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e Aim: To define a new normal form on the dual braid monoid B;*:
the cycling normal form (# greedy normal form).

e Application 1 : Explicit description of the Dehornoy ordering on B:

—in particular : well ordering of type we"

the o; with highest ¢ occurs positively only, or negatively only

|

e Application 2 : Newalgorithm for finding o-definite expression of a braid:

linear space, quadratic time (old conjecture !).

o Here:
— Definition of the cycling normal form.
— Application 1 (Application 2 is similar, but requires extra work).
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e Question: Let w and w’ to be two positive braid words, what is the link
between w =" w’ and w = w'?

e B; satisfies Ore's conditions.
~ B, is the group of fractions of B;.

~ The relations = and =" are equivalent.
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which are in bijection with the Ay = 0y, As = 010501,
permutations of {1,...,n} Ap =01+ ... Op_1An_1

e Theorem (Thurston, Morton—Elrifai, ...'88): Each braid  of B/ admits
a unique expression [y - ... - #1, where, for each k, the braid (3 is the
maximal right divisor of 3 - ... - B lying in Div, (A,,).

e Definition: The expression [y, - ... - 31 is the greedy normal form of 3.
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e Question: What is this normal form good for ? J

e New solution to the word problem (in quadratic time).

e Connection with the standard braid ordering.

~» Using the cycling normal form,
we can define an ordering <™ on the dual braid monoid.
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An ordering on B*

+%
n !

e Definition : Recursively, for 5,y in B*, we put

2 %, ShortL
ﬂfl) ;Ailor ex (,1

B <5

~ if and only if (B, ...,

Where : — (B, ..., 1) is the ¢,-splitting of 3,
— (Vey .- y71) is the ¢p-splitting of 7,
— < Shortlex s the ShortLex extension of < _ 1,

— <5 is the ordering of integers.

e Proposition: (Bj*, <%) is a well-ordering of type w*"

e Question: What is the link between < and < ?

o Question: Is <* compatible with left multiplication 7

Y1)
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e Definition: A braid (§ of B,, is said to be o-positive if it can be represented
by a braid word containing o;, no crf] and no crl.i] for j > 1.

o Definition: For 3 and 7 of B,,, we put 3 <  if the quotient braid 5!~
is o-positive.

o Theorem (Dehornoy '94): The relation < is a total ordering compatible
with the left multiplication.
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The standard braid ordering

e Theorem (Laver'92): Let M be a submonoid of B,, generated by finitely

many congugates of o;. Then (M, <) is a well-ordered set.

e Fact: This is the case for B, and B;*.

e Question: What is the order type of (B}, <) and (B/}*,<)?

e Theorem (Burckel '97): The order type of (B, <) is w®"
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Coincidence between < and <

We have a priori two orderings on B,;* : <}, and <.

the relation 3 < ~ holds if and only if 571~
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Sketch of the proof

e Theorem: For (3,7 in B}, the relation 5 < ~ holds if and only if the

! n

braid 3~ is o-positive.
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e By induction on the number of strands.

e By induction on the ¢,-breadth of 3 and ~.

Two parts :
— if ¢,-breadth(3)< ¢ holds, then 37165 2 is o-positive. e

— if ¢n-breadth(vy)> c holds, then 6, “"2y is o-positive or trivial. « difficult
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Second part : an example

e Aim to prove: if ¢,-breadth(y)> ¢ holds, then &, ¢*2~ is o-positive. J

e Lemma: Let v in B* with n > 2. If ¢,,-breadth(~) > ¢ holds,

then §,, T2~ is o-positive or trivial.
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Second part : an example

e Aim to prove: if ¢,-breadth(y)> ¢ holds, then &, ¢*2~ is o-positive.

e Lemma: Let v in B* with n > 2. If ¢,,-breadth(~) > ¢ holds,

then 4, "2~ is o-positive or trivial.

o Example: Let v = as 5a3 401,302,402 403 5.
~~The ¢5-splitting Of’y is ( a4, G1,201 4, A1,301,3024, 1 )
~~The ¢5-breadth of v is 4.
e Aim : Show that 6527 is o-positive or trivial.

