When is Cat(Q) cartesian closed?
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Abstract. We give an elementary characterization of those quantaloids Q for which the category
Cat(Q) of Q-enriched categories and functors is cartesian closed. We then unify several known cases
(previously proven using ad hoc methods) and we give some new examples.
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1. Introduction

An object A in a category € with finite products is said to be exponentiable when the functor — X
A: @—C has a right adjoint (whose action on an object B in € is then written as B4). The category
C is cartesian closed if it has all finite products and all of its objects are exponentiable. This is
an important condition, e.g. it is a crucial axiom for toposes. But also non-topos categories can be
cartesian closed: a well-known example is the category Pos of ordered sets and order-preserving maps.
On the other hand, the familiar category Met of (generalized) metric spaces and non-expanding maps
has all products but is not cartesian closed [1]. These two examples are instances of the same general
construction, namely categories enriched in a quantale [6]: for ordered sets the base quantale is the
Boolean algebra ({0,1}, A, T), whereas for metric spaces it is Lawvere’s quantale of non-negative real
numbers ([0, 00|, +,0). In fact, quantales themselves are precisely quantaloids with a single object
(like monoidal categories vs. bicategories), and quantaloidal enrichment — even though slighly more
involved — captures many more useful examples, e.g. partial metric spaces. Thus the question arises:
which property of a base quantaloid Q makes the category of Q-enriched categories (which always has
products) cartesian closed? In this paper, we shall give a full answer to this question.

To be more precise, recall that a quantaloid Q is a 2-category whose homs are suplattices and in
which composition distributes over suprema:

go (\/fi> =\/(gof;) and (\/g) o f=\(giof)

(2

Henceforth we shall always assume that Q is small, and we write Qg for its set of objects and Q;
for its set of morphisms. A Q-enriched category A is a set Ag of ‘objects’ together with a ‘type’
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function Ag—Qp: a — ta and a ‘hom’ function Ag x Ag—Q1: (a/,a) — A(d,a) such that, for all
a,a’,a"” € Ay,

A(d,a): ta—tad’ in Q , A(d",d)oA(d,a) <A(d",a) and 1 < A(a,a).
A Q-enriched functor F': A— B is an ‘object function’ Ag— Bg: a — Fa such that, for all a,a’ € Ay,
t(Fa) =ta and A(d,a) <B(Fd,Fa).

With obvious composition and identities, Q-categories and functors form a (large) category Cat(Q).
The terminal Q-category T has Ty = Qg as object set, the type function is the identity, and the hom-
arrow T(Y, X) is the top element of Q(X,Y); it is easily seen that the type function of a Q-category
A underlies the unique functor from A to T. The binary product of two Q-categories A and B has
object set (A x B)y = {(a,b) € Ag x By | ta = tb} with types t(a,b) = ta = tb and hom-arrows
(A x B)((d,V), (a,b)) = A(d',a) NB(V,b); the projections are obvious and the universal property is
easy to verify.
The starting point for our investigation is the following result from the article [2]:

Theorem 1.1 ([2]) A functor F: A—B between Q-enriched categories is exponentiable in Cat(Q),
i.e. the functor
— x F: Cat(Q)/g—Cat(Q)/p

admits a Tight adjoint, if and only if the following two conditions hold:
1. for every a,a’ € A and \/, f; <B(Fd', Fa),

(V#)an.a)=\/ (finAd,a).
2. for every a,a” € A, b € B, f <B(V,Fa) and g < B(Fad", V),

(go N i@ a)= \/ (AA@,d))o(f Ak, a).

a’eF—1y

Since a Q-category A is an exponentiable object of Cat(Q) precisely when the unique functor from A
into the terminal Q-category is an exponentiable morphism, the above implies:

Corollary 1.2 ([2]) A Q-category A is an exponentiable object of Cat(Q) if and only if
1. for all a,a’ € A, A(d’,a) is exponentiable in the suplattice Q(ta,ta’),
2. for all a,a” € A and f:ta—Y, g: Y —tad” in Q,

(go f)NA(" a)=\/{(gAA(" ) o (f NA(d,a)) |a' €A, td =Y},

In particular, any locale L (i.e. a complete lattice in which finite infima distribute over arbitrary
suprema, or equivalently, a suplattice in which each element is exponentiable) can be viewed as a
quantale with binary infimum as composition—and therefore as a one-object quantaloid Q;. With
the Corollary above, it is easily verified that every Qp-category is exponentiable; that is, Cat(Qy) is
cartesian closed.

