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1. Introduction
Let © € R® be an exterior domain in R®, Consider the Navier-Stokes system
Ou—Au+7 (- Vu+Vp=~h, divu=0 in @x(0,00), (1.1)
with the boundary conditions
w0 x (0,00) =0, wu(z,t) — e (|z] - o00) for te (0,00), (1.2)

where e; := (1,0,0), and where the data # do not depend on the time variable .
Let (u, p) be a solution to problem (1.1), (1.2), and let (U, P} be a solution of the
corresponding stationary boundary value problem.

AU +7-(U-VYU+VP=h, dvU=0 in €, (1.3)
UlgQ=0, U(x)—er (jz|] = o). (1.4)

In this situation, the question arises as to whether u(¢) — U tends to zero in some
sense for # tending to infinity, provided «(0} — U’ is small in a suitable way. This
“stability problem” attracted much attention for some time now; see [2], [8], [9],
(11], [12], [17], for example. Most of the results in these references are based on
smallness assumptions on 7. However, as explained in [13], [14], one would also
like to find a criterion related to the spectrum of a suitable linear operator, similar
to the situation with ODE. Recently Neustupa [15] came rather close to such a
criterion. His result may be stated as follows:



172 P. Deuring

Write P, for the usual Helmholtz operator on L?(£2)®. Define the operatc
L by

L) =P (Av—7-U-Vv—7-(v-V)U},

with v [rom a suitable function space. Let Bgym denote the symmetric part ¢
an operator B given by B(v) :== —(U - V)v — (v - V)U, and let Hj be the finite
dimensional subspace of L?(£2)® consisting of the eigenfunctions associated to th
positive eigenvalues of the operator Po( A+@-7- Bgym ), where @ is some fixed ree
number. {For rigorous definitions see Section 2.) Suppose there is some R > 0 an
some non-increasing, integrable and square-integrable function ¢ : [0, 00) — [0,0c
such that

IVe™(£)| Brll2 < ¢(t) - [ fllz for t € (0,00), f € Hj. (1.5

Then Neustupa [15] could show that for a strong solution (u,p) of (1.1), (1.3}, th
relation |V (u(t) - U)||2 — 0 holds for t — oo if ||u(0) — U]|1,2 is small. Neustup
considers (1.5) as a substitute of the assumption that all eigenvalues of L hav
negative real part.

In the work at hand, we show that this point of view is justified at least i
the case @ = R® (the case of the whole space). It turned out that for such
inequality (1.5) is valid provided all the eigenvalues of L have negative real par
and the point 0 is almost in the resolvent of L, in the same sense as the point 0 i
almost in the resolvent of respectively the Stokes and the Oseen operator. A precis
statement of these conditions may be found in assertion (C1) and (C2) in Sectio:
2; our results are stated in Theorem 2.3. These results are by no means obviou
since the spectrum of L touches the imaginary axis from the left, independent]
of the concrete form of the function U.

In this article, we are only able to indicate the way we proceed and elaborat
some selected points. More detailed proofs will be given in [5].

2. Notations, definitions and main result

For € > 0, we put Be(z) := {y € R® : |y —z| < € }. Set Be := B.(0). For A C R°
we abbreviate A° := R3\ A. The length o + a2 + a3 of a multi-index a € Nj i
denoted by |alr.

If e € N, and if f: R3 — R, g: R® — R are measurable functions, with

f If(z —9)|-lg)| dy < oo for ae. = € R
B3
then we set

(2@ = ([ fe-v)- s ) forac sc®

155

We define D)*(R3) as the space of all functions v € Wi (R®) N L8(R3) suc

loc

that Vv € L?(R3)3; see [6, Remark 11.5.2, Theorem IL5.1, I1.6.1]. This space i
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equipped with the gradient norm. Furthermore, put ® := [Dg*(R?*)%]’. We define
the norm |f ||=1,2 on D by setting

IF)|-1,2 := sup{ [F )|/ Vullz : v € Dg*R®), Vo £ 0} (21)

‘We note that in (2.1), it is sufficient to take the sup with respect to all functions
v € C$°(R3)2 with Vv # 0. Any function f € LL _(R3)? with

- :=sup{|[]Rsf-vdm|/||Vv||2 . ve CP@®Y?, Vo£0) < oo

defines an element of @, which we also denote by f, and which verifies the relation
|#ll-1,2 = vs. This is true in particular for f € L5/5(R%)3, due to the standard
Sobolev estimate [|v||g < C - | Vv||2 for v € C§o(R3)3.

