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-84%&" &J4) '307 )( )34 +" 10)&4')4*(&43# × 0# %H1;&7490" a′ ∈ N &") 90" ∀a ∈ N/ 3# (4& a′ × a = e = 1 K

F$(D37+ 4) "%& ;<4+"#& 90" a′ =
1

a
, I(4% "8*"'&; '307 a = 1/ )" 903&4"#& 1/a #$"84%&" '(% +(#% N, F3#* #30%

+"<3#% *3#*)07" 90$4) #$"84%&" '(% '307 &30& ;);1"#& +" N +" %H1;&7490"% '307 )( )34 +" 10)&4')4*(&43# "&

(4#%4 90" )( )34 +" +4<4%43# #$"84%&" '(% +(#% N,

"#$%&'&(%  ) )!  !"# $" %!&%! (E, T )1 $" ./.%+"0 x +#0 ,'0 %#/,)&*% >4$  &"0)&1'()*? 2 /',34* #'

@4$* 04$0 84$@/+ (a, b) ,-./.%+"0# ,+ E 0+/# 7$+ xTa = xTb1 !/4*# a = b: A" ,.E"'0 ,+ %F%+ $" ./.%+"0
%#/,)&*% 2 5%6&$*: G" ./.%+"0 +#0 ,'0 %#/,)&*% #-'/ +#0 *.&$/'+* 3 ,*4'0+ +0 3 &!$89+: H' T +#0 84%%$0!0'B+1

/+# "40'4"# ,-./.%+"0 *.&$/'+* 3 &!$89+ +0 3 ,*4'0+ 84I"8',+"0:

56,-3:,  ) )8

 F(#% (N,+)/ &30& ;);1"#& "%& 7;20)4"7 "& +(#% (N,×)/ &30& ;);1"#& #3# #0) "%& 7;20)4"7,

 F(#% (Z, T )/ (<"* aTb = |a|+ b/ &30& ;);1"#& "%& 7;20)4"7 @ 2(0*E" 1(4% '(% @ +734&",

+,-./01,  ) )9

 F(#% 0# 1(21( (%%3*4(&45/ )" *31'3%; +" +"08 ;);1"#&% 7;20)4"7% "%& 7;20)4"7,

 F(#% 0# 1(21( (%%3*4(&45/ &30& ;);1"#& %H1;&74%(D)" "%& 7;20)4"7,

 N4 )" 1(21( #$"%& '(% (%%3*4(&45/ 74"# #$"%& (%%07;,

✄

✂

 

✁
56,/7&7, 8* ?"4" 84**'&.C O# *3#%4+67" E )$"#%"1D)" +"% "#&4"7% #(&07")% (0 ')0% ;2(08 @ 10 "& )( )34

T +;P#4" +(#% E '(7 aTb = |a− b| ?+4.;7"#*" %H1;&7490"C,



 !"! #$% &'()*$%  !

 !"#$%&% '(& 0 &)$ #&($%& &$ '(& $"($ *+*,&#$ &)$ )"# -%"-%& ).,*$%/'(&0

 !"#$%&% '(& )&(+) 0 &$ 10 )"#$ %*1(+/&%)0

 !"#$%&% '(& T &)$ #"# 2))"3/2$/4& &# 3"#)/5*%2#$ (1T2)T3 &$ 1T (2T3)

✄

✂

 

✁
"#$%&'&$ () 6 ! "!##$%&7 8# 3"#)/59%& 52#) Z +2 +"/ T 5*:#/& -2% aTb = ab+30 !"#$%&% '(& T #;&)$ -2)

2))"3/2$/4&< '(& −1 &$ 3 )"#$ %*1(+/&%) ,2/) '(& −1T3 = 00

 !" #$% &'()*$%

 !"!# $%& '()*+%&

=& $&%,& &)$ 5& >42%/)$& ?@=8AB 6CDCCECDFG7< +2 )$%(3$(%& &)$ 5& @(1()$/# ="(/) H@IHJK 6CLDMECDNL7<

+;2O/",2$/)2$/"# 5& @%$P(% H@K=QK 6CDGCECDMN70

*+,-'.'/-  0(01 ' %#!()* G *+, ( * +*-./* -( $ 01( * /!$ 0* "!-)!+$,$! $ ,*# * T )!(# /23(*//* /*+

24$!-*+ +($52 ,+ +! , 5&#$6&+ 7

• g1 /2 /!$ T *+, 2++!"$2,$5* 7 (xTy)Tz = xT (yTz) )!(# ,!(, x8 y *, z 0* G8

• g2 /2 /!$ T )!++90* ( &/&-* ,  *(,#* e 7 xTe = eTx = x )!(# ,!(, x 0* G8

• g3 ,!(, &/&-* , x 0* G )!++90* ( +:-&,#$3(* x′ )!(# /2 /!$ T 7 xTx′ = x′Tx = e;

<* %#!()* G -( $ 0* +2 /!$ T *+, +!(5* ,  !,& (G,T );

' %#!()* *+, ( -2%-2 ( $=9#* 2++!"$2,$= 02 + /*3(*/ ,!(, &/&-* , 20-*, ( +:-&,#$3(*

' %#!()* *+, ( -! !>0* 02 + /*3(*/ ,!(, &/&-* , 20-*, ( +:-&,#$3(*

✄

✂

 

✁
"#$%&'&$ (! B"/$ G (# &#)&,R+& ,(#/ 5;(#& +"/ 5& 3",-")/$/"# /#$&%#& ST T 2))"3/2$/4&< '(/ -"))95& (#

*+*,&#$ #&($%& U 5%"/$& e 6/0&0 -"(% $"($ x 5& G< xTe = x7 &$ $&+ '(& $"($ *+*,&#$ x -"))95& (# ).,*$%/'(&

U 5%"/$& x′ 6/0&0 xTx′ = e70 !"#$%&% '(& G &)$ (# 1%"(-&0

?!##*",$! V B"/$ x ∈ G< 5& ).,*$%/'(& U 5%"/$& x′0 W2% 3"#)*'(&#$ x′Tx &)$ (# *+*,&#$ 5& G 6+3/7< /+

-"))95& 5"#3 (# ).,*$%/'(& U 5%"/$& '(& +;"# #"$& z0 8# 2 5"#3 xT ((x′Tx)Tz) = x⇒ (xTx′)TxTz = x⇒
eTxTz = xTz = x< -2% 2))"3/2$/4/$* 5& +2 +"/0 8# 3",-")& &#)(/$& U 12(3P& -2% x′< -"(% $%"(4&% x′T (xTz) =
(x′Tx)Tz = e = x′Tx< 3& '(/ -&%,&$ 5;2X%,&% '(& x′ &)$ *12+&,&#$ (# ).,*$%/'(& U 12(3P& 5& x0 8# &#

5*5(/$ &#)(/$& '(& e &)$ 2())/ #&($%& U 12(3P&< 32% )/ x &)$ 52#) G< eTx = (xTx′)Tx = xT (x′Tx) = xTe = x
6"# 2 ($/+/)* U #"(4&2( +;2))"3/2$/4/$* 5& +2 +"/ &$ +& Y2/$ '(& e &)$ (# ).,*$%/'(& U 5%"/$&70

✄

✂

 

✁
"#$%&'&$ 23

C0 (N,+) &$ (N,×) )"#$E/+) 5&) 1%"(-&) Z
G0 (Z,+) &$ (Z,×) )"#$E/+) 5&) 1%"(-&) Z
F0 (R,+) &$ (R,×) )"#$E/+) 5&) 1%"(-&) Z

?!##*",$! V 8# 4*%/:& -"(% 3P23(# 5&) 3"(-+&) +&) -%"-%/*$*) 5( 1%"(-& g1 < g2 &$ g3 0

G020 W"(% (Z,+) V
 ∀(x, y) ∈ Z2

< x+ y ∈ Z< +2 +"/ &)$ 5"#3 /#$&%#& 6-2%-27<

 ∀x ∈ Z< x+ 0 = 0 + x = x0 S0T &)$ +;*+*,&#$ #&($%& 6( $=9#*7<

 ∀(x, y, z) ∈ Z3
< (x+ y) + z = x+ (y + z)< +2 +"/ + &)$ 2))"3/2$/4& 52#) Z 62++!"$2,$=7<

 ∀x ∈ Z< ∃x′ = −x< x+ x′ = 0< ,!(+ /*+ &/&-* ,+ ! , ( +:-&,#$3(*0

(Z,+) &)$ 5"#3 (# 1%"(-&0

F020 8# 5*,"#$%& 5& ,[,& '(& (R,+) &)$ (# 1%"(-&0



 !  !"#$%&' () *'+ +%&, %,&'+ "*-./&$0,'+

 !" #$%&"' (

)*!* +', -+-.'%&, /' N %0$%& 1!, /0$11$,- 2,!34 056

)*7* +', -+-.'%&, /' N %0$%& 1!, /08%9'",' 2,!34 156

:*7* +', -+-.'%&, /' Z %0$%& 1!, /08%9'",' 2,!34 1 '& −156
;*7* 0 %0! 1!, /08%9'",'6

/$%# (N,+)6 (N,×)6 (Z,×) '& (R,×) %0$%& 1!, /' ,&"3#&3"' /' <"$31'6 #' ,$%& %-!%.$8%, /', .$%$=/',*

"#$%&'&(% )* *)  ! "#$%&' ($!) *+ *$, (' -$.&$/,),$! &$//0(' ('/ -+#+-)1#,/),2%'/ /'.3*+3*'/ 4 -'**' ('

*5+((,),$! 6#'/&'-),7'.'!) *+ .%*),&*,-+),$!8 (+!/ Z 6#'/&'-),7'.'!) (+!/ R⋆
8 '/) (,)  !!"#"$ 6#'/&'-),7'.'!)

%&'#"('") #"$89

"#$%&'&(% )* *  ! "#$%&' G '/) (,)  *+'",- 6(% !$. (' :,'*/ ;'!#,-< =>?@A BCDEFBCEG8 $% ).%%&# #"$

/, /+ *$, (' -$.&$/,),$! ,!)'#!' T '/) -$..%)+),7' -5'/)F4F(,#' /, xTy = yTxA ∀x, y ∈ G9

+,-./0- )* *1

> ?0!//8&8$% /!%, Z '& /!%, R ',& #$..3&!&89'* @' %0',& 1!, +' #!, /' +! ,$3,&"!#&8$% ( 2 − 5 6= 5 − 2*
A!%, (Z,−)6 0 %0',& %'3&"' B30C /"$8&'*

> (Z,+) ',& 3% <"$31' !7-+8'%6 /' .D.' (R−{0},×)*  !" #$%&"'6 (R−{0}, /) %' +0',& 1!, #!" +! /898,8$%
%0',& 1!, !,,$#8!&89' 2(2/3)/4 = 1/6 '& 2/(3/4) = 8/35 %8 #$..3&!&89' 25/4 = 1, 25 '& 4/5 = 0, 85*

> (Z,−) %0',& 1!, 3% <"$31' ( +! ,$3,&"!#&8$% ',& 3%' +$8 /' #$.1$,8&8$% 8%&'"%' /!%, Z6 .!8, '++' %0',&
1!, !,,$#8!&89' ( (2− 3)− 5 6= 2− (3− 5)* @0',& #'1'%/!%& 3% .!<.!*

> E8 A(R) /-,8<%' +0'%,'.7+' /', 4$%#&8$%, !F%', 78G'#&89', /' R ,3" R ,$8& +0'%,'.7+' /', 4$%#&8$%, /'

+! 4$".' x 7→ ax + b !9'# a %$% %3+6 (A(R), $) ',& 3% <"$31' %$% !7-+8'% 2$ ( +$8 /' #$.1$,8&8$% /',
!11+8#!&8$%,5* E8 f /-,8<%' x 7→ 2x−1 '& ,8 g /-,8<%' x 7→ 3x6 $% ! fog : x 7→ 6x−1 '& gof : x 7→ 6x−3*

> E8M2(R) /-,8<%' +0'%,'.7+' /', .!&"8#', #!""-', "-'++', /0$"/"' : /' /-&'".8%!%& %$% %3+6 (M2(R),×)
',& 3% <"$31' .3+&81+8#!&84 %$% !7-+8'%*

> ?0'%,'.7+' #$%,&8&3- /', H$.$&H-&8', /' "!11$"& %$% %3+ '& /', &"!%,+!&8$%, /!%, 3% 1+!% P 6 .3%8 /' +!
+$8 /' #$.1$,8&8$% /', !11+8#!&8$%,6 ',& 3% <"$31' %$% #$..3&!&84* E$% -+-.'%& %'3&"' ',& +0!11+8#!&8$%

8/'%&8B3' !,,8.8+- C +! &"!%,+!&8$% /' 9'#&'3" %3+ $3 C +0H$.$&H-&8' /' "!11$"& )*

> A!%, 3% 1+!% P 6 #$%,8/-"$%, 3% #!""- ABCD /' #'%&"' O* I$&$%, S0 +! ,J.-&"8' #'%&"!+' 1!" "!11$"&

C O6 S1 +! ,J.-&"8' /0!K' d1 1!,,!%& 1!" +', .8+8'3K /', #L&-, [AD] '& [BC]6 S2 +! ,J.-&"8' /0!K' d2
1!,,!%& 1!" +', .8+8'3K /', #L&-, [AB] '& [CD] '& i +0!11+8#!&8$% 8/'%&8B3' /' P * M3%8 /' +! +$8 /'
#$.1$,8&8$% /', !11+8#!&8$%,6 +0'%,'.7+' E = {i, S0, S1, S2} ',& 3% <"$31' #$..3&!&84*

✄

✂

 

✁
+,-23&3- 41 A-#"8"' &$3, +', <"$31', 1$,,87+', C 16 26 3 $3 4 -+-.'%&,*

H$##'-),$! (

)* N% <"$31' C 3% -+-.'%& ',& 3% '%,'.7+' E #$%,&8&3- /03% ,'3+ -+-.'%& e6 '& +! +$8 ⋆ ',& %-#',,!8"'.'%&
/-O%8' 1!" e ⋆ e = e* P% 9-"8O' ,!%, /8F#3+&- B3' (E, ⋆) ',& 78'% 3% <"$31'*

:* E8 E #$%&8'%& /'3K -+-.'%&,6 +03% /$8& D&"' +' %'3&"' 1$3" ⋆6 %$&$%, +' e '& %$&$%, +0!3&"' x* P% ! /$%#
e ⋆ e = e '& e ⋆ x = x ⋆ e = x* E8 +0$% 9'3& /' 1+3, B3' x ,$8& 8%9'",87+'6 $% /$8& %-#',,!8"'.'%& !9$8"
x ⋆ x = e6 '& $% 9-"8O' B3' (E, ⋆) ',& !+$", 3% <"$31'*

;* QG$3&$%, 3% &"$8,8R.' -+-.'%& y C %$&"' '%,'.7+'6 $% ! %-#',,!8"'.'%& e ⋆ e = e6 e ⋆ x = x ⋆ e = x '&
e ⋆ y = y ⋆ e = y* P% %' 1'3& !9$8" x ⋆ y = y 2x 6= e5 %8 x ⋆ y = x 2y 6= e5 /$%# x ⋆ y = e 2+#85* P%
.$%&"' /' +! .D.' .!%8R"' B3' y ⋆ x = e* P% %' 1'3& 1!, !9$8" x ⋆ x = x 2x 6= e5 %8 x ⋆ x = e 2#!"
+08%9'",' /' x ',& 3%8B3' /!%, 3% <"$31' '& $% ,!8& B308+ 9!3& y5*  !" #$%,-B3'%&6 x ⋆ x = y 2+#85 '& $%
.$%&"' /' +! .D.' .!%8R"' B3' y ⋆ y = x* P% ! /$%# +', "-,3+&!&, ,389!%&, (



 !"! #$% &'()*$%  !

⋆ e x y

e e x y

x x y e

y y e x

 !""! #$% !&" '%!( )(! #$% *! +,$)-!.

/. 0(1(2 *3(& #! 43& *! 5)3",! 6#67!("&2 $( $'"%!(" !( 6")*%3(" "$)"!& #!& -$&&%'%#%"6& #!& 5)3",! #$%&

&)%83("!& 9

⋆ e x y z

e e x y z

x x y z e

y y z e x

z z e x y

⋆ e x y z

e e x y z

x x z e y

y y e z x

z z y x e

⋆ e x y z

e e x y z

x x e z y

y y z e x

z z y x e

⋆ e x y z

e e x y z

x x e z y

y y z x e

z z y e x

"#$%&'() *+ +!  !"# $%$&'(# )*"( +,!"-' (G,T ) '.# ,$+"%/',0

1,'"2' 9 :) 5)! T !&" 3&&$4%3"%8! !" 5)! "$)" 6#67!(" x 3*7!" )( &;76",%5)! x′2 &% e !&" #<6#67!(" (!)",! -$),
#3 #$% T 2 ∀(a, b) ∈ G2

2 xTa = xTb⇒ x′T (xTa) = x′T (xTb)⇒ (x′Tx)Ta = (x′Tx)Tb⇒ eTa = eTb⇒ a = b.
(G,T ) !&" ,6+)#%!, = +3)4>! !" $( 7$(",! *! #3 7?7! @3A$( 5)! 4! +,$)-! !&" ,6+)#%!, = *,$%"!.

"#$%&'() *+ +* 34(. "( +,!"-' (G,T )5 #!"# $%$&'(# 4)&'# #!"6!",. "( "(/7"' $%$&'(# .8&$#,/7"'0

1,'"2' 9 B<!C%&"!(4! *) &;76",%5)! !&" D)&"%16! -3, #3 *61(%"%$(2 %# ,!&"! = -,$)8!, #<)(%4%"6. E)--$&$(& 5)!

∀x ∈ E2 ∃x′, x′′ ∈ E, x′ 6= x′′2 x′Tx = x′′Tx(= e)⇔ x′ = x′′ -)&%5)! x ∈ G !&" ,6+)#%!, F= *,$%"!G.

✄

✂

 

✁
,-)&./.) 0* F(!( 9!,,/+$G H67$(",!, 5)! &% (E, ⋆) !&" )( +,$)-! *<6#67!(" (!)",! e2 *3(& #!5)!# "$)"
6#67!(" !&" /12%345/6 F4<!&"I=I*%,! x ⋆ x = eG2 3#$,& 4! +,$)-! !&" 4$77)"3"%@.
J6(6,3#!7!("2 #<)(%5)! 6#67!(" &;76",%5)! *! x !&" ($"6 x−1. K( 3

7&%8&/$5$ *+ +!

