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e Definition: For I' = I'(S, M) a Coxeter graph :
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~ use of the Hopf Algebra FQSym,
~> introduced by C. Malvenuto and C. Reutenauer in 1995.
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What about type D ?

We have :
xp, (z) = (z — 1);
XD, () = (z — 1)%
XD, (z) = ¢'° (x — 1)* (z — 2) (2® — 6z + 3);
Xp4(2) = ' (z — 1)°

x (% — 44x* + 40223 — 1084z + 989z — 360).

No hope for xp, to divide xp,, whenever n > 2.

11/38



Signed permutations

12/38



Signed permutations

e Definition: A signed permutation of rank n is
a permutation o of [—n, n] such that o(—%) = —o (7). J

12/38



Signed permutations

e Definition: A signed permutation of rank n is
a permutation o of [—n, n] such that o(—%) = —o (7). J

~ Gf denotes the group of signed permutations of rank n.

12/38



Signed permutations

e Definition: A signed permutation of rank n is
a permutation o of [—n, n] such that o(—%) = —o (7). J

~ Gf denotes the group of signed permutations of rank n.
~ o € Gt is written (a(1),...,a(n)).

12/38



Signed permutations

e Definition: A signed permutation of rank n is
a permutation o of [—n, n] such that o(—%) = —o (7). J

~ Gf denotes the group of signed permutations of rank n.
~ o € Gt is written (a(1),...,a(n)).

e Definition: For n > 1, and ¢ € [0, n — 1] we define

12/38



Signed permutations

e Definition: A signed permutation of rank n is
a permutation o of [—n, n] such that o(—%) = —o (7). J

~ Gf denotes the group of signed permutations of rank n.
~ o € Gt is written (a(1),...,a(n)).

e Definition: For n > 1, and ¢ € [0, n — 1] we define

o Jn2 ) ifi =0,
¢ (1,...,44+1,4,...,m) otherwise.

12/38



Signed permutations

e Definition: A signed permutation of rank n is
a permutation o of [—n, n] such that o(—%) = —o (7). J

~ Gf denotes the group of signed permutations of rank n.
~ o € Gt is written (a(1),...,a(n)).

e Definition: For n > 1, and i € [0,n — 1] we define

. [120m) ifi =0,
‘ (1,...,44+1,4,...,m) otherwise.

e Proposition : Putting S,, = {so, S1, ..., Sn—1} we have

12/38



Signed permutations

e Definition: A signed permutation of rank n is
a permutation o of [—n, n] such that o(—%) = —o (7). J

~ Gf denotes the group of signed permutations of rank n.
~ o € Gt is written (a(1),...,a(n)).

e Definition: For n > 1, and i € [0,n — 1] we define

. [120m) ifi =0,
‘ (1,...,44+1,4,...,m) otherwise.

e Proposition : Putting S,, = {so, S1, ..., Sn—1} we have
St ~Wpg, = (S| Rel(B,) and s2 = 1)

12/38



Signed permutations

e Definition: A signed permutation of rank n is
a permutation o of [—n, n] such that o(—%) = —o (7). J

~ Gf denotes the group of signed permutations of rank n.
~ o € Gt is written (a(1),...,a(n)).

e Definition: For n > 1, and i € [0,n — 1] we define

. [120m) ifi =0,
‘ (1,...,44+1,4,...,m) otherwise.

e Proposition : Putting S,, = {so, S1, ..., Sn—1} we have
St ~Wpg, = (S| Rel(B,) and s2 = 1)

where B,, = e—o——+¢

12/38



Signed permutations

e Definition: A signed permutation of rank n is
a permutation o of [—n, n] such that o(—%) = —o (7). J

~ Gf denotes the group of signed permutations of rank n.
~ o € Gt is written (a(1),...,a(n)).

e Definition: For n > 1, and i € [0,n — 1] we define

. [120m) ifi =0,
‘ (1,...,44+1,4,...,m) otherwise.

e Proposition : Putting S,, = {so, S1, ..., Sn—1} we have
St ~Wpg, = (S| Rel(B,) and s2 = 1)

where B,, = e—o——+¢

~ identification of & with W, .