Furthermore, the following particular situation was also pointed out in [2] (rephrased slightly here):



Example 1.3 ([2]) Suppose that the base quantaloid Q is locally localic (meaning that each hom-
suplattice is a locale) and satisfies the interchange law: for any arrows

f g
A B C

h k

in Q, the equality (go f) A(koh) = (gAk)o(f Ah)holds. Then a Q-category A is an exponentiable
object of Cat(Q) if and only if, for all a,a” € A and Y € Q,

(Tytar © Ttay) A A(d",a) = \/ {A(a”, a)oA(d,a)|d €A, td = Y} .

However, [2, Example 5.2] then contains the erroneous claim that all free quantaloids' satisfy the
interchange law; and from this it is then deduced that the category of categories enriched in a free
quantale is always cartesian closed. The mistake is easily recognized: a quantale @ = (Q,\/,0,1)
satisfying the interchange law has a second monoid structure (@, A, T) which, by the “Eckmann-
Hilton argument”, is necessarily identical to (@, o, 1) — in other words, such a quantale @ is nothing
but a locale (it has o = A) — yet this is not the case for a non-trivial free quantale! So this leaves it
an open question whether or not Cat(Q) is cartesian closed whenever Q is a free quantaloid—and this
instigated our research presented in this paper.

In the following section, a series of Lemmas builds up to our main Theorem 2.5 that gives an
elementary necessary-and-sufficient condition on a quantaloid Q for the category Cat(Q) to be cartesian
closed. With this characterization, we then unify several known cases (previously proven using ad hoc
methods), and we give some new examples. Our final Example 3.9 corrects the erroneous claim from
[2]: we point out that Cat(Q) is never cartesian closed for a non-trivial free quantale Q.

2. Cartesian closedness of Cat(Q)

Corollary 1.2 shows exactly how the exponentiability of each individual Q-category A depends on the
base quantaloid Q. Thus, to find (at least) necessary conditions on Q for Cat(Q) to be cartesian closed,
we can put different “test” categories in place of A. A particularly simple kind of Q-category will be
useful: for any arrow f: X—Y in Q, let Py denote the Q-category with two (different) objects, *;
and o, with types tx; = X and tx9 =Y, and whose homs are

Pp(x1,%1) = 1x, Py(*2,%2) = 1y, Pr(xe,%1) = f, Py, %) =Ly,x .

This category Py is the collage of the one-element distributor (f): 1x —e+1y, which itself is the image
of the arrow f: X —Y under the inclusion of quantaloids Q — Dist(Q) (the codomain of which is the
quantaloid of Q-categories and Q-distributors).

Lemma 2.1 If Cat(Q) is cartesian closed, then Q is locally localic.

!Given a (small) category G, the free quantaloid PC has the same objects as €, the hom-suplattice PC(X,Y) is the
powerset P(C(X,Y)), composition in PC is done “elementwise”,

for SCC(X,Y)and T CC(Y,Z) define To S ={tos|seS,teT},

and the identity on an object X is {1x}. If C has only one object — so it is effectively a monoid — then this construction
produces the free quantale on that monoid. See [8].



Proof : For any arrow f: X —Y in Q, by hypothesis we know that P; is exponentiable in Cat(Q),
which by the first condition in Corollary 1.2 implies exponentiability of f in Q(X,Y). Thus each
hom-suplattice of Q must indeed be a locale. |

Lemma 2.2 If Cat(Q) is cartesian closed, then for any X L Yy Y 7 with X +Y # Z in

Q we have that go f = Lx 7.

