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Abstract

We prove the existence of infinite-volume IDLA forests in Z¢, with d > 2, based on a
multi-source IDLA protocol. Unlike IDLA aggregates, the laws of the IDLA forests studied
here depend on the trajectories of particles, and then do not satisfy the famous Abelian
property. Their existence is due to a stabilization result (Theorem our main result)
that we establish using percolation tools. Although the sources are infinitely many, we also
prove that each of them play the same role in the building procedure, which results in an
ergodicity property for the IDLA forests (Theorem [1.2)).
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1 Introduction

The Internal Diffusion Limited Aggregation (IDLA) model gives a protocol to build random
aggregates (Ay)n>0 recursively in 74, Initially, we assume that Ag = (. Then, at some step
n > 1, given A,,_1, the first site visited outside of A,_1 by a random walk started at the origin
is added to A,,_1 in order to obtain A,. In this context, such random walks are called particles.
IDLA was initially introduced by Meakin and Deutch in [22] to model an industrial chemical
technique known as electropolishing. The goal of such a process is to eliminate a small coat of
material off of a metallic surface in order to make it smoother. It became pertinent to quantify
how smooth the surface of a polished metal could get through such a process.

A first shape theorem was established by Lawler, Bramson and Griffeath in [19] to describe
the asymptotic shape of A, as n tends to infinity, as a Euclidean ball. This result was later made
sharper with the works of Jerison, Levine and Sheffield [I5], [16], [I7] and Asselah and Gaudilliere
[1, 2, B]. In their works, the bounds for fluctuations around the limit shape are improved from
linear to logarithmic in dimension d = 2 and sublogarithmic in dimensions d > 3. See also [12]
for a continuous time version. From then on, variants of the IDLA model have been studied
on many other graphs, such as on cylinder graphs in [18| 21 25], on supercritical percolation
clusters in [10} 24], on comb lattices in [4, [I14] or on non-amenable graphs in [13] 23].

While the previously cited IDLA models are single-source, multi-source IDLA models have also
been considered in [7, 8, [20] and by the authors in [5]. This question was originally investigated
by Diaconis and Fulton [9] in the context of the smash sum of two domains in which they
discover the famous Abelian Property of IDLA aggregates, meaning that modifying the order



in which particles are launched does not change the distribution of the final aggregate. This
beautiful property will be a powerful tool for the study of IDLA models.

In the present paper, we introduce new random graphs on Z¢ with d > 2, called IDLA
forests, whose construction is based on a multi-source IDLA protocol. We consider an infinite
set of sources, namely the hyperplane H := {0} x 741, Basically, in addition to the site at
which the current particle exits the aggregate and stops, we also retain the edge by which the
particle reaches that site. This procedure leads to a random forest on the lattice Z%, i.e. a
collection of disjoint random trees rooted at sources of H. Unlike IDLA aggregates, trajectories
of particles really matter for the IDLA forests, meaning the Abelian property is no longer true
for this new model, making it more difficult to show the existence of these forests.

However, we prove in Theorem (our main result) the existence of the infinite-volume
IDLA forests, generated by the infinite set of sources H. See Figure [] for a simulation in
dimension d = 2. Moreover, our construction does not favor any source in the sense that
(roughly speaking), at any time, the next source to emit a particle is selected ‘uniformly’ among
all the sources of H. This remarkable feature is stated in Theorem in which we prove that
the IDLA forests are ergodic w.r.t. the translations of .

Let us notice that the existence of bi-dimensional IDLA forests has been already explored
by the authors in [6] but their proof strongly used the one-dimensional aspect of the set of
sources—which is {0} x Z when d = 2-and then completely collapses in higher dimensions. More
than a generalization of [6], we think that the method developed here and based on percolation
tools is original in the context of IDLA and is certainly promising to deal with graphs built from
IDLA protocols with infinitely many sources.

Construction of the finite-volume IDLA forests

Let us start by describing our random inputs. Let us first consider a family of i.i.d. Poisson
Point Processes (PPP) on R, with intensity 1 and denoted by {N,}.cy. Each pPP N, provides
a sequence (7, j);j>1 of successive tops which act as random clocks for the emission of particles
from the source z. Thus, to the sequence (7. ;);>1, is associated a sequence of i.i.d. simple
random walks (S, ;);j>1 on Z? starting at z. Note that the S, ;’s, for z € H and j > 1, are
independent from each other and also independent from the PPP N.’s. Hence, at time 7, ;, a
particle is emitted from the source z (precisely, the j-th one coming from z), and follows the
trajectory given by the random walk S, ; until exiting the current aggregate. To avoid having
multiple particles alive at the same time, we assume that particles realize their trajectories
instantaneously (w.r.t. the Poisson clocks).

Let M,n > 0 be integers. Set Hys := {0} x [~M, M]?. Let us consider the random set
Al [M] C Z% defined as the IDLA aggregate generated by particles emitted from the sources of
Hys and during the time interval [0,n]. Since the number of particles involved in Af,[M] is
a.s. finite (n(2M + 1)~ in mean), this aggregate is a.s. well defined. See the left hand side of
Figure |1| for a simulation of A;O [50] in dimension d = 3.

Now, we can build quite naturally from Af[M] a finite-volume IDLA forest F;,[M], simply
by considering the edges of Z¢ from which the particles involved in Af[M] exit the current
aggregate. Let k1= > 9, #N.([0,7]) be the total number of such particles. Let us enumerate
them according to their starting times, say 0 < 71 < 73 < ... < 7, < n (they are a.s. different).
For j € [1, k], we denote by A[j] the aggregate obtained until time 7;, including the site added by
the particle sent at time 7;. We then have A[0] = () (with 7o = 0) and A[k] = A}, [M]. We proceed
by induction to build the associated forest F,,[M]. Let us first set F,[M,0] = (0,0). Now, for
J € [1, k], given the random graph F,[M,j — 1] = (V;_1, E;_1), we define F,,[M, j] = (V}, Ej;)
as follows. Let = be the new site added to A[j — 1] by the j-th particle.



e If x is the source from which the j-th particle is emitted, then this particle actually is
the first one emitted from x, and x will be the root of a new tree in the graph. We set
Vj = Vj_l U {x} and Ej = Ej_l.

e Otherwise, let 2’ be the last site of A[j — 1] visited by the j-th particle before reaching .
Then we set V; = V;_; U{z} and E; = E;_1 U {(2/,2)}.

Finally, we define F,,[M] := F,[M, k]. See the right hand side of Figure [1| for a simulation of
F30[20] in dimension d = 2. This construction ensures that F,,[M] is a finite union of trees with
roots in Hjs and whose vertex set is equal to AJ,[M].
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Figure 1: To the left: A realization in dimension d = 3 of the multi-source aggregate A;O [50]
with particles emitted from Hs9 and on the time interval [0,20], looking like a ‘bar of soap’
Each settled particle is represented by a blue cube. To the right: A realization in dimension
d = 2 of the finite-volume IDLA forest F3p[20] associated to the aggregate A;O[QO]. Each tree is
represented in a different color. Unfortunately, for visual reasons, we will only represent IDLA
forests in dimension d = 2.

No monotonicity because of chains of changes

Thanks to the natural coupling defined in Section one can construct on the same probability
space the aggregates Al [M], for all M > 0, in such a way that a.s. Al [M] C Al [M + 1] for any
M. This monotonicity property allows us to a.s. define a limiting aggregate as

Alfoo] == | 1 Ab[M] . (L1)

M>0

However the same monotonicity property does not hold for the sequence (F,[M])ar>0 of associ-
ated IDLA forests, as depicted in Figure[2] Consequently, we cannot define an infinite-volume for-
est as the increasing union of finite-volume forests, in the same spirit as . Let M’ > M > 0.
Although their vertex sets satisfy the inclusion V(F,[M]) = Al[M] C V(F,[M']) = A},[M’]
(thanks to the natural coupling), this is no longer true for their edge sets. Indeed, some vertices
present in both forests F,[M] and F,[M’'] are reached using different particles and possibly
through different edges. This contributes to an edge in F,,[M] which is not present in F,[M’]
(and conversely). These discrepancies between F,[M] and F,,[M’] can occur through a tricky
phenomenon called chains of changes that we detail now. In a first time, the reader may skip
this part and go directly to the result section below.



Figure 2: A realization of F50[100] and F5p[150] using the natural coupling, i.e. their vertex sets
are such that AEO[IOO] C AEO[IE)O]. The green edges are common to both forests. The blue points
are vertices common to both aggregates, but reached by different particles, and may lead to
discrepancies between F50[100] and F50[150]. The red points are vertices of Ag0[150] \Ago[lo()].
Both pictures on the right are zooms of the one on the left. One can see the presence of many
blue points, especially on both extremities of Ago[loo]. Remark also that some of them appear
in the vicinity of the ej-axis (e; denoting the first vector of the canonical basis): see the top
left picture. These possible discrepancies are produced by chains of changes.

Let M" > M > 0 and n > 0. To explain what a chain of changes is, we need to slightly
describe the natural coupling we use. The basic idea of that coupling consists in using the same
random clocks (V) and the same random walks (S, ;) for both aggregates Af,[M] and Af [M].
Hence a particle starting from a source in H s will work for both aggregates, i.e. it will add a
new site to both aggregates (but not necessarily the same site). However, a particle starting
from a source in Hyy \ Har will only work for the larger aggregate Al[M']. Now, consider
such a particle starting at time ¢; € (0,n) from a source in Hyp \ Has, it adds a site z; to the
larger aggregate. Precisely, if we write AI{ [M'] the current aggregate produced right before

sending that particle, then we get AII [M'] = AI, [M'] U {x1}, while AII [M] = AI, [M] remains
1 1
unchanged. At this time, 1 belongs to the larger aggregate AI L [M'] but not to the smaller one

AL [M]. If no other future particles starting from Hps visit the site x;, then 27 will remain
a discrepancy until time n between both aggregates. Conversely, assume x; is visited at time
to € (t1,n) (and for the first time) by a particle coming from H;s, then both aggregates are
updated as follows:

e The site x; is added to the smaller aggregate: AL [M] = AI, [M] U {z1}.
2

e Since x already belongs to AI_ [M'], the particle continues its trajectory until exiting the
2
larger aggregate, say through a new site zo, that it is then added: AIQ [M'] = AI, MU
2
{22}

At time to, the site z; is no longer a discrepancy between both aggregates but it has been
reached by two different particles: x; actually is a blue point using the color code of Figure
i.e. both edges leading to z1 in F,[M] and F,,[M'] could be different. Moreover, the site xo



has become a discrepancy between both aggregates AL [M] and AIQ [M']. In other words, the
discrepancy has been relayed from x1 to z9 by the particle emitted at time to.

From then on, one can imagine a scenario where, at a random time t3 € (t2,n), the dis-
crepancy at o is relayed (by a third particle from Hjs) to a new site x3 and possibly becomes
another difference between both forests (i.e. a blue point), and so on. Such a phenomenon is
referred to as a chain of changes. We point out that, even if it is initiated by a particle from
Har \ Ha—ie. quite far away from the ej-axis when M is large—a chain of changes can spread
up to the ej-axis thanks to several relays. See the blue points in the top left picture of Figure 2]

Results

Our main task consists in controlling the chains of changes described in the previous section and
proving that they cannot spread up too much inside the aggregate. This leads to the following
stabilization result for the sequence of IDLA forests (Fy,[M])ar>0. For that purpose, we need to
define the strip Zg := Z x [-K, K]*~! for any integer K > 0.

