]E’ DEURING
The Stokes system in 3D-Lipschitz domains:
a survey of recent results

1. Introduction.

Let & C R® be a bounded domain with Lipschitz boundary 0. By the latter as-
sumption we mean the boundary 892 may be locally described by Lipschitz continuous
functions and the domain {2 does not simultaneously lie on both sides of any part of its
boundary; see [9, Section 3] for more details. In the present article, we shall consider
the Stokes system

-v-Au + Vo = f, dive = 0 (1.1)
in 2, as well as some equations related to it. We shall prescribe either Dirichlet
boundary conditions,

v|oQ = g, (1.2)
or a slip condition,
T(u,m)(z) - n®(z) = h for z€0Q, (1.3)

" where the function n{® is the outward unit normal to 2, defined almost everywhere
- on 9N (see [25, p. 88/89]). The term T'(u, ) is an abbreviation defined by

. T(u,7) = (Djur + Dru; — i ‘) <sk<ss

I with the symbols D;, D, denoting partial derivatives.

In Section 3, boundary value problems (1.1), (1.2) and (1.1), (1.3) will be discussed.
:In addition, we shall briefly address the time-dependent Stokes and Navier-Stokes
gystem, as well as the resolvent problem related to the Stokes system (1.1). Most of
the results presented in Section 3 were proved by the method of integral equations,
applied within the framework of the theory of unweighted Sobolev spaces. We shall
give some indications of these proofs. Finally, in Section 4, we shall concentrate on
Lipschitz domains with special geometry. For such domains, the theory of partial
differential equations in weighted LP-spaces is available, and we shall attempt to give
41 idea of how this theory is applied to problem (1.1), (1.2).

When studying boundary value problems for the Stokes system, one is usually guided
'@gy__ the following rule of the thumb: The velocity part of a solution to the Stokes system
aas the same regularity as a solution to the Poisson equation, provided analogous
boundary conditions are prescribed. Therefore it would be useful to review the LP-
kheory for the Poisson equation in Lipschitz domains. However, such a review is
seyond the scope of this survey. The interested reader is referred to Jerison, Kenig
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[18], Costabel [4], Grisvard [15], [16], Mazja, Nasarow, Plamenewski [21], Nazarey
Plamenevsky [24].

It should be noted this survey is primarily directed at readers who are no experts ig
the theory of partial differential equations in non-smooth domains. We freely admi}
that the choice of our topics is biased by personal preferences. Still we hope to givé
an impression of what is going on in a field which arises much interest currently.

2. Notations. Definition of Function Spaces.

Let By (0, R) denote the N—dimensional ball with centre z € RV and with radius
e>0 (NeN).Forae N, put |a :=a;+---+anx. U CR®, define the space
Z(U) by

{g:Ui—HL‘3 : There are vectors a,b € C with o(x) =a + bx z for er.}.

As an abbreviation for spherical coordinates in R? , we define for r € (0, 00), 0,9 € R
T(r,0,9):= (r-coso-sind, r-sinc-sind, cos?).

We shall write S? for the unit sphere in K. The symbol A’ stands for the Laplace-
Beltrami operator on S?, that is,

A'v(c,9) = sin™1(9) - 8/89(sind - Dyv(a,9)) + sin~2(d) - D1 Dyv(o,d)

for (¢,9) € B, where B C R’ is an open set and v : B — C is a twice weakly
differentiable function.

Let p € (1,00) . Suppose as in Section 1 that 2 C R® is a bounded Lipschitz domain.

Let m € N, and denote by W™?(Q2) the usual Sobolev space of order m with exponent
p. We shall write || ||m,p for the corresponding norm, and we define Wy™#(Q2) as the
completion of the set C$°(€2) with respect to this norm. The space dual to W, ?(Q)

will be denoted by W~-1#(Q2), with norm || {|_,,,. Let s € (m — 1, m), and put for
fewmLr(Q):
L@ = 5 [ [ID%@ — D) o=yl do dy

€N}, |al.=m—1
As usual, we define
WeP(Q) == {f e W™ P(Q) : L, ,(Q)(f) <},

1 llsp = N f llm-1,0 + (Lp(@())YF for feW*P(Q).
If o € (0,1], the definition of the space W*?(9Q) with norm || |5, should now be
obvious. Set

I%,(09) = {@ e Ir(60)* f f-u®da =0}
For y,2 € R® with |z] =1, ¢,6 € (0,00), we define the cone K(y,z,8,¢) C R by
K(y,z,6¢) = {y+t-b : te(0,8), be® with [b|=1, |pb—z|<e}.
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Next we fix a non-tangential direction field m® to . By this we mean a function
m® : 80 — R® satisfying the following properties (compare [30, p. 581]):

1) [m®| = 1.

2.) There is a function 7 € C§°(R®)? with 2 |90 = m(® .

3.) There are constants Dy, -+, Dy € (0,00) such that

K(z,m(z), Dy, D) C®\Q, K(z,-mP(g), D, D) CQ  for z € 09,

|¢ + £ mP(2) — & — &£-mIE)| > Dy (lz—2| + [s— )

for z,2' € 0, K,k € (—Dy, Dy). We refer to {9, p. 119] for some indications on
how to construct such a function m(% .

For functions v :  + C, we define the corresponding maximal function v* : 80 —
[0, 00) by

v*(z) = sup{|v(¥)| : ye K(z,-mO(z), Dy, D2)}.

