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Abstract: We consider a boundary value problem for the time-dependent Oseen system in a 3D exterior domain.
This problem is reduced to an integral equation for the single-layer potential related to the that system. This
integral equation, in turn, is solved by applying a result by Shen [11] pertaining to the evolutionary Stokes
system. Since it automatically leads to an integral representation of the solution of our boundary value problem,
our approach may yield a new access for studying spatial decay of exterior time-dependent Oseen flows.
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1 Introduction

The steady motion of a rigid body in a viscous in-
compressible fluid is usually modeled by the incom-
pressible Navier-Stokes system in an exterior domain
R3\Q, with the open bounded set & C R repre-
senting the rigid object. Its steady motion is then
described by a boundary condition which states that
the velocity of the fluid at infinity converges to a
nonzero constant vector. By a normalization proce-
dure, we may assume this constant vector to be equal
to (1,0,0). If in this situation, we add the vector
(—1,0,0) to the velocity, we obtain a homogeneous
boundary condition at infinity. In this way, we arrive
at the following initial-boundary value problem:

oy (z,t) — Agv(z,t) + 7 - Or,v(z, t) (1)
+7 - (v(z,t) - Vz)v(z,t) + Vep(z, t)
= f(z,t), divgu(z,t)=0
for z € R*\Q, t€(0,7),
v(z,t) = (-1,0,0) for z € %, t € (0,T), (2)
v(z,t) = 0 (|z| = o) for t € (0,T), 3)
v(z,0) = b(z) for = € R¥\Q, @)
for some T € (0,00), where 7 € (0, oo) is the
Reynolds number, f a volume force, v the velocity
field of the fluid, p its pressure field, and b its ve-
locity field at the instant ¢ = 0. The velocity v and
the pressure p are the unknowns; all the other quanti-
ties are given. The term 7 - &y, v (the “Oseen term”)

arises due to the translation of the velocity by the fac-
tor (—1,0,0). For the same reason, the usual homo-

geneous boundary condition on 9 x (0,T) is re-
placed by a non-homogeneous one. Of course, the
domain (2 introduced at the beginning is also modi-
fied by this translation, but we used the same notation
for the modified domain as for the original one. We
will follow the usual custom and call the differential
equation in (1) “Navier-Stokes system”, although it is
different from this system because of the Oseen term.

A solution of (1) - (4) should reflect the main fea-
tures of the of the physical flow in question. In par--
ticular, such a solution should exhibit a “wake”. This
means that in a paraboloidal downstream region, the
velocity converges slower than elsewhere to its con-
stant boundary value at infinity. Such an asymptotic
behaviour is well established for solutions of the sta-
tionary Navier-Stokes system, which describes a flow
whose streamlines do not change with time. We re-
fer to [5, Section IX.8] and the references therein for
results on this stationary case.

Less is known on solutions of the instationary
problem (1) - (4). Knightly [6] seems to have been
the first to consider it; his results are valid only un-
der restrictive smallness assumptions. Mizumachi [9]
exhibits spatial decay rates of the velocity which are
the same as the ones found in the stationary case. In
particular, he shows the existence of a wake. But he
starts from the assumption that the velocity decays
pointwise in time and in space. It is an open question
whether this assumption may be eliminated. More-
over he does not consider how the gradient of the ve-
locity or its second derivatives or the pressure decay
in space or time. Shibata e.a. [12], [4] consider IP-
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norms of solutions of a problem somewhat more gen-
eral than (1) - (4), with these I”-norms taken with
respect to the space variables. They study how these
norms decay in time, under the assumption that the
Reynolds number 7 is small. But of course, LP-norms
with respect to the space variables do not carry much
information on the spatial decay of the functions un-
der consideration.

In the work at hand, we consider a suitable lin-
earization of (1) - (4), where “suitable” means that
the linear problem is well suited for studying the spa-
tial decay of a solution to (1) - (4). This lineariza-
tion is obtained by first dropping the nonlinear term
7 - (v + Vz)v, and then subtracting a solution of the
stationary problem ~

~Aw+T- 8w+ Vg=0,divw=0 in R\Q,
w|0Q = (~1,0,0), w(z) =0 (|z{ — 00),
from the solution of equations (1) - (4) without a non-

linear term in (1). In this way we arrive at the fol-
lowing linear problem with a homogeneous boundary

condition on 90 x (0, co):
atu(za t) - Amu(w,t) + 7 amu(za t) )
+Vn(z,t) = f(z,t), divyu(z,t) =0
for z € R\Q, t € (0,0),

u(z,t) =0 for z€ 9N, t€ (0,00),'- 6)
u(z,t) = 0 (|z| = oo) for ¢ € (0,00), m
u(z,0) = a(z) for z € R\Q, (8)

where the velocity is now denoted by u, and the pres-
sure by 7. The partial differential equations in (5) are
called “(time-dependent) Oseen system”. Shibata e.a.
{71, [12], [3], [4] consider time decay of spatial IP-
norms of solutions to (5) - (8). But as far as we know,
no spatial decay rates of these solutions have been ex-
hibited up to now. It seems that a crucial problem con-
sisted in the lack of a suitable representation formula
for these solutions.

