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Coxeter graphs

Let S be a set.

• Definition : A matrix M = (ms,t) on S is a Coxeter matrix if :
– ms,t ∈ N ∪ {+∞};
– M is symmetric : ms,t = mt,s;
– ms,t = 1 iff s = t.

A Coxeter matrix can be represented by a graph Γ = Γ(S,M):
– vertices : elements of S;
– edge between s ant t labelled ms,t if ms,t > 3.

• Example : S = {a, b, c},

M =



1 3 2
3 1 4
2 4 1



, Γ =

a b c3 4

.
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Coxeter groups

• Definition : For s, t ∈ S and n ∈ N ∪ {+∞} :

prod(s, t;n) =

ε for n = +∞,

s t s ...︸ ︷︷ ︸
n letters

otherwise.

• Definition : For Γ = Γ(S,M) a Coxeter graph :

WΓ =
〈
S | Rel(Γ) and s2 = 1 for s ∈ S

〉
,

Rel(Γ) =
{
prod(s, t;ms,t) = prod(t, s;ms,t) | (s, t) ∈ S2

}
.
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Reduced expression

• Fact : Each σ of WΓ can be express as a product on S.

• Definition : Such an expression of minimal lenght is reduced.

 `(σ) is the length of a reduced expression of σ.

• Lemma : We can rewrite a reduced expression of σ ∈WΓ

to an other applying only relations of Rel(Γ).

 no need of s2 = 1.
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Braid monoids

Let Γ = Γ(M,S) be a Coxeter graph.

• Definition : The braid monoid of type Γ is

B+
Γ = 〈S | Rel(Γ)〉+ .

 a morphism π : B+
Γ →WΓ defined by π(s) = s.

• Definition : A map r : WΓ → B+
Γ defined by

r(σ) = si1 · ... · sik
where si1 · ... · sik is a reduced expression of σ.

 r(WΓ) : simple elements of B+
Γ .
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Left Garside normal form

• Definition : For x, y in B+
Γ , x is a left divisor of y if

∃z ∈ B+
Γ such that y = x · z.

• Proposition : For x of B+
Γ \ {1} there exists a unique k > 1

and unique σ1, ..., σk of WΓ \ {1} such that :
– x = r(σ1) · ... · r(σk);
– r(σi) is the greatest simple braid that

left divides r(σi) · r(σi+1) for i ∈ [1, k − 1].

 the left Garside normal form of x.
 k is the Garside length of x.

• How many braids of Garside length d are in B+(Γ)?

 denoted nΓ(d).
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Descents of WΓ

• Definition : For σ in WΓ, the descent set of σ is

Des (σ) = {s ∈ S | `(σs) < `(σ)}.

• Lemma : For σ, τ ∈WΓ, the braid r(σ) is the greatest simple
braid that left divides r(σ) r(τ ) iff Des

(
τ−1

)
⊆ Des (σ).

• Proposition : The number nΓ(d) is the cardinal of{
(σ1, ..., σd) ∈W d

Γ |Des
(
σ−1
i+1

)
⊆ Des (σi) for i ∈ [1, d− 1]

}
.
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Adjacency matrix

• Definition : For Γ a Coxeter graph, we denote by AdjΓ = (aΓ
σ,τ )

the square matrix indexed on WΓ and defined by :

aΓ
σ,τ =

{

1 for Des
(
τ−1

)
⊆ Des (σ);

0 otherwise.

• Proposition (P. Dehornoy ’2007) : We have

nΓ(d) =

tX Adjd−1
Γ X where X =

∑
σ∈WΓ\{1}

σ.

• Corollary : The generating series of d 7→ nΓ(d) is

FΓ(t) = tX(I − tAdjΓ)−1X.
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Characteristics polynomials

The characteristic polynomial χΓ of AdjΓ gives information on the
growth of the sequence d 7→ nΓ(d).

• Example : WAn ' Sn+1, and B+
An

= B+
n+1 :

χA1(x) = (x− 1);

χA2(x) = (x− 1)2;

χA3(x) = x3 (x− 1)2 (x− 2);

χA4(x) = x16 (x− 1)2 (x− 2) (x2 − 6x+ 3).

