transformation as in TLemma 5.18 is
applied to to these terms for such values of v. We shall achieve an appropriate estimate
by splitting our multiplier into a sum of two parts, with one summand supported around
the origin. The other one turns out to be a C°°-function vanishing near the origin and
having derivatives which decay near infinity. The term generated by the first summand i8
easy to deal with {Corollary 11.4). As for the expression induced by the second summand,
it will be evaluated by recurring to the decay properties of this summand. The details will
be worked out in the proof of Lemma 11.10, in a situation slighly more general than the
one just described. Concerning Lemma 11.8, 11.9 and Corollary 11.5, they will enable us
to insert the functions AW (@, A, &, R, S, ®) and B® (¢, 8, R, 5, @) (v € {2, 11}) into
the framework of Lemma 11.10. This point will be discussed in the proof of Lemma 11.11.

As a first step in elaborating this approach, the next lemma yields a LP-estimate for
K, A, 6) ® ®; and L (6, 8) 8 & (vE{Z D, 10}, g € {2, 10}).

Lemma 11.7. Let p € {1,), ?€ 0,7, ¢¢€ (0,7/2. Then there erist some

numbers Cas(ps 8, @), Carlp, ©) > 0 s0 that
3
s e) - () . :
[ sin " () (2 KPpon @), |, £ Cwlede) 1%l

for veE{2,9,10}, A€ c\{0} with |arg A| < 9, & e LF(RY®, &€ (0, 7/6):

IA

o) - (30 5000 8 91) [, S Clor) 100
for ve{2,10}, ®€ LP(RY3, 6€(0,7/6).

Proof: Combine (5.12) with Lemma 10.1, 5.10, 5.5 and Corollary 4.2.

Now we may deal with the case of a multiplier with bounded support around the origin.
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Corollary 11.4. Take
4. p€(l,o0), 9€l0n)
. ) | V&), @ € (0, /2], Th
Caalp, 7, ©) > 0 ewists such that the ensuing inequalities are mh'a{ flr v 66{'12 alf{}msT?g

C\{0} with |arg Al < ¥, d€ (0, 7/6), Re (0,00}, Sl
@ELP(RQ\&(O,R'S))Ean(Rz\&(O,R-S))a’ ! ( soo)y TE{*I; 1},

BG{A‘;"’*P-((A;""”)_l - (ape)T), (Ai"’ — Ame) . (axe)T s

(,,

\%
H(‘Ill-B-( 3 A(”)(cp,/\,é,R,S,tIJ))A) o T(y)

ve{2, 11}

S C48(p: 1?1 (’g) ' I’\l_ll2 : ”QHPl

Y
“(11:1-3-( 3 B(”)(zp,é,R,S,tb))A) o T()

ve{2, 11}

r

< Caalp, 9, ¢} - |A|_1/2 . “(I’”P'

(The function W, was introduced in Definition 5.3.)

Proof: This corollary follows from Lemma 5.20 and 11.7.

Lemma 11.8. i P E oo [/ 0, 7/2 é € (0, /6 R e (0,00 g e
(1 oo) o . -LF‘)ERQ\Bz((;" )’ ] ( H / ]7 ( ? / )7 ( )

, , € E-5 ile 2.3}, Ae C\(=oo0, 0 w"h ’
iho ztf“ 1 )) ? .711 {15 ’ }1 \( : ] it ;AF 2 1:
( i ((p, A, 5)®<I’J)IA(U,2-(5), (Lg-f)(c,o,é') ®p <I>J-)|A(O,2-5) S Cl(A(U,2-5))3
If pe(l,o0), 9 €[0,m) 4 -

i H 1 y P E 0: 2 H

Gsu( , ) . ( , ) it ( Tl'/ ] then there are numbers C4g(p, ) (,D) and

3

| sin=(e) - (32 K (e, A, 8) ® @j)lsm |40, 2-\B, (0, B) | (11.26)
< Culp, 9, p)  sin(8/2) - [|2]],
|sin ) - (Fl 10, 8) & o) [40,2-0\EQ, B | (11.27)

< Cuolps ) - sin *(8/2) - @],

for AcC with |argA| < ¢, |\ 21, §e(0,n/6), Bc(0,00), S€(l,c0) with
k.5 >1, @eLP(RQ\]BZ[O,R.S)f‘ '
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Proof: Fix pe (1,00), #€[0,7), ¢€ (0, #/2], and define

Cuo (B, @) = 18- Cy-(9) - (1veotey);

Cao(py 9, 9) 1= Cas(p, 9, 9) + sin”'(p) - 54-7 Caon(?, #)5

Coonly) = 743 (1Veotyp); Cralpy @) == Carlp, @) + sin™ () -54- 7 Crol) -
Now take A € € with |arg M £ 9, Al > 1, e (0,n/6), RHE (0,00), S €
(1,00), &€ I?(RAB,(0, B-5))°, 5 1€{1,23}.

For £ € R?, we observe that

(K (@, A0 8) © ©;)(8) (11.28)

Z Pl g% (&) — ¢ ()
() 0 ) (m) - @s(m) dn
If £ A(0,2-8), 7€ RAA(0, 3-4), we may conclude from Lemma 11.4:
e -nj2 = sin*(8/2) - (IE]+ ),
<o that it follows for & € A{0,2-8), 7€ RAN\(A(0,3- §) U B, (0, R-8)):
1g@ () — ¢®(m)| = sin(6/2) - (€l +ial) 2 sin(6/2) - £-§ > 0. (11.29)

= _[Kz\(,;(o 3.8)UBa(0, R5)) fo

For (&, n) € R? with £, 17 # 0, we put
L& ) = Zal Po (69 ~ ¢Pm) - (o 0g®)(m) - &;(n)-
k=1

Let us evajuate the partial derivatives of I'. In fact, we find for £ € A(0,28), n€
R\ (A(0, 3-6) U B (0, R-5)), 1e4{1,2}:

|8/06T(E, )| < (1Veote) - Z |D, Bl (g €) = g¥(m)| - 1@m)  (11.:30)

rk=1

18 - Cia(#) - (1V cotep) - | 4916} — ¢ () - 12(n)|

<
< Cuoa(®, ¢) - sn2(8/2) - (&l +1nly™ - [2(m)]
< O, 1 (7, ‘P) (5/2) !"7|_3 . |‘I>("?N

with the second inequality following from (5.12), (5.14), and the third one from (11.29).

On the other hand, we note

/ i~ - 12| dn
B2\ ( A(0,3-8)UBs(0, B-5))

i-1/p
(o e )™ o, <o
RAB, (0, -5)
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Recalling {11.28), (11.30) and Lebesgue’s theotem on dominated convergence, we see that
the function K}?)(ga, A, 8) ® @; is continuously differentiable on A(D, 2-6) . Furthermore,
it follows that the function 9/8€,T'(€, ) is integrable for any £ € A(0, 2-9), u € {1, 2},
with

006 (Ko A O &) = [ ey YOTE D a1

Thus, if B-5 > 1, wefind for g€ {1, 2}:

(/Am J— 10/06, (KD (2,2, 8) © 8;)(6) | d&)”p (11.32)
< Cioal(d, @) - sin™(6/2)
.(L(u,z»a)\m (jma\(m,a.a)um;(u,n,s)) (Xeplle=a - (-9 o
+ Xy oy = 71) - =072} - 12 ()] dﬂ)p ds)
< Cuaald, ¢) - sin~(5/2) - jm (Xon(leh) + Xgw(lol) - o) do - 2,
< Cisa(d, ) - sin™(8/2) - 3-7 - @]},

Here we applied (11.31) and (11.30) in the first inequality, and Lemma 4.9 (Young’s
inequality) in the second one. Since j and I are arbitrary members of the set {1,2,3},

the estimate in (11.26) may now be deduced from (11.31), (11.32), Lemma 11.7 and the
definition of Cly(p, 9, ¢).

Due to (11.29), we have
Xwoolle—nl) =0 for e (0, R-S-sin(8/2)), €€ A0,2-9),

ne RN(A(0,3-6) UB (0, R-9)).
Hence, by Corollary 4.2, we conclude for £ € A(0, 2-8), 7,1 € {1, 2,3} that the integral

/ —X7(g9(E) — ¢} (o 0 g (m) - @;(n) dn
B2\ (4(0,3-8) UR(0, 7-5) )

exists and equals (L(Q)(cp, 3) ®, ®;)(¢). Now the relation

(L (0, ) ®, 0;)| A0, 2-8) € C*(A(0,2-5))

as well as inequality (11.27) may be derived by argumente analogous to those used above,
with the reference to (5.14) replaced by an obvious estimate of the function A7} .

Next we introduce some cut-off functions which will be needed in the following.

Definition 11.1. Fiz a function ¢ € C®(R) with 0 < ¢ < 1 and satisying the
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equations C|[-3/2,3/2] = 1, E|R\(—5/3,5/3) = 0. Then, for §€(0,/8), n€
RAN{0}, we define

¢O () = C (67 arcsin{m/Il)).

where arcsin := (sin|[—7/2, 7r/2])_1.

Take go € C°(R) with go|[l,00) = 1, g | (—oc, 1/2] = 0. For Re(0,00), n€
R?, we put

g™(n) = go{lni— B}

Thus the function ¢ is equal to 1 in the sector A(0, 3-6/2) of the plane, and vanishes
outside A(0, 2-4), whereas g% has the constant value 1 in RA\B,(0, R+ 1), and is
equal to 0 in B (0, £+1 /2) . These facts and some others are stated in the pext lemma.

Lemma 11.9. Let 6 € (0,7/8), R € {0,00). It follows ¢® ¢ CY{RA{0}), g™ €
CIRY . supplc®)lC A0, 2-O\(0},  supplg™) C RAB (0, R+1/2),
¢ | A0, 3-6/2) = g™ |RAB, (0, R+1) = 1,

ap{[CO(m)] + V1D : neRABOR} < 1+ 4|00 R

Proof: Take 7€ RA{0} with (®(n) # 0. Then we find

|6-* - arcsin{my/jal)| £ 5/38.
Since 5-5/3 < w/2, it follows [m/Inlf < sin(5-8/3), sothat 7 € A(0, 5-6/3). This
proves that supp(c_:“))i_c A(0, 2-\{0}

Now assume 7 € A(0, 3-6/2). Then thereis ¢ € (-3-6/2, 3.8/2) with na/|n| = sing.
But 3-8/2 < m/2, so that we may conclude ¢ = arcsin(n,/|n]), hence the number
-1 . arcsin(m/|n|) must be a member of the interval (—3/2, 3/2). Thus we see that

@ (p) =1 for n€ A0, 3-6/2).
Nexi we observe that the function arcsin|(-1,1) belongs to C'((-1,1)). On the
other hand, we have for 5 € R*\{0} with Lpa/lg)] = 2747

|arcsin(nz/|nl) | = 7/4, |- - aresin(ma/|nl) | = 2, hence: (®(y) = 0.

Thus it follows ¢® € C*(R%\{0}). Moreover, we get for i € {1,2}, n e RA’{0} with
|ms/lnlf < 1/v2:

DiC(ﬁ)(TI)
_ e(5 aresin(/lnl) ) - 87 - (L= nd/la?) ™ (Bl = el

Gathering up our informations, we arrive at the result stated in the lemma.
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Corollary 11.5. For pe (1,00), v € (0,7/2], 6 € {0,x/8), R € (0,00), S €

(1,00), @€ L*(R\By(0, R-S))*, j, 1€ {1,238}, A& C\(~o0, 0] with |A|>1, it
holds T

(R) . pl6) . (2)
g™ - O (KD (e, 0 0) @ B;), g (D (B0, 6) @, ;) € C'(RY).

Furthermore, if p€ (1,00), #€[0, ®)
, ) ) %), @ €(0,n/2], there are constants C, #
and Csa(p, ) in (0, 00) with ale o)

Jan o) - 6 €O+ (3 K (00,5 0 )
i=1

; 1<i<8 “1,p

< Calp, 9, @) - sin(8/2) - 671 - |2,

and

|sin* ) - g - ¢ . (Za; (e, 8) 8, ¥;)
p

1€1<8 "1,;;
< Calp, p) - sin™3(6/2) - 671 - (@]

for A e C mit |agd| £ 4, [A =21, e (0,n/48), R, S € (l,00). ® €
I*(R\B (0, R-5))".

Proof: The corollary combines Lemma 11.8 and 11.9.

The inequality stated in the pext lemma is similar to the estimate of the term G5 in [9
p- {332]. The proof of this inequality is based on the fact that the support of the function
w is seperated from the set 7'(){ A0, §)\By(0, R} ).

Lemma 11.10. Let p € (1, 00), # € {0, 7), ¢ € (0, =/2]. Then there is a constant
Css(p, @, ©) > 0 such that

” (n- @)V o T(e) |A(0, 5)\B, {0, R) ”,,
< Cua(p, 9, ) - AT B2 - sin™(é/4) - [Jw]),

for A c C\{0} with |arg A| < 9, §€ (0,x/8), Be (0,00), 7€ {-1,1},
we PR N LARY®  with  supp(w) C T(p) (RA(A(, 3-6/2) U B,(0, B)) ),
Me{(1-w) Ao ((A)7 = (Ape)7),

(1= 0)- (422 — A2e) - (Ame) )
{The function W, was introduced in Definition 5.3.)
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Proof: We set

Cs3,1(9) 1= 25°-Cas(d) - (C1a)*;  Cosa(?, @) := 4-Cs31(9) - sin™(¢);
Cs3,3(p; 9, ) i= Csap(d, ) - sin™/7(g) - 7w - (p— 1)1 727

Css(p, 9, ) :=9-Cssa(p, J, ¢) -

Now let A, §, R, 7, w, M be given as in the lemma. Take j, k€ {1,2,3}. Note that
M, - ¥, € C°(R?) forany t€N.

If te N, ae N2 with |a], =4, o€ R?\{0}, we obtain from Lemma 5.1 and 5.18:
|D* (M - ) (o) | < Coan(®) - AT - (ol ™ - Xy, o) (la]) -
It follows for t € N, vy € R?:

2 A
[t (M v N = [ DDAy w)) " ()] (11.33)
r,s=1
2
< 3 [ [P v @) de
rs=1
< 4 Caga(D) - |A|-1/2-/ o do < 81 Cias(9) - |N7V2.
R2\B,(0,1)
Now we obtain for t € N, £ € R? by referring to (5.44):
A \%

|(M,»k W (W, wy) ) (E)l (11.34)

IN

a(n) - we(n) - (My - 0N (-8 | iy

@mn- [

@m~t - [ W) - w)] - le— -l =l - (M- w)Ne-n)] dn

2

Il

IA

4 Caaa(0) - N7/ - [ ()] - €= ol dn,

where we applied (11.33) in the last inequality. Let 7 € R® with wg(n) # 0. Then
we observe that 7 belongs to the set T(cp)(Rz\(A(O, 3-6/2) U B, (0, R))) . Hence
there is some 7' € R?\(A(0,3-6/2) U By(0, R)) with 5 = T(p)(1). Take & €
A(0, 6)\B; (0, R). Then we obtain by Lemma 11.4:

IT@@)E) -n] = [T@EE=-1)] = [(sin™(e)-(€=1), E=7)2) |
> =7 > Si’n(5/4) S+ 17'l) > sin(9/4) - sing - (I + |nl) -

In the last inequality, we used the equation 7' = (7T(y) )_l(n) ). Inserting the preceding
estimate into the right-hand side of (11.34), we find for o € T(¢)( A(0, §)\B2(0, R)) and
for n,teN:
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V
|(Mjk W, - (\I/,.-wk)/\> (g)f
< Csza(9, @) - sin™(6/4) - [A]7V/?

S UTE @1+ 1n1) " - ot an.

