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Abstract

The pointwise maximum of two independent and identically distributed isotropic fractional Brow-
nian fields (with Hurst parameter H < 1/2) is observed in a family of points in the unit square
C = (—1/2,1/2]%2. We assume that these points come from the realization of a homogeneous Pois-
son point process with intensity N. We consider normalized increments (resp. pairs of increments)
along the edges of the Delaunay triangulation generated by the Poisson point process (resp. pairs of
edges within triangles). We investigate the asymptotic behaviors of the squared increment sums as
N — co. We show that the normalizations differ from the case of a unique isotropic fractional Brownian
field as obtained in [3] and that the sums converge to the local time of the difference of the two isotropic
fractional Brownian fields up to constant factors.
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1 Introduction

In this paper we choose the same theoretical framework as we considered in [3] where an isotropic
fractional Brownian field (with Hurst parameter H < 1/2) was observed in a family of points in the
unit square C = (—1/2,1/2]2. These points are assumed to come from a realization of a homogeneous
Poisson point process with intensity N. In [3] we provided central limit theorems for two types of centered
squared increment sums as N — oco. We considered either normalized increments along the edges of the

Delaunay triangulation generated by the Poisson point process or the normalized pairs of increments
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along the pairs of edges within triangles. We established that the centered squared increment sums
(properly normalized) converge in law to centered Gaussian distributions whose asymptotic variances
may be characterized by explicit (although intricate) integrals. The rates of convergences of both sums
are the same as in Theorem 3.2 of [1] or in Theorem 1 of [10] where statistics based on square increments
on regular grids have been considered.

Instead, we now consider the pointwise maximum of two independent isotropic fractional Brownian
fields and study the asymptotic behaviors of centered squared increment sums. The reason arises from
a statistical problem, specifically inference for the parameters of a max-stable field, which is based on
fractional Brownian fields. In [2], we construct composite maximum likelihood estimators based on
pairs and triples to estimate the parameters of such a field. The pairs and triples are selected from the
Delaunay triangulation. Choosing such a triangulation is natural because it is the most regular in the
sense that its minimal angle is greater than the minimal angle of any other triangulation. The study
of the asymptotic behavior of the estimators requires in particular establishing limit theorems for some
squared increment sums of the pointwise maximum of two independent isotropic fractional Brownian
fields, which is the focus of this article. Assuming that the points used to construct our increments
are based on a point process rather than a deterministic grid is, in a certain sense, natural. Indeed, in
terms of inference, this means that our statistics are observed at random nodes. Moreover we chose the
Poisson point process because it is more natural and has a formula (the Slivnyak-Mecke formula) that
allows for the explicit calculation of expectations.

The contribution of our article compared to [3] is twofold. On the one hand, we show that the
normalizations differ from the case of a single isotropic fractional Brownian field. On the other hand,
we establish that the convergence is no longer in distribution but in probability toward the local time
of the difference of the two isotropic fractional Brownian fields, up to a constant factor. Such a result
extends Proposition 2 in [8] where an asymptotic theory for sums of powers of absolute increments of
Brown-Resnick max-stable processes whose spectral processes are continuous exponential martingales
was developed. Our proof methodology is inspired by the approach developed in [7] for a fractional
Brownian motion and some results in [6].

Our paper is organized as follows. In Section 2, we recall some known results concerning the local
time of the difference of two isotropic fractional Brownian fields and the Poisson-Delaunay triangulation.
In Section 3, we present our main results by first defining the normalized squared increment sums and
then characterizing their asymptotic behavior as the intensity of the Poisson point process converges to
infinity. The proofs are deferred to Section 4. In the appendix, we provide some intermediary technical

results that are used in Section 4.

2 Preliminaries

In this section, we recall some known results on local times and Poisson Delaunay triangulation.

2.1 Local time of the difference of two isotropic fractional Brownian fields

An isotropic fractional Brownian field (see e.g. Section 3.3 in [4]) is a centered Gaussian random field
such that W (0) = 0 a.s. and

cov(W (@), W (y)) = % (2l + 1y — [ly — 2l *"). (2.1)



for some H € (0,1) and % > 0, with ||z|| the Euclidean norm of = € R2. The parameter o is called the
scale parameter while H is known as the Hurst parameter and relates to the Holder continuity exponent

of W. It is a self-similar random field with linear stationary increments in the sense that the law of
(W (2 +20) = W (20)) yer2

does not depend on the choice of 2y € R2.
Let W™ and W be two independent and identically distributed fractional Brownian random fields

in R?, with covariance given by (2.1), and let
WD () =W () =W (z), zeR2

To measure the portion of the square C = (—1/2,1/2]? for which the two random fields coincide, the

notion of local time is introduced as follows. Let v(2\1) be the occupation measure of W\ over C, i.e.
VD (4) = /C I[WeW (2) € 4] da,
for any Borel measurable set A C R. Observe that, for any s,t € [0, 1],
Als,t) == E[(WEW (5) - WD (1))?] = 202 || — ¢)*" .

Because [ (A(s,t))~'/2ds is finite for all ¢t € C, it follows from Section 22 in [5] that the occupation
measure v\ admits a Lebesgue density. The local time at level £ is then defined as

dy@\D
LW(2\1) (6) = dé

An immediate consequence of the existence of the local time is the occupation time formula, which states
that

/ (W (2))dz = / 0() Ly (0) de
C R

for any Borel function g on R. Adapting the proof of Lemma 1.1 in [6], we can easily show that, for any
{eR,

1 2
Ly (£) =1 WD
W(2\1) (() 1m e — €eXp ( 25 ( ( ) 6) dx

e—0

or

Ly (0) = — lim / / EWE (@)=0) 4 d¢, (2.2)
(M, M]

21T M—o0

where the limits hold in LZ2.

2.2 Poisson-Delaunay graph

Let Py be a Poisson point process with intensity N in R?. The Delaunay graph Del(Py) is the unique
triangulation with vertices in Py such that the circumball of each triangle contains no point of P in its
interior, see e.g. p. 478 in [9]. Such a triangulation is the most regular one in the sense that it is the one
which maximizes the minimum angle among all triangles.

To define the mean behavior of the Delaunay graph (associated with a Poisson point process P; of
intensity 1), the notion of typical cell is defined as follows. With each cell C' € Del(P;), we associate the
circumcenter z(C) of C. Now, let B be a Borel subset in R? with area a(B) € (0,00). The cell intensity



B2 of Del(Py) is defined as the mean number of cells per unit area, i.e.
1
=——F Del(Py) : B
52 = Ly E O € Del(P) £ 2(0) € BY).

where | - | denotes the cardinality. It is well-known that 8y = 2, see e.g. Theorem 10.2.9. in [9]. Then,
we define the typical cell as a random triangle C with distribution given as follows: for any positive

measurable and translation invariant function g : Ko — R,

E[g(C)] = ——-F S o),

/BZG(B) CeDel(Py):2(C)eB

where Ky denotes the set of convex compact subsets in R?, endowed with the Fell topology (see Section
12.2 in [9] for the definition). The distribution of C has the following integral representation (see e.g.
Theorem 10.4.4. in [9]):

E[g(C)] = é/ooo /(31)3 T3€7WT2Q(A(U1,U2,U3))g(A(TU1,TUQ,T’Ug))O’(dUl)O’(d’lLQ)O'(d’U,g)d?", (2.3)

where S! is the unit sphere of R? and o is the spherical Lebesgue measure on S' with normalization
o (Sl) = 27. It means that C is equal in distribution to RA(Uy, Us, Us), where R and (U, Us, Us) are in-
dependent with probability density functions given respectively by 2r2r3¢=™"" and a(A(uy, us, u3))/(1272).

