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quantités physiques qui les caractérisent. Une 
échelle  intermédiaire est celle des modèles 
cinétiques qui, partant d’un ensemble de 
particules caractérisées par leur vitesse et leur 
position, décrivent le comportement de la densité 
de particules et de celle de leurs vitesses, l’exemple 
emblématique étant l’équation de Boltzmann. Ce 
domaine de la cinétique est couvert depuis vingt 
ans par une école française dont les apports ont 
été considérables.

La question suivante qui vient naturellement à 
l’esprit est, dès lors, la description microscopique 
de phénomènes dont la dynamique est de nature 
aléatoire. Après s’être longtemps regardés avec 
une sorte d’indifférence, spécialistes des EDP 
et des probabilités ont décidé d’interagir. Les 
modèles de type champ moyen, qui décrivent 
le comportement de particules interagissant 
entre elles de manière égalitaire, illustrent bien 
l’impossibilité de négliger désormais l’un ou 
l’autre aspect. Bien entendu EDP et aléatoire 
se nourrissent également à travers d’autres 
théories, tout particulièrement celles des EDP 
stochastiques ou celles des jeux à champ moyen.

Si l’évolution du domaine des EDP est riche 
et emprunte de nombreuses directions, l’une 
d’entre elles est représentative d’un changement 
de paradigme qui traverse l’ensemble des 
mathématiques : l’utilisation de méthodes 
quantitatives ou constructives. Nombre de 
problèmes d’analyse ont longtemps été vus à 
travers un triptyque simple : l’existence d’une 
solution, son unicité et son comportement 
qualitatif. Petit à petit, poussé en partie par la 
nécessité d’inclure les résultats dans un contexte 
numérique, le problème du comportement 
qualitatif et surtout quantitatif s’est imposé 
comme un problème majeur. Savoir que la 
solution d’une équation cinétique se stabilise 
sur un équilibre ne suffit plus. Il faut connaǟtre 
la vitesse de stabilisation pour en déduire l’erreur 
commise dans un algorithme numérique de 
résolution approchée. La diversité de la mesure 
des erreurs liée à la diversité des distances entre 
fonctions entraîne un grand choix d’approches. 
Dans certains cas, cette exigence peut aller 
jusqu’au calcul de constantes explicites pour les 
bornes d’erreur.

1.2.4 L’UNITÉ DES  
MATHÉMATIQUES, À LA SOURCE  
DE LEUR UNIVERSALITÉ

Une des grandes idées mathématiques du XXe 
siècle a été celle de structure, très liée à l’idée 
d’axiomatique : une structure28 est définie par 

28. Comme celle de groupe, d’espace vectoriel, 
d’espace topologique, etc.

lequel l’école mathématique française est très 
présente, illustre ce cheminement.

La théorie des EDP est née des besoins 
d’applications aux sciences naturelles et à 
l’ingénierie. En effet, les noms mêmes de 
tous les exemples classiques d’EDP, telles que 
l’équation de la chaleur, l’équation des ondes, 
les équations de transport, de l’élasticité, 
etc., rappellent clairement les phénomènes 
physiques motivant leur étude. Cependant, 
le développement étonnant de la théorie des 
EDP linéaires est allé bien au-delà de leurs 
applications originales produisant un énorme 
corpus de résultats et inspirant à l’époque 
d’autres disciplines mathématiques telles que 
l’analyse fonctionnelle, l’analyse harmonique 
et l’analyse numérique. Dans un tel processus, 
la recherche française a joué un rôle, reconnu 
en particulier par la médaille Fields décernée à 
Laurent Schwartz en 1950.

Il se trouve qu’il n’existe pas de théorie générale 
pour toutes les EDP et les spécialistes se sont 
donc focalisés sur différentes classes d’équations, 
toujours liées à des applications significatives. 
Parmi les plus connues, mentionnons les 
équations de Boltzmann qui décrivent la 
dynamique des gaz raréfiés, celles de Navier-
Stokes décrivant la dynamique des fluides, les lois 
de conservation non linéaires, les équations de 
la relativité générale ou celles de l’élasticité non 
linéaire. Si la physique et l’ingénierie sont restées 
des motivations constantes, les EDP non linéaires 
ont trouvé d’autres sources d’inspiration : dans les 
sciences sociales (équations de Hamilton-Jacobi 
et jeux à champ moyen), les sciences de la vie 
(modèle de Hodgkin-Huxley) et la climatologie 
(modèle Budyko-Sellers-Ghil et équations quasi-
géostrophiques) par exemple. On voit ainsi les 
mathématiques – et plus particulièrement la 
théorie des EDP non linéaires – devenir une sorte 
de langage et d’outil commun pour la science 
dans son ensemble.

L’école française a grandement contribué à 
cette évolution en participant à l’émergence de 
nouvelles méthodes dans le cadre non linéaire : 
solutions de viscosité, théorie du transport 
optimal ou analyse multifractale par exemple. Les 
médailles Fields décernées à Pierre-Louis Lions 
en 1994 et Cédric Villani en 2010 le confirment.

Un phénomène marquant des quinze dernières 
années est sans aucun doute la rupture de 
certaines frontières artificielles entre domaines 
mathématiques, afin de mieux dominer 
l’ensemble d’un problème. C’est le cas pour les 
EDP et les probabilités.

Les EDP modélisent bien souvent le 
comportement d’objets macroscopiques et des 
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CHAPITRE 1
UNE ESQUISSE DES MATHÉMATIQUES D’HIER À AUJOURD’HUI

La trajectoire du mathématicien russe Vladimir 
Voevodsky s’est inscrite d’abord dans une 
filiation grothendieckienne avec la recherche 
d’une théorie homotopique pour les variétés 
algébriques, travaux pour lesquels, entre 
autres30, il a obtenu la médaille Fields en 2002. 
Il a déclaré avoir appris le français dans l’unique 
but de comprendre le texte (en français) de 
Grothendieck « Esquisse d’un programme ». 
Il s’est ensuite engagé dans un programme 
ambitieux, la « théorie homotopique des types », 
avec comme motivation le besoin de certification 
de ses résultats. La notion de type est une notion 
introduite d’abord en logique mathématique 
pour essayer de remédier aux paradoxes de la 
théorie des ensembles apparus au début du 
XXe siècle, puis transposée en informatique 
théorique et en programmation pour caractériser 
de manière générale les objets utilisés. Elle a 
par exemple été développée en lambda-calcul 
et a permis de mettre au point les premiers 
logiciels de vérification de preuve tel que Coq 
du Français Thierry Coquand actuellement 
professeur d’informatique théorique en Suède. 
La théorie homotopique des types mélange 
topologie, informatique théorique, logique 
mathématique et théorie des catégories (en 
particulier supérieures).

Ce type d’aventure mathématique, intellectuelle 
et scientifique, est à l’image de la richesse et de 
l’imprévu des mathématiques contemporaines. 
Ces développements, tant conceptuels que 
pragmatiques, n’auraient certainement pas 
été imaginés quelques décennies plus tôt et 
démontrent que les mathématiques ne peuvent 
être réduites à quelques idées applicatives ou 
quelques calculs explicites à un temps t, au gré 
de modes fluctuantes. C’est dans la rencontre 
entre la diversité de leur spectre et de leur unité 
profonde, qu’elles trouvent leur pleine mesure.

1.2.5 LES MATHÉMATIQUES 
AU CŒUR DE L’INTELLIGENCE 
ARTIFICIELLE

Ces dernières années ont vu l’irruption dans 
le paysage scientifique de ce qu’on appelle 
désormais la science des données. L’explosion des 
capacités de stockage et de calcul informatiques 
a révolutionné la vie quotidienne de chacun et 
amené un point de vue nouveau dans toutes 
les disciplines scientifiques. Le postulat est 
simple : tout ou presque peut Ʒtre numérisé 
puis reconstruit à l’aide d’algorithmes adaptés. 
La distance de la coupe aux lèvres n’étant pas 
toujours aussi courte que souhaitée, la tâche 
pour vérifier ce postulat est immense et les 

30.  En particulier la preuve de la conjecture de Milnor et 
la construction d’un modèle cohérent de la cohomologie 
motivique.

le système d’axiomes correspondant. On fait 
en général naître le programme structuraliste 
avec l’école d’algèbre allemande des années 
1920 pour se développer ensuite, en particulier 
en France, avec la rédaction des « Éléments de 
mathématique » du groupe Bourbaki. Une partie 
importante des succès des mathématiques 
françaises dans la seconde moitié du XXe siècle 
a été liée à la mise en œuvre de ce programme. 
L’idée directrice était que les effets dispersifs de 
l’accroissement du corpus avaient vocation à être 
contrebalancés par l’édification de structures 
théoriques unifiantes. Par exemple, au début 
du XXe siècle, la théorie des groupes a fourni un 
cadre unifiant la théorie de Galois et la théorie 
des invariants en géométrie (le « programme 
de Klein ») avant d’être utilisée en physique 
relativiste puis quantique.

Voici une autre illustration de ces phénomènes 
d’unification. Elle repose sur les fondements des 
mathématiques, la notion de preuve, avec une 
composante forte en informatique théorique, en 
langages de programmation et implémentations 
logicielles29. Partons d’une figure emblématique 
du programme général d’unification des 
mathématiques, Alexandre Grothendieck. 
Si les notions formalisées par Grothendieck 
sont au cœur d’une partie importante des 
mathématiques contemporaines, sa pensée, 
ses intuitions inabouties et ses programmes 
de recherche alimentent aujourd’hui encore de 
nombreux travaux, en France et ailleurs. Une 
partie de ses idées apparaît dans son « Esquisse 
d’un programme » en 1984, liant la topologie et 
la théorie des catégories. La notion topologique 
d’homotopie est assez naturelle. Attachez un 
lacet autour d’un cube ou d’une boule et vous 
pourrez sans défaire le nœud le faire glisser pour 
le récupérer. Faites de même sur une chambre à 
air (un tore) et vous devrez défaire le nœud pour 
récupérer le lacet. Il est du reste connu que la 
vision des nourrissons entre 6 et 12 mois est de 
nature topologique, en particulier homotopique : 
ils confondent un cube avec une boule (n’ayant 
pas la notion des « coins ») mais pas avec un 
tore. La notion de catégorie supérieure est un 
peu plus délicate à comprendre. Classiquement, 
une catégorie est la donnée d’objets (par exemple 
des ensembles ou des espaces topologiques) 
et de transformations entre eux (par exemple 
des applications ensemblistes ou continues). 
On peut chercher à donner un sens à l’idée 
de transformations entre transformations, de 
transformations entre transformations entre 
transformations, etc. Il y a de nombreuses façons 
de procéder, mais c’est là l’idée des catégories 
d’ordre supérieur.

29. Les interactions multiples et fructueuses entre les 
mathématiques et l’informatique, dont les frontières sont 
poreuses, font l’objet du chapitre 9 du Vol. 2 SNM ADIS.
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solution, son unicité et son comportement 
qualitatif. Petit à petit, poussé en partie par la 
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toujours aussi courte que souhaitée, la tâche 
pour vérifier ce postulat est immense et les 

30.  En particulier la preuve de la conjecture de Milnor et 
la construction d’un modèle cohérent de la cohomologie 
motivique.

le système d’axiomes correspondant. On fait 
en général naître le programme structuraliste 
avec l’école d’algèbre allemande des années 
1920 pour se développer ensuite, en particulier 
en France, avec la rédaction des « Éléments de 
mathématique » du groupe Bourbaki. Une partie 
importante des succès des mathématiques 
françaises dans la seconde moitié du XXe siècle 
a été liée à la mise en œuvre de ce programme. 
L’idée directrice était que les effets dispersifs de 
l’accroissement du corpus avaient vocation à être 
contrebalancés par l’édification de structures 
théoriques unifiantes. Par exemple, au début 
du XXe siècle, la théorie des groupes a fourni un 
cadre unifiant la théorie de Galois et la théorie 
des invariants en géométrie (le « programme 
de Klein ») avant d’être utilisée en physique 
relativiste puis quantique.

Voici une autre illustration de ces phénomènes 
d’unification. Elle repose sur les fondements des 
mathématiques, la notion de preuve, avec une 
composante forte en informatique théorique, en 
langages de programmation et implémentations 
logicielles29. Partons d’une figure emblématique 
du programme général d’unification des 
mathématiques, Alexandre Grothendieck. 
Si les notions formalisées par Grothendieck 
sont au cœur d’une partie importante des 
mathématiques contemporaines, sa pensée, 
ses intuitions inabouties et ses programmes 
de recherche alimentent aujourd’hui encore de 
nombreux travaux, en France et ailleurs. Une 
partie de ses idées apparaît dans son « Esquisse 
d’un programme » en 1984, liant la topologie et 
la théorie des catégories. La notion topologique 
d’homotopie est assez naturelle. Attachez un 
lacet autour d’un cube ou d’une boule et vous 
pourrez sans défaire le nœud le faire glisser pour 
le récupérer. Faites de même sur une chambre à 
air (un tore) et vous devrez défaire le nœud pour 
récupérer le lacet. Il est du reste connu que la 
vision des nourrissons entre 6 et 12 mois est de 
nature topologique, en particulier homotopique : 
ils confondent un cube avec une boule (n’ayant 
pas la notion des « coins ») mais pas avec un 
tore. La notion de catégorie supérieure est un 
peu plus délicate à comprendre. Classiquement, 
une catégorie est la donnée d’objets (par exemple 
des ensembles ou des espaces topologiques) 
et de transformations entre eux (par exemple 
des applications ensemblistes ou continues). 
On peut chercher à donner un sens à l’idée 
de transformations entre transformations, de 
transformations entre transformations entre 
transformations, etc. Il y a de nombreuses façons 
de procéder, mais c’est là l’idée des catégories 
d’ordre supérieur.

29. Les interactions multiples et fructueuses entre les 
mathématiques et l’informatique, dont les frontières sont 
poreuses, font l’objet du chapitre 9 du Vol. 2 SNM ADIS.
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quantités physiques qui les caractérisent. Une 
échelle  intermédiaire est celle des modèles 
cinétiques qui, partant d’un ensemble de 
particules caractérisées par leur vitesse et leur 
position, décrivent le comportement de la densité 
de particules et de celle de leurs vitesses, l’exemple 
emblématique étant l’équation de Boltzmann. Ce 
domaine de la cinétique est couvert depuis vingt 
ans par une école française dont les apports ont 
été considérables.