Now we may apply Lemma 5.22, which yields

E\T(¢)( 4(0,36/2)UB(0, R

[ ot £V |760) (a0, 18,00, 1)) |
< Csa(D, @) - sin™(5/4) - |A|7Y?
. (L(w)(A(Olé)\B7(DYR)) ( R’\T(w)(mg(O,R)) (I (T(‘P))_I(Q), + ]"II)_ 0
() dn)” de)
= Cssa(?, @) - sin™"/7(¢) - sin~*(6/4) - ||~/
p 1/p
. ( /A e | oy (o) (€T 1D+ )] ) dg)

< Cssa(9, @) - sin‘”"((p) . sin_4(5/2) S ATV

([ woem 7 / oo 117 )] ) df)l/p

< Csa,a(P, 9, ) - sin_4(5/4) : |’\,_1/2 “R7*. ”w”,,.

This inequality implies the lemma.

Now we shall make use of Lemma 11.10, with w replaced by certain functions related to
A (@, X, 8, R, S, ®) and B™)(p, 6, R, S, ®), for ve {2, 11}.

Lemma 11.11. Let pe (1,00), 9 € [0, 1), ¢ € (0, 7/2]. Then there is some constant
Csa(p, 9, @) > 0 such that

| (a- A)v o T(i) | A(D, 8)\B, (0, R) “,, (11.35)
< Coalp, 9, @) - (sin™(8/4) - 7 N2 4 (S 1)) - [l@,

for Ge U {AY(g, ) 6 R, 5, ), B (p, 4 R, S, ®)}, AeC with |arg A <

ve{2, 11}

P, Al 21, §€(0,7/8), R,S€(2,00), T€{-1,1},
® e L'(R\B:(0, R~ 5))° N L*(RA\B, (0, R-5))°,




216 CHAPTER 11. LP-ESTIMATES OF J(r, P, A\, ¢, R, S)

Me{-w)-aze ((ae)™ - (aze)™),
(=) (29 = Ae) - (Aze) ™ ]

Proof: Define

Csan(py 9, ) := Csalp, 9, @) - sin™ () - max{ Cus(p, 9, ), Cur(p, ¥) };
Csaz(p, ¥, 9) == Car(p, 9) - max{ Caa(p, 9, ¢), Cas(p, #) };

Csa3(p, U, ) = 2 Co(p, ¥) - max{ Csi(p, 9, ¢), Csa(p, ¢) };

3
054,4(1), '197 (P) = Z CS4,u(p7 ?9, 90) 5 C54(p7 "91 90) =3 054,4(p1 19, ‘10) 3

v=1

and let A, 6, R, S, 7, ®, M be given as in the lemma. For shortness we set

Fy =~ sin™!(g) - ((1 -¢®) . Xaw3s) - Xr2\Ba(0, R)

LA 08)) o ()

1<i<3
Fy = — Sil’l_l(gp) . (C(") (1 _g(R)) . XA(O 58 ° X}R?\m,(o,n)
Z(K”%/\& ®<I>)> o (T(¥) ™"
1<1<3
Fy = — Sin_l(cp) . (C(J) .g(R) 'XA 0,348 " X]R’\IBg(O,R)
KD A N 0w)) o (1)
j=1 1<1<3

Furthermore, we define F,, Fy, Fy in the same way as F, I, I, respectively, up to a

single difference: The function K(, (0, A, 8) @ ®; is to be replaced by L;-?)(tp, 0) ®, @,
for 7,1€{1,2,3}.

We point out the following equations, which are an immediate consequence of Definition
10.3:

AP (0, A\, 6, R, S, ®) = F, + F, + F (11.36)
B® (¢, 6, R, S, ®) = Fy + Fs + Fs.

According to Lemma 11.7, we have F, € LP(R2)3 N L?(R?)?3. Recalling the properties of
¢® (Lemma 11.9), we further note that

supp(Fi) C T(¢) (R?\(A(0, 3-6/2) U B, (0, R))).

Now it may be deduced from Lemma 11.10 and Lemma 11.7:
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[ar- BV o 701|400, 50200, B I,

< Coaalp, 9, 9) - [A7Y2 - sin™(6/4) - 1@, -
On the other hand, due to the poperties of ¢ (see Lemma 11.9), we get for EeR?:

| F5(8) | (11.37)

< [ (507 Xaomen PICTRY yoe)) o (ren .

= 1<1I<3

Thus, using Lemma 5.19, we arrive at the estimate

!|(M-z«’i)VoT(so)iA(o,é)\w,R)llp < o BV < a1,

< Coanlp, 9, 9) - (R-S/(R+1) = 1)1 &,

where the last inequality is a consequence of (11.37) and Lemma 11.6, with S replaced
by R-S/(R+ 1) in the latter reference. On the other hand, Corollary 11.5 and Lemma
5.21 yield

[ )V o ()| a0, 58,00, ) I,

/\ 2
HM- BV, < Caolpy 9) - N2 S I DiFs |l

i=1

IA

IN

Csas(p, 9, @) - A7 - sin™(8/2) - 67 - ||®]], .

By combining the preceding estimates with (11.36), we infer
\%
| (31 - (A%, 28, R, 5, 0)N) " o 7o) | A0, 9B (0, B) |

S 054,4(17, 19, 90)
-(sin'4(6/4) STV AT+ (R-S/(R+1) )”2”’) -1l -

Finally, we note that
1

(R-S/(R+1) -~ 1) = (R+1/(R-(S-1)-1)

< (BR+D)/((R=1-(5S-1)) < 3/(5-1),

where the first inequality is valid since S > 2, R > 1, and the second one holds
because R > 2. Now inequality (11.35) follows for G = A(z)(go, A6 RS, @), If

G = B(z)(go, 8, R, S, ®), we may argue in an analogous way. In addition, we observe
that

supp( AT (@, X, 8, R, S, ®)),  supp(B'V(p, 6, R, S, ®))

-
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c T(p)(RN\(A(0, 3:8/2) U B, (0, R))).
Recall that by Lemma 10.2, we have
AW(p A 6, R, S, ®), B™(p 4 R, 88 € LK) N L*(R%3.
Hence we infer from Lemma 11.10 and 11.7:

T(p) |40, 9)\B2(0, B) |
)V o

| (3 (A, 5, 6 R 5, o)

| (p - (B9, 6, R, 5, 8)N) " o T() |40, N\Ba(0, B,

< 2'054,1(?3, '19, (P) b P\|_1/2 - sin'4(5/4) ) “‘I’"p-

Thus, in the case G € { AWy, X, 6, R, 5,®), BY(p, ), 4, R, 5 @)}, inequality
{11.35) is valid too.

Now we collect our previous results to obtain

Corollary 11.8. Let pe (1,00), # €0, 7}, @ € (0,7/2]. Then there is o constant
Css(p, 0, 9) > 0, such that for X € C with |arg Al < 9, |Aj = 1, and for

§e(0,7/48), R, S€(2,0), ® € LP(R7\B, (0, R- S N L2(RM\By (0, R- Y, re
{~1, 1}, the ensuing inegualities are valid:

“XA(o,a) SJ(rp A e, B S)(2) “p
< Culp, 0.9) (12w RO@ 1 + 87 1Xyos0 2l

b (s=Gmem) 4 g ) el )

H Xaos I 20, B, 5)(®) “p
< Cutot ) (1702 A0 RO@T + 8 1Xugan Ol

+ (S_(m(z/p)) + &% l)rllz) d H(b”?) -

Proof: We estimate the right-hand side of (10.19) and (10.20) by using Lemma 5.19, 11.2,
11.3, 11.5, 11.6, 11.11, and Corollary 11.1 - 11.4. The present corollary then follows if we

note that S/ZSS—l for §¢€(2,00), and
sing <o, (1/2).¢ < sine  for o €{0, 7/4).
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It should be obvious that in the preceding coroliary, we may replace the sector A0, &)
by A(y,d), forany 7 € [0, 2-7). We shall check this fact in the next lemma:

Lemma 11.12. Take p € (1,00), 9 €[0,7), p € {0, 7/2], Ac C with |arg A <
#, |Al 21, d€(0,n/48), R, S € (2, o), v€0,2.w), re{-1,1},

® e IP(R%\B,y(0, R.5) )3 N L*(RA\B,(0, R-S) )3_ Then it holds
”Xm,a) < J(r, p, A, ¢, R, §)(® H
< Caslp, 9, @) - (IIH*(T, 2 ¢ R, S)(@) |, + &/2. 1 Xass @l

P (s7Cre) g e ey,

“ Xaps  H' (10, 0, R, 5)() H

P
< Cale 0,0 (19,0 M 0 RS@l + 87 (X sp @l

+ (S_(lf\(?/?)) + 6% I/\|71/2) : ”q)“p)'

Bay —h : cosy -—siny 0
Proof: Set B := ( . i s, B = | siny cosy 0
siny cosy 0 0 I

Define the rotation fz:R? — R? by faln) == B -p fir p€R2. Then fix £ 7€ R?
with £ # 5. It holds

(X2 Diu(aO - 99m) - (2049 (m) - 0y(n))

Jik=1 113

=_ B (
1<1i<3

Blu( BL (g94€) - ¢¥(n))) LT

1
(0?0 4) (B7-n) - (57 @), (n) )

In order to prove this result the left-hand side of (11.38) is split up into a sum according to

the way the function o i1 Was written as a sum in (5.11), (5.12). Then three summands

arise, which are transformed as indicated by the following example;

(3 802200 ~ 09m) - ()00 - 8,00 )

T k=1

(11.38)

F. k=

1213

= @169 - dm ) (89 - 69m) ) - (n® 0 g ()
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& (18" - (¢9© — 9 m)")

[ e - a9m)) - (B7-a()| - B+ (a9 0g)(B"-1)

B - (Z Ot - y}-\(BT' (Q(W)(f) = 9("9)(77)))
nE= -(ﬂ,(f)oy(“’))(ﬁT'ﬂ) . (BT"I’)j(’?))

1<€1<3

where the first of the preceding equations, as well as the third one, follows from Lemma
5.7. Concerning the second one, observe that it holds due to (3.2):

BT (nog®)(g) = BT (cosg n/lnl, cose - mflnl, —sing)
= (cos@ - |gI™ - BTy, —sing) = (nog®)(B-y).

Referring to equation (11.38) and (6.11), we obtain by an application of the substitution

rule:

” Kags J(r, p, A @, R, S){®) “p {11.39)

= [ Xuws T2 A0 RS (BT @) S5 ) | -
When checking this result, note that
B - (cos(y+o),sin(y+e)) = (cosg,sing); (11.40)
BT (g¥E) — ¢¥(m) = ¢¥(BT-8) - 4B -n)

for pe[—m, 7], t € (0,00), & 7€ R? Using (6.10), and proceeding as in the proof of
(11.39), we find

“ Xaws H(r, p, ¢, B, 5)(®) “ (11.41)

]

- o 0 R (- 8053) |
Finally, equation (11.40) implies
" XA(u,s-a) : ((BT' ®)o fé) "p

[(BT-@)ofal. = 2.
Combining Corollary 11.6 with {11.39), (11.41) and (11.42) yields the lemma.

I XA('T, a4 2, (11.42)

Now we are il a position to prove the main result of this chapter:
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Theorem 11.1. Take p € (1,00), 9 € [0,7), ¢ € (0, /2], Then there exists a
constant Cyg(p, &, ©) > 0 such that for A € C with larg X < @, |Al > 1, NeN

with N > 24, R, S€(2,00), Te{-1,1}, & € L7(RA\B,(0. R-S))* ;
inequalities hold true: ’ b (AR, R-5))", the following

” J(T= A e i, S)((p) ”p (11.43)
< Coolp, 9, ) - ( N-{|H(r, p, ¢, B, 8)(®) ],

L

F (g st nem) e i) e, )
| H* (7, 2, ¢, R, S)(@) [l (11.44)

< Culp 8,9} - (N 190 3,2, 4, R, S)) |,

b (N e Ceem) e ) ey, ).

‘We mention a consequence of these inequalities which will be made precise in the proof
of Theorem 12.1 and 12.2: ¥ N, § and A are chosen in a suitable way, all the
terms on the right-hand side of (11.43) and {11.44) become small, except the exI;ressions
N-{|H' 1, p, ¢, R, S)(®) |, and N-||J(r,p, A, ¢, R, S)(®)|l,. respectively. In this
sense, we have estimated J(r, p, A, ¢, B, §) against H*(t,p, 9. R, ), and vice versa.

Pr-oof: Define Cse(p, 9, ¢) := 9-(x/2)-Css(p, 9, @), and let X, N, R, S, 7, ® begiven
a5 in the lemma. Assume in addition that & belongs to L*(R%\By(0, R- 5))°.

Since N > 24, we have 7/(2-N) < n/48. Hence Lemma 11.12 may be applied with
d=mr/(2-N) and v = (k+1/2)-%/N, for ke {0,---, N - 1}. It follows

N-1
" J(r. p, , R, 5)(®) ”1; = g “ XA((#‘+1/2)-=r/N, w/(ZAN)) : J(T, » e R, S)(Q) “:
N-1
< 3 (Gl ,9) 37 (800 7, S)(@)

+ (r-(2- M)

) ” XA((k+1/2)'1r/N, a-wf(?!’N)) “g

+ (5°0ne0) (g Y pagg)

(Cuslp, ,9)) - &7+ (N |87, p, 0, B, )@

N-1
" A -1 P/2 .
+ (7 (2-N)7h) kz;; I XA((k+1/2)-rr/N, an/(2N) q:.”ﬁ
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+ N« (s70rem) 4 (o njm)® . ame) .||<p1|;),

where we used Lemma 11.12 in the first inequality. Next we note that

N-1 P o
; ” XA((k+1/2)-ﬂ‘/N. 3.w/(2.N)) ' ”p

N-1 . T
= > 2 | XA((kJrllzfiJ-vr/N, ez o, = 3l
k=0 ie{-1,0,1}

Combining the preceding results yields inequality (11.43). Recall that we assumed ® €
LA(RAB: (0, RB- 5) )a. But this condition can be removed by means of an approximation
argument based on Lemma 5.12, Corollary 4.2 and (6.11).

As for the estimate in (11.44), it may be established by analogous arguments.

Chapter 12

Fredholm Properties of the
Operator F(T, D, A, ]K(go))

In the following, we shall put to use our previous results — many of them unrelated up to
now — in order to find out the Fredholm properties of (7, o A, K()) . 1t will turn out
that TE")(r, p A o, R) is closely connected to *(—7, p, K(¢)) (Theorem 12.1, 12.2),
Tz, p, X, ¢, R) to AL, p, o, B) (Lemma 12.6), and finally Alver)(7, p. o, R)
to A(7, p, K(¢)) (Theorem 12.3). Moreover, we shall recall Corollary 6.5 and 6.6, which
imply that T'(r, p, X, K(g)) is Fredholm if and only if the operators I'™/)(r, p, A, o, R)
and T (r p, A, R) have the same property. By combining these. results, it will be
possible to link the Fredholm properties of (7, p, A, K{y)) with those of the operators
*(—7, p, K()) and A(r, p, K{i) }; see Theorem 1.5. Further consequences include
a result on non-regularity of the operator I'(7, p, A, K(¢)) (Corollary 12.7), as well ag
the fact that inequality (1.24) cannot hold for certain values of ? (Corollary 12.9).

We begin our discussion by checking how J {ryp, X, ¢, R, S) is transformed when acting
on g translation.

Lemma 12.1. Tuke p € (1, 00}, A€ C\(-00,0], ¢€ (0,7/2), Relo, ), uc
3

0), Sellioo), Te{-1,1}, ®eL?(RAB(0, &-5)) .

For brevity we set I, := id( R?\B, (0, R-S/p)), h:= id( R™\B, (0, R)). Then it holds

(1, p, A, ¢, R, 5)(D)

= (J(T,p, f-”z'As s R/nu's S)((DD (.“'Il))) ° ((1/“)"[2)‘
This means in particular that

176, 2, %, 0, B, S)@) ), = uw-J|J(r,p,u2-x,so,R/u,S)(sbo(u-m)lL.
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Proof: The lemma follows by the substitution rule. Note that

— A A
Wt Diyu-2) = Dy () for ze R\{0}.

