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Abstract

Let (Sp)n>0 be a transient random walk in the domain of attraction of a stable law
and let (£(s))sez be a sequence of random variables. Under suitable assumptions, we
establish a Poisson approximation result for the point process of exceedances associated
with (£(Sn))n>0 and demonstrate that it satisfies the D(u,) condition.
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1 Introduction

Extreme Value Theory (EVT) was initially introduced in a univariate context for indepen-
dent and identically distributed (i.i.d.) random variables. Subsequently, it was extended to
sequences that do not exhibit independence but satisfy certain mixing conditions and an
anti-clustering property. Among the weakest conditions are those by Leadbetter, referred to
as the D(u,) and D’(u,) conditions [11]. In this paper, we deal with extremes for a sequence
of real random variables which does not satisfy the D’(u,) condition. The sequence which
is considered is a random walk in random scenery. This concept was initially introduced by
Kesten and Spitzer [9], who established limit theorems for the sum of the first n terms and

explored it extensively in various directions (see, e.g., [3, 13] and the survey in [7]). Franke
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and Saigo [4, 5] examined this process in the context of extremes. We detail below their
problem.

Let (X)k>1 be a sequence of integer-valued i.i.d. random variables and let Sy = 0 a.s.
and S, = X1+ -+ X,,, n > 1. Assume that, for any = € R,

P ( Sn <) = Fala),

nl/a — n—00

where F,, is the distribution function of a stable law with characteristic function given by
o(s) = exp(—|s|*(Cy + iCsysgn s)), « € (0,2],

for some constants Cy, Cy, with C7 > 0. Let (£(s))sez be a stationary sequence of R-valued
random variables which are independent of the sequence (Xj)r>1. The sequence (£(Sy))n>0
is referred to as a random walk in a random scenery. In [5], Franke and Saigo derive limit
theorems for max;<, £(5;) as n goes to infinity when the £(s)’s are i.i.d.. The statements of
their theorems depend on the value of a. When av < 1 (resp. o > 1), it is known that the
random walk (S,,),>0 is transient (resp. recurrent) [9, 10].

An important concept concerning random walks is the range. The latter is defined as the
number of sites visited by the first n terms of the random walk, namely R,, := #{S1,...,S,}.
When o < 1, Le Gall and Rosen [10] proved that

Ry,
gt P—as. (1.1)

n n—o0

with ¢ := P (S #0,Vk > 1) € (0,1] and ¢ > 0. In [5] it is proved that, if u, is a threshold
such that nlP (§ > u,) — 7 for some 7 > 0, with § = {(1), and if the {(s)s are i.i.d., then

P (max{(Si) < un) — e ! (1.2)

i<n n— 00

for & < 1. A consequence of this result, combined with and Theorem 1.2 in [11], is that the
sequence (£(S,,))n>0 does not satisfy the D’(u,,) condition if ¢ # 1. Furthermore, Eq. (1.2)

was then generalized in [1] for sequences (£($))sez which are not necessarily i.i.d., but which



satisfy a slight modification of the D(u,) and D'(u,,) conditions.
In this paper, we give a more precise treatment of the extremes of (£(S,))n>0. The
conditions which are required are in the sense of [1] and presented below. To introduce the

first one, we write for each ¢; < --- <, and for each u € R,

Fi . ,(u) =P (1) <u,...,5(1p) <u).

D(u,) condition Let (u,),>0 be a sequence of real numbers. We say that the (stationary)
sequence of real random variables (£(s))sez satisfies the D(u,,) condition if there exist a
sequence (0 ¢)(nen2 and a (non-decreasing) sequence (£,,) of positive integers such that

g, — 0, ¢, = o(n), and

| Fo gty (Un) = Fiy iy (Un) g ()| < g

for any integers ¢; < --- <14, < ji <--- < jy such that j; — i, > (.

