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We consider a bounded domain @ C IR® with connected boundary 9€2. It is as-
sumed that 32 is smooth except at a point zg € 952. Near that point zg, the
domain §2 is to coincide with a right circular cone with vertex angle 2 - ¢, where ¢
is an arbitrary number from (0, ) . We show that the Stokes system has a solution
in  belonging to certain LP-Sobolev spaces, with p > 2 if Dirichlet boundary
conditions are prescribed, and with p < 2 for slip boundary conditions.

1 Introduction and Main Results

Let @ C R3be a bounded domain with connected boundary 92 . Assume that
8 is smooth everywhere except at a single point zg. In a neighbourhood of
this point, the domain € is supposed to coincide with a circular cone having
vertex in zo . Without loss of generality we may assume that z, coincides with
the origin and the axis of the cone is directed along the z3-axis. Let 2.¢ be the
vertex angle of the cone, where ¢ may be any value from (0, 7) . Thus, setting

K(o) :== { (&, r+[€|-cote) : E€R? T e (0,00) }, for o€ (0,7),
we have
Qn{zeR®: |z|<e} = Kl) N{zeR®: |z|<e}
for some ¢ > 0. Let us consider the Stokes system
—Au + Ve = f, divu = 0 in Q, (1)
with either Dirichlet or slip boundary conditions:

u|ldQ =g, (2)
T(u,7)(z) - nV(2) = h(z) for z € 0Q, (3)

where the matrix-valued function T'(u, 7) is defined by

\HA:L_.VEA = Djux + Dyuj — b - AHM ik va



Here and in the following, the function n{(*) : 9Q — R3 denotes the outward
unit normal to €, and the symbols D; , D; denote partial derivatives.

According to Fabes, Kenig, Verchota 7, Theorem 3.9, Deuring, von Wahl
5, Lemma 5.7, the boundary value problem given in (1), (2) is solved by a pair
of functions (u, ) satisfying the following relations for p = 2:

u € WEP(QP N WHP=er(@)® for ¢ >0, meWE(Q),  (4)
under the assumptions f € L?(Q)2, g € L%(8Q)3 with
\ g-n™Md=0. (5)
a0

Moreover, if f € L%(Q)>, g € W1 %(8Q)® with (5), there is a solution (u, )
of (1), (2) satisfying the ensuing regularity conditions for p = 2:

mw Im
u € S\EMAQw N witi/r-er(Q)3

e W P(Q) nwi/r-er(Q)

)

for ¢ >0; (6)

see 7, Theorem 4.15, and %, loc. cit. Referring to Dahlberg, Kenig, Verchota
2, Theorem 4.6 and to®, loc. cit., we further see there exists a solution (u, )
of (1), (3) fulfilling (6) with p =2, provided f is given in L%(Q)% and h in
L2(8Q)3 with

\ howdQ=0 for ¢ € Z(99), (7)
afl

where Z(85) is defined as the set of all functions ¢ : 9Q — R3 such that
Y(@) = a + bxz (z€dQ), forsome vectors a,be R3.

The preceding results are valid not only for our special non-smoothly bounded
domain €2, but for any arbitrary Lipschitz domain.
Let us briefly consider the Poisson equation

AU = F, (8)
under either Dirichlet or Neumann boundary conditions:

Uloe =G, 9)

3" Dju(z) - n{P(z) = H(z)  for 2 €0Q. (10)
ij=1

For boundary value problem (8), (9) and (8), (10), a LP-theory could be devel-
oped, the main points of which may be stated as follows: If p € [2,00), F €
LP(Q), G € LP(99), there is a solution U of (8), (9) with

UeWhk(Q) nWHP=a?(Q)  for e>0;
see Dahlberg, Kenig?, Theorem 4.18. Moreover, forp € (1,2], F € LP(Q), G €
WP (69), boundary value problem (8), (9) may be solved by a function U
with

UeWpr(Q) nWiH/P=ar(@)  for e>0. (11)

This is implied by Verchota '3, Theorem 5.1. Finally, let p € (1,2], F €
LP(Q?), H € LP(09) with

HdQ — \ﬁ&ano.
aq Q

Then it may be deduced from Theorem 4.18 in! that problem (8), (10) has a
solution U which fulfills (11). These results are also valid for arbitrary Lipschitz
domains.