With such a formula in mind, we will solve (5)
- (8) by applying the method of integral equations.
We will use a variant of this method whose main idea
consists in reducing the given initial-boundary value
problem to an integral equation on 92 x (0, o), which
involves the single-layer potential related to the time-
dependent Oseen system. This approach automati-
cally yields an integral representation of our solutions
— a representation which should be well adapted to the
study of the asymptotic behaviour of these solutions.
A first result in this respect is given in Lemma 18 be-
low.

We remark that the present article should be con-
sidered as an overview; some of the proofs will be
presented elsewhere.

We fix 7 € (0,00), an open bounded set Q@ C R®
with Lipschitz boundary, as well as functions f €
C° (R x (0,00))?, a € C§(R3\Q)? with diva =
0. Of course, the smoothness assumptions on f and
a may be reduced, but this is a point we do not want
to pursue here. Let N denote the outward unit nor-
mal to Q. Moreover, let m(®) € C§°(R?)? be a non-
tangential vector field to €2, that is, there are constants
(), €(R2) € (0, 00) such that

Iz +6-m(z) -2’ — &' - mD ()| ®
> €@ (lz—a'|+16-o])

for z,2’ € 89, 6,8 € [—€(9), €(R))], and
z+6-mD(z) e B\Q, z-6 mP(z) e QQ0)

for z € 8Q, § € (0,€(2)]. Some indications on how
to construct such a field are given in [10, p. 246].
Since Q is only Lipschitz bounded, the relations in (9)
and (10) do not hold in general when mD is replaced
by the outward unit normal N to Q.

Put B, := {y € B : |y| < r}, BS:= R\B;,
forr € (0,00). We fix some Ry > 0 with Q@ C Bp, /2.
The letter C will denote constants which only depend
on Q, Ry or 7. If such a constant depends on 7, it is
an increasing function of this parameter.

We further define S7 := 8Q x (0,T) for T €
(0,00], |ah := a1 + ag + a3 (length of ) for multi-
indices o € N3, e; := (1,0,0), s(z) := |z| — z1 for
z € R3. We write < , > for the usual scalar product
in R3. Let H denote the usual fundamental solution
of the heat equation in I, that is,

H(z,t):= (4 -7-t)~3/2. e—l21?/(4t)

fort € (0,00), z € R3. We further introduce a funda-
mental solution of the time-dependent Stokes system
by setting as in [11]:

o
Tjk(2,t) := i - H(z,1) +/ 0;0kH(2,8) ds,
t

Ex(z) =4 -m) i |20

forz € R%, t € (0,00), = € R3\{0}, 1 < 5,k < 3.
Finally we define a fundamental solution of the time-
dependent Oseen system by putting

Aje(z,t,K) :==Tjp(z — K- t-e1,1)

for z € R%, t,k € (0,00), 5,k € {1,2,3}. The
following results are well known:
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The functions H, L' belong to C

(0,00) ), and Ey to C®(R3\{0}), for 1 < j,k < 3.
Moreover,
| 8105 H(z, 1) | + | 805 T jx(2:t) |
< C- (|z|2 + t)—3/2—lalx/2-l,

|82 By (z)| < C - |z| 2 leh

forz € B, t € (0,00), z € R3\{0}, 1 < 4,k <
3, ceN, leNywith|a; +2-1< 4

Of course, the estimates in the previous lemma also
hold if |a|; +2:1 < m, for any given m € N, with the
constant C additionally depending on m. However,
we will not need this fact here. In order to obtain a
similar estimate for A;x, we observe

Lemma 2 Let K € (0,00). Then there is C(K) > 0
such that for z € R, k,t € (0,00), r € [0,1],
-1

