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Irr(S) is the set of irreducible elements of S.

e Example: For S = {0,3,6,7,10} U {x € N | > 12}
the irreducible elements of Sg are Irr(Sg) = {3, 7}.

~ there is at most m(S) irreducible elements.
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Irreductible elements

e Definition: A set X C N is a generating set of a n.s.g S if

k
Vy € S,3xq1,...., ¢, € X, y = 2::::z

i=1

Then we write S = (X))

e Proposition : Irr(S) is the minimal generating set of S.

e Example: S = {0,3,6,7,9,10} U{z € N | z > 12} = (3, 7). J
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The numbers n,

e In 2008, M. Bras-Amords computes n, for g < 52.
~> The computation of n5g from N9 takes 18 days.

e After, M. Delgado computes nss.

e Example:
— Njipo = 204
— N2p0 = 37 396
— N3p = 5 646 773
- Nyg = 774 614 284

—nso = 101 090 300 128
—nss = 1 142 140 736 859

e Question: How to improve the speed of the exploration of

the tree upto a given genus?
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Breadth exploration of the tree

g

30

31

32

33

34

35

36

37

38

time (s)

5.0

8.3

14

23

38

1251

~~ use of swap memory
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e Time comparison :

Breadth vs depth
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Breadth vs depth

e Time comparison :

g 30 | 31 | 32 |33 |34 | 35 |36 37 | 38
breadth || 5.0 | 8.3 | 14 | 23 | 38 | 1251
depth 345892 |16 | 27| 45 |75 | 125 | 304

e The depth exploration use a little memory (< 100MB).
~~ s0 a bit faster than the breadth algorithm.

e But for a deeper exploration we must restart from the root.
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e Definition: For S a n.s.g and « € N, we put
- Ds(z) = {(y,2) € S?st.x =y + 2z and y < z};
—ds(z) = card(Dg(x)).

e Example: S = {0,3,6,7,9,10} U{z € N | z > 12}
- DSE(]‘s) = {(0’ 18)a (3’ 15)3 (6a 12)» (9a 9)}
- ds, (18) = 4.
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e Proposition: Let S be a n.s.g and z in Irr(S) such that x > ¢(S).
For every y € N\ {0} we have :

ds=(y) =
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Decomposition number of son

e How to get the decomposition number dg=(y) from ds(y) ?

e Proposition: Let S be a n.s.g and z in Irr(S) such that x > ¢(S).
For every y € N\ {0} we have :

ds(y) ify>xand ds(y—x) > 0;

ds=(y) = {

ds(y) otherwise.
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ds = (dS(0)> -'°>dS(3G)) € N3G+

~ dg describes completely the n.s.g S.

e Proposition: For S 7& N a n.s.g such that g(S) < G

- m(S) = min{l < ¢ < 3G s.t. ds(z) # 0}
- g(S) = card{1 < 7 < 3G s.t. ds(i) = 0}
—¢(S) =1+ max{l < i < 3G s.t. ds(z) = 0}

<
<
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Decomposition vector

Let G > 0 be an integer.

e Definition: For S a n.s.g. with g(S) < G we put :

ds = (dS(0)> -'°>dS(3G)) € N3G+

~ dg describes completely the n.s.g S.

e Proposition: For S 7& N a n.s.g such that g(S) < G
- m(S) = min{l < ¢ < 3G s.t. ds(z) # 0}
- g(S) = card{1 < 7 < 3G s.t. ds(i) = 0}

-c(S)=1+ max{l <4 < 3G s.t. dg(i) = 0}
—Irr(S) = {1 <i <3G s.t. ds(i) =1}
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e A n.s.g S with g(S) < G will be represented in machine by
S.myS.c,S.gand S.d

where S.d[i] is for dg(i).

e Fact: For ¢ € {0,...,3G} we have

%

ds(i) <1+ bJ

and the equality holds for S = N.
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Algorithm

e Remarque : In the exploration of the tree, the size of dg
depends on the desired depth G to reach.

Root (G) :
allocate Semigroup S
S.c «+ 0
S.g < 0
S.m + 1
for x from 0 to 3G:

S.delta[x]<+— 1+ {EJ

return S

18/2
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Depth exploration of the tree up to genus G using a stack.

Exploration (G) :

allocate Stack stack

stack.push(Root (G))

while stack is not empty :
S < stack.top()
stack.pop()
for x from S.c to S.c+S.m-1:
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Algorithm

Depth exploration of the tree up to genus G using a stack.

Exploration (G) :
allocate Stack stack
stack.push(Root(G))
while stack is not empty :
S < stack.top()
stack.pop()
for x from S.c to S.c+S.m-1:
if S.deltal[x]==1:
stack.push(Son(G,S,x))
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The algorithm returning the son S* of S.

Son(G,S,x)

allocate Semigroup S*

S*.c+—x+1

S*.g+S.g+1

if x > S.m then
S*.m<m

else
S*.m+<m+1
S*.d <+ S.d

for y from x to 3G do
if S.d[y-x] > 0 then

S*.d[y] « s*.d[y] — 1
return S*
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Complexity

Proposition : Exploration of the tree up to level G using
previous algorithm is done in

e
o <1og(G) XG XY ng>

g9=0

with a memory use in O(log(G) x G3).

g 30 | 31 | 32 | 33 | 34 35 36 | 37 | 38
breadth || 5.0 | 8.3 | 14 | 23 | 38 | 1251
depth 345892 16 | 27 45 75 | 125 | 204
depth+é | 0.3 [ 0.6 [ 1.0 | 1.7 | 2.7 | 4.2 |75 | 12 | 20
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Optimization : SSE

~> each decomposition number can be coded with 8bits
~» with SIMD technology (as SSE) CPU can perform
one operation on multiple datas

~> actually we update 16 decomposition numbers at each step
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g 30 | 31 | 32 | 33 | 34 35 36 | 37 | 38
breadth 5.0 83| 14 | 23 | 38 | 1251
depth 34|58 92| 16 | 27 45 75 | 125 | 204
depth+d 03|06 | 1 |17 |27 42 |75 | 12 | 20
prev.+SSE (1 0.1 | 0.2 |03 (04|08 | 1.2 | 20| 3.1 | 5.1

~ Can we go furthe

r?

~> Yes using multiple cores! thanks to Cilk technology.

Threads | 30 35 40 45 50
1 0.11 | 1.26 | 14.9 | 182 | 2201
2 0.06 | 0.65 | 7.50 | 92 | 1110
3 0.05 | 0.44 | 5.14 | 63 | 747
4 0.04 | 0.34 | 4.02 | 48 | 489

~~ The used CPU is an i53570K with 2 cores.
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Results

e Computation of the values of ng4 for g < 67. J

~> on a machine with 32 cores during 15 days.

ner = 377866 907 506 273

e Verification of the Wilf conjecture for n.s.g of genus < 60.

c(S)

card(Irr(S)) > m

~~ few hours on a personal computer
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Muchas Gracias!!!
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