We see that for solutions of the Poisson equation on Lipschitz domains,
a rather complete LP-theory is available, whereas for the Stokes system, only
a L?-theory could be developed. This, admittedly, was difficult enough, but
this still raises the question what to expect if p # 2. Here we shall give a
partial answer to this question: Restricting ourselves to the case of our special
Lipschitz domain 2, we shall prove that among the preceding three results
on solutions of the Laplace equation, two are valid for solutions of the Stokes
system as well. In order to be able to state our results, we fix a non-tangential
direction field m : 8Q — R3. This function should be smooth and satisfy the
ensuing conditions:

m(z)] =1, z — k-mx)€Q, z + k- -mz) eRN\Q

for z € 0, k€ (0,D,), and

!

|z + - -m(z) — 2 - & -m()| > Dy - (Jz—2'| + |k—«'|)

forz,z’ € 00, k,k’ € (—Di, D1), with certain constants D, D5 > 0. Some
indications on how to construct such a function are given in'2. Now our results
may be stated as follows:



Theorem 1 Letp € [2,00), f€ LF(R)?, g€ LP(8Q)2 with (5). Then there
is a solution (u, ) of (1), (2) satisfying (4), with u taking boundary values in
this sense:

P
\ V,QA&VI:A&IR.SA&:' dQ(z) — 0 (k10).
an
Moreover, for any € > 0, there is a constant C' > 0 only depending on Q, p

and ¢ such that
__:__H\wlm;vl A__N__n + __.Q__wv

Theorem 2 Let p € (1,2], f € LP(Q)3, h € LP(8Q)3 with (7). Then
boundary value problem (1), (3) is solved by a pair of functions (u, ) fulfilling
(6), with (3) being satisfied in the following sense:

\ _E&v - T(u,n)(z— K -m(z)) n(¥(z) 73 dQ(z) — 0 (xk10).
an
If € > 0, there 1s a constant C' > 0 only depending on §2, p and ¢ such that

lelhisrp-cp + Nxllip—cp <C- (N fllp + NIBI)-

Concerning references dealing with the Stokes system on domains with conical
boundary points, we know of ®, 1% 3 8 No results on solutions in LP-spaces
are stated in these references, although such results may be implied by them.
However, it seems the preceding theorems do not follow from these papers.
In any case, the method of proof used in these articles, that is, estimating
the eigenvalues of certain operator pencils, is completely different from our
approach. In fact, we recur to the method of integral equations, which was
applied in!,2,7 and !2 as well.

2 Proof of Theorem 1 and 2
For 7,k € {1, 2, 3}, define
Bjr(z) = (8-m)7" - (G- |27 + 25z - [2]72),
Egw(2) = (4-7)7 -z - 2|73 for z e R3\{0},
Diki = DjEp + DeEjy — 01 - By .

This means the matrix-valued function (Ejz)1<j<4,1<k<3 is a fundamental
solution of the Stokes system (1).

For g € (1,00), 7€ {~1,1}, B C R? open, we define the operators
A(r, ¢, B), A*(7, ¢, B) : L9dB)* — L4(8B)?

by setting
A(T, g m:ezav = (7/2) - @(x)
L — . Sﬁwv &.m
A\mm M Diwl v) ) - %) ASVHMNMw
and
A (7, g, B)(®)(z) = (7/2)- ®(z)
([ 2 Ptz o) 0500 W)

where ® € L9(dB)3, « € 8B, and n® : B ~— R? is the outward unit
normal to 8B . Of course, these definitions only make sense if the preceding
integrals exist and, when considered as a function of z, belong to L(8B)3
These conditions are met if B is a bounded set with smooth boundary (see €,
Lemma 4.7, Lemma 5.1), or if B = Q or B = K(¢p) (see®, Lemma 6.2).

Let p € (1,00) be fixed from now on. We define the volume potentials

R(f), S(f) by setting

R = ([

S(f)(z) ”H\b MU Ea(z —y) - fi(y) dy for FelP(Q)?, zcR3.

k=1

S e~ ) - (o) w)

k=1 1<j<3

According to©®, Satz 1.4, it holds
R(f)|QeW>P(Q)?, S(f)|QeWhP(Q),
and there is a constant C' = C(£, p) > 0 such that
lB(O 1, + IsHIel,, < C-lifll, for feLP(Q)®.(12)
This implies that
|R(AH16Q],, < C-Iflle for feLP(Q), (13)



with some constant C = C(€, p) > 0. By®, Satz 1.4, it further holds
—AR(f) + VS(f) = f, divR(f) = 0.
For ® € LP(0Q)3, we define the single-layer potentials V(®), Q(®) by

V(@)(z) nA S Bz - ) - %) %gv |
1<j<3

wb»HH

Q®)(e) = [ Y Bule-1) @) dO) (e €R2\0R).

a9 k=1
Moreover, we introduce the double-layer potentials W (@), TI(®) by

3
W) = ([ 3 Due—v) AP o %gvaaa

5 k=1
I(®)(z) := \% 2- Y DiEx(z—y)  nV(y) - &;(y) dQy)
J k=1

for z € R®\0Q. Note that for (4, B) € { (V(®),Q(®)), (W(®),11(%)) },

we have

Aj,BEC®RNIQ) (1<j<3), —-AA+VB =0, divd=0.