Proceedm

(|:1:-—fc-'r-61|2+t)
< O(K) - max{1,&} - v(z,t) ",
where

7(xat) = if |$| <K,

Y(z,t) = |z|- (1 +k-s(z)) +t, if |z| > K.
Proof: In this proof, the symbol D denotes constants
only depending on K. Let z, «, t, r be given as in
the lemma. Instead of max{1,x}, we write 1 V &.
Abbreviate G := |z — k- 7 - 1|2 + t. We distinguish

several cases.
Ist case: k- s(z) < K and |z| > K. Then

|z® + ¢,

lz)+t < |Jz—k-T-e1|+K-T+1

|z — k- r el]+2-(kVv1)-t

2Kl z—k-r-e>+K/2
+(kV1)-2-t

< D-(kV1)-G+ K/2,

hence |z| - K/2+t < D-(kV1)-G, sothatby
the assumption |z| > K:

(1/2) -|z| +t < D-(kV1)-G.

Now it follows that |z| +¢ < D-(kV1)-G. Exploiting
this inequality and the assumption « - s(z) < K, we
find
lz] - (L+5-s(z)) +t < |z[- (1 + K) +1¢

< (1+K)-(Jz|+t) < D-(kV1)-G.

2nd case: k- s(z) > K and z; > 0. Then

(@2, 23)* = |&f? = 2} = (J& + 21) - s(2)
= k7 lk- (7| + 1) - s(2)
> &7 (jzl 4+ 3) (K +56-5(2))/2

<
<
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k- s(z) > K. Thus we obtain

(2, z3) |2
> Dk - (lzl +31) (1+56-5(z))
> D-x7l|z|- (1+k-s(z)).

with the last inequality holding because of the as-
sumption z1 > 0. Now we find
2 |(z2 $3)|2 +1
Loz (1+k-8(z)) + t
(1vek)™! (z|- (1+£-s(z)) +1).
3rd case: k- s(z) > K, 71 <0.

Then k-r—x; > —z; > 0, hence (k-7 —z7)% >
x?, and we may conclude that

zp
> D-

|z|? = (2, 73)> + 22 (11)
< |z, 23)]* + (71 — K- 1)?
= |lz—k-r-e1]%

Moreover, s(z) < 2 - |z| so that

k-s(z) |z|+t<2-K-jz2+t (12)
< 2-(sv1)-(jz?+8) <2 (sV1)-G,

with the last inequality following from (11). On the
other hand, we assumed « - s(z) > K, so that

k-s(z) > (K+k-s(z))/2
> (1/2) -min{l, K} (1 +&-s(z)).
We conclude that

Kk-s(z)|z|+1t
> D-((1+k-s(z)

hence by (12):
(1+k-s(z))-|z]+t < D-(1Vk)-G.
4th case: |z| < K, k-t < K. Then

lz?+t < 2-|z—K-r-e12+2-8%- 12+t
< 2 |lz-k-r-e+2-K-K-t+t,

) - |zl +1),

where we used that » < tand k -t < K. We may
conclude that |z2 +¢ < D-(1V&k)-G.

Sth case: |z| < K and k-t > K. Then

e+t < K?+t < K-Kk-t+t
< D-(kV1)-t < D-(1VK)-G.

Thus we have found in any case that
Y(z,t) <D (1Vk)-G.

This proves the lemma. ]
Combining Lemma 1 and Lemma 2 yields



LQ [ + X0

roceed }t;e 2006 IASME S InteSn%tc al Conference on Conunuum Me
LA

function ngs to the
space C°°(IR3 x (0, oo)) forn >0,1<5k<3
For any K > 0, there is some C'(K ) > 0 with
| 8105 Aji(2,t, %) | < C(K) - max{1, g}3/2Hel/2H
Sh-ll A1) iz, t)—3/2—la|1/2—£
forz, t, j, k, a, las in Lemma 1, ¥(2,t) as in Lemma
2, and for k € (0,0).

Next we introduce some volume potentials related to
the time-dependent Oseen system. We put

Ri(f)(z,t) ==
t 3
/0. »[R:* ZAJ’C(m -yt "‘U,T) . fk(y,o-) dyda.’
k=1

P(f .'L', -—'/ ZEk(-T_ fk Y )dy7

Z(a)(z,0) := a(z),

RQH(-'E‘—T"T'G] —-y,’l‘) 'aj(y)dya
forz € R, t € [0,00), 7 € (0,00), 1 <j <3
Then we have
Theorem 4 The functions R;(f), P(f) and I;(a)
belong to C*(R® x [0,00) ), for 1 < j < 3. More-
over, for z € R3, t € (0, 00),

Zi(a)(z,7) :=

@R(f)(l', t) - AmR(f)(ma t)
+T amln(f)(m,t) + Vz’P(f)(.’E, t) = f(xi t)1
div;R(f)(z,t) =0, R(f)(z,0) =0,
6, Z(a)(z,t)
—AgI(a)(z,t) + 7 0z, L(a)(z,t) = 0,

div;Z(a)(z,t) =0, Z(a)(z,0) = a(z).
3 The single-layer potential related
to the evolutionary Oseen system.