Similarly, we can define the concept of typical edge. The edge intensity 81 of Del(P;) is defined as
the mean number of edges per unit area and is equal to 51 = 3 (see e.g. Theorem 10.2.9. in [9]). The
distribution of the length of the typical edge is the same as the distribution of D = R||U; — Us||. Tts
probability density function fp satisfies the following equality

PD < :/Z Jo(d)dd
0
— 7?:/000 /(s1) e a(A(ur, ug, e[ fJus — | < €] o(dus)o (duz)dr, (2.4)

where e; = (1,0) and ¢ > 0. Following Eq. (2.3), a typical couple of (distinct) Delaunay edges with
a common vertex can be defined as a 3-tuple of random variables (D1, D3, ©), where Dy, Ds > 0 and

© € [-7, 5), with distribution given by

1 [ 2
P[(Ds, D5, ©) € B] = 6/ / P3¢ a( A(us, uz, ug))
0 (s1)3
x I[(r|jus — ua||, 7||ug — u1]|, arcsin (cos(0y, u,/2))) € Blo(du)o(dug)o(dug)dr,

where 6., ., is the measure of the angle (u1,u2) and where B is any Borel subset in R% x [—5, Z).
The random variables D1, Dy (resp. ©) can be interpreted as the lengths of the two typical edges (resp.
as the angle between the edges). In particular, the length of a typical edge is equal in distribution to
D = R||Us — Uy|| with distribution given in Eq. (2.4).

Throughout the paper, we identify Del(P;) to its skeleton. When 21, 25 € Py are Delaunay neighbors,

we write 21 ~ xg in Del(Py). For a Borel subset B in R?, we denote by En g the set of couples (21, z2)



such that the following conditions hold:
1 ~ 29 in Del(Py), 1 € B, and 1 < 9,

where =< denotes the lexicographic order. When B = C, with C := (—1/2,1/2]2, we only write Ey =
En,c. For a Borel subset B in R?, let DT ~N,B be the set of triples (z1, %2, z3) satisfying the following
properties

A(xzy,29,23) € Del(Py), x1 €B, and 1z <2y < 3,

where A(x1, 2, x3) is the convex hull of (21, x2,2z3). When B = C, we let DTy = DTy c.

3 Main results

Throughout the paper, for the sake of clarity, we let @ := 2H and assume that a € (0,1) to remain

within the same framework as in [3].

Notation Let us recall that W) and W) are two independent and identically distributed fractional
Brownian random fields, with covariance function given by (2.1), and let W4, be the pointwise maximum,
ie.

Wy(z) = WD (@) vwP(z), =eR2

Similarly to [3], for two distinct points z1, 9 € R?, we denote by
UMW) = o=1d; 57 (Wo (22) — Wy (1))

Z1,T2

the normalized increment between z1 and zg w.r.t. Wy, where dy 5 := ||x2 — 1]|. Note that Ud'i/; is

the standard error of (W (z5) — W@ (21)) for i = 1,2, but not of (Wy (z2) — Wi,(z1)). This choice is
however motivated by the fact that as d; » tends to 0, the pointwise maximum Wy, in x; and z is either
equal to W) in 2, and xo, or is equal to W2 in z; and z5. We also introduce as in [3] two types of

normalized sums of squared increments

1
V;,%”—WN( > (W) -1)
x1,

z2)€EEN
and
-1
(Wv)
Wy) _ ; (Wy) (W) 1 Rwl,zQ,mg U;cl,xg B

V.?),N - |DT | Z ( Uz17m2 U371713 )<R 1 U(W\/) 2 ?

N (z1,22,23)EDTN T1,T2,T3 T1,T3
where

dis +di s —d33
2 (d1,2d1,3)H

Rm17m271'3 = COI‘I‘(U;K;)?, UJ(CI;‘,/JL) =

and d@j = Hl‘] — xl||, ) #j
The main result of our paper deals with the asymptotic behaviors of the squared increment sums.

To state it, we first provide a decomposition of these sums.

Decomposition of the squared increment sums Recall that we denote the difference between
the fractional Brownian fields by W\D (z) = W@ (z) — W) (z) for any = € R2.



Similarly to Section 5.1 in [8], we observe that, for any real measurable function f : R — R and for
any (r1,22) € En,
FULTED) = FOL )W (1) < 0]+ FUL,, )W W (1) > 0]
+ 0, (U, UL, WD @)/ (d?})), (3:2)

x1,T2? 7 X1,T2)

where

Ua(:}?mz = /2 (W(l)(xQ) - W(1)<3’;1>) ) Uag??a:z = /2 (W(Z)(‘TQ) - W(2) (xl))
aalL2 ody’

and
Uy (z,y,w) = (fly +w) — @)z —y <w < 0]+ (fz —w) = f(Y)I0 <w <z —yl.

Now, let Hy be the Hermite polynomial with degree 2, i.e. Ho(u) = u? — 1 for all u € R. Taking f = H,

in the above decomposition, we get
Wy 1 2 2/1
Vo' = Vo + Vo + Vs (3.3)

where

Vil = — ) (W2 -1)

(z1,22)EEN,WEC\D (21)<0

ME‘
=

‘/2(,2]\)7 \/‘E7N| Z ((Ua(c??xz)Q - 1)

(z1,22)€EN,W\D (21)>0

1 (87
v = S U, U, UL, W (1)) f(od ).

2,N | T1,T2? 7 T1,T27
‘EN| (z1,22)EEN

To obtain a similar decomposition for the triples, let us denote, for —1 < R < 1, by Q the following

function

1

=1 [, (w1, v1,w1) + W, (U2, v2, w2)]

Q(Ul,'[}l,ug,vg,wl,UJQ;R)

-2 Ur (ur,v1,wr) ¥r (ug, v2, w)

1-R?
R

—2ﬁ [Ul\:[/[ (’LLQ,’UQ,’LUQ) + ug Wy (ul,vl,wl)} I[[U}1< 0} (34)
R

_2ﬁ ['Ul\I/] (UQ,'UQ,U)Q) + 1)2\:[/[ (uhvl,wl)] H[w1> 0]

with I (u) = u for all u € R. Then we have

Wy 1 2 2
Van' = Vi + Vi +Vax", (3.5)
where
(1) 1 (1) (1) 1 RZL’1,:E2,:E3 - UJ(,}?.LQ
V.?),N = Z ( Uzl,zg U:E17ZL‘3 ) 1 (1) -2
V |DTN‘ (ajl,w27w3)€DTN, Rfrl,.’tz,rg Uml’IS
W(2\1)(_T1)<0



-1
1 1 R U2
V(Q) - E ( Uéz)x U:EQ)m ) T1,22,23 Z1,22 _9
o |DTy]| (z1,72, o o Ray 2o, 1 Ulg?wz

x3)€DTN,
WD (£,)>0

(2\1) (2\1)
(2/1) L 3 WS (@) W (@)
VziN = Q Uﬂgi?mz’Ug?rs’ Ud(??m’ Ug?fbsﬂ /2 ’ a/2 7R1’17$27w3 .
|DTy]| 4! !
N (z1,22,23)€EDTN 1,2 1,3

Asymptotic behaviors of VQ(‘;[V/V) and %(?V/V) To state the main result of this section, we need

to introduce some additional notation. In the following, we denote by Fs the function defined, for any
z € R, by
/2 1 —(z24y?)/2
Fy(z) = Uy, (x,y,2/d* ") —e Y12 fp (d) dedydd,
R?2 xRy 2

where fp is the density function of the length of the typical edge defined in Eq. (2.4). We also define

Fy(z) = / a1, y1, @2, Yo, 2/d5"?, 2/d5"%; R(dy, da, d3))
R4x(R,4)3

X @o (x1,y1; R(dy, da, d3)) 2 (72, y2; R(dy, d2, d3))
X fDy.Ds, D5 (d1,d2, d3) dz1dyrdzadysdd;ddadds

where

11 1 1 RY (e
e2(w i) = TR P | T3 (v v) (.R 1 > ( y > ’

s+ dg — dg
2 (dyds)*"*

R(dla d27 d3)

and where fp, p, p, is the density function of the edge lengths of the typical Delaunay triangle C.

