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{
xn+1 = axn + byn
yn+1 = cxn + dyn
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)Q" %+ #+ B)($2$)'$#+' ):+1 1+ 1!"1+<*7

 ! "#$%&'($ %)*+,-./($ (0 1-'(0$-+0 2 (% 1-'(0$-+0 k

F" +#* ')(+"&@ <!,' '&#!,%'+ 567D8@ = 1)21,2+' An
@ 1+ 0,$ +#* *'.# #!,:+"* 2!"4 +* B)#*$%$+,/7

R,<<!#!"# 0,+ A )%(+**+ %+,/ :)2+,'# <'!<'+# λ1 +* λ2@ %+ :+1*+,'# <'!<'+# v1 +* v2 '+#<+1*$B# )2!'#
{

Av1 = λ1v1
Av2 = λ2v2

⇔ [Av1 Av2] = [λ1v1 λ2v2]

⇔ A[v1 v2] = [v1 v2]

(
λ1 0
0 λ2

)

567S8

M" <!#)"* [v1 v2] = P +* D =

(
λ1 0
0 λ2

)

@ 2) '+2)*$!" 567S8 <+,* #?&1'$'+

AP = PD

!, +"1!'+

A = PDP−1

#$ P +#* $":+'#$;2+7 A$"#$@ 2+ 1)21,2 %+ An
%+:$+"* *'.# #$(<2+ <,$#0,+

An = PDnP−1



 !"! #$%#$&'(') *+) ,-.+/$) #$%#$+)  !

 !""#  #$% % &'& () *%+, $-.+'/!*) '.!+0

1#''# *&"%/ 2# ,-%33$.4)# %),,. 3!)/ *#, ,5,'6"#, *# *."#+,.!+ k0

"#$%&'()  * *+  !"# A $%& '(#)"*& +& ,!)'(# k × k-  !"&%# λ1, λ2, . . . , λk .&/ 0(.&$)/ 1)!1)&/ +& A &#

v1, v2, . . . , vk .&/ 0&*#&$)/ 1)!1)&/ (//!*"2/-  !"# P = [v1 v2 . . . vk] .( '(#)"*& +!%# .&/ *!.!%%&/ /!%# *&/

0&*#&$)/ 1)!1)&/ (.!)/3 /" P &/# "%0&)/"4.&3

P−1AP =










λ1 0 . . . . . . 0
0 λ2 0 . . . 0
-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

0 . . . 0 λk−1 0
0 . . . . . . 0 λk










= D-

52*"1)!6$&'&%#3 /" P−1AP &/# $%& '(#)"*& +"(7!%(.& D3 (.!)/ .&/ *!.!%%&/ +& P /!%# +&/ 0&*#&$)/ 1)!1)&/

+& A &# .&/ 2.2'&%#/ +& .( +"(7!%(.& 1)"%*"1(.& +& D /!%# .&/ 0(.&$)/ 1)!1)&/ +& A-

,)(-&./)  * *+ 7+# 253!'26,# 8!+*%"#+'%$# *) '2&!/6"# 3/& &*#+' #,' 4)# $% "%'/. # P 9 *!+' $#,  !:

$!++#, ,!+' $#, (# '#)/, 3/!3/#, *# A9 ,!.' )+# "%'/. # .+(#/,.;$#0 1#''# 253!'26,# ,'.3)$# *!+ 4)# $% "%'/. #

A *# 8!/"%' k × k 3!,,6*# k (# '#)/, 3/!3/#, $.+&%./#"#+' .+*&3#+*%+',0

"#$%&'()  * *0  !"&%# λ1, λ2, . . . , λk k 0(.&$)/ 1)!1)&/ +"/*#"%*#&/ +& .( '(#)"*& A +& ,!)'(# k×k-  !"&%#
v1, . . . , vk +&/ 0&*#&$)/ 1)!1)&/ (//!*"2/- 8&/ 0&*#&$)/ v1, . . . , vk /!%# (.!)/ ."%2(")&'&%# "%+21&%+(%#/-

1%&%22-3&)  * *+  " .( '(#)"*& A +& ,!)'(# k × k 1!//9+& k 0(.&$)/ 1)!1)&/ +"/#"%*#&/ (.!)/ P = [v1 . . . vk]
&/# "%0&)/"4.&-

"#$%&'()  * *  !"# A $%& '(#)"*& *())2& +:!)+)& k (0&* k 0(.&$)/ 1)!1)&/ )2&.&/ +"/#"%*#&/ λ1, λ2, . . . , λk

&# /!"&%# v1, v2, . . . , vk +&/ 0&*#&$)/ 1)!1)&/ (//!*"2/- 8( /!.$#"!% 72%2)(.& +$ /;/#9'& +:26$(#"!%/ +& )2*$))&%*&
zn+1 = Azn &/#

zn = (Z0)1
︸ ︷︷ ︸

c1

λn
1v1 + (Z0)2

︸ ︷︷ ︸

c2

λn
2v2 + . . .+ (Z0)k

︸ ︷︷ ︸

ck

λn
kvk

!< Z0 = ((Z0)1 . . . (Z0)k)
t = P−1z0-

<+ 3#)' )'.$.,#/ $# '2&!/6"# =0=0> 3!)/ /#'/!)(#/  # /&,)$'%' ? zn+1 = Azn ⇔ zn = Anz0 = PDnP−1z0

⇔ zn = [v1 . . . vk]






λn
1 0

0

0

0

0 λn
k




Z0 = c1λ

n
1v1 + c2λ

n
2v2 + . . .+ ckλ

n
kvk0

 !" #$%&$'()(* +,* -./,0$* &$%&$,*

<+ ,%.' 4)# $#, (%$#)/, 3/!3/#, *# $% "%'/. # A *# 8!/"%' k×k ,!+' $#, (%$#)/, 4). %++)$#+' $# 3!$5+@"#

 %/% '&/.,'.4)# *# A ,!.'

p(λ) = det(A− λI)0

A$ #B.,'# *!+ '/!., 3!,,.;.$.'&, 3!)/ $#, /% .+#, *# p(λ) ?

C p(λ) % k /% .+#, /&#$$#, *.,'.+ '#,9

C p(λ) % 4)#$4)#, /% .+#, ")$'.3$#,9

C p(λ) % 4)#$4)#, /% .+#,  !"3$#B#,9

 %, +!+ ")')#$$#"#+' #B $),.8, 3!)/ k ≥ 40



 !  !"#$%&' () *"+',&- #&.#&'- '% *' %',&- #&.#&'-

"#$%&'$  ()(*

 ! "#$% A =

(
−4 2
−1 −1

)

& pA(λ) = λ2 + 5λ+ 6⇒ Sp(A) = {−3,−2}!

'! "#$% B =





4 0 −2
0 3 0
3 0 −1




& pB(λ) = (3− λ)(λ2 − 3λ+ 2)⇒ Sp(B) = {1, 2, 3}!

(! "#$% C =

(
4 1
−1 2

)

& pC(λ) = (λ− 3)2 ⇒ Sp(C) = {3}& ( )%*+% ,- ./0%$10$2$%) '!

3! "#$% D =

(
0 2
−1 2

)

& pD(λ) = λ2 − 2λ+ 2⇒ Sp(D) = {1 + i, 1− i}!

4! "#$% E =





1 3 4
0 2 −1
0 1 2




& pE(λ) = (1− λ)(λ2 − 4λ+ 5)⇒ Sp(E) = {1, 2 + i, 2− i}!