Lemma 12.2 Lei B be a Banach space, A : B — B a lincar bounded operator, and
A* : B v B the adjoint of A. Furthermore, assume that A is Fredholm with indez 0,
and suppose that A or A® is one-to-one. Then A and A* are both topological.

Proof: The operator A* is bounded too ([29, p. 154]). In addition, according to [29, p.
234, Theorem 5.13], A* is Fredholm with index 0. Since A or A" is one-to-one, it
follows now that A or A* is bijective. Thus we obtain by the open mapping theorem
that 4 or A* is topological. But then Lemma 8.5 yields that both operators A and

A* are topological.

Theorem 12.1. Let pe (1,00), @ € (0, 7/2], 7€ {-1, 1}, and assume the operator
I*(—r, p, K(¢)) is Fredholm for any ¢ € [y, 7/2].

Then, for R € (0,00}, A€ C\(—o0, 0], the operator L2 (r, p, A, o, B) is also
Fredholm with indez 0.

Proof: By Corollary 6.6 and our assumptions in the theorem, we know that F*(r, p, ¢, 0,
1) is Fredholm for any ¢ € [@o, 7/2]. Corollary 6.3 then yields that F*(r, p, ¢, 1, 1)

is Fredholm if € [0, 7/2]. This means by Lemma 6.17:

indez(F*(1,p, ¢, 1,1)) = 0  for ¢ €[po, 7/2].

Now fix ¢ € [po, 7/2]. Due to our preceding result on F*(r, p, ¢, 1, 1), and because
of Corollary 6.4, we may conclude that G*(r, p, ¢, 1} is also a Fredholm operator with
index 0.

The operator G(r, p/(p— 1), @, 1) is adjoint to G*{r, p, ¥, 1) and, in addition, it is

one to-one and bounded (Corollary 9.3, Lemma 6.7). Thus we deduce from Lemma 12.2
that G*(, p, i, 1) is topological. This implies there is a constant & >0 with

I18l, < € -[G(rp e D@} for ®e L (R (12.1)

Defining €, 1= sin"}(g) - Cy - (4-7)"!, & := € - Caa(p), we conclude from (8.14),
Lemma 3.2 and 11.1, for R € (0,00), S € {2, 00), &€ LF(RAB, {0, B-5)):

|6 (.m0, D(F(R- 5)@) } [ B0, B (12.2)
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< G- (S-1)7 . o,

Put €= (2-¢ - &)»/2 + 2. Then weget for Re 1
(R0 B8 g [1,00), S€[t, ), &¢

I2ly < &[G p e D(FR-5)@)) |

= € - "F‘(T’ m o, R, S)(Q)”p + ¢ - “G*(T,p, ¥, 1)(%(R'S)((I)))|B2(O! R) ”

1A

O e e B S@, + & -6 (S-1)7 . |3,

1A

‘El ° ” Fa (T! o, e, R7 S)(Q) Hp + (1/2) . “@”P 1

where the first line of this estimate is valid due to {12.1}, the second one follows from
(6.8), (6.14), (8.6) and (3.7), and the third one is a consequence of (12.2). Hence we have
shown for R € (1, c0), S€[€;, ), ® ¢ LF(RA\B, (0, R-8)):

1®l, < 2-&-[F(rp e R )@, . (12.3)

g‘husi if dR € {1, ?%1, § € [€, oo}, the operator F*(r, p, ¢, R, S) is one to-one and
as closed range. This means in particular that F*
GgTee 70 (r: py @, R, §) has property F, (see

Nc:w fix Ry € (2, oo) and Sy € [&,, 00). We are going to prove that the operator
H*(7, p, 9, Ry, Su) is oneto-one and has closed range too.

Due to Lemma 6.8, we see that H*(r, p, ¢, Ry, S;) must be one-to-one since F* (r, 7 @,
Hy, 5;) has the same property. This leaves us to show that H*(7, p, ¢, R, S) has closed
range. Therefore we take a sequence (gi)sen in the rangeof H* (r,p, ¢, B, S), and we

assume that (gi}sen converges with respect to the no f th ?(R? ¥
S rm of the space L? (R*\B, (0, Bo))”.

@, € L7 (R*\B, (0, R, - So) )3 with gy = H*(r, p, ¢, Ry, So)(®x) -
Then the sequence
((n¥0g9) . B'(r, 5, 4, By, 50)(®1))

tends to a fimit with respect to the norm of LP{R*\B, (0, R,
,Ry)). H
the same must be true for (FAR( 2 e by emma 6.5,

(F*(T,p, o, R, Su)((n(“’)og(“)) . q)k))

kEN

keN

Now inequality (12.3) yiclds that the sequence ((n("") og)) . o, )kEN converges in the

space LP(R¥\B, (0, Ry-Sp) ). Recurring to Corollary 4.2, we obtain convergence of

(Lj(ﬂ, #) @ ((nt)0g®) -<I>k))

keEN
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in L?(R?), for any j € {1, 2, 3}. Thus, by the definition of H*(r, p; v, Ro, So}, it ;15
clear the sequence (Py)ren tends toa limit function in the space L? {R*\Be(0, Ry -.50) ).
Since H*{r,p, ¢, Ro, ) is bounded (see Corollary 4.2), it follows

IP(RN\B.(0, Bo))* - im g € im( H*(, p, #, Ro, 50) ) -

Thus we have shown that H=*(r, p, ¥, B, Sp) has closed range. Furthermore, this
operator is bounded and one-to-one, as explained above. Therefore, we are now able to
apply the open mapping theorem, which yields existence of a constant €5 >0 with

3
"(I)”ﬂ < G- " H*(T: P s Bo, SO)(‘I') Hp for @ € H(RZ\B? (01 RO'SD)) ’

Of course this implies

I8ll, < - |H{rp e Ros (@, (124)

a
fOl' s e [Sg, W) N P e LP(RZ\BQ(O, RD‘S)) f
Next we fix ¢ € (—m, x). Then, applying (12.4) and Theorem 11.1, w;a find for p €
[1,00), N €N with N>24, S¢€ [So, o0), ® € LP{R*\B:(0, Ry-8))

lel, < € (N 1J0pu e 0 B, SO, i
+ (N7 4 N g (aem) o N ) ”q’””)'

with @ 1= € - Cielp, 9], ). Define & := max{ 24, 16-(€s)>} -+ 1, and let N
denote the unique integer belonging to the interval [€7—1, €;). It follows from (12.5),
for p,S,® as before:

1o, < (1/4) [0l + € & [I(rp e e Koy 5HP) I,
b (ot 50 4 g @)t o) Bl

1/ (1ac2/p)
Next choose S, € R with §; > Sp, S1>(4-& - &) / ») , and put

o= (G- (@)°-4)" + 1, Coi=Cs - Cr.

It follows for & € LP{RA\B, (0, Ro-S1) )

B, < @) -8l + G- 10 B o g Roy SO@,
that is,

“tﬁnp < 4-C- " J(T: Py Ha 'eH}! w, Ho, Sl)(é) ”P'

Hence the operator J{7, p, o - e, ¢, Ry, S1) is oneto-one, with closed range. “Iyn
particular, it has property F,. . Taking account of Corollary 6.1, we see that J(r, p,po-e™,
w, By 51, 1) 8 Fy too. Recalling Lemma 12.1, 6.11 and Corollary 6.2, we conclude that

J(r,p,t-€*, p, R, 1) is Fy for any R, te(0,00).
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But & was arbitrarily chosen in (—m, 7). Thus the operator J(r, p, A, ¢, B, 1) must
be Fy. for any A € C\(—o00, 0], R € (0,00). Since ¢ iz an arbitrary member of the
interval [¢g, ®/2], it follows by Lemma 6.17:

indez(J{T, 2. A, w0, B,1)) = 0  for Ae C\(-o0, 0], Re (0, 0},

that is, the operator J(r, p, A, v, B, 1) is Fredholm with index 0. Now Corollary 6.6
yields the conclusion of the theorem.

Corollary 12.1. Take p € (1,2], ¢ € (0,%/2], 7€ {-1,1}. Then, for any R ¢
(0,00), A€ C\(—oo, 0], the aperator T (7, p A, @, R) is Fredholm with indez 0.

Proof: According to Corollary 8.3, the operator [I*(—7, p, K{}) is topological for any
@ € (0, 7/2]. In particular, it is Fredholm with index 0. Thus the corollary follows from
Theorem 12.1.

Corollary 12.2. Let ¢ € (0, 7/2], 7€ {-1,1}, €€ (0,00), A& C\(—oo0, 0]. Then
the operators T'{7,2, A, L(y¢, €)) and T (7,2, A, L{p, €)) are topological.

Proof: Due to Corollary 12.1, the operator D'"{7, 2, X ¢, ¢) is Fredholm with index
0. This means by Corollary 6.6 that J(7, 2, A, 0, ¢, 1) has the same property. Thus,
recalling Corollary 6.4, we see that M(r, 2, A, ¢, €) is Fredholm with index 0, and we
conclude from Corollary 6.6 that T'(7, 2, A, Ly, €)) is an operator of the same type.

On the other hand, the operator I'™(r, 2, A, L{i, €) ) is one-to-one, bounded, and adjoint
to I'(r, 2, A, L(g, €)) . The first of these facts follows from Theorem 9.4, and the second
one from (6.17) and Lemma 6.7. The third one is obvious. But now the conclusion of
Corollary 12.2 follows from Lemma 12.2.

Lemma 12.3. Take p € (1,00), ¢ € (0,n/2], €, R€ {(0,0), S€[l,0), 7€
{-1, 1}, and assume

I8, < <€-|H'(r,p, ¢ B, S)@), for & IP(R\B(0, B-S))-
Suppose that T belongs to (0, 0c) and satisfies the inequality

T > (@fm)Culp) - ¢-sn7ie)) + 2,

where Claz(p) was introduced in Lemma 11.1. Then it follows
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IN

H\I’”p 2.¢ - " F*(T, Py 2, R,S-T)(‘IJ) ”P for ‘I’ELP(RZ\Bg(U, R-S-T)).
Proof: If n€ R®{0}, weset
p(p) == (sing - m/lnl, sing - m/|n|, cosp),

BA(n) == (—m/lnl, m/lal, 0), b () == (¥ og®)(n).

For any n € R{{0}, the tuple (b')(n) )icjes 18 @D orthonormal basis of R3, as
follows by (3.2). T

Take W € I?(RA\B,(0, RB-5-T)). For j€{1,2}, & ¢ RAB(0, R-5), we define
BUN(g) == —2-7 - sin"(p) - ((L,(o, Q& T) () -bm(e)) - bl(g).
Furthermore, for £ € R:\B, (0, B-5), we set

o (¢) =0, if £€B,(0, R-S-T)\B:(0, B-S),

3 g) == W(E) - (nWog®)(E), if € RAB(0, B-S-T).

Then we find

1y /p
190 = (Lo wom POF )T = ([, 18008 )7 029

1<1<3

3 . P 1/p . 3 ,
< (jw\mawiﬁ_s)gw(s){ i) < o:-||H(r,p.w,R,S)(gcbm)||P.

with the first inequality holding true since (bU0), <jcs Ban orthonormal basis of R3,
and the second inequality being implied by the assumptions in the lemma. For brevity we
put

F:= H*(7, p, p, R, S)(i @(j)) .
j=1
It holds for £ € RA\B,(0, R) :
ROl < X IFE 0],
go that it foll(;v_vs by (12.6):
lol, < e Z: | 7 (39| R:\Bs 0, 1)) Hp . (12.7)
On the other ha;;, recalling the definition of H*(7, p, ¢, R, §) and 31 | we see that

1 R2\B, (0, R).

F o= (7/2) Y F(R, $)(29) + sin"'(g) - (Li(0, ) & W)

1<1<3
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By this equation and the choice of &), ®® | weinfer for £ € R\B, (0, R), 7€ {1, 2}:
Fg) - 09(8)

- Xpronmen® 7@ (L0908 2) | © - 80).
In addition, recalling Lemma 6.8 and the definition of &®, :ve_get for £ e R\B:(0, R) -
Fg) -89 = F§) - (2@ og®)(©)
(r/2) - F(R, S-T)(T) (£)

+ sin™' () - ((La(0= ®) B ‘I')

© + (505 )

1€i<3

(n0g@)(e) - H'(r,p 0, R, - T)(¥ (0¥ 0g®))(e)
= F'(r,p, ¢, R, S T)T}(£).
Now it follows by (12.7):
[, < €-[F(r,pe R S-T))|, (12.8)
+2.€ - sin"(g) - || (L0, ¢) @, 'I’)15153|Bz(°’ R-5)\ B, {0, R) ||P

On the other hand, Lemma 11.1 yields

(Lo e @) B0 R5\BO R)|

1€1<8

< 3-(4m)?

(/ (f : ")
. —glm - T d d
[ ororimn s msm €77 120 n) a)

< 3-(4-m) 7t Calp) - (T=-1)727 2,
This means by the choice of T':

2-€-sin () - | (L0, 9) @ ¥) B R\BOR)| < (1/2) - 9]

1€1<3

Combining this result with inequality (12.8} yields the estimate claimed in the lemma.

Lemma 12.4. Take p € (1,00}, p€ (0,7/2], €€ (0,00), 7€ {1, 1}, and assume
2, < €-|G*(r,p, 0, )@, for ®€LF(RY).
It follows for € € (0, 00), © € LP(R?):

2, < &[G (rp @ )@, -

P
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Proof: Apply (6.14), Lemma 3.2 and the substitution rule.

Lemma 12.5. Let p€ (1,00}, ¢c (0,n/2], re {-1,1}, ® ¢ LP(R?. Then it holds

| G*(r, 2, ¢, }®) — F*(r,p, 0, 0, 1)), — 0 (¢40).

Proof: By Lemma 6.7 we may choose a constant é_} 0 such that we get for ¥ € L2 (R?) :
| 7(r, b0, 0, DB, 0 G770, 0, D) ¢l (12.9)
Then it follows by Lemma 12.4:
vl, < -,
For shortness we put for ¢ € (0, 00), & neR? with £#£n:

((n(“’ og D)) - (717HE) — 'r‘“‘")(n)))

J79E) = A [ T () - (),
{90 - (49 - ¢m))
19 ~ g @ sin ) - 2().

Then we obtain from (3.6), (6.8) and (6.14}, for ¢ € (0, o0} :

PG

for T ¢ LP(RY), ¢ € (0, c0). (12.10)

[ G* (7, p, @, €)(
W) (& n) == (4-7)"
K@ (£, n) = (4m)7

|&( 2 g, (@)~ Flrp0 0 D@, <

where we used the abbreviations

[ &9 danf df)l/pi
B3 (0, )

Ii(e) = (fm’\m,(o,e)
hlg = (jm?\nz(o,e) r/ﬂ?»z(u.e) K(z)(f’ ) dn |P d‘g)lj?,

f KW € ) daf df)up.
B2 (0, 2-€)

L (f) = (/]-B;(U,e)

L(e) = ( jm; Ml fmz\w,z{) KO() (€, 9) dn| ds)””.

Recalling (6.14), (6.8), and applying (12.10), (12.9), we arrive at the ensuing estimates,
which hold true for € € (0, co) :
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tk' ” Xmg(u, 6 "
” F*(r,p, ¢, 0, 1)(Xm,,(o, e l” < i ” Xn,(o o

Since @ € LP(R?), it it follows by Lebesgue s theorem on dominated convergence that
”XJB;; 0,9 d?”p tends to 0 for €| 0. This implies I;(¢) — 0, Ife ) — 0 for €10.