To introduce the D'(u,,) condition let us consider a sequence (k) such that

2
k, — oo, n—awn — 0, kul, = o(n), (1.3)

n—00 kn n—00

where (€,) and (au,)(n)ene are the same as in the D(u,,) condition.

D’(u,) condition In conjunction with the D(u,,) condition, we say that ({(s))sez satisfies

the D'(u,) condition if there exists a sequence of integers (k,) satisfying (1.3) such that

[n/kn ]
lim n > P((0) > up, &(s) > u,) = 0.
s=1

In Eq. (3.2.1) in [12], the sequences () (nyenz and (ky,) only satisfy knau, e, —2 0 whereas
in (1.3) we have assumed that gawn —= 0. In this sense, the D’(u,,) condition as written
above is slightly more restrictive than the usual condition (see e.g. p29 in [12]) since k,, < n.

The main topic of our paper is to extend [5] when o < 1, i.e. in the transient case, to



sequences which are not i.i.d. but which only satisfy the D(u,) and D’(u,,) conditions.
In Section 2, we prove that the so-called point process of exceedances converges to a
Poisson point process in the transient case. In Section 3, we show that (£(5,,))n>0 satisfies

the D(u,) condition.

2 Point process of exceedances

Throughout this section, we deal with the transient case, i.e. a < 1. For any k > 1, let

7 = inf{m > 1: #{S1,...,5.} > k}. Now, let 7 > 0 be fixed and u,, such that
nlP (£ > u,) — T (2.1)
Letting m(n) = |gn], the point process of exceedances is defined as the random set
Tk
B, — {  E(S0) > tUmuys T < n} c [0,1]. (2.2)
n k>1
Proposition 2.1. Let u, be as in (2.1). Assume that the D(u,) and D'(u,) conditions

hold. Then ®,, converges weakly to a Poisson point process ® with intensity T in [0, 1].

A similar result was obtained in [5] but only for i.i.d. £(s)’s. According to Theorem 4.11
in [8], Proposition 2.1 can be rephrased as follows: for any Borel subsets By, ..., Bx C [0, 1]

(#@, N By,..., #0, 0 Bx) — (#0N By,..., # N By),

where my 1) denotes the Lebesgue measure in [0, 1]. Deriving Poisson approximation for the
point process of exceedances is classical in Extreme Value Theory. In particular, Proposition

2.1 implies P (maxign £(5;) < um(n)> —> e 7.

n—oo
Proof of Proposition 2.1. According to Kallenberg’s theorem (see e.g. Proposition 3.22

in [14]), it is sufficient to prove the following properties:

(i) forany 0 <a < b <1, E[#®P,N (a,b] 7H—0>07(b—a);



ii) for any (finite) disjoint union of intervals I = ||~ (a;,b;] C (0,1], with L > 1 and
=1

a <by <o <bp, P(#P,NT=0) — e iy (bimai)

First, we prove (i). Given a < b, we have

E[#P, N (a,0] =E | Y 1ricy 1£(Srk)>um(n>]
k=1

=K Z ]‘%“G(a,b]

| k>1

x P (f > um(n)>

T

~ K {RLan - RLnaJ] X W,

n—oo

where the second line comes from the fact that (£(s))sez is independent of (S,,),>0 and where
the last one comes from (2.1). According to (1.1), we know that E [Rtnbj — Rina J] ol
n(b — a)q. This together with the fact that m(n) = |gn| implies (i).

To prove (ii), we first assume that I = (a,b], with a < b. Let (k,), (¢,) be as in (1.3)

and

" {k:nn— 1J b 2

for n large enough. Denoting by P(>») the probability conditional on (.S, ),>0, we get

P (#®, N (a,b] = 0) =P N {S(Sm) < um(m}

k>1:1k g (a,b)

=E [P ( N {&s) < um(n)}>] , (2.4)

Ses(na,nb]

where
Tk
S(na,nb] = {S’T'k k > ]-, g S (CL, b]} .