+,-./0/1.  ()(*  ! "#!$% &'()% *!"#+$% $!##,% A- ).",% tr(A) %/" 0! /.**% &% /%/ ,0,*%)"/ &+!1.)!(2

3#+)$+3!(24

23,145%$  ()(* 5.+" A ()% *!"#+$% $!##,% &'.#&#% k !6%$ 0%/ 6!0%(#/ 3#.3#%/ λ1, . . . , λk4 70.#/-

84 λ1 + λ2 + . . .+ λk =

k∑

i=1

λi = tr(A)-

94 λ1 × λ2 × . . .× λk =

k∏

i=1

λi = det(A)

"#$%&'$  ()(6 "#$% B =







4 1 1 1
1 4 1 1
1 1 4 1
1 1 1 4






& ( -5% /+- 6*0-/7 17#17- ,- B! "#$% v = (a, b, c, d) /+ 6-2%-/7

17#17- *55#2$) 8 λ = 3 *0#75

(B − 3I)v =







4− 3 1 1 1
1 4− 3 1 1
1 1 4− 3 1
1 1 1 4− 3













a
b
c
d







=







a+ b+ c+ d
a+ b+ c+ d
a+ b+ c+ d
a+ b+ c+ d







=







0
0
0
0






!







1
0
0
−1






&







0
1
0
−1







-%







0
0
1
−1







5#+% %7#$5 6-2%-/75 17#17-5 0$+)*$7-.-+% $+,)1-+,*+%5 *55#2$)5 8 λ = 3! 9#+2 2-%%-

6*0-/7 17#17- ,- B -5% ,:#7,7- ,- ./0%$10$2$%) */ .#$+5 );*0 8 (! <#..- ,- 10/5& tr(B) = 16 = 3+3+3+x&
#+ -+ ,),/$% =/- x = 7 -5% );*0-.-+% 6*0-/7 17#17- ,- B!

 !" #$%&'() *(+*(&) ,'%-.*%&)

>+ 1#7%- +#%7- *%%-+%$#+ ,*+5 2- 1*7*;7*1?- 5/7 /+ 1#$+% =/$ 1-/% 7-.-%%7- -+ 2*/5- 0- 17#2-55/5 ,-

,$*;#+*0$5*%$#+ @ 0-5 6*0-/75 17#17-5 ./0%$10-5!



 !"! #$%&'() *(+*(&) ,'%-.*%&)  !

 !"!# $%&'()*+ ,* -.'/%& 2× 2 0.0 ,(%1.0%2(+%32*+

 !"#$%&'!"# ()# *+,'$-)# A =

(
4 1
−1 2

)

), B =

(
3 0
0 3

)

.  )# *+,'$-)# +%*),,)", ,!/,)# ()# %)/0 /")

1+()/' 2'!2') %!/3() λ = 3.

4 5" 1)-,)/' 2'!2') %) A )#, /") #!(/,$!" v %) (6&7/+,$!"

(A− 3I)v =

(
1 1
−1 −1

)(
v1
v2

)

=

(
0
0

)

5" 1)-,)/'

(
v1
v2

)

)#, /") #!(/,$!" %) -) #8#,9*) #$ ), #)/()*)", #$ -6)#, /" */(,$2() %)

(
1
−1

)

.

4 :!/' B; (B−λI)v =

(
0 0
0 0

)(
v1
v2

)

. <!"- ,!/, -!/2() %) 1)-,)/'# ($"&+$')*)", $"%&2)"%+",# -!"1$)",.

=$"#$; >'?-) +/ ,@&!'9*) A.A.B; (+ *+,'$-) B )#, %$+>!"+($#+3() ), )" C+$,; !" ')*+'7/) 7/6)(() )#, %&D+

%$+>!"+().

:+' +$(()/'#; $( "68 + 2+# %) *+,'$-) P 7/$ %$+>!"+($#) A 2+'-) 7/); ,!/D!/'# %6+2'9# () ,@&!'9*) A.A.B; /")

,)(() *+,'$-) P %)1'+$, +1!$' 2!/' -!(!"")# %)# 1)-,)/'# 2'!2')# $"%&2)"%+",# %) A *+$# A "6+ 7/6/" #)/(

1)-,)/' 2'!2').

5") *+,'$-) A 7/$ + /") 1+()/' 2'!2') %6!'%') %) */(,$2($-$,& m > 1 *+$# 7/$ "6+ 2+# m 1)-,)/'# 2'!2')#

($"&+$')*)", $"%&2)"%+",# +##!-$&# E -),,) 1+()/' 2'!2') )#, +22)(&) /")  !"#$%& '(' )$!*('!+$,!-+&. F" + ()

"#$%&'()  *+*, .($" A /'&  !"#$%& )& 0(# !" 2 × 2 !1&% )&/2 1!+&/#, 3#(3#&, $)&'"$4/&,5 6+(#,7 A &,"

)$!*('!+$,!-+& ,$ &" ,&/+& &'" ,$ A &," )89! /'&  !"#$%& )$!*('!+&5

G/) 2)/,H!" C+$') +1)- /") *+,'$-) "!" %$+>!"+($#+3() I F" 2)/, ,)",)' %6+''$1)' E /") *+,'$-) 2')#7/)

%$+>!"+() J)8%( 3(,$"$(' )& :(#)!'K.

-.)(/0)  *+*,  !"#$%&'!"# (+ *+,'$-) A =

(
4 1
−1 2

)

&,/%$&) 2'&-&%)**)",; +%*),,+", A -!**) 1+()/'

2'!2').  ),,) *+,'$-) +%*), /" #)/( 1)-,)/' 2'!2') $"%&2)"%+", v1 =

(
1
−1

)

. F" -@)'-@) +(!'# /" 1)-,)/'

v2 +22)(& 1&%"&/# 3#(3#& *8'8#!+$,8 3(/# A !,,(%$8 ; λ = 3; #!(/,$!" %)

(A− 3I)v2 = v1 ⇔

(
1 1
−1 −1

)(
x
y

)

=

(
1
−1

)

⇔

(
x
y

)

=

(
1
0

)

.

L$ !" 2')"% P = [v1 v2] =

(
1 1
−1 0

)

; !" 2)/, 1&'$M)' 7/)

P−1AP =

(
0 −1
1 1

)(
4 1
−1 2

)(
1 1
−1 0

)

=

(
3 1
0 3

)

"#$%&'()  *+*1 .($" A /'&  !"#$%& %!##8& )<(#)#& = !1&% )&, 1!+&/#, 3#(3#&, $)&'"$4/&, λ = λ⋆
5 6+(#,7

>5 ,($" A ! )&/2 1&%"&/#, 3#(3#&, +$'8!$#& &'" $')83&')!'", !,,(%$8, ; λ⋆
7 !/4/&+ %!, A &," +!  !"#$%&

λ⋆I7

=5 ,($" A ! ,&/+& &'" /' 1&%"&/# 3#(3#& $')83&')!'" v15 ?!', %& %!,7 $+ &2$,"& /' 1&%"&/# 3#(3#& *8'8#!+$,8
v2 "&+ 4/& (A− λ⋆I)v2 = v15 .$ P = [v1v2] !+(#,

P−1AP =

(
λ⋆ 1
0 λ⋆

)

5



 !  !"#$%&' () *"+',&- #&.#&'- '% *' %',&- #&.#&'-

 !"!# $%& '()*+ ,%-./0+ 3× 3 *1* '/%21*%3/&%43+

"#$%&'$  ()(*  !"# A =





4 2 −4
1 4 −3
1 1 0




$ %& '!%()*+& ,-.-,#/."0#"12& 3& A &0# p(λ) = (λ − 3)2(2 − λ)4 5&0

6-%&2.0 '.!'.&0 3& A 0!)# 7 &# 8 93& +2%#"'%","#/ 7:4

; <!2. %- 6-%&2. '.!'.& 0"+'%& λ = 2$ %=&0'-,& 3&0 0!%2#"!)0 3&

(A− 2I)v =





2 2 −4
1 2 −3
1 1 −2









x
y
z



 =





0
0
0





&0# 2) &0'-,& 3& 3"+&)0"!) > &)?&)3./ '-. v1 =





1
1
1




4

; <!2. %- 6-%&2. '.!'.& 3!2@%& λ = 3$ %=&0'-,& 3&0 0!%2#"!)0 3&

(A− 3I)v =





1 2 −4
1 1 −3
1 1 −3









x
y
z



 =





0
0
0





&0# 2) &0'-,& 3& 3"+&)0"!) > &)?&)3./ '-. v2 =





2
1
1




4

A% ( - 3!), 0&2%&+&)# 2) 6&,#&2. '.!'.& ")3/'&)3-)# -00!,"/ B %- 6-%&2. '.!'.& 3& +2%#"'%","#/ 74 C)