Naive approach : 05 >v = 65 “¢(74) - 93 (73) - ¢5(72) - 1
= ¢5(7a) 05 - b5(73) 65 - ps(72) -
i

Bad : The braid ¢5(a2,4)d5 ' is o4-negative.
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Second part : an example (continued)

e Aim to prove: 5527 is g,-positive with 7 as above. J

e Definition: For p < ¢, we put 6,4 =0, ...0,_;.
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e Aim to prove: 5527 is g,-positive with 7 as above. J

e Definition: For p < ¢, we put 6,4 =0, ...0,_;.
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Gp,q = Op ... 0420410 p,g—1

30/36



Second part : an example (continued)

e Aim to prove: 6527 is oy-positive with v as above.

e Definition: For p < ¢, we put 6,4 =0, ...0,_;.

-1
p,q—1

_ =i _
Ap,qg = Op . Og_204 10, 5...0p = 0Opq0

e Principle 1 : Displaying the negative factor of 7y,
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30/36



Second part : an example (continued)

e Aim to prove: 6527 is oy-positive with v as above.

o Definition: For p < ¢, we put §, 4 = o,

D -

e Principle 1 : Displaying the negative factor of 7y,
where (74,73, 72,71) is the ¢5-splitting of .
e Principle 2 : Pushing it to the right.

30/36



Second part : an example (continued)

e Aim to prove: 6527 is oy-positive with v as above.

e Definition: For p < ¢, we put 6,4 =0, ...0,_;.

q—2

—1

— -1 __
Ap,q = o—p O‘q72o-q710- ~UI) - 611-,6161),(171

e Principle 1 : Displaying the negative factor of 7y,

where (74,73, Y2, 71) is the ¢s-splitting of .
e Principle 2 : Pushing it to the right.

e Example: The ¢5-splitting of v is (v4, 73, V2, 71) With 4 = ag.4.

30/36



Second part : an example (continued)

e Aim to prove: 6527 is oy-positive with v as above.

e Definition: For p < ¢, we put 6,4 =0, ...0,_;.

-1
p,q—1

— -1 _
Ap,qg = Op . Og_204 10, 5...0p = 0Opq0

e Principle 1 : Displaying the negative factor of 7y,

where (74,73, Y2, 71) is the ¢s-splitting of .
e Principle 2 : Pushing it to the right.

e Example: The ¢5-splitting of v is (v4, 73, V2, 71) With 4 = ag.4.

~~ Principe 1 : y4 = 824 65 3.

30/36



Second part : an example (continued)

e Aim to prove: 6527 is oy-positive with v as above.

o Definition: For p < ¢, we put §, 4 = o,

— =1 1
a’P-,q_O]U" Uq ZUq laq 2 Up 6 61}(] 1

e Principle 1 : Displaying the negative factor of 7y,

where (74,73, Y2, 71) is the ¢s-splitting of .
e Principle 2 : Pushing it to the right.

e Example: The ¢5-splitting of v is (v4, 73, V2, 71) With 4 = ag.4.
~~ Principe 1 : y4 = 824 65 3.

~ Principe 2 : 65 %y = 7} 05" ¢3(d5(833)73) ¢5(72) M,

30/36



Second part : an example (continued)

e Aim to prove: 6527 is oy-positive with v as above.

e Definition: For p < ¢, we put 6,4 =0, ...0,_;.
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Ap,qg = Op . Og_204 10, 5...0p = 0Opq0

e Principle 1 : Displaying the negative factor of 7y,

where (74,73, Y2, 71) is the ¢s-splitting of .
e Principle 2 : Pushing it to the right.

e Example: The ¢5-splitting of v is (v4, 73, V2, 71) With 4 = ag.4.
~~ Principe 1 : y4 = 824 65 3.