L(¢) 1m0, 0,0 (Xasoy - @ f

IA

Iz (E)

IA

Referring to (6.8) again, we see that Is(e) | F=(7, p, @, 0, 1)(
€ € (0,00). But the function F*(r, p, ¢, 0, 1)(‘1’) belongs to the space LP (RY), as

implied by the definition of F*(r, p, ¢, 0, 1} . Therefore, applying Lebesgue’s theorem
once more, we obtain

| #*(7, p. ¢, 0, 1)(2@

Furthermore, using (6.14), we find for € € (0, c0) :
1
Lo = [&Er e 9 Xapag )| B0, )L||

)| B3(0, ¢) M, = 0 (eJ0), thatis, L) 50 (e0).

&'t 0 9 (Xno - @), | < 4 Dsig -2l [ 101801

The last inequality is valid due to (12.10). Since & € LP(R?), it follows I,(c) — 0 (e 0).

Putting ‘ZL:: (4-m)~t - FH—GH&—-(-&} ~{}, we infer from Lemma 3.2, for ¢ € (0, c0) :
? 1/p

(e < @ (j' f ol 18 Y d )

5 ( 1_ Ba(0, ) ( RBA\B2(0, 2-€) |€ 7l l (n)l 7]) 3

Ifec(0,00), £€B(0,¢), n€R\By(0,2-¢), itholds |£~n| > (1/4) - (|&]+]nl),

so we get for € € (0, oo):

wo < e (0 ([ le- el o
. o) dn)” de)

Due to Theorem 4.1, there is a set A/ C R? of measure zero such that

L 1e=a1t - e+ -

Hence the preceding integral defines a function F mapping R*\AN into [0, o). By
Theorem 4.1, this function belongs to LP(R®\A). Using Lebesue’s theorem again, we see
that || F|B,(0, €) ”p tends to 0 for ¢ | 0. Now (12.11) implies I;{¢) = O for ¢ ] 0.

This completes the proof of the lemma.

(12.11)

Pol@(m) dn < oo for £ ERAN.

Theorem 12.2. Take p € (1,00), # € (-m,m), 7€ {-1,1}, @ € (0,7/2],
and assume that for any @ € [po, /2], there are numbers pu, R € (0, 00) such that
T6n (7, p, e, @, R} is a Fredholm operator. Then T*(—7, p, K(wy)) is topological.

L{ h L{' ), {’}E‘{
lo- Lt {(xp). J(B(az

o, ¢, for] ~CCR)HRe

L-cer2) Pl (o)
»“ Lenm L\E-
L1 H (Grine)
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Proof: From Corollary 6.6 and the assumptions in the theorem, we deduce that for any
© € [po, ™/2], there are positive reals p, R such that J(r,p, p-¢’, ¢ R, 1) is
Fredholm. If follows by Lemma. 12.1, 6.11 and Corollary 6.2 that J(7, p, &7, ¢, 1,1) is
Fredholm for any ¢ € [, 7/2]. Now Lemma 6.17 yields

indez(J(m,p, €7, 9, 1,1)) = 0 for ¢ € [, /2],

Next we fix ¢ € [@o, 7/2]. Corallary 6.4 implies that M(r, p, &€, ¢, 1} is a Fredholm
operator with index 0. This operator is even topological, as follows by distinguishing
between the cases p < 2 and p > 2. In fact, if p > 2, we refer to Corollary
9.4, which yields that M*(r, p/(p — 1), €%, ¢, 1} is one-to-one. But the operator
M(r, p, ¢, @, 1} is adjoint to M*(r, p/(p—1), €, p, 1) (see (6.16}, (6.17)), hence,
by Lemma 12.2, M(r, p, e? |, 1) must be topological. In order to deal with the case
p <2, consider afunction ¥ € L?(R?? having the property that M(r, p, &', ¢, 1)(¥)
vanishes. Then, according to Lemma 9.8, we have ¥ € L*(R*?, so Corollary 12.2
yields ¥ = 0. Hence M(r,p, €7, ¢, 1) is one-to-one, and it follows by Lemma 12.2
that M(r, p, €7, @, 1) is topological. We conclude that in any case, there is a number

¢, > 0 with
12, < ¢~ ” M(r, p, &7, ¢, 1)(®) ”p
it Re (0 o00), S€[l,o0), &elP(RAB(0, R-5)), it holds by (6.16):

for @ ¢ LP(RY?. (12.12)

" M(r,p, &, o, ) F(R- S)@)) |B2(0, R) “p (12.13)

SL(-[M(O.R) (-[M\Mu,n-s) I -il f);kl(v(m)(f) = 7 (n})

’ ip
(D o5 ) - 3y (n) - 0 (0) | an) )

) » 1/p
<e- ([ (] 60l - 120 dn) de)
Ba(0, B} \ JRAB(0, B.5)
with €, := % [J:1|q - Cy7(W#), where the last inequality is implied by (5.15).

Setting @ := €, - Cas(p), we obtain from {12.13) and Lemma 11.1,if R € (0,00), S¢€
[2s oo) y @€ LP(R2\]B’3(O! RS) )3 :

| M2 ¢, 0 D(FER-@®) BB < & (S-)77 -l (1219)
Put &, == (2.¢; - 0:3)”/2 + 2. Then we find for Re€[l, ), S €[l o), &
L?(R\By (0, R-S))" :

el < €| M e, @ D(FER-5H@))|

:E ¢ - ”J(T, P e’ . v R, S)(®) "p
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+ &Ml g, o 1)(Fe5)®)) B0, B)|

1A

g - ”J(Tv P €7, o R, 5)(2) ”p + &y (5 - 1)_2/P - |12,

IA

€| (r e, 0, RBSHO, + (1/2) - (2],

where the.ﬁrst inequality follows from {12.12), and the second one from (12.14). As for the
one equation appearing in the preceding estimate, it may be derived from {6.11), (6.16),
(3.6) and (3.7). Thus we have for R € [1, 00), § €[€,, 00), & € L7(RAB (0, B-S))* :

el < 2-¢-||J(r,p e’ ¢, R, 5)(®) H,,- (12.15)

Taking R €[1,00), S €€, ), pe(0,00), @€ I?(R\B,(0, B-5/i))°, and
using the abbreviation I :=id(R\B,(0, B-5)), we now obtain

el = w2 J@o((1/p) - 1), (12.16)

IA

2470 -y Trp e, B ) (00 (/) - 1)) |

2-¢ - ”J(T,p, ’-"2'81."97 w, B/u, S)(Q)”p!

with the preceding inequality implied by (12.15). The last equation follows by Lemma 12.1.
Let us evaluate the right-hand side of (12.16) by using Theorem 11.1. For this purpose, we
take 4 €[2,00), S€[€, ), NeN with N>24, and & c L?(R}\B,(0, u-5))° .
Then, applying (12.16)} with R := p*, as well as Theorem 11.1 with R :=p, A= p2.¢'®

we obtain the following estimate: ’

H“I:'HJJ < 2.¢ - Cﬁﬁ(ps h‘}ll @) (N ! " ‘H*(T’ P ¢ i 5) (d)) H? (12‘17)
+ (N71/2 + N S‘(“m/p)) 4+ NG N_l) : '|¢|,P)'

Pu.t €5:=2-C - Cso(p, |9], ), €o:=max{24, 16-(¢;)?} + 1. Let N denote the
miquely determined integer belonging to the interval [€—1, € ). Then it follows from
(12.17), for p € [2, 00}, S € [€y, 00), ® € LP(RAB,(0, u-5))°:

o, < (/9 -], + o:s-@:stuﬂ*(r,p, o1, S)@) |

(0 g 5m(h@m) 4oy (@ u) - ol

(12.18)

P

Choose Sy € R so large that that Sy > €., §, > (4-¢ - @:5)1/(1/\(2/;:))’ and define
po == max{2, 4-&s- (&)} . Then we infer from (12.18),if ® € LP(R\B;(0, po-Sy) )3 :

2, < (3/4) - |®f|, + ¢5‘€6L | H*(r, 2, ©; o, Se)(B}H], »
80 we obtain, with €¢; :=4-¢5t¢5:

LN

LN
LN
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I®ll, < & - |H (7,2 ¢ po S)@),- (12.19)
/2

Put Tp:= ((3/#) - Cas(p) - € - sin~(p) )P + 2. Then we conclude from (12.19) and

Lemma 12.3:

”W”p S 2. @7 - !l F*(T, P8 o Su . TD) (ql) “p for ¥ € Lp(Rz\]Bg (0 N [LU'SQ'TD)) .

This means the operator F*(r, p, @, plo, So-To) is one-to-one and has closed range. In
particular, it has property Fy (Chapter 2). Thus Corollary 6.1 implies that F*(r, p, ¢,

fo -850 -To, 1) is Py too. But then, due to Corollary 6.2, F*(r, p, , 1, 1) must be an
operator of the same type. Recalling that ¢ was chosen arbitratily in [y, 7/2], we are
now able to apply Lemma 6.17, which yields

index( F*(r,p, 0, 1, 1)) = 0  for ¢ € [ipg, m/2}.

Therefore F*(r, p, @, 1, 1) is a Fredholm operator with index 0 (¢ € (0, 7/2]).

Now let us fix ¢ € [¢0, /2] once more. Corollary 6.4 shows that G*(7, p, ¢, 1) is a
Fredholm operator with index 0. On the other hand, we know from Corollary 9.3 that
G(r, p/(p—1), , 1) is one-to-one. But the latter operator is adjoint to G*(r, p, @, 1),
and both these operators are bounded (Lemma 6.7). Now we may refer to Lemma 12.2
which yields that G*(, p, ¢, 1) is topological. So there is some € > 0 with

[l, < & -[|G"(rp e (W), for TeLI(R?).

Lemma 12.4 implies

[T, < &[G (r,p @ W)], for e€(0,00), ¥e L RY).

This means by Lemma 12.5:

2, < & || F{r,p ¢ 0, 1)(¥) ”p for ¥ ¢ L?(R?).

Therefore the operator F*(r, p, @, 0, 1) is one-to-one, with closed range. Since ¢ is an
arbitrary member of the interval [, m/2], it follows from Lemma 6.17:

index{ F* (7, p, ¢, 0, 1)) = 0,

so F*(r,p, @0, 0,1) must be a Fredholm operator. But this mapping was already
proved to be one-to-one, hence it is even topological; see Lemma 12.2, Thus the operator
0+ {—r, p, K{¢)) must be topological too.

Lemma 12.6. Let p € {1,00), ¢ € (0,7/2], 7€ {-1,1}, A€ C\(-o0,0], RE
(0, 00).

Then the operator L(r, p, A, @, R) is Fredholm if and only if A{r, p, ¢, B, 1) has the
sare property.

By Corollary 6.6, this resulf may also be stated in the following way : T (r, p, A, @, R)
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is Fredholm if and only if A*)(7, p, o, B) is Fredholm too.

Proof: Define an operator W : L7(B,(0, R))® — L*(By (0, R))” by setting

w@e = > (D 1 DEN I - 49()

B0, BY 55
(i 0 g (n) - &;(n) dn)
1<i<3

3
for @ € I.J’(IBZ(O, R))", € € By(0, R). According to Lemma 54, it holds for £, 4 €
R*\{0} with £ # 5, and for j,1€ {1, 2, 3}:

lkz;‘l (DEw + DER)(5(€) ~ g%(n)) - (nf¥) 0 g (n)|
<

6-Cis(largAl) - A2 - Jg — g1

If follows from Lemma 6.3 that W is compact. On the other hand
(6.32), (6.18) wnd (1) nd, we conclude frem

L(T, b, Ai ¥, R) = A(Tl nowe, R: 1) + W.
Now the lemma is implied by [34, p. 24, Theorem 3.4].

Corollary 12.3. Take pc (1,00), ¥ € (-my7), Te{-1,1}, Re (0,0), @€
(0, 7/2]. Assume that for any @ € [po, 7/2), there is some number u € (0, oc) such
that the operator (7, p, pu-e*? | K(p)) is Fredholm.

Then M*( -, p, K(p)) is topological and Alver) (7, 2, @, R) Fredholm (i € [y, 7/2]).

Proof: Due to Corollary 6.5 and 6.6, we may conclude from our assumptions that
fox_‘ any ¢ € [gon, m/2], there exists some p € (0, 00) such that the operators
ree{r p, w-e?, o, B} and Dler) (ryp, b€, ¢, R) are both Fredholm. But then
Theorem 12.2 yields that o (- p K(¢)) is topological, and Lemma 12.6 implies that
A7, p, @, R) is Fredholm, for ¢ & lwa, 7/2].

Corollary 12.4. Take p € (1, o), 1€ {-11}, @ € (0, 7/2]. Suppose there is a
number R € (0, c0) such that Afver) (7, P, ¢, R) is Fredholm for any ¢ ¢ e, 7/2].
Furthermore, assume that 11*( -7, p, K()) is topological for ¢ € [, m/2].

Then, if A€ C\(~o0, 0], ¢ ¢ /2], th tor T )
AN lpo, m/2], the operator T(1, p, A, K(p}) is Fredholm
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Proof: According to Theorem 12.1, the operator pnd)(r, p, A, ¢, R) is Fredholm with
index 0 if A € C\(—oo, 0], ¢ € [po, 7/2]. By Lemma 12.6 and our assumptions, we

know that T (r, p, A, ¢, R) is Fredholm (A € C\(—00, 0], @ € [wo, 7/2]). Now
Corollary 12.4 follows from Corollary 6.5, 6.6 and Lemma 6.17.

Lemma 12.7. Let p€ (1,00), @€ (0,7/2], S€(l, o), ® € Lr(R?)3. Ik follows:
|6@®-9) (A7, 5,0 R (@[ B0, R))) = A g 00 D) l — o
|GR-$) (4 (r 2, ¢, R S)(BB0,B))) = A'(ripy 2y 00 () [ — o

for R tending to infinity.

Proof: We are going to show that the first conclusion follows from (6.18). The second
result may be deduced from (6.19) by proceeding in an analogous way.

If & neRA{D} with £#n, weset

fem = (2 Puwld®© - ¢im) - (m g
" -2;(n) - sin~ () ) e

Then, recurring to (6.18), we obtain for R € {0, 00) ¢
|G(r-5)(Alr,p, 0, B S)(2Bo(0, B)) = Alry 2y s 00 1)(®) | < Lnw,

where we used the abbreviations

U‘“\MU'R-S) 1(7/2) F2O [R f&m d'f?r dE)”P,
(]“’(“=R'S)\Ba(o,ﬁ) l(T/Z) - @) + ‘/RQ\]B;;((),R) (6, 7) d’?r d{)llp_

L(R) = ( fm,m| i o TE dn| df)up

L(R):

Il

I,(R) :

According to (6.18), it holds
LR = |Alrp e oo, 1)(2) |R*\B, (0, R-S){l, for Re€ (0, 0o} .

Since the function A{r, p, ¢, o, 1}(®) belongs to LP(R?)?®, ‘we may use Lebesgue’s
theorem on dominated convergence to obtain F(R) — 0 for R — oo. Furthermore, it

holds for R € (9, 00)
L) = | Al 2 e o0, ) Xangyem * ®) B0 BB, F) I,
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< [[A

s ” (T, Py Py 00, 1)(X]m=\m2(u,R) ) '1)) "p :

Due to Lemma 6.7, there exists some & > 0 such that

” A(T, p, @, 00, 1)(¥) ”p < T |, for ¥ € LP(R2)3 -
Therefore we have

L(R) £ €-|2{R\B,(0, R)|, for R€(0,00).

But @ is contained in L7 (R%)?, so we ma
. , v apply Lebesgne’s theorem onc i
yields [2(R) — 0 (R — o0). Finally, we observe for R € (0, oo} : © more, which

B = A0 50,00 D) (Xpuon - ®) B0, BY

<
< | Alr By, o0, 1)(Xm\m;(u,&) - ®) ",, < €-|2/R\B, (0, B) ”p '
Thus, referring to Lebesgue’s theorem again, we conclude Li(R) = 0 (R — )

Collecting our results, we arrive at the conclusion of the lemma.