- @&0!") 3=2) 6&,#&2. v3 ")3/'&)3-)# 3& v1 &# v2 '!2. D!.+&. %- +-#.",& 3& '-00-?& P = [v1v2v3]4 C)
,E&.,E& v3$ 6&,#&2. '.!'.& ?/)/.-%"0/ -00!,"/ B A '!2. %- 6-%&2. '.!'.& λ = 3 6/."F-)# 3!), (A − 3I)v3 =

v2 ⇔





1 2 −4
1 1 −3
1 1 −3









x
y
z



 =





2
1
1




4 C) '&2# -%!.0 '.&)3.& v3 =





0
1
0




3!), P =





1 2 0
1 1 1
1 1 0




&# P−1AP =





2 0 0
0 3 1
0 0 3




4

5&0 ,-%,2%0 -6&, %&0 6&,#&2.0 '.!'.&0 ?/)/.-%"0/0 '&26&)# G#.& 2) '&2 '%20 ,!+'%"12/0 '!2. 3&0 +-#.",&0

3& D!.+-# 3× 3 ,-. !) '&2# -6!". 2)& 6-%&2. '.!'.& λ⋆
3=!.3.& 3& +2%#"'%","#/ 8 -6&, 0&2%&+&)# 2) 6&,#&2.

'.!'.& ")3/'&)3-)# v14 H-)0 ,& ,-0$ !) ,-%,2%& v2 &# v3 #&%0 12&

(A− λ⋆I)v2 = v1 &# (A− λ⋆I)v3 = v24

 " P = [v1v2v3] -%!.0 P
−1AP =





λ⋆ 1 0
0 λ⋆ 1
0 0 λ⋆




4

"#$%&'$  ()( C) ,!)0"3I.& B =





3 1 1
1 2 1
−1 −1 1




4 J&##& +-#.",& -3+&# λ = 2 ,!++& 6-%&2. '.!'.& 3=!.3.&

3& +2%"#'%","#/ 8 +-"0 0&2%&+&)# 2) 6&,#&2. '.!'.& ")3/'&)3-)# v14 C) 3/F)"# v2 &# v3 '-.

{
(A− 2I)v2 = v1
(A− 2I)v3 = v2

4

K")0"$ -6&, P = [v1v2v3]$ P
−1BP =





2 1 0
0 2 1
0 0 2




4



 !"! #$%&'() *(+*(&) ,'%-.*%&)  !

 !"! #$%&'()*&+ ,-$.(/)*&+% ,0 1$2(110+20 /302 ,0% 4/)1*20% +&+ ,*/5&+/'*%/6'0%

 ! "# $%"# &# $'%(&)*# +# &, '-"%&./0%! +. "1"/)*# +#" -2.,/0%!" +# '-3.''#!3# zn+1 = Azn 2.,!+ A #"/

.!# *,/'03# +# /,0&&# 2× 2 !%! +0,4%!,&0",(&#5 67%0"0""%!" P /#&&# 2.# P−1AP =

(
λ⋆ 1
0 λ⋆

)

5 8# 37,!4#*#!/

+# 9,'0,(&#" z = PZ :,0/ $,""#' +. "1"/)*# zn+1 = Azn ,. "1"/)*# Zn+1 = (P−1AP )Zn5

Zn+1 =

(
Xn+1

Yn+1

)

=

(
λ 1
0 λ

)(
Xn

Yn

)

⇔

{ Xn+1 = λXn + Yn ;<5=,>

Yn+1 = λYn ;<5=(>

 ! $#./ '-"%.+'# ;<5=(> $%.' Yn ? Yn = c1λ
n
#/ ".("/0/.#' 3#//# "%&./0%! +,!" &, $'#*0)'# -2.,/0%!

;<5=,> ? Xn+1 = λXn + c1λ
n
5  ! 0/)'# #!".0/#@ A $,'/0' +# n = 0@ $%.' /'%.9#' ", "%&./0%! 4-!-',&# ?

X0 = c0
X1 = λX0 + c1λ

0 = λc0 + c1
X2 = λX1 + c1λ

1 = λ(λc0 + c1) + c1λ = λ2c0 + 2c1λ

X3 = λ3c0 + 3c1λ
2

X4 = λ4c0 + 3c1λ
2

5

5

5

Xn = λnc0 + nc1λ
n−1

B0 %! '#*$&,3# Xn +,!" &C-2.,/0%! $'-3-+#!/#@ %! ,

Xn+1 = λ(c0λ
n + nc1λ

n−1) + c1λ
n = c0λ

n+1 + (n+ 1)c1λ
n = λXn + Yn.

D,' 3%!"-2.#!/@

(
Xn

Yn

)

=

(
c0λ

n + nc1λ
n−1

c1λ
n

)

5  ! ./0&0"# #!".0/# &# 37,!4#*#!/ +# 3%%'+%!!-#" z = PZ $%.'

-3'0'# &, "%&./0%! 4-!-',&# +. "1"/)*# 0!0/0,& zn+1 = Azn "%0/

zn = PZn = [v1v2]

(
c0r

n + nc1r
n−1

c1r
n

)

⇔ zn = (c0r
n + nc1r

n−1)v1 + c1r
nv2. ;<5E>

"#$%&'()  *+*  !""#$#%$ &!' A $#() !%' *+),(-' -+,,.' /0#,/,' 1 +2'- !%' 2+3'!, ",#",' *!3)("3' λ ')

$'!3'*'%) !% 2'-)'!, ",#",' (%/."'%/+%) v14  #() v2 !% 2'-)'!, ",#",' 5.%.,+3($. +$$#-(. 6 v1 ') λ4 73#,$ 3+
$#3!)(#% /! $8$)9*' /0.&!+)(#%$ /' ,.-!,,'%-' zn+1 = Azn '$) :;4<=4

,-)(./)  *+*0 8, *,/'03# A =

(
4 1
−1 2

)

#"/ !%! +0,4%!,&0",(&# 3,' #&&# ,+*#/ .!# 9,&#.' $'%$'# +%.(&#

λ = 3 #/ .! "#.& 9#3/#.' $'%$'# 0!+-$#!+,!/ v1 =

(
1
−1

)

5  ! 3%!"0+)'# &# "1"/)*# &0!-,0'# +C-2.,/0%!" +#

'-3.''#!3# ,""%30- A A
{

xn+1 = 4xn + yn
yn+1 = −xn + 2yn

5

F'G3# 2. /7-%')*# $'-3-+#!/@ &, "%&./0%! 4-!-',&# +# 3# "1"/)*# #"/

{
xn = c03

n + c1(n3
n−1 + 3n)

yn = −c0 − c1n3
n−1 5

F-!-',&0"%!" *,0!/#!,!/ &# /7-%')*# <5H5< #! +0*#!"0%! < ? "%0/ &# 37,!4#*#!/ +# 9,'0,(&# z = PZ ,&%'"

Wn+1 =





Xn+1

Yn+1

Zn+1



 = (P−1AP )Wn = TWn5 I! #J#/@ "0 wn+1 =





xn+1

yn+1

zn+1




@ %! , wn+1 = Awn ⇔ PWn+1 =

APWn ⇔Wn+1 = P−1APWn



 !  !"#$%&' () *"+',&- #&.#&'- '% *' %',&- #&.#&'-

⇔Wn+1 =





λ1 1 0
0 λ1 0
0 0 λ2









Xn

Yn
Zn





⇔







Xn+1 = λ1Xn + Yn  !"#$%

Yn+1 = λ1Yn  !"#&%

Zn+1 = λ2Zn  !"#'%

(3.8c)⇔ Zn = λn
2Z0" ()*+,-./ (3.8b)⇔ Yn = λn

1Y0 .- .)0)/ 1$)*  !"#$%/ Xn+1 = λ1Xn + λn
1Y0" 23







X0 = c0, Y0 = c1
X1 = λ1c0 + λ0

1c1 = λ1c0 + c1
"