La question suivante qui vient naturellement à 
l’esprit est, dès lors, la description microscopique 
de phénomènes dont la dynamique est de nature 
aléatoire. Après s’être longtemps regardés avec 
une sorte d’indifférence, spécialistes des EDP 
et des probabilités ont décidé d’interagir. Les 
modèles de type champ moyen, qui décrivent 
le comportement de particules interagissant 
entre elles de manière égalitaire, illustrent bien 
l’impossibilité de négliger désormais l’un ou 
l’autre aspect. Bien entendu EDP et aléatoire 
se nourrissent également à travers d’autres 
théories, tout particulièrement celles des EDP 
stochastiques ou celles des jeux à champ moyen.

Si l’évolution du domaine des EDP est riche 
et emprunte de nombreuses directions, l’une 
d’entre elles est représentative d’un changement 
de paradigme qui traverse l’ensemble des 
mathématiques : l’utilisation de méthodes 
quantitatives ou constructives. Nombre de 
problèmes d’analyse ont longtemps été vus à 
travers un triptyque simple : l’existence d’une 
solution, son unicité et son comportement 
qualitatif. Petit à petit, poussé en partie par la 
nécessité d’inclure les résultats dans un contexte 
numérique, le problème du comportement 
qualitatif et surtout quantitatif s’est imposé 
comme un problème majeur. Savoir que la 
solution d’une équation cinétique se stabilise 
sur un équilibre ne suffit plus. Il faut connaǟtre 
la vitesse de stabilisation pour en déduire l’erreur 
commise dans un algorithme numérique de 
résolution approchée. La diversité de la mesure 
des erreurs liée à la diversité des distances entre 
fonctions entraîne un grand choix d’approches. 
Dans certains cas, cette exigence peut aller 
jusqu’au calcul de constantes explicites pour les 
bornes d’erreur.

1.2.4 L’UNITÉ DES  
MATHÉMATIQUES, À LA SOURCE  
DE LEUR UNIVERSALITÉ

Une des grandes idées mathématiques du XXe 
siècle a été celle de structure, très liée à l’idée 
d’axiomatique : une structure28 est définie par 

28. Comme celle de groupe, d’espace vectoriel, 
d’espace topologique, etc.

lequel l’école mathématique française est très 
présente, illustre ce cheminement.

La théorie des EDP est née des besoins 
d’applications aux sciences naturelles et à 
l’ingénierie. En effet, les noms mêmes de 
tous les exemples classiques d’EDP, telles que 
l’équation de la chaleur, l’équation des ondes, 
les équations de transport, de l’élasticité, 
etc., rappellent clairement les phénomènes 
physiques motivant leur étude. Cependant, 
le développement étonnant de la théorie des 
EDP linéaires est allé bien au-delà de leurs 
applications originales produisant un énorme 
corpus de résultats et inspirant à l’époque 
d’autres disciplines mathématiques telles que 
l’analyse fonctionnelle, l’analyse harmonique 
et l’analyse numérique. Dans un tel processus, 
la recherche française a joué un rôle, reconnu 
en particulier par la médaille Fields décernée à 
Laurent Schwartz en 1950.

Il se trouve qu’il n’existe pas de théorie générale 
pour toutes les EDP et les spécialistes se sont 
donc focalisés sur différentes classes d’équations, 
toujours liées à des applications significatives. 
Parmi les plus connues, mentionnons les 
équations de Boltzmann qui décrivent la 
dynamique des gaz raréfiés, celles de Navier-
Stokes décrivant la dynamique des fluides, les lois 
de conservation non linéaires, les équations de 
la relativité générale ou celles de l’élasticité non 
linéaire. Si la physique et l’ingénierie sont restées 
des motivations constantes, les EDP non linéaires 
ont trouvé d’autres sources d’inspiration : dans les 
sciences sociales (équations de Hamilton-Jacobi 
et jeux à champ moyen), les sciences de la vie 
(modèle de Hodgkin-Huxley) et la climatologie 
(modèle Budyko-Sellers-Ghil et équations quasi-
géostrophiques) par exemple. On voit ainsi les 
mathématiques – et plus particulièrement la 
théorie des EDP non linéaires – devenir une sorte 
de langage et d’outil commun pour la science 
dans son ensemble.

L’école française a grandement contribué à 
cette évolution en participant à l’émergence de 
nouvelles méthodes dans le cadre non linéaire : 
solutions de viscosité, théorie du transport 
optimal ou analyse multifractale par exemple. Les 
médailles Fields décernées à Pierre-Louis Lions 
en 1994 et Cédric Villani en 2010 le confirment.

Un phénomène marquant des quinze dernières 
années est sans aucun doute la rupture de 
certaines frontières artificielles entre domaines 
mathématiques, afin de mieux dominer 
l’ensemble d’un problème. C’est le cas pour les 
EDP et les probabilités.

Les EDP modélisent bien souvent le 
comportement d’objets macroscopiques et des 
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CHAPITRE 1
UNE ESQUISSE DES MATHÉMATIQUES D’HIER À AUJOURD’HUI

La trajectoire du mathématicien russe Vladimir 
Voevodsky s’est inscrite d’abord dans une 
filiation grothendieckienne avec la recherche 
d’une théorie homotopique pour les variétés 
algébriques, travaux pour lesquels, entre 
autres30, il a obtenu la médaille Fields en 2002. 
Il a déclaré avoir appris le français dans l’unique 
but de comprendre le texte (en français) de 
Grothendieck « Esquisse d’un programme ». 
Il s’est ensuite engagé dans un programme 
ambitieux, la « théorie homotopique des types », 
avec comme motivation le besoin de certification 
de ses résultats. La notion de type est une notion 
introduite d’abord en logique mathématique 
pour essayer de remédier aux paradoxes de la 
théorie des ensembles apparus au début du 
XXe siècle, puis transposée en informatique 
théorique et en programmation pour caractériser 
de manière générale les objets utilisés. Elle a 
par exemple été développée en lambda-calcul 
et a permis de mettre au point les premiers 
logiciels de vérification de preuve tel que Coq 
du Français Thierry Coquand actuellement 
professeur d’informatique théorique en Suède. 
La théorie homotopique des types mélange 
topologie, informatique théorique, logique 
mathématique et théorie des catégories (en 
particulier supérieures).

Ce type d’aventure mathématique, intellectuelle 
et scientifique, est à l’image de la richesse et de 
l’imprévu des mathématiques contemporaines. 
Ces développements, tant conceptuels que 
pragmatiques, n’auraient certainement pas 
été imaginés quelques décennies plus tôt et 
démontrent que les mathématiques ne peuvent 
être réduites à quelques idées applicatives ou 
quelques calculs explicites à un temps t, au gré 
de modes fluctuantes. C’est dans la rencontre 
entre la diversité de leur spectre et de leur unité 
profonde, qu’elles trouvent leur pleine mesure.

1.2.5 LES MATHÉMATIQUES 
AU CŒUR DE L’INTELLIGENCE 
ARTIFICIELLE

Ces dernières années ont vu l’irruption dans 
le paysage scientifique de ce qu’on appelle 
désormais la science des données. L’explosion des 
capacités de stockage et de calcul informatiques 
a révolutionné la vie quotidienne de chacun et 
amené un point de vue nouveau dans toutes 
les disciplines scientifiques. Le postulat est 
simple : tout ou presque peut Ʒtre numérisé 
puis reconstruit à l’aide d’algorithmes adaptés. 
La distance de la coupe aux lèvres n’étant pas 
toujours aussi courte que souhaitée, la tâche 
pour vérifier ce postulat est immense et les 

30.  En particulier la preuve de la conjecture de Milnor et 
la construction d’un modèle cohérent de la cohomologie 
motivique.

le système d’axiomes correspondant. On fait 
en général naître le programme structuraliste 
avec l’école d’algèbre allemande des années 
1920 pour se développer ensuite, en particulier 
en France, avec la rédaction des « Éléments de 
mathématique » du groupe Bourbaki. Une partie 
importante des succès des mathématiques 
françaises dans la seconde moitié du XXe siècle 
a été liée à la mise en œuvre de ce programme. 
L’idée directrice était que les effets dispersifs de 
l’accroissement du corpus avaient vocation à être 
contrebalancés par l’édification de structures 
théoriques unifiantes. Par exemple, au début 
du XXe siècle, la théorie des groupes a fourni un 
cadre unifiant la théorie de Galois et la théorie 
des invariants en géométrie (le « programme 
de Klein ») avant d’être utilisée en physique 
relativiste puis quantique.

Voici une autre illustration de ces phénomènes 
d’unification. Elle repose sur les fondements des 
mathématiques, la notion de preuve, avec une 
composante forte en informatique théorique, en 
langages de programmation et implémentations 
logicielles29. Partons d’une figure emblématique 
du programme général d’unification des 
mathématiques, Alexandre Grothendieck. 
Si les notions formalisées par Grothendieck 
sont au cœur d’une partie importante des 
mathématiques contemporaines, sa pensée, 
ses intuitions inabouties et ses programmes 
de recherche alimentent aujourd’hui encore de 
nombreux travaux, en France et ailleurs. Une 
partie de ses idées apparaît dans son « Esquisse 
d’un programme » en 1984, liant la topologie et 
la théorie des catégories. La notion topologique 
d’homotopie est assez naturelle. Attachez un 
lacet autour d’un cube ou d’une boule et vous 
pourrez sans défaire le nœud le faire glisser pour 
le récupérer. Faites de même sur une chambre à 
air (un tore) et vous devrez défaire le nœud pour 
récupérer le lacet. Il est du reste connu que la 
vision des nourrissons entre 6 et 12 mois est de 
nature topologique, en particulier homotopique : 
ils confondent un cube avec une boule (n’ayant 
pas la notion des « coins ») mais pas avec un 
tore. La notion de catégorie supérieure est un 
peu plus délicate à comprendre. Classiquement, 
une catégorie est la donnée d’objets (par exemple 
des ensembles ou des espaces topologiques) 
et de transformations entre eux (par exemple 
des applications ensemblistes ou continues). 
On peut chercher à donner un sens à l’idée 
de transformations entre transformations, de 
transformations entre transformations entre 
transformations, etc. Il y a de nombreuses façons 
de procéder, mais c’est là l’idée des catégories 
d’ordre supérieur.

29. Les interactions multiples et fructueuses entre les 
mathématiques et l’informatique, dont les frontières sont 
poreuses, font l’objet du chapitre 9 du Vol. 2 SNM ADIS.



Alexander Grothendieck (1928-2014)

"[L]a force principale manifeste à travers
toute mon oeuvre de mathématicien a bien
été la quête du “général”. Il est vrai que je
préfère mettre l’accent sur “l‘unité”, plutôt
que sur “la généralité”. Mais ce sont là pour
moi deux aspects d’une seule et même quête.
L’unité en représente l’aspect profond, et la
généralité, l’aspect superficiel."

(Récoltes et Semailles, 1986)



Une idée de cadeau de fin d’année...

(Collection Tel, Gallimard; date de parution: 13-01-2022)



Bref—généraliser pour unifier—c’est

reculer pour mieux sauter.



Une analyse logico-catégorique

du théorème du point fixe



Fréchet: Metric spaces (1906)

Maurice Fréchet
(1878 – 1973)

[...]



Banach: Fixpoint theorem (1922)

Stefan Banach
(1892-1945)



Lawvere: Metric spaces are categories (1973)

Bill Lawvere
(1937-...)



Alors, le théorème du point fixe, est-il un
cas particulier d’un thèorème général

en théorie des catégories?!



Banach: Fixpoint theorem (modern version)

Let (X, d) be a complete metric space.

Let f : X → X be a contraction: d(fx, fy) ≤ k · d(x, y) for some 0 < k < 1.

(Note that f is a fortiori non-expansive.)

For any x ∈ X,

- infer from contractivity that x, fx, f2x, ... is a Cauchy sequence:

lim d(fnx, fmx) = 0

- infer from completeness that the sequence converges, say to x∗:

lim d(y, fnx) = d(y, x∗)

- infer from non-expansiveness that fx∗ = x∗:

0 = d(x∗, x∗) = lim d(x∗, fnx) ≥ lim d(fx∗, fn+1x) = d(fx∗, x∗)

Infer from contractivity that the fixpoint is unique:

fx∗ = x∗, fy∗ = y∗ =⇒ d(x∗, y∗) = d(fx∗, fy∗) ≤ k · d(x∗, y∗) =⇒ d(x∗, y∗) = 0.
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Enriched categories (1)

A partially ordered set (X,≤) is

a binary relation “≤” on X

such that, for all x, y, z ∈ X,

if x ≤ y and y ≤ z then x ≤ z,

x ≤ x,

if x ≤ y and y ≤ x then x = y.

A metric space (X, d) is

a function d : X ×X → R
such that, for all x, y, z ∈ X,

d(x, y) ≥ 0,

d(x, y) + d(y, z) ≥ d(x, z),

0 ≥ d(x, x),

d(x, y) = d(y, z),

if d(x, y) = 0 then x = y.
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A(x, y) = Jx ≤ yK is the extent to which x ≤ y holds.
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There are many more examples—notably in sheaf theory, non-commutative topology,
monoidal topology, domain theory, quantum computing, automata theory...

Theory and Applications of Categories, Vol. 14, No. 1, 2005, pp. 1–45.

CATEGORICAL STRUCTURES ENRICHED IN A QUANTALOID:
CATEGORIES, DISTRIBUTORS AND FUNCTORS

ISAR STUBBE

Abstract. We thoroughly treat several familiar and less familiar definitions and re-
sults concerning categories, functors and distributors enriched in a base quantaloid Q. In
analogy with V-category theory we discuss such things as adjoint functors, (pointwise)
left Kan extensions, weighted (co)limits, presheaves and free (co)completion, Cauchy
completion and Morita equivalence. With an appendix on the universality of the quan-
taloid Dist(Q) of Q-enriched categories and distributors.

1. Introduction

The theory of categories enriched in a symmetric monoidal closed category V is, by now,
well known [Bénabou, 1963, 1965; Eilenberg and Kelly, 1966; Lawvere, 1973; Kelly, 1982].
For such a V with “enough” (co)limits the theory of V-categories, distributors and functors
can be pushed as far as needed: it includes such things as (weighted) (co)limits in a
V-category, V-presheaves on a V-category, Kan extensions of enriched functors, Morita
theory for V-categories, and so on.