We want to apply a result from the proof of [11, The-
orem 5.2.1]. To this end, we introduce some function
spaces used in that reference. Put

L2(8Q) :=
{v € L2(69Q)? : / <v, N> dQ =0}
a0
Let T € (0, c0]. (Note that the case T' = oo is admit-
ted.) Then we put

L(St) = {v € L*(S7)°
“w( - ,t) € L2(8Q) for almost every ¢ € (0,T)},

r:s Chglkuda Greece, May 11-13, 2006 (pp117-125)
v e CP(RY)?, v|R® x (—o0,0] = 0}.

Forv € C'((—o00,T)) withv | (—00,0]
t € (0,T), we put

= (), and for

1/2U(t)

t.
r(1/2)"! -a,(/ (t=r)"2 - o(r) dr)
0
("fractional derivative of v”), where T" denotes the
usual gamma function. We further define for v € Hr:

hmsn = ([ (1000125

+/ |8/ %0(z,1) |* d(z)) dt) ", 2
o0

where || ||1,2 denotes the usual norm of H'(5Q)3.
Obviously the mapping || ||51,1/2(s) is @ norm on
Hp. For any v € L?(Sr), we may define F, €
L2(0,T, H'(09)') by setting for ¢ € H'(0) and
for almost every ¢ € (0,T):

Fy(t)(o) := / v(z,t) - o(z) dz.
(/9]
We will write v instead of F,,. For v € Hr, set

< 8w, N > (z,t) :=

< 8w(z,t), N(z) >
for (z,t) € S, '

[0l 2= loll g1 172(s7)

+|| < 8w, N > |l 20,7151 (802 )+

The mapping || ||, is a norm on Hp. Let the space
Hyp consist of all functions v € LZ(ST) such that
there exists a sequence (wy) in C°°(IR4) with the
properties that
wn | ST € Hy for n€N, |v—w,|Sr|2 =0,
and (wp, | ST) is a Cauchy sequence with respect to
the norm || ||g,. This means in particular that the
sequences (|| < 8ywn, N > |lz2(0,7,11(800y) ) and
(llwn | Sll g1.1/2(sy) ) are convergent. Their limit
value does not depend on the choice of the sequence
(wy,) with the above properties, for a given v € Hy.
Thus, for v € Hr, we may define the quantity ||v||z,
in an obvious way. The mapping || ||z, is a norm on
Hr, and the pair ( Hr, || ||u, ) is a Banach space.
Next we introduce our single-layer potentials. For
¢ € L2(S7)%, k€ (0,00), z€ R, t € [0, T NR,
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we put
VP(9)(z, 1) - // Zl‘ﬂc(m y,t—o)
$1(y,0) dUY) ")Km’
(K) d)(z,t) = //t;ﬂkz_:lAka y,t — 0, K)

$e(y,0) d2Ay) do)

We call V(9 (¢) and V{®) () the “single-layer poten-
tial related to the time-dependent Stokes- and Oseen-
system”, respectively. We further set

1<5<3’

(6)(@,1) / ZEH:— ) - $(y,1) dRAy)

for ¢ € L2(S7)%, =z € R3\8Q, t € [0,T]NR The
following lemma holds:

Lemmas5 Let T € (0,00], k € [0,0), ¢ €
L?(ST)3. Then the function

v =V (¢) | (R3\89) x ([0, TN R)

belongs to C®( (R3\8Q) x ([0, T)NR) )3.
Set q := Qr(¢). Then ¢(-,t) € C>®(R3\09)
and
O(z,t) — Agv(z,t)
+7 61'1'0(1"7 t) + VxQ(ma t) =0,

divgv(z,t) =0, v(z,0) =0
for z € B3\O9Q, t € (0,T).

The restriction V,(Tn ) (¢) | ST may be considered as the
boundary value of V(T'f )(¢) [ (R¥\Q) x (0, T) on St in
the following sense:

Lemma 6 Take T, k, ¢ as in Lemma 5. Then

(¢)| ST € L*(Sr)?,

/ f VP @)@+ e ma), 0

—V9) () x,t)‘zdﬂ(m) dt — 0 (4 0).