"

"

Xn = λn
1c0 + nc1λ

n−1
1

4$)*  !"#$%/ 5) $ Xn+1 = λn+1
1

c0 + (n+ 1)c1λ
n
1 " 6$3 '5)*78+.)-/





Xn

Yn
Zn



 =





λn
1c0 + nc1λ

n−1
1

λn
1c1

λn
2c2



 = Tn





c0
c1
c2




"

() +-,9,*$)- .)*+,-. 9. ':$);.<.)- 1. '55315))7.* z = PZ/ 5) 5&-,.)-

wn = PWn = [v1v2v3]





Xn

Yn
Zn



 = [v1v2v3]T
n





c0
c1
c2



 = PTnP−1w0

= (λn
1c0 + nc1λ

n−1
1

)v1 + λn
1c1v2 + λn

2c2v3 5= c0 = X0 = P−1x0"

 !"!# $%&'()(& '*(+,)-./+-)0 1(2'')3*4

47-.3<,).3 9$ *59+-,5) 1+ *>*-?<. 9,)7$,3.







xn+1 = 2xn + yn
yn+1 = yn − zn
zn+1 = 2yn + 4zn

@5+3 1.* '5)1,-,5)* ,),-,$9.* 15))7.*"

 !""#$%&!'(

A$ <$-3,'. $**5',7. $+ *>*-?<. .*- A =





2 1 0
0 1 −1
0 2 4




" 47-.3<,)5)* 9. *@.'-3. 1. A"

∣
∣
∣
∣
∣
∣

2− λ 1 0
0 1− λ −1
0 2 4− λ

∣
∣
∣
∣
∣
∣

= (2− λ)

∣
∣
∣
∣

1− λ −1
2 4− λ

∣
∣
∣
∣
= (2− λ)(λ2 − 5λ+ 6) = (2− λ2)(3− λ)"

45)' Sp(A) = {2, 3} 5= B .*- +). C$9.+3 @35@3. 1. <+9-,@9,',-7 B" 47-.3<,)5)* <$,)-.)$)- 9.* *5+*D.*@$'.*

@35@3.* $**5',7*"

• E2 = {X ∈ R3
/AX = 2X} $C.' X = (x, y, z)"

AX = 2X ⇔







y = 0
−y − z = 0
2y + 2z = 0

⇔







x ∈ R

y = 0
z = 0

15)' .) ':5,*,**$)- x = 1/ v1 = (1, 0, 0) .*- +) C.'-.+3 @35@3. 1. A $**5',7 E 9$ C$9.+3 @35@3. λ = 2"
F5<<. dim(E2) 6= 2/ A )G.*- @$* 1,$;5)$9,*$&9."

H.':.3':5)* +) C.'-.+3 @35@3. ;7)73$9,*7" 2) ':.3':. v2 = (x, y, z) -.9 8+.



 !"! #$%&'(()( *' +,$-%.  !

(A− 2I)v2 = v1 ⇔







y = 1
−y − z = 0
2y + 2z = 0

⇔







x ∈ R

y = 1
z = −1

 !"#!$ v2 = (x, y, z) = (x, 1,−1) = x(1, 0, 0)+(0, 1,−1)% &" '()!#!##*"+ x = 0$ )" ),+!-"+ v2 = (0, 1,−1)%

• E3 = {X ∈ R3
/AX = 3X} *.-' X = (x, y, z)%

AX = 3X ⇔







−x+ y = 0
−2y − z = 0
2y + z = 0

⇔







x = y
y ∈ R

z = −2y
/)"' -" '()!#!##*"+ y = 1$ v3 = (1, 1, 2) -#+ 0" .-'+-01 21)21- /- A *##)'!3 4 5* .*5-01 21)21- λ = 3%

6)"'$ #! P = [v1 v2 v3] =





1 0 1
0 1 1
0 −1 −2




-+ T =





2 1 0
0 2 0
0 0 3




*5)1# P−1AP = T ⇔ A = PTP−1%  !"#!$ -"

.31!7*"+ 80- P−1 =





1 1 1
0 2 1
0 −1 −1




$

An =





1 0 1
0 1 1
0 −1 −2









2n n2n−1 0
0 2n 0
0 0 3n









1 1 1
0 2 1
0 −1 −1




%

69): 5* #)50+!)" -" ;)"'+!)" /-# ')"/!+!)"# !"!+!*5-# '*1 Xn = AnX0 <







xn = x02
n + y0((n+ 1)2n − 3n) + z0((2 + n)2n−1 − 3n)

yn = y0(2
n+1 − 3n) + z0(2

n − 3n)

zn = y052× 3n − 2n+1) + z0(2× 3n − 2n)

 !" #$%&'(()( *' +,$-%.

6*"# '- 2*1*=1*2(-$ )" !"+1)/0!+ 0"- *225!'*+!)" !>2)1+*"+- /-# .*5-01# 21)21-# -+ .-'+-01# 21)21-# 4

/-# 21),5?>-# 3')")>!80-# < 5* #)50+!)" /-# 21)'-##0# /- @*1A).%

B" +1*.*!55- *.-' 0" 21)'-##0# /C"*>!80- /*"# 5-80-5 5- +->2# -#+ +1*!+3 ')>>- 0"- .*1!*,5- /!#'1?+-$ *!"#!

5* /C"*>!80- -#+ /)""3- 2*1 /-# 380*+!)"# /- 13'011-"'-% D022)#)"# 80- 5- 21)'-##0# #)0#EF*'-"+ 4 593+0/-

20!##- G+1- /3'1!+ 2*1 0" ")>,1- 7"! /93+*+# S1, . . . , Sk% H '(*80- 231!)/- 5- #C#+?>- #- #!+0- -" 0" -+

#-05->-"+ 0" /- '-# k 3+*+#%

 !"#$%$&# '()(*  ! "#$%&''(' ')$%*+'),-(& &') (!& #./0& -(, 1$!!& 0+ "#$2+2,0,)3 -(& 0& '4').5& $( (! ,!1,6

7,1( 1+!' %& '4').5& '$,) 1+!' 083)+) i +( )&5"' n+19 %$!!+,''+!) 0&' "#$2+20,)3' 18:)#& 1+!' 0&' 1,7&#' 3)+)'
+(; "3#,$1&' "#3%31&!)&'< =&))& "#$2+2,0,)3 "$(##+,)9 &! "#,!%,"&9 13"&!1#& 1& 08,!)3/#+0,)3 1& 08*,')$,#& +!)36

#,&(#& 1( '4').5& -(, %$##&'"$!1 +(; 3)+)' -(, $!) 3)3 #3+0,'3' +(; "3#,$1&' 1, 2, . . . , n< >(+!1 0+ "#$2+2,0,)3
1( '4').5&9 "$(# )$() 3)+) i &) +( )&5"' n + 19 13"&!1 '&(0&5&!) 1& %& -(83)+,) 083)+) 1( '4').5& +( )&5"'
n9 0& "#$%&''(' ')$%*+'),-(& &') +""&03 (! "#$%&''(' 1& ?+#@$7< A$(# (! "#$%&''(' 1& ?+#@$79 '&(0&5&!) 0&
"+''3 ,5531,+) + 1& 08,5"$#)+!%&<

I-# 353>-"+#E'53# /90" 21)'-##0# /- @*1A). #)"+ <

J% 5* 21),*,!5!+3 xi(n) 80- 593+*+ i #01.!-""- 4 5* 231!)/- n$ )0 *5+-1"*+!.->-"+$ 5* ;1*'+!)" /- 5* 2)205*+!)"
80! -#+ /*"# 593+*+ i 4 5* 231!)/- n -+

K% 5-# 21),*,!5!+3# /- +1*"#!+!)" mij $ ): mij -#+ 5* 21),*,!5!+3 80- 5- 21)'-##0# #)!+ /*"# 593+*+ i 4 5*
231!)/- n+ 1 #9!5 -#+ -" 593+*+ j *0 +->2# n%