Let ¢ € (0, m) and put K(y) := {(n, cote-[n]) : n € R }. This means the set K(¢)
‘is a circular infinite cone which is symmetric to the zs-axis, has vertex in the origin,
‘with vertex angle 2 - ¢. Let us fix a bounded domain U, which is smoothly bounded
-everywhere except at a single point xy assumed to be the origin. In a vicinity of this
point, the domain U, is to coincide with the cone K(y) :

U, NB3(0,60) = K() NB3(0,¢0)  for some €y € (0,00). (2.1)
‘ Denote by B, the set cut out by K(p) from the unit sphere S? in R®. The manifold
. B, with its Lebesgue surface measure may be identified with the set [0,2-7) x [0, ¢)
- equipped with the weighted Lebesgue measure sind d(o,?). The Lebesgue space
L?(B,) and the Sobolev spaces W"?(B,) for | € N are to be understood as spaces on
{0,2-7) x [0, ), with the usual Lebesgue measure replaced by the weighted measure
| just mentioned.

Let us introduce some weighted Sobolev spaces on the infinite circular cone K(yp) . Take
# € R, | €Ny. For any measurable function u : K(¢) — C having weak derivatives
‘- up to order [, we set

1/2
bullsp = (fa Y g2 Etlel) || Doy(g) 2 da:) _

k() €N}, |al« <1

Furthermore, we define V;(K(p) ) as the set of all measurable functions u : K(p) — C
‘aving weak derivatives of order ! and satisfying the relation || ||, g<oo.IfleN,
any function v € Vj(K(y)) has a trace u | K(y) on IK(p). We set

Vs (K(g)) = {u|9K(p) : u e Vi(K(p))}.
Note that for any function v € Vi(K(p)), it holds (v o T)(r, -, -} € W3(B,) for
2lmost every r € (0,00) .
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3. Solutions in unweighted L?-spaces.

In this section it is again assumed that 2 is a Lipschitz domain, as specified in Sectio -
1. In addition, the boundary 912 is supposed to be connected. It is well known that:
the Dirichlet problem (1.1), (1.2) for the Stokes system in 2 has a variational solutioy
More precisely, the following result holds for the non-homogeneous Stokes system
—v-Au + Vo = f, divy = f (3.1),
in ©Q, under Dirichlet boundary conditions (1.2):

Theorem 3.1. Let F € W-42(Q)3, fe L*(Q), g € W2.2(9Q) with

@40 = f F de.
/ang " nf *
Then there exists a uniquely determined pair of functions (u,7) € W1H2(Q)3 x LA Q)

with
u—up € WEE(Q)?, fnw dz = 0,

3
fn( > v-Dj{u—up)y - Dy — - dz"uv) dz (3.2)
k=1
! 3
= F(v) — fn v Djug i + Djuy dx for ve Wi3(Q),
hk=1
. 7 . d — L2 . d —
fg(dwu f)- o dz 0 for o€ L*(Q?) with /ang T 0,

where up may be any function with ug € Wh2(Q)®, divug = 0 and uy |89 = qg.
There is a constant C > 0 such that
Mol + oz < C (UF N2 + 1 Fllz + flgllyz,2)

for F, f, g,u, T as before.

This theorem is proved in [14, p. 56-60, 80-82] and in [29, p. 31/32]. In the case
f =0, a corresponding result holds true in LP-spaces with p € [3/2, 3]; see Shen
(28, p. 802, Theorem 0.6]. Under the assumption that 89 may be described by local
coordinates having small Lipschitz constants, Theorem 3.1 may be generalized to any
exponent p € (1,00) . This was proved by Galdi, Simader, Sohr [12].

Now let us introduce some potential functions. We shall refer to them when indicating
the proof of the results presented in the following.

For z € ®°\{0}, j,k,l€{1,2, 3}, Xec\(~o0,0], put

Ep(z) = @M (8- o™ + 2z [2[®),  Eu(z) = @7 |2P)" -z
E\z) == (4-m-|2)"t - e VAM,
Ej() = @r o)™ (- GVA-J2l) — 2oz 22 Ga(VA-J2]))
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with the functions g, §» defined as follows:

Qi(r) = e + r2 . (r-eT"+e T —1),

Golr) = e + 3172 (r-e" e 1) for r € C\{0}.

Stokes system (1.1) with » = 1, and the function (EX,EN, B} EBug)ycpes 18 8
fundamental solution of the resolvent problem for the Stokes system, o
—Au + Aiu +Vr = f, dive = 0. (3.3)
Further note that E> is a fundamental solution of the Helmholtz equation. If j, k,1 €
{1, 2, 3}, X € €\(—0c0,0], we abbreviate

Dy = D;Ey + DiEy — b Eu,  Dju = D;Ey + DB} — bt~ Eu,

Fi = DeEjy — bj - Bu .