Monoidal categories are precisely one-object bicategories [Bénabou, 1967]. It is thus
natural to ask how far V-category theory can be generalized to W-category theory, for W a
general bicategory. But, whereas in V-category theory one usually assumes the symmetry
of the tensor in V (which is essential for showing that V is itself a V-category with hom-
objects given by the right adjoint to tensoring), in working over a general bicategory W
we will have to sacrifice this symmetry: tensoring objects in V corresponds to composing
morphisms in W and in general it simply does not make sense for the composition g ◦ f
of two arrows f, g to be “symmetric”.

On the other hand, we can successfully translate the notion of closedness of a monoidal
category V to the more general setting of a bicategory W: ask that, for any object X of
W and any arrow f : A !! B in W, both functors

− ◦ f : W(B,X) !! W(A,X) : x #→ x ◦ f, (1)

f ◦ − : W(X,A) !! W(X,B) : x #→ f ◦ x (2)

have respective right adjoints

{f,−} : W(A,X) !! W(B,X) : y #→ {f, y}, (3)
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CATEGORICAL STRUCTURES ENRICHED IN A

QUANTALOID: REGULAR PRESHEAVES,
REGULAR SEMICATEGORIES

by Isar STUBBE

CAHIERS DE TOPOLOGIE ET
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

Volume XL VI-2 (2005)

Risum6. On étudie les préfaisceaux sur des semicategories enrichies dans un
quantaldfde: cela donne lieu a la notion de pr6faisceau r6gulier. Une semi-
cat6gorie est régulière si tous les préfaisceaux repr6sentables sont r6guliers,
et ses pr6faisceaux r6guliers forment alors une (co)localisation essentielle de
la cat6gorie de tous ses pr6faisceaux. La notion de semidistributeur r6gulier
permet d’6tablir 1’equivalence de Morita des semicategories régulières. Les
ordres continus et les n-ensembles foumissent des exemples.
Mots cl6s: quantaldfde, semicat6gorie, pr6faisceau, r6gularit6, equivalence de
Morita, ordre continu, S2-ensemble
Keywords: quantaloid, semicategory, presheaf, regularity, Morita equiva-
lence, continuous order, n-set
AMS Subject Classification (2000): 06F07, 18B35, 18DO5, 18D20

1 Introduction

In [Moens et al., 2002] the theory of regular modules on an R-algebra without unit,
for R a commutative ring, was generalized to a theory of regular presheaves on a
V-enriched semicategory, for V a symmetric monoidal closed base category. As a
monoidal category V is a one-object bicategory, it is natural to ask in how far in
the above the base V can be replaced by a bicategory W (thus necessarily loosing
symmetry of the tensor). Here we present such a theory of regular presheaves on a
Q-enriched semicategory, where now Q is any (small) quantaloid.

A quantaloid is a Sup-enriched category; it is thus in particular a bicategory.
There is a theory of categories enriched in a quantaloid Q, as particular case of
categories enriched in a bicategory. A presentation thereof is given in [Stubbe,
2004a] which is our reference for all the basic notions and results concerning Q-
categories that we may need further on. A Q-semicategory is then simply a "Q-
category without unit-inequalities".

A presheaf on a Q-semicategory A is formally the same thing as a presheaf on
the free Q-category on A. Thus the presheaves on A constitute a Q-category PA.

Applied Categorical Structures (2005) 13: 235–255 © Springer 2005
DOI: 10.1007/s10485-004-7421-5

Categorical Structures Enriched in a Quantaloid:
Orders and Ideals over a Base Quantaloid

ISAR STUBBE
Département de Mathématique, Université de Louvain, Chemin du Cyclotron 2, 1348,
Louvain-la-Neuve, Belgique. e-mail: i.stubbe@math.ucl.ac.be
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Abstract. Applying (enriched) categorical structures we define the notion of ordered sheaf on a
quantaloid Q, which we call ‘Q-order’. This requires a theory of semicategories enriched in the
quantaloid Q, that admit a suitable Cauchy completion. There is a quantaloid Idl(Q) of Q-orders and
ideal relations, and a locally ordered category Ord(Q) of Q-orders and monotone maps; actually,
Ord(Q) = Map(Idl(Q)). In particular is Ord(!), with ! a locale, the category of ordered objects in
the topos of sheaves on !. In general Q-orders can equivalently be described as Cauchy complete
categories enriched in the split-idempotent completion of Q. Applied to a locale ! this generalizes
and unifies previous treatments of (ordered) sheaves on ! in terms of !-enriched structures.

Mathematics Subject Classifications (2000): 06F07, 18B35, 18D05, 18D20.

Key words: quantaloid, quantale, locale, ordered sheaf, enriched categorical structure, Cauchy
completion.

1. Introduction

An “ordered set” is usually thought of as a set equipped with a reflexive and
transitive relation; that is to say, it is an ordered object in Set. But one can also
treat an order (A, ≤) by means of the classifying map for its order relation, say
[· ≤ ·] : A×A → 2, where now 2 is the object of truth values. This takes us into the
realm of enriched categorical structures, for the reflexivity and transitivity axioms
on the order relation translate into unit-inequalities and composition-inequalities
for the enrichment [· ≤ ·] of A over 2. So order theory is then a matter of applied
(enriched) categorical structures.

More generally, an “ordered sheaf on a locale !” is an ordered object in the
topos Sh(!) of sheaves on the locale. Here too one may attempt at describing
such an !-order (A, ≤) in terms of enriched categorical structures. There are two
approaches: Walters [8] (implicitly) treats such !-orders as categories enriched in
Rel(!); whereas Borceux and Cruciani [2] prefer to work with semicategories en-
riched in !. The first option has the advantage that it speaks of categories enriched
in a quantaloid, a clear and transparent theory that may be developed along the lines
of the well-known theory of V-enriched categories; but it has the disadvantage that
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Université Catholique de Louvain

Chemin du Cyclotron 2
1348 Louvain-la-Neuve

Belgique

Abstract

It is common practice in both theoretical computer science and theoretical physics to describe the
(static) logic of a system by means of a complete lattice. When formalizing the dynamics of such
a system, the updates of that system organize themselves quite naturally in a quantale, or more
generally, a quantaloid. In fact, we are lead to consider cocomplete quantaloid-enriched categories
as fundamental mathematical structure for a dynamic logic common to both computer science and
physics. Here we explain the theory of totally continuous cocomplete categories as generalization
of the well-known theory of totally continuous suplattices. That is to say, we undertake some first
steps towards a theory of “dynamic domains”.
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1 Introduction

Towards “dynamic domains”.

It is common practice in both theoretical computer science and theoretical
physics to describe the ‘properties’ of a ‘system’ by means of a complete lattice
L; this lattice is then thought of as the logic of the system. For example,
the lattice of closed subspaces of a Hilbert space is the logic of properties
of a quantum system; and, in computer science, a domain is the logics of
observables of a computational system.
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CATEGORICAL STRUCTURES ENRICHED IN A QUANTALOID:
TENSORED AND COTENSORED CATEGORIES

ISAR STUBBE

Abstract. A quantaloid is a sup-lattice-enriched category; our subject is that of
categories, functors and distributors enriched in a base quantaloid Q. We show how
cocomplete Q-categories are precisely those which are tensored and conically cocom-
plete, or alternatively, those which are tensored, cotensored and ‘order-cocomplete’. In
fact, tensors and cotensors in a Q-category determine, and are determined by, certain
adjunctions in the category of Q-categories; some of these adjunctions can be reduced to
adjuctions in the category of ordered sets. Bearing this in mind, we explain how tensored
Q-categories are equivalent to order-valued closed pseudofunctors on Qop; this result is
then finetuned to obtain in particular that cocomplete Q-categories are equivalent to
sup-lattice-valued homomorphisms on Qop (a.k.a. Q-modules).

Introduction

The concept of “category enriched in a bicategory W” is as old as the definition of
bicategory itself [Bénabou, 1967]; however, J. Bénabou called them “polyads”. Taking a
W with only one object gives a monoidal category, and for symmetric monoidal closed V
the theory of V-categories is well developed [Kelly, 1982]. But also categories enriched in
a W with more than one object are interesting. R. Walters [1981] observed that sheaves
on a locale give rise to bicategory-enriched categories: “variation” (sheaves on a locale
Ω) is related to “enrichment” (categories enriched in Rel(Ω)). This insight was further
developed in [Walters, 1982], [Street, 1983] and [Betti et al., 1983]. Later [Gordon and
Power, 1997, 1999] complemented this work, stressing the important rôle of tensors in
bicategory-enriched categories.

Here we wish to discuss “variation and enrichment” in the case of a base quantaloid
Q (a small sup-lattice-enriched category). This is, of course, a particular case of the
above, but we believe that it is also of particular interest; many examples of bicategory-
enriched categories (like Walters’) are really quantaloid-enriched. Since in a quantaloid Q
every diagram of 2-cells commutes, many coherence issues disappear, so the theory of Q-
enriched categorical structures is very transparent. Moreover, by definition a quantaloid
Q has stable local colimits, hence (by local smallness) it is closed; this is of great help
when working with Q-categories. The theory of quantaloids is documented in [Rosenthal,
1996]; examples and applications of quantaloids abound in the literature; and [Stubbe,
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Q-MODULES ARE Q-SUPLATTICES

ISAR STUBBE

Abstract. It is well known that the internal suplattices in the topos of sheaves on a
locale are precisely the modules on that locale. Using enriched category theory and a
lemma on KZ doctrines we prove (the generalization of) this fact in the case of ordered
sheaves on a small quantaloid. Comparing module-equivalence with sheaf-equivalence
for quantaloids and using the notion of centre of a quantaloid, we refine a result of F.
Borceux and E. Vitale.

1. Introduction

When studying topos theory one inevitably must study order theory too: if only because
many advanced features of topos theory depend on order-theoretic arguments using the
internal Heyting algebra structure of the subobject classifier in a topos, as C. J. Mikkelsen
[1976] illustrates plainly. One of the results of [Mikkelsen, 1976] states that an ordered
object in an elementary topos E is cocomplete, i.e. it is an internal suplattice, if and
only if the “principal downset embedding” from that object to its powerobject has a left
adjoint in Ord(E). In the case of a localic topos, it turns out that the internal suplattices
in Sh(⇤) are precisely the ⇤-modules, and supmorphisms are just the module morphisms
[Joyal and Tierney, 1984; Pitts, 1988].

Now consider quantaloids (i.e. Sup-enriched categories) as non-commutative, multi-
typed generalization of locales. Using the theory of categories enriched in a quantaloid,
and building further on results by B. Walters [1981] and F. Borceux and R. Cruciani
[1998], I. Stubbe [2005b] proposed the notion of ordered sheaf on a (small) quantaloid Q
(or Q-order for short): one of several equivalent ways of describing a Q-order is to say
that it is a Cauchy complete category enriched in the split-idempotent completion of Q.
There is thus a locally ordered category Ord(Q) of Q-orders and functors between them.
If one puts Q to be the one-object suspension of a locale ⇤, then Ord(⇤) is equivalent
to Ord(Sh(⇤)). (And if one puts Q to be the one-object suspension of the Lawvere reals
[0,�], then Ord([0,�]) is equivalent to the category of Cauchy complete generalized
metric spaces.)

In this paper we shall explain how Mod(Q), the quantaloid of Q-modules, is the
category of Eilenberg-Moore algebras for the KZ doctrine on Ord(Q) that sends a Q-order
A to its free cocompletion PA. The proof of this fact is, altogether, quite straightforward:
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Abstract

It is common practice in both theoretical computer science and theoretical physics to describe the (static) logic of a system by
means of a complete lattice. When formalizing the dynamics of such a system, the updates of that system organize themselves quite
naturally in a quantale, or more generally, a quantaloid. In fact, we are led to consider cocomplete quantaloid-enriched categories
as a fundamental mathematical structure for a dynamic logic common to both computer science and physics. Here we explain the
theory of totally continuous cocomplete categories as a generalization of the well-known theory of totally continuous suplattices.
That is to say, we undertake some first steps towards a theory of “dynamic domains”.
c� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Towards “dynamic domains”. It is common practice in both theoretical computer science and theoretical physics
to describe the ‘properties’ of a ‘system’ by means of a complete lattice L; this lattice is then thought of as the logic
of the system. For example, the lattice of closed subspaces of a Hilbert space is the logic of properties of a quantum
system; and, in computer science, a domain is the logics of observables of a computational system.

More recently, also another ordered structure has been recognized to play an important rôle in both physics and
computer science: when formalizing the dynamics of a physical or computational system, it turns out that the ‘updates’
of a system – think of them as programs for a computational system, and property transitions for a physical system –
organize themselves quite naturally in a quantale Q [2,8].

Having a complete lattice L of properties of a system and a quantale Q of updates, we give an operational meaning
to each f 2 Q by the so-called Principle of Causal Duality (explained in detail in [18] but going back to [10,12] for
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Abstract Exponentiable functors between quantaloid-enriched categories are char-
acterized in elementary terms. The proof goes as follows: the elementary conditions
on a given functor translate into existence statements for certain adjoints that obey
some lax commutativity; this, in turn, is precisely what is needed to prove the
existence of partial products with that functor; so that the functor’s exponentiability
follows from the works of Niefield (J. Pure Appl. Algebra 23:147–167, 1982) and
Dyckhoff and Tholen (J. Pure Appl. Algebra 49:103–116, 1987).

Keywords Quantaloid · Enriched category · Exponentiability · Partial product
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1 Introduction

The study of exponentiable morphisms in a category C, in particular of exponentiable
functors between (small) categories (i.e. Conduché fibrations), has a long history; see
[7] for a short account. Recently M. M. Clementino and D. Hofmann [3] found simple
necessary-and-sufficient conditions for the exponentiability of a functor between V-
enriched categories, where V is a symmetric quantale which has its top element as
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a b s t r a c t

Ordered sheaves on a small quantaloid Q have been defined in terms of Q-enriched
categorical structures; they form a locally ordered categoryOrd(Q). The free-cocompletion
KZ-doctrine on Ord(Q) has Mod(Q), the quantaloid of Q-modules, as its category of
Eilenberg–Moore algebras. In this paper we give an intrinsic description of the Kleisli
algebras: we call them the locally principally generated Q-modules. We deduce that Ord(Q)
is biequivalent to the 2-category of locally principally generatedQ-modules and left adjoint
module morphisms. The example of locally principally generated modules on a locale X is
worked out in full detail: relating X-modules to objects of the slice category Loc/X , we
show that ordered sheaves on X correspond with skew local homeomorphisms into X (like
sheaves on X correspond with local homeomorphisms into X).