• Theorem (F. Hivert,J.C. Novelli,J.Y.Thibon ’2008) :
For all n > 1, the polynomial χAn divides χAn+1

.

 use of the Hopf Algebra FQSym,
 introduced by C. Malvenuto and C. Reutenauer in 1995.
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What about type B ?

We have :

χB1(x) = (x− 1)2;

χB2(x) = x4 (x− 1)3 (x− 3);

χB3(x) = x41 (x− 1)3 (x− 3) (x3 − 16x2 + 43x− 20);

χB4(x) = x372 (x− 1)4 (x− 3) (x3 − 16x2 + 43x− 20)

× (x4 − 85x3 + 1003x2 − 2291x+ 1260).

• The polynomial χBn must divides χBn+1
for n > 1.
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What about type D ?

We have :

χD1(x) = (x− 1);

χD2(x) = (x− 1)4;

χD3(x) = x19 (x− 1)2 (x− 2) (x2 − 6x+ 3);

χD4(x) = x181 (x− 1)6

× (x5 − 44x4 + 402x3 − 1084x2 + 989x− 360).

• No hope for χDn to divide χDn+1
whenever n > 2.
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Signed permutations

• Definition : A signed permutation of rank n is
a permutation σ of [−n, n] such that σ(−i) = −σ(i).

 S±n denotes the group of signed permutations of rank n.
 σ ∈ S±n is written (σ(1), ..., σ(n)).

• Definition : For n > 1, and i ∈ [0, n− 1] we define

si =

{
(−1, 2, ..., n) if i = 0,

(1, ..., i+ 1, i, ..., n) otherwise.

• Proposition : Putting Sn = {s0, s1, ..., sn−1} we have

S±n 'WBn =
〈
S | Rel(Bn) and s2

i = 1
〉

where Bn =
s0 s1 s3 sn−2 sn−14 3 3

 identification of S±n with WBn .
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Descents on S±
n

• Recall : For σ ∈ S±n , Des (σ) = {s ∈ Sn | `(σ si) < `(σ)}.

 replaced by Des (σ) = {i ∈ [0, n− 1] | `(σ si) < `(σ)}

• Lemma : For σ ∈ S±n , we have

Des (σ) = {i ∈ [0, n− 1] |

σ(i) > σ(i+ 1)

} .

• Example :

Consider σ = (−2, 4, 3,−1, 6, 5) of S±6 .

0

0 1 2 3 4 5

We have Des (σ) = {

0, 2, 3, 5}.
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The endomorphism Φ

• Definition :

We denote by QS± the graded Q-vector space :

QS± =
⊕
n∈N

QS±n

• Definition : We define an endomorphism Φ of QS± by

∀σ ∈ S±n , Φ(σ) = Φn(σ) =
∑
τ∈S±

n

Des(τ−1)⊂Des(σ)

τ

 t AdjBn
is a representative matrix of Φn,

 it remains to prove χ(Φn) divides χ(Φn+1).
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Idea of the proof

• We will define a product on QS±.

• Definition :
An application ∂ : QS± → QS± is a surjective derivation if

– ∀σ ∈ S±k , τ ∈ S±` ∂(σ τ ) = ∂(σ) τ + σ ∂(τ );

– ∀n ∈ N, ∂(QS±n ) = QS±n−1.

• Theorem : If there exists a surj. deriv. ∂ commuting with Φ then

∀n ∈ N, χ(Φn) divides χ(Φn+1).

 we can remove the compatibility of ∂ with .
 but we will use it to establish the commutativity.

15/38



Idea of the proof

• We will define a product on QS±.

• Definition :
An application ∂ : QS± → QS± is a surjective derivation if

– ∀σ ∈ S±k , τ ∈ S±` ∂(σ τ ) = ∂(σ) τ + σ ∂(τ );

– ∀n ∈ N, ∂(QS±n ) = QS±n−1.

• Theorem : If there exists a surj. deriv. ∂ commuting with Φ then

∀n ∈ N, χ(Φn) divides χ(Φn+1).

 we can remove the compatibility of ∂ with .
 but we will use it to establish the commutativity.

15/38



Idea of the proof

• We will define a product on QS±.

• Definition :
An application ∂ : QS± → QS± is a surjective derivation if

– ∀σ ∈ S±k , τ ∈ S±` ∂(σ τ ) = ∂(σ) τ + σ ∂(τ );

– ∀n ∈ N, ∂(QS±n ) = QS±n−1.