• e−1 = e0 :*$%$&'(# ('"#,' '.# .!( -,!-,' .8&$#,/7"'5 /% '.# /(2!%"#/;0
• (x−1)−1 = x0
• (xTx′)−1 = x′−1Tx−10 :' .8&$#,/7"' )*"( -,!)"/# '.# %' -,!)"/# /(2',.' )'. .8&$#,/7"'.0
• 1%". +$($,4%'&'(# (x1Tx2T . . . Txn)

−1 = x−1n Tx−1n−1T . . . Tx−11 0

0( -3,"%4)#%!, $( 3 (xn)−1 = (x−1)n2 Fn ∈ N⋆
G. K( ($"! 3#$,& x−n := (xn)−1 4! 5)% -!,7!" *! *61(%, xm

-$), m ∈ Z !( 4$(8!(3(" x0 = e. H3(& 4!& 4$(*%"%$(& $( 3 #!& ,!#3"%$(&.

(xm)m
′

= xmm′

!" xmTxm
′

= xm+m′

2 ∀m,m′ ∈ Z.



 !  !"#$%&' () *'+ +%&, %,&'+ "*-./&$0,'+

 !"! #$% %&'%()*&'+$%

 !"#$%$&# '()(*  !  !" #$%!"&' "#$ %!" &'($)" S *+%! ,(-%&" (G, T ) .%)/ 0%!)" *" 1' 1-) T *" G/ "#$
'%##) %! ,(-%&"2

+,&-&.$%$&# '()(/  ! #-%#3"!#"041" H *" (G,T ) "#$ %! #-%#3,(-%&" #) "$ #"%1"0"!$ #) )1 5-!$)"!$ e 67170"!$
!"%$(" *" (G,T )8 "$ "#$ #$'41" &'( &(-*%)$ "$ &'##'," 9 1+)!:"(#"2

;("%:"  !" #$ %&#%'($%()*+( ,( G -./"0( 1(% 2/&"% 3/&3/".2.%4 15(%2 *"($ #$ %&#%'6/&#3(7

8.1"3/&9#()($24 %" H (%2 #$ %&#%'6/&#3(4 "+ 3&%%:,( #$ .+.)($2 $(#2/( e07 !&"2 ;+&/% x #$ .+.)($2 ,( H4 &$

; xTe0 = x = xTe <+; 3/()":/( +&" (%2 3/"%( ,;$% H4 +; ,(#=":)( ,;$% G>4 ,&$1 e0 = e 3;/ %")3+"01;2"&$7

?( )@)(4 +5"$-(/%( ,( x ,;$% H (%2 $.1(%%;"/()($2 #$ "$-(/%( ,;$% G .6;+()($24 ,&$1 "+ %5;6"2 ,( +5#$"9#(

"$-(/%( ,( x 3;/ T 4 (2 H (%2 %2;*+( 3;/ "$-(/%"&$7 A$0$4 H ,&"2 1+;"/()($2 @2/( %2;*+( 3;/ 3/&,#"27

+,&-&.$%$&# '()('  !" &'($)" H !-! :)*" *" G/ 5-!$"!'!$ e/ "#$ %! #-%#3,(-%&" *" (G, T ) #) "$ #"%1"0"!$
#)

<2 ∀x, y ∈ H,xTy ∈ H

=2 ∀x ∈ H,x−1 ∈ H

>"# *"%? 5-!*)$)-!# &(757*"!$"# &"%:"!$ @$(" ("0&1'57"# &'( 1' #%):'!$" A

∀x, y ∈ H,xTy−1 ∈ H

0123,451 '()(/ B; $&2;2"&$ H < G (%2 ()3+&C.( 3&#/ ,"/( H (%2 %&#%'6/&#3( ,( G7 B&/%9#5&$ $5(=1+#2

3;% +; 3&%%"*"+"2. 9#( H %&"2 .6;+ D G &$ .1/"2 H ≤ G7

✄

✂

 

✁
671,8$81 *) <!-! 5-((),7> E&$2/(/ 9#(

F ,;$% +( 6/&#3( )#+2"3+"1;2"G (C,×) ,(% $&)*/(% 1&)3+(=(%4 +5($%()*+( ,(% $&)*/(% ,( )&,#+( 1 (%2 #$

%&#%'6/&#3( ,( C4

F ,;$% +( 6/&#3( ;,,"2"G (F,+) ,(% G&$12"&$% $#)./"9#(%4 +5($%()*+( ,(% G&$12"&$% +"$.;"/(% x 7→ ax (%2

#$ %&#%'6/&#3( ,( F 7

✄

✂

 

✁
671,8$81 ** !&"2 n ∈ N7 H$ $&2( nZ +5($%()*+( ,(% ($2"(/% /(+;2"G% ,( +; G&/)( nx4 x ∈ Z7 E&$2/(/

9#( nZ (%2 #$ %&#%'6/&#3( ;,,"2"G ,( Z7

B-(("5$)-!  !&"2 nZ = {nk, k ∈ Z} = {. . . ,−2n, n, 0, n, 2n, . . .}.
F !&"2 (x1, x2) ∈ (nZ)24 ∃(k1, k2) ∈ Z2

4 x1 = nk14 x2 = nk2 ⇒ x1 + x2 = n(k1 + k2) ⇒ x1 + x2 ∈ nZ
,&$1 +; +&" (%2 "$2(/$(7

<' !&"2 (x1, x2, x3) ∈ (nZ)34 ∃(k1, k2, k3) ∈ Z3
4 x1 = nk14 x2 = nk24 x3 = nk37 H/ (x1 + x2) + x3 =

(nk1 + nk2) + nk3 = nk1 + (nk2 + nk3) = x1 + (x2 + x3) ,&$1 +; +&" (%2 ;%%&1";2"-(7>

<' 0Z = 0nZ = 07 A$ (I(24 %" x ∈ nZ4 x+ 0 = 0 + x = x7>

F !&"2 x ∈ nZ4 ∃k ∈ Z4 x = nk7 ∃x′ = n(−k) ∈ nZ4 x× x′ = n(k − k) = 0 ,&$1 2&#2 .+.)($2 3&%%:,( #$

%C).2/"9#(7

J&$1+#%"&$4 nZ (%2 #$ %&#%'6/&#3( ;,,"2"G ,( Z7

✄

✂

 

✁
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 !""#$%&!' = A-  +$( (%5 +- -(& #- 6*%!- $. &*2+-*$ #- +"% =

" f1 f2 f3 f4 f5 f6

f1 f1 f2 f3 f4 f5 f6

f2 f2 f6 f4 f5 f3 f1

f3 f3 f5 f1 f6 f2 f4
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 !"$/-! ?$1$. #-( #-$; ("$(34!"$ -( H "$ K -(& 0".&-.$ #*.( +1*$&!-7 E$  "(".( ?$- H .- ("%&  *( 0".&-.$
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9"#+:# 8 =)$ ,.G"3#3!"4 cl(x) = {y ∈ G, xRy}7 @!3# y ∈ G .&'35)(%"# 6 x 2!'$ () $%()#3!" R7 O(!$+ 3( %B3+#%
k ∈ H D,!"# (-3"5%$+% k−1 = h %+# )'++3 ,)"+ HE #%( &'% xTy−1 = k ⇔ y = hTx7 K# ,!"* y %+# .(./%"# ,%
Hx7 ?.*32$!&'%/%"#4 +3 y %+# .(./%"# ,% Hx4 3( %+# *()3$ &'% xRy7

5/06#78/ *+ +2 P" )'$)3# )'++3 2' ,.G"3$ () $%()#3!" ,-.&'35)(%"*% D6 1)'*H%E R 2)$ xRy ⇔ y−1Tx ∈ H7
>)"+ *% *)+4 () *()++% ,-.&'35)(%"*% ,-'" .(./%"# x ,% G )'$)3# .#. ,!"".% 2)$ (-%"+%/;(% xH D*()++% 6 1)'*H%
,% x ,% HE7



 !"! #$% &'()*$%  !

 !""#$#%$ &!' H $#() !% $#!$*+,#!"' -($)(%+!. -' G/ 0% -.$(,' -.1%(, !%' 2#( 3 $!, 24'%$'562' &!#)('%)

G/R  ! "# $#%&' "# (")* '#+),!""! (&**-."! /0!*+121 -,! !' (&*#'+ cl(x) 3 cl(y) = cl(xTy)4 5# 6)*+-7/#+-&'  !

/! /8&-9 !*+ "# *)-:#'+! ; *- X !+ Y *&'+  !)9 /"#**!*  0<"<=!'+*  ! G *)-:#'+ H> XY !' !*+ )'! #)**-4 ?"

!9-*+!  !* <"<=!'+* x !+ y  ! G +!"* @)! X !+ Y *&-!'+ ,!(!/+-:!=!'+ "!* /"#**!*  ! x !+ y *)-:#'+ H4 A&)*

#:&'* #"&,* XY = (xH)(yH) = (Hx)(yH) = H(xTy)H B /&==! H !*+  -*+-'C)<> '&)* (&):&'* ,!=("#/!,

H(xTy) (#, (xTy)H !+ '&)* +,&):&'* XY = xTyHH4 D#-* HH = H E()-*@)! H !*+ )' *&)*1C,&)(!  !

GF>  &'/ "# ,!"#+-&' &.+!')! (!)+ *0</,-,! XY = xTyH> /! @)- =&'+,! .-!' @)! XY !*+ )'! /"#**! *)-:#'+

H E!+ (")* (#,+-/)"-G,!=!'+> "# /"#**!  ! xTyF4 H! /! @)- (,</G !> -" ,<*)"+! @)0!' $#-*#'+ /&,,!*(&' ,! 2 )'!

/"#**! X !+ )'! /"#**! Y "0!'*!=."! XY > '&)*  <7'-**&'* )'! "&-  ! /&=(&*-+-&' 3  #'* "0!'*!=."!  !*

/"#**!* *)-:#'+ H !+ @)! /!++! "&- (!)+ I+,! /#,#/+<,-*<! (#, "# ,!"#+-&'

xH 3 yH = (xTy)H ⇔ cl(x) 3 cl(y) = cl(xTy)4

J!++!  <7'-+-&' # )' *!'* *- !+ *!)"!=!'+ *- "# /"#**! cl(xTy) '!  <(!' (#*  ) /8&-9  !* ,!(,<*!'+#'+* x !+

y  !* /"#**!* cl(x) !+ cl(y)> #)+,!=!'+  -+ *- ; (&), x, y, x′, y′ ∈ G>

xRx′

yRy′

}

⇒ xTyRx′Ty′. EK4LF

M- "0-=("-/#+-&' EK4LF !*+ :<,-7<!> &'  -+ @)! "# ,!"#+-&'  0<@)-:#"!'/! R !*+ /&=(#+-."! #:!/ "# "&- T E/$4

/8#(-+,! LF4 N' #6&)+! "#  <7'-+-&' *)-:#'+! ;

 !"#$%$&# '()(*  ! "#$!%&'( R #)% *&%#  !"#$%&'() * +,!&%) +"#),#-%&.#/#(% * -$. /)0 !.#- $! $'& T )&

∀x, y, z ∈ G1 xRy ⇒ xTzRyTz +"#),#-%&.#/#(% xRy ⇒ zTxRzTy0

N' # #"&,* "!

+,!&-./0 '()(1  ! "#$!%&'( R #)% -'/,!%&2$# !.#- $! $'& *# 3"'4,# )& #% )#4$#/#(% )& #$$# #)% -'/,!%&2$# 5

*"'&%# #% 5 3!4-6#7

8"#4.# ; 5! *!'* '&' +,-:-#" *! =&'+,! #-'*- ; xRx′ !+ yRy′ ⇒ xTyRx′Ty !+ x′TyRx′Ty′ ⇒ xTyRx′Ty′4

N' /&'*- G,! !'7' "! +8<&,G=! -'+!,=< #-,! *)-:#'+ ;

+,!&-./0 '()(2 9$ : ! ;<4&.!$#(-# #(%"#

=7  ! "#$!%&'( *>;<4&.!$#(-# R #)% -'/,!%&2$# 5 *"'&%#7

?7 9$ #@&)%# 4( )'4)A3"'4,# H %#$ <4# xRy ⇔ xTy−1 ∈ H ⇔ y ∈ Hx

8"#4.# ; M- R !*+ /&=(#+-."! 2  ,&-+!> xRy ⇔ xTy−1Re ⇔ xTy−1 ∈ cl(e) !+ &' :<,-7! @)! H = cl(e) !*+
.-!' )' *&)*1C,&)(!  ! G4 O</-(,&@)!=!'+ *- &' # 2.> xTy−1 ∈ H ⇔ (xTz)T (yTz)−1 ∈ H> R !*+ /&=(#+-."!

2  ,&-+!4

H!*  !)9 +8<&,G=!* (,</< !'+* &'  < )-+ ;

+,!&-./0 '()(3 B'&% (G,T ) 4( 3"'4,# #% R 4(# "#$!%&'( *>;<4&.!$#(-# *!() G7 9$ : ! ;<4&.!$#(-# #(%"# C

=7 cl(x) D cl(y) = cl(xTy) *;E(&% 4(# $'& *# 3"'4,# )4" G/R7
?7  ! "#$!%&'( R #)% -'/,!%&2$# 5 *"'&%# #% 5 3!4-6# !.#- $! $'& *# 3"'4,#7

F7 9$ #@&)%# 4( )'4)A3"'4,# H %#$ <4#

+!0 ∀x ∈ G1 xH = Hx⇔ H #)% *&)%&(34; *!() G7

+20 xRy ⇔ xTy−1 ∈ H ⇔ x−1Ty ∈ H7



 !  !"#$%&' () *'+ +%&, %,&'+ "*-./&$0,'+

 !"# $!%$&"#' !% (!%%' &)

"#$%&'&(% )* *+  !"# H ⊳ G$ %& '()&#"!* R +,-*"( .&'

xRy ⇔ xTy−1 ∈ H

(/# &..(),(  !"#$%&' ()*+,%-#"!'.! /0"1&*# )( /!0/23'!0.( H$ %4(*/(56)( 70!#"(*# G/R (/# &)!'/ 0* 3'!0.(

.!0' )& )!" *&#0'())(8 &..(), / &,0! +,&$%!'$8 (# /( *!#( G/H$

,-./01. )* *2 *!+, &) #'&),+!% R (-.%+' /"# Z 0)# xRy ⇔ ∃k ∈ Z/x − y = kn1 R '/, "%' #'&),+!%

(2-3"+4)&'%$'5 6',,' #'&),+!% '/, )00'&-' 3.14'&(% 5. 6(%738.%6. /(581( n5 7'"8 '%,+'#/ x ', y '% #'&),+!%
/!%, (+,/ $!%9#"/ &2"% : &2)",#' ;!("&! n ', !% %!,' )&!#/ x ≡ y ;!( n <!" x ≡ y[n]=5 >% #';)#3"'#) 3"'
x ≡ 0 ;!( n /+ ', /'"&';'%, /+ n (+4+/' x5
*!+, x )00)#,'%)%, : Z5 >% %!,' 0)# x &) $&)//' (2-3"+4)&'%$' (' x 0!"# &) #'&),+!% (' $!%9#"'%$' ;!("&!
n5 >% %!,' 0)# Z/nZ &2'%/';?&' ('/ $&)//'/ (2-3"+4)&'%$'/ (' &) #'&),+!% (' $!%9#"'%$' ;!("&! n5 >% 0'",
)&!#/ (-("+#' ('/ #-/"&,),/ 0#-$-('%,/ 3"' Z/nZ '/, "% 9#!"0' <)?-&+'%= 0!"# &) &!+ x+ y = x+ y5
*+ !% $!%/+(@#' Z/5Z = {0, 1, 2, 3, 4}1 $'&) %!"/ 0'#;', (2)A#;'# 0)# '8';&' 3"' 9 = 4 + 5 = 4+5 = 4+0 =
4 + 0 = 4.

✄

✂

 

✁
,-.36&6. 9+ >% (-.%+, /"# R2

&) #'&),+!% ρ 0)#

(x, y)ρ(x′, y′)⇔ x+ y = x′ + y′

B5 C!%,#'# 3"' ρ '/, "%' #'&),+!% (2-3"+4)&'%$'5

D5 E#!"4'# &) $&)//' (2-3"+4)&'%$' (" $!"0&' (0, 0)5

F5 *!+, f &2)00&+$),+!% (' R2
()%/ R (-.%+' 0)# G

f : (x, y)→ x+ y

C!%,#'# 3"' ('"8 -&-;'%,/ (' R2
-3"+4)&'%,/ ;!("&! ρ !%, ;H;' +;)9' 0)# f ', 3"' ('"8 -&-;'%,/

%!% -3"+4)&'%,/ !%, ('/ +;)9'/ (+/,+%$,'/5

I5 J% (-("+#' 3"2'%,#' &2'%/';?&' 3"!,+'%, R2/ρ ', R +& '8+/,' "%' ?+K'$,+!% g 3"' &2!% 0#-$+/'#)5

9!''(:#"!* G

B5 >% ;!%,#' )+/-;'%, 3"' ρ '/, #-L'8+4'1 /M;-,#+3"' ', ,#)%/+,+4' (!%$ ρ '/, ?+'% "%' #'&),+!% (2-3"+4)N
&'%$'5

D5 O) $&)//' (2-3"+4)&'%$' (" $!"0&' (0, 0) '/, $!%/,+,"-' 0)# &2'%/';?&' ('/ $!"0&'/ (x, y) ∈ R2
4-#+.)%,

x+ y = 05 62'/, &2'%/';?&' ('/ 0!+%,/ /+,"-/ /"# &) ('"8+@;' ?+//'$,#+$' (" 0&)% x0y5

F5 *!+'%, u, v ∈ R2
1 )&!#/ uρv ⇔ f(u) = f(v)5 >% '% (-("+, -9)&';'%, 3"' ('"8 -&-;'%,/ %!% -3"+4)&'%,/

!%, ('/ +;)9'/ (+/,+%$,'/5

I5 g '/, &2)00&+$),+!% 3"+ : "%' $&)//' P)+, $!##'/0!%(#' &) /!;;' ('/ $!;0!/)%,/ (2"% #'0#-/'%,)%,

3"'&$!%3"' (' $',,' $&)//'5 g '/, +%K'$,+4' (2)0#@/ &) 3"'/,+!% 0#-$-('%,'5  )# )+&&'"#/1 ∀α ∈ R1 !% 0'",

$!%/+(-#'# 3"' α '/, &2+;)9' (' (α2 ,
α
2 ) ∈ R2

(!%$ g '/, /"#K'$,+4' ', 0)# $!%/-3"'%, ?+K'$,+4'5

 !"!# $%&%&%'()*+&,+ -, .'%/(,+

>% (!+, : C)#+' J%%';!%( 6);+&&' Q>R7ST <BUFUNBVDD= &' $!%$'0, (2:(/(/(30:&;/. '%,#' ('"8

/,#"$,"#'/ G

"#$%&'&(% )* *<= ;* 1& 02%31! (! / &,0!3 !0 2&1&1& 02%31! (! / &,0!3 <+0 3'(: =!5!"!/ >

/(56)&6)( (# 5!'.=? > @!'5(A (/# 0*( &..)":&#"!* (*#'( +(0B 3'!0.(/ 70" '(/.(:#( )& /#'0:#0'( +(/ 3'!0.(/$



 !"! #$% &'()*$%  !