I* >*+1!'- /*"# 5*80-55- )" 25*'- 5-# 21),*,!5!+3# /- +1*"#!+!)" -#+ *22-53- >*+1!'- /- +1*"#!+!)" )0

>*+1!'- #+)'(*#+!80- )0 -"')1- >*+1!'- /- '(*"=->-"+ /93+*+# <

M =






m11 . . . m1k

%

%

%

%

%

%

%

%

%

mk1 . . . mkk








 !  !"#$%&' () *"+',&- #&.#&'- '% *' %',&- #&.#&'-

 ! "#$%"&'# &'# (#) *"+,%,-.-/0) )+!/ 0("-/#) 1# 2%3+! 4 (# &'# .#) *"#$-#") -!1-(#) (%"%(/0"-)#!/ .% *0"-+1#

)'-5%!/# #/ .#) )#(+!1) -!1-(#) .% *0"-+1# %(/'#..#6 7! /#"$#) *"+,%,-.-)/#)8 mij #)/ .% *"+,%,-.-/0 9(+!1-/-+!:

!#..#; &'# .# )<)/=$# )+-/ #! .>0/%/ i 4 .% *0"-+1# )'-5%!/#8 )%(?%!/ &'>-. )# /"+'5# #! .>0/%/ j 4 (#//# *0"-+1#6
@+$*/# /#!' 1# )+! 0/%/ 4 .% *0"-+1# %(/'#..#8 .# )<)/=$# 05+.'# 5#") '! #/ '! )#'. 0/%/ 4 .% *0"-+1# )'-5%!/#6

A%" (+!)0&'#!/8 .% )+$$# 1#) /#"$#) mij *%" "%**+"/ 4 i 1+-/ B/"# 0C%.# 4 D E (# &'- "#5-#!/ 4 1-"# &'# .%
)+$$# 1#) 0.0$#!/) 1# (?%&'# (+.+!!# 1# .% $%/"-(# 1+-/ B/"# 0C%.# 4 D6 @+$$# +! 10F!-/ '!# $%/"-(# 1#

G%"H+5 (+$$# 0/%!/ /+'/# $%/"-(# !+! !0C%/-5# (mij) 1+!/ .% )+$$# 1#) 0.0$#!/) 1# (?%&'# .-C!#
∑

imij

#)/ 0C%.# 4 D8 (>#)/ .% /"%!)*+)0# 1# M &'- #)/ '!# $%/"-(# 1# G%"H+56

I+') )'**+)+!) &'# .#) *"+,%,-.-/0)mij )+!/ FJ0#) #/ -!10*#!1%!/#) 1# n6 A+'" 10("-"# (#//# ?<*+/?=)#8 !+')
1-)+!) &'# .# *"+(#))') #)/ /#$*+"#..#$#!/ ?+$+C=!# +' &'# .#) *"+,%,-.-/0) 1# /"%!)-/-+! )+!/ )/%/-+!!%-"#)6

A+'" "050.#" .% 1<!%$-&'# )+'):K%(#!/# 1>'! *"+(#))') 1# G%"H+58 )'**+)+!) &'# xj(n) )+-/ .% 2"%(/-+! 1# .%
*+*'.%/-+! 1# /%-..# N &'- #)/ #! .>0/%/ j 4 .% *0"-+1# n6 L.+")8 .# !+$,"# /+/%. 1#) $#$,"#) 1# .% *+*'.%/-+!
#! .>0/%/ j 4 .% *0"-+1# n6 L.+") .# !+$,"# /+/%. 1#) $#$,"#) 1# .% *+*'.%/-+! #! .>0/%/ j 4 .% *0"-+1# n #)/
xj(n)N 6 A%" ?<*+/?=)#8 mijx

j(n)N 1# (#) $#$,"#) )#"+!/ 1%!) .>0/%/ i 4 .% *0"-+1# (n+1)6 M# !+$,"# /+/%.
1#) $#$,"#) 1# .% *+*'.%/-+! 1%!) .>0/%/ i 4 .% *0"-+1# (n + 1)8 xi(n + 1)N 8 #)/ .% )+$$# *%" "%**+"/ 4 j
1# (#) !+$,"#) (+""#)*+!1%!/) %'J $#$,"#) &'- *%))#!/ 1# .>0/%/ j 4 .>0/%/ i N

xi(n+ 1)N =

k∑

j=1

mijx
j(n)N *+'" /+'/ i = 1, . . . , k

+'8 #! !+/%/-+! $%/"-(-#..#8 %*"=) %5+-" 1-5-)0 *%" N 8





x1(n+ 1)
6

6

6

xk(n+ 1)




 =






m11 . . . m1k

6

6

6

6

6

6

6

6

6

mk1 . . . mkk











x1(n)
6

6

6

xk(n)




 9O6P;

(# &'- 1+!!# x(n + 1) = Mx(n)6 M# )<)/=$# 1>0&'%/-+!) 9O6P;8 1%!) .#&'#. M t
#)/ '!# $%/"-(# 1# G%"H+58

#)/ %**#.0 '! )<)/=$# 1# G%"H+5 +' *"+(#))') 1# G%"H+5 )/%/-+!!%-"#6

"#$%&'$ ()*)+ @+!)-10"+!) .# $+1=.# 1>#$*.+- )'-5%!/6 @?%&'# *#")+!!# 1%!) .% *+*'.%/-+! #)/ )+-/ #$:

*.+<0# )+-/ )%!) #$*.+-6 M#) 1#'J 0/%/) 1# (# $+1=.# )+!/ Q B/"# #$*.+<0 R #/ Q B/"# )%!) #$*.+- R6 S+-/ x1(n)
.% 2"%(/-+! 1# .% *+*'.%/-+! 0/'1-0# &'- #)/ #$*.+<0# 4 .% F! 1# .% *0"-+1# n #/ x2(n) .% 2"%(/-+! )%!):#$*.+-6
S'**+)+!) &'>'!# *#")+!!# #$*.+<0# % '!# *"+,%,-.-/0 1# 90% 1# "#)/#" #$*.+<0# 4 .% *0"-+1# )'-5%!/# 9#/8

*%" (+!)0&'#!/8 '!# *"+,%,-.-/0 1# 10% 1# )# "#/"+'5#" )%!) #$*.+- 4 .% *0"-+1# )'-5%!/#;8 #/ &'>'!# *#")+!!#

)%!):#$*.+- % '!# *"+,%,-.-/0 1# 40% 9#/8 *%" (+!)0&'#!/8 60% 1# (?%!(# 1# "#)/#" )%!) #$*.+-;6

7! 101'-"# .# /%'J 1# (?T$%C# 4 .+!C /#"$#6

 !""#$%&!'(

M#) 05+.'/-+!) )+!/ "#/"%(0#) *%" N

{
x1(n+ 1) = 0, 9x1(n) + 0, 4x2(n)

x2(n+ 1) = 0, 1x1(n) + 0, 6x2(n)
⇔

(
x1(n+ 1)

x2(n+ 1)

)

=

(
0, 9 0, 4
0, 1 0, 6

)(
x1(n)

x2(n)

)

. 9O6DU;

V!# 5%.#'" *"+*"# 1' )<)/=$# #)/ λ = 16 7! '/-.-)%!/ .# "0)'./%/ 1# .% /"%(#8 !+') (+!(.'+!) &'# .>%'/"# 5%.#'"

*"+*"# #)/ λ = 1, 5 − 1 = 0, 56 M#) 5#(/#'") *"+*"#) %))+(-0) )+!/ "#)*#(/-5#$#!/

(
4
1

)

#/

(
1
−1

)

6 L-!)-8 .%

)+.'/-+! C0!0"%.# 1' )<)/=$# 9O6DU; #)/

(
x1(n)

x2(n)

)

= c1

(
4
1

)

1n + c2

(
1
−1

)

0, 5n. 9O6DD;

A'-)&'# 1n = 1 #/ &'# lim
n→+∞

0, 5n = 08 1%!) .# .+!C /#"$#8 .% )+.'/-+! C0!0"%.# 9O6DD; 1' )<)/=$# 1# G%"H+5

9O6DU; /#!1 5#") w1 = c1

(
4
1

)

6 @+$$# w1 1#5"%-/ B/"# '! 5#(/#'" 1# *"+,%,-.-/0 1+!/ .% )+$$# 1#) (+$*+:

)%!/#) #)/ 0C%.# 4 D8 *"#!+!) c1 0C%. 4 1/5 (>#)/:4:1-"# .>-!5#")# 1# .% )+$$# 1#) (+$*+)%!/#) 1# w16  ! #!