For p € (1,00), let H,(R?) denote the closure of the set { ¢ € C°(R3)® :
div = 0} with respect to the norm || [|. Then, for any element f € LP(R%)?,
there is a unique function P, f € Hp(R%) and some g € W,;P(R?) with P, f+ Vg =
f. The mapping P, : H,(R®) — LP(R?)? is linear and bounded. We refer to [6,
Section ITI.1] for these results. Since for any p,q € (1,00) and any f € LP(R¥)® N
La(R®)3, we have P, f = P,f, we will only write P instead of P, in the following.

We fix 7 € (0,00). Put 5(x) := 7 - (|z| — z1) for z € R?, and define

E(O) (z) = (4 . Tr)_l . |z|_1 . e_s(z)/2,

EMN() =@ 7)) |zt e~ VAT /2P 2| +T2a /2
for z € R:\{0}, A € C\{0}. Then E@), for ¢ € C with Rg > 0, is a fundamental
solution of the equation —Av+7-S1v+e-v=g.

Concerning the function h in (1.1) and (1.3), we suppose that A € L*(R?)3 for
s € (1,3 + ¢, with some € > 0. Then there is a pair (U, P} € HZ (R3)? x HL (R%)
which solves (1.3) with Q = B3, and which verifies the relations

U—e € L*(R3)? for s€(2,3+¢€, (2.2)
VU € L*(R®)® for s €[4/3,3+¢€], with some ¢ > 0.
For this result, see [7, Section IX.7], [4, Theorem 4.9]. For the rest of this article,

we fix such a solution (U, P).
For v € W1 (R3)3, we put

loc

3
B) = (= D0 (O6 v+ U —ee-0hvy)) o
k=1 7=
3
Boym (V) = ((_1/2) Z vk - (BkUj + BjUk)) 1<5<3

k=1

Further put D(L) := Ha(R*) N H?(R3)3, and define an operator L : D(L) —
H,(R3) by setting

Ly :=P(Av—1-8iv+7-Bv)) for veD(L),
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where we used implicitly that B(v) € LP(R*)? for some p € (1,0). In fact, the

relation B(v) € L?(R?) holds for v € ®. It should further be noted that
P(Afu—’r-@lfv) =APy—7 hPv=Av—1 0w

for v € D(L), a relation which is not valid for functions in a corresponding space

on §? with € # R?. The ensuing theorem holds according to [1], [13], [14].

Theorem 2.1. The set D(L) is dense in Ha(R3). The operator L is closed. Le
o(L) denote the resolvent set of L, and o(L) the spectrum of L. Then there is ¢
countable set & of isolated eigenvalues of L such that

cINAC{AeC : RALS —(N?/7]. (2.3
Moreover, there are a € (0,00), 9 € (7/2, @) such that
Sowi={AeC\{a} : |arg(r—a)| <9} C o(L),
and there is C1 > 0 with
Ix -1 =L) B2 < CL-[A~a|7" - || ®]l2 (24,
for @ € Hy(R?), A € Sy 4.

We require that the spectrum of L satisfies the following two conditions:
(Cl)RA<Ofor Ac &,

(C2) For any G € D, there is one and only one function u € @3’2(]1?.3)3 with
dive = 0 and

./ms(Vu-V'u+1'-81u v—7 PBu)-v) dz = G(v)

for v € C°(R?)® with dive = 0.
Note that an existence and uniqueness result as in {C2) is valid for the Oseen
system ([7, Theorem IX.4.1]). Thus condition (C2) may be interpreted in the sense
that the term 7 - PB(u) should not destroy this existence and uniqueness result
for the Oseen system.

We fix some @ € R. For the ensuing theorem, we refer to [15].

Theorem 2.2. The set of all numbers A € (0,00) with Af +@-7- PBgym(f) = A+ f
for some f € D(L) with f # 0 is finite.

Let HY be the set consisting of these functions f and of the zero function.
Then Hy is o vector space of finite dimension.

We remark that according to Lemma 5.1, the term PBgym (f) is well defined
for functions f asg in Theorem 2.2. By Theorem 2.1, the operator —L is sectorial
([10, Definition 1.3.1]), and thus generates an analytic semigroup (eX*}4>0 of linear
operators from Hj(R?) into ©(L); see [10, Theorem 1.3.4]. Our aim is to show the
following
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Theorem 2.3. Let R € (0,00). Then there is some C > 0 depending on 7, U, a, ¥,
C1, @ and R such that
IVe™(£)| Balls < C- (L+8)~¥2 | fllz for fe Hg, t€(0,00).