Proof : For any objects X and Z in Q, consider the top arrow Tx z: X — Z; we know by hypothesis
that the Q-category Pt , is exponentiable in Cat(Q). Given any f: X —Y and g: Y — Z in Q with
X #Y # Z, the absence of objects of type Y in Pr, , makes the right hand side of the second
condition in Corollary 1.2 the supremum of the empty subset of Q(X, 7). Thus

gof:(gof)/\TX,Z:(gof)/\PTX’Z(*Qj*l):\/(Z):J_X7Z

as claimed. O

Lemma 2.3 If Cat(Q) is cartesian closed, then

9
(i) for any XLX T> Y with X #Y in Q we have that (go f)Nh=(gAh)o (f Alx);

*>f g
(ii) for any XT>Y*>Y with X #Y in Q we have that (go f)Nh=(gAly)o(f Ah).

Proof : We prove the first of these conditions; the second is similar. By hypothesis we know that P,
is exponentiable in Cat(Q), so we can compute with the second condition in Corollary 1.2 that

(go f)Nh= (g0 f)ANPpn(x2,%1) = (g APp(x2,%1)) o (f APp(*1,%1)) = (g A h) o (f Alx),

as wanted. O
/
—
Lemma 2.4 If Cat(Q) is cartesian closed, then for any X —9— X in Q we have that
~__x
h

(gof)Nh=((gNnh)o(fALlx))V((gAlx)o(fAh)).

Proof: As before, we use the hypothetical exponentiability of P, to compute with the second condition
in Corollary 1.2 that

(go f)Nh=(go f)APr(x2,%1)
= ((g APp(x2,%1)) o (f APp(x1,%1))) V (g APr(x2,%2)) o (f APp(x2,%1)))
=((gnh)o(fAlx))V((gAlx)e(fAh)),
noting that now IP;, has two objects of type X. O

As it now turns out, the necessary conditions for Cat(Q)’s cartesian closedness established in the four
previous Lemmas, are also sufficient:



Theorem 2.5 Let Q be a small quantaloid. The category Cat(Q) is cartesian closed if and only if

(i) Q is locally localic, and

-

(ii) for any XT Z in Q we have that
Lxz X AY £72,
Ah)o(FfAl X =Y 427,
(g0 f) A= (gAR)o(fAlx) Z.f 7#
(gAlz)e(fAh) fX#Y =2,

((gAh)O(fAlx))v((gAlz)o(fAh)) fX=Y =2

Proof : The necessity of the conditions in this statement follows from Lemmas 2.1, 2.2, 2.3 and 2.4.
For the sufficiency, suppose that Q satisfies both conditions in the statement. Now let A be any Q-
category; we shall verify that both conditions in Corollary 1.2 hold. Since Q is locally localic, the first
condition in Corollary 1.2 is certainly satisfied. As for the second condition in Corollary 1.2, we only
need to verify that the left hand side is less than or equal to the right hand side, because the converse
inequality is always true (using the composition law in A). Let a,a” € A and f: ta—Y, g: Y —tad”
in Q. We distinguish four cases:

- Ifta #Y # tad”, then
(go f)ANA(d",a) J_mmu:\/{ (gNA(d" d))o (f ANA(d,a)) |d €A, td =Y}

because any arrow in Q that factors through an object which is neither its domain nor its
codomain is the bottom arrow. (This follows from the first of the four cases in condition (ii) by
letting h = T x,z.)

- Ifta=Y # tad”, then
(go fYNA(d",a) = (gAA(d",a)) o (f A1)
< (gAA(d",a)) o (f A A(a,a))
<\/{g/\A d))o(fAAd,a)|d €A, td =Y},
where we use the second case of condition (ii) and the fact that 1;, < A(a,a).
- Ifta #Y = td”, then
(g © f) N A(a”a CL) = (g A 1ta”) o (f N A(a//7 a))

< (9N A" a")) o (f ANA(d",a))
<\ A{(gnAd",d))o(f NA(d a)) |d €A, td =Y}

where we use the third case of condition (ii) and the fact that 1,,» < A(a”,d”).