Lemma 12.8. Take p ¢ (1, o0}, and __ -
1 Imt 057(})) =4 .5 . - 1/p . Th it A
for §€12,00), e LP(By(0,1)): (p-1) en it holds

(f NN / o €T 10 dn)’ df)w

< Culpy - SO o,

Proof: This inequality may be established by slightly modifying the proof of Lemma 11.1.

Lemma 12.9. Let pe (1, ), @€ (0,7/2], S€[l,00), €€ (0, 00) with

e, < € -JA(mpe 1, 5@, for @€ L(Ba(0,1))°,
12l, < € A pe L)@, for ®ecir(B(0,1))".

If the first estimate is true, i follows
12l < € {lA(r,p, 0, R, S)@|, for R€(0,00), ®e L (By(0, R)),
and in case the second inequality is valid, it holds

I2f, < €A (r,p 0 B, SHB)|, for Re(0,00), @€ LF(By(0, R))".
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Proof: Combine (6.18), (6.19) and (3.2) with the substitution rule.

Theorem 12.3. Let p € (1,00), @ € (0,%/2], 7€ {-1,1}. Assume that for any
¢ € [po, 7/2), there is some number R € (0, 20) such that AT p, @, R) has
property Fy . Then the operator A(7,p, K{p)) is topological for o € [pq, 7/2].

Conversely, if A(7, p, K(wo)) is topological, then A (7, p, @y, RB) mnust be Fredholm
for any R e (0, 00).

Analogous relations are valid between A" er)(r, p, @, R) and A*(7, p, K(¥)) .

Proof: We shall show that A®*")(7, p, ¢, B) and A(r, p, K(p)) arelinked as claimed in
the theorem. A corresponding relation between A*®™)(r, p, @, R) and A (1, p, Kly))
may be proved by the same arguments. We start from the assumption that for any
@ € [, 7/2], there is some E € (0, co) such that A (7, p, v, R) is a Fi-operatar,
and hence {Corollary 6.6), the mapping A(r, p, @, R, 1) has the same property.

Let @ € [wo, m/2] be fixed for the time being. Due to our assumption, we may apply
Corollary 6.2, which yields that A(r, p, ¢, 1, 1) has property F, . On the other hand,
recalling Theorem 8.1, we know there is some ¢ € (1,p] such that A(r, g, K(g)) is
topological. Hence, by (6.20), the operator A(r, q, ¢, 00, 1) is topological too, so there
is & number & > 0 with

1B, < € -|Alr g @ 00 (@), for &€ LR (12.20)
Choose S € {2, 00) so0 large that

1/{(2-2/9)
s 2 (& Cula) - 20/(2m) - sin*(¢) ) fe-te : (12.21)

where Cj5;(g) was introduced in Lemma 12.8. Since Alr, p, ¢, 1, 1) is Fy, we conclude
from Corollary 6.1 that A(7, p, i, 1, §) has the same property. This means in particular
the operator A(T, p, ¢, 1, §) has closed range. We are going to show that in addition,
the operator A(7, p, ¢, 1, S) is one-to-one. To this end, assume that @ is a function

from L?(B,(0, 1))3 satisfying the equation A(r, p, ¢, 1, S)(®) = 0. Since the
number ¢ appearing in (12.20) was chosen as a member of the set (1, p], we know that
®c L7(B,(0,1) )3 , so the function A(r, g, ¢, 1, $)(®) vanishes too. This implies
(A(r, 4, @, 00, IHGEW@)) | B0, 8) = 0,
and we may conclude by (12.20) and the choice of & :
lelly = JGm@MH,

< & - | (Al g ¢ 00 DED@) ) [E\B:(0, 5) |

But for £ ¢ R:\B,(0, 5), we have

(12.22)

T
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Z Djkr(gw(f) - Q(AP)(W))

0,1} 5 E=1

Alr, g, 9, 00, D(G)(@)) (&) = (A(

. (n!(:p) Og(w))(’?) - () - Sin_l((‘a) dr")1<r<31

and it follows by (12.22) and (5.9):

8lly £ & -27-(4-7)7"- sin~" ()

: ( / NN / ol 00 dn)’ dg)”q.

Now Lemma 12,8 yields

[8lly < & -27- (4-7)7" - Cyrlg) - 5720V sin~He) - (|2,

Due to the choice of § in (12.21), the preceding estimate implies ||®|; < (1/2) - (||,

so @ mu.st vanish. Hence the operator A{7, p, ¢, 1, S} is one-to-one. Furthermore, this
operator is bounded ({see Lemma 6.7), and it has closed range, as proved before. Therefore,
we may apply the open mapping theorem to obtain a constant &, > 0 with

el < € Al p e L S) @,

It follows from Lemma 12.9:

@1l

This means for B € (0, o0), ® € LP(R%3:

121B:(0, B)l|, < & |GR-S)(Alr,p o R, S)(2|B0O,R)) | -
p

f(i)n t}Le other hand, by recurring to Lebesgue’s theorem on dominated convergence, we
nd that

for @ € I7(By (0, 1))°.

< G- Almp o R S)@®)  for Re(0,00), ® €L (B(0, R))°.

(12.23)

| ®|B:(0, B) “p = i@, (R—o00) for ® € I7(RY)?.

Thus we infer from (12.23) and Lemma 12.7:
¢2 ) " A(T: b, $, 0, 1)(¢) ”P

This proves that A(T, p, v, 00, 1) is one-to-one and has closed range, and thus has
property F, . Recalling that ¢ is an arbitrary member of the set [p, m/2], we now
conclude by Lemma 6.17:

el = for @ ¢ I7(R?)?®.

indes(A(T, p, p,00,1)) = 0  for @€ [igo, 7/2].

_Since A(r, p, ¢, 00, 1) was shown to be one-to-one, it follows that A(r, p, @, 00, 1)
is bijective {¢ € [¢o, 7/2]). On the other hand, the operator A(r, p, p, 00, 1) is
bounded {Lemma 6.7), so we may use the open mapping theorem once more, to obtain
that A{r, p, ¢, 00, 1) - and hence A(7, p, K(¢)) — is topological (¢ € (0, x/2]).

Conversely, if A7, p, K{pp;)) is assumed to be topological, then it is clear by Corollary
6.3 and 6.6 that A®er)(r, p, @y, B) is Fredholm for any R € (0, oc).
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Now we are able to state Corollary 12.3 and 12.4 in a somewhat different way.

Corollary 12.5. Let p € (1,00), # € {(-m,7), 7 € {-1,1}, @ € (0, /2], and
assume that for any @ € [po, /2], there exists some g2 € (0, c0) such that T(r, p -
e K(p)) is Fredholm.

Then the operators A(r, p, K(¢))
lpo, /20,

and II"(—1, p, K(¢)) are topological for ¢ €

Proof: Combine Corollary 12.3 with Theorem 12.3.

Corollary 12.6. Teke p€ (1, 0}, T €{-1,1}, o € (0, 7/2]. Suppose the mappings
(-7, p, K(¢)) and A(7,p, K(p)) are topological for any ¢ € [, m/2].

Then, for @ € [po, 7/2], X € C\(—o0, 0], the operator I(r, p, \, K(p)) is Fredholm
with index 0.

Proof: The corollary is an immediate consequence of Corollary 12.4 and Theorem 12.3.

Corollary 12.7. There are numbers p € (2,0), p€ (0,7/2), ¥ € (-, m) such thai
for any u € (0, 00), the operator T(1,p, p-&”?, K(yp)) is not Fredholm.

If 7 €{=1,1}, there arc parameters pc (1,2}, ¢ € (0,7/2), 7€ {—m, &) so that
I(r, p, p-e?, K(p)) is also not Fredholm for p € (0, o0) -

Proof: Combine Corollary 12.5 with Theorem 8.2,

At the end of this chapter, we are going to draw some conclasions concerning the estimate
of T(7, p, A, K()) proposed in (1.24).

Lemma 12.10. Let p € (1,), 7 € {-1,1}, #€[0,7), pe (0,00}, @€ (0, 7/2].
Assume that T(7,p, pu-€, K(g)) is topological for o € (-9, 9]. Then there is some
€ > 0 such that it holds for [ € LP{0K(@))®, A€ C\{0} with |arg A| < 9

“f“p < ¢ u F(T, P A, K(‘:D))(f) "p .

Proof: Due to (6.13), the operator J(r, p, st - €%, , 0,1} must be topological for
o € {—#, #]. Thus, for any o € [-¥, ¥], there is some number €;{g) > 0 with

for ® € LP(R%)°.

“'I)”p < q:l('g') ’ " J(Typy g e » 0, 0, 1) (@) "P

CHAPTER 12. THE OPERATOR T'(r, P, A, K(p)) 241

In addition, by Lemma 6.16, there exists a number &y > 0 such that
” J(T1 P B e:‘»o, @y 01 1)(¢) - J(Ta Py i ei-g, @, 01 1)(‘@) "
»

for @ ¢ L (R) aq, 0 € [—5 4]. Now, applyi ine h
y O y ¢ , applying the Heine-Borel e m
i > X g orel theorem, w ay find

< G-lo—gof |12,

el, < &;- " J(7yp, i€, i, 0, 1)(®) ”p for & € I*(RY)®, o €[4, 5.

This means by Lemma 12.1, for & € LF(R%)?, A€ C\{0} with |arg A| < #:

e, < &- ” J{r. p A, 0, 1)(2) Hp'

Due to (6.13), this inequality implies the lemma.

Corollin-y 12.8. Let pe (1, oo)', e, m), we(0,n/2), re{-1,1}. Assume
t.hat *( -7, p, K(p)) is topological for any ¢ € leo, ®/2]. In addition, suppose there
is son:e R >0 such that AV (1, p, o, R) has property Fy. for ¢ € [gy, w/2]. Finally,
let T*(7, p, A, K(o)) be one-to-one for A e C\{0} with |arg A| < 9.
{Instead of the second assumption, it may be required : 1

x quired that A(r, p, K topol l
Jor v € loo, 7/2]; see Theorem 12.8.) (73 K(9)) i topolegi

Then T(7, p, A, K(go)) is topological for A € 0} with 1
y Dy A Al g9
some &€ >0 such that OO with larg Al < 9, and there i

7l < €| T(r, 2, A Klgo) ) (A,
for f e LP(3K(x))®, A€ C\{0} with |arg )| < 9.

P_roo‘f: Corollary 12.4 or 12.6 implies the operator [I'{7, p, A, K(@;)) is Fredholm
with index 0 if A € C\(-o0,0] with |argA] < #. On the other hand, we as
stlmed that T*(7, p, A, K(s)) is one-to-one (A € C\{0} with |arg A| < ﬂj. Since
r (.7‘, 1}:1)\, K(o) )™is adjoint to T'(7, p, A, K{o) ), the latter operator must be topo-
.logllcaj, as follows by Lemma 12.2 (A € C\{0} with |arg A] < #). Thus the corollar

is implied by Lemma 12.10. Y

Corollary 12.9. Let A € C\(—cc, 0], 7€ {-1,1}.

Then there are reals p € (1,2). ¢ € (0,%/2), as well a ]
i ; . s @ sequence (f,

L?( 0K () )3 such that ! )

IT(rp A K@) )], € 1 formeN, Ll = 00 (nso0). (12.24)

In the case T = 1, we may further find parameters p € (2, o), ¢ €(0,%/2), as well

L{t-a10)™"
L{A-arp)™"




242 CHAPTER 12. THE OPERATOR T(1, P, A\, K(»))

as a sequence (f,) in LP{0K(yp) )3 such that the statement in (12.24) holds irue once

more.

Proof: Suppose the first part of the lemma to be false. Then, for any p € (1,2}, g€
(0, %/2), thereis a number €;(p, ¢) > 0 such that

17l < @me) - IT(np A K@), for fel (9KE)) .

Hence the operator T(r, p, A, K(p)) is F} for p€(1,2), v € (0, 7/2). But then, due
to Corollary 6.6, the mapping J(7, p, A, ¢, 0, 1) has the same property. Now Lemma
6.17 yields

index(J(t,p, X, ¢,0,1) = 0 for pe(L,2), p€(0, /2.

This means in particular that J{(r, p, X, ¢, 0,1) is Fredholm for p € (1,2), ¢ €
(0, 7/2]. Thus, by Corollary 6.6, an analogous result holds true for Ti{r, p, A Kp)).

But then Corollary 12.5 implies that A{r, p, K(¢)) is topological fo.r any pC (1,2), ¢ €
{0, /2], so we have arrived at a contradiction to Theorem 8.2. This proves the first part
of the corollary.

Now consider the case 7 = 1, and assume that the second part of the. lemma is false.
By repeating the previous arguments, we see that (1, p A Kip) )* is Fredholm f(?r
p€(2,00), ¢€(0,7/2]. Now it follows from Corollary 12.5 th.a.t M {-1,p Kp)) is
topological for , p as before. However, the last result contradicts Theorem 8.2, so we
have established the second part of Corollary 12.9.

Chapter 13

Further Results Based on the
Lz-Theory for the Stokes System
in Bounded Lipschitz Domains

In the present chapter, we shall complete our Lf-theory for the the double-layer operator
A(7, p, K(p)), which is related to the Stokes system (L18) in K(¢) (see Chapter
1). As the reader may recall, we could show in Chapter 8 that for any T € {-1,1},
the operator A(r, p, K(¢)) is not topological for certain values of P €.(1,2) and
¢ € {0,7/2) (Theorem 8.2). Furthermore, when ¢ € (0,7/2) and r € {-1, 1}
are kept fixed, the corresponding set of exceptional values of P € (1,2) is at most
countable (Theorem 8.1). Here we intend to prove that A{r, p, K()) is topological
if pe[2,00), e (0,7/2] and 7 € {-1,1}; see Theorem 13.1. The proof of this
theorem is based on two inequalities established by Shen [43, p. 364, Lemma 5.2.11 (ii);
p. 369, Lemma 5.3.7, with 7 = 0]. These results concern the gradient of a single-layer
potential related to the Stokes system (1.18) in a bounded Lipschitz domain. Shen proves
that the boundary value of this gradient may be estimated in L2-norms against Dirichlet
and Neumann boundary data.

In the case p=2, we shall deduce from Theorem 13.1 that I'(r, p, A, K(¢}) is topolog-
ical and satisfies inequality (1.24) (see Corollary 13.3). This result, in turn, will lead to
solutions of the resolvent problem (1.12) in K(y), under Dirichlet boundary conditions
(Corollary 13.4). Finally, by recurring to Theorem 8.1, it will be shown the two inequal-
ities from [43] mentioned before cannot both be generalized to L%-estimates with g>2
{Theorem 13.2).

We begin our study by considering a bounded domain © in R3, with connected Lip-
schitz boundary. Then we can choose %{Q) € N, a(f2) € (0, oo}, orthonormal matrices

AP, e A,(;?&)]) € R¥3, vectors ™ ... CS(?}) € R3, and Lipschitz continuous func-
tions aﬁ“), e a;(g?r)z) mapping [-a(Q2), «(Q)]* into R such that the following properties

hold true (compare [23, p. 269/270, 305/306]):
IFfor 1€ {1, ---, k(Q)}, v €(0,1], thesets A, A7, U; are defined by




[ A
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2

AT = (y-a(®), 7o),

A7 = {A® (0, () + ¢

nEA”’}.

o= { A (n, a®@)+r) + C¥ : peal, re (-a(9), «(@) },

and if the function H® : A' x (—e(Q), a(R)) — U: is introduced by

HO(m, 1) = AP (g, @) +7) + ¢ for ne Al re(—o(Q), a(®)),
then we may require
UinQ = HO(Ax (—a(®), 0)),

for i€ {1,---, kK(Q)},

v ®N\D) = HO(Ax (0,0(2))),

N = A;‘
k(1)

a0 = [J A"
i=1

A Lipschitz continuous function defined on an open set is differentiable on its domain

except on a set of measure zero {[40, p. 108], [35, p. 88/89]). This implies that the
outward unit normal n((z) to © exists at almost every point z € Q ([35, p. 83/89]).