Theorem 2.3 will be proved via resolvent estimates related to the operator
L. These estimates are stated in Theorem 5.3, 5.4 and Lemma 5.5 below. Since
L may be considered as a perturbed Oseen operator, we thus establish resolvent
estimates for a perturbed Oseen systern.

Concerning the constants appearing in the following, the symbol € will denote
constants only depending on 1, I/, the parameters 4, ¢ and C from Theorem 2.1,
and on the constant @ appearing in Theorem 2.2. We will write €(v1,-.., Yn)
for constants depending on the preceding quantities as well as on the parameters
Y1+ Yn- A constant which only depends on 1, ..., 7, and on no other quantity
will be denoted by C(v1,-.., Tu)-

3. Convolutions of E©); estimates of PB(E@ x @)

We begin by stating some estimates of the fundamental solution E(@ of the equa-
tion —Awv+71-&v+¢-v = g. We remark that in this section and in the following, we
will use the letter p to denote complex numbers including 0, whereas the variable
A stands for non-vanishing complex numbers.

Theorem 3.1. Let ,v € [0,00). Then
02 EM) (2)]| < C(r, 5,7) - A2 - (|27 1/2 v miolely - (3.1)
(14 s(2) )7 e R Edl
for z € R\{0}, a € N} with [af; < 1, X € C\{0} with RA > 0 and |A| < (1/2)?,
where p 15 a constant only depending on 7. Moreover,
B2E@ (2)] < C(r) - (|21 4273k ) - (14 5(2))
for z,a as in (3.1), and for o € C with Re > 0, |g| < (v/2)%.
Theorem 3.1, Young’s and Minkowski’s inequality and the Hardy-Littlewood-
Sobolev inequality yield
Theorem 3.2, Let pc (1,2], g [1,p] withp <2 org> 1. Then
HED]+ (£ llp < Crypyq) - PO £ (3.3)

for f € L(R3), X € C\{0} with RX >0, |A| < (r/2)%.
Let ¢ € [1,2) and

pe((1/g—1/2)7", 00] if 02 3/2,
pe((l/g—1/2)7", (1/g—2/3)"") ¥ ¢ <3/2.
Then, for f € LI(R?), g € C with R > 0 and |o| < (7/2)%,
[|E@ |« ||l < Clr,20) - || Fllg- (3.4)

—1—|a|1/2 (32)
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Let p,g € [1,00) with1/¢—1/3<1/p<1/g—1/4. Then
1&E@ | * |f| s < C(r,p,0) - [|flg (3.5
for1 <1 <3 and for f and 0 as in (3.4). Finally
IE@ | £ e + I |E@| x| f]l|l2 < C(7) - [ fles5
for1<1<3, feLS/5R3), pe C with Ro >0, |o} < (1/2)2.

Among other results, the next theorem gives a precise form of the assertio
that E(@ is a fundamental solution of the equation —Av+7-Bv+ - v =g.

Theorem 3.3. Let g € (1,2), f € LY(R?), p € C with Rp > 0, |g| < (1/2)%. Then
B9 s f e Wod(®), Q(E@xf)=@EP)+f (1<1<3),
—AED ) +7-01(EOxf)+o- (@ xf) = {,
100 (B » £) | Brlly < C(r,q, R) - | flly (1<L,m<3, R>0). (36
We note a consequence of Theorem 3.2 and a remark in [6, p. 391/392]:
Lemma 3.4. ||[VE®@ xw|; < C(7) - |w||—1,2 for 0 € C with Rp > 0, |o| < (7/2)?
w € C§e(R3)3.
Due to this lemma, we may define convolutions of E®) with elements of D:

Corollary 3.5. Let ¢ € C with Rp > 0, |o| < (7/2)2. Then there is a linear mappin,
T:=T,:D — LSR®)® with
I(®) € WEIR®E, VI(®) € L2(R®)°, &T(®)eD,
IVC@))2 < C() - [@]-12 for BED,
N@)=E@+d for & c CF(RYS.
Moreover, T'(w) = B@ xw ifw € DNLIR3)3 for some g € (1,2), orif o # 0 any
w € D N L(R3).
If w e DN LA(R?)3, then
AT (w) = (BE@)sw (1 <1<3), Tw)eWiH(R%3,
80mI(w) € L2(R3)® (1<I,m<3), —-AT(w)+71-Al(w)+e-Tw)=w
Finally, if w € DN Hy(R3), the equation div(w) =0 holds.

The last statement of Corollary 3.5 means that for w € ® N Hz(R3), the pai:
(v, ) with v = T'(w), 7 = 0 is a solution in R® of the resolvent problem

—Ay4+T7-Ovtpo-v+Va=w, divi=0

associated to the Oseen operator. This observation explains why convolutions o
E(® gre studied here.