 !"# $%&'(#&)*+,- #( (G,T ) *, (G′, ⋆) #.+, /*"0 1%."$*# /2&!&)*+,# +*",%*# %*#$*',(3# e *, n- "+* 4$$!('4,(.+
f : G→ G′ *#, "+ ).%$5(#)* /* 1%."$*# !.%#6"* 7

∀(a, b) ∈ G×G- f(aTb) = f(a) ⋆ f(b)

8+ ).%$5(#)* /* 1%."$*# ,%4+#$.%,* !4 !.( /* 1%."$*- *, 94 4(+#( '.+#*%9*% ,.",*# !*# $%.$%(&,&# !(&*# : '*,,*

!.(; <! *#, /.+' (+,&%*##4+, /2&,"/(*% '.))*+, #* '.)$.%,*+, !*# $%(+'($4"0 .=>*,# /* !4 ,5&.%(* /*# 1%."$*#

$4% !*# ).%$5(#)*#;

"#$%&'&(% )* *++  !  !"#"$%& !#' f "#$ %! &'('(')*&+#(" ,+-".$+/0

,-(.(/&'&(% )* *+0 1+ (G,T ) "$ (G′, ⋆) #'!$ 2"%3 4)'%*"# 5%"6.'!5%"#7 "$ #+ f "#$ %! +#'(')*&+#(" 2" G
#%) G′7 86')# f−1 "#$ %! +#'(')*&+#(" 2" G′ #%) G0

9)"%:" 7 ?( f *#, "+ (#.).%$5(#)*- 4!.%# f *#, "+* =(>*',(.+- /.+' f−1 4"##(; <! #"@, /* ).+,%*% 6"* f−1 *#,
"+ ).%$5(#)* /* 1%."$*#; ?.(*+, x *, y /*"0 &!&)*+,# 6"*!'.+6"*# /* G′; A+ 4 4!.%# 7 f(f−1(x)Tf−1(y)) =
f(f−1(x))⋆f(f−1(y)) = x⋆y; B2.C f−1(x)Tf−1(y) = f−1(x⋆y) *, f−1 *#, /.+' "+ (#.).%$5(#)* /* 1%."$*#
/* G′ #"% G;

"#$%&'&(% )* *+) ;')#5%" G = G′7 %! &'('(')*&+#(" "#$ 8**"6< '()"#"$%& !#' "$ #=+6 "#$ ,+-".$+/7 '!

*8)6")8 2=*+,"#"$%& !#'0

1234.53 )* *6

D E24$$!('4,(.+ f : (Q⋆,×)→ (Q+,×) /&F+(* $4% f(x) = ‖x‖ *#, "+ ).%$5(#)* /* 1%."$*# 7
f(x× y) = ‖x× y‖ = ‖x‖ × ‖y‖ = f(x)× f(y)- ∀x, y ∈ Q⋆

D E24$$!('4,(.+ f : (R+⋆,×)→ (R,+) /&F+(* $4% f(x) = lnx *#, "+ (#.).%$5(#)* /* 1%."$*# 7

f(x× y) = ln(x× y) = lnx+ ln y = f(x) + f(y)- ∀x, y ∈ R+⋆
;

D ?.(, a ∈ R; E24$$!('4,(.+ fa : (R,+) → (R+⋆,×) /&F+(* $4% fa(x) = ax *#, "+ (#.).%$5(#)* /*
1%."$*# 7 .+ 4

fa(x+ y) = ax+y = ax × ay = fa(x)× fa(y)- ∀x, y ∈ R;

D E24$$!('4,(.+ f : (R⋆,×) → (R⋆,×) /&F+(* $4% f(x) = x2 $."% ,.", x ∈ R⋆
*#, "+ 5.).).%$5(#)* G

*+ *H*,

f(x× y) = (x× y)2 = x2 × y2 = f(x)× f(y)- ∀x, y ∈ R⋆
;

D E24$$!('4,(.+ f : (C⋆,×) → (R⋆,×) /&F+(* $4% f(z) = |z| $."% ,.", x ∈ C⋆
*#, "+ 5.).).%$5(#)*-

'4%

f(z × w) = |z × w| = |z| × |w| = f(z)× f(w)- ∀z, w ∈ C⋆
;

D E24$$!('4,(.+ f : (R,+) → (R+⋆,×) /&F+(* $4% f(x) = ex $."% ,.", x ∈ R *#, "+ (#.).%$5(#)*- '4%

*!!* *#, =(>*',(9* *,

f(x+ y) = ex+y = ex × ey = f(x)× f(y)- ∀x, y ∈ R;

D E24$$!('4,(.+ f : (R,+) → (C⋆,×) /&F+(* $4% f(x) = e2iπx $."% ,.", x ∈ R *#, "+ 5.).).%$5(#)*-

'4%

f(x+ y) = e2iπ(x+y) = e2iπx × e2iπy = f(x)× f(y)- ∀x, y ∈ R;

,-(.(/&'&(% )* *++ ;')#5%" G *'##>2" %! <6<("!$ !"%$)" e7 6=+(84" &'('(')*&" f(e) = n "#$ !"%$)"

28!# f(G)0 1+ 68 6'+ T 2" G "#$ 8##'.+8$+:"7 86')# ."66" 2" f(G) 6="#$ 8%##+0 1+ G "#$ %! 4)'%*"7 #'! +(84"

&'('(')*&" f(G) "! "#$ 8%##+ %! "$ f(x−1) = [f(x)]−1 ? 6=+!:")#" 2" f(x) 28!# f(G) "#$ 6=+(84" 2" 6=+!:")#"
2" x 28!# G0



 !  !"#$%&' () *'+ +%&, %,&'+ "*-./&$0,'+

 !"#$"  !" e #$% &#'%(# )*&$ G+ f(e) ⋆ f(x) = f(eTx) = f(x) #% f(x) ⋆ f(e) = f(xTe) = f(x)+ ),&-

f(e) #$% &#'%(# )*&$ f(G). !" /* /," T #$% *$$,-"*%"0#+ /* /," ⋆ /1#$% *'$$"  f [aT (bTc)] = f [(aTb)Tc]+ ),&-

f(a) ⋆ f(bTc) = f(a) ⋆ [f(b) ⋆ f(c)] #% -1#$% *'$$" f(aTb) ⋆ f(c) = [f(a) ⋆ f(b)] ⋆ f(c). 2&3& $" x *)4#% '&

"&0#($# x−1 )*&$ G+ f(xTx−1) = f(e) = f(x) ⋆ f(x−1) #% -1#$% *'$$" f(x−1) ⋆ f(x)  /1"&0#($# )*&$ f(G) )#

f(x) #5"$%# #% -1#$% f(x−1). 2& )1*'%(#$ %#(4#$ [f(x)]−1 = f(x−1).

✄

✂

 

✁
"#$%&'&$ (! 6& -,&$")7(# $'( ] − 1, 1[ /* /," xTy =

x+ y

1 + xy
+ 4,&%(#( 8'# (] − 1, 1[, T ) #$% '& 9(,':#

-,44'%*%";. <,&%(#( 8'1"/ #$% "$,4,(:=# > (R,+).
%&!!"'()&*  6& 4,&%(# $*&$ 9(*&)# )"?-'/%@ 8'# T #$% -,44'%*%"0# A4B4# $" -# &1#$% :*$ "&)"$:#&$*C/#D+

*$$,-"*%"0#

(

xT (yTz) = (xTy)Tz =
x+ y + z + xyz

xy + xz + yz

)

+ )1@/@4#&% &#'%(# 0+ #% %,'% @/@4#&% x #$% "&0#($"C/#+

)1"&0#($# −x. E# :/'$ )"?-"/# #$% #& ;*"% )# :(,'0#( 8'# /* /," T #$% C"#& '&# /-" A/," )# -,4:,$"%",& "&%#(&#D+

-1#$%F>F)"(# )# :(,'0#( 8'# ]− 1, 1[ #$% $%*C/# :*( T . !" x < 1 #% y < 1+ (x− 1)(y − 1) = xy − x− y − 1 < 0+

),&- −(1 + xy) < x + y+ #% #& )"0"$*&% :*( 1 + xy 8'" #$% :,$"%";+ ,& ,C%"#&% −1 <
x+ y

1 + xy
. G# 4B4#+ #&

:*(%*&% )# −1 < x #% −1 < y+ ,& ,C%"#&%

x+ y

1 + xy
< 1. H"&*/#4#&%+ T #$% C"#& '&# /," )# 9(,':#. 6& :#'%

@9*/#4#&% (#4*(8'#( 8'# th : R →] − 1, 1[ #$% '&# *::/"-*%",& C"I#-%"0# 0@("3*&% th(x + y) = th(x)Tth(y).
6& :#'% #& )@)'"(# "44@)"*%#4#&% 8'1"/ $1*9"% )1'& "$,4,(:="$4# )# 9(,':#$.

)*+,'-'., /01021 +) G′ ,-."( #* /0/."*( *"#(!" n1 02"*3".40" N -"3 /0/."*(3 -" G -&*( 02).,5" 6,! f
"3( n 32,66"00" 0"  !"#$ -" f 1 *&(/ 7"!f 8 92%&#'( -" f "3( -/:*)" 6,! ;.f = f(G)8

"#$345$ /0106 !,"#&% G = {φ0, φ1, φ2, φ3, φ4, φ5}+ G′ = {φ0, φ1} )1@/@4#&% &#'%(# φ0+ #% f : G→ G′ )@3&"#

:*( f(φ0) = φ0+ f(φ1) = φ1+ f(φ2) = φ0+ f(φ3) = φ0+ f(φ4) = φ1 #% f(φ5) = φ1. J/,($+ K#(f = {φ0, φ2, φ3}
#% L4f = G′.

✄

✂

 

✁
"#$%&'&$ (2 <,&%(#( 8'# x 7→ x

|x| #$% '& #&),4,(:="$4# )# 9(,':#$ )# (R⋆,×). G@%#(4"&#( $,& &,M*' #%

$,& "4*9#. <B4# 8'#$%",& :,'( /1*::/"-*%",& θ 7→ eiθ A)# (R,+) )*&$ (C⋆,×)D.
%&!!"'()&*  L/ $'?% )# 0@("3#( 8'# ∀x, y ∈ R⋆

+

x

|x| ×
y

|y| =
xy

|xy| + -# 8'" #$% 0(*". E1"4*9# )# -# 4,(:="$4#

#$% {−1, 1}+ #% $,& &,M*' R⋆+
.

E1*::/"-*%",& θ 7→ eiθ #$% '& 4,(:="$4# -*( ei(θ+θ′) = eiθeiθ
′

. !,& "4*9# #$% U AU #$% /1#&$#4C/# )#$ &,4C(#$

),&% /# 4,)'/# #$% @9*/ > 1D #% $,& &,M*' 2πZ = {2kπ|k ∈ Z}.

7%.4.8'-'., /0102/ 9" .&!6<)3." -" 5!&#6" f "3( )*="'()> 3) "( 3"#0"."*( 3) 0" *&?,# -" f *2"3( '&*3()(#/
@#" -" 02/0/."*( *"#(!" -" G8

 !"#$"  !,"#&% x, y ∈ G %#/$ 8'# f(x) = f(y) N */,($ f(x) ⋆ f(y)−1 = f(xTy−1) = n -1#$%F>F)"(# 8'#

xTy−1 ∈ ker(f). O*( -,&$@8'#&% ker(f) = {e} $" #% $#'/#4#&% $" xTy−1 = e -1#$%F>F)"(# 8'# x = y.

✄

✂

 

✁
"#$%&'&$ (/ !,"% G '& 9(,':# #% a ∈ G. <,&%(#( 8'# /1*::/"-*%",& x 7→ axa−1 #$% '& *'%,4,(:="$4#

)# 9(,':#$ )# (G,×).
%&!!"'()&*  P,44# a(xy)a−1 = axa−1aya−1+ /1*::/"-*%",& #$% '& #&),4,(:="$4# )# 9(,':#$. G# :/'$+ $"

axa−1 = e+ */,($ ax = a+ ),&- x = e+ *'%(#4#&% )"% /# &,M*' )# -# 4,(:="$4# #$% (@)'"% > /1@/@4#&% &#'%(#+

/1*::/"-*%",& #$% ),&- "&I#-%"0#. P,44# )# :/'$ '& @/@4#&% y * %,'I,'($ '& *&%@-@)#&%+ #& /1,--'(#&-# a−1ya+

#//# #$% @9*/#4#&% $'(I#-%"0#+ ),&- C"I#-%"0#. P1#$% ),&- '& *'%,4,(:="$4# )# 9(,':#$+ ),&% /* (@-":(,8'#

#$% )1*"//#'($ y 7→ a−1ya.



 !"! #$% &'()*$%  !

"#$%&'() *+,+-  !"#$%& G &#' %( )"!%*&+ ,& (!-.% N /& f &#' %( #!%#0)"!%*& /1#'1()%2 /& G3

4"&%5&  !"#"$% e &'(&()*$# $*+#,* -* G. n = f(e) *%# $*+#,* -/$% f(G). 0"1# u +$ (&()*$# -* N *# x -/$%

G  

f(xTuTx−1) = f(x) ⋆ f(u) ⋆ f(x−1) = f(x) ⋆ n ⋆ f(x−1) = [f(x) ⋆ n] ⋆ f(x−1) = f(x) ⋆ f(x−1) =
f(xTx−1) = f(e) = n.

2/, 3"$%(4+*$# xTuTx−1 ∈ N *# -"$3 N ⊳ G.

5*&/ 1)6&14+* -'/6,7% &/ %*3#1"$ %+, &/ 3"$%#,+3#1"$ -+ 4+"#1*$# -'+$ 8,"+6* 4+'"$ 6*+# 3"$%#,+1,* +$ 8,"+6*

4+"#1*$# G/N = G/9*,f -* &"1 3")6/#1:&* /;*3 3*&&* -* G.

<$ / (8/&*)*$# &* ,(%+&#/# 1)6",#/$# 31=-*%%%"+% 4+1 6*,)*# -* 3")6&(#*, &* #>(",7)* ?.@.A  

"#$%&'() *+,+. 6!1' (G,T ) %( )"!%*& &' H ⊳ G3  7.**,18.'1!( s /29(1& *."

s : (G,T ) → (G/H, : )
x 7→ cl(x)

&#' %( ;!"*<1#;& /& )"!%*&#3 =, &#' #%">&8'1?3 6!( (!-.% &#' 2)., @ H3  & ;!"*<1#;& s #7.**&,,& ,.  !"#$%&'()

*(! +"(#$%&'(), %-)()'.!$ /& G #%" G/H3 A( (!'& *."?!1# s = sH 3

4"&%5&  s *%# +$* /66&13/#1"$ 6+1%4+* #"+# (&()*$# -* G /66/,#1*$# B +$* *# +$* %*+&* 3&/%%* -'(4+1;/&*$3* C

6"+, #"+# x, y ∈ G "$ / s(xTy) = HxTy = Hx D Hy = s(x) D s(y) 3'*%#=B=-1,* 4+* s *%# +$ )",6>1%)*. s
*%# %+,E*3#1;* 6+1%4+'/+3+$* 3&/%%* -'(4+1;/&*$3* $'*%# ;1-*.

F* #>(",7)* %+1;/$# *# 4+1 +#&1%* &*% ,(%+&#/#% 6,(3(-*$#% *%# -G B H))I !<HDJHK LMNN?=MO@PQ

"#$%&'() *+,+/ B4"&;1&" '<2!"C;& /71#!;!"*<1#;& !% '<2!"C;& /& /28!;*!#1'1!( 8.(!(1$%&D

6!1&(' (G,T ) &' (G′, ⋆) /&%E )"!%*&# &' ϕ %( <!;!;!"*<1#;& /& G /.(# G′3 =, &E1#'& .,!"# %( 1#!;!"*<1#;&
ν /& G/Ker(ϕ) #%" ϕ(G) '&, $%& ϕ = νos !F s &#' ,. #%">&8'1!( 8.(!(1$%& /& G #%" G/Ker(ϕ)3 A( . /!(8
G/Ker(ϕ) ≃ ϕ(G)3

4"&%5&  R"$#,"$% 4+* &'/66&13/#1"$ ν : G/Ker(ϕ) 7→ ϕ(G) = Im(G)  !" #$ %&'&()%*!' +*, -"*./

0/ ν  !" +* $ 123$* / 4$  5 "6 ∀Hx,Hy ∈ G/H " 7! 8# Hx = Hy6 *7 9* $" 8# xTy−1 ∈ H = Ker(ϕ)
1&$- ϕ(xTy−1) = ϕ(x) ⋆ ϕ(y)−1 = n 1:&; ϕ(x) = ϕ(y) !&*" ν(Hx) = ν(Hy)/

</ ν  !" #$ '&()%*!' 6 )&#( "&#" Hx,Hy ∈ G/H &$ =

ν(Hx > Hy) = ν(HxTy) = ϕ(xTy) = ϕ(x) ⋆ ϕ(y) = ν(Hx) ⋆ ν(Hy)/

?/ ν  !" !#(, -"*9 )=( 123$*"*&$6 *7 ( !" @ )(&#9 ( 8# ν  !" *$, -"*9 / A&#( "&#" Hx,Hy ∈ G/H " 7!