Notice that #Smans = Rins| — R|naj- To capture the fact that (£(s))sez satisfies the D(u,,)

condition and thus the D(umn)) condition, we construct blocks and stripes as follows. Let

Rn _Rna
an{ o) = By JJ+1‘

Tn



We subdivide the set S(;q,np into subsets B; C Sgnany, 1 < 1 < Ky, referred to as blocks, in
such a way that #B; = r, and max B; < min B, for all i < K,, — 1. Notice that K,, <k,
and #Bg, = Rjny| — Rjna) — (K — 1) -1y, a.s.. For each j < K,,, we denote by L; the family
consisting of the ¢, largest terms of B;. When j = K,,, we take the convention Lk, = 0 if
#DBg, < {,. The set L; is referred to as a stripe, and the union of the stripes is denoted by
L, = Uj<k, Lj. Proceeding as in the proofs of Lemmas 1 and 2 in [1], we can show that for

almost all realization of (S,,)n>o0,

o P (ﬂses(na,nb] {5(3) < “m(n)}) - P (HSESMa,nb]\ﬁ" {5(8) = Um(n)}) e O
o P (Mo s 4665) < i }) =~ Tz, PO (N,

{¢)
o Ticre, P (Neenien {6065) < tmin }) = Tizre, S (Nee, {€05) < e }) =2 0

n—oo
o [Li<x, POV (ﬂSEBz‘ {5(5) < “m(n)}> — 6Xp <_W7) oo 0

The first and the third assertions come from the fact that ¢, = o(r,). The second assertion
is a consequence of the fact that the sequence (£(s))sez satisfies the D(u,) condition and
the last one is obtained by using the D(u,) and D’(u,) conditions. Since %7’ —

n—oo

7(b — a) a.s., we deduce that, for almost all realization of (.S,,),>0,

P(Sn)( N {g<s)gum(n)}> —y T, (2.5)

n—oo
ses(na,nb]

This, together with (2.4) implies (ii) in the particular case when I = (a, b).

Now, if I is of the form I = | |- (a;, b;], we write

P (#, NI =0) =

(A0 =]

i=1 ses(na1 nb;]

By considering stripes and blocks again, we can show that

PSn) (m N {s<s>Sum<m})—HP<Sn’< N {f(s)éumw)mo@

i=1 Ses(nai,nbi] i=1 Ses(nai,nbi]



for almost all realization of (S,),>0. It follows that

lim P (#®, NI =0)= lim E

n—oo n—0o0

[T ( N {&) < Umm)})

=1 Ses(nai,nbi] -

5 (Sn) -
=E nh_)noloHIP’ " n {€(s) < wm@m }

i=1 ses(naimbi] J

L
—e 7 Zi:l(bi_ai)
)

where the last line comes from (2.5). This concludes the proof of Proposition 2.1. 4

We end this section with several remarks. First, Proposition 2.1 provides a more detailed
analysis of the extremes considered in [1] as it implies that P (maxigné‘ (S;) < um(n)) —
e~ 7. A natural question is whether we can consider the points ¢/n such that £(5;) is larger
than u, instead of those which are larger than w,(,). In this case, we think that the
underlying point process converges to a compound Poisson point process (a specific example
is dealt in [2] but does not constitute a general approach). Regarding the transient case,
i.e. a > 1, Franke and Saigo (Theorem 4 in [5]) demonstrate that the normalized point
process of exceedances converges to a Cox point process. However, their result relies on the
assumption that the £(s)’s are i.i.d.. This result could be extended to the case where the

€(s)’s only satisfy the D(u,) and D’(u,) conditions. Such an extension would be possible

by adapting the proof of Proposition 2.1 above.