In the ensuing theorem, which is a consequence of (2.2), we evaluate the
operator P% applied to convolutions of E(@},
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Theorem 3.6. Let g € (1,2), p € (1,2]. Then B(E@ x &) € LI(R3)3 for @ €
LI(R*)?, and B(Ty(w)) € LP(R®) for w € D, where ¢ € C with Re > 0 and
le| < (7/2)%. Moreover,

IPB(E@ « ®)|ly < €(q) - |l WP(Tolw))llp < €@) - lwh-12  (3.7)

for ®, w, o as above. In addition, there are non-increasing functions 9&9),93” :
[0, 00) — (0,00) such that D@ (R) -0, D (R) — 0 for R — oo, and

1P (xps, - BE®D *8))[lg < DIV (R) - | 8lg, (3.8)
1P ( x5z, - BT ) Ml < DF (R) - wll-1,2
for ®, w, o as above, and for R € [Rg, ).

The following theorem, although technical, is a crucial part of our theory. Its
significance will become apparent in the next section.

Theorem 3.7- Let g € (1,2), p € (1,2]. Then there are constants JEQ) =d&(r,U,q),
é'gp ) = 83(7,U,p) € (0,1) and non-decreasing functions 'yg“),fyép ) (0, 00) + {0, 00)
such that the following holds: 5

Let A € C\{0} with A > 0 and [\| < (r/2)2. Let R € [Ro,00), R €
[2-R+1, 00). Then

| PBEDX % w) — PBE® +w)|,

< (2:9P® + @) -1 (B) R 4 490(R) |A|1’3) Nlwllg
for w e LY(R?)?,

|PB(ED *w) — PB(To(w))llp

< (2. 2P (B)+ ) - P (R) - (B + (n(R/(E-1)))"")

P () N2 - (ollz + wllz) for w e LA(R)° ND.

4. Solving a perturbed Oseen system

We are now looking for solutions in Hy(R®) N H2(R3)? of the perturbed Oseen
gystem

~Av+T7-dv+iw—1 -PBw)=f dive=0. (4.1)
To this end, we intend to use the formula
(-A+7-84+X-I-7-PB)7! (4.2)

= (-A+7-8+A Do (I~ r PBo(-AtT i+ A-D7) 7

Of course, this equation is only formal, and the problem consists in giving it a sense.
Our idea is to start with A = 0. In that case, equation (4.2) may be transformed
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into something rigorous due to our assumption (C2) in Section 2. Then we use
perturbation argument and Theorem 3.7 in order to deal with the case A € C\{0
with :#A > 0 and |A| small. The results for this case will be used in Section 5 i
order to derive estimates of solutions of (4.1) (that is, resolvent estimates of th
operator L), under the assumptions that |A| small, X > 0, and the right-han
side of f in (4.1) belongs to the space H}) introduced in Theorem 2.2.

‘We begin by looking for a rigorous form of (4.2} in the case A = 0. In a firs
step, we deduce from Corollary 3.5 and a standard uniqueness result (see [6, T
397 and p. 391]):

Theorem 4.1. Define D{A) as the space of all functions v € Ls(R3)3 loc H{R?)
such that O, 88w € L2(R3)3 for 1 <l,m <3, v €D and dive =

Put Av := —Av + 7 - 6v for v € D(A). Then the operator A : D(A) -
D N Hy(R3) is linear and bijective, with A~ = Ty, where Ty was introduced i
Corollary 3.5.

Theorem 4.1 and assumption {(C2) imply

Corollary 4.2. The operator A : D(A) — D N Hy(R?), with Av := Av — 7 PB(v
for v € D(A), is linear and bijective.

In view of Corollary 4.2, we may use the simple operator calculus indicate:
by (4.2). It follows with Corollary 3.5 and Theorem 3.6:

Corollary 4.3. The mapping
Zo : DN Ha(R®) 3w w—7- PB(To(w)) € DN Ha(R?)
18 linear, bounded, and bijective, and
lwl-r2 + lwllz < €- (1 Zow)ll-12 + 1 Zo(w)llz) for w € D N Ha(R®).

But the invertibility Zg implies that the operator ZéQ) defined below amn
acting on L9-spaces is also invertible:

Theorem 4.4. Let g € (1,2). Then the operator
Z§ LR 3w w— 7 PB(E® xw) € LR
is linear, bounded and bijective, with ||w|, < €(q)- [|Z‘g‘n (w)llq for we LYR3)®

The idea of the proof of Theorem 4.4 consists in showing that Z, is Fredholn
with index zero. This may be done by a compactness argument involving the space
W24(Bg) and LI(Bg) for R € (0, 00) as well as inequality (3.6), and by referrin
to a contraction principle and inequality (3.8) with large R. On the other hand, i
may be shown that Z; (@) j5 one-to-one because Zg has the same property. Theoren
4.4 then follows.

