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• Here :
– Definition of the cycling normal form.
– Application 1 (Application 2 is similar, but requires extra work).
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Presentation of Bn

• Theorem (Artin ’25) : The braid group Bn admits the presentation :
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σiσj = σjσi for |i− j| > 2

σiσjσi = σjσiσj for |i− j| = 1
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where ≡ is the smallest congruence containing
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between w ≡+ w′ and w ≡ w′ ?

• B+

n satisfies Ore’s conditions.

 Bn is the group of fractions of B+

n.

 The relations ≡ and ≡+ are equivalent.
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The φn-splitting

• Principle: Wy cyclically iterate the tail construction with the submonoids
B+∗

n−1, φn

(

B+∗
n−1

)

, φ2
n

(

B+∗
n−1

)

, ... of B+∗
n .

17/36



The φn-splitting

• Principle: Wy cyclically iterate the tail construction with the submonoids
B+∗

n−1, φn

(

B+∗
n−1

)

, φ2
n

(

B+∗
n−1

)

, ... of B+∗
n .

6

4

5

3

2

1

17/36



The φn-splitting

• Principle: Wy cyclically iterate the tail construction with the submonoids
B+∗

n−1, φn

(

B+∗
n−1

)

, φ2
n

(

B+∗
n−1

)

, ... of B+∗
n .

β1

6

4

5

3

2

1

17/36



The φn-splitting

• Principle: Wy cyclically iterate the tail construction with the submonoids
B+∗

n−1, φn

(

B+∗
n−1

)

, φ2
n

(

B+∗
n−1

)

, ... of B+∗
n .

β1φ6(β2)

6

4

5

3

2

1

17/36



The φn-splitting

• Principle: Wy cyclically iterate the tail construction with the submonoids
B+∗

n−1, φn

(

B+∗
n−1

)

, φ2
n

(

B+∗
n−1

)

, ... of B+∗
n .

β1φ6(β2)
φ2

6(β3)

6

4

5

3

2

1

17/36



The φn-splitting

• Principle: Wy cyclically iterate the tail construction with the submonoids
B+∗

n−1, φn

(

B+∗
n−1

)

, φ2
n

(

B+∗
n−1

)

, ... of B+∗
n .

β1φ6(β2)
φ2

6(β3)

φ3
6(β4)

6

4

5

3

2

1

17/36



The φn-splitting

• Proposition : For each braid β of B+∗
n , there exists a unique finite

sequence (βb, ... , β1) of B+∗
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Second part : an example
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n γ is σ-positive or trivial.

29/36



Second part : an example

• Aim to prove : if φn-breadth(γ)> c holds, then δ−c+2
n γ is σ-positive.

• Lemma : Let γ in B+∗
n with n > 2. If φn-breadth(γ) > c holds,

then δ−c+2
n γ is σ-positive or trivial.

• Example : Let γ = a2,5a3,4a1,3a2,4a2,4a3,5.

29/36



Second part : an example

• Aim to prove : if φn-breadth(γ)> c holds, then δ−c+2
n γ is σ-positive.

• Lemma : Let γ in B+∗
n with n > 2. If φn-breadth(γ) > c holds,

then δ−c+2
n γ is σ-positive or trivial.

• Example : Let γ = a2,5a3,4a1,3a2,4a2,4a3,5.
 The φ5-splitting of γ is ( a2,4, a1,2a1,4, a1,3a1,3a2,4, 1 ).

29/36



Second part : an example

• Aim to prove : if φn-breadth(γ)> c holds, then δ−c+2
n γ is σ-positive.

• Lemma : Let γ in B+∗
n with n > 2. If φn-breadth(γ) > c holds,

then δ−c+2
n γ is σ-positive or trivial.

• Example : Let γ = a2,5a3,4a1,3a2,4a2,4a3,5.
 The φ5-splitting of γ is ( a2,4, a1,2a1,4, a1,3a1,3a2,4, 1 ).

 The φ5-breadth of γ is 4.

29/36



Second part : an example

• Aim to prove : if φn-breadth(γ)> c holds, then δ−c+2
n γ is σ-positive.

• Lemma : Let γ in B+∗
n with n > 2. If φn-breadth(γ) > c holds,

then δ−c+2
n γ is σ-positive or trivial.

• Example : Let γ = a2,5a3,4a1,3a2,4a2,4a3,5.
 The φ5-splitting of γ is ( a2,4, a1,2a1,4, a1,3a1,3a2,4, 1 ).