- Ifta=Y =td”, then

(9o f)NA(d",a) = ((g A A" a)) o (f Alia)) V ((9 A Liar) o (f A A(a”,a)))
< (g~ Aa",a)) o (f AA(a,a)) V ((g AA(d",d")) o (f A A", a)))

<\ A{(gnA@",d))o(fAA(d a))|d €A, td =Y}
now using the fourth case of condition (ii) and both 14, < A(a,a) and 14 < A(a”, d”).

This concludes the proof. O

To end this section, let us remark that, if Cat(Q) is cartesian closed, then surely, for every f: X —Y
in Q, the Q-category Py is exponentiable. However, the converse is true too: the proofs of Lemmas 2.1,
2.2, 2.3 and 2.4 only use the exponentiability of categories of the form P¢, yet those Lemmas establish
the (necessary and) sufficient conditions in Theorem 2.5 for Cat(Q) to be cartesian closed.

3. Examples

Example 3.1 (Quantales, locales) Let @ = (Q,0,1) be a quantale. Then Cat(Q) is Cartesian
closed if and only if the underlying suplattice of @) is a locale and

for all a,b,c€ Q: (aob)Ac=((aNc)o(bAL))V((LAa)o(bAc)), (1)

because the other conditions in Theorem 2.5 are void. Clearly, this condition is met whenever the
multiplication in @ is in fact the binary infimum, i.e. when @) is nothing but a locale.

Example 3.2 (A non-locale example) Endow the set @ = {0, %, 1} with the natural order and the
multiplication x o y = max{z + y — 1,0}; this is exactly the truth-value table of (the conjunction in)
Lukasiewicz’s three-valued logic [7]. It is easy to check that @ is a quantale that satisfies the conditions
in Theorem 2.5, hence Cat(Q) is cartesian closed. This shows that Cat(()) may be cartesian closed
even when @ is not a locale, that is, it may have o # A (yet its underlying suplattice is necessarily a
locale). This example appears in [5, Example 4.8] with an ad hoc proof.

Example 3.3 (Integral quantales, t-norms) For the quantale @ = {0 < 1 < T} (with the only
possible multiplication that has 1 as neutral element), Cat(Q) is cartesian closed: this shows that
condition (1) does not imply that 1 = T in . However, if @) is an integral quantale (meaning that
1 =T), then the condition in (1) simplifies to

for all a,b,c€ Q: (aob)Ac=((aNc)ob)V (ao(bAc)). (2)

Recall that a left-continuous t-norm is exactly an integral quantale whose underlying suplattice is
the real interval [0,1] (with natural order); such a ¢-norm is continuous whenever multiplication is
a continuous function (in each variable). As the underlying suplattice of a (left-)continuous ¢-norm
Q@ = ([0,1],0,1) is a locale, Cat(Q) is cartesian closed if and only if (2) holds. Theorem 4.7 of [5] implies
that the only continuous t-norm satisfying (2) is the Gddel t-norm, that is, whose multiplication is
given by binary infimum. However, there are other left-continuous t-norms satisfying (2), for example

{0 if 2,y < 3,
Toy =

when putting

x Ay otherwise.



As a final remark, condition (2) was first observed in [4, Theorem 4.6], but only for so-called complete
subquantales of continuous t-norms (such as Example 3.2 above), and with a different proof than ours.

Example 3.4 (Squares, cubes and idempotents) If @ is an integral quantale satisfying (2), then
an easy computation shows that (writing aa for a o a)

aa =aa A aa = (aAaa)aValaaa) = aaa

for any a € Q. (This, by the way, clearly does not hold in the Lawvere quantale ([0, oc], A, +,0), so
the category of generalized metric spaces is not cartesian closed, cf. [1].) It follows that every square in
such a @ is idempotent, and in [4, Theorem 4.6] it is shown that, for localic subquantales of continuous
t-norms, this fact is equivalent to (2).