8# ν(Hx) = ν(Hy) &$ = ϕ(x) = ϕ(y)/ B$  $ 121#*" 8# ϕ(xTy−1) = n 1:&; xTy−1 ∈ Ker(ϕ)  "

Hx = Hy/

 !"!##$%"& '()(*  ! ϕ "#$ %& '()(*+'!#)" #%*,"-$!. /0(*# G/Ker(ϕ) ≃ G′ 1% ./!$ 2%" Im(ϕ) = G′3

✄

✂

 

✁
+,&"-%-& .) C&(& -(**!456 D&*" (A,+, 0) #$ E(&#) =+27* $ C-&''#"="*.F  " !&*" H ⊂ A #$ !&#!GE(&#) 

1 A/ A&#( "&#" a ∈ A6 7= -7=!! 1 a '&1#7& H  !" 123$* )=( 7 !&#!G $! '+7 1 A !#*9=$"

a+H = {a+ h, h ∈ H} ⊂ A

0/ H&$$ ( #$ -&$1*"*&$ $2- !!=*(  " !#I!=$" )&#( 8# 1 #J -7=!! ! !&* $" 2E=7 ! Ca+H = b+HF/

B$ $&" A/H 7: $! '+7 1 ! -7=!! ! '&1#7& H K



 !  !"#$%&' () *'+ +%&, %,&'+ "*-./&$0,'+

A/H = {a+H, a ∈ A}
 ! "#$%&'& ()' *+'$,'-.*' /', 0*1,,', -#/)*# H 2#&-' )$' 31&%4%4#$ /' A! 546 '$ #)%&'6 A ',% 7$46 -#$%&'&

()' %#)%', *', 0*1,,', #$% *' -8-' 01&/4$1*! 9#-.4'$ : 1;%;4* /' 0*1,,', /4<=&'$%', /1$, 0' 01, >

?$ /=7$4% *1 *#4 /' 0#-3#,4%4#$ 4$%'&$' ,)4@1$%' '$%&' /')A 0*1,,', B

(a+H)⊕ (b+H) = (a+ b) +H = {a+ b+ h, h ∈ H}

C! "#$%&'& ()' (A/H,⊕, 0+H) ',% )$ D&#)3' 1.=*4'$! 9' D&#)3' ',% 133'*= *' D&#)3' ()#%4'$% /' A 31&

H!

✄

✂

 

✁
"#$%&'&$ ( E ! "!##$%&'

F! 5#4% n ∈ Z6 -#$%&'& ()' nZ = {nk, k ∈ Z} ',% )$ ,#),;D&#)3' /' (Z,+, 0)!

 ! "#$%&'& ()' %#), *', ,#),;D&#)3', /' Z ,#$% /' 0'%%' 2#&-'!

?$ $#%' (Z/nZ,⊕, 0 + nZ) *' D&#)3' 1.=*4'$ /', 0*1,,', -#/)*# n! G#)& %#)% k ∈ Z6 #$ $#%'&1 k *1 0*1,,'

k + nZ /' k -#/)*# n!

C! H)' @1)% 137⊕ 212 /1$, Z/13Z >

I! JK&4%L-=%4()' L#&*#DM&'N OP1),,Q B JR' /#4, 31&%4& /'-14$ 3#)& 51$ S&1$04,0# T 9 L')&',! U' %&14$

-'%%&1 126 L')&', 3#)& &'*4'& V40' T W*1/4@#,%#X! Y* 21)/&1 '$,)4%' 358 L')&', 1) .1%'1) 3#)& 2&1$0L4&

*' P#*/'$ P1%' Z&4/D'! [$ 1&&4@1$% @14,;\' 3#)@#4& -1$D'& -', 31$01X', 21@#&4, /1$, )$ 012= /) 3#&%

/#$% *', L#&14&', /+#)@'&%)&' ,#$% 7 L')&', ; 11 L')&', >

 !"!# $%& '()*+%& ,-.& %/ 01%2%3+0% 4* '()*+% &536/(.7*%

)*+,'-'., !/0/1 ( %#!)*+ ,!) -!)-.%#!)*+' +-/ 0$/  !" -$ 1+  !23#+ 0+ -+- &1&2+ /-4 5**+1& 51!#- #$%$&

0) %#!)*+ ,!) -!)-.%#!)*+'4 +-/ 6 $7 8  !/+#5 |G| 19!#0#+ 0) %#!)*+ G7

)*+,'-'., !/0/1( :9#$%$& %'(! )*)+&!, ,! 0$/ *5#;!$- *&#$!0+' a 09) %#!)*+ +-/ 1+ *1)- *+/$/  !23#+

+ /$+# *!-$/$; m /+1 <)+ am = e ,!= e 0&-$% + 19&1&2+ /  +)/#+ !) $0+ /$/& 0) %#!)*+4 +/ am 0&-$% + 1+ *#!0)$/

0+ m "!*$+- 0+ a'7 >$ 5)") m 0+ 15 -!#/+  9+?$-/+4 ! 0$/ <)+ a +-/ 09!#0#+ "! !"7

2%.3.4'-'., !/0/10 >$ H +-/ ) -!)-.%#!)*+ 6 $ 0+ G +/ -$ x +/ y -! / 0+)? &1&2+ /- 0+ G 51!#- 1+- "15--+-

09&<)$@51+ "+ ,A %5)"B+ !) A 0#!$/+' 0+ x +/ y *!)# 15 #+15/$! R ! / 2C2+  !23#+ 09&1&2+ /- +/ "+  !23#+

+-/ &%51 5) "5#0$ 51 0+ H7

D#+)@+ B 5#4% T *1 *#4 /' 0#-3#,4%4#$ 4$%'&$' /' G '% x )$ =*=-'$% /' G! G#,#$, f : H → xH, h 7→ f(h) =
xTh ] *+133*401%4#$ f ',% 4$\'0%4@' 01& ,4 h '% h′ ,#$% /', =*=-'$%, /' H %'*, ()' f(h) = f(h′) 1*#&, #$ 1

*+=D1*4%= xTh = xTh′ ⇔ h = h′ 01& x ',% &=D)*4'&! f ',% 1),,4 ,)&\'0%4@' 01& ,4 y ',% )$ =*=-'$% /' xH6 1*#&,

4* 'A4,%' h ∈ H %'* ()' y = xTh '% /#$0 y = f(h)! f =%1$% T *1 2#4, 4$\'0%4@' '% ,)&\'0%4@'6 ',% .4\'0%4@'! 9'04

3&#)@' ()' H '% xH #$% -8-' $#-.&' /+=*=-'$%,! "14, ,4 y ',% )$ =*=-'$% /' G6 yH '% H 1)&#$% 1),,4

-8-' $#-.&' /+=*=-'$%,! ^#$0 xH '% yH #$% -8-' 01&/4$1*!

^' -8-' #$ -#$%&'&14% ()' %#)%', *', 0*1,,', T /&#4%' 3#)& )$' &'*1%4#$ R6 4,,)' /+)$ ,#), D&#)3' H /'

01&/4$1* 7$4 /1$, G6 #$% -8-' $#-.&' /+=*=-'$%,6 0' $#-.&' =%1$% =D1* T |H|!

U' %L=#&M-' ()4 @4'$% -14$%'$1$% '% ()4 &=,)*%' '$ 31&%4' /' *1 3&#3#,4%4#$ 3&=0=/'$%' ',% 2#$/1-'$%1* '$

1*DM.&'!

56*.%78$ !/0/19 ,:5%#5 %+' >!$/ G ) %#!)*+ 6 $7 >$ H +-/ ) -!)-.%#!)*+ 0+ G4 51!#- 1+ "5#0$ 51 0+ H
0$@$-+ "+1)$ 0+ G7 8  !/+#5 |G/H| != [G : H] 1+  !23#+ |G|/|H|7 [G : H] -95**+11+ 19"!%"-& 0+ H 05 - G7



 !"! #$% &'()*$%  !

 !"#$"  !"#$ %"&' H (& )"()*+,"(-. %. G/ 0& '"&)#%1,. 23 ,.23$#"& %456(#732.&'. R 3))"'#5. 8 H/ 922. &"()

-.,:.$ %. %5;&#, (&. -3,$#$#"& %. G -3, %.) )"()*.&).:<2.) %. 23 =",:. xH "> x ∈ G/ 0& -.($ %"&' $,"(7.,?

G 5$3&$ ;&#? (& &":<,. n ∈ N .$ x1, . . . , xn ∈ G $.2) 6(. {x1H, . . . , xnH} =",:. (&. -3,$#$#"& %. G/ @3#)

2.) )"()*.&).:<2.) xiH "&$ $"()? %43-,1) 23 -,"-")#$#"& -,5'5%.&$.? 2. :A:. &":<,. %4525:.&$)/ B. -2()? '.

&":<,. .)$ 5+32 8 |H|/ B"&' 2. '3,%#&32 %. G )45',#$ |G| = n|H|/

0& %"&&. :3#&$.&3&$ (& '","223#,. %( $C5",1:. %. D3+,3&+. 6(# .)$ 3<)"2(:.&$ ="&%3:.&$32 %3&) 23 $C5",#.

%.) +,"(-.) ;&#)/

"#$#%%&'$( )*!*) %&'( G #) *!&#+", %&'( g #) -.-/")( 0" G 01&!0!" 2)', 3.&!4 .1&!0!" 0" g 0'$'4" .1&!0!" 0"
G,

 !"#$"  !"#.&$ G .$ g '"::. %3&) 245&"&'5 .$ )"#$ n 24",%,. %. g/ E2",) {g, g2, . . . , gn = e} .)$ (& )"() +,"(-.

%. G/ F.$$. 3G,:3$#"& .)$ $,#7#32. 8 75,#;.,/ B. -2()? -3, %5;&#$#"& %. 24",%,. %4(& 525:.&$ %3&) (& +,"(-.? '.

)"()*+,"(-. .)$ %. '3,%#&32 n/ H3, 3--2#'3$#"& %( $C5",1:. %. D3+,3&+.? n .)$ (& %#7#).(, %( '3,%#&32 %. G/

+(,&$-.( )*!*/ 0& -.($ ). -")., 2. -,"<21:. ,5'#-,"6(.? 8 )37"#,  !# p .)$ (& %#7#).(, %. 24",%,. %(

+,"(-. 32",) .I#)$.*$*#2 (& 525:.&$ %4",%,. p %3&) G "( .&'",.? .I#)$.*$*#2 (& )"() +,"(-. %4",%,. p %3&) G J

D3 ,5-"&). .)$ %"&&5. -3, 2. $C5",1:. %. F3('CK -"(, 2.) 525:.&$) %4",%,. p .$ )"() '.,$3#&.) '"&%#$#"&)

)(, p? .$ -3, 2. $C5",1:. %. D(%L#+ !MD0N OPQRS*PTPQU? -"(, 2.) )"()*+,"(-.) %4",%,. p? )"() '.,$3#&.)

'"&%#$#"&) )(, p .$ )(, G/

0123'4'#3 )*!*56 5) *!&#+"6 )&(- '7' /#.('+.'78('$"/")(6 "4( 0'(  !"!#$"% 41'. 7&)('")( #) -.-/")( g (".
9#" (&#( -.-/")( 0" G 41-7!'$" 4&#4 .8 :&!/" gn, ;) 0'( 9#" ." *!&#+" "4( %"#%"&'( )*' g, 5) *!&#+"

/&)&*<)" +", =+&44-08)( #) )&/>!" 2)' 01-.-/")(4? "4( 0'( -.-/,01%,

78(,9%( )*!*: B3&) C? .&).:<2. %.) &":<,.) '":-2.I.) '"&$.&3&$ 2. '521<,. &":<,. i $.2 6(. i2 = −1?

'"&)#%5,"&) G = {1, i,−1,−i} :(&# %. 23 :(2$#-2#'3$#"& ()(.22. %.) &":<,.) '":-2.I.)  (G,×) .)$ (&

+,"(-. '"::($3$#= V "& -.($ 5$3<2#, )3 $3<2. %. HK$C3+",. O'#*%.))"()U/

× 1 i −1 −i

1 1 i −1 −i
i i −1 −i 1

−1 −1 −i 1 i

−i −i 1 i −1

W& $.2 +,"(-. .)$ :"&"+1&. O#2 .)$ .&+.&%,5 -3, 2.) -(#))3&'.) %4(& %. ).) 525:.&$)  # O"( <#.& *#UU/ F.

+,"(-. :"&"+1&. %. X 525:.&$) .)$ ;&# .$ %"&' 'K'2#6(./

H2() +5&5,32.:.&$ (& +,"(-. (G,T ) %4525:.&$ &.($,. e? &"& ,5%(#$ 8 {e} ).,3 :"&"+1&. )4#2 .I#)$. (&

525:.&$ a %. G %#)$#&'$ %. e $.2 6(. G = {e, a, aTa, aTaTa, . . . , a(n), . . .} .& %5)#+&3&$ -3, a(n) 2. '":-")5

%. n 525:.&$) 5+3(I 8 a On &"& &(2U/ W& $.2 +,"(-. ).,3 'K'2#6(.? )4#2 .I#)$. (& .&$#., n &"& &(2 -"(, 2.6(.2

a(n) = e/ D. -2() -.$#$ .&$#., &"& &(2 75,#;3&$ '.$$. 5+32#$5 .)$ 32",) 24",%,. %( +,"(-./

;$#9#<'4'#3 )*!*5 %&'( |G| = p +!"/'"!, 3.&!4 G "4( '4&/&!+@" A Z/pZ =") +8!('7#.'"!6 G "4( 7&//#(8(':?,

 !"#$"  !"#$ x 6= 1 %3&) G? .$ )"#$ H =< x > 2. )"()*+,"(-. .&+.&%,5 -3, x/ E2",) |H||G/H| = p? .$ '"::.

|H| > 1? |H| = p? .$ H = G/ 0, < x > .)$ $"(Y"(,) (& +,"(-. 'K'2#6(. V .& =3#$? )# < x > .)$ ;&#? '"::.

'4.)$ 2. '3) #'#? < x >= Z/dZ? "> d > 0 .)$ 2. '3,%#&32 %. < x >/ B"&' "& 3 <#.& G =< x >≃ Z/pZ/



   !"#$%&' () *'+ +%&, %,&'+ "*-./&$0,'+

!"#$%&# '()(*

 !" #$%&'" ())*+*, (Z,+) )"- ".+*"$- $"/(+*,- "-+ 0%.%#1." 2".#".)$3 '($ 14 0(*- */ "-+ *.5.* )%.6 .%.

676/*8&"9

 :(.- (Q,×); /<".-"0=/" )"- '&*--(.6"- ".+*1$"- )<&. .%0=$" .%. .&/ a "-+ &. #$%&'" 0%.%#1." *.5.*;

*-%0%$'>" ? (Z,+) @& 8&" am+n = am × an9 A/ -&B+ '%&$ -<". 6%.@(*.6$" )" 6%.-*)3$"$ /<".-"0=/" )"-

'&*--(.6"- )" 29
 !" #$%&'" (Z/nZ,+) "-+ 0%.%#1." 2".#".)$3 '($ /( 6/(--" )" C4 "+ 5.* D 6<"-+ &. #$%&'" 676/*8&"9

 :(.- C; /"- $(6*."- nE*10"- )" /<&.*+3 6%.-+*+&".+ &. #$%&'" 676/*8&" 0&/+*'/*6(+*, 2'%&$ /( 0&/+*'/*6(E

+*%.49

+#$,-./# '()(0 F($ )35.*+*%.; &. #$%&'" 676/*8&" "-+ 5.* 0(*- &. #$%&'" 5.* .<"-+ '(- .36"--(*$"0".+

676/*8&" D %. '%&$$( 6%.-*)3$"$ /" 6(- )& #$%&'" -703+$*8&" 6*E('$1- %& ".6%$" /" #$%&'" )" G/"*.9

H. '"&+ 3.%.6"$ 8&"; ? &. *-%0%$'>*-0" '$1-; (Z,+) "-+ /" -"&/ #$%&'" 0%.%#1." *.5.*9 I+; ? &. *-%0%$E

'>*-0" '$1- ".6%$"; 2Z/nZ,+) "-+ /" -"&/ #$%&'" 0%.%#1." 5.*9 A/ -&*+ 8&" D

1-2%2345426 '()(78  !"# $%!"&' (!)!$*)' +,!)- #!"# $%!"&' -.-/01"'2 '3# 456/0') +-!(("#4#072

H. *.+$%)&*+ ".-&*+" &. +>3%$10" )" J(&6>7 -&$ /"- #$%&'"- 5.*- D 6" +>3%$10" ,&+ 3#(/"0".+ 3.%.63 (&E

'($(@(.+ '($ I&/"$ "+ !(#$(.#" )(.- &." ,%$0&/(+*%. 38&*@(/".+" -(.- /" -"6%&$- )" /( .%+*%. (/#3=$*8&" )"

#$%&'" D

9:;2-<$# '()(77 84)3 ") $%!"&' 9)0 E ,:!%,%' n +-:'3#;<;,0%' 4.4)# n 6/6(')#32= 30 k '3# /:!%,%' ,:")
3!"3;$%!"&' F ,' E= 4/!%3 k ,0>03' n?

@%'">' D &+*/*-%.- /( .%+(+*%. ())*+*@" '%&$ -*0'/*5"$ /"- 36$*+&$"-9 K%*+ R /( $"/(+*%. )35.*" )(.- E '($ D

aRb ⇒ a − b ∈ F 9 A/ "-+ 6/(*$ 8&" R "-+ &." $"/(+*%. )<38&*@(/".6" )%.+ /"- 6/(--"- -%.+ ". .%0=$" 5.*

2'&*-8&" E "-+ 5.*49 :(.- E; b "-+ ". $"/(+*%. (@"6 a -* "+ -"&/"0".+ -* b = a+u; u ∈ F 9 F($ -&*+"; /" 6($)*.(/

)" +%&+" 6/(--" "-+ /" 6($)*.(/ k )" F 9 I+ '&*-8&" /"- 6/(--"- ,%$0".+ &." '($+*+*%. )" E; */ -<".-&*+ 8&" -* p
"-+ /" .%0=$" )" 6/(--"-; (/%$- n = pk9

H. ( ". 6%$%//(*$" /<*0'%$+(.+ $3-&/+(+ -&*@(.+ D

=2-2&&,4-# '()() A0 G '3# ") $%!"&' 9)0 ,:!%,%' n ,:6/6(')# )'"#%' e= 4/!%3 &!"% #!"# 6/6(')# a ,' G B

a(n) = e?