Take p € (1,00), 7 € {1, 1}, A€ C\(—00,0] and assume that B is an open set

in B3, with Lipschitz boundary OB and outward unit normal n(5) . Then we introduce
the operators

by setting for ® € LP(8B)*, € 0Q:
A(7, p, B)(®)(z)
3

= (r/2) - 2(=) + (/aB”z:jl Dz —y) - 02 ) - &) dBW)), _,_,-

and by defining T'(7, p, A, B)(®)(z), ¥(7, p, B)(®)(z) by the preceding integral, but
with the kernel D;z replaced by @;k, and F; , respectively. Of course, these defini-
tions only make sense if these integrals exist and belong to LP(8B)® when considered
as functions of © € 8B . Moreover the preceding operators should be bounded with
respect to the norm of LP(8B)%. If the set B is the infinite circular cone K(p) intro-
duced in Section 2, it is shown in [7, Lemma 6.2, 6.5] that the operators A(T, p, B)
and I'( 7, p, A, B) satisfy these requirements. In the case B = (1, it follows by a deep-
lying result by Coifman, McIntosh, Meyer [3] that all three of the operators introduced
above are well defined and continuous (see [10, p. 773/774]).

We shall write A*(7, p, B), ¥*(7, p, B) for the operator adjoint to A(7, p, B) and
¥(r, p, B), respectively. For & € L? (8B)3, we define the double-layer potentials

W(B)(®) : ®*\6B — ¢, TI(B)(®): ®\0B — C
by setting for = € R*\&B :

WE)@)@ = ([ ¥ Dule-9) o70) - &0 BY), gy

Hk=1
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MB@E) = [ 3 2 DBz —3) - () - 8,) dBE).

k=1
Let M(B)(®) : R®®\@B + C* be defined in the same way as W(B)(®), except that the
kernel Dji is to be replaced by Fji
Let us require from now on that B is bounded. Then we introduce the single-layer
potentials

V(0B)(®) : K — C*, Q(B)(®):K°\dB—C
by setting for ® € LP(AB)®, z € B, z € R*\OB :
3
V(0B)(®)(z) := ( 83}; Ej(z —y) - Px(y) dB(y))lsjga’

QOBYD)(E) = [ 3 Ful—v) - ) dBG).

Moreover, let V*( 8B )(®) be defined in the same way as V(9B )(®) except that the

kernel D,y is to be replaced by 5;';1 . Finally, for f € L?(B)3?, we introduce the volume
potentials R(f) : R®* — C*, S(f):E® — C by putting

RN@) = ([, 3 Bale—0)- ) do), oo

3
@ = [, 3 Bl =) lw) dy,

where f denotes the zero extension of f to B3 . The volume potential R (f) is to be
defined in the same way as R(f), but with the kernel Ej; replaced by 64 B

The proof of the following technical lemma is simple. We refer [9, p. 130, Lemma 5.7
for the case p=2.

Lemma 3.1. Let p € (1,0), € € (0,1/p), E € (0,00). Denote the identity
mapping of 2 by id(Q?) . Then there exists a constant C > 0 such that

| [ K@), y) - 2@ aew),, ., < Ol

for ® € LP(0Q)3, K : R x 00 — C*3 measurable with K(-, y) € CY{R®\{y})? for
y € 09,

|K(z,9)|-lz—yI* + |DK(z,y)|-|z-y < E

forreR®, yedQ,z#y, 1<1<3.

Now let us review some results on boundary value problems (1.1), (1.2) and (1.1),
(1.3). We begin with the Dirichlet problem (1.1), (1.2):
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Theorem 3.2. Let f € L*(Q)®, g € L%(8Q). Then there is a solution (u,7) of
(1.1), (1.2) with

we WYX QP n WRAQ)?, e LA(09)°, e W), (3.4)
>0

and with boundary condition (1.2) satisfied in the L*-sense, that is,

[ 9@ — oz —rx-m)) dz) — 0 (x10) (3:5)

This function u is uniquely determined, and 7 is unique up fo an additive constant.
For any € > 0, there is a constant C > 0 such that

lullyzez < C-(Ifllz + Hlglz)  for f, g, u as before. (3.6)

This theorem was established by Fabes, Kenig, Verchota [10]. In their proof, these
authors look for a solution in the class of functions {(v(®), o(®)) : ® € L*(8Q)*},
with

v(®) = (R(f) + M(®))|®,

o(@) = (5(f) + (1/2) - 1(®)) jQ for @€ L*(60)°.

where f € L?(Q)? is considered as fixed. Here we assume without loss of generality that
v =1, and we shall sometimes do the same when considering other linear problems in
the following. Note that the functions v(®) and o(®) are defined as the sum of a volume
and a double-layer potential. We mention that the volume potentials R(f), S(f) do
not appear in [10], but it is standard to use them in the way indicated here.

For any & € L?*(8Q)°, the pair of functions (v(®), o(®)) solves the Stokes sys-
tem (1.1). In addition, all such pairs (v(®), ¢(®)) belong to the class of func-
tions mentioned in (3.4). This follows by Lemma 3.1 and - concerning the relation
»(®)* € L2(HQ)* — by the theorem in [3]; see the remarks in [10, p. 773]. Note that
no difficulties arise with respect to the volume potential R(f) because it may be dealt
with by applying the Hardy-Littlewood-Sobolev and the Calderon-Zygmund inequal-
ities. Also as a consequence of the results in [3], it follows the function v(®) takes
the Dirichlet boundary value ¥(1, 2, Q)(®) + R(f)|89, for ® € L*(8Q)°. Thus, in
order to satisfy boundary condition (1.2), we have to look for a function ® € L*(0Q)?
with

Y12, 0@ = g- R(f)09. (3.7
In other words, we have to solve a Fredholm integral equation of the second kind on
8. This is a difficult problem since the integral over 8 appearing in the definition
of ¥(1, 2, R)(®) is singular, due to the Lipschitz character of 9Q. Still it could be
shown there is a subspace D of L2(802)® with codim® = 1 such that the mapping

y:D— L3(89) for @D, +(®):= ¥(Q,2 Q)(P)
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is bounded invertible (see [10, p. 787]). Therefore integral equation (3.7) may be
uniquely solved in ®, and there is a constant C > 0 with

ol < C-l9(,2 Q@) fordeo (3.8)
Thus, by setting v := v(®), 7 = o(®), with ® € D satisfying (3.7), we obtain
a solution of (1.1), (1.2) with properties as listed in Theorem 3.2. In particular,
inequality (3.6) is valid due to Lemma 3.1 and the estimate in (3.8).