Moreover, for any ¢ > 0, it holds
a\AAJ _ Qe Wi+ i/p- M%Abvw ) S\AOVQ._Q“ QAAVV _b c wilr— m%A@v

for j € {1,2,3}, @ € LP(0Q)3. In addition, there is a constant C =
C(€, p, €) > 0 with

:a\Aava_@__H.TH\ﬁlm;u + __ gAQV_Q__H\ﬂIm;v + __QAAVV_@__H\ﬁImVE
< O oll, for &€ LP(A0)?. (14)

The latter result was proved in®, Lemma 5.7, for the case p = 2. A general-
ization to the case p # 2 is immediate. As for the behaviour of our boundary
potentials near 9§, the following results (”jump relations”) hold true:

\m: _>:“ p, Q)(®)(z) — W(®)(z - K-m(z)) ;w dQ(z) — 0,

A" (-1, p, Q)(®)(2)

.

- T(V(®), Q@) (z —r-m(z)) - nP(2) | d2(z) — 0

for £ | 0, if ® € LP(9Q)3. These relations are well-known and may, for ex-
ample, be deduced from 6, Satz 4.1, Lemma 4.8, combined with 4 Theorem
9.1.

Now we define for f € LP(Q)®, @ € LP(99Q)3

il
Il

(S(f) + (@) |9,
(S(f) + Q@) 9.

(R(f) + W(®)) |2, =(f,®):
(R() + V(@)12, olf,®):

u(f,®):
o(f,®):
Collecting our previous results, we find that the pair of functions
(wr) = (u(f,®), n(f,2))
satisfies the regularity conditions stated in (4), and
(w) = (v(f,®),e(f,2))

those in (6), provided f € LP(Q)®, ® € LP(9Q)°. Moreover, both of these
pairs (u, ) solve the Stokes system (1), and for ¢ > 0, there is a constant
C =C(Q, p, €) >0 with

lo(r @120, 00—, + luG® 1, ., + lef 202, .,
< ¢ (lifll + l12l,),

as follows from (12) and (14). We finally observe that

Il
I

\%_Zrﬁ@:e:s £ R(AE) - u(f,8)(z—r-m@) | daE) —0,

\wb_\w*AIH;f Q)(@)(z) + T(R(f),S(f))(z) - 2 (z)
— T(v(f, @), o(f,®))(z—x-m(z)) - n®(2) ‘u Qz) —s 0

for k | 0. Thus, referring to (13), we see that Theorem 1 and 2 are now reduced
to the ensuing claims pertaining to certain integral operators on 9:



Theorem 3 Set L (0Q2) := TN € LP(0Q)2 : g fulfills (5)}. Then, ifp> 2,
there is a subspace F, of LP(8Q)3 with codimension 1 such that the mapping

Ap i Fp = LE(09), Ap(®):=A(1,p, Q)(®),
1s bounded invertible.

Theorem 4 Set Ly (0Q) := {he LP(8Q)® : h fullfils (7)} . Then, ifp< 2,
there is a subspace Gy of LP (0Q)® with codimension 6 such that the mapping

By : Gy = I4(09), By(®):=A*(-1,p, Q)(?),

15 bounded invertible.

In order to establish these theorems, we first remark that the operators

A(r, ¢,Q) and A* (1, ¢,Q) (re{-1,1},¢q€ (1,00))
are bounded; see *, Lemma 6.2. Furthermore, the operator >A T, D, mﬁqvv is
Fredholm for 7 € {-1,1}, g €[2,00), o € (0,7); see?, Theorem 13.1, and
note that the mappings

A(7, ¢,K(0)) and A(-7,¢,K(r —0)) (o€ (0,7/2], q € (1,00))

have the same Fredholm properties. Define the operators

A(r, q,0,1), A*(1, q, 0, 7) : haﬁmxlvw — hnﬁw?vvw

by setting
Alr, g, 0, (@) = (7/2) - 9() + A \as sin~1(0)