12/38



Descents on &

13/38



Descents on &

e Recall : For o € &F, Des (o) = {s € S,, | £(0 s;) < £(0)}. J

13/38



Descents on &

e Recall : For o € &F, Des (o) = {s € S,, | £(0 s;) < £(0)}. J

~ replaced by Des (o) = {¢ € [0,n — 1] | b(0 s;) < (o)}

13/38



Descents on &

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~ replaced by Des (o) = {¢ € [0,n — 1] | b(0 s;) < (o)}

e Lemma: For o € 67:'5, we have

13/38



Descents on &

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~ replaced by Des (o) = {¢ € [0,n — 1] | b(0 s;) < (o)}

e Lemma: For o € 67:'5, we have

Des (o) = {i € [0,n — 1] |

13/38



Descents on &

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~ replaced by Des (o) = {¢ € [0,n — 1] | b(0 s;) < (o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example:

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0, 2

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0, 2

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0, 2

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0, 2

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0, 2,3

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0, 2,3

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.

We have Des (o) = {0, 2,3

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.
0 1 2 3 4

We have Des (o) = {0, 2,3

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.
01 2 3 4 5

We have Des (o) = {0, 2,3

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.
01 2 3 4 5

We have Des (o) = {0, 2,3

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.
01 2 3 4 5

We have Des (o) = {0, 2,3

13/38



Descents on S

e Recall : For 0 € &%, Des () = {s € S,, | £(0 5;) < £(0)}. J

~> replaced by Des (o) = {¢ € [0,n — 1] |£(o s;) < £(o)}

e Lemma: For o € 67:'5, we have

Des(o) ={i € [0,n—1]|o(2) >0(z+1)}.

e Example: Consider o = (—2,4,3,—1,6,5) of th.
01 2 3 4 5

We have Des (o) = {0, 2, 3,5}.

13/38



The endomorphism ®

14/38



The endomorphism &

e Definition : We denote by Q& the graded Q-vector space :

14/38



The endomorphism &

e Definition : We denote by Q& the graded Q-vector space :
Qe = P oess

neN

14/38



The endomorphism &

e Definition : We denote by Q& the graded Q-vector space :
Qe = P oess

neN

e Definition:

14/38



The endomorphism &

e Definition : We denote by Q& the graded Q-vector space :
Qe = P oess

neN

e Definition : We define an endomorphism ® of QST by

14/38



The endomorphism &

e Definition : We denote by Q& the graded Q-vector space :
Qe = P oess

neN

e Definition : We define an endomorphism ® of QST by

Vo € 67:5, ®(0) = ®,(0) = Z 7

TE GSif
Des(-r_1 ) CDes(o)

14/38



The endomorphism &

e Definition : We denote by Q& the graded Q-vector space :
Qe = P oess

neN

e Definition : We define an endomorphism ® of QST by

Vo € 67:5, ®(0) = ®,(0) = Z 7

TE GSif
Des(-r_1 ) CDes(o)

14/38



The endomorphism &

e Definition : We denote by Q& the graded Q-vector space :
Qe = P oess

neN

e Definition : We define an endomorphism ® of QST by

Vo € 67:5, ®(0) = ®,(0) = Z 7

TE GSif
Des(-r_1 ) CDes(o)

~ © Adjp _is a representative matrix of ®,,

14/38



The endomorphism &

e Definition : We denote by Q& the graded Q-vector space :
Qe = P oess

neN

e Definition : We define an endomorphism ® of QS+ by

Vo € 67:5, ®(0) = ®,(0) = Z 7

TE GSif
Des(-r_1 ) CDes(o)

~ © Adjp _is a representative matrix of ®,,
~> it remains to prove x(®,,) divides x(®pn+1).