Stronger convergence results are probably valid; for
example, see [11, Theorem 2.1.7] in the case T' < 0o
and x = 0. But this is also a point we do not want to
pursue here. :

Now we can state how the problem of finding a
solution to (5) - (8) reduces to an integral equation on
Soo: :

emma

VI (9)| S0 = (-R(f)
Put

- I(a)) | So.  (13)

= (R(f) +Z(a) 14)
+VR(#) | (R\Q) x [0, 00),

= (P(f) +Q(¢)) | (R\Q) x

Then u € C®((R\Q) x [0,00))°, and (1) is

a C®-function on RE\Q for almost every t € (0,T).

Moreover, the pair (u, ) is a solution of (5) - (8), with

the boundary condi(ion on Sy verified in the sense
that

/w/ |u(z + e- mD(z), 1) | dQ(z) &t (16)
0 an
— 0 for €l0.

(0,00).  (15)

Note that the equation in (13) is in fact an integral
equation on S, with ¢ as unknown. In order to solve

(13), we introduce operators f(:,’f) : L2(St) — Hrp,
for k € [0,00), T € (0, 00], by setting

F&) () = V) (¢)|Sr for ¢ € L2(Sr).

We want to show that 4 is bijective. Our starting
point is a result by Shen [11], which we state as

Theorem 8 For T € (0,00)], the operator .7-'(79) :
L2(St) + Hr is well defined, linear, bounded and

bijective. In particular, }'(79) is Fredholm with index
0.

Proof: See[11,p. 365-367]. Note that the arguments
given there also hold for T = oo, although only the
case T' < oo is considered. 0
We further need the ensuing continuity result.
Lemma 9 For k € [0,00), T € (0,00], the opera-

tor -7:7(1"{ ). L2(ST) v Hry is well defined, linear and
bounded. There is § € (0,1) such that

1FS (@) = FO(Arr < C- |5 = ol - I18ll2

forT € (0,), k,0 € [0,7], ¢ € L2(ST).
Indication of a proof of the first part of the lemma:
Let k € (0,00), T € (0,00], ¢ € L2(Sr). We are

going to show that f(,]f .7—'(0)(¢>) € Hr and

17 (@) - FR (D nr < c - lI$ll2- In view of The-
orem 8, this proves that .7-'(75 ). L2(St) > Hris well
defined and bounded.
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1, 2, 3},
put K]k(z t) = AJk(z t Ii) Tji(2,t).
Then we have for a € NjT1 € Ny with |a); +1 <

L\%t BRO lkusc Lemma 1 as well as Lemma 2 with K = Ry):

[t

H-2

LC

16102 K j(2,t)| = (17)

+ &1+ 828,04 Djx(z—9-k-t- e1, t ]dﬂl nH-f

1
‘[aga{“rj,c(z —0 K- teen, 1) (- 9)[

, Greece, May 11- g (pp117-125)
en, in view of (19), we have

wy | St € Hr. Note that len)(z) = 1 in (22) if
z € Q. Without loss of generality, we may suppose
thate, < 1forn € N

Let n,p € N. Abbreviate

K P @,y t,r) =

¢ (@) Kjk(z —y — €a- mD(y), r)
- (EP)(t) ‘ Kjk(x —Y—€- m(Q)(y)’ 'I‘),

< e ((|gft +t)irtabszoe Lg 8,3 Bl (2 LEP @yt =

F(l22 + 1)1 lel1/2— z)
and by a direct application of Lemma 1 and 2:
< C 1= + /b g
Moreover for1 < ,6<3, €N, aENg, z €

{}

|6L02 K jk (2, 1)

dasx,k(z,t) =0 (£10). 19)

This is obvious in the case [ > 1. If | = 0, this relation
follows from the theorem on dominated convergence.
Consider the non-tangential vector field m(? intro-
duced in Section 2, and the constants €(f2) and ()
associated with it. Let § € (0, €(€2)]. According to
(9), the relation |z — y — & - m(® (y)| > €(Q) - § holds
for z,y € 99, hence with (10),

N(y)| > (@) - 6/2 (20)

fory € 99, r € R with dist(z,Q) < €(Q) - §/2.

Let (%) € C$°(IR?) be such that o) () = 1 for
z € R® with dist(z, Q) < €()-6/4, and o (z) =0
if dist(z,Q) > () - §/2.