Example 3.5 (A quantaloidal example) Let Q be the split-idempotent completion of the two-
element Boolean algebra 2, that is, Q has objects and arrows as in

0 0
Qe )
~_
O

1

with composition given by binary infimum. This quantaloid satisfies the conditions in Theorem 2.5, so
Cat(Q) is cartesian closed. Remark that Q is precisely the quantaloid of diagonals in 2, viz. Q = D(2),
so that Cat(Q) is exactly the category of partial 2-enriched categories [3].

Example 3.6 (Coproducts of quantaloids) Given two small quantaloids Q; and Qs, their coprod-
uct in the category Qtld of quantaloids and homomorphisms (i.e. the category of Sup-enriched cate-
gories and Sup-enriched functors), that we shall denote by Q, is constructed as follows:

- 0bj(Q) = obj(Q1) & obj(Qs),

9(X,Y) if X|Y € obj(@Q1),
CQX,Y) =4 Q(X,Y) if X,Y € obj(Qs),
{1} otherwise,

and composition and identities are defined in the obvious way. It is straightforward to verify with
Theorem 2.5 that both Cat(Q;) and Cat(Q2) are cartesian closed if and only if Cat(Q) is cartesian
closed. This generalizes the previous example, which can be interpreted as the coproduct of two
(one-object suspensions of) locales.

Example 3.7 (Another quantaloidal example) Let L be a locale, pick two elements u,v € L,
and consider the quantaloid Q with

- 0bj(Q) = {u, v},

- Qu,u) = Lu, Qv,v) = {v, Qu,v) = | (u Av) and Q(v,u) = L,



with composition given by binary infima. This quantaloid satisfies the conditions in Theorem 2.5, so
Cat(Q) is cartesian closed. If w Av = L, then this Q is the coproduct in Qtld of |u and | v seen as
one-object quantaloids; otherwise it is not a coproduct of one-object quantaloids.

Example 3.8 (Diagonals) Let L be a locale; we already saw that Cat(L) is cartesian closed. Now let
D(L) be the quantaloid of diagonals in L (equivalently in this case, obtained by splitting idempotents
in L). It is locally localic but as soon as L has at least three elements, Cat(D(L)) is not cartesian closed
because the requirement in Lemma 2.2 does not hold. This shows that the properties in Theorem
2.5 are not stable under the splitting of idempotents nor under the construction of diagonals (see
[9, Example 2.14] for more on diagonals in a quantaloid). Incidentally, both L and D(L) satisfy the
interchange law, so this also goes to show that this is neither a necessary nor a sufficient condition for
cartesian closedness.

Example 3.9 (Free quantaloids) The free quantaloid PC on a small category C is always locally lo-
calic: its local suprema/infima are unions/intersections in powersets. It furthermore satisfies condition
(ii) in Theorem 2.5 (i.e. Cat(PC) is cartesian closed) if and only if

in the category €, when two morphisms compose then at least one of them is an identity. (3)

(Put differently, this is a category in which every morphism is prime.) Indeed, (3) says in particular
that the only endomorphisms in € are identities, which makes it straightforward to check the four
cases in Theorem 2.5—(ii). Conversely, first consider an endomorphism f: X — X in €, and suppose
that f # 1x. Putting FF = G = {f} and H = C(X, X) in PC(X, X), we get from the fourth case in
Theorem 2.5—(ii) that

{foft=(GoR)nH = ((GnH)o(FN{ixh))u(Gn{ix}) e (FNH))=0U0,

a contradiction; so all endomorphisms in C are identities. Now consider a composable pair of morphisms
in €, say f: X—Y and ¢g: Y — Z, neither of which is an identity; because all endomorphisms are
identities, this implies that X # Y # Z. Puting F = {f} € PC(X,Y), G = {g} € PC(Y,Z) and
H =C(X,Z) € PC(X, Z) we find from the first case in Theorem 2.5-(ii) that

{gof}=GoFNH=,

a contradiction. Thus such a composable pair cannot exist in the first place.
For a one-object category, i.e. a monoid M, this shows that Cat(PM) is cartesian closed if and
only if M = {1}.
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