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

1.1. Locales and quantales, sheaves and logic

A locale X is a complete lattice in which finite infima distribute over arbitrary suprema. A particular class of examples of
locales comes from topology: the open subsets of any topological space form a locale. But not every locale arises in this way,
whence the slogan that locales are ‘‘pointfree topologies’’ [23]. There is a ‘‘pointfree’’ way to do sheaf theory: a sheaf F on
a locale X is a functor F : Xop // Set satisfying gluing conditions. The collection of all such functors, together with natural
transformations between them, forms the topos Sh(X) of sheaves on X . One of the many close ties between logic and sheaf
theory, which is of particular interest to us, is that the internal logic of Sh(X) is an intuitionistic higher-order predicate logic
with X as object of truth values [29,8,24]. To borrow a phrase from [38] and others, sheaf theory thus serves as algebraic
logic.

The definition of locale can be restated: X is a complete lattice and (X,^,>) is a monoid such that the multiplication
distributes on both sides over arbitrary suprema. It is natural to generalise this: a quantale Q = (Q , �, 1) is, by definition,
a monoid structure on a complete lattice such that the multiplication distributes on both sides over arbitrary suprema [31,
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Abstract We explain the precise relationship between two module-theoretic de-
scriptions of sheaves on an involutive quantale, namely the description via so-called
Hilbert structures on modules and that via so-called principally generated modules.
For a principally generated module satisfying a suitable symmetry condition we
observe the existence of a canonical Hilbert structure. We prove that, when working
over a modular quantal frame, a module bears a Hilbert structure if and only if it is
principally generated and symmetric, in which case its Hilbert structure is necessarily
the canonical one. We indicate applications to sheaves on locales, on quantal frames
and even on sites.

Keywords Quantale · Module · Principal element · Principal symmetry ·
Inner product · Sheaf

1 Introduction

Jan Paseka [8–10] introduced the notion of Hilbert module on an involutive quantale:
it is a module equipped with an inner product. This provides for an order-theoretic
notion of “inner product space”, originally intended as a generalisation of complete
lattices with a duality. Recently, [13] applied this definition to a locale X and further
defined what it means for a Hilbert X-module to have a Hilbert basis. These Hilbert
X-modules with Hilbert basis describe, in a module-theoretic way, the sheaves on X.

At the same time, the present authors defined the notion of (locally) principally
generated module on a quantaloid [3]. Our aim too was to describe “sheaves as
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Résumé. Dans le contexte des catégories enrichies dans un quantaloı̈de, nous ex-
pliquons comment toute classe de poids saturée définit, et est définie par, une unique
sous-KZ-doctrine pleine de la doctrine pour la cocomplétion libre. Les KZ-doctrines
qui sont des sous-KZ-doctrines pleines de la doctrine pour la cocomplétion libre, sont
caractérisées par deux conditions simples de “pleine fidélité”. Les poids coniques
forment une classe saturée, et la KZ-doctrine correspondante est exactement (la
généralisation aux catégories enrichies dans un quantaloı̈de de) la doctrine de Haus-
dorff de [Akhvlediani et al., 2009].
Abstract. In the context of quantaloid-enriched categories, we explain how each
saturated class of weights defines, and is defined by, an essentially unique full sub-
KZ-doctrine of the free cocompletion KZ-doctrine. The KZ-doctrines which arise
as full sub-KZ-doctrines of the free cocompletion, are characterised by two sim-
ple “fully faithfulness” conditions. Conical weights form a saturated class, and the
corresponding KZ-doctrine is precisely (the generalisation to quantaloid-enriched
categories of) the Hausdorff doctrine of [Akhvlediani et al., 2009].
Keywords. Enriched category, cocompletion, KZ-doctrine, Hausdorff distance
Mathematics Subject Classification (2010). 18D20, 18A35, 18C20

1. Introduction

At the meeting on “Categories in Algebra, Geometry and Logic” honouring Fran-
cis Borceux and Dominique Bourn in Brussels on 10–11 October 2008, Walter
Tholen gave a talk entitled “On the categorical meaning of Hausdorff and Gromov
distances”, reporting on joint work with Andrei Akhvlediani and Maria Manuel
Clementino [2009]. The term ‘Hausdorff distance’ in his title refers to the follow-
ing construction: if (X, d) is a metric space and S, T ✓ X , then

�(S, T ) :=
_

s2S

^

t2T

d(s, t)

defines a (generalised) metric on the set of subsets of X . But Bill Lawvere [1973]
showed that metric spaces are examples of enriched categories, so one can aim at
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SYMMETRY AND CAUCHY COMPLETION
OF QUANTALOID-ENRICHED CATEGORIES

HANS HEYMANS AND ISAR STUBBE

Abstract. We formulate an elementary condition on an involutive quantaloid Q under
which there is a distributive law from the Cauchy completion monad over the symmetri-
sation comonad on the category of Q-enriched categories. For such quantaloids, which
we call Cauchy-bilateral quantaloids, it follows that the Cauchy completion of any sym-
metric Q-enriched category is again symmetric. Examples include Lawvere’s quantale
of non-negative real numbers and Walters’ small quantaloids of closed cribles.

1. Introduction

A quantaloid Q is a category enriched in the symmetric monoidal closed category Sup of
complete lattices and supremum-preserving functions. Viewing Q as a bicategory, it is
natural to study categories, functors and distributors enriched in Q. If Q comes equipped
with an involution, it makes sense to consider symmetric Q-enriched categories. An
important application of quantaloid-enriched categories was discovered by R.F.C. Walters
[1981, 1982]: he proved that the topos of sheaves on a small site (C, J) is equivalent to
the category of symmetric and Cauchy complete categories enriched in a suitable “small
quantaloid of closed cribles” R(C, J). A decade earlier, F.W. Lawvere [1973] had already
pointed out that the category of generalised metric spaces and non-expansive maps is
equivalent to the category of categories enriched in the quantale (that is, a one-object
quantaloid) ([0, ∞],

∧
, +, 0) of extended non-negative real numbers. This is a symmetric

quantale, hence it is trivially involutive; and here too the symmetric and Cauchy complete
[0, ∞]-enriched categories are important, if only to connect with the classical theory of
metric spaces. Crucial in both examples is thus the use of categories enriched in an
involutive quantaloid Q which are both symmetric and Cauchy complete. R. Betti and
R.F.C. Walters [1982] therefore raised the question “whether the Cauchy completion of a
symmetric [quantaloid-enriched] category is again symmetric”. That is to say, they ask
whether it is possible to restrict the Cauchy completion functor (−)cc: Cat(Q) !! Cat(Q)
along the embedding SymCat(Q) !! Cat(Q) of symmetric Q-categories. They show that
the answer to their question is affirmative for both R(C, J) and [0, ∞], by giving an ad
hoc proof in each case; they also give an example of an involutive quantale for which the
answer to their question is negative. Thus, it depends on the base quantaloid Q whether
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In the context of categorical topology, more precisely that of T-categories (Hofmann,
2007 [8]), we define the notion of T-colimit as a particular colimit in a V-category.
A complete and cocomplete V-category in which limits distribute over T-colimits, is to be
thought of as the generalisation of a (co-)frame to this categorical level. We explain some
ideas on a T-categorical version of “Stone duality”, and show that Cauchy completeness of
a T-category is precisely its sobriety.

 2011 Elsevier B.V. All rights reserved.

0. Introduction

Let X be a topological space, then Ω(X), its collection of open subsets, is a frame: a complete lattice in which finite
infima distribute over arbitrary suprema. If f : X −→ Y is a continuous function between topological spaces, then its inverse
image Ω( f ) :Ω(Y ) −→ Ω(X) is a frame homomorphism, i.e. a (necessarily order-preserving) function that preserves finite
infima and arbitrary suprema. Thus we obtain a contravariant functor, Ω : Topop −→ Frm, from the category of topological
spaces and continuous functors to that of frames and frame homomorphisms. It is well known that this functor admits a
left adjoint

Topop ⊥
Ω

Frm

pt

which assigns to any frame F the topological space pt(F ) of its points: it is the set Frm(F ,2) of frame homomorphisms
from F to the two-element chain, with open subsets {{p ∈ pt(F ) | p(a) = 1} | a ∈ F }. If the natural continuous comparison
ηX : X −→ pt(Ω(X)) is bijective (in which case it actually is a homeomorphism), then X is said to be sober. (And because X
is T0 if and only if ηX is injective, we get that a T0 space is sober if and only if ηX is surjective.) Much more can be said
about the interplay between topological spaces and frames; we refer to the classic [10].
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a b s t r a c t

Each small site (C, J) determines a small quantaloid of closed cribles R(C, J). We prove
that a small quantaloid Q is equivalent to R(C, J) for some small site (C, J) if and only if
there exists a (necessarily subcanonical) Grothendieck topology J on the categoryMap(Q)
of left adjoints in Q such that Q ⇠

= R(Map(Q), J), if and only if Q is locally localic, map-
discrete, weakly tabular and weakly modular. If moreover coreflexives split in Q, then the
topology J on Map(Q) is the canonical topology.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

A quantaloid Q is, by definition, a category enriched in the symmetric monoidal closed category Sup of complete
lattices and supremum-preserving functions [14]. Viewing Q as a bicategory, it is natural to study categories, functors and
distributors enriched inQ [2,15,16]. Amajor application of quantaloid-enriched category theorywas discovered byWalters,
and published in this journal: in 1982 [18], he proved that the topos of sheaves on a site (C, J) is equivalent to the category
of symmetric and Cauchy complete categories enriched in the small quantaloid of closed criblesR(C, J) constructed from the
given site.

Given the importance of the construction of the quantaloid of closed criblesR(C, J) from a small site (C, J), we provide in
this paper an elementary axiomatisation of this notion. Precisely, we prove that a small quantaloidQ is equivalent toR(C, J)
for some small site (C, J) if and only if there exists a Grothendieck topology J on the category Map(Q) of left adjoints in Q
such thatQ ⇠

= R(Map(Q), J), if and only ifQ is locally localic, map-discrete, weakly tabular andweaklymodular. (The latter
two notions seem to be new, and inherited their name from the stronger notions of tabularity and modularity introduced
in [7].) The Grothendieck topology J onMap(Q) is always subcanonical, and if coreflexives split in Q, then J is the canonical
topology.

This result thus spells out how two, at first sight quite different, generalisations of locales, namely Grothendieck
topologies on the one hand, and quantaloids on the other, relate: the former can be understood to form an axiomatically
described subclass of the latter. It is hoped that this axiomatisation helps to clarify the role that quantaloids may play in the
search for a good notion of ‘‘non-commutative topology’’, to be used ultimately in suitable generalisations of sheaf theory
(see e.g. [4,13,1,10,9,8,17]).

2. Small quantaloids of closed cribles

To begin, we recall a construction due to [18]. If C is a small category, then the quantaloid R(C) of cribles in C is the full
sub-quantaloid of Rel(SetCop

)whose objects are the representable presheaves. It is useful to have an explicit description.We
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Abstract

This survey paper, specifically targeted at a readership of fuzzy logicians and fuzzy set theorists, aims to provide a gentle introduction
to the basic notions of quantaloid-enriched category theory. We discuss at length the definitions of quantaloid, quantaloid-enriched
category, distributor and functor, always giving several examples that – hopefully – appeal to the intended readership. To indicate
the strength of this general theory, we explain in considerable detail how (co)limits are dealt with, and particularly how the Yoneda
embedding of a quantaloid-enriched category in its free (co)completion comes to be. Our insistence on quantaloid-enrichment (rather
than quantale-enrichment) is duly explained by examples requiring a notion of “partial elements” (sheaves, partial metric spaces).
A final section glosses over some further topics, providing ample references for the interested reader.
© 2013 Elsevier B.V. All rights reserved.

Keywords: Quantale; Quantaloid; Enriched category; Multi-valued logic; Partial metric space; t-norm; Fuzzy set

1. Historical background

Categories, functors and natural transformations were first defined, in 1945, by Eilenberg and MacLane [12] as “a
technical background for the intuitive notion of naturality”, providing “opportunities for the comparison of constructions
[. . .] in different branches of mathematics”. In that paper they develop the basic notions of what we now call category
theory, including e.g. limits and colimits, and give examples in homological algebra and algebraic topology. About a
decade later, A. Grothendieck published his Tôhoku paper [17] on homological algebra (but paving the way for algebraic
geometry too). Particularly his definition of Abelian category shows how a category is not merely a convenient tool to
speak about a collection of mathematical structures, but is in fact a versatile mathematical structure in itself. That is to
say, we explicitly have here categories as structures, as opposed to categories of structures.

In the Sixties Bénabou [3] made an abstraction of the notion of tensor product, defining catégories avec multiplication
(monoidal categories); Eilenberg and Kelly [11] rather formalized the “internal hom” of a category, speaking of closed
categories. Both Bénabou (1964) and Eilenberg and Kelly [11] showed how such a monoidal/closed category V can
serve as the base for V-enriched categories. But it was Lawvere’s paper [33], from 1973, with its deep insights (enriched
presheaves, Cauchy completion) and convincing examples (posets, metric spaces), that made V-enriched categories
part of the working mathematician’s toolbox. Kelly’s book [30] became the standard reference on the subject.

Also in 1973, D. Higgs [24] showed how the topos Sh(L) of sheaves on a locale L can be described equivalently as
a category of “L-valued sets”, i.e. sets equipped with an equality relation taking truth values in L, thus exhibiting its
multi-valued intuitionistic logic. However, such an L-valued set is easily seen not to be an L-enriched category—indeed,
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Abstract

In the context of quantaloid-enriched categories, we rely essentially on the classifying property of presheaf categories to give 
a conceptual proof of a theorem due to Höhle: the double power monad and the composite power monad, on the category of 
quantaloid-enriched categories, are the same. Via the theory of distributive laws, we identify the algebras of this monad to be the 
completely codistributive complete categories, and the homomorphisms between such algebras are the bicontinuous functors. With 
these results we hope to contribute to the further development of a theory of Q-valued preorders (in the sense of Pu and Zhang).
 2016 Elsevier B.V. All rights reserved.