Let { € C®(R) with ¢|(—o00,1] = 1 and
¢|[2,00) = 0.Put (O (¢) :=¢(6-t)fort €R, 6 €
(0,€(£2)]. Then ¢(®)(¢) equals 1if ¢ < 1/4, and van-
ishes in the case ¢t > 2/4. In addition,

IKO )] < C- x1/8,2/8)(8) - 1/t (21

for any t € (0,00). Forn € N, put ¢, := €(Q)/n, and
define wy, : R* — R® by

|z —y—6-m®

Wn, (@, 1) = p&)(z) - ¢(&)(2) (22
//meKakm— v en ), t-0)

Br(y, o) dQ(y) do

for z € R® with dist(Q,2) < €(Q) - €,/2, t €
(0,00), 1 < j < 3. Set wy(z,t) := 0 for any other

~ Sk tcﬂq

¢ (@) - Kjr(z — y — en - mD (), r)
"C(Ep),(t) Kjk(m"y—ﬁp m© )(y)"")

for j,k € {1,2,3}, z € Q, y € 89, t,r € (0,00).
Then we find for z,y € 9 with z # y, t € (0, 00),
7,k € {1, 2, 3}, using (19):

t -2

a([ - 23)
0
[ KD e o) dulyso) do ar)

= /Ot de(y,0) - /Ot_a p-1/2

-@[KgZ’p)(m,y,t——r,t—o-—'r)] dr do

= [(ntwo)- ([ O

~[[,(-"’p)(a: y,t—r,t—a;r)
- BUIC v p)(;L',y,t -rt—0o-— r)] dr
+ 21/2 . ( —0’) 1/2
KP (z,y, (¢ +0)/2, (t - 0)/2)

t—-o
- [ e
(t—0)/2
("’p (z,y,t—7rt—0—71) d'r) do.

Let E : H'/2(9Q) — H'(Q) be a linear and bounded
extension operator. Take v € H'(0Q). Since the

equation E;—l azjzcg',;”’)(z, y,t,7) = 0 holds for

z€Q, ye o, t,r € (0,00}, 1 <k <3, wefind
fort € (0,7): ‘

| / < Bu{wn — wp)(@:), N(z) > v(z) dUa)|
on

= If:/at(wn — wp)j(,t) - 8; E(v)(x) da:'

)2, IVE®)]2,

IA

C- H Oy (wp, — wp)



.2
HLR

with TV B )l < ¢

| < 8¢(wn — wp) | ST, N > ||L2(0,1, 71 (002))

< C.(/OT/Q|8t(wn—wp)(a:,t)|2 dmdt)l/z.

We further note that for ¢t € (0,7),

| wn—wp)(' t)|0911% 5
[l L

< C- Z >
hk=1aeN,|ai<1
2
- $4(y,0)| d2y) do)
dQ(z).

1/2,2 <
(24)

’C(n,p) (113, Yyttt — G)

We may thus conclude that

| (wn — wp) | STl By (25)

3
<ey( ¥
5k=1 aeN},lahi<1
+IBGP @0l + IC5P (@6)2)-

Here we used the definitions

=L

|og G (@, 3,1t - 0) - $(y,0) | dUy) doy

B = [ [

257 @,4,,0) - wly,0)| d2y) do

for vy € L*Sr), = € a0, t € (0,7), 1 <
j,k < 3, a € N} with |a|; < 1, where the term

Zgn ik )( z,y,t,0) denotes the factor of ¢ (y, o) in the
integral with respect to o on the right-hand side of
(23). In (25), we further used the notation

CP (y)(z, 1) = /: /an

|8t’C(n’p)(m1 Y, t7t - J) ' Tl’(y, a)l dQ(y) do
for £ € Q and for %, ¢, j, k as above. Now put
H](.’E, Y, t,O') = (|12 - y|2 +1- 0)_3/2’

(t—a)/2
Hy(z,y,t,0) := /0 r1/2

t (e —yP+t—o—1)732

AT (x) 12

AT () (z, 1)

X0 ® -

+ komt—er(z -y +t -0 -7
ooyt —e) Mot —o—r1=4 | ar
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t—o
+ / r32 (g -y +t -0 —r)""dr,
(t—o)/2

H3(may1 i U) = (l.’l) - yl2 +1- a)-—Q
+ X(1,00)(8)  t7 - (Jz — Y2 + 1~ 0) 7

forr e Qyedwithz #y, t >0, 0 € (0,t).

definition of Zg',:’p ). as well as the estimate of C(-Z’p )