Theorem 3.2 was generalized by Shen [28] to a LP-theory with p > 2:

Theorem 3.3. Let p € [2,00), f € LP(Q)%, g € L%, (85Y). Then there is a solution
(u,7) of (1.1), (1.2) with w € WEP(Q)}, m € WLP(Q), u* € LP(Q)3 . This function
u ts uniquely determined, and 7 is unique up to addition of a constant.

Shen derives this result by combining Theorem 3.2, a L®-estimate of Green’s function
for problem (1.1), (1.2), and an interpolation argument. We mention that in [28],
problem (1.1), (1.2) is solved in Hélder spaces as well.

In [10], problem (1.1}, (1.2} is additionally considered for more regular boundary data
g:

Theorem 3.4. Let f € L*(Q)3, g WH2(8Q)3 N L%,(9Q). Then there is a solution
(u,m) of (1.1), (1.2) such that

uwe (W32=2Q)° n WEHQ)®, (Vu — VR(f)|80)* € L} (80)°, (3.9)
e>0
vt € L(89), me WYX Q) n W.A(Q), (x — S(f)|8Q)" € L*(89),
e>0

For any € € (0,00), there is a constant C > 0 with
lullop-cz + |7 — Vo @ [mdc| , . < C-(Ifll+ Nglho)

for f, g, u, ™ as before.

The proof of Theorem 3.4 is based on the fact that the operators ¥*(1, 2, 2) and
¥*(—1, 2, Q) are bounded invertible if they are restricted to appropriate subspaces of
L*(9%2)° of codimension 1; see [10, p. 785, Theorem 2.6]. These results imply the
operator

B : L% (69) — WL2(8Q)3 N L3,(89), B(®) = V(8Q))(®)|0Q for @ € L%(09),
is bounded invertible ([10, p. 792]). Thus, defining  and 7 as a sum of a single-layer
and a volume potential,

wi= (R(f) + V(8Q)(®)) |2, == (S(f) + Q(a2)(2)) |a,

with ® chosen in such a way that

V(eQ)(®)|o2 = g - R(f)|o,

we obtain a solution (u, 7) of (1.1), (1.2) exhibiting the properties required in Theorem
3.4. This follows by [10, p. 785, Theorem 4.15] and Lemma 3.1.
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Now let us turn to boundary value problem (1.1), (1.3):
Theorem 3.5. Let f € L*(Q)®, h € L*(8Q)* N B, with the space B defined by
B = {Q€L2(89)3 : /ang-cp d = 0 for <p€Z(Q)}.

Then there is a solution {(w, ) of (1.1), (1.8) with regularity as in (3.9), and with
boundary condition (1.8) satisfied in the sense that

/anlh(w) — T,m)(z — k- mP(@)) - s (@) |* dz) — 0 (x10). (3.10)

The velocity w is uniquely determined up to addition of a function from Z(S2), and the
pressure T is unique up to a constant. For any € > 0, there 1s a constant C' > 0 with

(Vullyaoca + |7 = V(@7 [ mda C - (If1lz + Nki2)

for f, h, u, © as before.

<
1/2—¢,2 -

This theorem was proved by Dahlberg, Kenig, Verchota [5], who implicitly show the
operator A*( —1, 2, 2) is bounded invertible when considered as an operator from 2
into B, where 2 is a subspace of L%(8Q)® of codimension 6, and B was defined in
Theorem 3.5. On the other hand, if we take any ® € L?(8Q)*, the pair of functions

(u,m), with

ui= (R() + V(e)@) |2, 7= (S() + @an)e))|e.

I satisfies the boundary condition

| T(u,m)(z) - nP(@) = —A*(-1,2,2)@) @) + T(R(), 5())(=) - n'V(z)
for £ € 6Q, in a sense as in (3.10). Thus an appropriate solution of (1.1), (1.3) may
be obtained by choosing ® € 2 in such a way that
A(-1,2,Q)@) = —h + T(R(),S())Q-n®

" Recent results by Jerison, Kenig [18, Theorem 5.15] on the Laplace equation suggest

that Theorems 3.2, 3.4 and 3.5 might remain valid if the epsilon appearing in (3.4)
and (3.9) is dropped. To our knowledge, however, no proof is available yet.