14/38



Idea of the proof

15/38



Idea of the proof

e We will define a product LU on Q&=,

15/38



Idea of the proof

e We will define a product LU on Q&=,

e Definition:
An application 8 : Q6T —» QST is a surjective derivation if

15/38



Idea of the proof

e We will define a product LU on Q&=,

e Definition:
An application 8 : Q6T —» QST is a surjective derivation if

Vo e &, Te &t

15/38



Idea of the proof

e We will define a product LU on Q&=,

e Definition:
An application 8 : Q6T —» QST is a surjective derivation if

- Vo € 6,:5, T E 63: d(owrt) =9(o)WT 4+ o O(T);

15/38



Idea of the proof

e We will define a product LU on Q&=,

e Definition:

An application 8 : Q6T —» QST is a surjective derivation if
- Vo € 6,:5, T E 63: d(owrt) =9(o)WT 4+ o O(T);
-Vn €N, 8(Q6t) = Qe .

15/38



Idea of the proof

e We will define a product LU on Q&=,

e Definition:

An application 8 : Q6T —» QST is a surjective derivation if
- Vo € 6,:5, T E 62‘2 d(owrt) =9(o)WT 4+ o O(T);
-Vn €N, 3(Q6%) = Q6.

e Theorem: If there exists a surj. deriv. 0 commuting with ® then

15/38



Idea of the proof

e We will define a product LU on Q&=,

e Definition:

An application 8 : Q6T —» QST is a surjective derivation if
- Vo € 6,:5, T E 62‘2 d(owrt) =9(o)WT 4+ o O(T);
-Vn €N, 3(Q6%) = Q6.

e Theorem: If there exists a surj. deriv. 0 commuting with ® then

Vn €N, x(®,) divides x(P,11).

15/38



Idea of the proof

e We will define a product LU on Q&=,

e Definition:

An application 8 : Q6T —» QST is a surjective derivation if
- Vo € 6,:5, T E 62‘2 d(owrt) =9(o)WT 4+ o O(T);
-Vn €N, 8(Q6t) = Qe .

e Theorem: If there exists a surj. deriv. 0 commuting with ® then

Vn €N, x(®,) divides x(P,11).

~~ we can remove the compatibility of & with L.

15/38



Idea of the proof

e We will define a product LU on Q&=,

e Definition:

An application 8 : Q6T —» QST is a surjective derivation if
- Vo € 6,:5, T E 62‘2 d(owrt) =9(o)WT 4+ o O(T);
-Vn €N, 8(Q6t) = Qe .

e Theorem: If there exists a surj. deriv. 0 commuting with ® then

Vn €N, x(®,) divides x(P,11).

~~ we can remove the compatibility of & with L.
~ but we will use it to establish the commutativity.

15/38



Proof of the theorem

16/38



Proof of the theorem

Let 0 = @0,, a surj. deriv. commuting with ®.

16/38



Proof of the theorem

Let 0 = @0,, a surj. deriv. commuting with ®.
- Vz € ker(9,),

16/38



Proof of the theorem

Let 0 = @0,, a surj. deriv. commuting with ®.
- Vz € ker(8y,), 0, (P, (x)) =

16/38



Proof of the theorem

Let 0 = @0,, a surj. deriv. commuting with ®.
- Vz € ker(8y,), 0n(Pn(x)) =Pp_1(0n(x)) =

16/38



Proof of the theorem

Let 0 = @0,, a surj. deriv. commuting with ®.
- Vz € ker(8,,), 0n(Pn(x)) = P®,_1(0n(x)) =0.

16/38



Proof of the theorem

Let 0 = @0,, a surj. deriv. commuting with ®.

- Vz € ker(8,,), 0n(Pn(x)) = P®,_1(0n(x)) =0.
~ ker(8,,) is stable under ®,,.

16/38



Proof of the theorem

Let 0 = @0,, a surj. deriv. commuting with ®.

- Vz € ker(8,,), 0n(Pn(x)) = P®,_1(0n(x)) =0.
~ ker(8,,) is stable under ®,,.

Let ®,, the restriction of ®,, to Q& / ker(d,,)

16/38



Proof of the theorem

Let 0 = @0,, a surj. deriv. commuting with ®.

- Vz € ker(8,,), 0n(Pn(x)) = P®,_1(0n(x)) =0.
~ ker(8,,) is stable under ®,,.

Let ®,, the restriction of ®,, to Q& / ker(d,,)

- Mat(®,,) = {Aon Maﬁ%n)}

16/38



Proof of the theorem

Let 0 = @0,, a surj. deriv. commuting with ®.