Keywords: Category theory; Fuzzy preorders; Non-classical logics

1. Introduction

If P = (P, ≤) is an ordered set, then its downclosed subsets form a sup-lattice (Dwn(P ), ⊆), and the order-
preserving inclusion P −→ Dwn(P ) : x %→↓x has a left adjoint if and only if P has all suprema. Dually, taking 
the upclosed subsets of P produces an inf-lattice (Up(P ), ⊇) (note that upsets are ordered by containment, whereas 
downsets are ordered by inclusion), and the order-preserving inclusion P −→ Up(P ) : x %→↑x has a right adjoint if 
and only if P has all infima. Of course, P is a sup-lattice if and only if it is an inf-lattice, and then it is said to be a 
‘complete lattice’.

These two object correspondences can be made functorial in several ways, and the resulting functors interact in at 
least two ways. For starters, the inverse image of an order-preserving function f : P −→ Q is a new order-preserving 
function f −1 : Dwn(Q) −→ Dwn(P ). This action on objects and morphisms defines a 2-functor on the locally ordered 
category Ord of ordered sets which reverses arrows and local order; for the sake of this introduction, let us write 
it as L : Ord −→ Ordcoop. It then so happens that this is a left 2-adjoint, and that the action of its right 2-adjoint 
R : Ordcoop −→ Ord on objects is Q %→ Up(Q). As a result, the induced 2-monad T := RL : Ord −→ Ord acts on 
objects as P %→ Up(Dwn(P )): it is the double power monad on Ord.

On the other hand it is well-known that the locally ordered category Sup of sup-lattices and sup-morphisms is 
included in Ord by a forgetful 2-functor U : Sup −→ Ord, right 2-adjoint to an F : Ord −→ Sup whose action on 
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TOPOLOGY FROM ENRICHMENT:
THE CURIOUS CASE OF PARTIAL METRICS

Dirk HOFMANN and Isar STUBBE

Résumé. Pour tout petit quantaloı̈de Q, il y a un nouveau quantaloı̈de D(Q) de
diagonaux dans Q. Si Q est divisible alors il en est de même pour D(Q) (et vice
versa), et il est alors particulièrement intéressant de comparer des catégories en-
richies dans Q avec des catégories enrichies dans D(Q). Prenant le quantale des
nombres réels positifs de Lawvere comme base, les Q-categories sont les espaces
métriques généralisés, alors que les D(Q)-catégories sont les espaces métriques
partiels généralisés, i.e. des espaces métriques dans lesquels la distance d’un point
à lui-même ne doit pas être zéro et avec une inégalité triangulaire adaptée. Nous
montrons comment toute catégorie enrichie dans un petit quantaloı̈de possède une
fermeture canonique sur l’ensemble de ses objets: ceci constitue un foncteur des
catégories enrichies dans un quantaloı̈de vers les espaces à fermeture. Sous de
(faibles) conditions nécessaires-et-suffisantes sur le quantaloı̈de de base, ce fonc-
teur prend ses valeurs dans la catégorie des espaces topologiques; et un quantaloı̈de
involutif est Cauchy-bilatère (une propriété découverte auparavant dans le contexte
des lois distributives) si et seulement si la fermeture sur toute catégorie enrichie
est identique à la fermeture sur sa symétrisation. Puisque tout cela s’applique
maintenant aussi bien aux espaces métriques qu’aux espaces métriques partiels,
nous démontrons comment ces constructions catégoriques générales produisent les
“bonnes” définitions de suite de Cauchy et de suite convergente dans les espaces
métriques partiels. Finalement nous décrivons la Cauchy-complétion, la construc-
tion de Hausdorff et l’exponentiabilité d’un espace métrique partiel, une fois de plus
en appliquant la théorie générale des catégories enrichies dans un quantaloı̈de.
Abstract. For any small quantaloid Q, there is a new quantaloid D(Q) of diago-
nals in Q. If Q is divisible then so is D(Q) (and vice versa), and then it is par-
ticularly interesting to compare categories enriched in Q with categories enriched
in D(Q). Taking Lawvere’s quantale of extended positive real numbers as base
quantale, Q-categories are generalised metric spaces, and D(Q)-categories are gen-
eralised partial metric spaces, i.e. metric spaces in which self-distance need not
be zero and with a suitably modified triangular inequality. We show how every
small quantaloid-enriched category has a canonical closure operator on its set of
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Enriched categories (3)

Q-categories and Q-functors form a category Cat(Q).

For Q = ({0, 1},∨,∧, 1): ordered sets and monotone maps.
A(x, y) = 1 if x ≤ y, 0 if x ̸≤ y.

For Q = ([0,∞],
∧
,+, 0): (generalized) metric spaces and non-expansive maps.

A(x, y) = d(x, y) is the distance from x to y.

For Q = ([0, 1],
∨
, ∗, 1): “fuzzy” orders and “fuzzy” monotone maps.

A(x, y) = Jx ≤ yK is the extent to which x ≤ y holds.

For Q = (∆,
∨
, ∗, e): (generalized) probabilistic metric spaces.

A(x, y)(t) is the probability that the distance from x to y is strictly below t.

There are many more examples—notably in sheaf theory, non-commutative topology,
monoidal topology, domain theory, quantum computing, automata theory...

Theory and Applications of Categories, Vol. 14, No. 1, 2005, pp. 1–45.

CATEGORICAL STRUCTURES ENRICHED IN A QUANTALOID:
CATEGORIES, DISTRIBUTORS AND FUNCTORS

ISAR STUBBE

Abstract. We thoroughly treat several familiar and less familiar definitions and re-
sults concerning categories, functors and distributors enriched in a base quantaloid Q. In
analogy with V-category theory we discuss such things as adjoint functors, (pointwise)
left Kan extensions, weighted (co)limits, presheaves and free (co)completion, Cauchy
completion and Morita equivalence. With an appendix on the universality of the quan-
taloid Dist(Q) of Q-enriched categories and distributors.

1. Introduction

The theory of categories enriched in a symmetric monoidal closed category V is, by now,
well known [Bénabou, 1963, 1965; Eilenberg and Kelly, 1966; Lawvere, 1973; Kelly, 1982].
For such a V with “enough” (co)limits the theory of V-categories, distributors and functors
can be pushed as far as needed: it includes such things as (weighted) (co)limits in a
V-category, V-presheaves on a V-category, Kan extensions of enriched functors, Morita
theory for V-categories, and so on.

Monoidal categories are precisely one-object bicategories [Bénabou, 1967]. It is thus
natural to ask how far V-category theory can be generalized to W-category theory, for W a
general bicategory. But, whereas in V-category theory one usually assumes the symmetry
of the tensor in V (which is essential for showing that V is itself a V-category with hom-
objects given by the right adjoint to tensoring), in working over a general bicategory W
we will have to sacrifice this symmetry: tensoring objects in V corresponds to composing
morphisms in W and in general it simply does not make sense for the composition g ◦ f
of two arrows f, g to be “symmetric”.

On the other hand, we can successfully translate the notion of closedness of a monoidal
category V to the more general setting of a bicategory W : ask that, for any object X of
W and any arrow f : A !! B in W , both functors

− ◦ f : W(B,X) !! W(A,X) : x #→ x ◦ f, (1)

f ◦ − : W(X,A) !! W(X,B) : x #→ f ◦ x (2)

have respective right adjoints

{f,−} : W(A,X) !! W(B,X) : y #→ {f, y}, (3)

Received by the editors 2004-05-13 and, in revised form, 2004-01-14.
Transmitted by Jiri Rosicky. Published on 2005-01-18.
2000 Mathematics Subject Classification: 06F07, 18B35, 18D20.
Key words and phrases: Quantales and quantaloids, enriched categories.
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CATEGORICAL STRUCTURES ENRICHED IN A

QUANTALOID: REGULAR PRESHEAVES,
REGULAR SEMICATEGORIES

by Isar STUBBE

CAHIERS DE TOPOLOGIE ET
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

Volume XL VI-2 (2005)

Risum6. On étudie les préfaisceaux sur des semicategories enrichies dans un
quantaldfde: cela donne lieu a la notion de pr6faisceau r6gulier. Une semi-
cat6gorie est régulière si tous les préfaisceaux repr6sentables sont r6guliers,
et ses pr6faisceaux r6guliers forment alors une (co)localisation essentielle de
la cat6gorie de tous ses pr6faisceaux. La notion de semidistributeur r6gulier
permet d’6tablir 1’equivalence de Morita des semicategories régulières. Les
ordres continus et les n-ensembles foumissent des exemples.
Mots cl6s: quantaldfde, semicat6gorie, pr6faisceau, r6gularit6, equivalence de
Morita, ordre continu, S2-ensemble
Keywords: quantaloid, semicategory, presheaf, regularity, Morita equiva-
lence, continuous order, n-set
AMS Subject Classification (2000): 06F07, 18B35, 18DO5, 18D20

1 Introduction

In [Moens et al., 2002] the theory of regular modules on an R-algebra without unit,
for R a commutative ring, was generalized to a theory of regular presheaves on a
V-enriched semicategory, for V a symmetric monoidal closed base category. As a
monoidal category V is a one-object bicategory, it is natural to ask in how far in
the above the base V can be replaced by a bicategory W (thus necessarily loosing
symmetry of the tensor). Here we present such a theory of regular presheaves on a
Q-enriched semicategory, where now Q is any (small) quantaloid.

A quantaloid is a Sup-enriched category; it is thus in particular a bicategory.
There is a theory of categories enriched in a quantaloid Q, as particular case of
categories enriched in a bicategory. A presentation thereof is given in [Stubbe,
2004a] which is our reference for all the basic notions and results concerning Q-
categories that we may need further on. A Q-semicategory is then simply a "Q-
category without unit-inequalities".

A presheaf on a Q-semicategory A is formally the same thing as a presheaf on
the free Q-category on A. Thus the presheaves on A constitute a Q-category PA.

Applied Categorical Structures (2005) 13: 235–255 © Springer 2005
DOI: 10.1007/s10485-004-7421-5

Categorical Structures Enriched in a Quantaloid:
Orders and Ideals over a Base Quantaloid

ISAR STUBBE
Département de Mathématique, Université de Louvain, Chemin du Cyclotron 2, 1348,
Louvain-la-Neuve, Belgique. e-mail: i.stubbe@math.ucl.ac.be

(Received: 12 August 2004; accepted: 9 December 2004)

Abstract. Applying (enriched) categorical structures we define the notion of ordered sheaf on a
quantaloid Q, which we call ‘Q-order’. This requires a theory of semicategories enriched in the
quantaloid Q, that admit a suitable Cauchy completion. There is a quantaloid Idl(Q) of Q-orders and
ideal relations, and a locally ordered category Ord(Q) of Q-orders and monotone maps; actually,
Ord(Q) = Map(Idl(Q)). In particular is Ord(!), with ! a locale, the category of ordered objects in
the topos of sheaves on !. In general Q-orders can equivalently be described as Cauchy complete
categories enriched in the split-idempotent completion of Q. Applied to a locale ! this generalizes
and unifies previous treatments of (ordered) sheaves on ! in terms of !-enriched structures.

Mathematics Subject Classifications (2000): 06F07, 18B35, 18D05, 18D20.

Key words: quantaloid, quantale, locale, ordered sheaf, enriched categorical structure, Cauchy
completion.

1. Introduction

An “ordered set” is usually thought of as a set equipped with a reflexive and
transitive relation; that is to say, it is an ordered object in Set. But one can also
treat an order (A, ≤) by means of the classifying map for its order relation, say
[· ≤ ·] : A×A → 2, where now 2 is the object of truth values. This takes us into the
realm of enriched categorical structures, for the reflexivity and transitivity axioms
on the order relation translate into unit-inequalities and composition-inequalities
for the enrichment [· ≤ ·] of A over 2. So order theory is then a matter of applied
(enriched) categorical structures.

More generally, an “ordered sheaf on a locale !” is an ordered object in the
topos Sh(!) of sheaves on the locale. Here too one may attempt at describing
such an !-order (A, ≤) in terms of enriched categorical structures. There are two
approaches: Walters [8] (implicitly) treats such !-orders as categories enriched in
Rel(!); whereas Borceux and Cruciani [2] prefer to work with semicategories en-
riched in !. The first option has the advantage that it speaks of categories enriched
in a quantaloid, a clear and transparent theory that may be developed along the lines
of the well-known theory of V-enriched categories; but it has the disadvantage that

Towards “Dynamic Domains”: Totally

Continuous Cocomplete Q-categories

Isar Stubbe1

Département de Mathématique
Université Catholique de Louvain

Chemin du Cyclotron 2
1348 Louvain-la-Neuve

Belgique

Abstract

It is common practice in both theoretical computer science and theoretical physics to describe the
(static) logic of a system by means of a complete lattice. When formalizing the dynamics of such
a system, the updates of that system organize themselves quite naturally in a quantale, or more
generally, a quantaloid. In fact, we are lead to consider cocomplete quantaloid-enriched categories
as fundamental mathematical structure for a dynamic logic common to both computer science and
physics. Here we explain the theory of totally continuous cocomplete categories as generalization
of the well-known theory of totally continuous suplattices. That is to say, we undertake some first
steps towards a theory of “dynamic domains”.

Keywords: Quantaloid-enriched category, quantaloid-module, projectivity, small-projectivity,
complete distributivity, total continuity, total algebraicity, dynamic domain, dynamic logic.

1 Introduction

Towards “dynamic domains”.

It is common practice in both theoretical computer science and theoretical
physics to describe the ‘properties’ of a ‘system’ by means of a complete lattice
L; this lattice is then thought of as the logic of the system. For example,
the lattice of closed subspaces of a Hilbert space is the logic of properties
of a quantum system; and, in computer science, a domain is the logics of
observables of a computational system.

1 Email: i.stubbe@math.ucl.ac.be

Electronic Notes in Theoretical Computer Science 155 (2006) 617–634

1571-0661/$ – see front matter © 2006 Elsevier B.V. All rights reserved.

www.elsevier.com/locate/entcs

doi:10.1016/j.entcs.2005.11.076

Theory and Applications of Categories, Vol. 16, No. 14, 2006, pp. 283–306.