3 The D(u,) condition

For technical reasons, we assume in this section only that

i sup sup \Y% [Rih,_%} — 0, (3.1)

n2p§n+1 0<ir<---<ip<n n—oo

where R, ;. = #{Si,, ... ,Sz-p}. Such an assumption holds if the X;’s are a.s. positive

(as an example, we can take X; = |Z;| + 1, where the Z;’s are i.i.d., positive and have a

one-sided stable distribution, i.e. with characteristic function ¢(s) = e~I*I"(C1—itan(ma/2))y,



Proposition 3.1. Assume that (£(s))sez satisfies the D(u,) and D'(u,,) conditions for u,

such that nlP (£ > uy,) — 7, with 7 > 0. Then (&(Sn))n>0 satisfies the D(u,,) condition.

In [5], the authors establish a similar result (Proposition 2) under the assumption that

the £(s)’s are i.i.d.. However, a key equality on page 463, namely

raises question as the justification provided lacks explicit detail. We propose a more general

alternative proof that remedies this issue.

Proof of Proposition 3.1. We adapt several arguments of [5] to our context. Let 0 <
ih < - <lp<j1 <---<Jy <n bea family of integers, with j; — i, > ¢, and ¢, = o(n).

To prove that (£(S,))n>0 satisfies the D(u,,) condition, we have to show that
|F1ill ..... TpsJlseees jp’ (Un> - F;/l ..... ip (un)‘Fjjl1 ..... jp’ (un>| S &nyfrﬂ
for some sequence (G ¢)(n,)en2 such that a, g, — 0, with

Fz‘/l zp(un) =P (5(511) < Upy - af(sip) < un) .

77777

R .
, 01 5eip 1y St
Fiy gy (Un) — B [QXP (‘n T

Riy..ipjrri Ry .., + Ry,
[ ()] g o (e TR |
n n

-----

------

To deal with the first and the third terms, we will use the following lemma.



Lemma 3.2. We have

77777

sup E [

0<iy <-<ip<n

Proof of Lemma 3.2. We adapt key arguments from the proofs of Lemmas 1 and 2 in [1]
to our context. Let (k) and (r,) be as in (1.3) and (2.3). Given 1 < i; < iy < --- <1, <mn,
we subdivide {S;,,...,5; } into K, blocks, with K, = LR”T”’J + 1, as in the proof of
Proposition 2.1. More precisely, there exists a unique K,-tuple of subsets B; C S, := S,
i < Ky, such that: U<k, B; = {Si,...,S;,}, #Bi = r, and max B; < min B,y for all
i < K, — 1. In particular, K, <k, and #Bg, = R;, i — (K, —1)-r, a.s.. Without loss
of generality, we assume that #Bgx, = #B; = r, for all i < K,, — 1, so that R;,
For each j < K,,, we denote by L; the family consisting of the /,, largest terms of B; and
let £, = Uj<k, Lj. In the rest of the paper, we write Mp = max.cp &(s) for all B C Z.

Adapting the proof of Lemma 1 in [1], we can show that, for almost all realization of

(Sn)n>0 and for n larger than some deterministic integer ny,

ps) (M{Si1 ..... Syt < Un) — P~ (M{si1 ,,,,, Siy N\ < Un)’ < kplnP (& > uy);
ps) ( {SiyssSip N = Un) -] P(S~) (MBj\Ln < Un> < knQng,;
j<Kn
[T P (Mp, <un) = [T PO (Mg, <up)| < o Thln,
J<Kn i<Kn ' n

...........

sup
0<i1 <-<ip<n

,,,,,,

Without restriction, we assume from now on that P (§ > u,) = Z. We show below that

sup E

0<i1 <-<ip<n

[1 P (Mp, < u,)

J<Kn

— 0. (3.3)

To do it, we adapt several arguments of Lemma 2 in [1]. Using the facts that log(1 — x) >



—x — x? for |z| small enough and that r,P (£ > u,) —2 0, we get for n large enough

H P(S») (MBj < Un) —exp (_ R, ... ip 7_)

J<Kn

Ry i
> exp (K, log(1 —r,P (£ > uy,))) —exp <_ Lyeess p7_>
n

> 0xp (< KuraP (€ > ) = KB (€ > w)?) — enp (- ter )

Because K,r, = R;, . i, and P (§ > u,) = T, we have

.....