- Vz € ker(8,,), 0n(Pn(x)) = P®,_1(0n(x)) =0.
~ ker(8,,) is stable under ®,,.

Let ®,, the restriction of ®,, to Q& / ker(d,,)

- Mat(®,,) = [AO" Maﬁgn)}, s0 X(®r) = X(Axn) - X(Pn).

16/38



Proof of the theorem

Let 0 = @0,, a surj. deriv. commuting with ®.

- Vz € ker(8,,), 0n(Pn(x)) = P®,_1(0n(x)) =0.
~ ker(8,,) is stable under ®,,.

Let ®,, the restriction of ®,, to Q& / ker(d,,)

- Mat(®,,) = [AO" Maﬁgn)}, s0 X(®r) = X(Axn) - X(Pn).

— From =
Q&E/ ker(d,) —= Q&L /ker(d,)

] s

Pp_1
Q&L ; —— Q&

16/38



Proof of the theorem

Let 0 = @0,, a surj. deriv. commuting with ®.

- Vz € ker(8,,), 0n(Pn(x)) = P®,_1(0n(x)) =0.
~ ker(8,,) is stable under ®,,.

Let ®,, the restriction of ®,, to Q& / ker(d,,)

- Mat(®,,) = [AO" Maﬁgn)}, s0 X(®r) = X(Axn) - X(Pn).

— From =
Q&E/ ker(d,) —= Q&L /ker(d,)

] s

Pp_1
Q&L ; —— Q&

we obtain x(®,,) = x(®,_1)-

16/38



Proof of the theorem

Let 0 = @0,, a surj. deriv. commuting with ®.

- Vz € ker(8,,), 0n(Pn(x)) = P®,_1(0n(x)) =0.
~ ker(8,,) is stable under ®,,.

Let ®,, the restriction of ®,, to Q& / ker(d,,)

- Mat(®,,) = [AO" Maﬁgn)}, s0 X(®r) = X(Axn) - X(Pn).

— From =
Q&E/ ker(d,) —= Q&L /ker(d,)

] s

Pp_1
Q&L ; —— Q&

we obtain x(®,,) = x(®,_1)-

16/38



The Hopf Algebra BFQSym

e Proposition: Equipped with the product LLI

17/38



The Hopf Algebra BFQSym

e Proposition: Equipped with the product LI and the coproduct A,

17/38



The Hopf Algebra BFQSym

e Proposition: Equipped with the product LI and the coproduct A,

Q6T is a Hopf Algebra

17/38



The Hopf Algebra BFQSym

e Proposition: Equipped with the product LI and the coproduct A,

Q&T is a Hopf Algebra, denoted BFQSym.

17/38



The Hopf Algebra BFQSym

e Proposition: Equipped with the product LI and the coproduct A,

Q&T is a Hopf Algebra, denoted BFQSym.

As &t ~ 7,1 6,,

17/38



The Hopf Algebra BFQSym

e Proposition: Equipped with the product LI and the coproduct A,

Q&T is a Hopf Algebra, denoted BFQSym.

As &F ~ 7,1 6&,,, we have BFQSym ~ FQSym®©>.

17/38



The Hopf Algebra BFQSym

e Proposition: Equipped with the product LI and the coproduct A,

Q&T is a Hopf Algebra, denoted BFQSym.

As &F ~ 7,1 6&,,, we have BFQSym ~ FQSym®©>.

Where FQSym? is the Hopf algebra

17/38



The Hopf Algebra BFQSym

e Proposition: Equipped with the product LI and the coproduct A,

Q&T is a Hopf Algebra, denoted BFQSym.

As &F ~ 7,1 6&,,, we have BFQSym ~ FQSym®©>.

Where FQSym?” is the Hopf algebra of D-colored permutations

17/38



The Hopf Algebra BFQSym

e Proposition: Equipped with the product LI and the coproduct A,
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As &F ~ 7,1 6&,,, we have BFQSym ~ FQSym®©>.

Where FQSym?” is the Hopf algebra of D-colored permutations
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17/38



The shuffle product

18/38



The shuffle product

e Definition : We define a map

W : Q6 ® Q6F — Q6F,,

18/38



The shuffle product

e Definition : We define a map
W : Q6F ® Q6F — Q6i,,

from the shifted shuffle product of words.