Moreover, we write
Cv, :/ Fy(z)dz and cy, :/ F5(z)dz.
R R

The following proposition deals with the asymptotic behaviors of V2(721\/[1) and ‘/23(721\/,1).

Proposition 1 Let W) and W@ be two independent and identically distributed fractional Brownian
random fields, with covariance given by (2.1), with 0®> >0 and o € (0,1). Then, as N — oo,

V3 (2

?N @ ')/4‘/2(,21\/!1) 5 ey Ly (0),
V2 (2-a
7]\7 @ )/4‘/3(’2]\/,1) E CVng(2\1)(O)~
In the above proposition, the expression % denotes the convergence in probability as N goes to infinity.
Notice that the factors v/3/3 and v/2/2 come from the facts that |Ex|/N 3 3 and |DTy|/N %3 2 as
N — o0, respectively (see p.9 in [3] and Theorem 10.2.9 in [9]). An adaptation of the proof of Theorem

1 in [3] shows that, for @ € (0,1), as N — oo,

Vv + Vi BN (0,0%,) (3.6)



and
ViR + ViR BN (0,0%,) (3.7)

where 2 denotes the convergence in distribution as N goes to infinity.

As a direct consequence, we obtain from Proposition 1 and Eq. (3.3) and (3.5) the following theorem.

Theorem 2 Under the same assumptions as in Proposition 1, as N — oo,

V3
3
V2
2

Nf(zia)/zlvg(f/]zw E) v, LW(2\1) (0)7
N=@=/Ay D) 5 ey Ly (0).

The rates of convergence of V;KV) and ‘@i‘%ﬂ differ from those of V2(7V15) and V})(,V]l\;). Indeed, the sums
of square increments in VQ(E\/,D and ‘/'3(72]\/,1) are the dominant terms. As a first observation, it could appear
as surprising since it means that the dominant terms only concern Delaunay neighbors, say x1, 2, for
which the maximal trajectories are different, i.e. such that xy € C7 and x2 € Cy simultaneously, or such
that 1 € Cy and x5 € Cy simultaneously, where C;, ¢ € {1, 2}, denotes the cell

Ci={x e R?: Wy (z) = W;(z)}.

In particular, these edges have to intersect the boundary of the cells, i.e. C7 N Cs. But the Hausdorff
dimension of Cy N Cy is 2 — a/2, which is strictly larger than 1. Moreover, on the boundaries of the

cells, the random field W\, is very irregular, which provides in particular large increments. Roughly, this

)

explains why ‘/2(72]41) and ‘/'3(7‘;\[? are the dominant terms and why they reveal the local time at level 0.

4 Proofs

4.1 Proof of Proposition 1
(2/1)
4.1.1 Proof for VQ,N

Without loss of generality, we assume that ¢ = 1. Let, for any measurable function f: R — R,

1 o le%
GV = N ST WU, UL, WY () /1)

3 T1,T27 T1,Tr2)
(whwz)EEN
and
Gﬁf*l)[f] — No/4-1 Z Fy (Na/4w(2\1)(x))
zePyNC
with )
Fy(z) = / Uy (w,y, 2/d/?) — e~ 2 1 (d) dadydd.

R2xR, 2w

Note that

2\1 1 /s 2/1
G () = SN BNV

and therefore Gs\?\l)[Hg] is of the same order as Na/4*1/2V2(721\/[1), since % % 3as N — cc.

We want to prove that, as N — oo, Gg\%/l)[Hg} 5 ey, Ly vy (0). To do it, we subdivide our proof



into three parts. First, we show that, for any f such that Fy belongs to the Schwartz space, as N — oo,
G(2/1)[f} = ¢ Ly (0) (4.1)

with ¢y = [g Fr(z)dz, and deduce that, as N — oo, G]\z,/* [f] 5 ¢fLyy\1)(0). Then we prove that, for
f=Hjy,as N = oo,
GV Hy) - GGV [H) 5 o, (4.2)

and we conclude by proving that Fp, belongs to the Schwartz space.

Part 1. Proof of the L? convergence in Eq. (4.1)
Let f be a function such that Fy belongs to the Schwartz space. Our aim is to prove that

lim E [(Gg\?(*l)[f] — CfLW(2\1)(O))2:| =0

N—o00

or equivalently that

tim (& [(@2D11)°] - 2¢/8 [G0 )Ly (0)] + B [(erLvenn 0] ) = 0.

N—oc0

We proceed in the same vein as [6]. First, according to Eq. (2.2), we notice that

02 (2\1)
E Lo (O2] = 5 tim E / / iEWw (z)
[(Cf w2\ )( )) } (271— 2 Mlgloo ( [-M,M] o dg
- / / 5W(2\1)(m)+5 wED (@) )} dfdg
271- (27)2 M=o [-M,M]2 JC?

c> 1 o
N (2;)2 /R /c e 38 E i, (4.3)

where € = (¢,¢'), d = d¢d¢’ and d7 = dada’.
2 .
Secondly, we deal with E [(Gﬁ’/*l)[ f]) ] . To do it, let us denote by Fy the Fourier transform of F,

ie.

6) = /R Fi(y)edy, €€ R.

Because Fy belongs to the Schwartz space, the function F 'r also belongs to the Schwartz space and, for

any w € R,
- M#/‘l /R /R Fy(y)e vV D dyde. (4.4)
Therefore
B | (1)) - (%T)lN
<E [ e e ) D )y o agad
R2 /R?

(z,z )E(PNOC)2



We can easily prove that the right-hand side has the same order as if we only consider couples of distinct
points (x,2'). Such a property allows us to apply the Slivnyak-Mecke formula (see e.g. Theorem 3.2.5
in [9]), which gives

(2/1) 2 1
B[00 x o
x E {/ / / .5W<2\1) (z)+¢ (W(2\1)( )>67i(5Tg)/NQ/4Ff(y)Ff(y’)dgj’dgdf .
R2 JR2 JR?2

Now, it follows from Fubini’s theorem which can be applied because Fy belongs to the Schwartz space,
that

/11 ) 1
/ / [ [l ) DN by )y g,
Cc2 JR?2 JR?

which gives

E [(Gﬁfﬁmﬂ o~ (Zi)z /C 2 /R 2 /R 3Ry )y )agadar

According to the Lebesgue’s dominated convergence theorem, we deduce that

2
/1 m)? c —Lers, L7
E [(GM* [f]) } VT P /R 2 /C e d7dé. (4.5)

It remains to deal with E [Gg\?{*l)[f]chW@\l) (O)} According to Eq. (4.4), we have

C
E [GS\QI,/*I)[f]CfLW(z\U(O)} = o f
x Jim E[ / / €W\ (@) o —iy/N** (1) dyde / / ieC\D (2) 1 dg]
7 |sePync [—M,M]

Applying the Slivnyak-Mecke formula, Fubini’s theorem and the Lebesgue’s dominated convergence

theorem, we get

E [GE\QI,/*I) [f]CfLW(2\1) (0)}
27r 5 A}g)noo/cz /RX[ MM]/ [ (eW W @)W @) ] —iew/N () dydéda
- (;f)g L f e e g ayaas

C? l"TE & —
— / / e 28 FearSqzde.
N —00 (27T)2 RrR2 JC2

This together with Eq. (4.3) and Eq. (4.5) implies Eq. (4.1).