 The φ5-breadth of γ is 4.

• Aim : Show that δ−2
5 γ is σ-positive or trivial.

29/36



Second part : an example

• Aim to prove : if φn-breadth(γ)> c holds, then δ−c+2
n γ is σ-positive.

• Lemma : Let γ in B+∗
n with n > 2. If φn-breadth(γ) > c holds,

then δ−c+2
n γ is σ-positive or trivial.

• Example : Let γ = a2,5a3,4a1,3a2,4a2,4a3,5.
 The φ5-splitting of γ is ( a2,4, a1,2a1,4, a1,3a1,3a2,4, 1 ).

 The φ5-breadth of γ is 4.

• Aim : Show that δ−2
5 γ is σ-positive or trivial.

Naive approach : δ
−2

5 γ =

29/36



Second part : an example

• Aim to prove : if φn-breadth(γ)> c holds, then δ−c+2
n γ is σ-positive.

• Lemma : Let γ in B+∗
n with n > 2. If φn-breadth(γ) > c holds,

then δ−c+2
n γ is σ-positive or trivial.

• Example : Let γ = a2,5a3,4a1,3a2,4a2,4a3,5.
 The φ5-splitting of γ is ( a2,4, a1,2a1,4, a1,3a1,3a2,4, 1 ).

 The φ5-breadth of γ is 4.

• Aim : Show that δ−2
5 γ is σ-positive or trivial.

Naive approach : δ
−2

5 γ = δ
−2

5 φ
3
5(γ4) · φ

2
5(γ3) · φ5(γ2) · γ1

29/36



Second part : an example

• Aim to prove : if φn-breadth(γ)> c holds, then δ−c+2
n γ is σ-positive.

• Lemma : Let γ in B+∗
n with n > 2. If φn-breadth(γ) > c holds,

then δ−c+2
n γ is σ-positive or trivial.

• Example : Let γ = a2,5a3,4a1,3a2,4a2,4a3,5.
 The φ5-splitting of γ is ( a2,4, a1,2a1,4, a1,3a1,3a2,4, 1 ).

 The φ5-breadth of γ is 4.

• Aim : Show that δ−2
5 γ is σ-positive or trivial.

Naive approach : δ
−2

5 γ = δ
−2

5 φ
3
5(γ4) · φ

2
5(γ3) · φ5(γ2) · γ1

= φ5(γ4) δ
−1

5 · φ5(γ3) δ
−1

5 · φ5(γ2) · γ1

29/36



Second part : an example

• Aim to prove : if φn-breadth(γ)> c holds, then δ−c+2
n γ is σ-positive.

• Lemma : Let γ in B+∗
n with n > 2. If φn-breadth(γ) > c holds,

then δ−c+2
n γ is σ-positive or trivial.

• Example : Let γ = a2,5a3,4a1,3a2,4a2,4a3,5.
 The φ5-splitting of γ is ( a2,4, a1,2a1,4, a1,3a1,3a2,4, 1 ).

 The φ5-breadth of γ is 4.

• Aim : Show that δ−2
5 γ is σ-positive or trivial.

Naive approach : δ
−2

5 γ = δ
−2

5 φ
3
5(γ4) · φ

2
5(γ3) · φ5(γ2) · γ1

= φ5(γ4) δ
−1

5 · φ5(γ3) δ
−1

5 · φ5(γ2) · γ1

↑

Bad : The braid φ5(a2,4)δ
−1

5 is σ4-negative.

29/36



Second part : an example (continued)

• Aim to prove : δ−2
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where γ′
3 is non σ4-negative.

So, barrier are good to get rid of negative factor.

• Proposition : The cycling normal form of any braid contains barriers.

But, in general a barrier is not enougth.
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Second ingredient : Conclusion

• Example : We obtain : δ−2

5 γ = γ′
4 · γ

′
3 · φ5(γ

+

2 ) · δ−2

3,4 · γ1,

where γ4, γ3 are not σ4-negative and φ5(γ
+

2 ) is σ4-positive.

• Question : Is stair enough to neutralize every negative fragment ?

 Answer : Yes

• Question : Do stairs exist ?

• Proposition : The cycling normal form of any dual braid is a stair.
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Further result

• The proof provides—after some improvement—an algorithm to
find a σ-positive or σ-negative word representing any given braid.

• Theorem : Assume that β is a σ-positive braid of Bn. Given a word w of
length ℓ representing β, we can find a σ-positive word w′ representing β

whose length is in O(n2ℓ).
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