18/38



The shuffle product

e Definition : We define a map

W : Q6 ® Q6F — Q6F,,

from the shifted shuffle product of words.

e Example:

18/38



The shuffle product

e Definition : We define a map
W : Q6F ® Q6F — Q6i,,

from the shifted shuffle product of words.

V.

e Example: For o = (—2,1) and 7 = (3, —1, 2) we have

18/38



The shuffle product

e Definition : We define a map
W : Q6F ® Q6F — Q6i,,

from the shifted shuffle product of words.

V.

e Example: For o = (—2,1) and 7 = (3, —1, 2) we have

olLlT =

18/38



The shuffle product

e Definition : We define a map
W : Q6F ® Q6F — Q6i,,

from the shifted shuffle product of words.

V.

e Example: For o = (—2,1) and 7 = (3, —1, 2) we have
owr = (=2,1,5,—3,4)

18/38



The shuffle product

e Definition : We define a map
W : Q6F ® Q6F — Q6i,,

from the shifted shuffle product of words.

V.

e Example: For o = (—2,1) and 7 = (3, —1, 2) we have
owr = (-2,1,5,—3,4) + (—2,5,1,—3,4)

18/38



The shuffle product

e Definition : We define a map
W : Q6F ® Q6F — Q6i,,

from the shifted shuffle product of words.

V.

e Example: For o = (—2,1) and 7 = (3, —1, 2) we have
cwr =(-2,1,5,—-3,4) + (—2,5,1,—3,4) + (—2,5,—3,1,4)

18/38



The shuffle product

e Definition : We define a map
W : Q6F ® Q6F — Q6i,,

from the shifted shuffle product of words.

V.

e Example: For o = (—2,1) and 7 = (3, —1, 2) we have

cwr =(-2,1,5,—-3,4) + (—2,5,1,—3,4) + (—2,5,—3,1,4)
+(—2,5,—3,4,1)

18/38



The shuffle product

e Definition : We define a map
W : Q6F ® Q6F — Q6i,,

from the shifted shuffle product of words.

V.

e Example: For o = (—2,1) and 7 = (3, —1, 2) we have

owr =(-2,1,5,-3,4) + (—2,5,1,—3,4) + (—2,5,—3,1,4)
+(-2,5,—3,4,1) + (5,—2,1,—3,4)

18/38



The shuffle product

e Definition : We define a map
W : Q6F ® Q6F — Q6i,,

from the shifted shuffle product of words.

V.

e Example: For o = (—2,1) and 7 = (3, —1, 2) we have
cwr =(-2,1,5,—-3,4) + (—2,5,1,—3,4) + (—2,5,—3,1,4)
+(—2,5,—-3,4,1) + (5,—2,1,—3,4) + (5, —2, —3,1,4)

18/38



The shuffle product

e Definition : We define a map
W : Q6F ® Q6F — Q6i,,

from the shifted shuffle product of words.

V.

e Example: For o = (—2,1) and 7 = (3, —1, 2) we have
owr = (-2,1,5,—3,4) + (—-2,5,1,—3,4) + (—2,5, —3,1,4)

+ (_27 5’ _33 47 1) + (53 _27 1’ _33 4) + (53 _2’ _3a ]-a 4)
+ (57 _29 _37 4’ 1)

18/38



The shuffle product

e Definition : We define a map
W : Q6F ® Q6F — Q6i,,

from the shifted shuffle product of words.

V.

e Example: For o = (—2,1) and 7 = (3, —1, 2) we have
owr = (-2,1,5,—3,4) + (—-2,5,1,—3,4) + (—2,5, —3,1,4)
+(—2,5,—-3,4,1) + (5,—2,1,—3,4) + (5, —2, —3,1,4)
+ (5,—2,—3,4,1) + (5,—3,—2,1,4)

18/38



The shuffle product

e Definition : We define a map
W : Q6F ® Q6F — Q6i,,

from the shifted shuffle product of words.