Theorem 1.1 (Forest stabilization result). Let d > 2. For alln > 1 and K > 1, the following
holds with probability one:

ANy = No(n, K) > 0, VN > Ny, Fu[N] N Zg = Fa[No) N Z (1.2)

where the above identity means that all vertices and edges of Fp[N| and F,[No] inside the strip
Zx coincide.

From then on, Theorem allows us to take the limit M — oo in the sequence (F,,[M]) >0
in order to obtain an infinite-volume forest F,,. First remark that the sequence (No(n, K)), x
in ((1.1)) can be chosen increasing in K, which implies for any K’ > K,

fn[No(n,K)] NZg = fn[No(n, K/)] NZg C fn[No(n,K/)] NZgr . (13)

Inclusion ([1.3) compensates for the lack of monotonicity of the sequence (F;,[M]) pr>0 and allows
us to define the infinite-volume IDLA forest up to time n denoted by JF,, as

Foi=|J T FalNo(n,K)| N Zk , (1.4)
K>1

a.s. and for any n > 1. A realization of F109[200] is given in Figure [3[ seen through the strip
Z.40.

After taking the limit M — oo in space, let us take the limit n — oo in time. The sequence
(No(n, K))n i can also be chosen increasing in n. So using once again the stabilization result
of Theorem we can write:

FnNZg = .Fn[No(n, K)] NZkg = .Fn[No(n + I,K)] NZg
C Far1lNo(n+1,K)|NZk = Fry1 N Lk,

where the inclusion F,[M] C F,,+1[M] is merely due to extra particles emitted during the time
interval (n,n + 1] (from Has). Hence, the sequence of random graphs (F,),>1 is increasing in
the sense that a.s. for any n > 1, V(F,,) C V(Fuy1) and E(F,) C E(Fn+1). We then define
the infinite-volume IDLA forest Fso by

Foo = |J T Fn as. (1.5)

n>1



Figure 3: Here is a realization of Fj00[200] intersected with the strip Z4o. Taking M = 200 large
enough, one can expect the infinite-volume forest Fig9 and the finite volume forest Fi00[200] to
coincide on Z4p thanks to Theorem @

The infinite-volume IDLA forests Fo, and (F,,)n>0 previously defined are built from an infinite
set of sources, namely the hyperplane H = {0} x Z¢~!. Theorem below asserts that they
are invariant in distribution w.r.t. translations of H, meaning that all sources in H play the
same role in their constructions. This gives a mathematical sense to what was announced at
the beginning about Fo and (F,)n>0; at each time, the next source to emit a particle is chosen
‘uniformly’ among H.

For k € H, let us denote by T}, the translation operator on Z?¢ defined by Va € Z%, Ty, (z) =
r+ k.

Theorem 1.2. Let d > 2. The infinite-volume IDLA forests Foo and (Fp)n>0 satisfy the fol-
lowing properties:

1. Almost surely, the set of vertices of Fuo satisfies V(Fuo) = Z2.
2. The distributions of (]-'n)n20 and Foo are tnvariant w.r.t. translations Ty, k € H.

3. The distributions of (Fn), > and Foo are a-mizing, and then ergodic, w.r.t. translations
Ty, ke H. -

Strategy for proving Theorem

Let us call level M the set of sources in H at distance M from the origin (w.r.t. the infinite
norm |[[(z1,...,24)|| := max;|z|). Our main task consists in proving the stabilization result
Theorem i.e. given n > 1 and K > 1, that (1.2) recalled below occurs with probability 1:

ANy = No(TL, K) >0,VYN > Ny, fn[N] NZg = ]:n[NO] NZg .

Since the event {F,[N]NZk # Fn[No]NZk } implies the existence of a chain of changes between
Al [N] and Al ,[Nog], a natural approach would be, using the Borel-Cantelli Lemma combined
with a union bound, to show that

> ) P(Fu[N]NZg # FulNo] N Zg) < o0 .
No N>Nop

However, it is difficult to obtain any upper bounds which decrease with respect to N and make
the corresponding series summable. Indeed, this event provides no control on the level from



which that chain of changes is initiated: it could be initiated anywhere from level Ny + 1,
independently of V. A different strategy is therefore required.

Our original approach is to interpret the chain of changes phenomenon with a percolation
point of view. Consider N > Ny > K and a chain of changes between the forests F,[Ng] and
Fn|N] creating (at least) a discrepancy inside the strip Zx. Then, the sequence of successive
relays will be interpreted as a sequence of successive overlapping balls, centered at the sources
emitting the relay particles, whose cluster goes from level Ny to the strip Zx. In particular,
when Ny > K, a very large cluster will correspond to this chain of changes.

Given n, K > 1, we proceed by contradiction and assume that, with positive probability,

V Ny, AN > Ny, fn[N] NZg # Fn[No] NZg . (16)

Throughout the whole paper, we will refer to as the Absurd hypothesis. According to our
percolation viewpoint, leads to the existence of a Boolean model, say ¥, which percolates
(i.e. admits an unbounded cluster) with positive probability. To get a contradiction, we will
also state that X is actually subcritical with probability 1, concluding the proof of Theorem [T.1]
To do it, we will act on three characteristics of the Boolean model ¥: its intensity (the density
of its centers), its radii distribution and its long-range correlations.

First, the relay particles involved in a chain of changes are emitted by space-time points
(z,t), i.e. from a source z and at time ¢. Denoting by (z;,¢;)’s the sequence of emitting space-
time points of a given chain of changes, the time sequence (t;) is increasing by construction.
Taking advantage of this monotonicity property, we prove that the intensity of the Boolean
model ¥ can be chosen as small as we want.

Thus, recall that the (infinite) aggregate Al [oc] defined in is also the vertex set of
the 1DLA forest F,. So any information about it will help us to analyze the chain of changes
phenomenon. In particular, in the Boolean model X, the radius of a ball associated to a relay
particle is given by the maximal fluctuations performed by that particle from its source to exiting
Al [oc]. So stating a global upper bound (see Proposition for this infinite aggregate—within
a kind of cone—will allow us to control these fluctuations and prove that the radii distribution
of 3 satisfies good integrability conditions.

Finally, in order to show that X is subcritical, we will apply a multiscale argument in the
manner of [I1]. A crucial ingredient making this strategy successful is to quantify how much
>, when restricted to a finite window, depends on what happens far away. An important
step towards such a local property satisfied by the Boolean model X lies in the stabilization
result below. Theorem [1.3] interesting in itself, asserts that with high probability, the infinite
aggregate Al [oo], when restricted to the strip Zys, does not depend on particles launched from
levels larger than 2M.

Theorem 1.3 (Aggregate stabilization result). Let d > 2 and n > 1. There exists a positive
constant C = C(n,d) such that for any M,L > 1,

C

P(Al[0o] N Zpr = AL[2M] N Zps) > 1 — ST

Proof of Theorem is based on the global upper bound for Af[co] mentioned above, on
a donut argument already used in [6] and on a variant of the natural coupling between two
aggregates, called the special coupling.

Why does the proof of [6] collapse in higher dimensions?

In [6], the authors proved the existence of IDLA forests (Fy,),>1 and Foo—see (1.4) and (1.5)-in
the case of dimension d = 2, i.e. with the set of sources H = {0} x Z. Their proof only works
for the dimension d = 2 and cannot be generalized to higher dimensions: let us explain why.



For any integer n, let us define the vacant set V,, C H by
V,:={zeM: L(z)N Al [c0] = 0}

where L(z) := z+ {(k,0) : k € Z} is the horizontal line passing by z. It is proved in Corollary
5.2 of [6] that the random set V), contains a.s. infinitely many sources. Due to the dimension
d = 2, this implies that the aggregate Al [oo] is made up of (infinitely many) disjoint, finite
connected components. The aggregate A;rl[oo} being the vertex set of the IDLA forest F,, it
is then impossible for a chain of changes initiated from a very far away source to spread and
create a discrepancy inside a given strip Zg (the relay particles cannot jump from a connected
component of Al [oc] to another one). Corollary 5.2 of [6] is certainly still true in dimension
d > 3 (in the sense that Af[0o] contains an infinite number of empty lines Z x {y}, for y € Z4~1)
but its consequence about AL [0c], due to planarity, definitely collapses in higher dimensions.
However, one could ask whether the aggregate AL[oo] would still be an union of disjoint,
finite connected components in dimension d > 3. Actually that is wrong whenever n is large
enough. Indeed, let us call rooted a source z having emitted at least one particle during the time
interval [0, n]. Hence, z is rooted if and only if the corresponding PPP N, has generated at least
one top in [0, n|, which occurs with probability 1 —e~". The events {z is rooted}, z € H, being
independent from each other and their (common) probability tending to 1 as n — oo, we get
that the set of rooted sources percolates in H for n large enough. Since a rooted source belongs
to Al [0o], we conclude that this aggregate contains a (unique) infinite connected component.

Organization of the paper

Our paper is organized as follows. In Section [2] are gathered several properties about the
aggregate AL[OO] that will be useful in the sequel. The natural and special couplings are detailed
and the Aggregate stabilization result Theorem [I.3]is proved. In Section[3] we explain how chains
of changes can be interpreted in terms of percolation. In particular, we define in Section |3.3| a
discrete Boolean model 28, with intensity p. — 0 as € — 0, which is proved to be supercritical
(i.e. percolating) for any ¢ > 0 under the Absurd hypothesis (1.6). Conversely, in Section
we adapt to our context a multiscale argument due to [11] which allows us to prove that .
does not percolate provided the intensity p. is small enough, leading to a contradiction with the
conclusion of Section [3] Finally, Section [ is devoted to the proof of Theorem A detailed
proof of Proposition [2.2]is given in the Appendix [A]

2 The infinite aggregate Al[oo]

Let n > 1. Recall that the infinite aggregate A [oc] has been defined in (1.1 as the limit of
the increasing sequence of (finite) aggregates (Al,[M])ar>1. In this section, are gathered several
results about Af [oo] which will be helpful for the proof of our main result Theorem Indeed,
the infinite aggregate Af[oo] is intended to be the vertex set of the infinite-volume IDLA forest
Frn. Results about A}: [0o] are stated in Section Both natural and special couplings are given
in Section Finally, we prove the stabilization result for Al [oo] (Theorem in Section
23l

2.1 Results

Let us start with an invariance property in distribution for the infinite aggregate Af [0o]. This
result is based on the fact that the random ingredients generating Al [0o], namely the collection



of PPP {N, : z € H} and the random walks {S,; : z € H,j > 1}, are iid. See Proposition 2.2
of [6] for the same result but in dimension d = 2. The same proof actually works for any d > 2.

Proposition 2.1. The distribution of AL[oo] is tnvariant w.r.t. translations of the source set
H: 1
T Al [oo] = Af[oc]

where Ty, for k € H, is defined on Z by Ty(x) = x + k.

The following result, given by Proposition 2.2 provides a global control of the shape of
Al [oc]. Tt is referred to as a Global Upper Bound and is necessary in the proof of Theorem
in Section Let us begin by introducing some notations. For 0 < a < 1 and ¢ > 0, let us
consider the cone €< as

6= U {z ez’ Il = £ |a <e},
>0

where py denotes the orthogonal projection onto H. Then, for any integer M > 0, we define
the event
OVGI'L(M,TL,S) = {AIL[OO] N Z5\/[ a %sa} ) (21)

meaning that the aggregate Al [oo] exceeds the cone € outside the strip Zy;. Proposition
states an upper bound for the probability of Overg(M ,n,e) which implies that above a certain
level, the aggregate is almost surely contained inside the cone €.