Now we use a perturbation argument together with Theorem 3.7 in orde
to show that corresponding operators Z, and Z,(f), with A 52 0 but |A| small, ar
bijective, too, We get
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Theorem 4.5. There is € € (0, (7/2)?] depending on 7 and U such that for A €
C\{0} with R\ > 0 and |A| < €1, the operator
Zy DN Hy(R?) 3w w—7- PB(EN xw) € DN Ha(R?)
is linear, bounded, and bijective, with
leoll-1.2 + lwlla < €- (|1 Z3@)l-12 + 1 Z2w)ll2)

for w € DN Hy(R®) and for X as before.
Let g € (1,2). Then there is ¢ = e2(q) = €2(r, U, ) € (0,€1] such that for
X € C\{0} with RX > 0 and |A| < €2, the operator

Z9 : LIR3)? 5w w— 17 - PBEW % w) € LY(R?)?

is linear, bounded and bijective, with ||wily < €(g) - ||Z§q) (w)||lq for w e LI(R?)?
and for A € C\{0} with RA >0, |A| < €.

Now, for the second time, we apply the straightforward operator calculus
implicit in (4.2). This argument combined with Theorem 4.5, Corollary 3.5 and
Theorem 3.2 (which yields that B¢ +w € L2(R3)® for w € L*(R%)?, A € C\{0}
with R > 0 and |A| < (7/2)?) implies the ensuing corollary.

Corollary 4.6. Let g € D N Ha(R¥), A € C\{0} with ®X > 0, |A| < e1. Put
W= ZyHg), u:= EX v, Then v € H*(R®)? N Hp(R?),
“Au+T1-Bu+r-u—7-PBu)=g, divu=0.
If in addition g € (1,2), |A] < e2(q) ond g € LI(R®)3, we have ¢ € L4R%)® and
ZPw) =g.
In view of (C1) and Theorem 2.1, the preceding corollary implies

Corollary 4.7. Let A € C\{0} with R\ >0 and |A| € €1, with €1 from Theorem 4.5.
Then X € o(L), the operator Zx (Theorem 4.5) is bijective, and (AT — L) (g) =
EX % Z7(g).

5. Some resolvent estimates for a perturbed Oseen system

The aim of this section is to present some estimates of solutions of equation (4.1).
We begin by an observation with respect to the operator Bgym. Holder’s inequality,
the Sobolev imbedding ||w]|e < C - |[w|l2,2 for w € H*(R?), and the assumptions
in (2.2}, imply
Lemma 5.1. Let g € [1,6/5]. Then |Beym(w)|lq < €(g) - [|wllz  for w € L*(R®).
Let g € (6/5, 2]. Then ||Bgym(w)llg < €(g) - [[wll2,2  for w e HAR?)>.
The special role of the exponent 6/5 in Lemma 5.1 is due to the inequality
(1—¢g/2)"1. ¢ < 3, which is valid for ¢ € [1,6/5]. This inequality and (2.2) yield
VU |(1-q/2)-1.q < 00
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Next we observe that for f € ®(L), o € (0,00) with Af +@ -7 PBaym (f) =
o f, this function f verifies the Stokes resolvent system —Af+o-f =g, div f = (
with a right-hand side g given by g =@ - 7 - PBgym(f). (Note that f € D(L) C
H3(R3), so that it is in fact the Stokes resolvent system which appears here.) Thu
we may combine Lemma 5.1 and the regularity theory for the Stokes resolven
problem. The latter theory yields the inequality [V f{lz < C-|[@a- 7. PB(f)ll¢/s
and much more deep-lying W24-estimates; see [3], for example. As a consequence
we get

Theorem 5.2. Let f € D(L), and suppose that Af + 4 -7 PBeym(f) = o - J
Jor some o € (0,00). { These assumptions are verified by the functions f from th
space H), introduced in Theorem 2.2.) Let s € (1, 2).

Then f € W2*(R3)3 and {|f||2,s < €(s,0) - || fll2,2- In the case s < 6/5, the
estimate || f|l2,s < €(s,0) - || fll2 holds. Moreover, ||V f|2 < €-||fll2-

The next theorem, which exploits Theorem 4.5, Corollary 4.6 and 4.7, as wel
as Theorem 5.2, is the principal tool in the proof of Theorem 2.3. It yields resolven
estimates for the operator L under the assumptions that the resolvent parameter
A is small and the right-hand side in the resolvent equation (4.1) belongs to the
space Hy from Theorem 2.2.