• Theorem : If there exists a surj. deriv. ∂ commuting with Φ then

∀n ∈ N, χ(Φn) divides χ(Φn+1).

 we can remove the compatibility of ∂ with .
 but we will use it to establish the commutativity.

15/38



Idea of the proof

• We will define a product on QS±.

• Definition :
An application ∂ : QS± → QS± is a surjective derivation if

– ∀σ ∈ S±k , τ ∈ S±`

∂(σ τ ) = ∂(σ) τ + σ ∂(τ );

– ∀n ∈ N, ∂(QS±n ) = QS±n−1.

• Theorem : If there exists a surj. deriv. ∂ commuting with Φ then

∀n ∈ N, χ(Φn) divides χ(Φn+1).

 we can remove the compatibility of ∂ with .
 but we will use it to establish the commutativity.

15/38



Idea of the proof

• We will define a product on QS±.

• Definition :
An application ∂ : QS± → QS± is a surjective derivation if

– ∀σ ∈ S±k , τ ∈ S±` ∂(σ τ ) = ∂(σ) τ + σ ∂(τ );

– ∀n ∈ N, ∂(QS±n ) = QS±n−1.

• Theorem : If there exists a surj. deriv. ∂ commuting with Φ then

∀n ∈ N, χ(Φn) divides χ(Φn+1).

 we can remove the compatibility of ∂ with .
 but we will use it to establish the commutativity.

15/38



Idea of the proof

• We will define a product on QS±.

• Definition :
An application ∂ : QS± → QS± is a surjective derivation if

– ∀σ ∈ S±k , τ ∈ S±` ∂(σ τ ) = ∂(σ) τ + σ ∂(τ );

– ∀n ∈ N, ∂(QS±n ) = QS±n−1.

• Theorem : If there exists a surj. deriv. ∂ commuting with Φ then

∀n ∈ N, χ(Φn) divides χ(Φn+1).

 we can remove the compatibility of ∂ with .
 but we will use it to establish the commutativity.

15/38



Idea of the proof

• We will define a product on QS±.

• Definition :
An application ∂ : QS± → QS± is a surjective derivation if

– ∀σ ∈ S±k , τ ∈ S±` ∂(σ τ ) = ∂(σ) τ + σ ∂(τ );

– ∀n ∈ N, ∂(QS±n ) = QS±n−1.

• Theorem : If there exists a surj. deriv. ∂ commuting with Φ then

∀n ∈ N, χ(Φn) divides χ(Φn+1).

 we can remove the compatibility of ∂ with .
 but we will use it to establish the commutativity.

15/38



Idea of the proof

• We will define a product on QS±.

• Definition :
An application ∂ : QS± → QS± is a surjective derivation if

– ∀σ ∈ S±k , τ ∈ S±` ∂(σ τ ) = ∂(σ) τ + σ ∂(τ );

– ∀n ∈ N, ∂(QS±n ) = QS±n−1.

• Theorem : If there exists a surj. deriv. ∂ commuting with Φ then

∀n ∈ N, χ(Φn) divides χ(Φn+1).

 we can remove the compatibility of ∂ with .
 but we will use it to establish the commutativity.

15/38



Idea of the proof

• We will define a product on QS±.

• Definition :
An application ∂ : QS± → QS± is a surjective derivation if

– ∀σ ∈ S±k , τ ∈ S±` ∂(σ τ ) = ∂(σ) τ + σ ∂(τ );

– ∀n ∈ N, ∂(QS±n ) = QS±n−1.

• Theorem : If there exists a surj. deriv. ∂ commuting with Φ then

∀n ∈ N, χ(Φn) divides χ(Φn+1).

 we can remove the compatibility of ∂ with .

 but we will use it to establish the commutativity.

15/38



Idea of the proof

• We will define a product on QS±.

• Definition :
An application ∂ : QS± → QS± is a surjective derivation if

– ∀σ ∈ S±k , τ ∈ S±` ∂(σ τ ) = ∂(σ) τ + σ ∂(τ );

– ∀n ∈ N, ∂(QS±n ) = QS±n−1.

• Theorem : If there exists a surj. deriv. ∂ commuting with Φ then

∀n ∈ N, χ(Φn) divides χ(Φn+1).

 we can remove the compatibility of ∂ with .
 but we will use it to establish the commutativity.