H P(Sn) (MBj < Un) — exp <_ Ril 7777 ip 7.)

J<Kny

> exp(—kn(r,P (§ > un))Q) -1

since K,, < k,, a.s.. Because k,r, ~ n, we obtain for some ¢ > 0,
n—o0

H P(S) (MBj < un) — exp <—Ri1 """ ipT) > ¢ kl

J<Kn

Moreover, because [];<, P(5n) (MBj < un) < exp (— 2 i<Kn P(5») (MBj > un)), it fol-

lows from the Bonferroni inequalities that

[T P (Mp, < un)

J<Kn

< exp (_(Kn = DryP (€ > un) + Z Z P(¢(a) > un, £(8) > un)) :

J<Kn a<p;o,fEB;

Since K,r, = R;, and P (§ > u,) = =, we have

----- p

[T p~ (MBj < Un) — exp (— Ris.oiy 7') <exp (— Ry 7')

J<Kn

X (exp (rn]P’ (€ >un)+ > Yoo P(&a) > u &(B) > un)) - 1)

J<Kn a<B;a,8€B;

10



and therefore

< exp (rnIP’ (€ >un)+ > Y P(&a) > u &(B) > un)) —1.

J<Kn a<fa,feB;

Proceeding along the same lines as in the proof of Lemma 2 in [1], we can show that

exp (TnP (&> un)+ > Yoo PE(a) > u,&(B) > un)) -1

J<Kpn a<B;a,BEB;

1 [72/kn]
<c (k +n Z P (£(0) > uy,&(s) > un)) :

Thus, for almost all realization of (.S,,)n>o0,

1 [n/kn]
<c (k; +n Y P(E0) > up, &(s) > Un)) )
n s=1

This shows (3.3) by taking the expectations and the triangular inequality.

It remains to prove that

sup E [

0<iy <-<ip<n

f(e) — 0 whereas the second one is smaller than 2 n=? e SUPg<iy cocip<n V {Ril ,,,, ip} , which

11



converges to 0 as n goes to infinity according to (3.1). This concludes the proof of Lemma

3.2 by taking first the limit over n — oo and then the limit over £ — 0. U

As a consequence of Lemma 3.2, the first and the third terms of the right-hand side of (3.2)

converge to 0 as n goes to infinity. To deal with the second one, we write

. Riy iy + Ry
exp | ——————— 7| —exp | — T
n n

T1seeesJot
B R,y + Ry R
=exp | — - 7| | exp TT -1

ipt+ln+1,...m
Rlv--'vip
S eXxp|———m7 - 1,
n

where the last line comes from the fact that j; — ¢, > ¢, with
J1seesJipt
R’il,...,i;) = # ({Sh? c S’ip} ﬂ {Sj17 c 7Sj1]/}> = Ri17v-'7ip + Rj17~-.,jp/ - Ril,...,’ip,jl,...,jp/'

Since £, > 0, we get

Ry iy Ri,ip + Ry
exp| ———————F 1 | —exp | — T

n n
R’H—l,:..,n
< sup exp (1’27') —1, (34)

<n

sup

where the supremum in the left-hand side is taken over all integers 0 <7y < -+ <14, < j1 <

-+ < gy < m, with j; — i, > €,. Using the fact that R{"""" = Ri_; + Riy1..n — Ri.n

i+1,...,n
and following [10], we have sup,,, Rl"‘ﬁ”' —= 0 as.. This, together with (3.4) implies
Riy iy Riy i, + Ry g,
sup |IE lexp (—1’ ol dy 7')] —E [exp <— L el 7‘)] — 0
n n n—oo
and concludes the proof of Proposition 3.1. O

When a > 1 and when the £(s)’s are i.i.d., it is proved in [5] (Proposition 1) that

(£(Sn))n>0 does not satisfy the D(u,) condition. The same holds when the £(s)’s only

12



satisfy the D(u,,) and D’(u,) conditions.
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