(13.1)

It may be shown there iz a constant D, > 0 with
oW + -4 0.0,0) - O - AP 0.0.1)

> Dy (o=l + e )
for p,n € A}, K, & € (—a(f), (), i€ {1, -, k{Q)}; compare [13, p. 57, (2.26)].
Let i€ {1,--+, k(9)}. From (13.2), it follows that the mapping H® is one-to-one.
Thus H® is a bijective Lipschitz function. Its inverse may be computed easily, and turns
out to be Lipschitz continuous too. Moreover, the Jacobian (dH®)/dX)(n,r) of H®
exists at almost every point (1, 7) € Al x (—a(R), ()}, and it holds

for a.e. ("?1 f‘) € Al x (_Q(Q) s Q(Q))'l te {]-9 T k(ﬂ)}

(13.2)

det (dHW/dX)(n,7) = 1

Thus we cbtain by the substitution rule:
a(fl)

jU fle)dz = L - fA (foHO)(,8) dnds  for f € L'(UD)- (13.3)

Concerning an elementary proof of this formula, we refer to Rudin [41, p. 173, 8.26], where'

the substitution rule is shown for differentiable transformations with a continuous inverse.
Rudin’s proof also carries through for transfermations which still have a continuous inverse,
but are only differentiable almost everywhere. Since the latter properties are satisfied by
H® ({40, p. 108], [35, p. 88/89]), we see that formula (13.3) is implied by the arguments
in [41).

For i€ {1, -+, k&(Q)}, the mapping

RO AN o AL RO ()= AP (g, V() + CFY (ne AY)

T’
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is a bijective Lipschitz function with range in 9, and its Jacobian (dr©/dX)(n) has

maximal rank, for almost ever : i it i i
e y y ne Al In particular, it is a parametric representation

JO(n) = (1 + ZZ: IDrh(”(ﬂ)Iﬂ)”?

r=1

fora.e. €AY, i€ {1,.--, k()}.

Then J¥ is the element of i i
R A i nt of surface area related to 2%, so it holds for any integrable

a0 = Gy, g€
A}f fm(foh ) J9 dn. (13.4)
Because of (13.1), we may choose functions o .. o lIl,(c?,).‘) € CP(R%) with
@ k(s1)
0< W™ <1, supp(¥(™®) C UM for ie {1, -, k(Q)}, Y e =1

=1

Define
k(0)

= ()

) (z) = Z \I',(n)(:n) - AR (0,0,1} for z € 8.
=1

Then A is a C*-function on R® and d i

s oes not vanish on ). In parti
exists some number §($2) > 0 such that m(z) # 0 forany z € R? witﬁa;z}:;friagl)ef
5(9) - Thus we may choose a function ¥ € C3°(R?) such that T () =1 f , g3
with dist(z, Q) < §(02)/2, and TreeR

supp(¥Y) C {z €R® : dist(z, ) < &) ).

Define the function m(® :R® s R? by
®p) = § Y TRYRCIpS

m(z) := V() . |f(e)| - Wmlz)  for 2 € OQ with dist(z, O < 6(€)

ant(imby m@@(z) ;= 0 else. Then it is clear that m(® belongs to C&(R%*?, and
|“m {z}| :_1 for 2 € R® with dist(e, 30) < (80 /2. Furthermor; m("; "
nontangential” direction with respect to 9. To make this statement mo;'e reci Cve

define a cone K(y, z, 6, ¢) C R?, for €, d€(0,00), y, ze R? with |2 =1 pbyc:ei;:i:lv;

K(y, 2,6 ¢ = {y +teb o
Then there are constants Dy, Da, Py, D; € {0, c0) with

K(z, m®(z), Dy, Ds) € RA\Q,

t€(0,8), bER® with oj=1, [b—2 <}

K(z, ~m®2), Dy, Dg) € 0 for z € 89, (13.5)

|z + &-m(z) — &' — &em(e)| > Dy (jz — o) + (5 — &) (13.6)

f I ¥

tclJ-lZ ;l,nwt.e on ,(ﬂ;ﬁ, & E (—‘.D4, D,). We remark that an indication on how to construct

he T ction mi s given in (35, p. 246]. As for a detailed proof of (13.5) and (13.6)
15 by no means trivial, but on the other hand, it does not represent any fundamentai

difficulty, and we leave it to the reader.

Inequality (13.6) implies there is another constant D > 0 such that

—_____ﬂ
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|z —y—r-mPy)| > De-lw—yl for cefl, ye X, k[0, Dy), (13.7)
|z -y+&-mP(y)| 2 Ps-|lz—y| for zeRAQ, ye o, s€[0,Dy). (13.8)
We further point out that for any @ € (—oo, 2), it holds

sup{ fan o -y~ d2(y) s s O} < oo, (13.9)

For p€ (1,x), ® e L#(99)", we define the single-layer potentials V(9Q)(®) and
Q(92)(P) by setting

V(09)(@)(z) = (fm Y- Bnle —v) - ®uly) 420)),
for 2 € R®AIQ and for a.e, z €902, and
Q)@ (@)= [ 3 Tule 1) - @) €2()  for 7 €RAG.

Note that the integral on the right-hand side of (13.10) exists for almost every @ € o0,
as may be shown by (13.9) and Hélder’s inequality; compare the proof of Lemma 4.9. If
z € RM\8Q, existence of the preceding integrals is obvious.

(13.10)

If & e L7(89)> for some p € (1, oo}, then the mappings
uwi= V(8Q)(®) |RNIQ  and  7:= Q(89)(®) |R*\09

are C'™-functions, and it holds

Dule) = [ DEaleu) - 8al) 420,
Diz(z) = Zaz D*Eglz —y) - ®(y) d2(y) .

M =y
for = € R™\JIQ, j € {1,2,3}. This follows by Lebesgue’s theorem on dominated

convergence; compare the proof of Lemma 9.3 and Corollary 9.1. Due to 1_:he propertie? of
the kernels Fj; (1 < j, £ < 3), we may conclude that the pair of functions (u, ) is a

solution of the Stokes system (1.18) in R™*\9Q.
Tor & € (0, D), we put

QLR = {2 e R? : dist(z, RA\Q) < Ds-w},
Q) = [z € R® : dist(x, Q) <Ds- K},

with D4, Ds from (13.6). Note that for k¢ (0,D4), 7€ {-1, 1}, the set Q) s
open, with @ ¢ Q1#) and RAQ C Q19

Next, for p, & asin (13.10), and for & € (0, Pa), 7 € {~1, 1}, we define the functions
yins Qe on QUo7 by setting
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Ve @)@ = ([ 3 Eale -y -7 orkom®y) - By d2)

12543

Qe (8)(z) = /an 2 Ew(s ~y — 7-5-m(y)) - Su(y) df2(y)

k=1
for = € Q" As a consequence of (13.6) and Lebesgue’s theorem on dominated con-
vergence, we obtain Vj(r’”) , Q) ¢ oY if 7 {-1,1}, se (0,Py), je
{1, 2,3}, and if we assume & € L?(99)® for some p ¢ (1, co) . Moreover, it follows

DY@ = [ 3 DB -y ron m®() - 850 d2(),
k=1
DrRinE - XSJ D°Eyle ~ y — 7-£-m(y)) - &;(y) d2(y},

oy

for z € QU™ ¢ € N. In particular, the pair of functions (VIRR)(®), Q=) (B)) solves
the Stokes system (1.18) in Q%)

For 7 ¢ {1, 1}, p€ (1, o0}, we introduce bounded operators Alr, p, Q), A* (7, p, Q)
from the space L*(8€2)° into itself by setting for ® € LP(392)3:

Arp @)@ = (2)-

+ L”(aﬂ)a—ljfg(_/an jﬁ(“‘yl) 'jkf::l Din(I —y) - ¥3(y) - nfV(y) dO2 (y))1<r<3, Lk(e,oo)
K(np @)@ = (/)-8

- e -tg( [ K1-u) - 32 Dl - 0ty -l a0 W) o LX)

where I denotes the identical mapping of Q. It is known by [4] that the preceding
operators are well defined and bounded; compare the remarks by [21, p. 773 /T74] and [47,
p- 578-582]. For more details we refer to [6].

We shall need another consequence of the results in [4]. In fact, as stated in [21, p.

T73/774], for any j, k€ {1,2,3}, Te{-1,1}, pe (1, 00), ® € LP(0Q)°, thereisa P
function By (7, p, )(®) Euch that L e L (QQ-)

Lo [P (V(62)@) [R202) (s + 75 m®(w)) — Bulrp, O@)(0)* 40 (2)
— 0 (k}0),

and a function C'(7, p, Q){®) € L7 (/) with

fm|Q(aQ)(<1>)(z +7okem(g)) = C(r, p, Q)(@)(=)[* dR(x) — 0 (k0.

In the preceding relations, the convergence of V(32)(®) and Q(092)(P) is “nontan-
gential” ([21, p. 772]), as required in [21, p. 773/774]. This follows from (13.5).
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According to the trace theorem in [21, p. 774, (0.9), (0.10)], we have the following “jump

relation”:

S (Buslr,p @) + Blrn D@ — 4 Qe @@) a0 (31

= —A;(Tipv Q)(q))

for €{1,2,3}, pe(l,0), @€ lL? (89)®. This result is an analogue of Theorem 9.1,
where the domain K(p) was considered instead of 2. We note another consequence of

[21, p.774, (0.9), (0.10)], namely

fm S Dpule + mowomV(@) - y) wO) - () 42 (13.12)

G k=1

— AI(’Ta 2 Q)(Q)(y) (H"LO)
for 1€{1,2,3}, pe€(l,0), @€ LP(8Q)°, and for almost every z < 0.

Finally, we shall need a third consequence of [21, p. 774, (0.9)]. In fact, for &, [ € {1,2,3},
and for p, & as before, it holds

3
Bu(l, 2, 0@ — 3o - Bl 2, 9)(@) - m? (13.13)
i=1

3
= Bu(-1,p 9)@) - 30l - Bu(-1, p, (@) - 0.
j=1

Hence, concerning the sum of derivatives of Vi(8Q)(®) the limit of which is considered
on the left- and right-hand side of (13.13), it does not matter whether this limit is taken
inside Q or outside §. On the other hand, adding Q{8 )(®) to certain derivatives of
V(8Q)(®) yields a function having the property that its trace from inside € does not
coincide with its trace from outside €. This is shown by equation {13.11) and motivates

the term “jurnp relation”.

We shall denote the limit function appearing on the left- and right-hand side of (13.13)
by Tu(p, Q)(®), for k,1€{1,2,3}, pe(l,00), ®€LI(IN)°.

The choice of derivatives in (13.13) allows us to interpret Ti(p, £){®) in the following
way: For almost every z € 842, the vector (Tu(p, Q)(®)(2) Jicrcs coincides with the
prejection of

lim v{vi(89)(@) |R3\BQ)(:: + k-m™(2))

on the tangential plane to 8Q in = (I € {1, 2, 3}). This is the reason why the vector
{(Tut(p, Q)(®}{2) Y1<rgs i called “tangential derivative” (of Vi(8Q){®@) in z).

In the following, we would like to show that A(=1,p, Q) and A(-1,p, Q) are
Fredholm operators for p € (1, 2]. However, we shall ouly succeed in proving this point
for domains which have one conical boundary point and are smoothly bounded everywhere
else, but this result will be enough for our purposes. Afier all, we are only going to study

CHAPTER 13. FURTHER RESULTS
249

j;il(e preclzding operators in order to obtain information on the behaviour of the mappin
7, ¢ K(p) ), for g € [2, 0o). With this aim in mind, we can of course restrict oursel\rei

to the kind of domain just mentioned. Still i
o i , we shall stick to our 1Li i i
Q! as long as this is possible without additional effort. genersl Lipschits domain

Our first lemma should be compared to Lemma 9.7.

Lemma 13.1. Let B> 0 with § C By(0, R
! y €4 ,
{1,2,3}. Then it holds (0, E), p€(4/3,00), ®cLr(dQF, jle

/mam_m\ﬁ]Der"l")@)(w) - 8/0z (Vi(02)(@)() )| dz — 0 (w10), (13.14)

fﬂ | DV @) (@) — 8/0a (vy(02)@)@) [ a5 — 0 (x10). (13.15)

Proof: By (13.8), there is a constant. @, > 0 such that

|DiEj(z —y +7-5-mP(y))| < € -lo—y? (13.16)
for x e R7\Q, yedQ, € (0,Dy), ke{l,2 3}. We shall show that
A= —yl|- :

. (fan e -y - [0)] ) de < oo,

Then the relation in (13.14) follows from (13.16) and Lebesgue’s theorem on dominated

convergence. The claim in (13.15) may be d b imi i i
reference to (13.7) instead of (13.8)). R e i LR

in order to show that A4 < co, weset ¢:=2, o= 2/p—1 in thecase p < 2, and
: .—gﬁe:p/fl, o= 1/(3-p_) if p > 2. Then, due to the assumption p > 4/3, the rel;;tions
in {9.38) hold true. Putting € := (4.7 - R*)'=**  we obtain by Holder’s inequality:

A:S€r(L@ﬂ4A““ﬂWlﬂﬂdme®Yﬁ

k(51)
T - k(@) - Y (At B,

k=1

IA

where we used the abbreviations

A= (./L.f,n(llﬁa(o,R)\ﬁ) ([x:” b=y [l d2() )t dm)m‘

B = (j f g2 ¢ 2/t
]Ba(O,R)\(ﬁUU;)( A 2=yl 2 dQ(y)) dw)

for i ¢ {1,-.+, k&(®))}. Obvious] :
) . ¥, we have B; <oo (i€ {1,--+, &(Q)}). On th
hand, we obtain from (13.3), (13.4) and (13.2), for i€ {1, -, k(Q)Ei )}) n the other
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w({} ; i - i
Ay < (/ ( ).[ (f | H® (o, r) = BO(m) [ - [® 0 b ()| 2/t
i = o 1 1/2 i '
o) Ja a L J@ (Tl) dr}) dp d‘f‘)

i) ~He o)== L | o b9 ()| dn)t dgdr)
< @a-(f f (/ le = | |} n
() 1 M JSaue

5 2 .
with the abbreviation @3 := (D)™ - (sup{J¥(n) : n € Al})' - Now we integrate
in r, and then apply Theorem 9.2 {Hardy-Littlewood-Sobolev inequality). Recalling
(9.38) and our assumption ® € LF(8Q), it follows A < oo (i € {L,---, k(R)}).
This completes the proof of Lemma 13.1.

at

Next we note a consequence of inequality (13.6} and the mean Va,h;e theorem. In fact, it
holds for 7, ke {1,2,3}, 7€ {-1,1}, pe(l,x), ® € L?(Q)*:

Lﬂ\pj(n(ag)(¢)|ﬁa\ag)(w —rewem®@() - D@ @) )

— 0 (x,0),
compare the arguments in [13, p. 171/172]. Now it follows from (13.11), for j, 7, p, ¢ as
before:

3
-7 (-7 8)
[ s o@e + X (D(W @) + b (v @) (13.17)
a k=1

~ G Q@) )1o) - of (o)
Furthermore, using Hilder’s inequality as in the proof of Lemma 4.9, we may deduce from
(13.9), (13.6) and Lebesgue’s theorem on dominated convergence:

i) — 0 (sL0),

[ @@ - vr@E] we — o s, (1349

[ fue)@)@ - vo2)@)(e 1 xn@)| ) (13.19)

— 0 (x—0},
if je{1,2,3}, Te{-1,1}, pe(l, 00), @€ LP(IQ).