Part 2. Proof of the convergence in probability in Eq. (4.2)

10



Adapting the proof of Eq. (4.1), we can easily show that, as N — oo,

1
G- I T (v ) 5o

(z1,22)EEN

The factor % comes from the fact that, for a typical point x, the mean number of edges whose x is the

leftmost vertex is 3. Therefore, it is sufficient to prove that

2
E || pora-t Z (‘I’HZ(UE?W Uﬁ?mywﬁ\l)(ﬂﬂl)/d?ﬁ?) — Fg, (Na/4W(2\1)(3c1)))
(z1,22)EEN
converges to 0 as N goes to infinity, or equivalently that
lim N%/?72E > PNy oo Niwaza | =0, (4.6)

N—o0
(z1,x2), (z3,24)EEN

where
T1,T27 7 T1,T2)

PN = U, (UL, UG W(z\l)(gjl)/d?’/z?) — Fu, (N“/4W(2\1)(301)> _

We only prove Eq. (4.6) when we assume that the pairs (z1, z2) and (3, x4) appearing in the sum have

no point in common since the opposite case can be dealt in a similar way. Let

Ry = N*/*7°E > I{z1, 22} N{zs, 24} = 0178wy 20 Niws 2

(z1,22),(z3,04)EEN
According to the Slivnyak-Mecke formula, we have

RN:NOC/2+2/ ]I[!El,xg GC]

/ E [Nz 20" Niws,z4) D28 (X1, T2, @3, £4)dwodry | doydes,
(R2)2 (R2)2

where pa (21, %2, %3, 24) is given (as in [3]) by
po,N (21, T2, T3, 24) = P21 ~ X2, X3 ~ x4 in Del(Py U{x1, 22,23, 24}) and 21 <X 22, 3 S x4]. (4.7)
Let
oN (W<2\1>(x1), W(2\1>(x3)>

= /(R2) E [TN;:vl,zQTN;xg,x4|W(z\l)(wl)aw(z\l)(m?))} p2,N (71, T2, 23, 24)dwodzy

WD (1), WD (z4)

=E l/ TN§x17$2TN§x3»$4p27N(x1? T2, 23, 74)draday
(R2)2

so that

RN _ Na/2+2/

B [z/;N (W@\l)(xl), W<2\1>(x3))} Az dzs.
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Let 6 € (0,1) be fixed, define

Ry, = Nos / [lllay = asll < 3] E [t (WD (20), WEW (@) )| dordas
C2

RY; = N”‘/2+2/ T[|lz1 — a5]| >5]E[1/}N (W(2\1)(m1)7W(2\1)(x3))]dmldxg,
C2

so that Ry = RE\})(; + RE\?)& It is sufficient to show that, for some positive constant c,

lim sup |R§$)5| <es?e (4.8)
N—00 ’
and
: @ _
A}gnoo Ry =0, (4.9)

which will constitute the two main steps of our proof.
Before proving this, we provide bounds for the mean and correlation coefficients. To do it, we notice

that the random vector

T1,T2) T X1,T27 T T3,Tq47 T X3,Tq)

(U, U2, U, U, WD @)V [ |2, WD () / V2 5] |*?)

has a centered Gaussian distribution with covariance (correlation) matrix given by

10 Nxy 20,403,224 0 Pxy,xo Ve ,ag,a3 ]
1 0 Nwy 22,053,224 ~Pxzq,z2 V32,23
» — 1 0 Vz37r47901 pz371‘4
Z1,%2,23,T4 ~ )
1 “Vag,x,@1 ~Pas,my
1 Ky ,z3
- 1 -
where
77x1,x2,z3,m4 = Corr(Uz(}?zy Um(i?au) = COIT(UQ(E?IW Ui?:@)
_ L(lza = mf|” = llzs — 21|) — ([lza — 22| — [|25 — a[|*)
2 w2 — 21 |[*/2| |24 — 3]*/2
L[ + [[o1]|* + [[w2 — @1[|*
- — (1) (1) ——
R By P [T P
L{|ao||* — [[zs — @2||* — [[@1]|* + [|zg — 24|
1 1
Vay,ea,es = _Corr(UaE1?wz’W( () = 2 g — x1]]/2||23][*/2
L[@y]|* — [|lws — @[] + |23
Ky zs = Corr(W(2\1) (1), WD (z3)) = 3 TACEEARE

Let us write @y 0.2)
1,1 1,2
E . E$1,$2,$3,(E4 E$17127$3;$4
T1,22,T3,T4 — 2,1 2,2 ’
n( n(2,2)

Z1,22,T3,T4 Z1,T3

where 2;11’7195)2@3@4 is the covariance (correlation) matrix of (Uﬁ?xz, Uéf?mU;Qm, gﬁf)m)

It follows that (Uﬁ?mz,Ug?m,Ug?u, Ugﬁ?m) given (W\D (z1), W\Y(23)) has a Gaussian distribu-
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tion with mean

-1 (2\1) a/2
plos _ v(1,2) ( (2,2) ) w (x1)/V2 |1
T1,T2,T3,L4  “T1,T2,T3,Tq T1,T3 2\ 1 a/2
»T2,T3, ;T2,T3, , W(\)(QC&)/\/E”xS”
and covariance matrix
| (1,1) (12) 22) )y
T1,%3 — , _ ) , ,
211,12,933,964 - 211,12,13,1’4 ZZII1,JE2’I3,I4 (211,13) 211@2,13,14'
We have
pwl,xg VJ?1’$27I3
—1 — _ _
2(1,2) 2(272) _ 1 Pxy,xo Vzy,xa,m3 1 Razq,2s
T1,L2,T3,T4 1,23 - 1 — k2 v _ 1
x1,T3 Z3,T4,T1 p$37w4 ’%01@3
L —Vas,xa,21 ~Pz3,z4
Pz, — Kay @3V ,@0,23 —Kaya3Pz1,@0 T Vay,as,as
_ 1 —Pxi,x2 + Kay,a3Vry 20,23 Kay,x3Pz1,@0 — Vay,m2,23
- _ 2
1 K:J»'LJJS Vag,wg,w1 — Koy w3Prs,za —Razy,x3Vrs,@y,m + Pzs,x4
L —Vas,xs,21 + Kay,x3Pzs,24 Kay,zgVrs,os,01 — Paos,zy

Therefore we can conclude that

Vzy 22,203,304 ‘W(Q\l)(xlﬂ 4 }W(Q\l)(x3)|

- b)
L=k2 00\ o] 3]/

|z1,73
L1,T2,L3,T4,2

(4.10)

max ‘
1<i<4
where

Uml1x23I37‘/E4 = maX{|pzl1m2|’ |p131x4|’ |V21,I2,I3|7 |1/I3,$4,I1 |} S ]'

and C' is a positive constant that does not depend on 1, zs2, z3, x4. Moreover it is easily seen that

max {|S71*3 I<c (4.11)

1<ig<a VT TLT2, 08,040
<i,j<

and that

|z1,23 Vzy, 2,203,204
max {|Zz1,z2,ms,z4,i,j - I47i,j‘} <C |77301’C02,I3,I4| + )

1<i,j<4 1= K3
:

where I, is the identity matrix of dimension 4.
Note that, if z1 and x3 are fixed (with di 3 > 0), we have vz, 4y 25,0, — 0 a0d My 2y 04,2, — 0 as
di2 = 0 and d3 4 — 0. Thus, if dy 3 > 0 is fixed, as d; 2 — 0 and d3 4 — 0, we have

»(t1) —1I; and X2 — Ogx2,

Z1,22,T3,T4 Z1,%2,23,T4

and therefore

|I1,I3 |Ilax3
oy ey g s — Oax1 and Y w4

When dy 3 — 0, it is actually possible to get more precise inequalities than Eq. (4.10). Let us e.g.

consider the (1,1) entry of 2;11’72922@3@4 (2&21’3)3)*1, ie.