V.

e Example: For o = (—2,1) and 7 = (3, —1, 2) we have
owr = (-2,1,5,—3,4) + (—-2,5,1,—3,4) + (—2,5, —3,1,4)
+(—2,5,—-3,4,1) + (5,—2,1,—3,4) + (5, —2, —3,1,4)
+ (5,—2,—3,4,1) + (5,—3,—2,1,4) + (5, —3, —2,4,1)

18/38



The shuffle product

e Definition : We define a map
W : Q6F ® Q6F — Q6i,,

from the shifted shuffle product of words.

V.

e Example: For o = (—2,1) and 7 = (3, —1, 2) we have
cwr =(-2,1,5,—-3,4) + (—2,5,1,—3,4) + (—2,5,—3,1,4)
+(—2,5,—-3,4,1) + (5,—2,1,—3,4) + (5, —2, —3,1,4)

+ (57 _29 _37 4a 1) + (59 _37 _27 17 4) + (5a _39 _25 47 1)
+ (5,—3,4,—-2,1).

18/38



Coproduct

19/38



Coproduct

e Definition: The coproduct A is a map J

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym. J

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym.

e Example: For o = (—4,5,—2,1,3)

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym.

e Example: For o = (—4,5,—2,1,3)

A =

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym.

e Example: For o = (—4,5,—2,1,3)

A= ()®(—4,5—-2,1,3)

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym.

e Example: For o = (—4,5,—2,1,3)

A= ()®(—4,5—-2,1,3)

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym.

e Example: For o = (—4,5,—2,1,3)

A= () ® (_4959 -2, 173) + (_1) ® (4, -2,1, 3)

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym.

e Example: For o = (—4,5,—2,1,3)

A= () ® (_4959 -2, 173) + (_1) ® (4, -2,1, 3)

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym.

e Example: For o = (—4,5,—2,1,3)

A= () ® (_4759 -2, 173) + (_1) ® (4, -2,1, 3)
+(-1,2)®(—2,1,3)

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym.

e Example: For o = (—4,5,—2,1,3)

A= () ® (_4759 -2, 173) + (_1) ® (4, -2,1, 3)
+(-1,2)®(—2,1,3)

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym.

e Example: For o = (—4,5,—2,1,3)

A= () ® (_4757 -2, 1,3) + (_1) ® (4, -2,1, 3)
+ (_]-a 2) ® (_27 1’3) + (_27 39 _1) ® (1, 2)

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym.

e Example: For o = (—4,5,—2,1,3)

A= () ® (_4757 -2, 1,3) + (_1) ® (4, -2,1, 3)
+ (_]-a 2) ® (_27 1’3) + (_27 39 _1) ® (1, 2)

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym.

e Example: For o = (—4,5,—2,1,3)

A= () ® (_4757 -2, 1,3) + (_1) ® (4, -2,1, 3)
+ (_]-a 2) ® (_27 1’3) + (_27 39 _1) ® (1, 2)
= (_3a4’ _2’ 1) X (1)

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym.

e Example: For o = (—4,5,—2,1,3)

A= () ® (_4757 -2, 1,3) + (_1) ® (4, -2,1, 3)
+ (_]-a 2) ® (_27 1’3) + (_27 39 _1) ® (1, 2)
= (_3a4’ _2’ 1) X (1)

19/38



Coproduct

e Definition: The coproduct A is a map
from BFQSym to BFQSym ® BFQSym.

e Example: For o = (—4,5,—2,1,3)

A= ()®(-4,5,-2,1,3) + (-1) ® (4, —2,1,3)
+ (_]-a 2) ® (_27 1’3) + (_27 39 _1) ® (1, 2)
= (_3a4’ _2’ 1) X (1) + (_4’ 5’ _2> 173) ® ()

19/38



Dual structure of BFQSym

20/38



Dual structure of BFQSym

e Proposition: Their exist a product * and a coproduct §

such that (QGi)* is also a graded Hopf algebra.

20/38



Dual structure of BFQSym

e Proposition: Their exist a product * and a coproduct §

such that (QGi)* is also a graded Hopf algebra.

~ we denote it by BFQSym™.

20/38



Dual structure of BFQSym

e Proposition: Their exist a product * and a coproduct §

such that (QGi)* is also a graded Hopf algebra.