Next we introduce a finitely dimensional function space which will play an important role
in the following. To this end, take an arbitrary subset B of R® and define the constant
functions €g, Ng:B—R by Ep(z) =1, Np(z):=0 for 2 € B. Then we set

Z(B) = { (— (id(B))y: N, (id(B)), ), (N, - (id(B))y, (id(B)), ).,

(= (#d(B)),, (id(B)),. Na ), (5, N, Na), (N, 5, Na), (N, N, &)}
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Note that if B is a domain in R®, we have
ZB) = {feC'(B)® : Dify+ Difi = 0 for i, je {1, 2, 3}}. (13.20)

A proof of this well known result may be found in [13, p. 173-178].
Lemma 13.2. Let p€ (4/3, 00). Then it holds dz’m(kem(!\*(—l, 7, Q) )) < 6.

Proof: We shall adapt the method of proof used in [30, p. 62/63] and [13, p. 189/190].
To this end, we assume there are seven functions (), ... W ¢ kern(A*(-1, p, ?))
being linearly independent. Take k € {1, ---, 7}, and recall that for any & € (0, Dy,
the functions uj(-”) = VI E®) (G e {1, 2 3}) and 7 = QU (W) belong to
C=(Q""), and the pair of functions (u() ,m*)) solves the Stokes problem {1.18) in
%) Using these facts, and recalling that Q ¢ Q%) we obtain by the Divergence
theorem:

3
(1/2)- > f (Djﬂ:(f) + Do ) - (Dju,ﬁf) + Dyuf?) da
n

Jik=1

3
= f ¥ (Dju,(:) + Dyl — & ‘.'r(”’))(.z') 6z} ™ (z) O (z)
it ALk=1
for &, ¢ € (0,D,). We remark that the Divergence theorem is of course valid when a
bounded domain with Lipschitz boundary is considered; see [35, p. 121, Théoréme 1.1].
Now we first let « and then € tend to zero. Applying (13.17) and Lemma 13.1, and
using the fact that A*(—1, p, @)(T™®)} vanishes, we find

]n zaj (a/azj(n(aﬂ)(@(x)) + B/c‘)xk(lf}(aﬂ)(i)(m))z dz = 0. %

fk=1

From this equation and (13.20), we deduce V{89)(®)|Q ¢ Z(Q) for ke {1,---. 7}. L \[/("g}
Since dim Z(2) =6, there must be numbers Ay, - - A7 € C with

(4)

ijAk-V(aﬂ)(\p("))|Q = 0 and (M, ---, A)) £0.

k=1
7
Setting ¥ := 33 A -TW, it follows ¥ € L7(80Q)%, V(Q)T)|IQ = 0, so we may
K=t
conclude from (18.19) that V(8Q)(¥) vanishes almost everywhere on 8€2
Next we are going to exploit the fact that o™ := VEL®(W) and o™ ;= QLR ()
are C*°-functions on Q0% and that the pair of functions (v, o1} solves the
Stokes system (1.18) in Q1% (g € (0, D,)). Furthermore, we recall the relation

RAQ € Q1% Tt is due to these facts that for R € (0, cc) with € C By(0, R), and
for , €€ (0, Dy), we may use the Divergence theorem to get the ensuing equation:
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3

wy Y

;=1 B0 RAR

j";“ i

3
+ f 3 (D,-v,(f) + Dl — by - Qm)(m) ol (2) - (z/lel) doe -
8Ba(0, B) ;o1

(Djv,(f) + D"Ugn)) g (Dj'”f(:) + Dk‘ffg('E)) dz

(D™ + Do) ~ 8 - 6 (z) - v(e) - P(z) 4O (a)

M) e

ko

=1

On both sides of this equation, we first let ¢ and then & tend to zero. After that, we let
R grow to infinity. By recurring to (13.18), (13.20) and Lemma 13.1, and using the fact
that V(09)(W) vanishes on €, we obtain that V(9Q)(¥) | R*\Q belongs to Z(SP_} .

On the other hand, the term V{(8Q)(W)(z) decays for [z] = oo, as is clear by the
definition of V(8Q). Since Z(R\Q) contains no function with this property except
the zero function, it follows that V(8Q)(¥) vanishes everywhere on R*Q. Thus
we infer from (1.18) that Q{892)(¥) is constant. But the latter function also decays
for large values of |z|, and hence must vanish everywhere on R¥\Q2. Now we infer
from (13.11): A*(1, p, Q)(¥) = 0. On the other hand, we know by the choice of ¥
that A*{-1, p, 2)(¥) vanishes too. Thus it follows ¥ = 0. ‘Since the functions
¥ ... T are linearly independent, we finally arrive af the equation X, =---= Ay =
0. But this is a contradiction to the choice of Ay, -++, A7, so the lemma is proved.

Lemma 13.3. Let p € (1, 00). Then it holds A(-1,p, Q)W) = 0 for W€ Z(09).
This means in particular: dim(kern(A( -1,5,Q) )) > 6.

Proof: For x € (0, D), ¥ € 2(8Q), 1€ {1,2,3}, = €d, we obtain by the
Divergence theorem:

[ 3 Daa + xm®) — ) o0 W) ) =0
anj,k:l

Hence the lemma follows from (13.12).

The next lemma recalls that weakly singular integral operators on §f1 are compact. |

Temma 13.4. Let K : 8Q x 80 — T3 be a measurable funciion. Assume there is some
constant € > 0 and a number a € (=2, 00) such that |K{z,y)| = C- lz —y|™* for
I,y € aﬂ.f_-' Take p & (1, 00), andlet B be a measurable subset of Of1.

Then the operator K : L¥(B)® — LP(B)?, defined by

K(@)(z) = (]B zij Kl -ty) - B(y) dQ(y))ls‘Sa
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for @ € L?(B)® and forae. z€ B , 18 well defined, bounded, and compact.

Proof: Using (13.9), we may adapt the proof of Lemma 6.3 and 4.9 to the present

situation. This means the lemma is red i i
compact; e (8] uced to the fact that Hille-Tamarkin operators are

P ]
It Shaﬂ use the resu 4, entio
I the roof Of the next, elma, we h S ltS fronl 3 In: 1 ned at the

Lemma 13.5. The operator A*(-1,2,2) has property F,.

Proof: By [43, p. 369, Lemma 5.3.7, with + = 0], there is a constant €; > 0 such that

> I1Bin(-1, 2, Q)(o) ll,

k=1

< @ (In-L22)@), + V(o)) omy,)

{13.21)

for © € L*(d02)®. Furthermore, referri
. erring to [43, p. 364, L ii i =
we see there is another constant, >0 with[ d bemma 5211 (), with 7 =,
3

X (IBat+L 2, 2@, + [0 2, )@ ,)

k=1

< & (X [t @), + |v(2)@)|y,)

k=1

(13.22)

2
IfF)‘l; ?QE Lo, Wef remark that the right-hand side of (13.22) may be replaced by
| ﬂ(l D) (P) | 082 ”1,2 times a constant only depending on Q; see [47, p 580]. Thus it
is the Dirichlet boundary value of the functions V(a 7 : :
. Q)(®)|Q and V(D AQ
(see (13.19}) which appears on the right-hand side of (13).22))., (Om)@) [RAE

Since ® = A*(1,2,Q)(¢) - A*( -
conclude for ¢ ¢ Lz(aﬂga(:) (71,2, 2)(@), and bocause of (18-22), (13.11), we

l1®]l;
< 26 (Y |7 @), + Iv(ea)@)1onf,) + [ A"(~1,2, @) @)],.

k=1

Recalling the definition of T}, (2,
_ x(2, ) (see the remark followi 13.1 i
we may infer from the preceding inequality, for @ ¢ 1.2 (6!;15( 313)), and using (13.21),

19l < & - ({4 (-1 2, 2)@), + |v(o0)@)|s2],),
With €3:= 2-€, - (4. €, +1) + 1. But the operator

(13.23)



g
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K : L2(99)® v LX), K(®) = V(9Q)(®) |09 for @€ LYan)®

is compact, as follows from Lemma 13.4. By combining this fact vyith inequality (13.23)
and [34 p.1 18, Lemma 2.1], we may conclude that A*(-1, 2, Q) is a Fy-operator.

T - ; 4
Before restricting our considerations to more spema.l_ Lipschitz domains, licHLLS Itmll(ntncco’:e
gsome trivial facts, which are mentioned here because it may be useful after o take

of them:

Lemma 18.6. Let 7 € {1, 1}, p,q € (1, 00} with p<q. Then it holds

A(rp, Q)(®) = A (7, g, R2)(D) for R € LH80)*,
im(A* (1, q, Q) C im(A*(7,p, ).

LIA0)° ¢ IP(00)°,
kern(A*(7, ¢, Q)) C kern(A*(7, 2, 2)),

Corresponding relations are valid for A(1, g, @) and A{r, p, Q) :

Now we define domains £2,,, ﬁw having one conical boundary Eoigt, and being smoothly
bounded everywhere else. We begin by choosing functions (1, (z € C=([-n/2, n/2])
with 0 < {; <1 for j e {1, 2},

Gll-w/2,7/8 = 1, G|ln/4,7/2) =0,
Gll=n/2,3-n/8] = 0, Gl|[T-w/16,7/2] = 1. |

Moreover, for § € {1, 2}, we define the function ¢ [-3-7/2,7/2] — [0, 1] by setting
Cilo) = (o) for o€ l-n/2,7/2], (o) = Ej(—a —x) for c€[-8-7/2, —m/2].

Finally, let ¢; denote the 2.7 - periodic extension of ¢; to R (je{l,2}). Note that
’
¢ e C=(R).

. ! he functions f,f:Rr—}]R
Let @€ (0, 7/2], M__J-\be-eofqr)',l and define the func o o

by setting for s € K:

H.2 oot f folo) = }-(17:-)-{ G(o) sine + (1—G(9) (ME+ &ofo) - cotp - (1= |cosal)).

g -l col £ Rl

M

[ ot 4
Hx

— bt (@) -sino + (1-Gl0))- (Heell - Glo) - eote - (1 feasa]) ).

Observe that

fv(") = lr(:p}-——-eeﬁa—ﬂ coso - coty

ﬁa(a) = %,-(ef) for ¢ €[x/4,3-7/8],
folo) = %{tp}-—bsina for o € [-7/2,7/8],

with analogous equations holding true for f,. Now we define the sets Q, and €, by

for o € [T-w/16, /2],
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Qw:={—(é&9)-{coso-cosﬁ, a(p) - coso - sind, t[—eﬁe)—»eg&i:)

7€On/2, GE0,2:m), teR with § () <t<fylo)},

ﬁ,,,::{(a(tp)-coscr-cosﬂ, a{yp) - cose - sind, t%—-a{;p}rluucot#) :
a€(0,7/2, 9€0,2-7), teR with -’Lﬂ,(t)<t<fp(a)},

Then €, and €, are bounded Lipschitz domains in R*, with connected boundaries.
In addition, their boundaries are smooth except at one singular point lying at the origin.

In a neighbourhood of this point, Q, coincides with the cone K(¢}, and fl(,, with
K{m — ). Let us state some of these facts in a more precise form. To this end, we set
o = cos(T - w/16).

Then it holds

0€ g (Ba(0, 20)) C 09,
{9(«2)(7}) = (0,0,7) : nEB0, 20), 7 € {0, cot(,a)} C ﬁm (13.24)

{s9) + 0,01 : neB0,01), re0,00)} c BAG,. (13.25)

Moreover, for any z € 9,\{0}, there is an orthonormal matrix A, € BR¥3, a vector
C. € R?, positive reals «,, ¢, and a function a; € C*([—€,, &]*) with the properties
to follow: Let

Ay = (—ey, €)%, U, := {A,-(f],aa,(n)—!-r) + C;

and define the function H, : A, x (—€t, €)= U, by

! Tr

P neAs, re(-¢,€)

Ho(mr)= Az (0, aalm)+7) + C.
Then it holds

for n€ A, vE(—€,é).

U,n{, = {Hmr):neA,, re(—¢, 0) } (13.26)
V. NRAQ, = {H(1): neA,, re(0€)}, (13.27)
U, N30 = {H,(n,0): neA,}. (13.28)

In particular, the domain ~S~2w is Lipschitz bounded, and its outward unit normal )
exists at every point z € Q,\{0}. Furthermore, we note that

n(ﬁw)w = —n"z)  for z € g N (By(0, go))- (13.29)

Concerning the domain Q,, the same statements hold true, with the exception of (13.24),
{13.25) and (13.29). In the first two of these equations, the terms — (0,0,r) and + (0,0, r)
must be exchanged. As for equation (13.29), it has to be replaced by

n)z) = 2®Nz)  for z € g (By(0, o). (13-30)

HAt
LA -6
H.A
L L-e
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Using these special domains 2, and Q,, we shall be able to link our 17-theory for
the infinite cone K(p) with the L*-theory for Lipschiz domains with bounded boundary.
The key result in this respect is the following lemmas:

Lemma 13.7. Lel ¢ € (,#/2], =e{-1,1}, pE€ {1,00). Then the operator
A (7, p Q) is Fredholm (or F.) if and only if A*(-7, p, ¥, 00/2, 1) is Fredholm (or
F, ). In case these operators are F,, they have the sume indez.

An analogous result holds true with respect to A (7,9, Q,) ond A*(7,p, ¥, 20/2,1).

Proof: We shall show the first part of the lemma, which is related to A*{T, p, ﬁp)
and A*(—T,p, @ 00/2,1). As for the second part, it may be proved by an analogous
reasoning, the only difference being that we have to refer to (13.30) instead of (13.29).

We shall prove our claim by reducing it to Lemma 6.9, which will be applied with A =
99, , with the o-algebra of Lebwesguemeasura.ble subsets of 8%, in the place of B, and
with the surface measure on 9, in the place of . Moreover, we take

K=A(np ), A =g9(Bi0e/2), 4 =00\ (Ba(0: 00/2))-

Then consider the operators KM,..., K® defined in Lemma 6.9. It follows by (6.19)
and {13.30):

(KD(f)) 0 g |B2(0, 20/2) =LA*(—T, 2, ¢, e0f2, 1)(f) for f €L (B:(0, 20/2))

Hence, if we can show that K@, K®) and K (4) are compact, Lemma 6.9 and 6.12 yield
the first part of Lemma 13.7. But it is easy to infer {rom (6.1) and Lemma 6.3 that K@
and K are compact. This leaves us to deal with the operator K@, To this end, we

note there is a constant €; > 0 such that

|n@)(z) - (z—y)| € G -lz-yf? foraye AN\ g (B2 (0, 22/2)) . (1331)

3

To see this, observe that for any =z € 8(2,‘,,\{0}, there exisis a smooth parametric
representation as in (13.26) - (13.28). Thus we may find a suitable constant €, by using
some well known arguments; compare [13, p. 63/64], for example. Inequality {13.31) and
equation (5.9) imply there is a constant ¢y > 0 with

3 o~
|32 Dile -9 - kM@ | < | el
k=1
for z,y asin (13.31). Now Lemma 13.4 ylelds compactness of K@ . This completes

the proof of Lemma 13.7.

Corollary 13.1. Let » € (0,7/2], 7€ {-1,1}, p € (1,00). Then the opera-
tor A*(7,p, Q) is Fredholm if A*(-7, p, K(p)) is topological. Conversely, in case
A p Qt) has property F+t the operator A*(—r1, p, K()) must be topological.
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An analogous result holds true with respect to A“(r, P, Q‘p) and A*(T p, K( ))
1Py K(g) ) .

Proof: Use Lemma 13.7, Theorem 12.3 and Corollary 6.6.

The next lemma is implicit i

- ‘ y proved in [7, p. 815-817] for any bounded domain wi
-LlpSCl'll'tZ boundary. In the case of our special domains @, and @, , this 1§mam 'Wlth
immediate consequence of the preceding results. . e

Lemma 138.8. Take ¢ € (0, 7/2], e {Q,, 8

. ) ) w1 o). Then the operators A(—
and A (—1, 2, Q) are Fredholm with indez zero. In addition, it holds ( B
kern(A(-1,2,Q)) = Z(Q).

grol“)f: Consider the case Q = ﬁw. if Q~= {2, , we may proceed in an analogous way.