13



Ifdi 2 < 'ydffge with v, > 0, then we have (according to Lemma 3)

/2

1 —a/2
Pay,ws d1 30 §d1’2 s || /2,

1 _
KRay,xs dl";;o 1- id(ll,3||x1|| “,
1

1—a/2 — —
0~ 30l ],

V33179€27963

and therefore

1 o2 _
Pxy,xe — Ray,z3Vry,x0,23 d1,:~>0 id(lx,/Z ||£C1|| a/2.
The assumption d; o < 'ydfff is not restrictive since
lim Pp, [||x2 —z1|| < 9l|lws — m1|\2+5] =1,
N—o00

where, for any z € R?,
1

1
1 (&) o= gvar (W (@) = 50° ]
denotes the semi-variogram and where the subscript Py means that (z1,22) and (z3,z4) are edges of
triangles of Delaunay triangulation generated by Py.

Since, according to Lemma 3, we have 1 — Ky, 4, o 2dS gl|x1|| 7™ with the assumption z1, 23 € C,
1,3—0 ’
we get, as di 3 — 0,

|l)$1,1-2 - K117$3V9317127I3| = 0(1 - Kw17$3)'

So it is possible to derive that, as d; .3 — 0 and dj 2 < cdfiﬁﬁ

Yo1,22,23,24 _ o(1).

More generally, it can be shown that, for d; 2 < Vdige, the inequality in Eq. (4.10) may be replaced by

<0 <|W(2\1)(x1)| . \W(2\1)(x3)|> .

|z1,23
’U/111121m31x431

max (4.12)

1<i<4

2 2
(e 3]

In what follows, we re-write the term ¢ (WZ\D (1), WZ\D(z3)) as follows:

. (W(2\1)(x1), W<2\1>(x3)>

=E l/ TNz 2 Nizs,zaD2,N (L1, T2, T3, T4)daoday W(Q\l)(m),W(z\l)(w?,)} .
(R2)2

We have

. (W(2\1)(x1), W<2\1>(x3)>
= LY (W<2\1>(g;1), W(2\1>(x3)) _pYF (W<2\1>(x1), W<2\1>(m3))

— R (WD @), W () ) + o7 (WD (@0), WD ()
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with
Al (W(Q\”(xl), W<2\1>(x3))

— / ] 2/4 \IJHQ (Ul,UQ,Na/4W(2\1)(.’L‘l)/(dl’gNl/Q)a/Q)
(R2) R

X \I/H2 (’U,3, U4, Na/4W(2\1) ($3)/(d3)4N1/2)a/2>

X @ oy, (u1,u2,us, ug) duydugduzdusps N (21, T2, 23, 24)drodry,

|zq,2
Py zy,w3,2y 7211 \ T, T3, Ty

R (WO (1), WD (a)
= Fiay (VW) [ i N 1) (a2
(R2)2 R4

X gbu‘zlvz:; 2\11,13 (u17u23u3au4) duldu2du3du4p2,N(xlax27x37$4)dx2dx47

T1,%2,%3,T4)%],%2,23,%4

e (W(z\l)(xl),W(Q\l)(mg))

= Fy, (Na/4W(2\1)(x1)) Fu, (N“/“W(Z\l)(xs))/ po.n (@1, 22, 73, 74)d2aday
(R2)2

and with Y (WD (z1), WD (23)) = ¢ ¥F (WD (23), WE\D(21)). Note also that
W bz, (u, ug, NOAW D (21) /(dy o NV2)/2)|

2 2
<wujVuj (]I{ul_uZSNQ/4W(2\1)(wl)/(szNlm)a/zSO} + ]I{OSNQ/4W(2\1)(wl)/(dly2N1/2)a/2§ul_uz})

2,2
=u] Vv UQ]I{NQ/4‘W(2\1)(w1)|/(dly2N1/2)a/2§‘ul_u2|}.
We are now ready to address the terms Rg\lf)(s and Rf,)(; introduced on page 12.

Step 1: proof of (4.8).
Let

R = No [ e o) < ) [}

R )]
RGGYT = N/ /C Iy — sl < SJE [0 (WO (1), WD (a5) )| dads

R ( )]

R ( )]

RO = 8o [ ey o) < 81 [0 (WO @0), WO (a4) )| doaday
C

RO = 8o [ ey ol < 01 [0 (WO @), WO a4) )| doaday
C

15



We mainly consider the term R%)é‘l/qj. We have

Al (W(z\l)(gcl), W<2\1>(x3))
= / / \I/HQ(’U,l,UQ,Na/4W(2\1)(xl)/(dl’gNl/Q)ap)
(R?)2 J(R2)?
a/dyrr(2\1) 1/2\a/2
X \IIHZ (U3, Uq, N w (l‘g)/(d‘;AN ) )

X ql) |zq,23 E\xl,mg (ul,UQ,U37U4) duldu2du;;du4p2,N(x17xg,acg,m4)dx2dm4
Koy wo,xs,04 150,00, 23,04

and therefore
XY (WO (1), WD (a) )

- / > 2/ 2)2 Ui, (G, g, NOHW D (1) /(dy 2N 12)2/2)
(R?)? J(R?)

X Uy, (tig, @y, NAWED (25) / (dg 4 N2)2/2)

X pa,n (21, T2, 23, x4)dxodaado 1, (U1, U2, u3, us) dusdusdusdus,

where
Uy Uy
(% — lzi,xs + (E|w1,w3 )1/2 U2
~ N$1,12,£E3,£E4 1,T2,T3,T4
us us
Uy Uy

We deduce from Eq. (4.12) and Eq. (4.11) that, for j =1,2,3,4,

< c <|W<2\1><x1>| W)
TTUAV2Im ) VR e

+ ||ﬁ||1> = B (21, 23, [|d],)

for some positive constant C, with |||, = Z?:l |u;|. Then

| W (i iz, N WD (1) /(d 2NV2)02)|
— 2
< 2B (@1, 3, @)™ Lpyasajwen (o)1 2N1/2)0/2<2B (01,05, )}

We deduce that

o

is lower than

U, (1, G2, NOAW D (21) /(dy o N/2)2/2)

X Wy, (i3, tia, N WD (23) /(d3 4 NV2)¥/2) | po n (1, T2, 73, 24)dzoday

4 L4
ﬁB ($1a$37 Hu”l)

NAWED @)] o NOAWED ()
2B (x17x37”ﬁ”1) e 2B (:171;:173,“6“1)

X Play o) | DI > WD (21), WD (25)

where (D1 2, D3 4) is the distribution of ||xe — x1|| and ||z4 — 3] under po 1 (21 and x3 being fixed), i.e.
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for every measurable and positive function g : R1 x Ry — Ry

EHxl—xgH [9(D1,27 D3,4)] = / g ([|lxg — 1], ||wg — 953||)p2,1($1,$2,$3,$4)d$2d$4~
R2xR?
Note that, for ¢ > 0, the multivariate Markov inequality provides

Ejjz, s [Df 2D5 4]

Play—as) [D1,2 > d1, D34 > d3] < AT
13

while the univariate Markov inequalities provide

E o, 2y [P o]
di

EH%—%?’H [DgA]
d;

Plloy—ag) [D12 > di, D34 > d3] < Py, gy [D12 > di] <
Ppy—as) [D12 > d1, D34 > d3] < Py, gy [Dsa > d3] <

Hence an upper bound of P, _5,| [D1,2 > di, D34 > d3] is given by Bjz, _4, (d1,d3), where

Ejay—ag|| [D 2 D5 4] /did]  if dy > dypq and ds > d3p

B di.d N EHZIH*ZI?S,H [D%le /d(f if d1 > dl,b,q and d3 S d37b,q
Hac1—a¢3|‘7q( 1 3) - E DY d? ifdi <d d d d ’
||z1—2x3]| [ 374] / 3 1 1> d1,p,q a0k 3 > 3,b,q
1 ifdp < dl,b,q and d3 < d37b,q
with
divg = (Ejoy—s) [D] 205 4] /Ejar—aq) [D§4])"*
d3pg = (Bjay—ug) [Df2D54] /Bjjas ) [D] 2]V
Note that