Let us remark on the time-dependent Stokes system

8/dtu(z,t) — v Ayu(z,t) + Vor(z,t) = flz,t),  diveu(z,t) =0 (3.11)
~ in © x (0,T), under the initial condition

- u(z,0) = uo{x) for z€RQ,

and with a boundary condition on 89 x (0,T) analogous to either (1.2) or (1.3).
’ Concerning these initial-boundary value problems, Shen [27] develops a L?-theory
which corresponds to the theory for the stationary case presented in Theorem 3.2,
3.4 and 3.5. We do not state the results from [27] here, which are somewhat more
complicated than those given in Theorem 3.2, 3.4, 3.5, due to the presence of the time

variable.- We mention, however, that the proofs in [27] are also based on the method
of integral equations, applied in a way which is analogous to the one indicated above.
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Next let us consider the time-dependent, nonlinear Navier-Stokes system

8/otu(z,t) — v-Agu(z,t) + (ulz,t) Vo)ulz,t) + Ver(z,t) = f(z,t), (3.12)
divou(z,t) = 0

in 2 x (0, T}, under the initial condition

u(z,0) = uo(x) for z € Q, (3.13)
and with a homogeneous Dirichlet boundary condition,
u(z,t) = 0  for (z,t) € I x (0,T). (3.14)

It is a famous result by Hopf [17] that initial-boundary value problem (3.12) - (3.14)
has a weak (variational) solution. This solution is global in time, that is, the parameter
T € (0,00] is part of the data. This leaves open the question whether problem (3.12)
- (3.14) may be solved by “strong solutions”, which should satisfy (3.12) pointwise. It
was proved by Deuring, vor Wahl [9] that under appropriate conditions on the data
ug and f, there is some T" € (0,00] and a strong solution (u,7) of (3.12) - (3.14)
in  x (0,T) such that for any t € (0,7), the pair (u(-,t), #(-,t)) belongs to the
class of functions specified by (3.9). In particular, this solution is local in time, which
means the parameter T is an unknown quantity, obtained as part of the solution. We
remark that existence of a global strong solution is an open problem even in the case
of smoothly bounded domains. However, if the data are small in a suitable sense,
existence of global strong solutions is well known when problem (3.12) - (3.14) is
considered on domains with regular boundary. In [9], this result is carried over to the
case of Lipschitz domains.

The theory in [9]-is proved by studying the resolvent problem (3.3) for A € C\(—o0,0],
under Dirichlet boundary condition (1.2) with g = 0. This boundary value problem
may be solved by a pair of functions (u,7), with « defined as the sum of a single-layer
and a volume potential:

wi= (BNP(f)) + PX00)@))|Q, == (R(f) + Q(8Q)(®))|%,

where ® € L% (00) satisfies the integral equation

TMON)®)| N = -—-RMP(f))|oQ, (3.15)
and where P(f) € L?(2)* denotes the solenoidal part and G(f) € L%(Q)? the gradient
part of f; see [29, p. 15, Theorem 1.4]. A function ® as in (3.15) exists, as may
be deduced from {10, p. 792]; see [9, p. 133]. Im [9], this solution (u,w) of (3.3)
is estimated in way which allows to recur to a functional analytic argument yielding
strong solutions of (3.12) - (3.14) in a L2-setting. This functional analytic argument

was first proposed by Fujita, Kato [11]. In the case of smoothly bounded domains, it
was generalized to a LP-framework. This extension is based on the following theorem:

Theorem 3.6. (see [13]). Let U C B® be a bounded domain with smooth boundary
U . Take p € (1,00). Then for any f € LP(U)*, X € C\(—o0,0], there is a pair of
functions (u,7) € W22(U)® x WHP(U) solving equation (3.3) in U, under homaoge-
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neous Dirichlet boundary conditions. This function u is uniquely determined, and 7 is
unique up to addition of a constant.

Let 9 € [0, w). Then there is a constant C > 0 such that
lull, < C-AT N Fls (3.16)
for A € C\{0} with |arg A| < &, and for f, u as before.

The question is open as to what may be recovered of this theorem when equation
(3.3) is considered in a Lipschitz domain. It is shown in [7] that the double-layer
potential I'( 1, p, A, (i) ) related to equation (3.3) on K{i) is not Fredholm for certain
values of p € (1,00), A € C\(—o0,0]. Perhaps this fact may be exploited to prove
that inequality (3.16) is not valid in certain subspaces of L?(f2)® which, on the other
hand, contain a uniquely determined solution of (3.3), (1.2) for g = 0 and for any
fe (), Xec\(—x,0].

Let us note a by-product of the results in [7] (see [8]): In the case Q = U, , with U,
defined as in Section 2, Theorem 3.5 (Neuman-type problem) may be extended to a
corresponding result in LP-spaces with p € (1,2], and Theorem 3.2 (Dirichlet problem)
may generalized to a LP-theory with p € [2,00). In particular, Theorem 3.3 may be
recovered for the special domain Q = U, .

4. Solutions in weighted L?-spaces.

Kondrat’ev [19] developed a method which allows to solve elliptic partial differential
equations in domains with non-smooth boundaries exhibiting certain special geome-
tries. To indicate a basic idea of his approach, we point out that a partial differential
| equation on an infinite cylinder D x R, with D C RN open for some N € N, may be
carried over by a Fourier transformation into an eigenvalue problem in D). If a solution
theory is available for this eigenvalue problem, this theory may then be used for solv-

ing the original problem. Since the mapping r +— Inr transforms an infinite cone into

an infinite cylinder, this observation may be exploited for solving partial differential

equations in cones. Examples illustrating this approach may be found in {24, Chapter

2].