Ly emma 12.3.5, Fhe operator A*(-1,2, €, ) has property Fy for o € (0, 7/2]. Thus
emma 13.7 implies A"(1, 2, 7, g0/2,1) to be Fy for any o ¢ (0, 7/2]. Now we m

apply Lemma 6.17, which yields i

indez(A™(1, 2, ¢, 00/2,1)) = 0.

EBy referring to Lemma 13.7 once more, we see that A*(-1,2,§,) is Fredholm with
Lndex zero, Sm?e tl.le operator A(-1,2,€,) is adjoint to A*(-1,2, Q,), it must also

e Fredholm with index zero. Now we recur to Lemma 13.2, 13.3 and the closed range
theorem ([29, p. 234, Theorem 5.13]), to obtain i
dim(kern{K)) = 6  for K€ {A"(~1,2,9,), A(-1,2,8,)}.

Thus the equation in the last line of Lemma 13.8 follows from Lernma 13.3.

Corollary 13.2. Let 4/3 0
Ny pe(4/3,2], g€[2,00), pe(0,7/2], Qe {Q,, R}, Then it

kern(A™(-1,p,Q)) = kern(A(-1,2,Q)), kern{A(-1,4,Q)) = Z(69),
dim(kern(K)) = 6  for K e {(A"(-1,p,Q), A*(-1,0,0)}.

Proof: This corollary readily follows from Lemma 13.8, 13.6, 13.2 and 13.3.

Lembma 13.9.(413? €/E (0,2/3), we (0,7/2], Qc{9,,Q,). Then there is some
number p € v4/3 + ¢) such that the operators A*(-1, p, - =
1/p)7%, Q) are Fredholm. (26 Bl Sl
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Proof: Let us assume = ﬁy, . The case {} =2, may be treated in an a,ila.]ogous way.
Due to Theorem 8.1, there exists some p € {4/3,4/3 + €] such that A*(1, p, K(¢))

is topological. Hence, by Corollary 13.1, the operator A (-1, p, ). is Fredholm. Since
A(-1, (1 ~1/p)™%, Q,) is adjoint to A*(-1,p,€Q,), the lemma follows.

Lemma 13.10. Lei ¢ € (0, #/2], Qe {Q,, 2.}, p.¢€(1,2) with p<gq. Assume
that A*( -1, p, Q) is Fredholm, and

kern(A*(—1,p, Q)) = kern(A*(-1,2,9)). (13.32)
Then A*(-1, g, Q) is a Fredholm operator.
Proof: Lemma 13.6 and the assumption in (13.32) imply
. [ _.
kern(A*(<1, Q) = kera(A"(1,4,@)) =|A'(-1,2, o= K. (1339

i dim(K) < oo ses Lemma 13.8. Moreover, according to Corollary
illl’)g?ﬁzuiz;:):i: (})l? VK*( _15 ,)Q) h;s a finitely dimensional kernel. Thus, b*y the clos!;:d
graph theorem ([29, p. 234, Theorem 5.13]}, we still have to show that A -(_1;,qé 2]
has closed range. To this end, we choose a topological_ complement M .of K* 1n1L { QQ)))
(sce [16, p. 113, (5.9.5)]), and then define the mapping Ay i M = im(A (-1, p,

by
A(®) = AT(-1, P, Q)(®)

We point out that 4, is bijective and M N L*(8)? is an algebraic complemen.t of K
in L*(80)°. Since dim(K) < oo, it follows that L2{9)® is even the topological sum
of K and M N L}8Q)* ((16, p. 118, (5.9.3); p. 103]). Furthermore, the mapping
As : M N LA(AQ)? = im(A*(-1,2,Q)), with

for & € M n L}8Q)3,

for & € M.

A5(0) == A*(—1, 2, 2)(®)

is bijecti i N 3 logical complement of K
bijective. Now let o € {p, 2} . Since M N L*(8Q)* is a topolog

;?1 ga(ag)a , the set M N L(99)° must be closed in L*(8)° ([16, p. 103]). Morfaoyer,

the space im{A*{ -1, @, ©)) is also closed in L*(9)*. In the case o= p, this is a

consequence of our assumptions in the lemma, and if o =2, we refer to Lemma 13.8.

Now it follows from the open mapping theorem there is a constant € {e) > 0 with

[A" @), < o) - 18l for e im(A(~1, & Q). (13.34)
According to Corollary 13.2, it holds
kern(A( =1, (1-1/a)™, Q)) = Z(0%), {13.35)

go the closed ér.avpl{ theorem implies
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j fogd =0 for feZ(@dQ), geim(A(-1,a Q)),
a0

and we conclude

Z(0) nim(A* (-1, 0, Q)}) = {0}.

On the other hand, we have Z(8Q) C L*(9Q)° and dim(Z(89)) = 6. Moreover, we
infer from (13.35) and the cloged theorem : codim{A*( -1, o, 2)) = 6. Hence
L*(89)* is the algebraic direct sum of Z(92) and ém(A*(-1, a, 2)). Since the space
%(09) is finitely dimensional, this sum is even topological. ([16, p. 113, (5.9.3); p. 103]).
Thus there is a constant_Cy(a) > 0 with

,,\_/L_‘:_::‘(' f'_\_j\_,_"-\
@1+ @, < e - ﬁ"l’l”“ n ||(1>2||,1L

for @, € Z(09), ®: € im(A*(-1,@,Q)). Next we introduce the mapping S, as
the uniquely determined linear operator acting on the space L*(882)*, and satisfying the
equations

(13.36)

5.(®)=0 for € Z(Q), Su(®) = (Aa)7(®) for &€ im(A*(~1, &, Q)).
Because of (13.34) and (13.36), this operator is bounded, Recall that a was arbitrarily
chosen in {p, 2} . We further observe that
S| LAOS)2 = §,. {13.37)
This equation is casily verified by using Lemma 13.6 and the definitions of 82, 8,, Az
and A,. Still, this relation should not be taken as self-evident. Actually, when the
infinite cone K(y) is considered instead of the bounded domain €, or Q,, an
analogue of equation (13.37) cannot be established since it would contradict Theorem 8.1.
This contradiction would arise by the interpolation argument we are going to use now. In
fact, since g € (p, 2), we may apply the Riesz-Thorin interpolation theorem {see [2, p.
2]), which yields the relation S, (L¢(8Q)%) C L2(89Q)°, as well as existence of a constant
@; > 0 with

15,01, < & 2, for we L (aR)°.

By combining this result with Lemma 13.6 and the fact that A*{~1, 4, Q) is bounded,
we readily obtain that the range of A*(—1, ¢, Q) is closed.

Theorem 18.1. Zet y, € {0, /2], T € {-1,1}, ie [2,c0). Then the operator
A(T,{, K(wo)) is topological.

Proof: Consider the case 7 = 1. ¥ 7 = —1, we only need to repeat the ensuing

arguments with €, replaced by €, .

Take ¢ € [@q, 7/2]. According to Lemma 13.8, the operator A*(-1,2,9,) is Fred-
holm. Moreover, for any ¢ € (0, 2/3), there is some p € {(4/3,4/3 4+ ¢€) such that

Hrange

(S

Lg

=y




M Since thes (s true fot any Lelb, w2 ],
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A (-1, p, &72‘,) is Fredholm too; see Lemma 13.9. Thus we~may conclude from fel-nﬁ;a
Lw\a{ Covo ULNY 13213.10|that A*(-1,¢,Q,) is Fredholm for any ¢ € (4/3, 2] . NO‘W" Cornll:ry lji}.(lyl(el _s
L P H T/l] - that A*(1, q, K(¢)) is topological for g € (4/3, 2]L Since thef operator , .
Teb -/‘\?‘Mm 1/g)~", E(g)) is adjoint to A*(1, ¢, K(p)) for g€ (1, o¢), we infer from Lemma 8.
take felfo /2], that A(1, p, K(¢)) is topological for p € [2, 4). Thus, by Lemma 8_.13, thf operagog

A(1, p, K()) must have the same property tf_p € (4, oo} . Next, referrmgajil;lo er}n}:nare;n
again, we see that A*(1, g, K(p)) is topological for ¢ E-(l, 4/3) . Recalling e;) ;
12.3 and Corollary 6.6, we conclude A*(1, g, v, #0/2,1) is F.redholm for ¢ € (1,4/3).
But ¢ was chosen arbitrarily in {1y, /2], so Lemma 6.17 yields

L'\Q L{OT ‘PG B)O\TQJ indez( A*(1, q, ‘Pf’ 8/2,1)) = 0@

'H 10 and we may deduce from Lemma 13.7 that A*( -1, g, Q ) is Fredholm with inde)l(l ztero,
E 4 - for g € (1, 4/3)L Now fix a number p € (1, 4/3)L. We know from Corollary 13.2 tha
awn e in
L\ Pe [fo 70 ¥ - o
take fe[f, /] dim(kern(A(~1, 1-1/p)7%, §,))) = 6.
o Since the operator A*(—1, p, ﬁ(“”‘?) is Fredholm, its range must have the codim(.ansion 6.
o On the other hand, the index of this operator is zero, as we proved above, Hence it follows
Hf dim(kern(A*(—l,p, QM))) = 6.
Thus we infer from Lemma 13.6 and Corollary 13.2:

Hf kern(A*( -1, p, ﬁw)) = kern(A*(-1,2, QW))

Now we are in a position to apply Lemma 13.10, which yields that A*( -1, 4/3, W)) is

. K H
[—{ .‘,9’ U{, a Fredholm operator. fHEITCéJ Corollary 13.1 and Lemma 8.5 imply A(1, 4H (f) '
S Bisist etopologica,l. This completes the proof of the theorem.
LnCe LSLS Tru

for any ¢ WoJT/l]/

Corollary 13.3. Let # € [0, 7}, o € (0,7/2], 7 € {-1,1}. Then the oper;:tor
(7, 2, A, K(po)) is topological for A € C\{0} with |argh| < &. Furthermore, there
is @ constant € > 0 such that

Hf”? S <- HF(T1 21 )"1 K(S"U))(f) ”2
for fe L?(0K(p,))", A€ C\{0} with |argh| < 4.

Proof: Take ¢ € [z, 7/2]. According to Theorem 13.1, the operator A{r, 2},1 K{y))
is topological. Moreover, we know by Corollary 8.3 that TI*( =T 2, K(¢)) hasA the Cs\af(x)l}e
property. Finally, Theorem 9.4 states that T*(r, 2, A, K(¢)) is one-to-one (A ¢

with |argA] < @) . Now Corollary 13.3 follows from Corollary 12.8.

3
Corollary 13.4. Let o ¢ (0,7/2]. For g € L*(8K(p))", A € C\(-o0, 0], 7 €
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{-1,1}, tef{1,2 3}, we put

u(r ) 9)(z) = [ f:ﬁ;m-yy([nn2paan]“wngw

oK) ;5o
27(y) dK(p) (y),

w(r, A, gj(z) = LK(W) szil D;Ey(z — y) H,VQ L (i.

=A@ Gy (o g |(0,0,1)—y;-1))

([ 22 %) " @) @) - 2P0 are) )

with © € K(p) in the case 7= 1, and with z € R3\K() if 7= —1.

I) K holds for g, M\, 7 as before:

a) The functions w(r, A, g), m(r, A g) belong to C*(K(p)) in the case r = 1,

and to C=(R\K(p)) if r=-1 (le{1,2 3}).
b) The pair of functions (u(r, A g), w(n A, g)) solves the resolvent eguation
(1.12).

¢) The function wu(r, A, g) satisfies boundary condition (1.13} in the following
sense: '

faw]u(T,)\,g)(x+T.(o,u,r))—g(z)f” IK@) @) — 0 (L)

II) Let 9 € [0, 7). Then there is a constant € — (¥, ©) > 0, such that for 7 ¢

{-1,1}, ge L*(8K(p))?, re C{0} with |arg A| < 9, the following estimate
holds true:

sUp (];K(w) Iu(r, A gz +7-(0,0, T))r k() (z))ﬂz S

re(0, o)

Proof: For I)a) and T)b), we refer to Corollary 9.1 and 9.2. The claim stated in I)c) may
be deduced from Theorem 9.1 by means of a duality argument. As for part II) of the
corollary, it follows from (3.1), Lemma 5.12 and Corcllary 13.3.

We point out that the mappings u(r, A, g) and (T, ), g} cannot be defined un-
less Corollary 13.3 is available. This is due to the fact that invertibility of the operator
I(7, 2, X K(p)) is needed for these definitions. Furthermore, it was possible to estimate
the function u(r, A, g) uniformly in A only because an estimate of this kind was known
for the operator I'(r, 2, A, K(¢)) (Corollary 13.3).

Let us finally turn to the non-regularity result announced at the beginning of this chapter
and in Chapter 1.
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Theorem 13.2. There are some numbers p € (2,00}, ¢ € (0,7/2), @5 well as a
sequence (f,) in L?(S2,)* such that

3

S (1Bt 2, ) ) e + 1CA 2 )5 s

HR=1
> n- (JVO2)(5) 109, + X [ Tul WNH,)  for nEN

or

D 1 Bil=1, 2, ) (f) llp

Hk=1

> o (INC1L02) 0 + | VERIG [02],)  for neN.

This theorem is shown by similar arguments as were used in the proof of Lemma 13.5.
Still, for the convenience of the reader, we shall check in detail how these arguments work

out in the present situation.
Proof of Theorem 13.2: Let us assume there are no numbers p,« and nosequence (f,)

satisfying the properties stated in the theorem. Then, for any p € (2, 00}, @ € {0, 7/2),
there is a constant & (p, ) > 0 such that it holds for g € LP(812,) :

3

> (1Bl 2, 2) @)l + 1€, P 2,)(8) 1) (13.38)
i k=1
< al o) (1VER)@o0,], + Z | Tuae, 239, )
and Bl=1
Z_ | Bs(=1, p, 2.)(g) [}s (13.39)
< Gl o) - (IMCL2,2)@  + 1VE2ND2,)-
Lf, Due to Theorem 8.2, we may choose q%ie (0 11'/2), pe (2, oo) s0 that A*( 1, 7, K(@)
H et PEEL 50) he 18 not topological. Bueh-values-ofpand a-bekept-fixe
hxec[‘ and take Let h e LP(88,)%. Then we have
XUQ[FD'W/Z:]' o= A(Lp )0 — A(-Lp Q,)(h).

From this equation and (13.11), we obtain

e, < A (-l e Q)B), + 2- E | Bsx(L, oy Q) (1) I
) 3-11C0, p, Q) (A [lp-

Due to our assumption in (13.38), it follows
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Al < [ A%(=1,p, 2,)(B) |, (13.40)
F e - (IVEmiml, + 3 nee)m),),
0: the other hand, it holds by the (;Ieﬁngion of Ti(p, Q,) (k) (see below (13.13)£ 1) [: ¢
MZ__ZI [ Talp, Q)B), < 4- MZ::I I Bu(-1, 2, Q) (B} | - (13.41)

Combining (13.40}, (13.41) and the assumption in (13.39), we get
2 ¥
My < (4 (@) - (16 (-Ln 200, + 1vER)m9,1,),
where A is an arbitrary function from the space LP(00,)3.
Define the operator K : L7(80,)% v+ LP(39,)° by
K(h) == V{8Q,)(h) |09, for he LP(802,)3.

,fxscc;rdmg to Lemma 13.4, this operator is compact. Hence we may deduce from [34, p.
18 elmma.KQ 1] that A*(—1,p, 2,) has property F, . Now Corollary 13.1 yields that - Stvce this Gtype
(-1, p, (% is topologlcal ~ a contradiction to the choice of p and t& forany e, ]
Lt '
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