15/38



Proof of the theorem

Let ∂ = ⊕∂n a surj. deriv. commuting with Φ.

– ∀x ∈ ker(∂n), ∂n(Φn(x)) = Φn−1(∂n(x)) = 0.
 ker(∂n) is stable under Φn.

Let Φn the restriction of Φn to QS±n / ker(∂n)

– Mat(Φn) =
[
An Bn

0 Mat(Φn)

]
, so χ(Φn) = χ(An) · χ(Φn).

– From
QS±n / ker(∂n) QS±n / ker(∂n)

QS±n−1 QS±n−1

Φn

∂n ∂n

Φn−1

we obtain χ(Φn) = χ(Φn−1). �
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The Hopf Algebra BFQSym

• Proposition: Equipped with the product

and the coproduct ∆,
QS± is a Hopf Algebra, denoted BFQSym.

As S±n ' Z2 oSn, we have BFQSym ' FQSymS2 .

Where FQSymD is the Hopf algebra of D-colored permutations
 introduced by J.C. Novelli and J.Y. Thibon in 2010.
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The shuffle product

• Definition : We define a map

: QS±k ⊗ QS±` → QS±k+`

from the shifted shuffle product of words.

• Example :

For σ = (−2, 1) and τ = (3,−1, 2) we have

σ τ = (−2, 1, 5,−3, 4) + (−2, 5, 1,−3, 4) + (−2, 5,−3, 1, 4)

+ (−2, 5,−3, 4, 1) + (5,−2, 1,−3, 4) + (5,−2,−3, 1, 4)

+ (5,−2,−3, 4, 1) + (5,−3,−2, 1, 4) + (5,−3,−2, 4, 1)

+ (5,−3, 4,−2, 1).
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Coproduct

• Definition :

The coproduct ∆ is a map
from BFQSym to BFQSym⊗BFQSym.

• Example : For σ = (− 4, 5,−2, 1, 3)

∆ =

()⊗ (−4, 5,−2, 1, 3) + (−1)⊗ (4,−2, 1, 3)

+ (−1, 2)⊗ (−2, 1, 3) + (−2, 3,−1)⊗ (1, 2)

+ (−3, 4,−2, 1)⊗ (1) + (−4, 5,−2, 1, 3)⊗ ()
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Dual structure of BFQSym

• Proposition : Their exist a product ∗ and a coproduct δ
such that

(
QS±

)∗
is also a graded Hopf algebra.

 we denote it by BFQSym∗.

• Fact : The vector space QS± and
(
QS±

)∗
are isomorphic.

• Lemma : The application σ 7→ σ−1 induces an insomorphism
between (BFQSym, ,∆) and (BFQSym∗, ∗, δ).

 we can obtain ∗ and δ from and ∆.
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The product ∗

• Definition : For σ ∈ S±k and τ ∈ S±` we have :

σ ∗ τ =
∑

α∈S±
k+`

Std(α(1),...,α(k))=σ
Std(α(k+1),...,α(k+`)=τ

α

• Example : For σ = (2,−1) and τ = (3,−1, 2) we have

σ ∗ τ = (2,−1, 5,−3, 4) + (3,−1, 5,−2, 4) + (4,−1, 5,−2, 3)

+ (5,−1, 4,−2, 3) + (3,−2, 5,−1, 4) + (4,−2, 5,−1, 3)

+ (5,−2, 4,−1, 3) + (4,−3, 5,−1, 2) + (5,−3, 4,−1, 2)

+ (5,−4, 3,−1, 2).
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What to remember ?

• Aim : To prove that χ(Φn) divides χ(Φn+1).

Where ∀σ ∈ S±n , Φn(σ) =
∑
τ∈S±

n

Des(τ−1)⊂Des(σ)

τ

• To do : Contruct a surj. -deriv. ∂ commuting with Φ.

• QS± : A graded vector space with two produscts and ∗ :

∀σ ∈ S±k , τ ∈ S±` , (σ τ )−1 = σ−1 ∗ τ−1.
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The elements Pn and Qn

• Definition : For n ∈ N we define In = (1, ..., n) and

Pn =
∑
σ∈S±

n

Des(σ−1)⊆{0}

σ, Qn =
∑
σ∈S±

n

Des(σ)⊆{0}

σ

 we have Pn = Qn
−1.