A.+3$"--%.- .%&- 0(*.+".(.+ (& >-2/%# 3?$;5-4./# 6<"-+E?E)*$" /" #$%&'" )"- '"$0&+(+*%.- )<&. ".-"0=/"

5.*9 L&.* )" /( /%* )" 6%0'%-*+*%. )"- (''/*6(+*%.- 2/%* M%N4; /<".-"0=/" )"- =*O"6+*%.- )<&. ".-"0=/" E
)(.- /&*E0P0"; "-+ &. #$%&'"; .%. 6%00&+(+*, -* E '%--1)" '/&- )" 2 3/30".+-9 !<(''/*6(+*%. *)".+*8&"

i "-+ /<3/30".+ ."&+$" )& #$%&'"9 !%$-8&" E "-+ 5.* "+ '%--1)" n 3/30".+-; 6"- =*O"6+*%.- -<(''"//".+ )"-

'"$0&+(+*%.- 2(&+$",%*- (''"/3"- -&=-+*+&+*%.-4 "+ /"&$ #$%&'" ". '%--1)" n! 2,(6+%$*"//" n4 D 6<"-+ &. #$%&'"

5.*; (''"/3 #$%&'" -703+$*8&" )" E -%&@".+ .%+3 Sn 2S 6%00" -&=-+*+&+*%.49 A/ .<"-+ '(- 676/*8&"9

!"#$%&# '()(7@ !%$-8&" E = {a, b, c}; /" #$%&'" -703+$*8&" )" E; -%*+ S3; '%--1)" )%.6 6 3/30".+-9

:3-*#.%.- '($ xyz /( '"$0&+(+*%. a → x; b → y; c → z; %. '"&+ (/%$- /"- 36$*$" D i = abc; acb; bac; bca;
cab; cba9 F($ "Q"0'/"; '($ 6%0'%-*+*%.; %. @%*+ 8&" bca "-+ /( '"$0&+(+*%. *.@"$-" )" cab 2-703+$*8&" )" cab
'%&$ /( /%* %4 D

9 cab D a→ c; b→ a; c→ b
9 bca D a→ b; b→ c; c→ a
9 bcaocab D a→ a; b→ b; c→ c

J<"-+ )*$" 8&" bcaocab = i; -%*+ bca−1 = cab9 H. ( /( +(=/" -&*@(.+"



 !"! #$% &''$&()  !

o abc cab bca cba acb bac

abc abc cab bca cba acb bac

cab cab bca abc bac cba acb

bca bca abc cab acb bac cba

cba cba acb bac abc cab bca

acb acb bac cba bca abc cab

bac bac cba acb cab bca abc

acb bac !" cba #"$%" &!'( )(*)(! +,-#"(./'! .&+ %! )!'0!%" !%1!%2(!( &! 1(*')!3 4% 0#(.5!($ /'! bca(3) =
cab(3) = i 6 &! 1(*')! %7!+" 2*%8 )$+ 8,8&./'!3 9$.+ *% )!'" %*"!( /'! H = {abc, cab, bca} !+" '% +*'+:1(*')!

8,8&./'! 2! S33 ; '% .+*-*()<.+-! )(=+ H !+" &! +!'& 1(*')! 5%. 27*(2(! 3 > *% )!'" &7.2!%".5!( ? Z/3Z3

"#$%&'() *+,+-*  !"#$%" &!'()'  *+,*-*+./00 12%# 3"2%45 678 9:2"9"5 n 5;# 8;2<2"4$5 = %7 ;2%;-

3"2%45 9% 3"2%45 ;><?#"8@%5 Sn  A5@%5A 42;;B95 n! = 1× 2 . . . (n− 1)× n ?A?<57#;0C

.$/0121%0 *+,+-3 D75 45"<%#E#827 24?"E7# ;%" (x, y, z, . . . , t, u) 5;# 98#5  !" #$%!"& 42%" ;837865" @%5

(x, y, z, . . . , t, u) 5;# #"E7;F2"<? 57 (y, z, . . . , u, x) G #2%# 5;# 9?HEA? 9:%7 "E73 5# A5 95"785" #5"<5 4"579 AE 4AEH5

9% 4"5<85"C

 !" #$% &''$&()

@! "!(-! !+" 2! A$0.2 BC@DEFG HIJKL:IMNOP3

 !"!# $%& '((%')*

@7#"'2! 2!+ $%%!$'Q "(*'0! +$ +*'(8! 2$%+ &$ "<#*(.! 2!+ )*&,%R-!+ !" &$ "<#*(.! 2!+ !%".!(+ $&1#S(./'!+3

F.8<$(2 A!2!T.%2 U'" &! )(!-.!( ? .%"(*2'.(! &! 8*%8!)" 27$%%!$' -$.+ &! "!(-! V$%%!$'W H*' )&'+ )(#8.+#-!%"

&! "!(-! $&&!-$%2 X$<&(.%1P $ #"# '".&.+# !% )(!-.!( )$( A$0.2 B.&S!(" !% IJMY3 @$ )(!-.=(! 2#5%.".*%

$Q.*-$"./'! 27'% $%%!$' U'" 2*%%#! )$( ;S($<$- ;2*&U ZF;E[\E@ HIJMI:IMK]P !% IMIN !" E--, [*!"<!(

2*%%$ /'$%":? !&&! &$ )(!-.=(! U*%2$".*% $Q.*-$"./'! 2! &$ "<#*(.! 2!+ $%%!$'Q 8*--'"$".U+ 2$%+ +*%

(!-$(/'$S&! $(".8&! VC2!$& G<!*(, .% F.%1+W !% IMLI3

.$/0121%0 *+ +- I7 E445AA5 E87;8 %7 3"2%45 EJ?A857 (A,+) <%78 9:%75 ;5H2795 A28K ;2%L57# E445A?5 <%A#8-

4A8HE#827K 72#?5 8H8 M×NK E;;2H8E#8L5 5# 98;#"8J%#8L5 ;%" 2% 4E" "E442"# = AE A28 95 3"2%45  E998#8270K H:5;#-=-98"5

@%5 42%" #2%# #"84A5# (a, b, c) 9:?A?<57#; 95 A G

• (a× b)× c = a× (b× c)  E;;2H8E#8L8#?0

• a× (b+ c) = a× b+ a× c 5# (a+ b)× c = a× c+ b× c  98;#"8J%#8L8#?0

^$( 8*%+#/'!%" '% $%%!$' !+" '% "(.)&!" (A,+,×) "!& /'! 6

• A !+" '% !%+!-S&! >

• + !+" '%! &*. 2! 8*-)*+.".*% .%"!(%! "!&&! /'! (A,+) +*." '% 1(*')! 8*--'"$".U > 8! /'. .-)&./'! /'!

_ &$ &*. + !+" $++*8.$".0! >

_ A 8*%".!%" $' -*.%+ '% #&#-!%" 6 &7#&#-!%" %!'"(! )*'( &$ &*. + %*"# 0 >

_ "*'" #&#-!%" a 2! A $ '% *))*+# %*"# −a >

_ &$ &*. + !+" 8*--'"$".0! Ha+ b = b+ aP >

• × !+" '%! &*. 2! 8*-)*+.".*% .%"!(%! $++*8.$".0! !" 2.+"(.S'".0! )$( ($))*(" ? + >



 !  !"#$%&' () *'+ +%&, %,&'+ "*-./&$0,'+

"#$%&'(# )* *+  ! "#$%# #"& '()!*(# %+(,-%!&( a× (b+ c) = a× b+a× c. /0 1-)%# 2# 2!"&)!3$&!'!&( 4 ,-$56#7

 ! "#$%# #"& '()!*(# %+(,-%!&( (a+b)×c = a×c+b×c. /0 1-)%# 2# 2!"&)!3$&!'!&( 4 2)/!&#7 8-!" 1/$) $0 -00#-$.

/0 2/!& -'/!) %- 2!"&)!3$&!'!&( 4 ,-$56# #& 4 2)/!&# 9 /0 1-)%# 2+-!%%#$)" 1-):/!" 2# 2/$3%# 2!"&)!3$&!'!&(7

,-./0102/ )* *)  !"##$"% $&' ()'  !"#$%& *+% %#)'"),$- &) &" .%/')0/)1"')+# "(.$' %# 2/2.$#' #$%',$3 4$'

2/2.$#' $&' ()'  !"'(3 5/ $&' ()' )*++ ','"# &) &" .%/')0/)1"')+# $&' 1+..%'"')6$3  !2/2.$#' #$%',$ (% 7,+%0$

$&' ()' ! - $' &+%6$#' "00$/2 82,+ 0", "#"/+7)$ "6$1 /!"##$"% (Z,+,×)3

34#$56# )* *+

• ;+#0"#<3%# 2#" #0&!#)" )#%-&!:". Z. <$0! 2# %+-22!&!/0 =%- %/! +> #& 2# %- <$%&!1%!5-&!/0 =%- %/! ×> #"& $0
-00#-$7

• ;+#0"#<3%# 2#" #0&!#)" 5/0,)$#0&" </2$%/ $0 0/<3)# #0&!#) 2/00( n #"& $0 -00#-$ 1/$) %- %/! 1)/'#0-0&

2# %- 5/0,)$#05# ? !% #"& 0/&( Z/nZ7
@!0"! Z/2Z 1/$) %#" %/!" + #& × #"& $0 -00#-$7 0 5/))#"1/02 -$A 0/<3)#" 1-!)" #& 1 -$A 0/<3)#"

!<1-!)"7 B0 )#&)/$'# -%/)" %#" )("$%&-&" "$!'-0&" 9

C D0 1-!) 1%$" $0 1-!) #"& 1-!) =0 + 0 = 0>7
C D0 !<1-!) 1%$" $0 1-!) #"& !<1-!) =0 + 1 = 1 + 0 = 1>7
C D0 !<1-!) 1%$" $0 !<1-!) #"& 1-!) =1 + 1 = 0>7
C D0 1-!) :/!" $0 #0&!#) E$#%5/0E$# #"& 1-!) =0× x = 0>7
C D0 !<1-!) :/!" $0 !<1-!) #"& !<1-!) =1× 1 = 1>7

• D0 5/)1" ='/!) 1%$" %/!0> #"& $0 5-" 1-)&!5$%!#) 2+-00#-$7 F0 1-)&!5$%!#). %+#0"#<3%# 2#" 0/<3)#" )-G

&!/00#%" <$0! 2# %+-22!&!/0 #& 2# %- <$%&!1%!5-&!/0 $"$#%%#" #"& $0 -00#-$7

• ;+#0"#<3%# 2#" )(#%" "+(5)!'-0& a+ b
√
2. /H a #& b "/0& 2#" #0&!#)" )#%-&!:". <$0! 2# %+-22!&!/0 #& 2# %-

<$%&!1%!5-&!/0 $"$#%%#" #"& $0 -00#-$7

• ;#" #02/</)16!"<#" 2+$0 #"1-5# '#5&/)!#% =-11%!5-&!/0" %!0(-!)#" 2# %+#"1-5# '#)" %$!G<I<#> :/)<#0&

$0 -00#-$. -'#5 %+-22!&!/0 2# :/05&!/0 1/$) %- %/! +. #& %- 5/<1/"!&!/0 1/$) %- %/! ×7 ;+!2#0&!&( #"& $0
(%(<#0& 0#$&)# 1/$) ×. 2/05 5+#"& $0 -00#-$ $0!:J)#7 K% 0+#"& 1-" 5/<<$&-&!: #0 ,(0()-%7 L+#"& $0#

,)-02# "/$)5# 2# 5/0&)#G#A#<1%#" 4 2#" -M)<-&!/0" :-$""#" "$) %#" -00#-$A7

• N%$" ,(0()-%#<#0& %#" #02/</)16!"<#" 2+$0 ,)/$1# -3(%!#0 :/)<#0& $0 -00#-$7

• F0 1-)&!5$%!#). %+#0"#<3%# 2#" <-&)!5#" 2 × 2 <$0! 2# %+-22!&!/0 #& 2# %- <$%&!1%!5-&!/0 #"& -$""! $0

-00#-$ 0/0 5/<<$&-&!: $0!:J)#7

• ;+#0"#<3%# 2#" 1/%O0P<#" 4 5/#M5!#0&" 2-0" $0 -00#-$ #"& -$""! $0 -00#-$7

• ;+#0"#<3%# 2#" :/05&!/0" 2+$0 #0"#<3%# 2-0" $0 -00#-$ <$0! 2#" %/!" 6()!&(#" 2# %+-00#-$ =5+#"&G4G2!)#

(f + g)(x) = f(x) + g(x) #& (f × g)(x) = f(x)× g(x)) :/)<# $0 -00#-$7

✄

✂

 

✁
34#&707# 88 =#+# 1+,,)72>  /!& (A,+,×) $0 -00#-$ #& h $0 6/</</)16!"<# 2# A '#)" $0 #0"#<3%#

<$0! 2# 2#$A %/!" 2# 5/<1/"!&!/0 !0&#)0#" (E,⊕,⊗)7 N)/$'#) E$# %+!<-,# 6/</</)16# (h(A),⊕,⊗) #"& $0
-00#-$7

✄

✂

 

✁
34#&707# 8! D0 (%(<#0& x 2+$0 -00#-$ A #"& 2!& /06521#/1 "+!% #A!"&# $0 #0&!#) n ≥ 1 &#% E$# xn = 07 B0
"$11/"# E$# A #"& 5/<<$&-&!:. #& /0 *A# x. y 2#$A (%(<#0&" 0!%1/&#0&"7

Q7 8/0&)#) E$# xy #"& 0!%1/&#0&7

R7 8/0&)#) E$# x+ y #"& 0!%1/&#0&7

S7 8/0&)#) E$# 1A − x #"& !0'#)"!3%#7

T7  /!#0& u. v ∈ A &#%" E$# uv #"& 0!%1/&#0&7 8/0&)#) E$# vu #"& 0!%1/&#0&7

4+,,$1')+# 9  /!#0& n,m &#%" E$# xn = 0 #& ym = 07

Q7 N$!"E$# x #& y 5/<<$&#0&. /0 - (xy)n = xnyn = 0× yn = 07



 !"! #$% &''$&()  !

 ! "#$%&'()*+ ,-%.)&, '(# /)(& p ≥ n0 )* % xp = xp−nxn = 0! 1-%/&2+ 3% 4)&$(3# ,( .5*6$#0 (x +

y)n+m =

n+m
∑

k=0

(

n+m
k

)

xkyn+m−k
! 7%5+0 /)(& k ≥ n0 xk = 0 ⇒ xkyn+m−k = 0! 1-%(8&# /%&80 /)(&

k < n0 )* % n+m− k ≥ m #8 ,)*9 yn+m−k = 0⇒ xkyn+m−k = 0! :5*+50 (x+ y)n+m = 0! ;* /)(&&%58

$<$# +# 9)*8#*8#& ,# /&#*,&# 3% /(5++%*9# n+m− 1!

=! >-5,?# #+8 ,-(8535+#& 3-5,#*858? &#$%&'(%.3# @8)(A)(&+ B%3%.3# ,%*+ (* %**#%(C

1− xp = (1− x)(1 + x+ . . .+ xp−1)!

D5 )* 3-%//35'(# /)(& p = n0 %3)&+ )* ).85#*8 1− xn = 1 = (1− x)(1 + x+ . . .+ xn−1) 9# '(5 5$/35'(#

'(# 1− x #+8 5*B#&+5.3# ,-5*B#&+# 1 + x+ . . .+ xn−1!

E! D)58 n ≥ 1 8#3 '(# (uv)n = 0! :3)&+ (vu)n+1 = v(uv)nu = v × 0× u = 0! :5*+50 vu #+8 *53/)8#*8!

✄

✂

 

✁
"#$%&'&$ (! D)58 A (* %**#%( *)* *?9#++%5&#$#*8 9)$$(8%854 #8 +)5#*8 a, b ∈ A 8#3+ '(# 1 − ab +)58

5*B#&+5.3#! 7)*8&#& '(-%3)&+ 1− ba #+8 ?F%3#$#*8 5*B#&+5.3#!

 !""#$%&!' G D)58 c 3-5*B#&+# ,# 1− ab! ;* %

(1 + bca)(1− ba) = 1− ba+ bca− bcaba = 1− ba+ bc(1− ab)a = 1− ba+ ba = 1
(1− ba)(1 + bca) = 1− ba+ bca− babca = 1− ba+ b(1− ab)ca = 1− ba+ ba = 1

:5*+5 1− ba #+8 5*B#&+5.3# ,-5*B#&+# 1 + bca!

✄

✂

 

✁
"#$%&'&$ () D)58 A (* %**#%( 9)$$(8%854! ;* %//#33# *+*,$-. '/$,01.$-. 8)(8 ?3?$#*8 x ∈ A B?&5H%*8

x2 = x!

I! D5 A #+8 3# /&),(58 ,# ,#(J %**#%(J B #8 C0 $)*8&#& '(-53 #J5+8# ,#+ ?3?$#*8+ 5,#$/)8#*8+ ,# A
,5+85*98+ ,# 0 #8 ,# 1!

 ! D(//)+)*+ '(-53 #J5+8# (* ?3?$#*8 b ∈ A 5,#$/)8#*8 ,5+85*98 ,# 0 #8 ,# 1! ;* /)+# c = 1− b0 B = bA
#8 C = cA!

@%C 7)*8&#& '(# c #+8 5,#$/)8#*8 #8 '(# bc = 0!

@.C 7)*8&#& '(# B #8 C +)*8 +8%.3#+ /)(& 3-%,,585)* #8 3% $(385/359%85)* ,# A! K* ,?,(5&# '(# B #8

C +)*8 ,#+ %**#%(J *)* *(3+!

@9C 7)*8&#& '(# 3-%//359%85)*

ϕ : A → B × C
x 7→ (bx, cx)

#+8 (* 5+)$)&/L5+$# ,-%**#%(J @'(5 /#&$#8 ,-5,#*85H#& A %B#9 B × CC!

@,C >#+ %**#%(J B #8 C +)*8M53+ ,#+ +)(+M%**#%(J ,# A N

 !""#$%&!' G

I! >#+ ?3?$#*8+ 0A = (0B, 0C) #8 1A = (1B, 1C) +)*8 ,#+ ?3?$#*8+ 5,#$/)8#*8+0 $%5+ 53 #* #+8 ,# $<$#

,#+ ?3?$#*8+ (0B, 1C) #8 (1B, 0C)!