 !"! #$%&'(()( *' +,$-%.  !

 ! "#$ %"& '( )*'"$#*+  " ),)$-.& /01234 $&+ 5&6)

(
4/5
1/5

)

%"(+ n $&+ 5&6) '7#+8+# &$ %"& +*) 9,:*$9-)&)

;*+ "#)&+$ (" $("<  & ;9=.(>&  & '*+> $&6.&  & 20% :*"6 ;&$$& :*:"'($#*+1

?' &<#)$& @&(";*":  & 6!)"'$($) >!+!6("< ;*+;&6+(+$ '&) :6*;&))")  & A(6B*5 %"& '7(+(',)&  & ;&$ &<&.:'&

#''")$6& C

21 λ1 = 1 &)$ $*"D*"6) "+& 5('&"6 :6*:6&  & '( .($6#;&  & A(6B*5 )*")ED(;&+$&F ;&'( &)$ ("))# 56(# :*"6 )(

.($6#;& $6(+):*)!&1

G1 H*"6 "+& .($6#;&  & I*6.($ 2×2F '( $6(;&F %"# ;*66&):*+ J '( )*..&  &) 5('&"6) :6*:6&)F &)$ $*"D*"6)

"+& +*.@6& ;*.:6#) &+$6& 3 &$ G1 H(6 ;*+)!%"&+$F '( )&;*+ & 5('&"6 :6*:6&λ2 :6&+ "+& 5('&"6 ;*.:6#)&

&+$6& −1 &$ +11

01 K# aii < 1F ('*6) '&) !'!.&+$)  & (A − 1I) *+$ '&) )#>+&)

(
− +
+ −

)

1 L#+)#F '( 5('&"6 :6*:6& λ1 = 1 (

"+ 5&;$&"6 :6*:6& w1  *+$ $*") '&) !'!.&+$) )*+$ :*)#$#I)1 M& 5&;$&"6 :6*:6& :&"$ )&65#6  & 5&;$&"6  &

:6*@(@#'#$! v1 &+  #5#)(+$ ;9(%"& ;*.:*)(+$&  & w1 :(6 '( )*..&  &) ;*.:*)(+$&)  & w11

N1 O( )*'"$#*+ >!+!6('& &)$ 1nv1+ c2λ
n
2v21 H"#)%"& λ

n
2 $&+ 5&6) 3 %"(+ n $&+ 5&6) +∞F ;9(%"& )*'"$#*+

$&+ 5&6) v11 P+ :(6$#;"'#&6F '&) ;*.:*)(+$&)  & v1  *++&+$ '(  #)$6#@"$#*+  & '*+> $&6.&  &) !$($)1

M&) %"($6& :6*:6#!$!) 6&)$&+$ 5('(@'&) :*"6 "+& '(6>& ;'())&  & :6*;&))") :*"6 '&)%"&') '( .($6#;&  & $6(+)#$#*+

*" (" .*#+) "+& :"#))(+;&  & '( .($6#;&  & $6(+)#$#*+ ( $*"$&) )&) ;*.:*)(+$&) )$6#;$&.&+$ :*)#$#5&)1

"#$%&'&(% !)*)+  !"# M $%& '(#)"*& +& ,()-!. +/0%"& *!''& $%& '(#)"*& %!% %/1(#".& +!%# 2( 3!''&

+&3 /2/'&%#3 +& *4(5$& 2"1%& &3# /1(2& 6 78 92!)3: M &3# (;;&2/& $%& '(#)"*& +& ,()-!. )/1$2"<)& 3" M r
(

3&$2&'&%# +&3 /2/'&%#3 ;!3"#"=3 ;!$) $% &%#"&) r8 >(%3 *& *(3: 3" r = 1: *?&3#@6@+")& 3" *4(5$& /2/'&%# +& M
&3# ;!3"#"=: M &3# (;;&2/& $%& '(#)"*& ;!3"#".&8

,-#(./01 !)*)2  !"# M $%& '(#)"*& +& ,()-!. )/1$2"<)&8 92!)3:

78 1 &3# $%& .(2&$) ;)!;)& +& M +?!)+)& +& '$2#";2"*"#/ 7:

A8 #!$#& ($#)& .(2&$) ;)!;)& λ +& M 3(#"3=("# |λ| < 1:

B8 2( .(2&$) ;)!;)& 7 ( $% .&*#&$) ;)!;)& (33!*"/ w1 (.&* +&3 *!';!3(%#&3 3#)"*#&'&%# ;!3"#".&3 &#

C8 3" %!$3 %!#!%3 v1 2& .&*#&$) w1 +"."3/ ;() 2( 3!''& +& 3&3 *!';!3(%#&3: (2!)3 v1 &3# $% .&*#&$) +&

;)!D(D"2"#/ &# *4(5$& 3!2$#"!% x(n) +& x(n+ 1) = Mx(n) #&%+ .&)3 v1 5$(%+ n #&%+ .&)3 +∞8

3410561 !)*)+ K"::*)*+) %"& '&) I(.#''&) I6(+Q(#)&) )*#&+$ ;'())!&) ;*..&

R "6@(#+&)F

R )"@"6@(#+&)F

R 6"6('&)F

&$ %"& ;9(%"& (++!& C

R 20%  &) I(.#''&) "6@(#+&) )&  !:'(;&+$ &+ @(+'#&"& &$ 5% 5*+$ J '( ;(.:(>+&F

R 2%  &) 9(@#$(+$)  &) @(+'#&"&) )&  !:'(;&+$  (+) '&) S*+&) "6@(#+&) &$ 8% 5*+$  (+) '&) S*+&) 6"6('&)F

R 10%  &) I(.#''&) 6"6('&) .#>6&+$  (+) '&) S*+&) "6@(#+&) &$ 20% 5*+$ &+ @(+'#&"&1

T$" #&6F J '*+> $&6.&F '&)  !:'(;&.&+$)  &) I(.#''&)1

E!))&*#"!%8

K*#&+$ UnF Sn &$ Rn '&) I6(;$#*+)  & '( :*:"'($#*+ ;'())!&F 6&):&;$#5&.&+$ J '79*6#S*+  & n (++!&)1 L'*6)F *+

*@$#&+$ '& ),)$-.& C





Un+1

Sn+1

Rn+1



 =





0, 75 0, 02 0, 1
0, 2 0, 9 0, 2
0, 05 0, 08 0, 7









Un

Sn

Rn



 . /012G4

O( .($6#;& A  " ),)$-.& ( .&$ :*"6 5('&"6) :6*:6&) 2 U 3FV &$ 3FWX  *+; A &)$  #(>*+('#)(@'&1 O&) 5&;$&"6)

:6*:6&) ())*;#!) )*+$ 6&):&;$#5&.&+$



   !"#$%&' () *"+',&- #&.#&'- '% *' %',&- #&.#&'-





2/15
10/15
3/15




 





8
−5
−3




!"





1
0
−1




#

$% &'()"*'+ ,-+-.%(! /) 0.'1(23! !&" %('.& /'++-! 0%.





Un

Sn

Rn



 = c1





2/15
10/15
3/15



× 1n + c2





8
−5
−3



× 0, 7n + c3





1
0
−1



× 0, 65n 45#657

8)*&9)! 1n = 1 !" lim
n→+∞

0, 7n = lim
n→+∞

0, 65n = 0 /%+& (! ('+, "!.3! (% &'()"*'+ ,-+-.%(! 45#657 /) &:&"23!