Theorem 5.3. Let f and o be given as in Theorem 5.2. Let R € (0,00), & € (0,1).

Then there is €3 = €3(8) = es(r,U,0,8,8) € (0,€61] (the constant €1 was
introduced in Theorem 4.5) such that for A € C\{0} with RX > 0, || < €3, the
ensuing tnequalities hold:

IV I—L)7 (f)ll2 < (o) - 1 £]]2, (5.1)

IV(A-1—L)"%(f)| Brllz < €(0,6,R) - I\ 72 - || fll2, (5.2)

IVA- 1= L)™ o (A-T— L)™' (f)| Brl (5.3)
< €a,6,R) A0 1Nz,

IV -I—L)73(f) | Brlz < €0, 8,R) - [\ 7>7° - | |2 (5.4)

Next we state a resolvent estimate valid for large values of |}|.

Theorem 5.4. There is C = C(r,U,a,9,C) > 0 such that for A € Sy, with
|A| = C, and for g € Ha(R®) N HYR3)3, the inequality
M-IV T = L) g)llz < € [[Vgll2
15 valid.
This theorem may be established by multiplying equation (4.1) by —A®%, with
v an abbreviation for (A -I — L)"1(g), and then integrating by parts.

For values of |A| which may be considered as neither large nor small, we
exploit the continuity of the resolvent, to obtain
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Lemma 5.5. Let &1, ko € {(0,00) with k1 < K. Put
W::{AEC  RA>0, 51 <A Sﬁ:g}.
Then M C o(L) and ||(A- T — L) Y(w)|1,2 < €(k1, 62) - ||wll2  for w € Ha(R®).
Note that the relation 9t C o(L) holds by (2.3) and assumption (C1).

6. Estimate of the semigroup e’*

Put C := max{C, €3(1/16), 27*/2, a, 2- a-tan(r — ¥) }, where C was introduced
in Theorem 5.4, €3(1/16) in Theorem 5.3 (with § = 1/16), and @ and 4 in Theorem
2.1.

Since C > 2+ a-tan(r —¥) and C > a, we may choose 9y € (7/2, #) so close
to 7/2 that for any s € [C, c0), the relation

{s-e"? : pe |-, }U{r €™ : res,00)} CSsa (6:1)
holds. Let o, 8 € (0, 00) with @ < 3, 8 > C. Then we define the curves T\, ..,
T c C by
r{®f) . {a €% : pe[-n/2,7/2]}, rimd . {i-r:reafl},
ri®f .- {i-B+7-€? :rel0,00)},
I",E“"g) ={g:y¢e rﬁff)} for i € {4, 5}.

Let s € [C, 00) and define
Ags) ={s5-€"% : pe[-v%]}, Aéa) ={r-e" : reclso00)l},
AP {7 yed).

Then, in view of (6.1), (2.3), (C1) and the choice of C, the curves T\ and ALY

are contained in p(L) (1 € v < 5, 1 < p < 3), and we have by [10, Theorem 1.3.4],
for ¢ € (0, 00), w € Ha(R?):

5
eltwy=(2-m i)™ /FM) ert (AT — L) Hw) dA (6.2)

3
=277t Z[A(S) et (- T— L)y Hw) dA.

u=1

A remark is perhaps in order with respect to the difficulties we have to face in this
section. In Theorem 2.3, it is claimed that for large ¢, the term ||Vel*(f)| Bzl|2
is bounded by =< - || f||2, for some € > 0, times a factor independent of ¢ and f.
(Incidentally we chose € = 1/8, but this is only for definiteness.) We will obtain
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such an estimate by considering the first sum on the right-hand side of (6.2). Thi
means in particular that we have to show that

”./I-‘g“'ﬂ) oMt VAT - L)—l(f) | Br d)\||2 < &R, 9,0)|fll2- g1—e

In view of (5.1), this should require & < £~1¢. On other hand, in order to produc
a factor ¢ for some g > 0 in the estimate of [.(.s) ert.V(A-I-L)"Y(f)| Br d.
for ¥ = 2 and v = 4, we integrate by parts after introducing the local paramete
@(r) :=i-r (r € [a, A]), so that the factor ¢*7* is transformed into "7t . (i - )~}
But this means that a single partial integration does not suffice to generate
factor t717¢. On the other hand, after two such integrations, we obtain a tern
V(i-r-I—L)~3(f)| Br, which gives rise to a factor r—2~% for some & > 0 (see (5.4))
Integrating this term on the interval [c, 4] leads to a factor @=1—% = ¢(1+e)(1+9
which cancels the effect of the second partial integration. Therefore, in view of th
fact that the term V(i-r. I — L)~2(f) | Bg only produces a factor 7% (see (5.2))
we perform some kind of interpolation between one and two partial integrations
To this end, we use fractional derivatives, as introduced in the next lemma.