 ! @%C ;* %

c2 = (1− b)2 = 1− 2b+ b2 = 1− 2b+ b = 1− b = c
bc = b(1− b) = b− b2 = b− b = 0

%5*+5 c #+8 (* ?3?$#*8 5,#$/)8#*8 ,# A #8 bc = 0!

@.C D)5#*8 x, y ∈ B0 53 #J5+8# x′, y′ ∈ A  !"# $%! x = bx′ ! y = by′& '"()# x+y = bx′+by′ = b(x′+y′) ∈
B ! xy = bx′by′ = b(x′by′) ∈ B& '*+#* B !# # ,-"! .(%) "/,00* *(+ ! ", 1%" *."*2, *(+ ! 0(+2

"!%)# )!# )*2 *(+# #(+ 0!# "(*# 0! 2(1.(#* *(+ *+ !)+! 0,+# B& 3(11! 2!# "(*# #(+ 2(11% , *4!#5

,##(2*, *4!# ! "/%+! 0*# )*-% *4! #%) "/,% )! 0,+# A5 *" !+ !# 0! 161! 0! "!%)# )!# )*2 *(+# 7 B& 8 



 !  !"#$%&' () *'+ +%&, %,&'+ "*-./&$0,'+

0  !"#! $% $ &'#! #'(!)' *+() $%",,-!-+# ,"#. A '! "**")!'#"#! / B0 1%'.! $% $ &'#! #'(!)' *+()

$%",,-!-+# ,"#. B2 3+-! x ∈ B0 -$ '4-.!' b′ ∈ A !'$ 5(' x = bx′ '! bx = bbx′ = bx′ = x ,+#1 b '.!

$% $ &'#! #'(!)' *+() $" &($!-*$-1"!-+# ,"#. B2 6-#.- B '.! (# "##'"( 1+&&(!"!-7 #+# #($2 8'

&9&' C '.! (# "##'"( 1+&&(!"!-7 #+# #($2

:1; 3+-'#! x, y ∈ A2 <# "

ϕ(x+ y) = (b(x+ y), c(x+ y)) = (bx+ by, cx+ cy) = (bx, cx) + (by, cy) = ϕ(x) + ϕ(y)
ϕ(xy) = (bxy, cxy) = (bxby, cxcy) = (bx, cx)(by, cy) = ϕ(x)ϕ(y)

=! ϕ(1) = (b, c)0 5(- '.! $% $ &'#! #'(!)' ,' B × C2 6-#.- ϕ '.! (# &+)*>-.&' ,%"##'"(42

3+-! x ∈ A0 +# "

ϕ(x) = 0⇒ (bx, cx) = 0⇒ bx = cx = 0⇒ x = (b+ c)x = 0

8+#1 ϕ '.! -#?'1!-@'2

3+-! (x, y) ∈ B × C0 -$ '4-.!' x′, y′ ∈ A !'$. 5(' x = bx′ '! y = cy′2 6$+).

ϕ(x+ y) = (b(bx′ + cy′), c(bx′ + cy′)) = (b2x′ + bcy′, cbx′ + c2y′) = (bx′, cy′) = (x, y)

8+#1 ϕ '.! .()?'1!-@'2 6-#.- ϕ '.! (# -.+&+)*>-.&' ,%"##'"(4 ,' A .() B × C2

:,; A'. "##'"(4 B '! C #' .+#! *". ,'. .+(.B"##'"(4 ,' A 1") -$. #%+#! *". $'. &9&'.  $ &'#!. (#-! .

:@+-) .'1!-+# .(-@"#!';2

 !"! #$%&'())*(%

"#$%&'&(% )* *+  !" #$%&'" B (" A ")& *!  !" #$%%&$" (" A )'+ ,*!' (") -#.%$&'-!) (" A+ B ")& /*'0,1,"

*! $!!"$*2 3-*% 4*5'/ "! )-'& $'!)' '/ 6$*& "& '/ )*7& 4*" 8

• B )-'& *! )-*)09%-*#" (" A+
• #-*% &-*& :-*#/" (u, v) (5./.,"!&) (" B+ u× v )-'& ./.,"!& (" B2

,-./01. )* *)

C (Z,+,×)0 "##'"( ,'. '#!-'). )'$"!-7.0 '.! (# .+(.B"##'"( ,' (Q,+,×)0 "##'"( ,'. #+&D)'. )"!-+##'$.2

C E+(! .+(.BF)+(*' ,' Z 1+#!'#"#! 1 '.! Z $(-B&9&'2 <# '# , ,(-! 5(' $' .'($ .+(.B"##'"( ,' Z '.! Z

$(-B&9&'2

✄

✂

 

✁
,-.23&3. 45 G+#!)') 5(' $%'#.'&D$' Z[i

√
2] = {a+ ib

√
2/(a, b) ∈ Z2} '.! (# .+(.B"##'"( ,' C2

;-%%":&'-! H E+(! '.! !)I. .-&*$'0 -$ #' 7"(! ?(.!' +(D$-') "(1(#' @ )-J1"!-+# H Z[i
√
2] 1+#!-'#! 0 '! 10 '.!

.!"D$' *") .+&&' '! *") *)+,(-!0 '! *") +**+. 0 1%'.! (# .+(.B"##'"( ,' C2

✄

✂

 

✁
,-.23&3. 67 <# 1+#.-,I)' Z[

√
2] = {a+ b

√
2; a, b ∈ Z}2

K2 G+#!)') 5(' (Z[
√
2],+,×) '.! (# "##'"(2

L2 <# #+!' N(a+ b
√
2) = a2 − 2b22 G+#!)') 5('0 *+() !+(. x, y ,' Z[

√
2]0 +# " N(xy) = N(x)N(y)2

M2 =# , ,(-)' 5(' $'.  $ &'#!. -#@').-D$'. ,' Z[
√
2] .+#! 1'(4 .% 1)-@"#! a+ b

√
2 "@'1 a2 − 2b2 = ±12

;-%%":&'-! H

K2 N$ .(O! ,' *)+(@') 5(' Z[
√
2] (# .+(.B"##'"( ,' (R,+,×)2 Z[

√
2] '.!

C .!"D$' *") $" $+- + H (a+ b
√
2) + (a′ + b′

√
2) = (a+ a′) + (b+ b′)

√
22

C .!"D$' *") $" $+- × H (a+ b
√
2)× (a′ + b′

√
2) = (aa′ + 2bb′) + (ab′ + a′b)

√
22

C .!"D$' *") *".."F' / $%+**+. −(a+ b
√
2) = −a+ (−b)

√
22

8' *$(.0 0 '! 1 ∈ Z[
√
2]0 1' 5(- "1>I@' $" *)'(@'2

L2 P+.+#. x = a + b
√
2 '! y = a′ + b′

√
22 =# !'#"#! 1+&*!' ,' $" 7+)&($' *+() $' *)+,(-! +D!'#(' / $"

5('.!-+# *) 1 ,'#!'0 +# " N(xy) = (aa′ + 2bb′)2 − 2(ab′ + a′b)2 = (aa′)2 − 2(ab′)2 − 2(a′b)2 + (4bb′)2.
8%"(!)' *")!0 N(x)×N(y) = (a2 − 2b2)(a′2− 2b′2) = (aa′)2 − 2(ab′)2 − 2(a′b)2 + (4bb′)22



 !"! #$% &''$&()  !

 ! "#$% x = a + b
√
2! "&''#(#)( *+,-#.* /&0 x 0(% $)10.($-203 *+$)10.(0 y! 42#.( N(xy) = N(1) = 13

0% *#)5 N(x)N(y) = 1! 6&$(/&0 N(x) 0% N(y) (#)% %#&( 20( *0&7 *0( 0)%$0.(3 #) , )850((,$.090)%

N(x) = ±1! :85$'.#/&090)%3 ($ N(x) = ±13 ,2#.(3 0) &%$2$(,)% 2, /&,)%$%8 5#);&<&80 =

1

a+ b
√
2

=

a− b
√
2

a2 − 2b2
= ±(a− b

√
2) 50 /&$ 9#)%.0 /&0 a+ b

√
2 0(% $)10.($-203 *+$)10.(0 ±(a− b

√
2)!

✄

✂

 

✁
"#$%&'&$ () >#)%.0. /&0 2+0)(09-20 *0( (&$%0( .80220(3 9&)$ *0 2, (#990 0% *& '.#*&$% %0.90 ',. %0.903

0(% &) ,))0,&! ?&02( (#)% (0( 82890)%( $)10.($-20( @'#&. 20 '.#*&$%A B 6,.9$ 20( 0)(09-20( (&$1,)%(3 20(/&02(

0) (#)% *0( (#&(C<.#&'0( #& *0( (#&(C,))0,&7 =

D! (&$%0( -#.)80(

E! (&$%0( 9#)#%#)0(

 ! (&$%0( 5#)10.<0)%0(

F! (&$%0( '8.$#*$/&0(

G! (&$%0( *$10.<0,)% 10.( +∞
 !""#$%&!' = H0 I,$% /&0 2+0)(09-20 *0( (&$%0( (#$% &) ,))0,& )0 '#(0 ,&5&) '.#-2J90! H+,((#5$,%$1$%8 0%

2, 5#99&%,%$1$%8 *0( *0&7 2#$( *85#&20)% *0 50220( *0( #'8.,%$#)( ($9$2,$.0( (&. 20( .802(3 '&$(/&+#) I,$% 20(

(#990( 0% '.#*&$%( %0.90 K %0.90! H+82890)% )0&%.0 '#&. 2, (#990 0(% 2, (&$%0 )&2203 0% 502&$ '#&. 20 '.#*&$%

0(% 2, (&$%0 5#)(%,)%0 8<,20 K 1! L)M)3 2+#''#(8 *+&)0 (&$%0 (un) 0(% 2, (&$%0 (−un)! H0( (&$%0( $)10.($-20( (#)%
50220( /&$ )0 (+,))&20)% ;,9,$(3 #) '0&% ,2#.( $)10.(0. %0.90 K %0.90!

D! H0( (&$%0( -#.)80( I#.90)% &) (#&(C,))0,& *0 50% ,))0,& = 20 (#&(C,))0,& 5#)%$0)% 20( )0&%.0(3 $2

0(% (%,-20 ',. #''#($%$#) @($ m ≤ un ≤ M) '#&. %#&% n3 #) , (−M ≤ un ≤ −m)3 ',. (#990 @$2

(&N% *0 '.0)*.0 2, (#990 *0( -#.)0(A 0% 9O90 ',. '.#*&$% @5+0(% &) '0& '2&( 5#9'2$/&8 K 5,&(0

*0( 5P,)<090)%( *0 ($<)0(3 9,$( 0) '.0),)% 20 '2&( <.#( '.#*&$% ',.9$ 20( 1,20&.( ,-(#2&0( *0( /&,%.0

'#(($-20(3 5+0(% &) 9,;#.,)% *& '.#*&$% *0( *0&7 (&$%0(A!

E! H0( (&$%0( 9#)#%#)0( )0 I#.90)% ',( &) (#&(C,))0,&3 50 )+0(% ',( (%,-20 ',. (#990 @&)0 5.#$((,)%0

'2&( &)0 *85.#$((,)%03 502, '0&% *#))0. )+$9'#.%0 /&#$A!

 ! 6#&. 20( (&$%0( 5#)10.<0)%0(3 ,&5&) '.#-2J903 20( (%,-$2$%8( *85#&20)% *0( '.#'.$8%8( (&. 20( 2$9$%0( *0

(&$%0(!

F! H0( (&$%0( '8.$#*$/&0( I#.90)% ,&(($ &) (#&(C,))0,& = $2 5#)%$0)% 20( )0&%.0( @&)0 (&$%0 5#)(%,)%0 0(%

'8.$#*$/&0 *0 '8.$#*0 1A3 (%,-20 ',. #''#($%$#) @9O90 '8.$#*0A 0% ',. (#990 0% '.#*&$% @20 '.#*&$%

*0( *0&7 '8.$#*0(3 ',. 0709'203 0(% ,2#.( &)0 '8.$#*0A!

G! H0( (&$%0( *$10.<0,)% 10.(+∞ )0 I#.90)% ',( &) (#&(C,))0,&3 50 )+0(% ',( (%,-20 ',. ',((,<0 K 2+#''#(8!

 !"!# $%%&'( )%*+,-&. /)0)1&(- /& 23-4

*+,-'.'/- 01 1 (' )''#)* #+% ,&%  !"#$%& +& *' -"!,*&% '*. '/$#++&%# 0*# .1*' ,#+ 2)$%#*"+ +!&% '*. 3/4).

5 .1/./6#'% '#*%"# -!*" .1),,&%&!'78 9!"+0*1*' -"!,*&% a.b #+% '*. ).!"+ 0*# '& a: '& b .# +!'%: !' ,&% 0*# a #%
b +!'% ,#+ ' ( )&*%) '& +,%-8

Q&(%$M#)( 50%%0 ,''022,%$#) ',. &) 0709'20 I#)*,90)%,2 =

"#$234$ 01 15 H+0)(09-20 *0( 9,%.$50( 5,..80( *+#.*.0 2 K %0.90( .802( 9&)$ *0 2+,**$%$#) 0% *0 2, 9&2%$C

'2$5,%$#) &(&0220( (M2(R),+,×) 0(% &) ,))0,& &)$%,$.0 )#) 5#99&%,%$I 0% )#) $)%J<.0!

R) , 50 .8(&2%,% 8%#)),)% '&$(/&+#) 0(% P,-$%&8 K .0)5#)%.0. &) '.#*&$% )&2 ($ 0% (0&2090)% ($ 2+&) *0(

I,5%0&.( 0(% )&2 =

(

2 1
−2 −1

)

×
(

2 −1
−4 2

)

=

(

0 0
0 0

)



 !  !"#$%&' () *'+ +%&, %,&'+ "*-./&$0,'+

 ! "#$%&'( %! %!&) *+(#',!- .$. .&//!- "!&( 0(#! .&/ 1

"#$%&'$ ()*)*

2  3!.-!*4/! Z %!- !.('!#- #!/+('5- !-( &. +..!+& '.(67#!8

2  3+..!+& %!- ,$.7#&!.,!- *$%&/$ 6 .$(9 Z/6Z .3!-( "+- '.(67#! ,+# $. "!&( : 9,#'#! 3× 2 = 6 = 08
2  3+..!+& Z/nZ × Z/nZ .3!-( "+- '.(67#!; (1, 0) !( (0, 1) -$.( %!&) 9/9*!.(- .$. .&/- %$.( /! "#$%&'(
!-( .&/8

<! %!#.'!# !)!*"/! %9,$&/! %! /+ "#$"$-'('$. -&'=+.(! >

+,-&-./0/-1 ()*)2  !"##$"% &$' ()#*+%$#($' ,)&%-) n #)./ Z/nZ $'. 0#.1*+$ '0 $. '$%-$,$#. '0 n $'.

2+$,0$+3

4+$%5$ > <!((! "#$"$-'('$. !-( &.! ,$.-9?&!.,! %'#!,(! %! /3'%!.('(9 %! @9A$&( BC('!..! @CDEFG HIJKLHIMJN8

O&""$-$.- n "#!*'!#; +/$#- -' a !-( &. !.('!# "#!*'!# +=!, n; ,3!-(LPL%'#! .$. *&/('"/! %! n; '/ !)'-(! %!&)
!.('!#- b !( c (!/- ?&! ab+ nc = 1; ,! ?&' -'7.'Q! ?&! /+ ,/+--! %! a !-( '.=!#-'4/! %3'.=!#-! /+ ,/+--! %! b8
R9,'"#$?&!*!.( -' n .3!-( "+- "#!*'!#; '/ !)'-(! %!&) !.('!#- a !( b %'S9#!.(- %! n !( %! 1 (!/- ?&! /!&# "#$%&'(
!-( 97+/ P n8  + ,/+--! %! a +'.-' ?&! /+ ,/+--! %! b -$.( %$., %!- %'='-!&#- %! A9#$8

✄

✂

 

✁
"#$,3/3$ 4( O$'( E &. !.-!*4/!8 T$.(#!# ?&! (P(E),∆,∩) !-( &. +..!+&8 U. "#9,'-!# /!- 9/9*!.(- .!&(#!-;
/!- 9/9*!.(- '.=!#-'4/!- B!( /!&# '.=!#-!N "$&# ,V+,&.! %!- %!&) /$'-8 <!( +..!+& !-(L'/ '.(67#! W O' F ⊂ E;
(P(F ),∆,∩) !-(L'/ &. -$&-L+..!+& %! P(E) W

6)++$(.0)# >  !- %!&) /$'- ∆ !( ∩ -$.( '.(!#.!-; ,$**&(+('=!-; +--$,'+('=!- !( %'-(#'4&('=!- /3&.! "+# #+""$#(
P /3+&(#!8 X! "/&-; ∆ "$--6%! &. 9/9*!.( .!&(#! ?&' !-( ∅; ∩ "$--6%! "$&# 9/9*!.( .!&(#! E; !( ($&( 9/9*!.(
A %! P(E) !-( '.=!#-'4/! "$&# ∆; -$. '.=!#-! 9(+.( /&'L*0*! "&'-?&! A∆A = (A\A) ∪ (A\A) = ∅8 E. !-(
%$., 4'!. !. "#9-!.,! %3&. +..!+&8

 !- 9/9*!.(- '.=!#-'4/!- "$&# ∩ -$.( /!- "+#('!- A %! E (!//!- ?&3'/ !)'-(! B ⊂ E "$&# /+?&!//! A ∩ B = E8
<!,' .! "!&( -! "#$%&'#! ?&! -' A = B = E; %$., /! .!&(#! !-( /! -!&/ 9/9*!.( '.=!#-'4/! "$&# ∩8 Y$&# ?&!
/3+..!+& -$'( '.(67#!; '/ 5+&%#+'( +=$'# A ∩ B = ∅ ⇒ A = ∅ $& B = ∅; ,! ?&' .3!-( "+- /! ,+- B'/ -&Z( %!
"#!.%#! A .$. ='%! (!/ ?&! A !-( .$. ='%!; ,! ?&3$. "!&( ($&[$&#- (#$&=!# %+.- &. !.-!*4/! ,$*"$#(+.( +&

*$'.- %!&) 9/9*!.(-N8 U.Q.; (P(F ),∆,∩) .3!-( "+- &. -$&-L+..!+& %! E ,+# '/ .! ,$.('!.( "+- /39/9*!.(

.!&(#! "$&# /3'.(!#-!,('$.; 4'!. ?&3'/ -$'( /&'L*0*! &. +..!+&8

 !"!" #$%&' $(&))*&+

U. *+(V9*+('?&!-; &. '%9+/ !-( &.! -(#&,(&#! +/794#'?&! %9Q.'! %+.- &. +..!+&8  !- '%9+&) 79.9#+/'-!.(

%! 5+\$. 59,$.%! /39(&%! %! /+ %'='-'4'/'(9 "$&# /!- !.('!#-8 ]/ !-( +'.-' "$--'4/! %39.$.,!# %!- =!#-'$.- (#6-

79.9#+/!- %! (V9$#6*!- %3+#'(V*9('?&! (!/- ?&! /! (V9$#6*! %!- #!-(!- ,V'.$'- $& /! (V9$#6*! 5$.%+*!.(+/ %!