/! ;%.<'= 45#6>7 "!+/ =!.& w1 = c1





2/15
10/15
3/15




9)%+/ n "!+/ =!.& (?*+@+*# A'33! w1 /!=.%*" B".! )+ =!C"!).

/! 0.'1%1*(*"- /'+" (% &'33! /!& C'30'&%+"!& !&" -,%(! D 6 '+ 0.!+/ c1 -,%( D 6# E+ !+ /-/)*" 9)?D ('+,

"!.3! 2/15 /! (% 0'0)(%"*'+ =*=.% /%+& (!& =*((!& 2/3 !+ 1%+(*!)! !" 1/5 D (% C%30%,+!#

 !" #$%&'('%)

✄

✂

 

✁
!"#$%&%# '( F'*!+" a !" b /%+& R# E+ C'+&*/2.! (% 3%".*C! C =

(
9 a
b 9

)

#

8.-C*&!. &!('+ (!& =%(!).& /! a !" b (!& C%& 'G C !&" /*%,'+%(*&%1(! /%+& R#

✄

✂

 

✁
!"#$%&%# ') E+ C'+&*/2.! (!& 3%".*C!& &)*=%+"!& H

A =





−7 −36 28
6 23 −14
4 14 −9




!" B =





0 −3

2
−1

−6 0 −2

7 3

2
4




#

8'). CI%C)+! /?!((! 0.-C*&!. &* !((! !&" /*%,'+%(*&%1(! /%++& R# F* ')* (% /*%,'+%(*&!. !" /'++!. (% 3%".*C!

/! 0%&&%,!# F* +'+ J)&"*@!.#

✄

✂

 

✁
!"#$%&%# '* K'++!. (% C'+/*"*'+ +-C!&&%*.! !" &)L&%+"! 0'). 9)! A /'++-! 0%.

A =







1 a b c
0 1 d e
0 0 2 f
0 0 0 2







&'*" /*%,'+%(*&%1(! /%+& R#

✄

✂

 

✁
!"#$%&%# +,

6# K*%,'+%(*&!. M =





0 2 −1
3 −2 0
−2 2 1




/%+& R !+ /'++%+" (% 3%".*C! /! 0%&&%,! P "!((! 9)! M−1PM

&'*" /*%,'+%(!#

># ;'+".!. 9)! N =





1 4 −2
0 6 −3
−1 4 0




+?!&" 0%& /*%,'+%(*&%1(! /%+& R#

✄

✂

 

✁
!"#$%&%# +- F'*" A )+! 3%".*C! /%+& M2(R) "!((! 9)?*( !M*&"! P *+=!.&*1(! /%+& M2(R) %=!C P−1AP =
(

1 1
0 1

)

#



 !"! #$#%&'&#(  !

 ! "#$% C1 = P

(
1
0

)

! &#'%()( *+) C1 ),% +' -).%)+( /(#/() 0) A! 1#+( *+)22) -32)+( /(#/() 4

5! 6#'')( +') 7*+3%$#' 2$3'% C2 = P

(
0
1

)

8 C1 )% A!

9! "#$% A =

(
−1 −1
4 3

)

! :(#+-)( C1 )% C2 .#;;) .$<0),,+,!

✄

✂

 

✁
"#$%&'&$ () "#$% 23 ;3%($.) A 07='$) /3( A =





−6 5 3
−8 7 4
−2 1 1




!

 ! 67%)(;$')( 2), -32)+(, /(#/(), 0) A!

5! >7($=)( *+) A '?),% /3, 0$3@#'32$,3A2)!

9! 67%)(;$')( 23 07.#;/#,$%$#' A = ∆+N #B ∆ ),% 0$3@#'32$,3A2) )% N ),% '$2/#%)'%) 3-). ∆.N = N.∆

✄

✂

 

✁
"#$%&'&$ (( 63', .C3.+' 0), .3, ,+$-3'%,8 .32.+2)( 2), -32)+(, /(#/(), 0) A D

 ! A =

(
3 −2
2 −2

)

8

5! B =

(
1 1
−1 1

)

8

9! C =

(
5 1
1 3

)

8

E! D =





3 −1 1
0 2 0
1 −1 3




8

F! E =





5 −1 1
−1 1 −3
1 −3 1




!

✄

✂

 

✁
"#$%&'&$ ( "#$% 23 ;3%($.) A =

(
3 1
2 4

)

!

 ! G32.+2)( 2), -32)+(, /(#/(), 0) A!

5! 67%)(;$')( 2), -).%)+(, X =

(
x
y

)

%)2, *+)

H3I AX = 5X8

HAI AX = 2X!

>7($=)( *+) X1 =

(
1
2

)

),% ,#2+%$#' 0) H3I )% X2 =

(
1
−1

)

),% ,#2+%$#' 0) HAI!

9! "#$% 23 ;3%($.) P =

(
1 1
2 −1

)

!

H3I &#'%()( *+) P ),% $'-)(,$A2) )% .32.+2)( 2?$'-)(,) 0) P !

HAI G32.+2)( P−1AP !

E! G32.+2)( An
/#+( n )'%$)( '3%+()2 '#' '+2!

✄

✂

 

✁
"#$%&'&$ (! "#$)'% 23 ;3%($.) A =





2 0 4
3 −4 12
1 −2 5




)% 2), ;3%($.), .#2#''), ,+$-3'%), D



 !  !"#$%&' () *"+',&- #&.#&'- '% *' %',&- #&.#&'-

X1 =





−4
3
2




 X2 =





4
0
−1




 X3 =





2
1
0




!

"! #$%&'%() AX1 AX2 (* AX3! +'( ,('*-./ (/ 010'2)( 3

4! A (5*-(%%( 02$6./$%25$7%( 3

8! A (5*-(%%( 2/9()527%( 3

✄

✂

 

✁
"#$%&'&$ (! #$%&'%() %(5 9$%(')5 ,).,)(5 0( %$ :$*)2&( A 0$/5 %(5 &$5 5'29$/*5 02)( 52 A (5* 02$6./$-

%25$7%( ;

"! A =





1 4 6
0 2 5
0 0 3




 

4! B =





1 3 5
0 0 4
0 0 2




 

8! C =





1 0 1
0 3 0
1 0 1




!

✄

✂

 

✁
"#$%&'&$ () <.2* %$ :$*)2&( A =





−4 −6 0
3 5 0
3 6 5




!

"! #$%&'%() %(5 9$%(')5 ,).,)(5 0( A!

=1)2>() ?'( %( 5,(&*)( 0( A (5* {−1; 2; 5}! A (5*-(%%( 02$6./$%25$7%( 3

4! @1*():2/() %(5 9(&*(')5 X =





x
y
z




*(%5 ?'( ;

A$B AX = −X 

A7B AX = 2X 

A&B AX = 5X!

8! @1*():2/() '/( :$*)2&( P 2/9()527%( *(%%( ?'( P−1AP 5.2* '/( :$*)2&( 02$6./$%( D!

C! #$%&'%() An
,.') n (/*2() /$*')(% /./ /'%!

✄

✂

 

✁
"#$%&'&$ (* <.2* %$ :$*)2&( A =





3 −1 1
0 2 0
1 −1 3




!

"! #$%&'%() %(5 9$%(')5 ,).,)(5 0( A!

4! @1*():2/() %(5 9(&*(')5 ,).,)(5 0( A! D/ 010'2)( ?'( A (5* 02$6./$%25$7%(!

✄

✂

 

✁
"#$%&'&$ (+ <.2* %$ :$*)2&( A =

(
−1 2
1 0

)

!

"! #$%&'%() %(5 9$%(')5 ,).,)(5 0( A! D/ 010'2)( ?'( A (5* 02$6./$%25$7%(!

4! @1*():2/() %(5 9(&*(')5 ,).,)(5 0( A!

8! @2$6./$%25() A (/ ,)1&25$/* %$ :$*)2&( 0( ,$55$6( P !