Proposition 2.2. (Global upper bound) For any ¢ > 0 and o € (1 — 1/d, 1), there exists a
positive constant C' = C(d,n,e,a) such that for all integers L, M > 1,

P (OverL(M,n,s)) < L
In particular, with probability 1, there exists a (random) level from which A} [00]NZS, is included
in the cone €.

Proposition actually is a refined version of Theorem 4.1 of [5] which states the same
result but for « = 1 (i.e. for a wider cone). So only a short proof of Proposition is
given in the Appendix, focusing on the differences due to the use of the thinner cone ¢, with
a € (1 —1/d,1). However this refinement (using € instead of €2) is required here to get
Theorem [I.3}-and then our main result Theorem [I.1}-as explained at the end of Section [2.3]

2.2 Two couplings

Let n > 1 and M’ > M. In this section, we detail two different couplings allowing to construct
both aggregates Al [M] and Af[M’] on the same probability space in such a way that

AL[M] ¢ AL[M] as. (2.2)

The first one, called the natural coupling, will be used intensively in Section [3| to describe the
chains of changes. It has been introduced in [6]. In this paper, we will require a variant of
the natural coupling, called the special coupling, ensuring a special property (x) (see below) in
addition to[2.2] The special coupling will be used in Section [2.3] to get Theorem Hence, we
first recall the natural coupling in details and thus its variant.



Let us begin by describing the natural coupling. Let r:= 3.y | #N.([0,n]) be the total
number of particles sent from H ;s during the time interval [0,n]. Let us build two sequences
of aggregates (A;)o<i<x and (B;)o<i<x such that

forall 0 <i <k, A; C B; and A, = Al[M], B, = Al [M'] .

We proceed by induction on i € [0, k] by sorting the x particles according to their starting times
(from time 0 to n). When i = 0 (no particles have been emitted), we have that Ag = By = 0.
Now, suppose i > 0 and A; C B; and let us say that the (i 4+ 1)-th particle is sent from a source
z € Hyp.

o If 2 € Hpp\Has then the (i 4 1)-th particle only contributes to B;. It adds a random site
x to B; while A; remains unchanged:

Aip1:=A; CB;C B;U {x} =: Biy1.
o If 2 € Hyy, the (i + 1)-th particle contributes to both aggregates. Since A; C B;, it exits

A; before B;, and adds a random site x to A;. Now, we must consider two cases.

— If 2 ¢ B;, then z is added to B;. Hence,
Ai+1 = A; U {ﬂ?} C B;uU {1’} =: Bi;1 .

— If z € B;, then the (i+1)-th particle does not exit B; in x, and continues its trajectory
until exiting B; on some site 2’ # x. In this case,

Ai+1 = A; U {$} C B; C B;U {x/} =: B+ .

Let us now detail the special coupling. The total number of particles sent from H ;s during
[0,n] is still denoted by x and, as before, we build two sequences of aggregates (A;)o<i<, and
(Bi)o<i<k by induction on i € [0, k]. Our construction will ensure that

forall 0 <i <k, A; C B; and A, = Al[M], B, faw Al M),
while also ensuring that the following condition holds, for any 0 < i < k:

(*) Any element z € B;\ A; is produced by a particle emitted from a source in Hp \ Has-.

Let us build ~the fll-’s and B;’s. When i = 0, we have that Ay = By = (0. Let us assume for some
i > 0 that A; C B;, and that they both satisfy condition (%). Let us say that the (i + 1)-th
particle is sent from a source z € H,p (and moves according to a random walk S).

o If z € Hpp \Hasr then the (i + 1)-th particle only contributes to B;. As for the natural
coupling, it adds a random site z to B; while A; remains unchanged:

Al+1—A CB CBU{IE}— 1+1
and the couple (/LH, Bi+1) still satisfies (x).

o If 2z € Hoar, the (i + 1)-th particle contributes to both aggregates. Since A; C By, it exits
A; before B;, and adds a random site z to A;. Once again, we consider two cases.
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—Ifx ¢ B; then we proceed as for the natural coupling: z is also added to B; which

again implies

Aipq = A U {LL’} C B; U {x} =: By .
The couple (A1, Bi,1) still satisfies () since the just added site = belongs to A4
and Bi+1-

— If z € B;\ 4;, then thanks to condition (%), the site 2 was reached by a particle (say
with index i’ < i) originating from some source 2z’ € H\H s (and moving according
to a random walk S./). Then, the (i + 1)-th particle settles at x, wakes up the #’-th
particle which continues its trajectory (according to S./) until exiting B; on some
site y. In this case,

/L‘+1 = Az U {IE} C BZ C Bz U {y} = Bi+1 .

Note that the couple (A;;1, Bi+1) satisfies (%) since y, which is a discrepancy between
Aj+1 and Bjtq, has been produced by a particle sent from Hyp \Has.

To conclude, let us remark that in both couplings, the aggregates A; and A; are built in the
same way. They are a.s. equal and then A, = A, = Af[M]. This is not the case for the B;’s:
even if B; = Bj, the site y added following the random walk S,/ could be different from the site
2’ added following S,. However, in distribution, they are equal:

B, ™ B, = Al [M]

since the trajectory used to add the site y to B; is the concatenation of S, from the source z to
x, thus S, after x. This trajectory is a random walk.

W

Figure 4: The aggregates Al[M] and A][M’] are represented in dark and light gray. The
trajectories of random walks S, and S, are respectively depicted in green and red. In the
natural coupling, the site 2’ is added to B; using solely S, whereas in the special coupling, the
site y is added to B; using first S, until exiting A; = A; and then S.,. We highlight in blue the
actual path that is realized when doing so.

2.3 Proof of Theorem

Let n > 1. Our goal is to prove that there exists a positive constant C' = C(n,d) such that for
any M,L > 1,

C

P(Af[oo] N Zy = AL[2M] N Zys) > 1 — i

11



To do it, let us introduce the event

The trajectory of any random walk associated with a particle of Af[oo] and starting

from a level greater than 2M does not visit the strip Zys before exiting €

The event Dj; has a probability tending to 1 as M — oc:

Lemma 2.3. Fore > 0 and o € (0,1), there exists a positive constant C = C(d,n,e,«) such

that for all M, L > 1,
C

The proof of Theorem [I.3] works in two steps. We first explain how to conclude from Lemma
[2:3] and then we prove this auxiliary result.
Let us pick e >0 and e € (1 —1/d,1). Let M,L > 1. Let us consider the event Gy, defined
by
G = {Af[oo] N Z§; C €2} N Dy -

Thanks to Proposition and Lemma there exists a positive constant C' = C(d,n,¢, @)
such that P(Gy) > 1 — CM~%. Given M’ > 2M, we consider the aggregates Af[2M] and
Al [M'] under the special coupling. Hence, a.s. Af[2M] is included in Af [M’'] and any element
x in Al [M']\ Al [2M] is produced by a particle emitted from a source in Hy\Hons thanks to
the condition (). On the event Gy, the random walk associated to this particle necessarily
exited €< before reaching Zy;, and hence necessarily exited Af,[M’] before reaching Zy;. This
means that, on the event Gps, both aggregates Al[2M] and Al [M’] coincide on Zjy; and leads
to

P (AL[M) N2y = AL2M] N Zag) > 1— 2, YM' > 2M . (2.3)

ML’
The key argument here is the special coupling which ensures that any discrepancy between both

aggregates is due to a single particle and not to a chain of changes.
We can now conclude. On the one hand, thanks to (2.3)),

C
s s t / 1 _
hrplanP)(An[M}rlZM< An[2M]rlZM> >1 T -

On the other hand, the infinite aggregate Al [oo] being the limit of the increasing sequence
(Al [M'])p (thanks to the natural coupling), we have

lim P (AL[M] N Zas C AL[2M] N Zar) =P (AL[oc] N Zas C Af[2M] N Zay)

M'’'—o00
As a consequence, we can write

C

P (Afloc] NZyr € AL[2M] N Zag) > 1 — T
and the same holds for P(A] [co]NZy = Al [2M]NZyy) since Af[2M] C Al [0o] with probability
1. This concludes the proof of Theorem

Proof of Lemma[2.3 Let e >0, a € (0,1) and M,j > 1. Let us set

E At least one random walk starting from Ann(M, j)
Mj =
visits the strip Zys before exiting €

12



where Ann(M, j) := Hjro)m \H(j41)m- Hence, the event D, is equal to Uj>1Ey; and we
focus on bounding each term P(Ejy ;).

As in the proof of Theorem 1.2 of [5], our strategy consists in building donuts from level
(j + 1)M down to level M, symmetric w.r.t. the hyperplane H and containing the cone €&
(restricted to Z(;jy1)ar \Zr). The largest donut is the one built at level (j + 1)M. Its width is
equal to 2¢((j + 1)M)“ and all the following donuts have smaller sizes. Therefore, the number
of donuts k° = k°(j, M, e, ) we can build from level (5 + 1)M to level M verifies

G+ M =M _ (e
T 2(j+ 1M T 4e 7

o

(2.4)

where the last inequality is due to (j + 1)* < 2j.

We know that if a random walk sent from a level greater than (j + 1)M reaches the strip
Zpr while staying inside the cone €, it necessarily crossed over the £° donuts previously built.
The probabilistic cost to cross any given donut while staying inside the cone is at most 1 — ¢
with ¢ := (2d)~2. So the probability for such random walk to cross the k° donuts before exiting
€ is at most (1 — ¢)*°. See Proposition 3.1 of [5] for details.

Besides, let us denote by N, (jt) = Nt(gt)(d,n, M, j) the total number of particles sent from

to

Ann(M, j) during the time interval [0, n]:

NG =Y N([0,n]) .

z€Ann(M,j)

The next result allows us to bound from above Nt(gt) with high probability.

Lemma 2.4. Let M,j > 1 and set Cyrj := #Ann(M, j). Then,
PN > 2nCarj) < exp (—coj 2M*1)
tot M,J) > €Xp ( —CoJ )

where cog = co(d,n) denotes a positive constant.

Proof of Lemma 2.4 The searched inequality is a direct consequence of the concentration in-

equality for Poisson variables 1’ stated below, applied to Nt(gt) which is distributed as a

Poisson random variable with parameter nC)y ; and to the fact that Cyy ; is of order G2 M-t

If X is a Poisson random variable of parameter A > 0, then for any ¢ > 0, the following
holds:

2

PX-E[X]|>t)<exp|——+]. 2.5

(X-E[X]21) < p<w+§)> (25)

O

All the ingredients are gathered, we can compute:

P(Eay) < P(En0{NG! < 2nChnj}) + BN > 200 )
2nCyr, 5
< Z P({walk i visits Zy; before exiting €*}) 4 exp ( — coj? 2 M)

i=1
QRC]\/[J'

Z P({walk i crosses k° donuts before exiting €°}) + exp (— coj? 2M*1)

i=1
< 2nChrj(1 — o) +exp (— cojd2 M) |

IN
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Thus, (2.4) leads to
2nChr (1 —)* <OIMT (i + 1) 2exp (— Co(j M) ™)

where C1, Cy are positive constants depending only on d,n,e. Summing over j > 1, we get

P(U Eny) < Y P(Eay) < D CiM&(+ 1) 2exp (= Co(jM)1 )
i>1 j>1 i>1
+) exp (—cofTPMY) |
j>1
Since 1 — a > 0, both terms of the upper bound above are summable and decrease faster than
any power of M1, which concludes the proof.