/3+#'(V*9('?&!; =+/+4/!- "$&# /!- '%9+&)8 E. "!&( +&--' ,$*"+#!# ,!((! .$('$. P ,!//! %! -$&-L7#$&"! %'-('.7&9

"$&# /+ -(#&,(&#! +/794#'?&! %! 7#$&"! !. ,! -!.- ?&3!//! "!#*!( %! %9Q.'# /+ .$('$. %3+..!+& ?&$('!.(8

5671/0/-1 ()*) 7#  !"#$ !%#&&'#( $'. %# ')%'8*+)%2$ "&&0.09 J &!%# "##$"% A '.":-$ 2)%+ -$ 2+)&%0. 2"+

%# /-/,$#. &$ A ;'$()#&$ -)0<3

Y+# -(+4'/'(9; $. !.(!.% ',' ?&! "$&# ($&( a %! A !( ($&( x %! J ; /!- "#$%&'(- a× x !( x× a -$.( 9/9*!.(- %!
J 8 F.! (!//! "+#('! !-( -$&=!.( ?&+/'Q9! %! 4'/+(6#!8 F. '%9+/ P 7+&,V! B#!-"!,('=!*!.( P %#$'(!N -! /'*'(! P
/+ ,$.%'('$. a× x B#!-"!,('=!*!.( x× aN !-( 9/9*!.( %! J 8

"#$%&'$ ()*) F. !)!*"/! 9/9*!.(+'#! !-( %$..9 "+# /!- -$&-L7#$&"!- +%%'('5- %! Z %! /+ 5$#*! nZ;
!.-!*4/! %!- *&/('"/!- %! /3!.('!# #!/+('5 n8



 !"! #$% &''$&()  !

"#$%&'(# )*+*)  ! "#$%& '()*+ ,()- &*. %!!*%)/+ &* 010* -2&* 3)* &*. .().45-(),*. #".6"!5)$. ,()- &*.

5-(),*.7

8 9("*!6 A *6 B #*)/ %!!*%)/ *6 f )! 0(-,:".0* #* A #%!. B+ %&(-. &* !(;%) #* f *.6 )! "#$%& <"&%6=-*7
8 9("*!6 A )! %!!*%) *6 I )! "#$%& <"&%6=-* #* A+ %&(-. &* 5-(),* 3)(6"*!6 A/I ,*)6 16-* 0)!" #>)!* )!"3)*
.6-)?6)-* #>%!!*%) 6*&&* 3)* &% .)-'*?6"(! ?%!(!"3)* #* @ #%!. A/I .("6 )! 0(-,:".0* #>%!!*%)/7

8 9("*!6 A *6 B #*)/ %!!*%)/+ ϕ )! 0(-,:".0* #>%!!*%) #* A #%!. B7 A(6(!. s &>%,,&"?%6"(! ?%!(!"3)*
#* A #%!. &>%!!*%) 3)(6"*!6 A/I *6 i &* 0(-,:".0* #* f(A) #%!. B 3)" B b %..(?"* b7 @&(-.+ i *.6 )!*
"!'*?6"(!+ s )!* .)-'*?6"(! *6 "& */".6* )!* <"'*?6"(! b 6*&&* 3)* ϕ = iobos C(! % )6"&".$ &* 6:$(-=0* #*
#$?(0,(."6"(! ?%!(!"3)* %D*? ν = iob (E ν *.6 )! ".(0(-,:".0* #* A/I .)- ϕ(A))7

,-./0102/ )*+*3  !"#$% A &$ '$$#'& (!))&%'%"* &$"%'"+#, a &$ -.-)#$% /# A #% I &$ "/-'. /# A0 1$ "/-'.

I /# A #2% /"%  !"#$"! 2" #% 2#&.#)#$% 2" .# 3&!%"#$% /# A 4'+ I #2% "$%56+# #% 3&7". #2% /"8-+#$% /# .7'$$#'&

+-/&"% 9 .7-.-)#$% $&.0

F! ,*)6 */,-"0*- ?*66* #$G!"6"(! B &>%"#* #* &% ?(!#"6"(! .)"D%!6* H

4&25260102/ )*+*) 1$ "/-'. I /# A #2% 4+#)"#+ 2" #% 2#&.#)#$% 2" (7#2% &$ "/-'. 4+!4+# :/"8-+#$% /# A; #%
2" <

∀x, y ∈ A, xy ∈ I ⇒ x ∈ I !& y ∈ I

I*66* ,-(,(."6"(! *.6 &>$3)"D%&*!6 #) &*00* #>J)?&"#* H K." )! !(0<-* ,-*0"*- #"D".* &* ,-(#)"6 ab %&(-. "&
#"D".* .("6 a .("6 bL7

78#$59# )*+*3 9" n *.6 )! !(0<-* ,-*0"*-+ I = nZ *.6 )! "#$%& ,-*0"*-7 J! *M*6+ #>%,-=. &% ,-(,(."6"(!
N7O7P+ Z/nZ *.6 "!6=5-* .." n *.6 ,-*0"*-7

,-./0102/ )*+*:  !"% A &$ '$$#'&0  !"% I &$ "/-'. /# A0
• I #2% /"%  !$%&$ '( ) *'+&," 27". #="2%# &$ -.-)#$% a ∈ I %#. 3&#, 4!&+ %!&% x ∈ I, ". #="2%# &$ -.-)#$%

y ∈ A %#. 3&# x = y × a < I = {x× a/x ∈ A}0 >$ $!%# I = Aa0
• I #2% /"%  !$%&$ '( ) -!.$/" 27". #="2%# &$ -.-)#$% a ∈ I %#. 3&#, 4!&+ %!&% x ∈ I, ". #="2%# &$ -.-)#$%

y ∈ I %#. 3&# x = a× y < I = {a× x/x ∈ A}0 >$ $!%# I = aA0
• I #2% /"%  !$%&$ '( 27". #2% 4+"$("4'. 9 .' *!"2 9 6'&(?# #% 9 /+!"%# :(# 3&" #2% %!&@!&+2 .# ('2 2" A #2%

(!))&%'%"*;0 A'$2 (# ('2, !$ 4#&% $!%#+ I = aA #% I #2% *!+(-)#$% .# 4.&2 4#%"% "/-'. (!$%#$'$% a0

78#$59# )*+*:

8 Q()- 6()6 *!6"*- -*&%6"R k+ kZ = {kx/x ∈ Z} *.6 )! "#$%& ,-"!?",%& #* Z7
8  ! "#$%& !>*.6 ,%. R(-?$0*!6 ,-"!?",%&7 Q%- */*0,&*+ ." A = C[X,Y ]+ &>%!!*%) ?(00)6%6"R #*. ,(&;4
!20*. B #*)/ "!#$6*-0"!$*. B ?(*S?"*!6. ?(0,&*/*.+ &>*!.*0<&* #*. ,(&;!20*. %;%!6 )! 6*-0* ?(!.6%!6

!)&+ !(6$ (X,Y ) ?%- *!5*!#-$ ,%- ?*. #*)/ D%-"%<&*.+ *.6 )! "#$%& #* C[X,Y ]+ 0%". "& !>*.6 ,%. ,-"!?"4
,%& H ." P *!5*!#-%"6 (X,Y )+ X *6 Y .*-%"*!6 #"D"."<&*. ,%- P + ?* 3)" *.6 "0,(.."<&*+ .%)R ." P *.6 )!

,(&;!20* ?(!.6%!6 !(! !)&+ ?* 3)" *.6 ?(!6-%#"?6("-*7

,-./0102/ )*+*; 1$ '$$#'& "$%56+# /!$% %!&2 .#2 "/-'&= 2!$% 4+"$("4'&= #2% /"% '%%"'+  !$%&$ '(0

T*. %!!*%)/ ,-"!?",%)/ R(-0*!6 )! 6;,* #>%!!*%)/ "0,(-6%!6 #%!. &% 6:$(-"* 0%6:$0%6"3)* #* &% #"D"."<"4

&"6$7 I* .(!6 &*. %!!*%)/ "!6=5-*. C?(00)6%6"R. )!"6%"-*. !(! !)&.U %)/3)*&. (! ,*)6 $6*!#-* #*)/ 6:$(-=0*.

3)"+ %) .*!. .6-"?6+ ?(!?*-!*!6 &>%!!*%) #*. *!6"*-. -*&%6"R. H &* 6:$(-=0* #* V%?:*64V$W()6 *6 &* 6:$(-=0*

R(!#%0*!6%& #* &>%-"6:0$6"3)* 3)>(! -%,,*&&* H

B?-!+5)# /# C'(?#%DC-E!&% H 9" a *6 b .(!6 #*)/ $&$0*!6. #* A !>%;%!6 ,%. #>%)6-*. #"D".*)-. ?(00)!. 3)*

&*. $&$0*!6. #) 5-(),* #*. )!"6$. #* &>%!!*%)+ %&(-. "& */".6* u *6 v $&$0*!6. #) 5-(),* 6*& 3)* a×u+b×v = 17



 !  !"#$%&' () *'+ +%&, %,&'+ "*-./&$0,'+

 !"#$%&' (#)*+&'),+- *' -.+$/,!&",/01'  !" #""$#% &'(")(&#* $+, %" #""$#% -#),.'($*/ )0$+,1213('$ 4%$

,.%, 5*56$", 3$ *0#""$#% +$ 35).6&.+$ 3$ 6#"(7'$ %"(4%$ $" %" &'.3%(, 3$ -#),$%'+ (''53%),(8*$+ $, 30%"$

%"(,5 92 %" -#),$%' (":$'+(8*$ &'7+;<

"#$%&'$ !()(* Z .% *0#""$#% K[X] 3$+ &.*=">6$+ +%' %" ).'&+ K +.", 3$+ #""$#%? &'(")(&#%?<

+,-./0/1. !()(2 2)  !!" # "#$%&'&"! '3, 1) +))'+1 */34#3+), *.1)' */5/3/#) '16-/*/'))'7 2) ,'- +))'+1

'3, ,#18#1$3 4$/)6/4+-7

"#$%&'$ !()(2 @$+ $?$6&*$+ 3$ )$,,$ "#,%'$ +.", 3.""5+ &#'

A *0$"+$68*$ 3$+ $",($'+ '$*#,(-+ Z/

A *0$"+$68*$ 3$+ &.*=">6$+ 2 ).$B)($",+ 3#"+ %" ).'&+/ &#' $?$6&*$ )$*%( 3$+ '#,(.""$*+/ '5$*+ .% ).61

&*$?$+<

3$%4567$ !()(8 C.%+ *$+ #""$#%? &'(")(&#%? "$ +.", &#+ $%)*(3($"+

 !"!# $%&'()'*&+,%- ),..' '& /(,01+& 02+03415

951&1:/0/1. !()(8 9+)3 1) +))'+1 A: -.&!(")*"$(&+! *' *'1; /*"+1; '3, 1) /*"+-7 <, ,#1,' /),'$3'6,/#)

*./*"+1; *' A '3, 1) /*"+- *' A7 2) /*"+- '3, */, &)),'#$(&-%" 3./- )' 4'1, 3."6$/$' 6#&&' /),'$3'6,/#) *'
*'1; /*"+1; *' A7

+,-./0/1. !()(;< =#&&' 4#1$ 1) 3#13>'34+6' 5'6,#$/'-: #) *"?)/, -+ 3#&&' K = I + J *' *'1; /*"+1;

I ', J *.1) +))'+1 6#&&1,+,/( A 6#&&' ",+), -.')3'&@-' *'3 "-"&'),3 z *' A 3."6$/5+), x + y #A x '3,
"-"&'), *' I ', y "-"&'), *' J 7

+,-./0/1. !()(;; 9+)3 1) +))'+1 A: -' .)+'#&( *' *'1; /*"+1; I ', J '3, -.')3'&@-' *'3 3#&&'3 ?)/'3

*."-"&'),3 *' -+ (#$&' xiyi #A xi '3, *+)3 I ', yi *+)3 J 7

D" :5'(E$ -#)(*$6$", 4%$ *0$"+$68*$ IJ #("+( 35E"( $+, %" (35#* 3$ A<

✄

✂

 

✁
"#$5=/=$ >8 9)#) 6#$$/B"; F5'(E$' *# )G#H"$ 30(")*%+(."  IJ ⊂ (I ∩ J) ⊂ (I ∪ J) ⊂ I + J <

✄

✂

 

✁
"#$5=/=$ >) 9)#) 6#$$/B";

I< J%+,(E$' 4%$ *0(",$'+$),(." 3$ 3$%? (35#%? $+, %" (35#*<

K< L.",'$' &#' %" $?$6&*$ 4%$ *# '5%"(." 3$ 3$%? (35#%? "0$" $+, &#+ ,.%M.%'+ %" N

O< L.",'$' 4%$ *# +.66$ 3$ 3$%? (35#%? ).",($", *$%' (",$'+$),(."< P,%3($' *0(")*%+(." (":$'+$<

Q< @#"+ Z/ 4%$* $+, *0(35#* 35E"( &#' 18Z+ 24Z, 2Z+ 4Z, 2Z+ 3Z R 96., )*5  &S)3;

✄

✂

 

✁
"#$5=/=$ > C' ,!"#$%&' 6!/)#/3 *+)3 1) +))'+1 6#&&1,+,/(

T.($", I $, J 3$%? (35#%? 30%" #""$#% ).66%,#,(- A ,$*+ 4%$ I + J = A<

I< P,#8*(' 4%$ I ∩ J = IJ <

K< D" )."+(37'$ *0#&&*()#,(." ϕ : A → A/I × A/J 4%( 2 x ∈ A #++.)($ *$ ).%&*$ 3$ +$+ )*#++$+ 6.3%*. I
$, J < L.",'$' 4%$ ϕ $+, %" 6.'&G(+6$ 30#""$#%? $, 35,$'6("$' +." ".=#%<

O< L.",'$' 4%$ *$+ #""$#%? A/IJ $, A/I ×A/J +.", (+.6.'&G$+<

=#$$'6,/#)  

I< T.($", x ∈ I $, y ∈ J < U%(+4%$ I $, J +.", 3$+ (35#%?/ ." # xy ∈ I $, xy ∈ J / 30.V xy ∈ I ∩ J <

U%(+4%$ IJ $+, *0(35#* $"S$"3'5 &#' *$+ &'.3%(,+ xy/ x ∈ I $, y ∈ J / $, &%(+4%$ I ∩ J $+, %" (35#*/ ." #

IJ ⊂ (I ∩ J)<
W5)(&'.4%$6$",/ &%(+4%$ I + J = A/ (* $?(+,$ u ∈ I $, v ∈ J ,$*+ 4%$ u+ v = 1 95*56$", "$%,'$ 3$ A
&.%' *# +$)."3$ *.(;< T.(, x ∈ I ∩ J / ." # #*.'+ x = xu + xv ∈ IJ )#' x ∈ J / u ∈ I $, x ∈ I/ v ∈ J <

@.") (I ∩ J) ⊂ IJ < X("+( I ∩ J = IJ <



 !"! #$% &''$&()  !

 ! "#$%&' πI %' πJ (%) )*+,%-'$#&) -.&#&$/*%) 0% A )*+ A/I %' A/J +%)1%-'$2%3%&'! 4% )#&' 0%) 3#+15$)3%)

06.&&%.*7 %' ∀x ∈ A8

ϕ(x) = (πI(x), πJ(x))!

9& . ϕ(1A) = (πI(1A), πJ(1A)) = (1A/I , 1A/J) = 1A/I×A/J !

"#$%&' x, y ∈ A8 #& .

ϕ(x+ y) = (πI(x+ y), πJ(x+ y)) = (πI(x) + πI(y), πJ(x) + πJ(y)) =
(πI(x), πJ(x)) + (πI(y), πJ(y)) = ϕ(x) + ϕ(y)

ϕ(xy) = (πI(xy), πJ(xy)) = (πI(x)πI(y), πJ(x)πJ(y)) = (πI(x), πJ(x))(πI(y), πJ(y)) = ϕ(x)ϕ(y)

:#&- ϕ %)' *& 3#+15$)3% 06.&&%.*7!

"#$' x ∈ A8 #& .

x ∈ Ker(ϕ)⇔ ϕ(x) = 0⇔ (πI(x), πJ(x)) = 0⇔
{

πI(x) = 0
πJ(x) = 0

⇔
{

x ∈ I
x ∈ J

⇔ x ∈ I ∩ J ⇔ x ∈ IJ !

;$&)$ (% &#<.* 0% ϕ %)' (6$0=.( IJ !

>! ?*$)/*% Ker(ϕ) = IJ 8 ϕ $&0*$' 1.+ 1.)).@% .* /*#'$%&' *& 3#+15$)3% $&,%-'$A 06.&&%.*7 ϕ : A/IJ →
A/I × A/J /*$ B x ∈ A/IJ .))#-$% CπI(x

′), πJ(x
′)) #D x′ %)' *& +%1+=)%&'.&' 0% x 0.&) A! :% 1(*)

Im(ϕ) = Im(ϕ)8 0#&- 1#*+ 3#&'+%+ /*% ϕ %)' )*+,%-'$A8 $( )*E' 0% 3#&'+%+ /*% ϕ %)' )*+,%-'$A! "#$'

(x, y) ∈ A/I ×A/J ! "#$%&' x′8 y′ ∈ A '%() /*% x = πI(x
′) %' y = πJ(y

′)! "#$%&' u ∈ I %' v ∈ J 8 #& .

ϕ(x′v + y′u) = (πI(x
′v + y′u), πJ(x

′v + y′u)) =
(πI(x

′)πI(v) + πI(y
′)πI(u), πJ(x

′)πJ(v) + πJ(y
′)πJ(u)) = (πI(x

′), πJ(y
′)) = (x, y)

-.+ πI(u) = 0 Cu ∈ IF8 πJ(v) = 0 Cv ∈ JF8 πI(v) = 1 %' πJ(v) = 1 Cu+ v = 1F! ;$&)$ ϕ %)' )*+,%-'$A!