CATEGORICAL STRUCTURES ENRICHED IN A QUANTALOID:
TENSORED AND COTENSORED CATEGORIES

ISAR STUBBE

Abstract. A quantaloid is a sup-lattice-enriched category; our subject is that of
categories, functors and distributors enriched in a base quantaloid Q. We show how
cocomplete Q-categories are precisely those which are tensored and conically cocom-
plete, or alternatively, those which are tensored, cotensored and ‘order-cocomplete’. In
fact, tensors and cotensors in a Q-category determine, and are determined by, certain
adjunctions in the category of Q-categories; some of these adjunctions can be reduced to
adjuctions in the category of ordered sets. Bearing this in mind, we explain how tensored
Q-categories are equivalent to order-valued closed pseudofunctors on Qop; this result is
then finetuned to obtain in particular that cocomplete Q-categories are equivalent to
sup-lattice-valued homomorphisms on Qop (a.k.a. Q-modules).

Introduction

The concept of “category enriched in a bicategory W” is as old as the definition of
bicategory itself [Bénabou, 1967]; however, J. Bénabou called them “polyads”. Taking a
W with only one object gives a monoidal category, and for symmetric monoidal closed V
the theory of V-categories is well developed [Kelly, 1982]. But also categories enriched in
a W with more than one object are interesting. R. Walters [1981] observed that sheaves
on a locale give rise to bicategory-enriched categories: “variation” (sheaves on a locale
Ω) is related to “enrichment” (categories enriched in Rel(Ω)). This insight was further
developed in [Walters, 1982], [Street, 1983] and [Betti et al., 1983]. Later [Gordon and
Power, 1997, 1999] complemented this work, stressing the important rôle of tensors in
bicategory-enriched categories.

Here we wish to discuss “variation and enrichment” in the case of a base quantaloid
Q (a small sup-lattice-enriched category). This is, of course, a particular case of the
above, but we believe that it is also of particular interest; many examples of bicategory-
enriched categories (like Walters’) are really quantaloid-enriched. Since in a quantaloid Q
every diagram of 2-cells commutes, many coherence issues disappear, so the theory of Q-
enriched categorical structures is very transparent. Moreover, by definition a quantaloid
Q has stable local colimits, hence (by local smallness) it is closed; this is of great help
when working with Q-categories. The theory of quantaloids is documented in [Rosenthal,
1996]; examples and applications of quantaloids abound in the literature; and [Stubbe,
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Q-MODULES ARE Q-SUPLATTICES

ISAR STUBBE

Abstract. It is well known that the internal suplattices in the topos of sheaves on a
locale are precisely the modules on that locale. Using enriched category theory and a
lemma on KZ doctrines we prove (the generalization of) this fact in the case of ordered
sheaves on a small quantaloid. Comparing module-equivalence with sheaf-equivalence
for quantaloids and using the notion of centre of a quantaloid, we refine a result of F.
Borceux and E. Vitale.

1. Introduction

When studying topos theory one inevitably must study order theory too: if only because
many advanced features of topos theory depend on order-theoretic arguments using the
internal Heyting algebra structure of the subobject classifier in a topos, as C. J. Mikkelsen
[1976] illustrates plainly. One of the results of [Mikkelsen, 1976] states that an ordered
object in an elementary topos E is cocomplete, i.e. it is an internal suplattice, if and
only if the “principal downset embedding” from that object to its powerobject has a left
adjoint in Ord(E). In the case of a localic topos, it turns out that the internal suplattices
in Sh(⇤) are precisely the ⇤-modules, and supmorphisms are just the module morphisms
[Joyal and Tierney, 1984; Pitts, 1988].

Now consider quantaloids (i.e. Sup-enriched categories) as non-commutative, multi-
typed generalization of locales. Using the theory of categories enriched in a quantaloid,
and building further on results by B. Walters [1981] and F. Borceux and R. Cruciani
[1998], I. Stubbe [2005b] proposed the notion of ordered sheaf on a (small) quantaloid Q
(or Q-order for short): one of several equivalent ways of describing a Q-order is to say
that it is a Cauchy complete category enriched in the split-idempotent completion of Q.
There is thus a locally ordered category Ord(Q) of Q-orders and functors between them.
If one puts Q to be the one-object suspension of a locale ⇤, then Ord(⇤) is equivalent
to Ord(Sh(⇤)). (And if one puts Q to be the one-object suspension of the Lawvere reals
[0,�], then Ord([0,�]) is equivalent to the category of Cauchy complete generalized
metric spaces.)

In this paper we shall explain how Mod(Q), the quantaloid of Q-modules, is the
category of Eilenberg-Moore algebras for the KZ doctrine on Ord(Q) that sends a Q-order
A to its free cocompletion PA. The proof of this fact is, altogether, quite straightforward:
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Abstract

It is common practice in both theoretical computer science and theoretical physics to describe the (static) logic of a system by
means of a complete lattice. When formalizing the dynamics of such a system, the updates of that system organize themselves quite
naturally in a quantale, or more generally, a quantaloid. In fact, we are led to consider cocomplete quantaloid-enriched categories
as a fundamental mathematical structure for a dynamic logic common to both computer science and physics. Here we explain the
theory of totally continuous cocomplete categories as a generalization of the well-known theory of totally continuous suplattices.
That is to say, we undertake some first steps towards a theory of “dynamic domains”.
c� 2007 Elsevier B.V. All rights reserved.

Keywords: Quantaloid-enriched category; Module; Projectivity; Small-projectivity; Complete distributivity; Total continuity; Total algebraicity;
Dynamic domain; Dynamic logic

1. Introduction

Towards “dynamic domains”. It is common practice in both theoretical computer science and theoretical physics
to describe the ‘properties’ of a ‘system’ by means of a complete lattice L; this lattice is then thought of as the logic
of the system. For example, the lattice of closed subspaces of a Hilbert space is the logic of properties of a quantum
system; and, in computer science, a domain is the logics of observables of a computational system.

More recently, also another ordered structure has been recognized to play an important rôle in both physics and
computer science: when formalizing the dynamics of a physical or computational system, it turns out that the ‘updates’
of a system – think of them as programs for a computational system, and property transitions for a physical system –
organize themselves quite naturally in a quantale Q [2,8].

Having a complete lattice L of properties of a system and a quantale Q of updates, we give an operational meaning
to each f 2 Q by the so-called Principle of Causal Duality (explained in detail in [18] but going back to [10,12] for
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Abstract Exponentiable functors between quantaloid-enriched categories are char-
acterized in elementary terms. The proof goes as follows: the elementary conditions
on a given functor translate into existence statements for certain adjoints that obey
some lax commutativity; this, in turn, is precisely what is needed to prove the
existence of partial products with that functor; so that the functor’s exponentiability
follows from the works of Niefield (J. Pure Appl. Algebra 23:147–167, 1982) and
Dyckhoff and Tholen (J. Pure Appl. Algebra 49:103–116, 1987).

Keywords Quantaloid · Enriched category · Exponentiability · Partial product
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1 Introduction

The study of exponentiable morphisms in a category C, in particular of exponentiable
functors between (small) categories (i.e. Conduché fibrations), has a long history; see
[7] for a short account. Recently M. M. Clementino and D. Hofmann [3] found simple
necessary-and-sufficient conditions for the exponentiability of a functor between V-
enriched categories, where V is a symmetric quantale which has its top element as
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a b s t r a c t

Ordered sheaves on a small quantaloid Q have been defined in terms of Q-enriched
categorical structures; they form a locally ordered categoryOrd(Q). The free-cocompletion
KZ-doctrine on Ord(Q) has Mod(Q), the quantaloid of Q-modules, as its category of
Eilenberg–Moore algebras. In this paper we give an intrinsic description of the Kleisli
algebras: we call them the locally principally generated Q-modules. We deduce that Ord(Q)
is biequivalent to the 2-category of locally principally generatedQ-modules and left adjoint
module morphisms. The example of locally principally generated modules on a locale X is
worked out in full detail: relating X-modules to objects of the slice category Loc/X , we
show that ordered sheaves on X correspond with skew local homeomorphisms into X (like
sheaves on X correspond with local homeomorphisms into X).

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

1.1. Locales and quantales, sheaves and logic

A locale X is a complete lattice in which finite infima distribute over arbitrary suprema. A particular class of examples of
locales comes from topology: the open subsets of any topological space form a locale. But not every locale arises in this way,
whence the slogan that locales are ‘‘pointfree topologies’’ [23]. There is a ‘‘pointfree’’ way to do sheaf theory: a sheaf F on
a locale X is a functor F : Xop // Set satisfying gluing conditions. The collection of all such functors, together with natural
transformations between them, forms the topos Sh(X) of sheaves on X . One of the many close ties between logic and sheaf
theory, which is of particular interest to us, is that the internal logic of Sh(X) is an intuitionistic higher-order predicate logic
with X as object of truth values [29,8,24]. To borrow a phrase from [38] and others, sheaf theory thus serves as algebraic
logic.

The definition of locale can be restated: X is a complete lattice and (X, ^, >) is a monoid such that the multiplication
distributes on both sides over arbitrary suprema. It is natural to generalise this: a quantale Q = (Q , �, 1) is, by definition,
a monoid structure on a complete lattice such that the multiplication distributes on both sides over arbitrary suprema [31,
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Abstract We explain the precise relationship between two module-theoretic de-
scriptions of sheaves on an involutive quantale, namely the description via so-called
Hilbert structures on modules and that via so-called principally generated modules.
For a principally generated module satisfying a suitable symmetry condition we
observe the existence of a canonical Hilbert structure. We prove that, when working
over a modular quantal frame, a module bears a Hilbert structure if and only if it is
principally generated and symmetric, in which case its Hilbert structure is necessarily
the canonical one. We indicate applications to sheaves on locales, on quantal frames
and even on sites.

Keywords Quantale · Module · Principal element · Principal symmetry ·
Inner product · Sheaf

1 Introduction

Jan Paseka [8–10] introduced the notion of Hilbert module on an involutive quantale:
it is a module equipped with an inner product. This provides for an order-theoretic
notion of “inner product space”, originally intended as a generalisation of complete
lattices with a duality. Recently, [13] applied this definition to a locale X and further
defined what it means for a Hilbert X-module to have a Hilbert basis. These Hilbert
X-modules with Hilbert basis describe, in a module-theoretic way, the sheaves on X.

At the same time, the present authors defined the notion of (locally) principally
generated module on a quantaloid [3]. Our aim too was to describe “sheaves as
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Résumé. Dans le contexte des catégories enrichies dans un quantaloı̈de, nous ex-
pliquons comment toute classe de poids saturée définit, et est définie par, une unique
sous-KZ-doctrine pleine de la doctrine pour la cocomplétion libre. Les KZ-doctrines
qui sont des sous-KZ-doctrines pleines de la doctrine pour la cocomplétion libre, sont
caractérisées par deux conditions simples de “pleine fidélité”. Les poids coniques
forment une classe saturée, et la KZ-doctrine correspondante est exactement (la
généralisation aux catégories enrichies dans un quantaloı̈de de) la doctrine de Haus-
dorff de [Akhvlediani et al., 2009].
Abstract. In the context of quantaloid-enriched categories, we explain how each
saturated class of weights defines, and is defined by, an essentially unique full sub-
KZ-doctrine of the free cocompletion KZ-doctrine. The KZ-doctrines which arise
as full sub-KZ-doctrines of the free cocompletion, are characterised by two sim-
ple “fully faithfulness” conditions. Conical weights form a saturated class, and the
corresponding KZ-doctrine is precisely (the generalisation to quantaloid-enriched
categories of) the Hausdorff doctrine of [Akhvlediani et al., 2009].
Keywords. Enriched category, cocompletion, KZ-doctrine, Hausdorff distance
Mathematics Subject Classification (2010). 18D20, 18A35, 18C20

1. Introduction

At the meeting on “Categories in Algebra, Geometry and Logic” honouring Fran-
cis Borceux and Dominique Bourn in Brussels on 10–11 October 2008, Walter
Tholen gave a talk entitled “On the categorical meaning of Hausdorff and Gromov
distances”, reporting on joint work with Andrei Akhvlediani and Maria Manuel
Clementino [2009]. The term ‘Hausdorff distance’ in his title refers to the follow-
ing construction: if (X, d) is a metric space and S, T ✓ X , then

�(S, T ) :=
_

s2S

^

t2T

d(s, t)

defines a (generalised) metric on the set of subsets of X . But Bill Lawvere [1973]
showed that metric spaces are examples of enriched categories, so one can aim at
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SYMMETRY AND CAUCHY COMPLETION
OF QUANTALOID-ENRICHED CATEGORIES

HANS HEYMANS AND ISAR STUBBE

Abstract. We formulate an elementary condition on an involutive quantaloid Q under
which there is a distributive law from the Cauchy completion monad over the symmetri-
sation comonad on the category of Q-enriched categories. For such quantaloids, which
we call Cauchy-bilateral quantaloids, it follows that the Cauchy completion of any sym-
metric Q-enriched category is again symmetric. Examples include Lawvere’s quantale
of non-negative real numbers and Walters’ small quantaloids of closed cribles.

1. Introduction

A quantaloid Q is a category enriched in the symmetric monoidal closed category Sup of
complete lattices and supremum-preserving functions. Viewing Q as a bicategory, it is
natural to study categories, functors and distributors enriched in Q. If Q comes equipped
with an involution, it makes sense to consider symmetric Q-enriched categories. An
important application of quantaloid-enriched categories was discovered by R.F.C. Walters
[1981, 1982]: he proved that the topos of sheaves on a small site (C, J) is equivalent to
the category of symmetric and Cauchy complete categories enriched in a suitable “small
quantaloid of closed cribles” R(C, J). A decade earlier, F.W. Lawvere [1973] had already
pointed out that the category of generalised metric spaces and non-expansive maps is
equivalent to the category of categories enriched in the quantale (that is, a one-object
quantaloid) ([0, ∞],

∧
, +, 0) of extended non-negative real numbers. This is a symmetric

quantale, hence it is trivially involutive; and here too the symmetric and Cauchy complete
[0, ∞]-enriched categories are important, if only to connect with the classical theory of
metric spaces. Crucial in both examples is thus the use of categories enriched in an
involutive quantaloid Q which are both symmetric and Cauchy complete. R. Betti and
R.F.C. Walters [1982] therefore raised the question “whether the Cauchy completion of a
symmetric [quantaloid-enriched] category is again symmetric”. That is to say, they ask
whether it is possible to restrict the Cauchy completion functor (−)cc: Cat(Q) !! Cat(Q)
along the embedding SymCat(Q) !! Cat(Q) of symmetric Q-categories. They show that
the answer to their question is affirmative for both R(C, J) and [0, ∞], by giving an ad
hoc proof in each case; they also give an example of an involutive quantale for which the
answer to their question is negative. Thus, it depends on the base quantaloid Q whether
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In the context of categorical topology, more precisely that of T-categories (Hofmann,
2007 [8]), we define the notion of T-colimit as a particular colimit in a V-category.
A complete and cocomplete V-category in which limits distribute over T-colimits, is to be
thought of as the generalisation of a (co-)frame to this categorical level. We explain some
ideas on a T-categorical version of “Stone duality”, and show that Cauchy completeness of
a T-category is precisely its sobriety.