Following [24, Chapter 3], let us describe how Kondrat’ev’s method works out when

applied to the non-homogeneous Stokes system (3.1) under Dirichlet boundary condi-
~ tions (1.2).
We begin by introducing some notions related to operator-valued holomorphic map-
pings. Let E;, E, be Banach spaces, and denote by L(E;, E,) the space of all linear
bounded operators from E; into E, . Let A\ € C, ¢ € (0,00), and assume the operator
. A:Cw— L(E,, E;) is holomorphic in B; (0, R) . Further assume there is a holomorphic
fanction @ : By (), €) — Ej such that the mapping

By (Ag, €) — By, A(A) = AN)R(A) for A € By(Ag,€),
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vanishes in the point Ag. Then Ap is called an eigenvalue of A and ® a root function
of A at the point Ag. The multiplicity « of the zero Ag of the mapping A is called the
multiplicity of the root function ® . There is a sequence {¢n)nen, of vectors in E; such
that

(I)(/\) = z (/\ — /\o)n * On for A € By (Ao, 6) .

n=0
The vector o = ®()o) is said to be an eigenvector (or an eigenfunction, if E; is a func-
tion space) of A relative to the eigenvalue Ay . The ordered set (@o, - - - , Px—1) is called
a Jordan chain corresponding to the eigenvalue g, and the vectors ¢y, -~ -, Y._1 are

said to be generalized eigenvectors (or generalized eigenfunctions). Let the rank of
o be defined as the maximal multiplicity of all root functions ¥ of A in Ag with
T(Ao) = o -

Set J := dim kernel A(X\p) and assume that J < oo and the rank of all eigenvectors of
A corresponding to Ag is finite. Let @1, ... (%) be a system of eigenvectors such
that for j € {1, ---, J}, the rank of ©(®?) is maximal among the ranks of all eigenvec-
tors belonging to any direct complement in kernel A()q) of the space spanned by the
vectors o@D ... o®5=1) Tf for each j € {1, - -+, J} the vectors p(®7), ... ol&i=1.3)
form a Jordan chain, for some «; € N, then the set

{(‘P(O’j), Tt (P(nj_l,j)) : .7 € {1: Tty J} }

is said to be a canonical system of Jordan chains corresponding to the eigenvalue Aq.
Let us write the non-homogeneous Stokes system (3.1) under Dirichlet boundary con-
ditions in a way which is compatible with the notations in [24, p. 5/6]. To this end
we set

Lij(€) = €1*- b5, Lu(®):=i-&, Lg:=—i-&, Lu=0, Bim(§):=bm
for£ €e®®, 1,j,ke{l,2,3}, me{l, -, 4}.Put L := (Ly;)1<1,5<4. Obviously the
functions Ly; , By; are homogeneous polynomials with det L{£) # 0 for £ € R, £ #0.
Moreover, using the abbreviation

Dz, = ('-'-’l; - Dl, —1 Dg, - D3)

as in [24, p. 4], we have

4 _ 4
Z ng(Dx)(uJ) = — Au; -+ Dz'u,4, Z L4J(D$)('U,J) = —div ('U,l, U, ‘ua),
j=1 =1
4
> Biy(D:)(u;) = w
j=1
for I € {1, 2, 3} . Here the unknown functions were denoted by u;, ---, u4, that is,

uq stands for the pressure. Thus we see that with the preceding definition of L and
B, problem {L(D,), B(D.)} from [24, p. 5/6] corresponds to the non-homogeneous
Stokes problem (3.1) under Dirichlet boundary conditions (1.2). This problem is el-
liptic in the sense of [24, p. 5/6], that is, elliptic in the sense of Agmon, Douglis,
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Nirenberg [1]. This fact is explained in [29, p. 33/34]. Note that for
tm=2, 8m=0, o,=-2 for me{1,2,3}, t4=1, s =-1,

it holds ordLy; < s;+t;, ordByj < op+t; forl,je{l,---,4}, ke {1,2, 3},
where ord L;; , ord By, denotes the degree of the polynomial L;; and By; , respectively.
Let ¢ € (0,7) and set for 3 € R

DY(K(p)) == VI(K(p))® x V3 (K(p)),
R(K(p) ) = VR(K(p))® x V3 (K(p)) x V3" (K(0))?
We further define for o, € R :
coso - sin? sing -sind cos
A(o,9) = | — sino-sind coso-sind 0
cosa - cost sino - cos?¥ — sind
Then it holds for w € Vj(K(p)), r € (0,00), 0 €R, Y€ (—p,¢p):
(r-Dy, Dy, D3gY(woT)(r,0,9) = r- Ao, ?) - (Vw)T(r, 0,9))
Now we may write the operators L(D,), B(D,) in spherical coordinates; compare [24,
p. 64, (3.5.9)]. To this end we put

L;((0,9), (@, B), A)

= 513--()\2 —i-A + sin”!(@) - (—i-cosd-B + sind- ) + sin_2(?9)-a2).
Lu((0,9), (0, 8), A) == i - (Alo,9)™" - (A, 8)),,
Ly;((0,9), (a,8), A) == —i (A(ailﬂ)_l ’ ()\104,16))1., Lyq =0,
B ((0,9), (a,8), A) := bgm fork,j5,0 €{1,2,3}, me {1, ---, 4}, (0,9) € By,
a, 3 € R. We further set
D, = (—i-08/dc, —i-8/3Y), (r-8/0r)f(r) = r-8/0r(r-3/0rf(r))
for f : I — C weakly differentiable, with 7 C R an interval. Then we obtain for
e {1,233}, me{l,---,4}, re (0,00), B,oER, ¥E(—pp), u=
(w1, -+, ug) € Dy(K(p)) :
Li;(Dy)(u)(T(r,0,9)) r~% . ;((0,9), Dy, —i-7-8/8r)(wo T)(r,0,9),
Ly (D Y(u)(T(r,0,9)) v Lu((0,9), D,, —i-7-8/07r )(wo T)(r,0,9),
Ly(D)(u)(T(r,0,9)) = 17 L((0,9), Dy, ~i-7:8/0r )(uoT)(r,0,9),
Bin (D) (ul(T(r,0,9)) = Bem((0,9), Do, —i-7- 8/8r )(uo T)(r,0,9).