Remark that the previous conclusion holds only if d > 3. When d = 2, we have to proceed
slightly differently. Each Ann(M, j) has the same cardinality, equal to M. So, in the previous
computation, it suffices to intersect the event Fj ; with {Nt(gt) < 2nMjP} (for some B > 0) since
allows to bound the probability of {Nt(ojg > 2nM ;%) by exp(—c M j5)-which is summable
w.r.t. j and M. O

Theorem 4.1 of [] is a weaker version of Proposition it gives the same result but in the
particular case of a linear cone %72, i.e. with @ = 1. Taking @ = 1 in the computation
leads to a constant number of donuts £° (no longer depending on j, M) which prevents us to
conclude as above. Hence, in [5], in order to get sufficiently many donuts to make unlikely the
crossing to Zps for particles coming far away, we required more space. This argument led to a
stabilization result (Theorem 1.2 of [5]) weaker than our Theorem since it claimed that we
need to go above levels M7, v > 1, to stabilize Af[co] N Zyy.

However, to apply with success the multiscale argument of Section [4, we need a stabilization
result for Af[0o] N Zys requiring a linear number of levels of M (rather than M?). This is why
we had to improve the stabilization result Theorem 1.2 of [5] into Theorem This justifies
the use of the thinner cone € leading to the refined global upper bound Proposition [2.2]

3 From chains of changes to percolation models

To get the stabilization result Theorem [I.1I] we proceed by contradiction by assuming the
Absurd hypothesis (1.6) that we recall now: there exist positive integers ng, K¢ (fixed for the
whole section) such that

VNy, AN > Ny, Fno[N] N ZKO 7é Fno[NO] N ZKO

occurs with positive probability.

In section [3.1] we use a space-time representation of a chain of changes between the forests
Fno[No] and F,,[N] to describe the propagation of discrepancies between the corresponding
aggregates Al [No] and Al [N]. In Section a percolation model ¥ with good properties
(Lemmas and is introduced. Under the Absurd hypothesis, we prove that > percolates
in the sense that it contains an infinite descending chain with positive probability. Finally, in
Section we take advantage of the monotonicity in time of such infinite descending chain
in order to state that it actually appears instantaneously. The final result of Section [3] is
summarized in Proposition saying that a discrete Boolean model S, percolates even if its
intensity tends to 0 with ¢ — 0.

For z € H and r € N, let us set B(z,r) := z + H, the (d — 1)-dimensional ball, included in
H, centered at z and with radius r (for the infinity norm). We also denote by py, : Z% — H the
orthogonal projection onto the hyperplane H.

14



3.1 A space-time representation of chains of changes

Let (No, N), with N > Ny, a couple of integers such that the forests F,,,[N] and F,,,[No] do not
coincide on the strip Zg,. From now on, we consider their vertex sets, namely the aggregates
A} [N] and Af, [No], under the natural coupling defined in Section , i.e. satisfying a.s. the
inclusion Al [No] C Al [N]. A (random) space-time couple (z,t) where z is a source with
|zl < N and t € [0,n¢] is a ‘top’ of the PPP N, is called a starting point. It means that, at
time ¢, a particle using the random walk S.; = (5,(k))r>0 and launched from the source z,
contributes to the construction of Af, [N]-and also of AJ, [No] if ||z < No. As explained in
the introduction, the difference between both forests F,,,[N] and F,,[No] inside Z, is due to
a chain of changes, i.e. a sequence of k > 1 particles coming from starting points (z;,t;)1<i<x
satisfying the following conditions:

No < ||z1]l £ N and ||zi]| < No, for 2 <i <k

O<ti <ta < - <tg <myg (31)
for 1 < i < k — 1, the i-th particle is relayed by the (i + 1)-th one '

the r-th particle exists AI_ [N] through Zg,

Recall that ‘the i-th particle is relayed by the (i + 1)-th one’ means that the discrepancy
x; € AL [N] \AL [No] created by the i-th particle at time ¢;, is visited by the (i+ 1)-th particle at
time t;41, which contributes to both aggregates. So, at time ¢;11, x; is now longer a discrepancy
and is replaced with a new one z;41 € Al [N] \AT [No] which actually is the site at which

tit1 tit1

the (i + 1)-th particle settles when it exits the current aggregate AI_ [N].
i+1

Associated with a given starting point (z,t) and with the corresponding particle, we define
the radius Ry(z,t) as follows:

Ry(z,t) == min {r € N: B(z,r) contains py(S.¢(0)), pr(Sz(1)),...,pu(S:4(7))}

where

T =7(2,t,N) == min{k : S, (k) ¢ AI— [N]}

denotes the time at which the particle moving according to S.; exits the current aggregate
AI, [N]. In other words, the ball B(z, Ry(z,t)) contains the part of the projected trajectory
p(Sz+) until S, exits AI_ [N]. It is worth pointing out here that Ry(z,t) only depends on
the random walk S, ; and the current aggregate AI, [N].

Now, let us come back to the sequence of k > 1 particles satisfying (3.1). The fact that the
i-th particle is relayed by the (i + 1)-th one means that

B(zi, Rn(2i,t:)) N B(zit1, RN (zit1,ti1)) # 0 .

Figure 5| properly illustrates our argument. On the left hand side, aggregates Af[No] and
AIL [N] are respectively in dark and light gray—the first one being included in the second one
according to the natural coupling. The trajectory of the first particle, starting at (z1,t1), is
depicted in red. Since [|z1| > Ny, it works only for the larger aggregate and creates a first
discrepancy x1. The trajectory of the second particle, starting at (z2,t2), is depicted in black
and green. This particle works for both aggregates until it visits 21 for the first time (the black
path): z1 is then added to the smaller aggregate and is no longer a discrepancy. Thus, the second
particle continues its trajectory (the green path) but now working only for the larger aggregate:
it creates a new discrepancy zo between both aggregates. Note that the radii Ry(z1,%1) and
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RN(Z],IL/l) <

\time
-1

L 15

L1,

Figure 5: Representations of a chain of changes

Rp(z2,t2) are represented on the left hand side of Figure [5| The hatched area emphasizes the
fact that the balls B(z1, Ry(21,t1)) and B(z2, Ry (22,t2)) overlap.

This phenomenon is perhaps better visualized in the right hand side of Figure [5] where the
extra time parameter is taken into account. Remark that not only the colored rectangles have
to intersect, but they need to do so with respect to increasing times. This additional constraint
will turn out to be crucial in our proof.

Conclusion. Given (Ng, V) such that the forests F,,[N] and F,,[/No] do not coincide on
Zk,, we can assert that there exists a sequence of k > 1 particles coming from starting points
(zi, ti)1<i<x and satisfying the following conditions:

No < ||z1ll £ N and ||zi]| < Np, for 2 <i <k

O<ti <t < - <ty <ng

for1 <i<k-—1, B(zi,RN(Zi,ti)) ﬂB(zi+1,RN(Zi+1,ti+1)) %+ ]
E(Zlm RN(ZH7 tl{)) N ZKO # @

At this stage, the radii Ry(z;,t;)’s we consider are far from easy to handle, as the law
of Rn(z;,t;) strongly depends on the shape of AL_ [N] as well as the starting point (z;,t;),
which is random. Consequently, the radii Ry(z;,t;)’s are neither independent, nor identically
distributed. To overcome this latter obstacle, we will replace in the next section the aggregate
AI, [N] involved in the definition of Ry (z;,t;) with the larger aggregate ATT[oo] (with T" > ny)

3
whose distribution is translation invariant.
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3.2 Existence of infinite descending chains under the Absurd hypothesis

Let T > ng. Associated to the starting point (z,t), with z € H and ¢ € [0, ng], let us introduce
the random radius R((z,t),T") defined by

R((z,t),T) := min {r € N: B(z,7) contains py(S.,:(0)), px(S:+(1)),...,pu(S:+(7"))}

where

" =7'(2,t,N) := min{k : S, (k) ¢ AHOO]}

denotes the time at which the particle moving according to S, ; exits the infinite aggregate
ATT[oo]. The new radius R((z,t),T) is defined similarly as Rxy(z,t), but we are now considering
the trajectory of S, ; until it exits A;[oo] rather than AI, [N]. Growing the aggregate both in
time and space, from AI_ [N] to ATT[oo], we then a.s have

Rn(z,t) < R((z,t),T) .

Hence, given (Ny, V) such that the forests F,,[IN] and Fy,[No] do not coincide on Zg,, we
get the existence of a sequence of k > 1 particles coming from starting points (z;,t;)1<i<x and
satisfying the following conditions:

No < [|z1]|

O<ti <ta < - <tg <myg

for1 <i<k-—1, IB(ZZ', R((Zi,ti),T)) N IB(ZH_l, R((Zi+1,ti+1),T)) 7& 1]
B(zk, R((2,tx), T)) N Zg, # 0

(3.3)

So, we now consider the space-time percolation model ¥ = ¥(ng,T) defined as the collection
of balls B(z, R((z,t),T)), for any starting point (z,t) with z € ‘H and t € [0,n9]. Note also
that considering larger radii, i.e. replacing Ry(z,t) with R((z,t),T), all dependency on the
parameter N disappears in and this allows us to take advantage of the stationarity property
of A}[oo], which will greatly facilitate the study of X.

In the rest of this section, we state two properties about the percolation model X; a finite
moment property for its radii (Lemma and a finite degree property (Lemma [3.2)).

Let us start by introducing the random radius Ry (z), for z € H and T' > ny, defined as

Ry (z) := te/\r/?(%(,T]) R((z,1),T) (3.4)
where NV, denotes the PPP with intensity 1 associated to the source z. Also, t € N([0,T]) means
that ¢ is a ‘top’ of the PPP N, occurring in [0,7]. Since the aggregate ATT[oo] is translation
invariant in distribution (w.r.t. translations of #, see Proposition then all the radii Rp(z2),
z € H, have the same distribution. Setting Ry := Rp(0), the next result states that the Rp(z)’s
admit finite moments.

Lemma 3.1. Let T > ng and L > 0 be real numbers. There exists a constant C > 0 such that
for any integer M,
P(Rr > M) <CM™* .

In particular B[(Rr)¥] is finite for any integer k.
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Proof. Let M > T be an a positive integer, fix @ € (1 —1/d, 1). Let us first write:

P(Rr > 2M) <P (Rr > 2M, #No((0,T)) < M, Overf,(M,T,e)°)
+ P (#No(0, 7)) > M) + P (Over,(M, T,¢)) (3.5)

where Over! (M,T,¢) := {A;,[oo] NZS ¢ €2}. We know from Proposition that the
probability of Over],(M,T,¢) is smaller than any power of M~ provided M is sufficiently
large. Additionally, we also know that PP (#No([0,77]) > M) decreases faster than any power of
M~ given M is large enough. It then remains to focus on the first term of . Hence,

P (RT > 2M, #No([0,T]) < M, Over!,(M,T, E)c)
=P (Elt € No([0,T]), R((0,t),T) > 2M, #No([0,T]) < M, Over],(M, T,e)c)

<E > Lrowrys2m Ly (o) <M Lovert (M 1,0)¢
L teNo([0,T7])

=E | Lpnpompen Y P(R(0,),T) > 2M, Overl,(M,T,2)° [ No([0,T])) | -
teNo([0,T7)

Now, the event {R((0,t),7) > 2M} implies that the random walk traveled a distance at least
2M, and in particular, that it traveled from levels M to 2M, while staying contained inside
ATT[oo]. Now, working on Over} (M, T,e)¢ implies that Ap[cc] is contained inside €* above
levels M. Hence working on both events implies that the random walk traveled from level M
to level 2, all while staying contained inside €. By taking j =1 in , we know that the
number of boxes between levels M and 2M, denoted by k°, is such that

(2M)17a _ lea
4e  2ltag’

k® >

Hence, using a box argument similar to the one used in the proof of Theorem we can show
that:

kO
S B(R((0.).7) > 2M, Over|,(M.T.)" | No([0.7))) < 3 (1—4;2)
teNo([0,17) teNo([0,17)

= #No([0, T]) exp (—coM' ) ,
h = — stz n (1 50)
where cp = —gra- In 1z ) > 0. Hence,
P (Rr > 2M, #No([0,T]) < M, Overl,(M,T,e)°) < B [#No([0, T])e™ M " Tyn; (o172
< Mexp(_COMl_a) )

which decreases faster than any power of M~!. Finally, we have proved that P(Rp > 2M)
decreases faster than any power of M ! from which one easily concludes. O

Lemmapaves the way to a finite degree property for the percolation model ¥ = ¥(ng, T).
Precisely, any given ball B(z, R((z,t),T)) of ¥ overlaps only a finite number of other balls
B(2', R((2/,t'),T)) of ¥, with probability 1.
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Lemma 3.2. Let T > ng and z € H. Then, with probability one, for any starting point
(z,t) with t < ng, the number of starting points (2',t'), with 2’ € H and t' < ng, such that
B(z, R((z,t),T)) NB(', R((/,t'),T)) # 0 is finite.