• Example : We have

S±2 = {(1, 2), (−1, 2), (1,−2), (−1,−2),

(2, 1), (−2, 1), (2,−1), (−2,−1)}.
And so

– Q2 =

(1, 2) + (−1, 2) + (−2, 1) + (−2,−1),
– P2 = (1, 2) + (−1, 2) + (2,−1) + (−2,−1).

 2n terms in Pn and Qn.
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 2n terms in Pn and Qn.
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Links between Φ and .

• Lemma : For {k1, ..., k`} positive integers and D the set

D = {k1, k1 + k2, ..., k1 + ...+ k`−1}

we have, for n = k1 + ...+ k`,

Ik1 ∗Qk2 ∗ ... ∗Qk` =
∑
σ∈S±

n

Des(σ)⊆D

σ, Qk1 ∗ ... ∗Qk` =
∑
σ∈S±

n

Des(σ)⊆{0}∪D

σ

 a direct consequence of the definition of the product ∗.

• Corollary : With the same set D,

Ik1 Pk2 ... Pk` =
∑
σ∈S±

n

Des(σ−1)⊆D

σ, Pk1 ... Pk` =
∑
σ∈S±

n

Des(σ−1)⊆{0}∪D

σ
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Links between Φ and .

• Proposition : For {k1, ..., k`} positive integers and D the set

D = {k1, k1 + k2, ..., k1 + ...+ k`−1}

we have for n = k1 + ...+ k`,

Φn(σ) =

{

Ik1 Pk2 ... Pk` if Des (σ) = D,

Pk1 Pk2 ... Pk` if Des (σ) = {0} ∪D.

 Φn(σ) does not depend of σ but only of

Des (σ).

 Good news : say bye to the product ∗.
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Sign function

• Definition :

For σ ∈ S±n and i ∈ [1, n− 1] we define

signi(σ) =



1 for {i− 1, i} ∩Des (σ) = ∅,
− 1 for {i− 1, i} ⊂ Des (σ),

0 otherwise.

Moreover signn(σ) is −1 for n− 1 ∈ Des (σ), 0 otherwise.

• Example : For σ = (−1, 2,−4,−5, 3, 6), Des (σ) = {0, 2, 3}.

0 1 2 3 4 5

• • • • • •

sign1(σ) =

0

, sign2(σ) =

0

, sign3(σ) =

− 1

,
sign4(σ) =

0

, sign5(σ) =

1

, sign6(σ) =

0

.
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Delete function

• Definition : For σ ∈ S±n and i ∈ [1, n],

deli(σ) = Std(σ(1), ..., σ(i− 1), σ(i+ 1), ..., σ(n)).

 deli(σ) is a permutation of S±n−1.

• Example : For σ = (−1, 2,−4,−5, 3, 6).

– del1(σ) =

(1,−3,−4, 2, 5);

– del2(σ) =

(−1,−3,−4, 2, 5);

– del3(σ) =

(−1, 2,−4, 3, 5);

– del4(σ) =

(−1, 2,−4, 3, 5);

– del5(σ) =

(−1, 2,−3,−4, 5);

– del6(σ) =

(−1, 2,−4,−5, 3);
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A derivation

• Definition : We define a derivation ∂n : QS±n → QS±n−1 by

∀σ ∈ QS±n ,

∂n(σ) =

n∑
i=1

∂(i)
n (σ) =

n∑
i=1

signi(σ)deli(σ).

 we put ∂ = ⊕∂n.

• Example : For σ = (−1, 2,−4,−5, 3,−6).

We have sign3(σ) = −1 and sign4(σ) = 1.

Hence ∂6(σ) = −del3(σ) + del4(σ).

Finally ∂6(σ) = −(−1, 2,−4, 3, 5) + (−1, 2,−3,−4, 5).
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Compatibility of ∂ with .

• Lemma :

For σ ∈ S±k and τ ∈ S±`

∂
(i)
k+`(σ τ ) =

{

∂
(i)
k τ for i ∈ [1, k],

σ ∂
(i−k)
` (τ ) for i ∈ [k + 1, k + `].

 a technical consequence of definitions of and ∂(i)
n .

• Lemma : The map ∂n : QS±n → QS±n−1 is surjective.

 by a technical triangular argument.