E-n particular, the operators Li;(D,), Bx;(D,) are model operators in the sense of [24,
p. 64]. Now recall the definition of the set B, in Section 2 and put

D'H(B,) := W>*(B,)* x W"*(B,),
RH(B,) := L*(B,)* x W-*(B,) x W**2(3B,)%.
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Furthermore, we introduce the mappings
A, : C+— L(DH(B,), R"H(B,)),

A, : € — L(D°H(B,), L}(B,)* x W"*(B,)),

L, :Cr— L{W3(B,)® x L*(B,) , W%(B,)" x L*(B,))
in the following way: First define

A,(\i(v)(0,9) = ; L, ((0,9), Du, A—2-1)(%;)(0,9)
+ H-'M((g’ ) Dw: A -—-Z')(’IJ,;)(O','!?)

Ap(MNm(v)(0",9') Zlﬂm 1,5((0" ), Doy A= i1 )(v)(0',F) = vma(d', ),

j=1
for xec,le{l,---,4}, me {56, 7}, v= (v, -+, v) € D"H(B,), (0,9) €
B,, (¢',9') € 8B, . Next set
A (A= A,(A) for xec, [e{l,---, 4}
and finally define
L,00@) = A2+2) - u + Ay — (A7 (A1) v, Divg, Das)),.

[,(P(A)4('U) = Z (A-l . (A V4, Dl’Uj, DQ’UJ' ) )j

J=1
for he €, 1€{1,2,3}, v="(v1, -, v) € (WHA(B,)P NWy'*(B,)* ) x WH2(B,).
It should now be obvious how to define £,(A)(v) if v € Wy**(B,)* x L*(B,). The
mappings A, , Afp and L, are called “operator pencils”.
Clearly, for v € DH(B,), A € C, it holds Ay())(v) = 0 if and only if A,(A)(v) =0
and (vq, v9, v3) |0B, = 0.
Furthermore, if A, (A)(v) = Oforsome A € C, v € D H(B,,) with (v1, va, v3) |0B, =
0, then it follows £,(2 — A/i)(v) = 0.
For 8 € R, define the mapping m((f) : Dg( K(p)) — ’R,Oﬂ( K(yp) ) by setting

22 0)(e) = Z LyD)0)e),  Aha®)®) = 3 By(DIOE)

forl e {1,---, 4}, ke{l,2, 3}, veDY(K(p)), v€K(p), y€IK(y).

Now we are able to state an existence results for the non-homogeneous Stokes system
(3.1) in K(¢), under Dirichlet boundary conditions. In fact, it holds according to [24,
p. 66, Theorem 3.5.1]:

Theorem 4.1. Let § € R. Then the mapping %) is an isomorphism provided ne
eigenvalues of the operator pencil A, are situated on the lineR + - (8+3/2) CC.
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Thus, for any number # € R which satisfies the condition of Theorem 4.1, problem
(3.1), (1.2) may be uniquely solved in the space D3(K(p)) , for any data (f1, f2, fs, f,
g1, 92, 93) € Rg( K(p) ) . Of course, Theorem 4.1 is only as good as our knowledge of the
eigenvalues of A, . This is a reason why these eigenvalues are the subject of intensive
study; see Maz’ya, Plamenevskii [22], [23], Dauge [6], Koz'lov, Maz’ya, Schwab [20].
These studies are based on two facts. First, it is well known that the set of all
eigenvalues of A, is discrete in C; see [24, p. 11, Theorem 1.2.1]. A second important
information is given by the following theorem on asymptotic expansions:

Theorem 4.2 (see [24, p. 68/69, Theorem 3.5.6]). Let B,y € R with 8 # v. Assume

(fl) f27 f31 fa 9y 92, 93) € R%(K(QO)) DR'C:((K((P)) . (41)

Suppose the linesR + i-(#+3/2) and R + i-(y+3/2) do not contain any cigenvalue
of the pencil A,. Let Ay, --+, Ay, with N € N, denote the different eigenvalues of A,
between these lines.

Forve{l,-.-, N}, set J, .= dimkernel A,(),). It holds J, < co, and the rank of
all eigenvectors of A, corresponding to X, is finite (1 < v < N)

Forve{l,---,N}, je{1,---, J,}, choose k(v,3) € N and functions ®"9 ...