0< (< inf dl,b,q < sup d17b7q < (i < .
llz1—z5]>0 o1 —as3)>0

It follows that

‘w%m (W(Q\l)(x1)7W(2\1)(x3)>‘ < %E[B (Ihxa ||(7||1>4

2/a 2/a

NP WD ()| NHWED ()|

X Bz, —as]l,q = , =
28 (21,23, |[0]1) 288 (1,20, 1071

‘W(z\l)(zl), WD (1)

where U has a standard multivariate Gaussian distribution independent, of (W2\D (1), W2\D (13)), and
that

g ot (0 0, ) =
2/a 2/a

NAW D (z,)] N4 WD (25)]
288 (1,5, |01 28 (o1,22, 101h)

Lo\ 4
x [E B(1‘1,$3,|‘UH1) BHw1—w3H,q
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To deal with the right-hand side, let

N - 4
v (y1,ys, ) = C* (lally + [yl + lysl)

2/ o
¥ B VENA 21 [|*? gy VN4 |25 %% ys
les=eslha \ \ 2C (@], + [y1] + [ys]) 2C ([[all, + lys| + lys]

/a
)> Po,522), (y1,93)

with

!/
1 1 1 2.2 -1 %0
Do, W) = gr g e (‘2(% ) (=52) (), ) )

Z1,T3

The quantity v has been chosen in such a way that

/ ux (s, Nl dyadys
R2

a/ap(2\1) 2/ a/ap(2\1) 2/e
=E B(xlaxfiv||ﬁ||1)4BH:v1—w3Hq (N |W (_;Tl)> s <N |W (_,x3)|)
' 2B (.7(,'1,.%'37 ||u||1) 2B (.’)31,:E3, Hu”l)
and that
J41p(2\1) 2/ Ja1p(2\1) 2/
. 4 N 4|W 2 1 (1’1)| N 4|W 2\1 (.CC3)|
E B(LE17$3,HU||1> B\|I1—$3H,q ) 5
2B (w1, 25, 1011x 2B (w1, 25,1011

=E {/ UN (yhyz’n ||m|1) dyldyfs] .
R2

Let
VN | |y | VRN a7 ys|
Ay = (y1, 3) 1 Y1 <d%2 3 Y3 %2
| 2C ([[ally + [va] + lys]) @ 2C (Jally + o] + [ysl) = "2
« a/2 o a/2
o = s 2NN ] o VRN P sl o
’ P20 (laly + Tl +Tysl) ~ 20 20 (laly + Ji] + [ysl) — 20
a a2 a a/2
don = L s 2N @l ] e VEN sl gl e
’ ) SCal, + Tl T s ~ 00 20 ([l + ] + Jysl) "0
Asnv = < (y1,93): VN |72 [y S /2 VAN g | *72 [y qe?
| ) SO, + ol + luaD) 00 2C ([l + ol T Jwsl) "0
First, we deal with f ~ (Y1, y3, ||€]l;) dyadys. For (y1,ys3) € A1 n, we have
o /2 2 -
VN 2y |42 || < 2d70%,C (Il + ]+ Lws])
o /2 o /2 =
VN ]| Jys| < 24552, C (lally + [ + lys])
and therefore
o /2 2 2 -
(VZN/t a2 = 2ag 2 CY Il < 2d70,C (I, + Jys)
(e 2 /2 /2 -
(V2N a7 = 2d502 C Y Iyl < 2d50,C (I, + [yal) -
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Therefore, for N large enough, we have

2d%% ¢
VAN a2 = 2d5%,C s gy |
(VEN©/4 |32 - 24572,C)
/2
< | 247770+ Qdf‘”b’qf — | llall,
P (VaNes g | — 24577, C)
and
2d*? ¢
VNS ||| — 24517, C — lys|
3:b.q a/2 /2
(VAN ar | — 24577, C)
/2
< (202 2014 .
P (VAN | — 2457 C)
This implies that
B Il
| < C——""—o7 and |ys| < O——Fp.
N/ ]| N/t ]|
It follows that
. . 1
[ vl dnds < ¢ [ (il + lnl + s o dundus
AN AN Ry s

116
Il 1

< C .
1= K3, oy NO/2 |2y |*7% 5]/

Let us now consider ng o UN (1,3, ||dll;) dyrdys. For (y1,y3) € As,n, we have, for N large enough,

@], + |y
Ne/4||z;|*/

4],
ly1] >C———— and |y3/<C
N/t |y |2
Note that, for any ¢ > 0,

sup  Ejg, ) [DY 5] < C.
[lz1—z3]>0
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We have

/ vn (91, s, [l],) dyadys
Az N

Ejle, a5 [Df 2]
(V2Nora ]| )

E o, —aa) [DY ]
442/ lz1—=s| [~1,2

<c [ ae TIG
A (vVanvert |72 )

N 442
< C/A (Il + [y ] + lys]) 29/ 207a Po.s2), (W1,3) dyrdys
2,N ’

, S Y: dy+ dy-
¢0,2§21f,2;3 (y1,y3) dy1dys

E”J/’lf‘rg” [D(1172j|

Az N (ﬁN“/‘l ||$1Ha/2)
EHml—mgH [DLIJQ]

A (VNS4 [l [y

+C

2q/a |y1 ‘4¢072(2v233 (yla y3) dyldy3

xq,T

+C

" |y3‘4+2q/a¢0’2<z211,223 (y1,y3) dy1dys.

This gives

/ v (91, s, [],) dyrdys
Az N

-4 —
< C”“H1+2q/a Ejj, —as)| [D1 2] @], + |y

@ [e3 1
1= K3, s /y1|>0|anl/(zva/f*nxum) (\/§N°‘/4 ]|/ |y1\>2q/ N/ ]|/

1 / Ejay—oa) [Pi] 91 @], + [3:1]
L= K2y S >Clal, /(N4 2a])2/2) (\@NQ/‘* \lxllla/z)wa et ol

E DY i !
1 / s —zsl [D12] ( ]y + [y )
L= 621y Jlya>Clall, /(N4 /%) (VaNa/t a2 |y1|>2q/a Ne/4 || /2

+C $0,1 (y1) dy1

+C

If 2¢/a > 2 and N®/2 ||z1|| > 1, we have

[ o o ) e < el !
9 ’ 1 — « «
Ao 1= K3 ag NO/2 ||z, ]|*/? |23/
1 1
+Cl — K2 /4 a/2y2q/ /4 /2
Kz, @3 (Na ||1'1|| ) e Ne ||x3||
1 1
+C

1= K3, g NO/A ||z |2 (Ne/4 |25 /)2

This implies

) L[|yt 1
vN (Y1, 93, (|4l ,) dyadys < C :
/-/42 N 1= "%25179‘73 Ne/2 ||x1||04/2 ||x3||04/2
In the same way, we deduce that
(el ] o 1
vN (y1,y3) dyrdys < C :
/As,zv 1- "{3’1’1’3 Ne/? Hxlllm Hx3||a/2
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Let us consider the last part fA4 o VN (Y1, 93, [|4]l;) dyrdys. Note that, for any ¢ > 0,

sup  Ejjp, ) [DY D3 4] < C.

|z1—23]|>0
For (y1,ys3) € A4 N, we have, for N large enough,

lill,
Ne/4 ||z, ||*/

12l

and |y3| > C——F—.
Ne/4 ||z

ly1| > C

Then, if 2q/a > 1, N*/? [[a1]| > 1, N*/? |Jz5]| > 1,

/ vn (Y1, y3) dyidys
Ag N

Ejo, s [D1 2D3 4]

N o 2q/«
(V2N ]| lys V2N /4 1|2 [y )

x ¢0,2;2‘1«2_33 (y1,y3) dy1dys.