 2011 Elsevier B.V. All rights reserved.

0. Introduction

Let X be a topological space, then Ω(X), its collection of open subsets, is a frame: a complete lattice in which finite
infima distribute over arbitrary suprema. If f : X −→ Y is a continuous function between topological spaces, then its inverse
image Ω( f ) :Ω(Y ) −→ Ω(X) is a frame homomorphism, i.e. a (necessarily order-preserving) function that preserves finite
infima and arbitrary suprema. Thus we obtain a contravariant functor, Ω : Topop −→ Frm, from the category of topological
spaces and continuous functors to that of frames and frame homomorphisms. It is well known that this functor admits a
left adjoint

Topop ⊥
Ω

Frm

pt

which assigns to any frame F the topological space pt(F ) of its points: it is the set Frm(F ,2) of frame homomorphisms
from F to the two-element chain, with open subsets {{p ∈ pt(F ) | p(a) = 1} | a ∈ F }. If the natural continuous comparison
ηX : X −→ pt(Ω(X)) is bijective (in which case it actually is a homeomorphism), then X is said to be sober. (And because X
is T0 if and only if ηX is injective, we get that a T0 space is sober if and only if ηX is surjective.) Much more can be said
about the interplay between topological spaces and frames; we refer to the classic [10].
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a b s t r a c t

Each small site (C, J) determines a small quantaloid of closed cribles R(C, J). We prove
that a small quantaloid Q is equivalent to R(C, J) for some small site (C, J) if and only if
there exists a (necessarily subcanonical) Grothendieck topology J on the categoryMap(Q)
of left adjoints in Q such that Q ⇠

= R(Map(Q), J), if and only if Q is locally localic, map-
discrete, weakly tabular and weakly modular. If moreover coreflexives split in Q, then the
topology J on Map(Q) is the canonical topology.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

A quantaloid Q is, by definition, a category enriched in the symmetric monoidal closed category Sup of complete
lattices and supremum-preserving functions [14]. Viewing Q as a bicategory, it is natural to study categories, functors and
distributors enriched inQ [2,15,16]. Amajor application of quantaloid-enriched category theorywas discovered byWalters,
and published in this journal: in 1982 [18], he proved that the topos of sheaves on a site (C, J) is equivalent to the category
of symmetric and Cauchy complete categories enriched in the small quantaloid of closed criblesR(C, J) constructed from the
given site.

Given the importance of the construction of the quantaloid of closed criblesR(C, J) from a small site (C, J), we provide in
this paper an elementary axiomatisation of this notion. Precisely, we prove that a small quantaloidQ is equivalent toR(C, J)
for some small site (C, J) if and only if there exists a Grothendieck topology J on the category Map(Q) of left adjoints in Q
such thatQ ⇠

= R(Map(Q), J), if and only ifQ is locally localic, map-discrete, weakly tabular andweaklymodular. (The latter
two notions seem to be new, and inherited their name from the stronger notions of tabularity and modularity introduced
in [7].) The Grothendieck topology J onMap(Q) is always subcanonical, and if coreflexives split in Q, then J is the canonical
topology.

This result thus spells out how two, at first sight quite different, generalisations of locales, namely Grothendieck
topologies on the one hand, and quantaloids on the other, relate: the former can be understood to form an axiomatically
described subclass of the latter. It is hoped that this axiomatisation helps to clarify the role that quantaloids may play in the
search for a good notion of ‘‘non-commutative topology’’, to be used ultimately in suitable generalisations of sheaf theory
(see e.g. [4,13,1,10,9,8,17]).

2. Small quantaloids of closed cribles

To begin, we recall a construction due to [18]. If C is a small category, then the quantaloid R(C) of cribles in C is the full
sub-quantaloid of Rel(SetCop

)whose objects are the representable presheaves. It is useful to have an explicit description.We
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Abstract

This survey paper, specifically targeted at a readership of fuzzy logicians and fuzzy set theorists, aims to provide a gentle introduction
to the basic notions of quantaloid-enriched category theory. We discuss at length the definitions of quantaloid, quantaloid-enriched
category, distributor and functor, always giving several examples that – hopefully – appeal to the intended readership. To indicate
the strength of this general theory, we explain in considerable detail how (co)limits are dealt with, and particularly how the Yoneda
embedding of a quantaloid-enriched category in its free (co)completion comes to be. Our insistence on quantaloid-enrichment (rather
than quantale-enrichment) is duly explained by examples requiring a notion of “partial elements” (sheaves, partial metric spaces).
A final section glosses over some further topics, providing ample references for the interested reader.
© 2013 Elsevier B.V. All rights reserved.
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1. Historical background

Categories, functors and natural transformations were first defined, in 1945, by Eilenberg and MacLane [12] as “a
technical background for the intuitive notion of naturality”, providing “opportunities for the comparison of constructions
[. . .] in different branches of mathematics”. In that paper they develop the basic notions of what we now call category
theory, including e.g. limits and colimits, and give examples in homological algebra and algebraic topology. About a
decade later, A. Grothendieck published his Tôhoku paper [17] on homological algebra (but paving the way for algebraic
geometry too). Particularly his definition of Abelian category shows how a category is not merely a convenient tool to
speak about a collection of mathematical structures, but is in fact a versatile mathematical structure in itself. That is to
say, we explicitly have here categories as structures, as opposed to categories of structures.

In the Sixties Bénabou [3] made an abstraction of the notion of tensor product, defining catégories avec multiplication
(monoidal categories); Eilenberg and Kelly [11] rather formalized the “internal hom” of a category, speaking of closed
categories. Both Bénabou (1964) and Eilenberg and Kelly [11] showed how such a monoidal/closed category V can
serve as the base for V-enriched categories. But it was Lawvere’s paper [33], from 1973, with its deep insights (enriched
presheaves, Cauchy completion) and convincing examples (posets, metric spaces), that made V-enriched categories
part of the working mathematician’s toolbox. Kelly’s book [30] became the standard reference on the subject.

Also in 1973, D. Higgs [24] showed how the topos Sh(L) of sheaves on a locale L can be described equivalently as
a category of “L-valued sets”, i.e. sets equipped with an equality relation taking truth values in L, thus exhibiting its
multi-valued intuitionistic logic. However, such an L-valued set is easily seen not to be an L-enriched category—indeed,
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Abstract

In the context of quantaloid-enriched categories, we rely essentially on the classifying property of presheaf categories to give 
a conceptual proof of a theorem due to Höhle: the double power monad and the composite power monad, on the category of 
quantaloid-enriched categories, are the same. Via the theory of distributive laws, we identify the algebras of this monad to be the 
completely codistributive complete categories, and the homomorphisms between such algebras are the bicontinuous functors. With 
these results we hope to contribute to the further development of a theory of Q-valued preorders (in the sense of Pu and Zhang).
 2016 Elsevier B.V. All rights reserved.
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1. Introduction

If P = (P, ≤) is an ordered set, then its downclosed subsets form a sup-lattice (Dwn(P ), ⊆), and the order-
preserving inclusion P −→ Dwn(P ) : x %→↓x has a left adjoint if and only if P has all suprema. Dually, taking 
the upclosed subsets of P produces an inf-lattice (Up(P ), ⊇) (note that upsets are ordered by containment, whereas 
downsets are ordered by inclusion), and the order-preserving inclusion P −→ Up(P ) : x %→↑x has a right adjoint if 
and only if P has all infima. Of course, P is a sup-lattice if and only if it is an inf-lattice, and then it is said to be a 
‘complete lattice’.

These two object correspondences can be made functorial in several ways, and the resulting functors interact in at 
least two ways. For starters, the inverse image of an order-preserving function f : P −→ Q is a new order-preserving 
function f −1 : Dwn(Q) −→ Dwn(P ). This action on objects and morphisms defines a 2-functor on the locally ordered 
category Ord of ordered sets which reverses arrows and local order; for the sake of this introduction, let us write 
it as L : Ord −→ Ordcoop. It then so happens that this is a left 2-adjoint, and that the action of its right 2-adjoint 
R : Ordcoop −→ Ord on objects is Q %→ Up(Q). As a result, the induced 2-monad T := RL : Ord −→ Ord acts on 
objects as P %→ Up(Dwn(P )): it is the double power monad on Ord.

On the other hand it is well-known that the locally ordered category Sup of sup-lattices and sup-morphisms is 
included in Ord by a forgetful 2-functor U : Sup −→ Ord, right 2-adjoint to an F : Ord −→ Sup whose action on 
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TOPOLOGY FROM ENRICHMENT:
THE CURIOUS CASE OF PARTIAL METRICS

Dirk HOFMANN and Isar STUBBE

Résumé. Pour tout petit quantaloı̈de Q, il y a un nouveau quantaloı̈de D(Q) de
diagonaux dans Q. Si Q est divisible alors il en est de même pour D(Q) (et vice
versa), et il est alors particulièrement intéressant de comparer des catégories en-
richies dans Q avec des catégories enrichies dans D(Q). Prenant le quantale des
nombres réels positifs de Lawvere comme base, les Q-categories sont les espaces
métriques généralisés, alors que les D(Q)-catégories sont les espaces métriques
partiels généralisés, i.e. des espaces métriques dans lesquels la distance d’un point
à lui-même ne doit pas être zéro et avec une inégalité triangulaire adaptée. Nous
montrons comment toute catégorie enrichie dans un petit quantaloı̈de possède une
fermeture canonique sur l’ensemble de ses objets: ceci constitue un foncteur des
catégories enrichies dans un quantaloı̈de vers les espaces à fermeture. Sous de
(faibles) conditions nécessaires-et-suffisantes sur le quantaloı̈de de base, ce fonc-
teur prend ses valeurs dans la catégorie des espaces topologiques; et un quantaloı̈de
involutif est Cauchy-bilatère (une propriété découverte auparavant dans le contexte
des lois distributives) si et seulement si la fermeture sur toute catégorie enrichie
est identique à la fermeture sur sa symétrisation. Puisque tout cela s’applique
maintenant aussi bien aux espaces métriques qu’aux espaces métriques partiels,
nous démontrons comment ces constructions catégoriques générales produisent les
“bonnes” définitions de suite de Cauchy et de suite convergente dans les espaces
métriques partiels. Finalement nous décrivons la Cauchy-complétion, la construc-
tion de Hausdorff et l’exponentiabilité d’un espace métrique partiel, une fois de plus
en appliquant la théorie générale des catégories enrichies dans un quantaloı̈de.
Abstract. For any small quantaloid Q, there is a new quantaloid D(Q) of diago-
nals in Q. If Q is divisible then so is D(Q) (and vice versa), and then it is par-
ticularly interesting to compare categories enriched in Q with categories enriched
in D(Q). Taking Lawvere’s quantale of extended positive real numbers as base
quantale, Q-categories are generalised metric spaces, and D(Q)-categories are gen-
eralised partial metric spaces, i.e. metric spaces in which self-distance need not
be zero and with a suitably modified triangular inequality. We show how every
small quantaloid-enriched category has a canonical closure operator on its set of
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Bénabou: Distributors (= profunctors = modules) (1973)

Jean Bénabou
(1932-2022)



Street: Absolute weights (1983)
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(1945 - ...)



Distributors (1)

A relation R : A c //B between sets A and B is

a subset R ⊆ B ×A.

Two relations R : A c //B and S : B c // C compose by the formula

(c, a) ∈ S ◦R ⇐⇒ ∃b ∈ B : (c, b) ∈ S and (b, a) ∈ R.

The units for this composition are:

∆A : A c //A with elements ∆A = {(a, a) | a ∈ A} (the “equality” relation).

Every function f : A→ B determines a left adjoint relation (the “graph” of f):

Gf : A c //B defined by Gf = {(b, a) | b = fa} satisfies
{

∆A ⊆ Go
f ◦Gf

Gf ◦Go
f ⊆ ∆B

Conversely, every left adjoint relation is the graph of a (unique) function:

if A
Rc //

B
S
coo satisfies

{
∆A ⊆ S ◦R
R ◦ S ⊆ ∆B

then
{
R = Gf

S = Go
f

for some f : A→ B.
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Φ(b, a) = B(b, Fa) for all b ∈ B0, a ∈ A0.

(And then Φ is the graph of an essentially unique F .)

A category C is Cauchy-complete if any left adjoint distributor into C is representable.

Any sequence (xn)n∈N in a Q-category C determines a pair of distributors

1

ϕc //
C

ψ
coo with elements

{
ϕ(y) =

∨
N∈N

∧
n≥N C(y, xn)

ψ(y) =
∨

N∈N
∧

n≥N C(xn, y)

A sequence (xn)n∈N in C is Cauchy if ϕ is left adjoint to ψ.

Whence: in a Cauchy-complete category C all Cauchy sequences “converge”.

“Categorical” Cauchy-completeness is stronger than “sequential” Cauchy-completenes.

(For (probabilistic) metric spaces orders, these are equivalent notions.)

Cauchy-completeness is important in many areas, e.g. sheaf theory (gluing condition),
module theory (finitely generated projective modules, Morita equivalence),
set theory (axiom of choice), general categories (Karoubi envelope), and more.



Borceux: Cauchy completion (1986)

Francis Borceux
(1948 - ...)









A fixpoint theorem for Q-categories
(based on article with A. Benkhadra, to appear in the Cahiers)



Fixpoint theorem (1)

Proposition
Suppose that F : C → C is a Q-functor on a Cauchy complete C.
If there is an x ∈ C0 such that (Fnx)n∈N is Cauchy, then F has a fixpoint.