38" D13) ¢ DY(B,) such that the set
{807, ale D)y ey, n)

13 a canonical system of Jordan chains corresponding to the eigenvalue A, . For brevity,
set

k
uE D (r,0,9) = (Tt’H'A” ()T Gy - %) (g, ’9))

s=0
withve{l,---,N}, je{l,---, L}, k€{0, -, k(j, v) —1}. These functions
solve problem (3.1), (1.2) with Q = K(p), f =0, f =0, g = 0. They are called
“power solutions” of (8.1) corresponding to the eigenvalue ), . Let

u=(ug, -, U € Dg(K(W))a v= (v, --vq) € Dg(K(‘P))

be the uniquely determined solution of (3.1), (1.2) in DY{(K(p)) and DS (K(p)), re-
spectively, for the data given in (4.1). Then there are uniquely determined numbers
c.E,""'j) €EC (1<v <N, 1<3<J, 0<k < &%Y 1) such that it holds for
r€ (0,00), cER, YE(—p,):

N J, x(j,v)-1

W(T(rod)) = 3 3 > w09 + o(T(ro9))

v=1 j=1 k=0

This theorem has many interesting applications. Here we only point out a consequence
for the study of the eigenvalues of A,. In fact, if a number X € C is an eigenvalue of A, ,
Theorem 4.2 implies there is a power solution of (3.1) corresponding to this eigenvalue,
This fact is the starting point of, for example, the articles [23] and [20].

Let us indicate some results from these articles. It is shown in {23] that the strip

1<i<4
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{Ax € € : |RA+1/2] < 1/2} does not contain any eigenvalue of the operator
pencil £,. Thus the pencil A;,, and hence A, , has no eigenvalues in the strip {) ¢
C : |QX—5/2| < 1/2}. Therefore Theorem 4.1 implies the mapping A is an
isomorphism. Moreover, according to [20, p. 70, 96], there is an angle o* = 0.6665 - 7
such that in the case ¢ < o*, there are no eigenvalues of the pecil £, in the strip
{AecC : =1 € R < 1/2}. As a consequence, the pencil A, has no eigenvalues in
the strip {A € C : 3/2 < ) < 3}. Now Theorem 4.1 yields the operator 24 is an
isomorphism if ¢ < a*.

For an application of these results, take f € L?(U,)?, with the domain U, introduced
in Section 2. Let (u,,T,) € Wy *(U,)? x L2(U,) be the solution of variational problem
(3.2), for @ = U, (Theorem 3.1). In other words, the pair (u,,7,) is the weak solution
in L? of problem (3.1}, (1.2). Using the theory of the Stokes system on smooth domains
(see [2]) and the fact that 2{!) is an isomorphism, we may conclude by a localization
argument that the functions u, and m, have weak derivatives up to order 2 and 1,

respectively, with
2 2 2 2
Leosion |7 (D@ + [Vm(@)F) do < oo,
where € was introduced in (2.1). In addition, we recall that if ¢ < a*, the operator
ng)) is an isomorphism. This implies by another localization argument that =, €
WrAU,)®, =, € W-2(U,) in the case ¢ < o*; see [20, p. 70].
The preceding theory may be generalized in several respects. For example, results on
higher regularity may be included, as is done systematically in [24]. Futhermore, there
are variants of the preceding theory pertaining to Holder spaces and to LP-spaces with
p # 2 (see [24, Section 3.6] for example). In [24, Chapter 4], Theorems 4.1 and 4.2 are
extended to domains ) having a finite number of non-regular boundary points with
the property that a vicinity of each of these points is diffeomorphic to K(p) NB;(0,¢),
for some ¢ € (0,7/2], € > 0. Moreover, one may admit certain cones which cut
out non-smooth domains from the sphere S?; see [6], [20]. It is further possible to
treat domains with edges ([24, Chapter 8]) and domains with outlets to infinity ({24,
Chapter 5], [26]). Finally some results carry over to the stationary, nonlinear Navier-
Stokes equation ([20], [26]).
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R FARWIG

Partial regularity and weighted energy
estimates of global weak solutions of the
Navier—Stokes system

1 Introduction

Let © C R3 be an exterior domain or the whole space (! = R?. Given an external force
f = (f1, f2, f3) and an initial value ug consider the instationary Navier-Stokes system

u— Au+u-Vu+Vp=f, divu=0

1.1
u(0) = uo, u|ag=0 (1.1)
where the fourth equation is absent when {2 = R3; here u = (u1,u;,u3) denotes the
unknown velocity field and p a corresponding pressure. It is well known that under
weak assumptions on ug and f the Galerkin approximation method yields a global
weak solution of (1.1) satisfying the energy inequality

1 2 ¢ 2 1 2 t
SIu@IE+ [ IVullidr < 5 ol + [ (fiwadr (1.2)

for all + > 0, see e.g. [6, 10]. Using a different approximation procedure [7, 9] one
obtains a so-called suitable weak solution satisfying the strong or generalized energy
inequality

LNl + [ 19uldr < S lu)E+ [ (uadr (13)

for a.a. s > 0, includings =0, and all £ > s.

In [3] Sohr and the author introduced a weighted version of (1.3) by using the radial
weight function r* = |z|*, 0 < a < 1, for an exterior domain {2 with 0 ¢ Q1. Assuming
that uo and f have finite norms in certain function spaces with weight r® there exists
a suitable weak solution u of (1.1) such that

| l—a ft
I+ 1 [ I Vuldr

< Sl u()E + [ fwadr + Bluo, fra) Jt = sl

[N

Here 8 = 0 for 0 < a < %, but 8 > 0 for a > % Moreover for a = 1 the term
Jt||lro/?Vu||2 dr is shown to be bounded by ¢|t — s|"/%; cf. Lemma 8.2 in [1] for the case
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