~» Principe 2 : 65 %y =74 05" ¢2(65(053)73) ¢5(72) 11,
where 7} is non g,-negative.

30/36



econa part : an example (continuel

31/36



Second part : an example (continued)

e Aim to prove: &5 ' ¢2(¢5(05.3)73) ¢5(72) 11 is 04-positve.
Preliminary state : Prove that 5g_7ifyg is g3-positive.

There exists a notion of barrier such that :

e Principle 3 : Negative + Barrier — Barrier 4+ Negative.
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~+ Principle 3 : 65 173 = 74 05,307 5 ,where 77 is 03-positive.

ay,2
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Second part : an example (continued)

e Aim to prove: &' d)g)(gbl,(égﬁ)%) o5(72) 71 is oy-positve.
Preliminary state : Prove that d; ;73 is o3-positive.

There exists a notion of barrier such that :

e Principle 3 : Negative + Barrier — Barrier 4+ Negative.

The braid Y3 is ai,2a1,4.

~+ Principle 3 : 65 173 = 74 05,307 5 ,where 77 is 03-positive.
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!econ! par! . an examp|e lcon!mue!'
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So, barrier are good to get rid of negative factor.

32/36



Second part : an example (continued)

e Aim to prove: Prove that 65 ' ¢2($5(553)73) ¢5(72) 71 is 04-positve.

e Example: From 65 173 = 74 65 301 3, we obtain

852y =5 75 - b5 (¢5(65361.3) V2) - Y1,

where ~% is non o;-negative.

So, barrier are good to get rid of negative factor.

e Proposition: The cycling normal form of any braid contains barriers.
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Second part : an example (continued)

e Aim to prove: Prove that 65 ' ¢2($5(553)73) ¢5(72) 71 is 04-positve.

e Example: From 65 173 = 74 65 301 3, we obtain

852y =5 75 - b5 (¢5(65361.3) V2) - Y1,

where ~% is non o;-negative.

So, barrier are good to get rid of negative factor.

e Proposition: The cycling normal form of any braid contains barriers.

But, in general a barrier is not enougth.
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Second part : example (continued)

e Aim to prove: 53:152_74173 is g;-positive. J

Their exist a notion of stair such that :

e Principle 4 : Negative + stair — stair + negative.
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Second part : example (continued)

e Aim to prove: d; 105 173 is 03-positive.

Their exist a notion of stair such that :

e Principle 4 : Negative + stair — stair + negative.

The braid Y2 is 1,301,302 4.
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~ Principle 4 : 6510, ) = 7305 30,5, where 7 is o3-positive.
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Second part : example (continued)
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Second part : example (continued)

e Aim to prove: d; 105 173 is 03-positive.

Their exist a notion of stair such that :

e Principle 4 : Negative + stair — stair + negative.

The braid Y2 is 1,301,302 4.

~ Principle 4 : 6510, ) = 7305 30,5, where 7 is o3-positive.
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!econ! lngre!|ent : !onclusmn
~+ Answer : Yes
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Second ingredient : Conclusion

e Example: We obtain : 652y =~} - 74 - ¢5(75) - 53__2 Y1,
where 74, 73 are not oy-negative and ¢5(7; ) is gy-positive.

e Question : Is stair enough to neutralize every negative fragment ? J

~~ Answer : Yes

e Question: Do stairs exist ?

e Proposition: The cycling normal form of any dual braid is a stair.
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Further result

e The proof provides—after some improvement—an algorithm to
find a o-positive or o-negative word representing any given braid.
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Further result

e The proof provides—after some improvement—an algorithm to
find a o-positive or o-negative word representing any given braid.

e Theorem: Assume that 3 is a o-positive braid of B,,. Given a word w of

length ¢ representing (3, we can find a o-positive word w’ representing (3
whose length is in O(n*¢
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