C! <.2(/* %(5 5'2*(5 (Un) (* (Vn) 01>/2(5 ,$) U0 = 1 V0 = 1 (* ,.') *.'* (/*2() n

Un+1 = −Un + 2Vn

Vn+1 = Un
!



 !"! #$#%&'&#(  !

 !"#$%" &'%

(
Un+1

Vn+1

)

= A

(
Un

Vn

)

(

)( *+,-',%" Un ./'" 0/'0 %10#%" n(

✄

✂

 

✁
"#$%&'&$  ( 2 %13+104 5676* 8/'%10 +9%- '1% :+,,%(

; </"4&'% 5 + ,+ :+,,%6 ,+ ."/:+:#,#0! ./'" &'=#, ,=%19/#% > 7 %40 ?6@) %0 ,+ ."/:+:#,#0! ./'" &'=#, ,=%19/#%

> * %40 ?6A)(

; </"4&'% 7 + ,+ :+,,%6 #, ,=%19/#% "%4.%-0#9%B%10 > 5 /' > * +9%- ,+ ."/:+:#,#0! ?6@) %0 ?6A)(

; * %19/#% 0/'8/'"4 ,+ :+,,% > 7(

C1 D!4#E1% .+" An6 Bn6 Cn ,%4 ."/:+:#,#0!4 &'=> ,=#44'% D' 1
 !"#

,+1-%"6 -% 4/#0 56 7 /' * &'# +#0 ,+ :+,,%(

F( G/10"%" &'=#, %H#40% '1% B+0"#-% -+""!% M D=/"D"% 2 0%,,% &'% I





An+1

Bn+1

Cn+1



 = M





An

Bn

Cn




(

A( J!0%"B#1%" ,%4 9+,%'"4 ."/."%4 D% M %0 ,%4 9%-0%'"4 ."/."%4 +44/-#!4(

2( K1 D!D'#"% &'% M = P−1DP 6 /L D %40 '1% B+0"#-% D#+E/1+,% %0 P '1% B+0"#-% &'% ,=/1 D!0%"B#1%"+(

M( *+,-',%" Mn
(

)( *+,-',%" ,%4 ,#B#0%4 > ,=#1$1# D%4 ."/:+:#,#0!4 An6 Bn %0 Cn(

C1 9!"#$%"+ &'% -%4 ,#B#0%4 4/10 #1D!.%1D+10%4 D% ,=%13+10 &'# +9+#0 ,+ :+,,% +' D!:'0 D' 8%'(

✄

✂

 

✁
"#$%&'&$  ) J+14 ,%4 -+4 4'#9+1046 D!0%"B#1%" ,%4 9+,%'"4 ."/."%4 %0 ,%4 4/'4N%4.+-%4 ."/."%4 D% ,+ B+0"#-%

A( J#"% 4# A %40 D#+E/1+,#4+:,%(

F( A =

(
3 −2
2 −2

)

6

A( B =

(
1 1
−1 1

)

6

2( C =

(
3 1
−1 1

)

(

✄

✂

 

✁
"#$%&'&$  * O/#0 ,+ B+0"#-% A =





−7 9 0
−6 8 0
−6 6 2




(

F( *+,-',%" ,%4 9+,%'"4 ."/."%4 D% A( C1 9!"#$%"+ &'% ,% ./,P1QB% -+"+-0!"#40#&'% 4=!-"#0(λ + 1)(λ − 2)2

%0 &'% ,+ 4/BB% D%4 9+,%'"4 ."/."%4 %40 !E+,% > ,+ 0"+-% D% A(

A( J!0%"B#1%" ,%4 9%-0%'"4 ."/."%4 D% A( K1 D!D'#"% &'% A %40 D#+E/1+,#4+:,%(

2( J/11%" '1% B+0"#-% D D#+E/1+,% %0 '1% B+0"#-% P 6 #19%"4#:,%46 0%,,%4 &'% D = P−1AP (

✄

✂

 

✁
"#$%&'&$  + R"/:,SB% I J% -/B:#%1 D% 3+T/14 .%'0N/1 9#D%" '1 0/11%+' D% n ,#0"%4 +9%- '1 ./0 D% F
,#0"% %0 '1 ./0 D% A ,#0"%4 U

V, %40 1!-%44+#"% D% :#%1 4=%10%1D"% 4'" ,+ 4#E1#$-+0#/1 D' ."/:,SB%( 5#14# '1 0/11%+' D% 2 ,#0"%4 .%'0 W0"%

9#D! %1 ."!,%9+10 F ,#0"% .'#4 A ,#0"%46 /' :#%1 A ,#0"%4 .'#4 F ,#0"%6 /' :#%1 2 3/#4 F ,#0"%( *%4 2 3+T/14 4%"/10

-/14#D!"!%4 -/BB% D#X!"%10%4(

O/#0 Un ,% 1/B:"% "%-Y%"-Y!(

F(  !"#$%" &'% U1 = 1 %0 U2 = 2( *+,-',%" U3(

A( C1 +DB%00"+ &'% ,+ 4'#0% (Un) 9!"#$% ,+ "%,+0#/1 I Un+2 = Un+1 + Un(

Z+[ J!0%"B#1%" ,+ B+0"#-% A 0%,,% &'% I

(
Un+1

Un+2

)

= A

(
Un

Un+1

)

(

Z:[ G/10"%" &'% A %40 D#+E/1+,#4+:,%(



 !  !"#$%&' () *"+',&- #&.#&'- '% *' %',&- #&.#&'-

 !" #$%&'()*&' +*& (,%')!& D -),./*,0& &% +*& (,%')!& P )*1&'2)30& %&00&2 4+& D = P−1AP 5

 -" 6,0!+0&' An
7/+' n &*%)&' *,%+'&0 */* *+05

 &" 8* -$-+)'& Un &* 9/*!%)/* -& n5

✄

✂

 

✁
"#$%&'&$   :&2 (,%')!&2 2+)1,*%&2 2/*%;&00&2 -),./*,0)2,30&2 <

=5 A =







1 α 0 0
0 1 α 0
0 0 1 α
0 0 0 1







>

?5 B =







0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0







5

✄

✂

 

✁
"#$%&'&$  ( @/)% 0, (,%')!& A =







1 −1 2 −2
0 0 1 −1
1 −1 1 0
1 −1 0 1







5

=5 @/)&*% X1 = (1, 1, 0, 0) &% X2 = (0, 0, 1, 1)5
6,0!+0&' AX1 &% AX25 8* -$-+)'& 4+& A &% = 2/*% ? 1,0&+'2 7'/7'&2 -& A5

?5 #$%&'()*&' 0& 2/+2;&27,!& 7'/7'& ,22/!)$ B 0, 1,0&+' 7'/7'& A5 C'$!)2&' 2, -)(&*2)/*5

D5 E* ,-(&% 4+& A &2% +*& 1,0&+' 7'/7'& -/+30&5 :, (,%')!& A &2%;&00& -),./*,0)2,30& <

✄

✂

 

✁
"#$%&'&$  ) @/)% 0, (,%')!& A =





−4 −6 0
3 5 0
3 6 5




 

! "#$%&$'( $') *#$'&() +(,+(') -' A 

.,/0('( 1&' A ')0 -2#3,/#$2)#4$' +&2) -2#3,/#$2)'( A5 %6')0787-2(' 0(,&*'( &/' 9#0(2%' -2#3,/#$' D '0

&/' 9#0(2%' P 2/*'()24$' 0'$$') 1&' A = PDP−1 

: "#$%&$'( An
 

; <,2'/0 $') )&20') (un)5 (vn) '0 (wn) -=>/2') +#( $'&() +('92'() 0'(9') u05 v05 w0 '0 $') ('$#02,/) )&2*#/0') ?







un = −4un−1 − 6vn−1
vn = 3un−1 + 5vn−1
wn = 3un−1 + 6vn−1 + 5wn−1

"#$%&$'( un5 vn '0 wn '/ @,/%02,/ -' n '0 -' u0, v0, w0 