{Nﬁte that the preceding estimate of the first term in the

involve (21) and the assumption ¢, < 1. Refex)tlg to v+

(17), (18) and (20), we find

| 82K (2, 9,8, - 0) | < C- Hi(,9,t,0), (26)
| 257 (2, y,t,0) | < C- Ha(z,,t,0), 27)
| 8t’C§7]:’p) (E, Y, tv t— U) I S C- H3(~$—a Y, ta U) (28)

for j,k € {1,2,3}, a € N with |a|y <1, n,p €
N, z,y€ withz #y, T€ N, t € (0,T), o€
(0,7T) 4Note that Hy(z, y,t,0) is bounded by

R

CZl_m _y[ 158 (X(l,oo)(t) 116 )’(o lA)(T)

+}€m"ﬂ"_9/m[+£<<h°°>(” #—_ﬁiﬂﬂ)

for x, y, ¢, o as in the definition of Hy(z,y,t,0), and
for r := t — o. Using this observation, and applying -

HAe [) L
Al e~gr

%

()%mu)

Holder’s and Young’s inequality, we get i N -ASHE
/ / (/ Hi(x’ yat,U) (29
o JB; Mo Jan
2
19(,0)| dy) do) dNa) dt < C- (143

fori € {1, 2, 3}, with B; = By = 9%, and B3 = 2,
and with the term d€2(z) replaced by dz in the case

= 3. Lebesgue’s theorem on dominated conver-
gence now yields that for 7, k, o as in (26) - (28), the
terms

1A (G)la, 1B ($6)ll2, 1C7 ()l

tend to zero for n and p tending to infinity. In view of
(25), we have thus shown that (w, | St) is a Cauchy
sequence with respect to the norm || ||z,

A variant of estimate (29) yields that the differ-

ence (Fy (x) _ (0))(¢) belongs to L?(St), and
IFE = F)($) — wa | Stll2 = 0

for n — oco. Now we may conclude that (.7:(7'1c ) —
FO)($) € Hr.
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Similar but somewhat simpler arguments imply

the inequality [|(Ff —~ FP)(@)llwr < g2 ©
The following lemma holds because the differ-

ence Aji(-, -, &)~ T, for k > 0, is weakly singular

in a suitable sense.

Lemma 10 Let 5, T € (0,00). (The case T = o is

not admitted here.) Then the operator ﬁ; ) - .F,(Ig) :

L2(St) — Hy is compact.

The next corollary is a consequence of Lemma 10,
Theorem 8 and [8, Theorem 1.3.4].

Corollary 11 For T € (0,00), & € [0,00), the oper-
ator .7-',(1',: ) is Fredholm.

Now we may show :

Lemma 12 Let k € [0,00). Then F& L2(S) =
H, has closed range.

Proof: Let (¢,) be a sequence in L2(Sx), ¢ €
L2(S), y € Hoo such that

lgn = $ll2 =0, lly — FE(#n)ll s — 0.
Let T' € (0,00). Then

FO )| St = FE () St) for ¢ € L2(Seo),
g9|St € Hr, |lg| STl < l|9llH, for g € Hy,

hence ||y| ST—}';(,T)(an | ST)lgy = 0 forn — oco.
Moreover, we have ||(¢, — @) | St|l2 — 0. But f(j'f)
has closed range (Corollary 11), so we may conclude
that F$%) (4| St) = y| S, that is,

F&(9)|Sr =y Sr.
Since this is true for any T' € (0, 00), it follows that
.7-'&';)(49) = 9. This proves the lemma. : O
Theorem 13 Let k € [0,00), ¢ € L2(Sx) with
FE($) = 0. Then ¢ = 0. :

This theorem may be shown by standard arguments;
compare [11, p. 365/366] in the case k = 0.

Corollary 14 The mapping Foy) : L2(Se0) — Hao
is bijective.

Proof: From Lemma 12, Lemma 9 and Theorem
13, we may conclude that for x € [0, 00), the oper-

ator .7-"02) is linear, bounded and semi-Fredholm. (Of
course, in the case x = 0, this is immediately clear
from Theorem 8.) Moreover, the mapping which as-

sociates each k € [0,7] with the operator F

L2(Ss) = Ha is continuous with respect to the op-
erator norm (Lemma 9). Therefore, in view of the sta-
bility theorem for semi-Fredholm operators [8, Theo-
rem 1.3.9], and the arguments in the proof of the ho-
motopy result [8, Theorem 1.3.11], it follows that the
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operators Fo, and have the same index. But the
index of the latter operator is zero according to Theo-
rem 8, so the index of the first one is zero, too. Now

Theorem 13 yields that F&5) is bijective. o
In order to solve (13), we need two further theo-
rems.