Proof. Since the radius Rp(z) is by definition larger than any R((z,t),T)-see (3.4)-it is enough
to prove that a.s.
#{z' € H: B(z, Rr(2)) NB(', Rp(2')) # 0} < 00 .

Thus using the translation invariance property of the Rp(z)’s, it is also enough to state that
the expectation

E[#{z € 1 : B(0, Rr(0)) N B(z, Rr(2)) # 0}

is finite. This follows from the next computation:

E[#{z € H: B0, Rr(0) NB(z, Br(2) # 0}| = E[ Y Trp©+rr=)>):1]

ZEH
= > P(Rr(0) + Rr(z) > |2
zEH
< Y P{Rr(0) = ||2]1/2} U{Rz(2) > ||2]|/2})
zEH
< 2% > P(Rr(0) > |2]/2)
£=0||z||=¢
< CgY t7PP(Rp(0) > 0) .
=0
This latter sum is finite thanks to Lemma [3.11 O

Conclusion. Let us interpret the percolation model ¥ as the (undirected) graph G whose
vertex set is given by the starting points (z,t), with z € H and ¢ < ng and whose edge set is made
of pairs {(z,t), (#/,t")} such that the corresponding balls B(z, R((z,t),T)) and B(2', R((¢/,t'),T))
overlap. Lemma [3.2] asserts that each vertex of the graph G almost surely has a finite degree.

Now, combining this finite degree property with the Absurd hypothesis, we get the existence
of an infinite descending chain. Let us explain why. Recall that T' > ng and Ky are fixed
parameters. The Absurd hypothesis says that, with positive probability, for any integer Ny,
there exists a sequence of k = k(Ny) > 1 particles satisfying . With each of these sequences
can be associated a cluster in the percolation model ¥ = ¥(ng,T’) joining the outside of Zy, to
Z, whose centers have increasing times. Roughly speaking, these sequences connect the strip
Zk, to regions as far as desired through the percolation model ¥. Then, using the finite degree
property and proceeding step by step, we can extract an infinite sequence of starting points
((ZZ', ti))iZI such that

[2il] = o0

for any index 7, 0 < ;11 < t; < ng

for any index 1, B(Zi, R((Zi,ti),T)) N B(Zi+1, R((Zi+1,ti+1), T)) 7'5 0
B(z1, R((21, 1), T)) N Zig, # 0

(3.6)

Note that, w.r.t. (3.3), we have reversed the indices of the time sequence (¢;);>1. On the one
hand, this sequence of starting points ((z;,t;))i>1 is infinite and means that ¥ percolates since
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it contains an unbounded cluster. On the other hand, it is also descending since the sequence
of starting times (¢;);>1 is decreasing.
Let Ko := Hk,. The previous analysis allows us to say that, under the Absurd hypothesis,
the following holds
P(Perco(ng, Ko, no)) >0, (3.7)

where, for any 0 < ¢ < T and any compact set I C H,

3 a sequence ((z;,t;));>1 of starting points s.t. ||z;|| — oo,
Perco(t,IC,T) := § B(z1, R((21,t1),T)) NK # 0, and for any i > 1, t;1 1 <t; <t
and B(zi, B((zi,t:),T)) N B(zi1, R((zi41, tiv1), 1)) # 0

In the next section, we will take advantage of the monotonicity of the time sequence (t;);>1 to
establish that the infinite descending chain mentioned above appears instantaneously.

3.3 Instantaneous percolation

For T'>t > 0, let us set:
Perco(t,T) := UPerco(t, K1), (3.8)
K

where the union above is taken over all compact subsets of H. The event Perco(¢,T’) ensures the
existence of an infinite descending chain made up with balls coming from the percolation model
¥, anchored at some (random) L C H. The event Perco(t,T) is monotone w.r.t. parameters ¢
and 1"

Lemma 3.3. Let 0 <t <t <T <T'. Then,
Perco(t,T) C Perco(t,T") and Perco(t,T) C Perco(t',T) .

Proof. Let 0 <t < T < T'. Recall that the infinite aggregate ATT[oo] corresponds to particles
launched from the whole set of sources H and during the time interval [0, 7. Hence, ATT[oo] and

ATT, [0o] can be naturally coupled so that a.s. ATT[oo] C Al,[0c0]. This leads to R((zi,t:),T) <
R((zi,t;),T") whatever the starting point (z;,¢;) with ¢; < t. So, Perco(t,C,T) is included in
Perco(t, IC, T"), for any compact set K, and the same holds for Perco(¢,T) and Perco(t,T").

The second inclusion is easy to prove. Indeed, replacing ¢ with ¢ > ¢ amounts to relax
the upper bound on the decreasing sequence (¢;);>1 appearing in the event Perco(t,C,T). So
Perco(t,KC,T) is included in Perco(t,K,T), for any K, and the same holds for Perco(t,T)
and Perco(t',T). O

From now on, we fix T':= ng + 1. Let us introduce the critical percolation time as
te =t.(T) :=inf {0 <t < T : P(Perco(t,T)) > 0} € [0,T] .

Combining to the monotone property given by Lemma we can then write:

P (Perco(t,T)) =0 for any 0 <t < t,,
P (Perco(t,T)) > 0 for any t. <t <T.
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Both statements of (3.9) become meaningful provided the critical percolation time ¢. is non-
trivial, i.e. different from 0 and 7'. This is where the Absurd hypothesis steps in since (3.7) and
Lemma [3-3] imply that

P(Perco(ng,T)) > P(Perco(ng,ng)) > P(Perco(ng, Ko, ng)) >0

that is to say
te <ng < T . (3.10)

Actually, the condition ¢, < T—ensured by the Absurd hypothesis—leads to a phenomenon of
instantaneous percolation for the percolation model ¥ that we describe below.

Let us first assume that the critical percolation time t. is positive. The case t. = 0 is similar
and will be treated after. Hence for any € > 0 small enough (i.e. such that t. —e > 0 and
te +¢e < T), we have P(Perco(t. + £,T)) > 0 while P(Perco(t. — &,T)) = 0 by (3.9), meaning
that

P(Perco(t. +¢,T)\Perco(t. —e,T)) >0 .

Let us analyze what happens on the event Perco(t. + ¢,T)\Perco(t. — ¢,T). First of all, the
event Perco(t. + ¢,T) asserts the existence of an infinite descending chain in ¥ associated to
a sequence of starting points ((z;,t;))i>1 with, for any ¢ > 1, t;11 < t; < t. + . Besides, the
event Perco(t, —e,T)¢ forces all the ¢;’s to be larger than t. — . Otherwise there would exist
some index i such that ¢;, < t. —e. In that case, one would have an infinite descending chain
associated to the sequence of starting points ((z;,t;))i>i, anchored at B(z;,, R((2i,, ti,),T)) and
such that for any 7, t;4; < t; <t;, < t.— ¢, meaning that Perco(t. —¢,T) actually occurs. In
conclusion, the sequence of starting points ((z;,%;))i>1 satisfies t. —e < tip1 < t; < t.+ ¢ for
any index 4. This means that this infinite descending chain appears entirely during the time
interval [t. — e, t. + €], with length 2¢, for £ > 0 arbitrarily small. This is why we talk about
instantaneous percolation. Let us emphasize that the previous argument works because the
radii R((zi,t;),T)’s remain the same in both events Perco(t. —¢,T") and Perco(t.+¢,T') since
they have the same second parameter T'.

In the particular case t. = 0, we know that there is no percolation at the critical time ¢,
since no particles have been launched yet. So we apply the previous analysis with t. +¢& = ¢
and t. — ¢ replaced with 0. As before, an infinite descending chain appears entirely during the
time interval [0, €], for any small ¢ > 0.

In order to simplify the argumentation and lighten notations, let us reduce the first case
te > 0 to the second one t, = 0. Indeed, because the radii R((z;,t;),T)’s remain unchanged
in the events Perco(-,T), the time interval during which the infinite descending chain entirely
occurs matters in distribution only through its length (the PPP N, ’s have stationary increments).
Henceforth,

(Va > 0, P(Perco(t. + ¢,T)\Perco(t. —e,T)) > 0) = (Va > 0, P(Perco(e,T)) > O) .

Conclusion. We have taken advantage of the monotonicity in time of the sequence of
starting points ((2;,%;))i>1 to state that the corresponding infinite descending chain in the
percolation model ¥ appears instantaneously. Precisely, we have proven under the Absurd
hypothesis that

Ve > 0, P(Perco(e,T)) >0 . (3.11)

We can now forget the time dimension of our model: (3.11]) allows us to exhibit a supercritical
discrete Boolean model, denoted by 3., whose intensity tends to 0 as € — 0.
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Let us set, for any source z € H,

Y. i= 1w, (0e)>0 -

So Y, = 1 means that at least one particle has been emitted during the time interval [0, ]. The
Y.’s are Bernoulli random variables with common parameter

pe=PY.=1)=1—¢° (3.12)

which tends to 0 as ¢ — 0. By hypothesis on the PPP N.’s, the random variables Y,, z € H,
are also independent from each other. Let us denote by

Xe ={zeH:Y, =1}

the random set of emitting sources during the time interval [0, ¢]. The set x. can be interpreted
as a discrete PPP on H with intensity p.: it will play the role of the center set for the Boolean
model .. In all that follows, let us keep in mind that when € — 0 there are very few centers,
and so very few balls, in the Boolean model 3.

Thus, for z € H, let us define in the same spirit of the radius Ryp(z;¢) as

Ryp(z;e) := R((z,t),T) .
T(Zag) teﬁgaﬁﬁb ((Z, % )

The only difference between radii Ry (z;¢) and Ry (z) defined in is that Ry (z;¢) involves
particles launched during [0, €] while Ry (z) involves particles of [0, T, so that Rr(z;¢) < Rr(2)
(and then Rp(z;¢) also satisfies the finite moment property of Lemma [3.1)). They both refer to
radii R(-,T) defined from the aggregate ATT[OO] (with T'=mng + 1).

We are now ready to define the (discrete) Boolean model 3. by

3, = U B(z, Rr(z;¢)) .