• Corollary : The map ∂ is a surjective derivation of QS±.

 it remains to prove the commutation with Φ.
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 by a technical triangular argument.

• Corollary : The map ∂ is a surjective derivation of QS±.

 it remains to prove the commutation with Φ.
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Some images of ∂

• Recall : Pn =
∑

σ∈S±
n ,Des(σ−1)⊂{0}

σ.

• Lemma : Putting Jk = (−k, ...,−1) we have

Pn =

n∑
k=0

Jk In−k.

• Fact : ∂(Ik) = (k − 1)Ik−1and ∂(Jk) = (k − 2)Jk−1.

From the compatibility of ∂ with we obtain :

• Lemma : For all n > 1, ∂(Pn) = (n− 2)Pn−1.

30/38



Some images of ∂

• Recall : Pn =
∑

σ∈S±
n ,Des(σ−1)⊂{0}

σ.

• Lemma : Putting Jk = (−k, ...,−1) we have

Pn =

n∑
k=0

Jk In−k.

• Fact : ∂(Ik) = (k − 1)Ik−1and ∂(Jk) = (k − 2)Jk−1.

From the compatibility of ∂ with we obtain :

• Lemma : For all n > 1, ∂(Pn) = (n− 2)Pn−1.

30/38



Some images of ∂

• Recall : Pn =
∑

σ∈S±
n ,Des(σ−1)⊂{0}

σ.

• Lemma : Putting Jk = (−k, ...,−1) we have

Pn =

n∑
k=0

Jk In−k.

• Fact : ∂(Ik) = (k − 1)Ik−1and ∂(Jk) = (k − 2)Jk−1.

From the compatibility of ∂ with we obtain :

• Lemma : For all n > 1, ∂(Pn) = (n− 2)Pn−1.

30/38



Some images of ∂

• Recall : Pn =
∑

σ∈S±
n ,Des(σ−1)⊂{0}

σ.

• Lemma : Putting Jk = (−k, ...,−1) we have

Pn =

n∑
k=0

Jk In−k.

• Fact : ∂(Ik) = (k − 1)Ik−1and ∂(Jk) = (k − 2)Jk−1.

From the compatibility of ∂ with we obtain :

• Lemma : For all n > 1, ∂(Pn) = (n− 2)Pn−1.

30/38



Some images of ∂

• Recall : Pn =
∑

σ∈S±
n ,Des(σ−1)⊂{0}

σ.

• Lemma : Putting Jk = (−k, ...,−1) we have

Pn =

n∑
k=0

Jk In−k.

• Fact : ∂(Ik) = (k − 1)Ik−1

and ∂(Jk) = (k − 2)Jk−1.

From the compatibility of ∂ with we obtain :

• Lemma : For all n > 1, ∂(Pn) = (n− 2)Pn−1.

30/38



Some images of ∂

• Recall : Pn =
∑

σ∈S±
n ,Des(σ−1)⊂{0}

σ.

• Lemma : Putting Jk = (−k, ...,−1) we have

Pn =

n∑
k=0

Jk In−k.

• Fact : ∂(Ik) = (k − 1)Ik−1and ∂(Jk) = (k − 2)Jk−1.

From the compatibility of ∂ with we obtain :

• Lemma : For all n > 1, ∂(Pn) = (n− 2)Pn−1.

30/38



Some images of ∂

• Recall : Pn =
∑

σ∈S±
n ,Des(σ−1)⊂{0}

σ.

• Lemma : Putting Jk = (−k, ...,−1) we have

Pn =

n∑
k=0

Jk In−k.

• Fact : ∂(Ik) = (k − 1)Ik−1and ∂(Jk) = (k − 2)Jk−1.

From the compatibility of ∂ with we obtain :

• Lemma : For all n > 1, ∂(Pn) = (n− 2)Pn−1.

30/38



Some images of ∂

• Recall : Pn =
∑

σ∈S±
n ,Des(σ−1)⊂{0}

σ.

• Lemma : Putting Jk = (−k, ...,−1) we have

Pn =

n∑
k=0

Jk In−k.

• Fact : ∂(Ik) = (k − 1)Ik−1and ∂(Jk) = (k − 2)Jk−1.

From the compatibility of ∂ with we obtain :

• Lemma : For all n > 1, ∂(Pn) = (n− 2)Pn−1.