=Y D) = g ) - (0l 0 g@)(m) - @;(n) i ,

J k=1

and

A*(r, ¢, 0, ) (®)(&) = (7/2) - B(€) - A\a:%ﬂ;&

=Y Di(©€) = 9@m) - (7 0g)(€) - B;(n) %v “
1<i<3

k=1

forr € {-1,1}, o€ (0,7), »>0, qe€ (1,00), embaﬁmw?vvw“ £ €
B(r), with

g () = (m, m, Il -coto) for neR?,  B(r) :={£ €R?:[¢] <7},

and n(?) the outward unit normal to K(¢). According to *, Theorem 12.3,
Corollary 6.6, the operator A(r, ¢, o, r) is Fredholm for ¢ € [2,00) and for
T, o, r as before. Since the operators

A(r,q,0,7), A*(r,(1—-1/¢)" % o, 7)

are adjoint, the mapping A*(7, ¢, o, r) must be Fredholm for ¢ € (1,2]. Now
Lemma 6.17 in? yields

index A*(r, ¢, 0, 7) = 0 for T€{-1,1}, ¢€(1,2], c€(0,7), r>0.

This in turn implies that A*(r, ¢, Q) is Fredholm with index 0 (r € {1, 1},
q € (1,2]); see Lemma 13.7 in* and its proof. But the operators

A*(7,¢,92) and A(r, (1-1/9)7%, Q) (15)

are adjoint, hence we may conclude >A.J q, bv is Fredholm with index 0, for
r€{-1,1}, ¢ > 2. It is well known that

kernel A*(1, 2, Q) = span {nD}] dimkernel A*(-1,2,Q) = 6,
kernel A( -1, 2, bv = Z(0Q), &Bw@s&.\w:v 2, bv =1;
see Lemma 13.8 in* and Theorem 4.6 in2. From this we deduce the relations
kernel A*(1, ¢, 2) D span {nD}] dimkernel A*(—1, ¢, Q) > 6,
for ¢ < 2, and
kernel A(—1, ¢, Q) = Z(09), dimkernel A(1, ¢, Q) < 1;
for ¢ > 2. Since the operators in (15) have index 0 for ¢ € (1, 2], and because
Eamx\/:, q, SV
= dimkernel A(1, ¢, 2) — dimkernel A*(1, (1-1/¢)7%, Q)
for ¢ > 2, and
Emox\r*ﬁiﬁ q, bv
= &Ewﬁbmiﬁﬁlﬁ q, Dv - &Ewﬁdmfﬁlf (1-1/9)71, Q)
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for ¢ < 2, we may now conclude
kernel A*(1, ¢, ) = span {n} dimkernel A*( -1, ¢, Q) = 6,(16)

for ¢ < 2, and
kernel A(-1, ¢, Q) = Z(0Q), dimkernel A(1, ¢, Q) = 1; (17)

for ¢ > 2. Now Theorem 3 and 4 follow by the theory of Fredholm operators.
We mention that due to (16) and (17), boundary value problems (1) (2)
and (1), (3) may be solved in the exterior domain R\Q as well. This wzm%
be shown by the same arguments as used in the case of a smoothly bounded
Mo_dm%d. We refer to®, p. 187-196, where results from !! were worked out in
etail.
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WEIGHTED ESTIMATES FOR THE OSEEN EQUATIONS AND
THE NAVIER-STOKES EQUATIONS IN EXTERIOR DOMAINS*

REINHARD FARWIG
Fachbereich Mathematik, Technische Hochschule Darmstadt
64289 Darmstadt, Germany

HERMANN SOHR
Fachbereich Mathematik-Informatik, Universitdt-GH Paderborn,
33095 Paderborn, Germany

In this paper we develop weighted L%-estimates for the linear Oseen equations in
R"™,n > 2, and extend them by perturbation to the nonlinear case. In case n =3
these estimates are used to prove decay properties of solutions with finite Dirichlet
integral and nonzero velocity at infinity of the stationary Navier-Stokes equations
in exterior domains. It follows that these solutions are PR-solutions in the sense
of Finn. This yields a short new proof of Babenko’s result! (for another approach
see Galdi®®10) and extends it to a larger class of forces with unbounded support.
Furthermore this method avoids the use of the explicit integral representation of
the solution.

1 Introduction

In an exterior domain  C IR” with boundary T = 89 of class C%,n > 2,
consider the stationary Navier-Stokes system

—vAu+4u-Vu+Vp=f, divu=0in Q,
ulr = ur, u-—>ue as jz| — oo; (1.1)

here v > 0 is a constant, f = (f1,...,fn) : @ > R", ur : T — IR", and
Uso € IR™ are the prescribed data while the velocity field u = (u1,...,u,) and
the pressure p are the desired solutions representing a flow within Q. It is well
known!®16 that for a suitable right-hand side (1.1) has a weak solution u with
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