Indeed,

(Fnx)n∈N is Cauchy =⇒


(
ϕ(y) =

∨
N∈N

∧
n≥N C(y, Fnx)

)
y∈C0(

ψ(y) =
∨

N∈N
∧

n≥N C(Fnx, y)
)
y∈C0

are adjoint

=⇒
∨
N∈N

∧
n≥N

C(y, Fnx) = C(y, x∗) for some x∗

and then

C(Fx∗, x∗) =
∨
N∈N

∧
n≥N

C(Fx∗, Fnx) ≥
∨

N∈N0

∧
n≥N

C(x∗, Fn−1x) = C(x∗, x∗) ≥ 1.

Similarly (using ψ) one gets C(x∗, Fx∗) ≥ 1.

Having both 1 ≤ C(x∗, Fx∗) and 1 ≤ C(Fx∗, x∗) means that Fx∗ ∼= x∗ in C.
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Fixpoint theorem (2)

Definition
Say that φ : Q→ Q is a control function and F : C0 → C0 is a φ-contraction, if

φ(t) ≥ t for all t ∈ Q,

φ(t) = t implies that either t = 0 or 1 ≤ t.

C(Fx, Fy) ≥ φ(C(x, y)) for any x, y ∈ C0.
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Say that φ : Q→ Q is a control function and F : C0 → C0 is a φ-contraction, if

φ(t) ≥ t for all t ∈ Q,

φ(t) = t implies that either t = 0 or 1 ≤ t.

C(Fx, Fy) ≥ φ(C(x, y)) for any x, y ∈ C0.

The “Banach case” for metric spaces: for

φ : [0,∞] → [0,∞] : t 7→ k · t for some 0 < k < 1

it is easily verified (recalling that [0,∞] comes with opposite order) that

k · t ≤ t,

k · t = t implies that either t = ∞ or t = 0,

so a function f : X → X on a (generalized) metric space (X, d) is a φ-contraction if

d(fx, fy) ≤ k · d(x, y) for any x, y ∈ X.
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Definition
Say that φ : Q→ Q is a control function and F : C0 → C0 is a φ-contraction, if

φ(t) ≥ t for all t ∈ Q,

φ(t) = t implies that either t = 0 or 1 ≤ t.

C(Fx, Fy) ≥ φ(C(x, y)) for any x, y ∈ C0.

The “Banach case” for metric spaces: for

φ : [0,∞] → [0,∞] : t 7→ k · t for some 0 < k < 1

it is easily verified (recalling that [0,∞] comes with opposite order) that

k · t ≤ t,

k · t = t implies that either t = ∞ or t = 0,

so a function f : X → X on a (generalized) metric space (X, d) is a φ-contraction if

d(fx, fy) ≤ k · d(x, y) for any x, y ∈ X.

There are other non-trivial examples, e.g. for probabilistic metric spaces:

define φ : ∆ → ∆ by φ(u)(t) =
{

1
2
(u(t) + 1) if 0 < t ≤ ∞

0 if t = 0



Fixpoint theorem (2)

Definition
Say that φ : Q→ Q is a control function and F : C0 → C0 is a φ-contraction, if

φ(t) ≥ t for all t ∈ Q,

φ(t) = t implies that either t = 0 or 1 ≤ t.

C(Fx, Fy) ≥ φ(C(x, y)) for any x, y ∈ C0.

A φ-contraction F is always a Q-functor (so the previous Proposition applies).
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C(y∗, x∗) ≥ 1

Proposition
If C is symmetric, then any two fixpoints of a φ-contraction are either isomorphic or in
different summands of C.

If C has no zero-homs, then any two fixpoints of a φ-contraction are always isomorphic.







Fixpoint theorem (3)
Proposition
Suppose that F : C → C is a φ-contraction on a Q-category.
Suppose that Q is a continuous lattice and φ : Q→ Q is a lower-semicontinuous function.
For any x ∈ C0 such that C(Fx, x) ̸= 0 ̸= C(x, Fx), the sequence (Fnx)n∈N is Cauchy.
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Directed suprema
commute with
arbitrary infima.

It preserves
(order and)
directed suprema.
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These conditions are met by the previously men-
tioned examples—in particular the “Banach” case.
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For any x ∈ C0 such that C(Fx, x) ̸= 0 ̸= C(x, Fx), the sequence (Fnx)n∈N is Cauchy.

Directed suprema
commute with
arbitrary infima.

It preserves
(order and)
directed suprema.

These conditions are met by the previously men-
tioned examples—in particular the “Banach” case.

(The theorem holds under weaker conditions, but it
makes the statement more technically involved, so
skipped here for convenience.)



Fixpoint theorem (3)
Proposition
Suppose that F : C → C is a φ-contraction on a Q-category.
Suppose that Q is a continuous lattice and φ : Q→ Q is a lower-semicontinuous function.
For any x ∈ C0 such that C(Fx, x) ̸= 0 ̸= C(x, Fx), the sequence (Fnx)n∈N is Cauchy.

Proof. Putting Cx,f :=
x
NœN

w
nØN

w
mØN C(fnx, fmx) œ Q, we recall from Subsection 1.2 that „x,f ‰ Âx,f if and only

if Cx,f Ø 1. We shall show that Cx,f ”Ø 1 leads to a contradiction.
(i) Picking an x œ C0 such that C(x, fx) ”= 0 ”= C(fx, x), we put cn := C(fnx, fn+1x) œ Q for all n œ N. By

assumption, 0 < c0 Æ 1 and the conditions on Ï imply that c0 Æ Ï(c0) Æ c1. Repeating the argument we find that
cn Æ Ï(cn) Æ cn+1, so the sequence is increasing and strictly above 0. Therefore we can compute, using the conditions
on Ï, that:

fl

NœN
cN =

fl

NœN
cN+1

=
fl

NœN

fi

nØN
cn+1

Ø
fl

NœN

fi

nØN
Ï(cn)

Ø Ï(
fl

NœN

fi

nØN
cn)

= Ï(
fl

NœN
cN )

Ø
fl

NœN
cN

We thus find a fixpoint of Ï which is not 0, so it must satisfy 1 Æ x
NœN cN .

(ii) Similarly, the sequence (an := C(fn+1x, fnx))nœN must also satisfy 1 Æ x
œN an.

(iii) Next, suppose that 1 ”Æ Cf,x; by continuity of the underlying complete lattice of Q, this means that there exists
an ‘ π 1 such that ‘ ”Æ Cf,x (and so in particular ‘ ”= 0). Using the definition of Cf,x as a sup-inf, we may infer:

‘ ”Æ
fl

kœN

Q
a fi

nØk

fi

mØk
C(fnx, fmx)

R
b =∆ ’k œ N : ‘ ”Æ

fi

nØk

fi

mØk
C(fnx, fmx)

=∆ ’k œ N,÷nk,mk Ø k : ‘ ”Æ C(fnkx, fmkx)

In the last line above, it cannot be the case that mk = nk, because otherwise C(fnkx, fnkx) Ø 1 (by the “identity” axiom
for the Q-category C), which would then also be above ‘ π 1. So suppose that nk < mk, then we can replace mk by

mÕ
k := min{m > nk | ‘ ”Æ C(fnkx, fmx)}

and so we still have ‘ ”Æ C(fnkx, fmÕ
kx), but now we know also that ‘ Æ C(fnkx, fmk≠1x). Similarly, if nk > mk then we

may replace nk by
nÕ
k := min{n > mk œ N | ‘ ”Æ C(fnx, fmkx)}

and we still have ‘ ”Æ C(fnÕ
kx, fmkx), but now we know also that ‘ Æ C(fnÕ

k≠1x, fmkx). That is to say, we can always
pick nk,mk Ø k to ensure that

‘ ”Æ C(fnkx, fmkx) and
;

either C(fnkx, fmk≠1x) Ø ‘ (A)
or C(fnk≠1x, fmkx) Ø ‘ (B)

Now denote, for each such pick of nk,mk Ø k œ N,

dk := C(fnkx, fmkx);

and let us insist that ‘ ”Æ dk for all k œ N. In case condition (A) holds for dk, then in particular mk > nk so mk Ø 1, and
we can use the “composition” axiom in C to get

‘ ¶ cmk≠1 Æ C(fnkx, fmk≠1x) ¶ C(fmk≠1x, fmkx)
Æ C(fnkx, fmkx)
= dk

In case condition (B) holds for dk we can similarly prove that

ank≠1 ¶ ‘ Æ dk.

Hence, using in (ú) that a continuous lattice is always meet-continuous, and that both sequences
1fi

{dk | k Ø N and (A) holds}
2
NœN

and
1fi

{dk | k Ø N and (B) holds}
2
NœN

are increasing, we may compute that
fl

NœN

fi

kØN
dk =

fl

NœN0

fi

kØN
dk

=
fl

NœN0

1fi
{dk | k Ø N and (A) holds} ·

fi
{dk | k Ø N and (B) holds}

2

(ú)=
A fl

NœN0

fi
{dk | k Ø N and (A) holds}

B

·
A fl

NœN0

fi
{dk | k Ø N and (B) holds}

B

Ø
A fl

NœN0

fi
{‘ ¶ cmk≠1 | k Ø N and (A) holds}

B

·
A fl

NœN0

fi
{ank≠1 ¶ ‘ | k Ø N and (B) holds}

B

Ø

Q
a fl

NœN

fi

mØN
‘ ¶ cm

R
b ·

Q
a fl

NœN

fi

mØN
an ¶ ‘

R
b

Ø

Q
a‘ ¶ (

fl

NœN

fi

mØN
cm)

R
b ·

Q
a(

fl

NœN

fi

mØN
an) ¶ ‘

R
b

=
A

‘ ¶ (
fl

NœN
cN )

B
·

A
(

fl

NœN
aN ) ¶ ‘

B

= (‘ ¶ 1) · (1 ¶ ‘)
= ‘

So, even though ‘ ”Æ dk (for all k œ N), we do have that 0 ”= ‘ Æ x
NœN

w
kØN dk.

(iv) Using the “composition” axiom in C, we have for every k Ø N œ N (recall that nk,mk Ø k too) that

dk Ø cnk ¶ C(fnk+1x, fmk+1x) ¶ amk
Ø cnk ¶ Ï(dk) ¶ amk

Ø cN ¶ Ï(dk) ¶ aN

and so we may compute that
fl

NœN

fi

kØN
dk Ø

fl

NœN

fi

kØN
(cN ¶ Ï(dk) ¶ aN )

Ø
fl

NœN

Q
acN ¶ (

fi

kØN
Ï(dk)) ¶ aN

R
b

(ú)=
A fl

NœN
cN

B
¶

Q
a fl

NœN

fi

nØN
Ï(dk)

R
b ¶

A fl

NœN
aN

B

= 1 ¶

Q
a fl

NœN

fi

kØN
Ï(dk)

R
b ¶ 1

Ø Ï(
fl

NœN

fi

nØN
dk)

Ø
fl

NœN

fi

nØN
dk

where in (ú) we used once more the argument involving increasing sequences (explained in a previous footnote), but now
for three sequences instead of two. This means that

x
NœN

w
kØN dk is a fixpoint of Ï which – as we showed earlier – is

not 0, so we must have 1 Æ x
NœN

w
kØN dk.

(v) Since ‘ π 1 Æ x
NœN

w
kØN dk, and the latter supremum is directed, there must exist an N0 œ N such that

‘ Æ w
kØN0

dk. Yet, we established earlier that ‘ ”Æ dk for all k œ N. This is the announced contradiction. 2







Fixpoint theorem (4)

Theorem
Suppose that F : C → C is a φ-contraction on a Cauchy complete Q-category.
Suppose that Q is a continuous lattice and φ : Q→ Q is a lower-semicontinuous function.

If there exists an x ∈ C0 such that C(Fx, x) ̸= 0 ̸= C(x, Fx), then F has a fixpoint.

If C is symmetric, then any two fixpoints of F are either isomorphic or in different
summands of C; if C has no zero-homs, then any two fixpoints of F are isomorphic.

Examples:

Q = ({0, 1},
∨
,∧, 1): the theorem trivializes for ordered sets.

Q = ([0,∞],
∧
,+, 0): a generalized Banach fixpoint theorem for generalized metric

spaces, allowing for non-linear contractions (see also (Boyd and Wong, 1969)).

Q = ([0, 1],
∨
, ∗, 1): a new fixpoint theorem for fuzzy orders, to be compared with e.g.

(Coppola et al., 2008).

Q = (∆,
∨
, ∗, e): a new fixpoint theorem for probabilistic metric spaces, encompassing

certain known results (Hadžić and Pap, 2001).
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spaces, allowing for non-linear contractions (see also (Boyd and Wong, 1969)).

Q = ([0, 1],
∨
, ∗, 1): a new fixpoint theorem for fuzzy orders, to be compared with e.g.

(Coppola et al., 2008).

Q = (∆,
∨
, ∗, e): a new fixpoint theorem for probabilistic metric spaces, encompassing

certain known results (Hadžić and Pap, 2001).



Fixpoint theorem (4)

Theorem
Suppose that F : C → C is a φ-contraction on a Cauchy complete Q-category.
Suppose that Q is a continuous lattice and φ : Q→ Q is a lower-semicontinuous function.

If there exists an x ∈ C0 such that C(Fx, x) ̸= 0 ̸= C(x, Fx), then F has a fixpoint.

If C is symmetric, then any two fixpoints of F are either isomorphic or in different
summands of C; if C has no zero-homs, then any two fixpoints of F are isomorphic.

Examples:

Q = ({0, 1},
∨
,∧, 1): the theorem trivializes for ordered sets.

Q = ([0,∞],
∧
,+, 0): a generalized Banach fixpoint theorem for generalized metric

spaces, allowing for non-linear contractions (see also (Boyd and Wong, 1969)).

Q = ([0, 1],
∨
, ∗, 1): a new fixpoint theorem for fuzzy orders, to be compared with e.g.

(Coppola et al., 2008).

Q = (∆,
∨
, ∗, e): a new fixpoint theorem for probabilistic metric spaces, encompassing

certain known results (Hadžić and Pap, 2001).



Take-away message: an equilibrum of three

To formulate a fixpoint theorem for a φ-contraction F : C → C on a Q-category,

C must be
sufficiently
complete

F must be
sufficiently
contractive

Q must be
sufficiently
continuous

Our theorem captures known examples and produces new results. Yet, the literature
abounds with fixpoint theorems. Further study is necessary!



Closing remark from Fréchet (1906):
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Bonne fin d’année 2022, et bon début d’année 2023 !