G& -#&-(*)$#& ϕ %)' *& $)#3#+15$)3% 06.&&%.*7 %' (%) .&&%.*7 A/IJ %' A/I ×A/J )#&' $)#3#+15%)!

✄

✂

 

✁
"#$%&'&$ (( C !"#$%& '&( )&(*&( +!,-#,(. "#$%&' 0%*7 &#3H+%) %&'$%+) p %' q 1+%3$%+) %&'+% %*7!

I! J#&'+%+ /*% Z/pqZ %)' $)#3#+15% .* 1+#0*$' Z/pZ× Z/qZ!

 ! K& @=&=+.( -5$&#$) %)' 1.+'$ 1#*+ *&% H.'.$((% .2%- 386 )#(0.')! L (. M& 0* -#3H.'8 $( )#*5.$'% -#31'%+

)%) '+#*1%)! N( (%*+ #+0#&&% 0% )% 3%''+% %& +.&@ 0% p )#(0.') %' $( &#'% (% &#3H+% 0% )#(0.') A#+3.&' (.

0%+&$O+% +.&@=% $&-#31(O'%! ?*$) $( 1+#-O0% 0% 3P3% 3.$) %& (%) A.$).&' )% 3%''+% %& +.&@ 0% q )#(0.')!

Q*%((%) 2.(%*+) 0% p %' q 0#$'R$( 1+%&0+% S

G71($/*%+ -#33%&' $( )6< 1+%&0 M&.(%3%&' 1#*+ -#31'%+ 1+=-$)%3%&' )%) )#(0.')!

>! Q*% 1%*'R#& 0$+% )$ p &6%)' 1.) 1+%3$%+ .2%- q S

/#))&+*,#- T 9& +.11%((% /*% )$ p %' q )#&' 1+%3$%+) %&'+%R%*78 ppcm(p, q) = pq = n %' pgcd(p, q) = 1!

I! 9& -#&)$0O+% (6.11($-.'$#&

ϕ : Z/pqZ → Z/pZ× Z/qZ
α 7→ (α[p], α[q])

 ! α[r] "#$ %" &"#$" '" %( ')*)#) + ",-%)')"++" '" α .(& r/ 0(& "1"2.%"3 #) p = 2 "$ q = 33 ϕ(15) = (1, 0)/
4"$$" (..%)-($) + "#$ ,+ )# 2 &.5)#2" '" 6& ,."# 7* )& "1"&-)-" .&8-8'"+$9/ :+ &"2(&;,"&( ;," %"#

'",1 "+#"2<%"# Z/pqZ "$ Z/pZ×Z/qZ  +$ %" 2=2" + 2<&" '>8%82"+$#/ :+ %" - +#$($" "+ - +#)'8&(+$

.(& "1"2.%" p = 2 "$ q = 3 ? Z/(2× 3)Z = Z/6Z = {0, 1, . . . , 5} "$ Z/2Z× Z/3Z = {0, 1} × {0, 1, 2}/
@/ A>(.&B# %"# ' ++8"#3 #) x '8#)6+" %" + 2<&" '" # %'($# *)*(+$# C %( D+ ', - 2<($3  + ( ?

• x ≡ p1[p] ⇔ ∃k ∈ Z, x = kp + p1  ! k "$ p1 '8#)6+"+$ &"#."-$)*"2"+$ %" + 2<&" '" &(+68"# '" p
# %'($# "$ %" + 2<&" '" # %'($# E &2(+$ %( '"&+)B&" &(+68" )+- 2.%B$"3

• x ≡ q1[q] ⇔ ∃k′ ∈ Z, x = k′q + q1  ! k′ "$ q1 '8#)6+"+$ &"#."-$)*"2"+$ %" + 2<&" '" &(+68"# '" q
# %'($# "$ %" + 2<&" '" # %'($# E &2(+$ %( '"&+)B&" &(+68" )+- 2.%B$"/



 !  !"#$%&' () *'+ +%&, %,&'+ "*-./&$0,'+

 ! " "#$%& ϕ(x) = (p1, q1)' ϕ ()"!) *! +&$,$%-.+&,/0 $! /&) "&&*%( 1/ #2/3+&)/!4/ /) 1/ #2*!+4+)( 1/
#" &$#*)+$! %/4./%4.(/ -$*% p /) q 1$!!(&' p /) q &$!) -%/,+/%& /!)%/5/*3 1$!4 12"-%6& #/ ).($%6,/ 1/
7(8$*)0 $! -/*) )%$*9/% u, v ∈ Z )/#& :*/ up+vq = 1' ;+!&+0 x = upx+vqx = up(q1+k′q)+vq(p1+kp) =
upq1+ vqp1+(upk′q+ vqkp) = upq1+ vqp1+Kn "9/4 K = uk′+ vk ∈ Z' <$1*#$ n = pq0 *!/ &$#*)+$!
1* -%$=#6,/ /&) 1$!!(/ -"% x = upq1 + vqp1'

>' ?+ p /) q !/ &$!) -"& -%/,+/%& /!)%/5/*30 #/ ,$%-.+&,/ ϕ !2/&) :*2+!@/4)+A' B# /3+&)/ *!/ &$#*)+$! "*
-%$=#6,/ +!+)+"# &+ /) &/*#/,/!) &+ #/& 1$!!(/& &$!) 1"!& #2+,"C/0 42/&)5D51+%/ &+ /) &/*#/,/!) &+ p1 ≡
q1[pgcd(p, q)] E$* &&+ pgcd(p, q) 1+9+&/ p1 − q1F'

 !" #$% &'()%

G2/&) H+4."%1 I/1/J+!1 :*+ 1(K!+) -$*% #" -%/,+6%/ A$+& #" &)%*4)*%/ 1/ 4$%-& ELM%-/% /! "##/,"!1F /) 42/&)

#" %"+&$! -$*% #":*/##/ *! 4$%-& :*/#4$!:*/ /&) &$*9/!) !$,,( K $* K' N" &)%*4)*%/ 1/ 4$%-& &2+!&6%/ 1"!&

*!/ .+(%"%4.+/ 4$,-%/!"!) #/ ,$!$O1/0 #/ C%$*-/0 #2"!!/"*0 /) 1$!!/ #+/* D #" 1(K!+)+$! 1/ #2/&-"4/ 9/4)$%+/#0

/) 1/ #2"#C6=%/'

I/ ,"!+6%/ +!A$%,/##/0 *! 4$%-& /&) *! /!&/,=#/ 1"!& #/:*/# +# /&) -$&&+=#/ 12/P/4)*/% 1/& "11+)+$!&0 1/&

&$*&)%"4)+$!&0 1/& ,*#)+-#+4")+$!& /) 1/& 1+9+&+$!&'

"#$%&'&(% )* *+  ! "!!#"$ %"!& '#($#' )*$) +'+,#!) !*! !$' "%,#) $! &-,+)./($# 0*$. '" ,$')/0'/1")/*!

2&*$3#!) "00#'+ /!3#.&#4 #&) $!  !"#$5 6! 0".)/1$'/#.7 $! 1*.0& #&) $! "!!#"$ /!)89.#5 :/ '" ,$')/0'/1")/*!

2&#1*!%# '*/4 #&) 1*,,$)")/3#7 '# 1*.0& #&) %/) 1*,,$)")/;5

Q! 4$%-& /&) 1$!4 *! /!&/,=#/ K ,*!+ 1/ 1/*3 #$+& +!)/%!/& !$)(/& /! C(!(%"# + /) × 9(%+K"!)
R (K,+) A$%,/ *! C%$*-/ 4$,,*)")+A 1$!) #2(#(,/!) !/*)%/ /&) !$)( 00
R (K\{0},×) A$%,/ *! C%$*-/ ,*#)+-#+4")+A0
R #" ,*#)+-#+4")+$! /&) 1+&)%+=*)+9/ -$*% #2"11+)+$! ED C"*4./ 4$,,/ D 1%$+)/F 42/&)5D51+%/ :*/

∀a, b, c ∈ K0 a× (b+ c) = a× b+ a× c /) (b+ c)× a = b× a+ c× a
 ! -"%#/ "#$%& 1* 4$%-& (K,+,×)'

"#$%&'&(% )* *)  ! $!%$& !"#$ %<$! 1*.0& K #&) $! &*$&="!!#"$ K′ %# K )#' ($# 0*$. )*$) x %# K′7 &*!

/!3#.&# &*/) +'+,#!) %# K′5 >! %/) /!3#.&#,#!) ($# K #&) $! $%"& !"#$ %# K′5

,-./01. )* *+

R R /) C ,*!+& 1/ #/*%& $-(%")+$!& *&*/##/& &$!) 1/& 4$%-& 4$,,*)")+A&'

R C /&) *! &*%54$%-& 1/ R'

R (Q,+, x) /&) *! 4$%-& 4$,,*)")+A0 &$*&54$%-& 1/ (R,+, x)
R N/ 4$%-& H 1/ :*")/%!+$!& !2/&) -"& 4$,,*)")+A E4$%-& C"*4./F'

R N/& !$,=%/& 4$!&)%*4)+=#/& 4$!&)+)*/!) *! &$*&54$%-& 1/ R'

R ?+ p /&) -%/,+/%0 #2"!!/"* Z/pZ 1/& /!)+/%& ,$1*#$ p /&) *! 4$%-& K!+ E"S"!) *! !$,=%/ K!+ 12(#(,/!)&F'
R (Z,+,×) /&) *! "!!/"* 4$,,*)")+A +!)6C%/ ,"+& 4/ !2/&) -"& *! 4$%-& T #/& &/*#& (#(,/!)& +!9/%&+=#/&
E"S"!) *! +!9/%&/F &$!) U /) 5 U'

R EM2(R),+,×) !2/&) -"& *! 4$%-& E9$+% 4+51/&&*&F' N" 1+9+&+$!0 $! #/ &"+) 1"!& #/ 4"#4*# (#(,/!)"+%/0
!2/&) "*)%/ :*/ #" ,*#)+-#+4")+$! -"% #2+!9/%&/ T 1"!& #/ 4"& 1/& ,")%+4/&0 $! !/ -"%#/ -"& 1/ 1+9+&/*% ,"+&

12+!9/%&/' N2+!9/%&/ E&2+# /3+&)/F 12*!/ ,")%+4/ 4"%%(/ A /&) *!/ ,")%+4/ !$)(/ A−1 9(%+K"!) A−1 ×A =
A×A−1 = I0 $V I /&) #" ,")%+4/ *!+)('

R ?$+) D #2/!&/,=#/ 1/& !$,=%/& 1(4+,"*3 E#2/!&/,=#/ 1/& !$,=%/& "1,/))"!) *! %/-%(&/!)"!) 1/ #"

A$%,/ a × 10n "9/4 (a, n) ∈ Z2
' W"% /3/,-#/ 3/50 −7/4 /) 1, 237 &$!) 1(4+,"*3' (D,+,×) /&) *!

"!!/"* +!)6C%/0 &$*&5"!!/"* 1/ (Q,+,×)' G/ !2/&) -"& *! 4$%-&0 > -"% /3/,-#/ /&) 1(4+,"# ,"+& -"&
&$! +!9/%&/ 1/3'



 !"! #$% &'()%   

!"#$%&'" () )*  !"#$"%&'" (Z,+×) #!"$( )*$ +# ,-.)$ ,*. '* )'+)*.( /"$ 0'0%"#($ /" Z⋆
#" $-#( )*$

1#2".$1&'"$ 3 )*. "4"%)'"5 1' #!"41$(" )*$ /!"#(1". ."'*(16 n ("' 7+" 2n = 1 /-#, 8 #!"$( )*$ 1#2".$1&'"9

+%,-,./0/,1 () )*  !" "!#$" %&'(#) &*#+ ,-./" "-+0 $*%&'($ +#$ !0 $! ,-./" 0-#0 !+0%!.1 2',%/.-3#!4!+0 "% A
!"0 #+ (++!(# +*(5(+0 ,-44! "!#$" %&'(#) 3#! $*%&'($ +#$ !0 $#% 464! ($-." A !"0 #+ ,-./"1

7.!#8! 3

: ;+))-$-#$ 7+" K "$( +# ,-.)$9 ;-1( I +# 1/0*' #-# #+' /" A9 ;-1( /-#, x +# 0'0%"#( #-# #+' /" I9 x
"$(5 )*. /0<#1(1-# /!+# ,-.)$5 1#2".$1&'" /*#$ K9 ;-1( x−1 '!1#2".$" /" x /*#$ K9 x−1x "$(5 )*. /0<#1(1-#
/!+# 1/0*'5 0'0%"#( /" I9 =*1$ x−1x "$( 0>*' ? '!0'0%"#( +#1(0 /" K9 @-#, 1 ∈ I "( I = K9

: A0,1).-7+"%"#(5 $+))-$-#$ %*1#("#*#( 7+" '"$ $"+'$ 1/0*+4 /" '!*##"*+ A $-#( '!1/0*' #+' "( A (-+(

"#(1".9 B' #-+$ $+C( /" %-#(.". 7+" (-+( '"$ 0'0%"#($ #-# #+'$ /" A $-#( 1#2".$1&'"$9 ;-1( x 6= 0 +#
0'0%"#( /" A9 ;-1( (x) '!1/0*' "#>"#/.0 )*. x9 D-%%" x #!"$( )*$ #+'5 ,"( 1/0*' #!"$( )*$ #+' #-# )'+$9
B' "$( *'-.$ 0>*' ? A (-+( "#(1".9  !+#1(0 /" A "$( /-#, 0'0%"#( /" (x)9 D",1 $1>#1<" 7+!1' "41$(" y /*#$
A ("' 7+" xy = 19 x "$( /-#, 1#2".$1&'" /!1#2".$" y9

2341/0/,1 () )5 9+  !"#$ %&' !"0 #+ ,-./" :,-44#0(0%;< &-+0 $! ,(.&%+($ !"0 =+%1 > #+ %"-4-./?%"4!

/.@"A #+ ,-./" =+% !"0 !+0%@.!4!+0 &'0!.4%+' /(. "-+ ,(.&%+($ 3#% !"0 0-#B-#." &! $( ;-.4! pnA #+! /#%""(+,!
&*#+ +-4C.! /.!4%!.1 D! +-4C.! /.!4%!. +*!"0 (#0.! 3#! "(  ("( )*"'$)'+,- !0 $! ,-./" "! /.'"!+0! ,-44!

$*#+%3#! !)0!+"%-+ "%4/$! &# ,-./" /.!4%!. Z/pZ &! &%4!+"%-+ n1

673,%8#" () )* E?'-.@4! &! F!&&!.C#.+ :G-"!/? FHIIH2J92K LMMNOLPQM< E-#0 ,-./" =+% !"0 ,-4O

4#0(0%;1

7.!#8! 3 E(() 3FFGGG9%*(E9%,>1''9,*F,E"#"2".FH@IFJ"//".&+.#9)/6

✄

✂

 

✁
9:"%;/;" <= ;-1( A +# *##"*+ 1#(K>." /" ,*./1#*' <#19 =-#(.". 7+" A "$( +# ,-.)$9

D-..!,0%-+ 3 ;-1( a ∈ A #-# #+'9  !*))'1,*(1-#

µa : A → A
x 7→ ax

"$( 1#L",(12"9 M# "N"(5 )+1$7+" A "$( +# *##"*+ 1#(K>." "( a "$( #-# #+'5 )-+. (-+$ x, y ∈ A5 -# * µa(x) =
µa(y)⇒ ax = ay ⇒ ax− ay = 0⇒ a(x− y) = 0⇒ x− y = 0⇒ x = y9
M( ,-%%" A "$( +# "#$"%&'" <#15 (-+(" 1#L",(1-# /" A /*#$ A "$( +#" &1L",(1-#9 O1#$1 µa "$( &1L",(12"9 ;-1(

b ∈ A '!*#(0,0/"#( /" 1 )*. µa9 O'-.$ ab = µa(b) = 19 M( )+1$7+" A "$( +# *##"*+ ,-%%+(*(165 -# * ba = 1
"( b "$( '!1#2".$" /" a9 O1#$1 O "$( +# ,-.)$9

✄

✂

 

✁
9:"%;/;" <> ;-1( SK +# $-+$P,-.)$ /!+# ,-.)$ ,-%%+(*(16 K9 ;-1"#( P,Q ∈ SK[X]5 P 1..0/+,(1&'"9 Q#

$+))-$" 7+" P "( Q5 ,-#$1/0.0$ ,-%%" 0'0%"#($ /" K[X]5 -#( +#" .*,1#" ,-%%+#"9 =-#(.". 7+" P /121$"

Q9
D-..!,0%-+ 3 ;-1( D +# pgcd /" P "( Q /*#$ SK[X]9  !*'>-.1(E%" /!M+,'1/" "$( 1/"#(17+" 7+" '!-# ,-#$1/K."
'"$ )-'R#S%"$ P "( Q /*#$ SK[X] -+ /*#$ K[X]5 /-#, D "$( +# pgcd /" P "( Q /*#$ K[X]9 H+1$7+" P "(

Q -#( +#" .*,1#" ,-%%+#" /*#$ K5 1'$ #" $-#( )*$ )."%1".$ "#(." "+4 "( *1#$1 D "$( /1$(1#,( /" 19 Q. P "$(

1..0/+,(1&'" /*#$ SK[X]5 /-#, 1' "41$(" λ ∈ SK\{0} ("' 7+" D = λP 9 O1#$1 P /121$" Q9
O+(." %0(E-/" 3 )+1$7+" P "( Q -#( +#" .*,1#" ,-%%+#" /*#$ K5 1' "41$(" +# 1/0*' I /" K[X] /1$(1#,(
/" K[X] ,-#("#*#( P "( Q9 Q# )-$" J = I/SK[X]5 ,!"$( +# 1/0*' /" SK[X]5 /1$(1#,( /" SK[X] T$1#-# 1
*))*.(1"#/.*1( ? J 5 /-#, ? I "( *'-.$ I $".*1( 0>*' ? K[X]U "( ,-#("#*#( P "( Q9 H+1$7+" SK[X] "$( ).1#,1)*'
"( P "$( 1..0/+,(1&'"5 J "$( '!1/0*' "#>"#/.0 )*. P 5 /-#, P /121$" Q9