ZEXe

Statement says that, for any € > 0 and with positive probability, there exists a sequence
of starting points ((z;,%;))i>1 such that ||z;|] — oo and, for any ¢ > 1, t;11 < t; < € and the balls
B(zi, R((zi,t;),T)) and B(zit+1, R((zi+1,ti+1), 1)) overlap. So, the z;’s all belong to x. and the
larger balls B(z;, Rr(z;;¢)) and B(zi+1, Rr(zi+1;€)) overlap too. In other words, the Boolean
model ZAIE contains an unbounded cluster.

Finally, the argumentation of the whole Section [3] provides the following result:

Proposition 3.4. Under the Absurd hypothesis @, the following holds:

Ve > 0, P(ﬁ‘,g percolates) >0. (3.13)

4 A multiscale argument

In this section, we study the (d — 1)-dimensional, discrete Boolean model

Se = | B(z, Rr(z;9)) ,

ZEXe

defined in the previous section, and whose intensity p. tends to 0 as € — 0. We adapt the
strategy of [I1] to our context to state :
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Proposition 4.1. For any € > 0 small enough, the Boolean model S does not percolate with
probability 1.

To implement the strategy of [I1], we need to make our model more local. This is the role
of f]?c defined below. For that purpose, the stabilization result for the infinite aggregate Al [oc]
(Theorem is an important ingredient to ensure that the localized model EA)IEOC is a good
approximation of flg.

Proof of Theorem [1.1. Propositions and together say that the Absurd hypothesis (|1.6|)
leads to a contradiction. We then conclude that, with probability 1, there exists Ny such that,

for any N > Ny, the forests Fy,,[N]| and F,,,[No] coincide on the strip Zg,. This concludes the
proof of Theorem [I.1] O

4.1 The localized Boolean models 3

Recall that T' = ng + 1 and € > 0 is thought to be small. Given a source z € H, we denote by
ATT [B(x,20M)] the aggregate ATT[] using only sources of B(x,20M). Associated to the starting
point (2,t), with z € H and ¢ € [0,¢], let us introduce the local radius Ry9,((z,t),T) defined
by

22 (218). ) = min {1 € N B(z, ) contains pru(See(0)). pa(Sec(): -, pru(Sealr")

where

= min{k : S, (k) ¢ A;[B(% 20M)]}

denotes the time at which the particle moving according to S, ; exits ATT[B(:U, 20M)]. Taking
the maximum over starting points (z,t) with ¢t € N,([0,¢]), we get

Rloc . — Rloc . p— loc t T .
T (278) T,x,M(ZaE) tE/{frzl?‘[%(,E]) CC,M((Z7 )7 )

Let us now define the localized Boolean model 32%(x, M) which is a version of ¥, localized to
the neighborhood of x:

See =S, M) = | B(z R w(ze)
z€XNB(x,10M)

Unlike 3., the localized Boolean model f]la"c is local in the following sense. It only uses sources
of x. contained inside B(x, 10M). The radii that it considers depend only on ATT [B(x,20M)).
As in [I1], we consider the event

The connected component of z in $°(z, M) U B(z, M)
is not included in B(x,8M)

Go(z, M) =

Since our model is translation invariant, we have for any z:
(M) :=P(Gs(0,M)) = P(Ge(z, M)) .

Let us denote by C'E(O) the cluster of the source 0 in the discrete Boolean model ¥, whose
diameter diam C;(0) is defined as the minimal integer r such that C.(0) C B(0,r). The next
two results allow us to conclude.
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Proposition 4.2. There exists a constant C = Crq > 0 such that for all M,L > 1,

C

P(diam C.(0) > 8M) < 7.(M) + i

Proposition 4.3. For any € > 0 small enough we have

liminf 7. (M) =10 .

M—o0

Proof of Proposition[{.1. Taking ¢ > 0 small enough according to Proposition the two
previous results imply that

lim P(diam C.(0) > 8M) = liminfP(diam C.(0) > 8M)

M—o00 M —o00
< liminfm. (M) = 0,
M—o0

meaning that the source 0 almost surely belongs to a finite connected component in $.. This
discrete Boolean model being translation invariant in distribution, we conclude that it a.s.
admits only finite connected components. I.e. Y. does not percolate with probability 1. O

The next two sections are devoted to the proofs of Propositions [4.2] and [£.3]

4.2 Proof of Proposition
Let us introduce for any M > 1 the event H (M) defined by

H(M) = {each ball of 3, intersecting B(0, 10M) has a radius smaller than M} .

The following lemma gives a control for the probability of H(M).

Lemma 4.4. There exists a positive constant C = C(d, ) such that for any M,L > 1,

P(H(M)) < 07

Let us first prove Proposition [£.2] from Lemma [£.4] and in a second step, Lemma [£.4] will be
proven.

Proof of Proposition[{.3. We define the event
G(M) := H(M) 1 { Af[o0] N Zagas = AL[B(0,20M)] N Zaon }

Now, we use the stabilization result Theorem which, combined to Lemma provides the
following control on the probability of G(M):

PG(M) 21~ o7,

for some positive constant C' and for any M, L > 1. Recalling that 7w.(M) denotes the probability
of G¢(0, M), it is then sufficient to prove the inclusion:

{diam C.(0) > SM} NG(M) C G.(0, M) .

Let us assume that the event {diam C.(0) > 8M} N G(M) holds. This implies the existence of
a cluster C of Y. containing 0 and going beyond B(0,8M). Each ball of C overlaps B(0,8M)
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and then has a radius smaller than M thanks to H(M). So they are included in B(0, 10M) and
their centers belong to x. N B(0, 10M).

Given a vertex z, the radii Rp°(z;¢) and Rp(z;¢) used resp. for f)lgoc and 3. are possibly
different since they resp. refer to ATT[IB%(O, 20M)] and A;[oo]. However, we prove that on the
event {diam C.(0) > 8M} N G(M), these radii are equal for the balls involved in the cluster
C. Indeed, these balls are included in B(0,10M) and, on G(M), the aggregates A;[oo] and
ATT[IBB(O, 20M)] coincide on Zjgps. So the radii Rp°(2;¢) and Rp(z;€) coincide for each center z
of balls involved in C. Therefore, on {diam C.(0) > 8 M} N G(M), there exists a cluster of balls
of 3. such that:

o all these balls have their centers in x. NB(0, 10M);
o all these balls have their radii given by Rp°(2;¢);
o the cluster contains 0 and goes beyond B(0,8M).
Then, this cluster of balls is also a cluster of £°° and the event G.(0, M) occurs. O

Proof of Lemmal[].7} Fix M,L > 1. Let us introduce the following events:

There exists a ball of 3, centered inside B(0, 20M)
Inside(M) := ,
that intersects B(0, 10M/) with a radius greater than M

There exists a ball of 3. centered outside B(0, 20M)
that intersects B(0, 10M)

Outside(M) :=

Hence, the event H(M)¢ can be written as the union Inside(M) U Outside(M) and we have
to work with the probability of these two events. We begin by handling the event Inside(M).
Let us write:

P (Inside(M)) = P ( U {Rr(z;¢) > M})

2ExNB(0,20M)

< Y P(Rp(ze) > M)
2€B(0,20M)

< CaM™'P (Rp(0;¢) > M) .

Using Lemma P (R (0;€) > M) decreases faster than any power of M !, which handles
this case.

We switch our focus to the event Outside(M ) which is trickier to handle since it deals with
an infinite number of particles outside of B(0,20M). Let us recall the event

Over] (10M, T, 6) = {Al[oo] N ZSop, & €2}
introduced in Section 2.1 where

6 = U {z ez’ Il = £ |2l <o} .
>0

For 6 > 0 and a € (1 —1/d,1), we know thanks to the global upper bound Proposition
that the probability of Over],(10M, T, ) decreases faster than any power of M~!. So we can
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restrict our attention to the event Outside(M) N Over] (10M,T,§)¢. The event Outside(M)
provides the existence of a ball of the Boolean model 3. that intersects B(0,10M) and whose
center is beyond level 20M. This ball is due to a particle starting (during the time interval
[0,]) from a source beyond level 20M and visiting the strip Zjgps before exiting the aggregate
ATT[oo]. Thanks to Over! (10M,T,§)¢, we can assert that the random walk associated to that
particle starts from a level greater than 200 and visits Zigps before exiting the cone €3*. This
implies the event Df,, introduced in Section @ whose probability is smaller than any power
of M~ thanks to Lemma This concludes the proof. ]

4.3 Proof of Proposition

This section is an adaptation of [II]. Lemmas and together imply, by induction, that
m(10"M) — 0 as n — oo for some M and e small enough. Lemma is the induction step,
allowing to go from scale 10" M to 10" ™M, while Lemma is the base step.

Lemma 4.5. There exist positive constants ¢ = c(d) and C = C(T,d) such that for any
M,L>1,
C

7(10M) < eme(M)? + UL

Lemma 4.6. There exists a positive constant C' = C'(d) such that for all M > 1 and all € > 0:
(M) < eC'MIT
Let us prove Proposition [£.3] from Lemmas [4.5 and [£.6]

Proof of Proposition[4.3 This is an adaptation of Lemma 3.7 of [I1]. Setting f(M) := cns(M)
and g(M) := 10cC /M, Lemma provides

FOM) < f(M)? + g(10M) . (4.2)

Since g(M) — 0, we can pick My such that, for any M > My, g(M) < 1/4. Thus, using
Lemma there exists g = 9(Mp) > 0 small enough such that, for e < ey and M < My,

F(M) = eno (M) < csoC'MI™H < 1/2.

So, the function f is bounded by 1/2 on the interval (0, Mp]. Let us first extend this bound
on (My,10Mp]. To do it, let us fix € € (0,&9). Thanks to (4.2), we can write for any M €
(Mo, 10Mp):

FM) < SO0 +g(M) < (3) 45 =5

Iterating this argument, we prove by induction that f(M) < 1/2 for any M > 0.
As a consequence, we deduce from (4.2) that, for any M > 0,

F(10M) < 2 F(M) +g(10M) < £+ g(10M)

DN |

from which is not difficult to get, once again by induction, that the following holds for any
integer n,

g(10"~1 M) g(10M)
Henceforth, using (4.3)) and ¢g(10"M) — 0 as n — oo, we prove that f(10"M) tends to 0 as
n — 00, which is the searched result. O

F107M) < 2in +g(10"M) + (4.3)
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Proof of Lemma[].] Let us first consider the event F(M) defined by
F(M) := {¥z € y. N B(0,100M), Rr(z;:¢) < M}

for which, any ball of 3. centered at some z € y. N B(0,100M) has a radius Rp(z;¢) smaller
than M. Since these radii are identically distributed and satisfy Lemma , the event F'(M)
is very likely. There exists a constant C' > 0 such that for any M, L > 1,

(4.4)

Besides, for M > 1, let us consider the event

Stab(0,100M):= (]  Stab™(z)
2€B(0,100M)

where, for any z € H,
AL B(z,20M)] N (Z x B(z,10M)) = AL[S] N (Z x B(z,10M)),
for any S C H such that B(z,20M) C S.

Stab™(z) :=

In particular, Stab™ (0) means that A;HIB%(O, 20M)] (also denoted by AIF [20M] for short) and

A;HS] coincide on Zigps, for any Hogpr € S C H. Let us prove that there exists a constant
C > 0 such that for any M, L > 1,

P(Stab(0, 100M)°) <

<0 - (4.5)

Let us start by writing, using translation invariance of the aggregates A}[-],

P(Stab(0,100M)%) < > P(Stab™(2)°) < ¢(100M)*'P(Stab™ (0)°) .
2€B(0,100M)

So it is sufficient to show that Stab™ (0)¢ has a probability decreasing faster than any power of
M~t. The Aggregate stabzl@zatwn result Theorem [1.3] H asserts that, with probability larger than
1 — CM~L, the aggregates Al [20M] and Al Jn[oo] coincide on the strip Zjgps. Then the same
holds for ATT[zoM] and A}[s], for any Haopr C S C H since AL[20M] c AL[S] c Al [o0] by the
natural coupling. So Stab* (0) occurs with probability larger than 1 — CM ", and then
is proven.