Lemma 6.1. Let x,b € R with 5 < b, p € (0,1), h € C*({x, b]) with h(b) = 0.
Define b : [5,b] — C by

_ b
R(r) = T(1 — )~ - f (s— 1)~ h(s)ds for r € [x,8].

Then h € CY([k,b]) with
b
ﬁ'(r) =T(1—p)™? f (a@—r) " . h{a)da for r€[k,b). (6.3

Define 7y : [k,b] 37— D) *- f:(s —r)"#. B (s)ds € C. Then h = —v.

Now we prove an inequality which will be the key element in the estimate o
the integrals over I‘ga’ﬁ } and I“(f’ﬁ) in {6.2).

Lemma 6.2. Let f and o be given as in Theorem 5.2. Let B € (0,00), § ¢
(0, 1/4). Abbreviate b := min{ 272, e3(6) }, with e3(8) from Theorem 5.3. Le
k € (0,b), t € (0,00). Then

]
[e"""'t-V(z'.r-I—L)‘z(f)lBRd’”||2se:(a,a,R)-t*”‘*-n“’ 1£ll2-

To give some indications on the proof of this lemma, we first observe that by
(2.3) and (C1), we have {i-7 : r € [5,b] } C o(L). Therefore the mapping

g:lmb 37— V(i-r-I—-L)~'(f)| Br € L*(Br)°
is in particular twice continuously differentiable, with

g(”)('r) =(—) v - V@-r-I— L)_(""'l)(f) | Bg for ve{l1,2}, r<[xb
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Thus, due to the assumption b < €3(8), inequalities (5.2) and (5.4) yield
19/ (2 < €0,6,R) - | fll2-v7%, (19"l < e, &, R) - Ifll2- 777" (6.4)

for r € [k, b]. Put A(r) := (i - )1 - (&7t — "t) for r € [k, b]. Define h and 7 as
in Lemma 6.1, with g = 1/4. Then we get by partial integration

b b
€™ (i T— Ly(f) | Brdr=—i- /’y’(r)-g’(r) i (65)

T(1/4)~*- .L R (s) - (/ﬂ (s—r)~V4. g"(r) dr) ds

+ - D(1/4)~! -jb(s — k)4 B (5) ds - g'(x).
Take s € (x,b). If s — 8* > &, Wl: have
f (s — 1)V g (r) dr
=fs 3(5—1")_1/4- g (r) dr — (1/4) - / s—'r_5/4 g'(r)dr
s—s

45734 gl (s — %) — (s — K) M4 g'(n).

Further observe that s < b < 271/2, hence s® < 5/2. Now we find with (6.4), in
the case s — 8% > &,

| -/:(3 — r)~1/4 g’ (r) dng (6.6)
< €8BIl ([ o-n W ar

3

+ f (s—r)7 54 p8dr + s73/% (s )4 (s — )4 n_‘s)
17

43

8 a—s?
< €0, 8,R) - ||fl2- (3_2_5 f (s—r)y Ydr +x7° f (s —r)~5/*dr
5—38 %
+s 4 k0 4 (s — ) TH nf‘s)

< €0,6,R)- || fllz- (sV4 P+ 570 57+ (s — )M 67,

where we used the inequality s* < s/2 and the assumption s — $° > & in the last
but one inequality. If s — s® < &, we argue as follows, again using (6.4),

||/ (s—r)—1/4 ,gu(r) dr”z < €(s,4,R) - ||f||2./ (s—r)_1/4 28 g

8
€(0,6,R) || fllz-x7>° f (s—r)"* ds
5—g3

€0,6,R) - |flla- 5720 5%
&(0,6, ) - |l £+ < €(0,8,B)- |- 57",

IA

IA 1A
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where the last but one inequality holds because s® < s/2 (see above), so that
5 < 8%+ Kk < 3/2+ K, hence s < 2- k. Therefore we see that inequality (6.6) holds
in any case. Starting from {6.5), and applying (6.6), we now find

b
| [ o9 1= 1) %) B 67)
< €(o, 5,b R) - max{|k (s)| : s € Ix,b]} b
([ [ e=ngeyar],as + 2w [ (s =2/ as)