30/38



Image of ∂

We extend Des to a map QS± → ⊕QP([0, n− 1]).

• Definition :

For i ∈ N and i 6= k, we put :

i〈k〉 =

{

i if i < k

i− 1 otherwise.

We define also X〈k〉, whenever 0 6∈ X ⊂ N.

• Lemma :

Let {d1 < ... < dk} be Des (σ) \ {0}. For i ∈ [1, k]

Des

 di+1∑
e=di+1

∂(e)(σ)

 =

(d+1 − di − 2) Des (σ)〈di+1〉 ,

with convention dk+1 = n. Moreover

Des

(
d1∑
e=1

∂(e)(σ)

)
=

{

(d1 − 1)Des (σ)〈d1〉 if 0 6∈ Des (σ),

(d1 − 2)Des (σ)〈d1〉 if 0 ∈ Des (σ).
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We define also X〈k〉, whenever 0 6∈ X ⊂ N.

• Lemma : Let {d1 < ... < dk} be Des (σ) \ {0}. For i ∈ [1, k]

Des

 di+1∑
e=di+1

∂(e)(σ)

 = (d+1 − di − 2) Des (σ)〈di+1〉 ,

with convention dk+1 = n. Moreover

Des

(
d1∑
e=1

∂(e)(σ)

)
=

{
(d1 − 1)Des (σ)〈d1〉 if 0 6∈ Des (σ),

(d1 − 2)Des (σ)〈d1〉
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Commutation

• Theorem : The endomorphisms Φ and ∂ commute.

• Proof : Assume σ ∈ S±n with 0 6∈ Des (σ) = {d1 < ... < d`}.

– Put ki = di − di−1 for i ∈ [1, `] with d0 = 0, d`+1 = n.

– We have Φ(σ) = Pk1 ... Pk`+1
and so

(∂ ◦ Φ)(σ) =

`+1∑
i=1

(ki − 2)Pk1 ... Pki−1 ... Pk`+1
.

– In the other hand :

Des (∂(σ)) =

`+1∑
i=1

(ki − 2)Des (σ)〈di〉 .

– It follows :

(Φ ◦ ∂)(σ) =

`+1∑
i=1

(ki − 2)Pk1 ... Pki−1 ... Pk`+1
.

The case 0 ∈ Des (σ) is similar. �
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Type I

s tp

• Proposition : We have

χIp(x) =

{

x2p−4 (x− 1)3 (x− p+ 1) if p is even,

x2p−3 (x− 1)2 (x− p+ 1) otherwise.

• Proposition : The generating series of nIp(d) is :

FIn(t) =
(p− 1)t+ 1

((p− 1)t− 1)(t− 1)
.
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Type F4

3 4 3

The characteristic polynomial of AdjF4
is

x1140 (x − 1)3 (x − 4) (x2 − 25x + 10)

(x6 − 274x5 + 9194x4 − 77096x3 + 250605x2 − 324870x + 138600).

The generating series of nF4(d) is

138600 t6 − 187350 t5 − 32055 t4 + 87970 t3 − 15504 t2 − 876 t − 1

(138600 t6 − 324870 t5 + 250605 t4 − 77096 t3 + 9194 t2 − 274 t + 1)(t − 1)

34/38



Type F4

3 4 3

The characteristic polynomial of AdjF4
is

x1140 (x − 1)3 (x − 4) (x2 − 25x + 10)

(x6 − 274x5 + 9194x4 − 77096x3 + 250605x2 − 324870x + 138600).

The generating series of nF4(d) is

138600 t6 − 187350 t5 − 32055 t4 + 87970 t3 − 15504 t2 − 876 t − 1

(138600 t6 − 324870 t5 + 250605 t4 − 77096 t3 + 9194 t2 − 274 t + 1)(t − 1)

34/38



Type F4

3 4 3

The characteristic polynomial of AdjF4
is

x1140 (x − 1)3 (x − 4) (x2 − 25x + 10)

(x6 − 274x5 + 9194x4 − 77096x3 + 250605x2 − 324870x + 138600).

The generating series of nF4(d) is

138600 t6 − 187350 t5 − 32055 t4 + 87970 t3 − 15504 t2 − 876 t − 1

(138600 t6 − 324870 t5 + 250605 t4 − 77096 t3 + 9194 t2 − 274 t + 1)(t − 1)

34/38



Type F4

3 4 3

The characteristic polynomial of AdjF4
is

x1140 (x − 1)3 (x − 4) (x2 − 25x + 10)

(x6 − 274x5 + 9194x4 − 77096x3 + 250605x2 − 324870x + 138600).