Let S, be the (d — 2)-dimensional sphere centered at the origin, with radius r and included
in the source set H: S, := {z € H : ||z| = r}. We claim that the following key inclusion holds
for any M,

G.(0,10M) N F(M) N Stab(0, 100M) ( U G MCM) ( U G.(me M)) (4.6)

cE€S10 ¢/ €Sg0

Lemma [4.4]actually appears as a straight consequence of the inclusion (4.6)) combined with (4.4)
and (4.5). Let us first explain why and, in a second step, we will establish (4.6]).

Inequalities (4.4) and (4.5)) allow to write

m-(10M) = P(G=(0,10M)) < P(G-(0,10M) N F(M) 1 Stab(0, 100M)) +
C

< P(( U G(Me, M) (UGMCM))) T

cESo c’€Sgo
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Recall that the event G.(Me, M) involves balls of 32°° whose centers are included in B(Mec, 10M)
and radii are defined w.r.t. the aggregate A;[B(MC, 20M)]. So the event U.cs,, Ge(Mec, M)
only concerns random inputs (i.e. Poisson clocks and random walks) associated to sources of
Hsonr- In the same way, Uy sy, G=(Mc', M) only concerns random inputs associated to sources
outside of Hsgps. So they are independent from each other. It is then easy to conclude:

C
m.(10M) < IP’( U Gs(Mc,M))]P’( U GE(MC’,M))—i—m
c€S10 ¢/ €Sgo
, C

< [S10||Sso|me (M) +W'

As a consequence, it only remains to establish the inclusion (4.6]) and, to do it, let us assume
that G.(0,10M) N F(M) N Stab(0,100M) occurs. On the event G.(0,10M), the localized
Boolean model

See0,10M) = | B(z B ou(2:9)
2€x=NB(0,100M)

contains a cluster C joining B(0,10M) to B(0,80M )¢. The balls of 3°¢(0, 10M) are centered at
vertices z in B(0,100M ) and their radii R%,’ifmo (25 €) are by definition relative to the aggregate
AL B(0,200M)]. Since AL[B(0,200M)] € Al[o0], we have that, for any z € y. N B(0,100M),
R a0m(2:6) < Rr(z;e) < M on the event F(M). This means that all the balls of C have
radii smaller than M. We can then extract from C a sub-cluster, say C’, joining B(M¢, M) for
some (random) ¢ € Sy to B(Mec,8M)¢. Indeed, the sphere Sigps is covered by the union of balls
B(Me, M), with ¢ € S19. Now, we have to prove that C’ is also a cluster of i‘g’c(Mc, M), ensuring
the occurrence of G.(Mec,M). Hence, we have to prove that each ball B(z, RP{ 19p(25€))
involved in C’ satisfies the two following properties:

e Its center z belongs to x. NB(Me, 10M). This is clear since, by construction, each ball of
C' overlaps B(M¢,8M) and has a radius smaller than M.

o Its radius R} q0p(25€) is actually equal to Ry, (z5€). This is where the event
Stab(0, 100M) comes into play. The previous item implies that the ball B(z, RS 1917 (25 €))

is completely included in B(Me¢, 10M). Its radius is defined w.r.t. the aggregate ATT [B(0,200M)]
(see (4.1)), but only through

AL [B(0,200M)] 1 (Z x B(Me, 10M))

since B(2, R 100/ (25 €)) C B(Me,10M). Thanks to Stab(0, 100M), in particular Stab™ (cM)
applied with S :=B(0,200M) D B(Mec,20M), we have

AL[B(0,200M)] 1 (Z x B(Me, 10M)) = AL [B(Me,20M)] 1 (Z x B(Me, 10M)) . (4.7)

Since the radius Ry, /(2;€) is defined w.r.t. the aggregate ATT[IB%(MC, 20M)], the iden-
tity (4.7) implies that leifMC, w(z€) and R'ffmo A (z;€) are equal.

Thus, we have proven that the event G.(Mc, M) holds for some ¢ € S19. We can show in a
similar fashion that G.(M ¢, M) also occurs for some ¢’ € Sgp. Inclusion (4.6]) is established. O
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Proof of Lemma[{.6 Let M > 1. Note that the occurrence of the event G.(0, M) forces the
random set x. NB(0, 10M) to be non-empty. Therefore,

P(G:(0, M)) P (# (B(0, 10M) N xc) = 1)

E [# (B(0, 10M) N xc)]

> Elley]

z€B(0,10M)
= #B(0,10M)p. .

<
<

Using p. = 1 — e < € and #B(0,10M) < C4M*!, we get the desired result. O

5 Proof of Theorem (1.2

Before giving the proof of Theorem [I.2] we give the following lemma:

Lemma 5.1. For any finite subset S C Z2,

IP(S c A;[oo]) — 1.

n—o0

Proof of Lemma 5.1 To do so, we will be using the Shape Theorem for standard IDLA, in the
case where exactly n particles are sent from the origin. Let us denote this aggregate by A(n).
We know from Theorem 1 of [19] that

P(S C A(n)) — 1. (5.1)

n—o0

Now, recall that particles of Al [co] are given according to a family of PPP’s in R, , denoted by
(MN.) ey Let No = No([0,n]) denote the number of particles sent from the origin. Since Np is
a Poisson random variable of parameter n, we know from concentration inequality theory that

forall 0 <e <1/2,
2e
_ 1/2+¢ _n
]P(No n<n )gexp< 2).

Hence, define &, := {No <n-— n1/2+€}. Let S denote a finite subset of Z%. We write:

P(SCAm-nt?9)) <P({SCAmn-n"*)}NE) +P(6)
2¢e
t _n
<P (s c Al0]) —i—exp( > )
; ’I’LQE
Hence, for any finite subset S C Z%, we have that
t 1/24¢ n*
P(SCAn[oo])ZP<SCA(n—n ))—exp - |

Using (5.1), we have the desired result. O
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Proof of Theorem[1.3. We begin by showing 1. For any n > 0, F,, C Foo, s0 V (F,) C V (Foo).
Now, consider S a finite subset of Z¢. Since the vertex set of F,, is Af,[cc], we have that for any
n >0,

P(SCV (Fa)) =P(SCV(F,)) =P (s - A;[oo]) .

This result is immediate using Lemma, [5.1
We move to the proof of 2. Consider a compact K of R%. Fix k € H and n > 0. It is sufficient
to show that F,, and F., have the same probability of intersecting K. Assume that this holds
for F,,, that is:

P(F.NK #0)=P(TpF.NK #0). (5.2)

Note that for any subset C' such that (C +B(0,1)) N Z¢ C Al[oc], then F,, N C = Foo N C.
Again using Lemma [5.1] we have that

JP’((K+IB%(O,1)) nzdc A;[oo]) — 1.

n—+00
Thus, there exists an integer ng such that P ((K +B(0,1)) N Z* C A, [oo]) > 1 —¢e. We have:
P(FoNK #0) =P (Fpy NK #0)| <P (Foo N K # Fpy N K)
<P ((K+B(0,1)NZ! ¢ A [0]) <e. (5.3)
Similarly, we can show that
P(ThFoo NK #0) =P (TpFrny NK £0)| <e. (5.4)
We can now conclude for Fo, since
P(Fos NK #0) —P(ThFoc NK #0)| <

P(Foo NK#0)—P(Fou NK £0) |+ |P(Fpy NK #0) —P(TpFnyg NK #0) |
+HP(TpFng N K #0) —P (T Foc N K #0)|.

Now, from ([5.2)), we know that the middle term is equal to 0, and from ([5.3) and (5.4]), we get
that the first and third term are bounded by . Thus,

IP(Fo NK #0) =P (T Foc NK #0)| < 2e.

It now remains to show (5.2). Fix n > 0. Take M > 1 sufficiently large such that K NZ% C Z,.
From Theorem there exists a random integer Ny such that for any N’ > Ny, with probability
greater than 1 — ¢, we have

fn[N/]ﬂZM:]:nﬂZM, Tk}-n[Nl]ﬂZM:kanﬂZM. (5.5)
Then, we have:
P(FaN K #0)—P(TiFn N K #0)| <
[P (Fn N K #0) = P(Fu[No] N K # 0) | + [P (Fp[No] N K # 0) — P (T Fn[No] N K # 0) |+

P (T}, Fp[No] N K # 0) — P (Tp Fn N K #0) |
<|P (Fn[No] N K # 0) — P (T Fn[No] N K # 0) | 4 2¢.

Now, we grow the forests F,,[No| and Ty F,[No] to obtain two forests §1 and F2. We obtain §
by sending the particles used to build F,,[No], and add the additional particles from (TpHn,) N
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Hn,¢. To build §2, consider the forest induced by particles used to build F,,[Ng| and additional
particles from (T_xHn,) N Hn,©. Let § denote this forest. We define §o as the translation of
vector k of this forest, that is §9 := T3 §. Now, from , we know that §; and F,,[Np] coincide
on the strip Zy; (and hence on K') with probability greater than 1 — e. The same is true for §o
and Ty F,[No]. Therefore, we have

PF.NK#A0)—P(TpFn NK #0) | <|PFNK #0)—P(F2NK #0)| + 4e.

Lemma 5.2. The set of sources used to build §1 and T2 are identical.

Now, the forest §1 and Fo are built using the same IDLA protocol, using the same set
of sources, with i.i.d Poisson clocks over the time interval [0,n]. They therefore have same
distribution, which implies that

P(FoNK #0) —P(TFn N K #0)[ < 4e,

which concludes the proof.
We now prove 3. We show that for any compacts C, Cy of R?

ke’Hh\fI?H P (-Foo N (Cl U TkCQ) = @) = ]P)(.Foo NnNCy = @)P (.7:00 NCy = (Z)) . (5.6)

Fix e > 0 and let C;, C5 be two compact sets of R%. Let r > 0 be such that C; UCj is included
in B(0,r —1). From Lemma we can pick n large enough such that

P (IB%(O,?“) NZ?* c A;rl[oo]) >1-—c.

On the event {]B(O, r)NZ2 C AL[OO]}, FoNCj and F,,NC; are equal for any i € {1,2}. Since the

distribution of A [oc] is invariant with respect to T}, we have that for any k € H (independent
of €),
P (Tk(c1 UGCy) C A;[oo]) >1—c.

This implies:
P(Fo N(CLUTCy) = F, N (CLUTRCo)) > 1 — 2.

Therefore,

P (Foo N (CLUTRCY) = 0) =P (Foo NCy = ) P (Foo N Co =) |
<P(Fan(CLUTRCo) =0) —P(F,NCL =0 P(F,NCo =) | + 4e.

It remains to show that F,, is mixing with respect to T;. From Theorem there exists Ny
such that

P (.Fn NCy # fn[No] N Cl) <egand P (fn NCy # fn[No] N CQ) <e. (5.7)
We have, by shifting all the random clocks by a vector —k € H:

P (.Fn NCsy # .Fn[N()] N CQ) =P (.Fn(w) NCy # fn[No](w) N CQ)
— P (Fo(w — k) N Ca % Fo[Nol(w — k) N Ca)
— P (Fo(w) N ThCo 2 FalB(k, No)J(w) A ThCh) .