- 4+4
< [ Wl b+ el
4,N

This gives
/A vn (Y1,y3) dyrdys
4,N
a9/ Ejzy—as)) [P] 2D 4]
s OTe 5 ; 57a WW1dYs
z1,3 J AN (\@N“/‘legHa/ |y3‘\/§Noz/4 ||1‘1||a/ |y1|>
Ejp — D?._ D4 |y1‘4+4q/a
c = 3”2 [D,Dj 4] Gz, (1v) dyndys
A (VENO a2 g VNS |2 3]
B e ! e !
T Lk N2 |72 | (N [ |20 N g |2
—n4+4q/a
S [l 1

L= iiea N2 a2 flas |2
We can therefore deduce, by adapting the proof of Lemma 3 that
1 1
L= K2 o N2H/2 2|72 s |2

< C 1
= N2/ |y — g™

E [k (W @), W @) || <€

We deduce that

RGO = wese /CZH[Hxl — agl| < SB[ |uk? (WD (1), WD (2g) )| | derdas
< c/ 1{jl21 — ]| < 8] ———dzdas
c s — o1
< ede,
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and that

limsup |R N6

O] < a2
N—oo

In the same way, we can show that

lim sup RS\})(;\DF‘ < 6?7, limsup ‘RE&{;F\P‘ < 6?7 limsup )R%{;FF’ < 062,
N—o0 ’ N—oc0 ’ N —oc0 ’

Step 2: proof of (4.9).

First note

. (W@\U(xl),W(?\l)(xg)) = b (W<2\1>(a:1), W(2\1>(x3))
= X (WD (@0), WEW (@5) ) = S5 (WED (20), WEWD ()
with
A (W(z\”(m), W(z\n(xg))

:/( 2 2/ 2) \IJHz(u1,U2,Na/4W(2\1)(xl)/(dle/z)a/g)
R2)2 J(R

X \I/H2 (U3, Uyg, Na/4W(2\1)(xg)/(d3,4N1/2)a/2)

X @ oy, sle1.es (u1, ug, us, ug) dugdusdusdusps N (21, 2, T3, 4)drodey
Haqi xg, 3,0 52 ,@0,03,T4

— Fy, (Na/4w<2\1>(x1)> Fy, (Na/4w(2\1)(x3)) /(R2)2p2’N(x171'2,{E3,$4)d1’2d$4

and
DIF (W<2\1>(x1)7 W<2\1>(x3))
— Fy, (Na/4w(2\l)(x3)) / / Uy, (Uh’U,Q,Na/4W(2\1)(fl)/(d1’2N1/2)a/2)
(R?)? J(R2)?
X @ Jay,e P (u1, ug, us, us) durdusdusduaps v (21, T2, 3, 4)droday

Mz zg,w3,0q:%H21,20,23,T

_ Fa, (Na/4w(2\1)($1)> Fu (Na/4w(2\1)($3))/ pon (@1, @, 33, 20)dradas
(R2)2

and
JEY (W<2\1>(x1), W<2\1>(I3))
— Fu, (Na/4W(2\1)(x1))/ / U, (g, g, NOATW D (34 /(dg o N12)0/2)
(R2)2 J(R2)2
X @ la1.5 S (u1, uz, uz, ug) dug dugdugdugps v (21, T2, T3, £4)dzoda,

T1,T2,T3,T4 ST, T2,T3,T4

— Fy, (Na/4w(z\1>(x1)) Fy, (Na/4w<z\1)(x3))/  pan(wn, v, s, wa)deadas.
(R2)
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Hence we define

R = Na/2+2/ Ilay = wsll > 9] E [657 (W (1), WEWD (a3) ) | dadas
C2

R&F Na/2+2/ Illay = wsll > ] E [6%7 (W (1), WEWD (a5) ) | danday
C2

RO = Na/2+2/ Ilay = wsll > O] E [G57 (WD (1), WD (25) ) | dads.
C2

Note that if ||z1 — z3]| > 0, d1,2 = 0 and d3 4 — 0, then, uniformly in z; and z3,

|z1,23
My g, ms,0

— Ogx1 and E|x1,r3 — Iy.

Z1,22,23,T4

If ||x1 — x3]| > J, there exists a positive constant K such that
T1,T2,T3,T4 T1,T2,L3,Tq

det Xlzv.es >K;'  and  max|2Pu® o (45)] < Kp
2,3

with a probability tending to 1 as N — co. By Proposition 4, there exist positive constants ¢s and cx,
such that

[ Wi (e NS )y 2N )
R2)2

X Wy, (ug,u4,Na/4w(2\1>(xg)/(dgANl/?)a/?)
X P lorws  glara (u1,uz, uz, us) durdusdusdug
Ky oy @z, ,2qrHw),00,23,24
_/ \I/Hg (ul,uQ Na/4W(2\1 (xl)/(dl 2N1/2)a/2>
(R2)2
X \IJH2 (’LL?,7 Ug, Na/4W(2\1)($3)/(d3’4N1/2)a/2)

X @01, (U1, U2, Uz, us) duldUQdU3dU4’

is lower than

|W(2\1)(9c1)‘ ’W(2\1)(x3)‘>

s (|773€1790279637904‘ + U$1,$2,$37334) (1 + a/2 a/2

“J
(R?)?

X \I/H2 <U3, Uq, Na/4W(2\1)($3)/(d3’4N1/2)a/2> ‘

x (1 1) exp (—ex, @) da.

1] [l 3]]

Wy, (U1, ug, N/ WD (1) /(dy, 2N1/2)a/2>

Moreover, if dy» < yd75 and ds 4 < yd7 5" with v,¢ > 0,

/2 da/2
1,2 3,4
Vz1,22,73,74 S C|p11,962| v |Pa:3,:1:4| é ¢ a/2 a/2”
2l 23]l

and using the same approach as in the proof of Lemma 6 (i) in [3]

|77I1,$2,131564| <C (d172d374)170‘/2 .
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Then, using the same type of arguments as in Part 1 and the fact that 0 < o < 1, we obtain that

’/ N ) \I/HQ(ul,uz,NO‘/4W(2\1)(xl)/(d1’2N1/2)a/2)
(R?)?x(R?)

X W, (uz, ug, NYUW W (3) /(d3 4 N/2)72)

X @ oy, slo1.es (u1,u2, us, ug) duydugdusdugps n (21, 22, x3, £4)dradry
Koy xg,ws,my 0], 20, 23,04

*/ U g, (ug, ug, NO*W D (21) /(dy 2 NY2)2/2)
(R2)2X(R2)2
X U g, (us, ug, NOAW D (23) ) (dg 4 N/ 2)*/2)
X ¢o,1, (U1, w2, uz, ug) dusdusdusdugpe N (21, T2, T3, x4)dzodry

is lower than

(2\1) (2\1)
o1 et v

2 2
[ [

o/2 o/2
Dy Dg;
Ne/A ||z ||*?  Na/4 |zs)|*/?

Na/4|W(2\1)(xl)| )2 - Na/4|W(2\1)(x3)|
) 3.4

1
X /(R2)2 ﬁ (u% + U%) (Ug + ui) ]EH:I?17:1:3H |: <

2
<! {Di/z > |u3 - U4| } 'W(Q\l)(wl)’ W(2\1)(x3)]
Na/4|W(2\1)(x3)|

lug — ua

|U1 - U2|
Na/4|W(2\1)(CL'1)|

Dy? >
|’U,1 — UQ| T34

X Plzy—aq) [Di/f > ‘W(z\l)(xl), W(2\1)(x3)}
=12 -2 o
x (14 ]1@)) exp (—ex, 1)) da
and therefore lower than

C<1+ (WD (z))| n }W(2\1)(x3)|> ( 1 N 1 ) ><o<1)
[ENN [N TENRERRTNE N2+a/2

Now note that

/ U, (ur, uz, NOAWED (21) /(dy o NY/2)2/2)
(R%)2x(R?)