The generating series of nF4(d) is

138600 t6 − 187350 t5 − 32055 t4 + 87970 t3 − 15504 t2 − 876 t − 1

(138600 t6 − 324870 t5 + 250605 t4 − 77096 t3 + 9194 t2 − 274 t + 1)(t − 1)

34/38



Type F4

3 4 3

The characteristic polynomial of AdjF4
is

x1140 (x − 1)3 (x − 4) (x2 − 25x + 10)

(x6 − 274x5 + 9194x4 − 77096x3 + 250605x2 − 324870x + 138600).

The generating series of nF4(d) is

138600 t6 − 187350 t5 − 32055 t4 + 87970 t3 − 15504 t2 − 876 t − 1

(138600 t6 − 324870 t5 + 250605 t4 − 77096 t3 + 9194 t2 − 274 t + 1)(t − 1)

34/38



Type H3

3 5

The characteristic polynomial of AdjH3
is

x114 (x− 1)2 (x4 − 42x3 + 229x2 − 244x+ 72)

The generating series of nH3(d) is

−
72 t4 − 196 t3 + 77 t2 + 76 t+ 1

(72 t4 − 244 t3 + 229 t2 − 42 t+ 1)(t− 1)
.

35/38



Type H3

3 5

The characteristic polynomial of AdjH3
is

x114 (x− 1)2 (x4 − 42x3 + 229x2 − 244x+ 72)

The generating series of nH3(d) is

−
72 t4 − 196 t3 + 77 t2 + 76 t+ 1

(72 t4 − 244 t3 + 229 t2 − 42 t+ 1)(t− 1)
.

35/38



Type H3

3 5

The characteristic polynomial of AdjH3
is

x114 (x− 1)2 (x4 − 42x3 + 229x2 − 244x+ 72)

The generating series of nH3(d) is

−
72 t4 − 196 t3 + 77 t2 + 76 t+ 1

(72 t4 − 244 t3 + 229 t2 − 42 t+ 1)(t− 1)
.

35/38



Type H3

3 5

The characteristic polynomial of AdjH3
is

x114 (x− 1)2 (x4 − 42x3 + 229x2 − 244x+ 72)

The generating series of nH3(d) is

−
72 t4 − 196 t3 + 77 t2 + 76 t+ 1

(72 t4 − 244 t3 + 229 t2 − 42 t+ 1)(t− 1)
.

35/38



Type H3

3 5

The characteristic polynomial of AdjH3
is

x114 (x− 1)2 (x4 − 42x3 + 229x2 − 244x+ 72)

The generating series of nH3(d) is

−
72 t4 − 196 t3 + 77 t2 + 76 t+ 1

(72 t4 − 244 t3 + 229 t2 − 42 t+ 1)(t− 1)
.

35/38



Type H4

3 5 3

The characteristic polynomial of AdjH4
is

x14390 (x − 1)2 (x8 − 3436x7 + 565470x6 − 11284400x5 + 81322353x4

− 246756500x3 + 305430848x2 − 157717504x + 27929088).

The generating series of nH4(d) is N(t)
D(t)(t−1)

with

N(t) = 27929088 t8 − 147220480 t7 + 247258432 t6 − 138197780 t5

+ 465433 t4 + 10247814 t3 − 1205944 t2 − 10962 t − 1,

D(t) = 27929088 t8 − 157717504 t7 + 305430848 t6 − 246756500 t5

+ 81322353 t4 − 11284400 t3 + 565470 t2 − 3436 t + 1.
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Type E6

The characteristic polynomial of AdjE6
is

x51823 (x − 1)2(x15 − 5454x14 + 3391893x13 − 424089882x12

+ 19590731031x11 − 417118001254x10 + 4673188683575x9

− 29907005656510x8 + 115900067128500x7 − 282097630883500x6

+ 439789995997000x5 − 441496921502000x4 + 282303310340000x3

− 110981554480000x2 + 24563716800000x − 2328480000000).

We have computed the generating series of nE6(d).

 The coxeter type E7 is also done (but not E8).
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Thank you !!!
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