Hence, from (5.7)), for any k& € H (independent of ¢), there exists Ny such that

P (.Fn(w) NTiCy # fn[B(kJ, No)](w) N TkCQ) <e. (5.8)
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Now, we write:

P(FN(CLUTRC) =0) —P(F,NCL =0)P(F,NCo=0)]

=PH{F.NC1=0}N{F, NTCo =0}) —P(F,NCL =0)P(F,NCy =10)|
<IPHF.NCL=0}N{F,NTCy = 0}) — P ({Fn[No] N Cy = 0} N {F,[B(k, No)] N T.Co2 = 0}) |
+ [P ({Fu[No) N Cy = 0} N {Fu[B(k, No)] N TCo = 0}) = P(F, NCL = 0)P(F, N Cy=10)].

Lemma 5.3. Let A, A', B, and B’ denote 4 events. Suppose P (A # A') <e andP(B # B') <e
Then
P{A=0}n{B=0})-P{A =0} n{B =0})| <2

To alleviate notation, we define the following sets:

A=F,NCy, A" = F,[No] N Cy,

and
B=F,NT,Co, B' = F,[B(k, No)] N T,Cs.

We can rewrite the previous inequality as:

P (F,N(CLUTCy) =0) —P(F,NCL=0)P(F,NCy=0)]|
<P{A=0tn{B=0})- ({A’ 0y n{B"=0})|
+IP({A =0} n{B' =0}) -P(A=0)P(B=0)|.

Note that for the last term, we replaced P (F,, N Cy = () by P (B = 0)). We can do so since the
distribution of F,, is invariant with respect to T, so F, has same probability of intersecting Co
or TkCQ.

Notice that for any k such that k|| > 2Ny, the events A’ and B’ are independent since the two
forests considered are built using disjoint sets of sources. Additionally, from ([5.3) and (5.4 ., we
have that P(A # A’) < e and P(B # B’) < e. Therefore, using the result of Lemma we
get, for any ||k|| > 2No:

IP(F,N(CLUTCo) =0) —P(F,NCL =0)P(F,NCo=10)]
<|PA=0)P(B =0) - =0)P(B=0)]|+ 2e.

Now, since P (A # A’) < e and P(B # B’) < ¢, one can show (in the same spirit of Lemma [5.3)
that
PA=0)P (B =0)-PA=0)P(B=0)]|<2e.

Therefore,
“P’(.Foo N (Cl UTkCQ) = @) —]P’(foo NnNCy = @)P(FOOHCQ = @)‘ < 8e,

which concludes the proof. ]

A Appendix: Proof of Proposition 2.2

Before proving Proposition [2.2] we must first introduce a new family of random aggregates.
Let n > 1. Just like for Af[oo], we begin by building a family of finite random aggregates
(A5[M])ars0. Like Af[oc], the number of particles sent from each source z is random, given
this time by a Poisson random variable N, of parameter n, but unlike Al [oc], these are sent
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in a predetermined order. Let (IN,),en denote a family of i.i.d Poisson random variables of
parameter n. When M = 0, A%[0] is the aggregate obtained after launching Ny particles from
the origin. Given a realization of A,[M — 1], we throw N, particles from each source z of
level M according to the lexicographical order. So A% [M] is defined as the aggregate produced
by A[M — 1] and the new sites added by particles launched at level M. By construction,

(A} [M])m>o is increasing with respect to inclusion, so we can define A% [oo] as

A} [oo] =1 U Ar[M]  as.
M>0

A consequence of the Abelian Property (see [9], p. 97) is that for all M > 0,

Al

n

(M) 2 A5 [M). (A1)

Since both families of aggregates (A% [M]) >0 and (A],[M]) >0 are increasing, we deduce from
that AJ [oo] law A o).

The global upper bound provided by Proposition is a refined version of Theorem 4.1
of [5]. Although our result is finer and deals with a random number of emitted particles, the
strategy of the proof is essentially the same.

We will be proving Proposition by induction over n. Since Al [o0] law Al [oo], we will
show the result for A’ [oo] instead, since this aggregate is built by sending particles in the usual
order. We define the event Over}, in the same way as OverL in but with respect to the
aggregate A [oo]. We show that if for some fixed n, the aggregate A’ [0o] is contained within €
for some £ > 0, and if we launch N/ additional particles from each source z of H, where (N).cx
is an independent family of Poisson variables of parameter 1, then the resulting aggregate is
contained within a slightly larger cone €% (¢’ > ¢) with high probability. We keep the same
notations as in the proof of Theorem 4.1 of [5] and define the sequences (My,),>0 and (£, )n>0 in
the same way. Just like for Theorem 4.1 of [5], it is sufficient to prove the following proposition:

Proposition A.1. For all a € (1 —1/d,1), for alle > 0, for all n > 1, there exists a constant
C =C(g,n,a,d) > 0 such that for all M > 1 and all L > 1,

P (OVGI‘Z(M,,“ 5n)) < m

Proof of Proposition[A.1: We show our result by induction over n. Take L > 1. Our induction
statement is the following:
Yn >0, P(n):YVae (1-1/d,1), Ve € (0,1), VM > 1, 3C = C(e,n,a,d) > 0,

P (Over}, (M, e,)) < i
When n = 0, this is clear since A%[oo] % (), hence A%[oo] NZS, < L.
Let n > 1 and suppose P(n) holds. Fix a € (1 —1/d,1). We write:

P (Over),(My+1,en+1)) < P(Over) (My41,&n+1) N Over): (M, e,)°) + P (Over}, (M,,e,)) .

The last term is handled by our induction hypothesis. We switch our focus to the first term.
On the event Over, (M, 1,&n41) N Overy, (M, e,)¢, we have A} [oo] NZG, C €, but when
launching N, new particles from each source z € H, the new aggregate obtained spills over c o
on wanﬂ. This implies the existence of three random sites (Z, Z*, Z,,11) € Z%, and aggregates
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Az« and A, defined just like in [5], but defined with respect to € rather than ¢.. Note now
that we have : Z,11 = Z £ (ep+1]Z]|%) - €1, where e; = (1,0,...,0).

We must control that no unreasonable amount of particles is emitted from H. To do so, we
introduce the following event:

Eu(y) = {VzeH, |zl =1, N, <1+ max{l, M}"},
>0

We can show using (2.5 that P (&5, (7)) decreases faster than any power of M. Fix vy € (0,1)
such that v < (e — 1)d 4+ 1 (such a value exists since a € (1 — 1/d, 1)). We explain this choice
later. We write

P (Over},(M,+t1,en+1) N Over, (M, e,)¢)
< P(Overy (Mpi1,ent1) N Over, (My, en)" N EM (7)) + P (67(7))

< Z Z P(Z =z, Over),(M,+1,en4+1) N Over,, (M,,e,)° N EM(Y)) + 0(1).
I>Mn1 |2]1=1

Fix I > Mp41 and z € H such that ||z|| =, and let 2,41 = 2 £ (en+1]/2]|¥) - €1. We consider the
case where a ball of particles has settled around z,1, and the case where a thin tentacle reaches
out to zp4+1. We use an adaptation of Lemma 2 of [I5] to deal with the event of tentacles.

Lemma A.2. There exist positive universal constants b, Ko, ¢ such that for all real numbers
r >0 and all z € H with 0 ¢ B(zp41,7),

P (Z =z, Over, (Mp+1,en+1) NOver, (M, e,)°, # (Az« NB(zp41,7)) < de) < Koe—crz.

We apply this Lemma with r = r,; = Qil%, in the same spirit as in [5]. This gives:

P(Z = z, Over),(M,41,en+1) NOver,, (My,e,)° N EM(Y))
<P(Z =z, Over,,(My11,en+1) N Over,, (M,,e,)C,

En(), #(Aze NB(znt1, 1)) > bring ) + Koe ™, (A2)

where ¢; = ¢1(n,e) = Lff—fl. The term (|A.2)) requires a little more work than in the deterministic
global upper bound. Note that r¢ 11 is of order 194, We are working on the event where (roughly)
more than [°¢ particles have settled around z,1, knowing that each source Z € H has emitted
at most 1 + ||Z||” particles. We show that this implies that ||Z — Z*|| > K", where n > 1 and
K denotes some positive constant. Let us now explain why n > 1. Suppose, contrary to our
claim, that 7 < 1. The number of sources inside B (z, KI") N H is of the order "4~V since H
is a hyperplane of dimension d — 1. Working on the event &)y, the largest amount of particles
emitted by a single source within this (d — 1)-dimensional ball is 1 + (I + KI")”, which is of
the order 7 when 7 < 1. In the worst case scenario, if all of the sources within B (z, KI7) N'H
emit of the order of {7 particles, the total number of particles emitted will be of the order of
=1 5 v = [(d=D+7 Now, for this to be of the order (or greater) than [°?, it is thus necessary
that

ad —

d—1"

However, due to our choice of , this necessarily implies that n > 1, which contradicts our
assumption that n < 1. Therefore, in order for more than [*? particles to settle inside
B (2n+41,Tn+1), it is necessary that one of these particles has been emitted from a source outside
of B (z, KI")NH, with n > 1. It is thus necessary that ||Z — Z*|| > KI". Since Z* is defined as

nd—1)+~v>ad<—=n>
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the source from which the first overflowing particle is emitted, this implies that the aggregate
before sending from Z* is strictly contained within €3, ;, allowing us to use a donut argument
(similar to the one used in the proof of Lemma to control the trajectory of the overflowing
particle. This implies that one of the particles sent from 2/, with |2’ — z|| > KI", has crossed
multiple donuts. We detail below how we compute a lower bound on the total number of donuts
a particle needs to cross from 2’ to z. Fix h > KI" and 2z’ such that ||z’ — z|| = h. We build
donuts from level ||2’|| to ||z|| = I. The first donut, which is the largest donut, has dimensions
at most 26,41 (I + h)® < 2e,11(2h)* < 4e,11h*. All other donuts will have smaller dimensions,
which implies that the number of donuts k = k(h,l,e,+1, @) between 2’ and z is such that

h hl—a
k> = .
- 4€n+1h0¢ 4€n+1

Now, the number of particles sent from 2’ at distance h of z is (up to a multiplicative factor)
at most h%~27. Therefore, the donut argument gives:

a particle sent from 2z’ reaches level [

Sy P N Ev ()

h>KIM |2/ —z||=h while staying within (geanJrl
<Ky Y WP -of =Ky > b exp (e (enia) B0
h>KIn h>Kgln
where ¢ (ep+1) = —%. Throughout the rest of the proof, K; will denote a generic constant

depending only on d, whose value may vary from line to line. Now, using the fact that 1 —a > 0,
standard computations yield:

1
Ky Z R exp (—co (Ent1) hl_a> < Kgexp (—200(5n+1)l”(1_a)) .
h>KIn

Combining this result with (A.2), we get

P (Over},(M,t1,en+1) NOver,, (M, e,)" N EM(Y))

< Z ZKoe_cllm-i— Z ZKdexp(—éco(%ﬂ)ln(l_a))

12Mn 1 ||2]|=1 12Mn 1 ||2]|=t
2a 1
<K, 1972l L K 192 exp ( —=col(e [ni=)
<Kq ), Y P35 0(En+1)
lZMnJrl lZMn+l

1 M2 1 —a
< Kjexp <—12"H> + Kgexp (—400(€n+1)MgSr11 )> :

Since M < M, 41, it is clear that both of these terms can be bounded by ML/L for some constant

C'=C(g,n,a,d) > 0. O]
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