< €(0,6,R) - max{|R'(s)| : 5 € [, b]} - | ll2
-(fb(31/4‘5+m‘5-3‘3/4-{-#.:“6 (s —r)7H4) d3+n‘5)
< (0,4, R) max{|-ﬁl(s)| t s € [m B} | f]l2- w70

This leaves us to consider |E’(s)|, for s € [«,b]. In this respect, we observe that
|h(s)] < 2.t 1, |W'(s)| < 2 for s € [,b]. Thus, in the case s + 1/t < b, by (6.3)
and a partial integration,

- s+1/t
(s)] = T(3/4)"- f (a—s)"3*. K(a) da

b
+(3/4) f (a—s)""/% h{o) da — ¥4 h(s+1/t)
s+1/¢
s+1/t b
< (’:(/ (Of—s)_3/4da+f (a—s)_7/4da-t_1+t_1/4)
8 s+1/t
< €.V

If s € [,b] with s+ 1/t > b, we deduce from (6.3) and the inequality |h'(s)] < 2
for s € [, b] that [R'(s)] < €- (b—s)/% < €.+ 1/4, The estimate [k (s)| < €-¢~1/4
thus holds in any case. When we insert this estimate into {6.7), we obtain the
inequality stated in the lemma. <

Lemma 6.2 enters into the proof of

Theorem 6.3. Let R € (0,00), t € [max{es(1/16)7?, 2/2}, co), with e3(1/16)
from Theorem 5.3 with 6§ = 1/16. Let f, o be given as in Theorem 5.2. Then

IVe™(£)| Brll2 < &(o, R, 9) - || fll2 - 7%~

Let us give some indications on the proof of this theorem. We consider the
first sum in (6.2), with & = t~2 (hence a = t~2 < t~! < min{271/2, 3(1/16)})
and 3 € [_é, co), where C was introduced at the beginning of this section. Then
the gradient of the integral over P&”"f’) in (6.2) may be estimated in the L2-norm
on Bg by a constant times 72 . || f||2, as follows from (5.1).
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The same norm of the gradient of the integrals over I and T is
evaluated by referring to Theorem 5.4 and to the last inequality in Theorem 5.2.
(Recall that 8 > C > C.) We obtain the upper bound €(g) - (8- £)~1 - |\ f]|2-
This leaves us to consider the integrals over I‘ga’ﬁ) and I‘,(l“’ﬁ). In this respect, we
observe that after a partial integration,

5
At LT -1 — .
fr;me V(NI —L)"Y(f)| Br dx ;Nj,

where
Ny = t1. 8. 9(i- g1 — LY"N(f)| Ba,
Ny = —t-1. 6% Vi -1 — L(f) | Br,

b
Ny= ) [ VG- r 1= D)) B,

g
Ny = (i/f)- /b &7 V(i 11— L)7(f)| Br dr,

with b := min{es(1/16), 2~1/2}. Note that b < C' < 3. The integral over r{f) ig
split into a sum E?=1 Wj, where Nj is defined in an analogous way as N; (1 <
j < 5). Now the terms || Ny ||z and |[Ny||2 are estimated by Theorem 5.4 and 5.2;

we obtain the upper bound €(a) - 871 - || f{|2. Moreover, the resolvent formula and
(5.3) yield

N2+ Naflz €€ (a+a® 8471} | £l
Concerning N3 and N3, we get by Lemnma 6.2:
N3]z + [ Nallz < €- 754 o= /16 || £[l2.

Finally, in the integrals defining Ny and N4, we perform another partial integration
in order to generate an additional term ¢t~. The term |V (¢-7-I — L)~3(f)| Brl|2
arising in this way is evaluated for ~ € [b, C| by referring to Lemma 5.5, and for
r € [C, 8] by applying Theorem 5.4 and 5.2. Combining all these estimates and
letting G tend to infinity, we arrive at Theorem 6.3

Theorem 6.3 dealt with the case of large ¢. This leaves us to consider small
and intermediate values of ¢. To this end, we use the representation of e”*(®) by
the second sum in (6.2), with

s=C if te[C ", max{es(1/16)7%, 2/2}], s=1/t if te (0,C .
By referring to Theorem 5.4 and 5.2, we then obtain

Theorem 6.4. Let t € (0, max{ez(1/16) 1, 21/2}], and let f, o be given as in
Theorem 5.2. Then |Ve™(f)|2 < €(@) - {|f|2-

Combining Thecrem 6.3 and 6.4 yields Theorem 2.3.
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