X \I/H2 (’LL3, Uyg, Na/4W(2\1)($3)/(d3,4N1/2)a/2)

X @01, (U1, u2, uz, ug) dusdugduzduaps N (21, T2, 3, 24)dzodzy

- Fu, (Na/4W(2\1)(x1)> Fu, (Na/4w(2\1)(x3))/ pon (@1, @, 23, 20)dadas
(R2)2
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is equal to

/ 22y (B2 U, (g, ug, N AW (21) /(dy o N/2)2/2)
(R?)2x(R?)

X U g, (ug, ug, NAW D (23) ) (dg 4 N/ 2)2/2)

X ¢o,1, (U1, uz, us, us) dusdusdusduaps v (1, T2, T3, v4)drodrs
B / \IJHQ(UMu2aNa/4W(2\1)(m1)/(dl)a/2)
(R%)2xR3

X Wi, (uz, ug, N/ AW D (25) / (d2) ™)
X ¢o,1, (U1, w2, ug, usa) dugdusdusdus fp (di) fp (d2) ddidds

X / P2, N (21, T2, T3, 24)dxoday.
(R2)?

If 21 and x5 are fixed such that ||z; — z3|| > J, it follows by the ergodicity of the Delaunay triangulation
that

|/ Wi 1, s, NV (2y) /(s o NY2)02)
(R2)2x (R2)
X W, (uz, ug, NYAW D (23)/(dg 4 N1/2)2/2)
X @01, (U1, u2, u3, ug) dusdugduzduaps N (21, T2, 3, 24)dzodry

— Fy, (Na/4W(2\1)(1‘1)) Fu, (N"‘/4W(2\1)(333))/ pz,N($1,$27$3,$4)d$2d$4’

(R?)?
- 1
=0 N2+a/2

For any 0 > 0, we deduce that limy_, |R§3)5‘1“P\ = 0. The same conclusion holds for Rﬁlgw

2),F¥
R

uniformly in (z1,x3).

and

Part 3. Proof of the fact that Fy, belongs to the Schwartz space

Let us remark that

1 _$2+y2 9 5 .
5 e 2 fp(d) ((y+2za)°—2°) Iz —y < zg)dadydd if 2 <0
T JR2xR

FHQ(Z): 1 2?4y

il e 2 fp(d) ((x —zq)% — y2) I[zq <z —y]dadydd if z >0,
2 R.2><R.+

where z4 = 5Z5. Notice that the function Fy, is even and infinitely differentiable. Moreover, for any

z >0,
1 (o' +2a)* ¥
Fu,(2) = —/ / / (2% —y*)e” 2 da'|e 2 fp(d)dydd.
21 Jr, Jr \Viy,00)

According to (2.4), we know that fp(d) < kd3e~™ for some positive constant k. Applying the

1
Lebesgue’s dominated convergence theorem, we can show that e2”Fy,(z) converges to 0 as z — oo.
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k

1
By induction, we also have eiZFI(J
2

)(z) i 0 for any k& > 1. Such a property implies that Fi, belongs

to the Schwartz space.

4.1.2 Proof for ‘/3(3\/[1)

We do not give the proof since it is more technical but it relies on a simple adaptation of the proof for

2/1
VD

4.2 Proof of Theorem 2

(Wv)
4.2.1 Proof for V'ZNV

By Proposition 1, Eq. (3.3) and Eq. (3.6), the result is immediate.

(Wv)
4.2.2 Proof for VE%,NV

First, we prove the decomposition of V3(7V]5V) given in Eq. (3.5). We have

v _ 1
3,N /‘DTN|
-1
Wy Wy T1,22,T T1,T
R (T e ) (T ) -2
(;Cl,xz,xg)EDTN T1,T2,T3 Z1,T3

This gives

1 1
y)
’ V ‘DTN| (rhm%eDTN 1- R%Iawzﬂ‘s

x (OS2 = 1+ [UWD? = 1] = 2R USUL))

xT1,T2 1,23 X1, 7 X1,T3

and consequently

Wy 1
VB(,N ) = T Z H2(Ua£‘1/‘,/¥2)’ U:;EY‘,/;ZQ» R$1,$2,$3>7
|DTn|

(z1,22,23)EDTN
where, for any R € (0,1),

1

Hy(u1,uz; R) = T2

[Ha(u1) + Ha(uz) — 2Ruqus) .
According to Eq. (3.2), applied to f = Hs and f = I respectively, we have, for i = 2,3,

Hy(UMYY)) = Hy (UL, )IW D (1) < 0] + Hy (U, IV (1) > 0]
+ U, (UD,, UD, . WEWD (21)/(0d7?))

T1,Tq? 7 T1,T4

and

v =u®, W\ (z) < 0] + UR, WD (21) > 0] + 0 (UL, UL, . WD (21)/(0d?)).

Z1,T4 Z1,T4 Z1,T4 T1,Xi? 7 T1,T5)

26



Therefore we have
HQ(UQ(:K/@YQ)’ Uagll/l,/a?g)’ Rivhwzﬂﬁg) = H2(U:£3w2’ Uag?mgn R11,12,$3)H[W(2\1)(x1) < 0]

+ Hy(UP, ,UP Ry o) IIWEWD (1) > 0]

T1,T2? 7 T1,T37

+U®,, U UW, U@, WD (1) (0dy), WD (21)/(0d5); Ray oz )

T1,T2? 7 T1,T27 7 T1,T37 7 T1,T3)

where Q(uy,v1, ug, V2, w1, ws; R) is defined in Eq. (3.4). This proves Eq. (3.5).
This together with Eq. (3.7) and Proposition 1 concludes the proof of Theorem 2.

A Appendix

2

A.1 Asymptotic expansion for 1 —«; .

Lemma 3 Let 21 € R?\ {0} be fired. For any point x3 € R?\ {0}, let

2 ll® + lles]|® = llzy — 23]

T1,T3 9 ||$1||a/2 ||$3||Ot/2
Then 7
L o1 _ 1,3
’%wl,wg dl,;v—>0 ( l‘i’mﬂva.) dL;\J_)O ||$1||av
where dy 3 := ||r3 — 21|

Proof of Lemma 3.
Let 3 = x1 + ru be such that ||z; — x3]| = > 0 with u € S'. We have
sl = [l +rull

1/2
(a2 + 2 Gu,0) +72)

[N (1 + <1|‘;Cfﬁ>r+o(r)> ,

where (-,-) denotes the scalar product in R?. Therefore, using the fact that 0 < o < 1,

| + ol (1 + (u,20) 7/ ]| + 0 (r)* —
2 [t [*2 |2 (1 + (uy21) v/ (||| + 0 (1))
21| = + 0 (1)
2 [[oa[* (1 + a (u, 1) /(2 [ ]) + o (r))
= (1—r/@lz]®) + o () (1 — afu,z1) r/2]|z1]) + 0 (1))

1
= 1- =T+ o (r%).
2| |

Kay,as

We deduce that

df 5
1-— /4/92:17"133 = (1 — /{',’1)17353) (1 + K:xl’xs) d1,?—>0 2(1 B leﬁxg) dlf:—ﬂ) W
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A.2 Generalization of Proposition 3.1 in [7]

The following proposition is a broader version of Proposition 3.1 in [7]. We omit its proof, as it follows

the same reasoning.

Proposition 4 Let Z ~ Ny (0,%) and Z' ~ Ny (i',%"), where i/ € R and 2,%" € R¥? are positive

definite matrices. Assume that there exists a constant K > 0 with

. - . ’ —1
1;‘1%}§d{|21’]| + ‘Ew‘} < K, min{det X, det X'} > K="

Let G : R — R be a function with polynomial growth. Then there exist constants cy,Cx > 0 such that
E[G(Z)] -E[G(Z)]|

< Cie | s (90 = =000+ s ]| [ 166 (14 1ol exp (=i o) .

1<4,j<d 1<i<d
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