Theorem 15 The function R(f) | Sec belongs to Huo.
More precisely, let q € (1,2), a € (1,d/2), B €
(4/3,2). Then

IR(f)| Secllttr < Clgye,B) - (I fll2
+ £ | (R*\Bg,) x (0, 00) |2 (0,00,La(Bg, %)
+ ||f | (R*\Bg,).x (0, 00)18 0,00, L1(B3, )3) ),

where Ry was introduced at the beginning of Section
2, and where the constant C(q, a, 8) > 0 depends on

Q, Ry, 7, q, ccand f.

Theorem 16 We have Z(a) | Seoc € Hoo. More pre-
cisely, let g € (1,2). Then

IZ(a) | Seollttee < C(g) - (llall2 + llally),
with C(q) > 0 depending on Q, Ry, T and q.
As a consequence of Corollary 14 and Theorem 15
and 16, we arrive at the following result:
Corollary 17 There is a solution (u,n) of (5) - (8)
such that u € C*°((R*\Q) x [0,00))3, m(-,t) €
C®(R3\Q) for t € (0,00), and such that the bound-
ary condition on Sy, is verified as in (16). This solu-
tion is given by (14), (15), with ¢ € I2(Ss) fulfilling
(13).
Proof: On the one hand, the functions R(f)| S and
Z(a)| Se belong to Hy, (Theorem 15 and 16). On

the other hand, the operator Fop) : L2 (Se) — Hoo
is bijective (Lemma 9, Corollary 14). Thus there is
¢ € L2(Ss) such that (13) holds. Now Corollary 17
follows from Lemma 7. 0

4 Asymptotic behaviour of a solution
of the time-dependent Oseen sys-
tem.

The integral representation (14) may be used to study
the asymptotic behaviour of a solution of (5) - (8). The
ensuing lemma and the remarks on its proof indicate
how to proceed in such a study.

Lemma 18 Let the real R € [Ry, o) be so large that
supp(f) C Bgj, x [0, R/2] and supp(a) C By,
with Ry introduced at the beginning of Section 2.

Let ¢ € L?(Soo)? be such that (13) holds, and let



HY

Proce
(u, ) be the solution of (5) - (8) given by (14), (15).

Letz € B, t € [R,0), a € N3, with

R ‘2~l~+‘ lal; < 2. Then

H*
HAL

He

HJ

(44

HJ-
Ht
&

|H@‘;u(m, t) l
< OB [(le (1+7-5(z)) +t)_l_‘°‘|1/2H
(£l + llalls + llgll2)

+ (|m| (1+7-s(z) ))—I-MhﬂH
161 8:\Sallz),

where C(R) > 0 depends on Q, Ry, T and R.

Indication of a proof: Since R > Ry, we have Q C
Bg /2 In view of this relation and the assumptions on

R, we get
|z -yl 2 |2//2 > Ro/2,

for (y,0) € supp(f), y € supp(a) U K2 Moreover,
by [1, Lemma 4.8], we have

(1+'r‘.s(z—y))_1
< C A+l (1+7-5(2))7" forz,y e B,

t—o>1t/2

hence (1+7-s(z—y) )" < C(R)- (14—7‘-.&5(3:))"1
forz € Bg, y € supp(a) ory € N or (y,0) €
supp(f) for some o > 0. Here and in the following,
the symbol C (E) > 0 denotes constants depending on
), Ry, 7 and R. Now we conclude with Lemma 3:

| BOSR(1)(2,1) | + | B2 Z(a) (@, ) |
< C@®-[lal- (147 s(z)) +¢] ¥ leh/2H
(£l + llallb),
| sV D @)z, 1) | < C(R)
([lal- (14 7- (@) + 2] 770 2H g1 5,1
el (147 s(2)) ]
191 0\Syallz)-

Combining the preceding estimates yields the lemma.
O

We note that the factor 1+17-s(z) appearing in the
preceding estimates is usually considered as a mathe-
matical manifestation of the wake phenomenon.

5 Conclusion

We indicated how to solve the time-dependent Oseen
system in a 3D exterior domain via the method of in-
tegral equations. This method automatically yields an

ings of the 2006 IASME/WSEAS Intemational Conference on Continuum Mechanics, Chalkida, ?t ce, May 11-13, 2006 (pp117-125)

integral representation of the solution, and thus'is well
suited for studying the asymptotic behaviour of that
solution. As an example of how to exploit this rep-
resentation, we presented a result on spatial decay of
exterior Oseen flows.
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