~ we denote it by BFQSym™.

e Fact: The vector space QST and (Q@i)* are isomorphic. J

20/38



Dual structure of BFQSym

e Proposition: Their exist a product * and a coproduct §

such that (QGi)* is also a graded Hopf algebra.

~ we denote it by BFQSym™.

e Fact: The vector space QST and (Q@i)* are isomorphic. J

1

e Lemma: The application o — o~ induces an insomorphism

between (BFQSym, LLI, A) and (BFQSym®*, %, d).

20/38



Dual structure of BFQSym

e Proposition: Their exist a product * and a coproduct §

such that (QGi)* is also a graded Hopf algebra.

~ we denote it by BFQSym™.

e Fact: The vector space QST and (Q@i)* are isomorphic. J

1

e Lemma: The application o — o~ induces an insomorphism

between (BFQSym, LLI, A) and (BFQSym®*, %, d).

~~ we can obtain *x and § from LU and A.

20/38



The product *

21/38



The product *

21/38



The product *

21/38



The product *

21/38



The product *

o Definition: For o € Gf and T € 63: we have :

g xT = E «

« EE(E;ififz
Std(a(1),...,a(k))=0c
Std(a(k+1),...,00(k+E) ="

21/38



The product *

o Definition: For o € Gf and T € 63: we have :

g xT = E «

« EE(Eiifikl
Std(a(1),...,a(k))=0c
Std(a(k+1),...,00(k+E) ="

e Example: For o = (2,—1) and 7 = (3, —1, 2) we have

21/38



The product *

o Definition: For o € Gf and T € 63: we have :

g xT = E «

« EE(Eiifikl
Std(a(1),...,a(k))=0c
Std(a(k+1),...,00(k+E) ="

e Example:

g *T =

For o = (2,—1) and 7 = (3, —1, 2) we have

21/38



The product *

o Definition: For o € Gf and T € 63: we have :

g xT = E «

« EE(Eiifikl
Std(a(1),...,a(k))=0c
Std(a(k+1),...,00(k+E) ="

e Example: For o = (2,—1) and 7 = (3, —1, 2) we have

ox1=(2,—-1,5,—3,4)

21/38



The product *

o Definition: For o € Gf and T € 63: we have :

g xT = E «

« EE(Eiifikl
Std(a(1),...,a(k))=0c
Std(a(k+1),...,00(k+E) ="

e Example: For o = (2,—1) and 7 = (3, —1, 2) we have

oxT=(2,—1,5,—3,4) + (3,—1,5, —2, 4)

21/38



The product *

o Definition: For o € Gf and T € 63: we have :

g xT = E «

« EE(Eiifikl
Std(a(1),...,a(k))=0c
Std(a(k+1),...,00(k+E) ="

e Example: For o = (2,—1) and 7 = (3, —1, 2) we have

ox1T=(2,-1,5,—-3,4) + (3,—1,5,—2,4) + (4,—1,5,—2,3)

21/38



The product *

o Definition: For o € Gf and T € 63: we have :

g xT = E «

aEGki_,’_e
Std(a(1),...,a(k))=0c
Std(a(k+1),...,00(k+E) ="

e Example: For o = (2,—1) and 7 = (3, —1, 2) we have

oxt=(2-1,5-3,4) + (3,-1,5,—2,4) + (4, 1,5,
+ (53 _17 49 _2’ 3)

_2,3)

21/38



The product *

o Definition: For o € Gf and T € 63: we have :

g xT = E «

« EE(Eiifikl
Std(a(1),...,a(k))=0c
Std(a(k+1),...,00(k+E) ="

e Example: For o = (2,—1) and 7 = (3, —1, 2) we have

ox1T=(2,-1,5,—-3,4) + (3,—1,5,—2,4) + (4, —1,5,
+ (5,—1,4,—2,3) + (3,—2,5,—1,4)

_2,3)

21/38



The product *

o Definition: For o € Gf and T € 63: we have :

g xT = E «

« EE(Eiifikl
Std(a(1),...,a(k))=0c
Std(a(k+1),...,00(k+E) ="

e Example: For o = (2,—1) and 7 = (3, —1, 2) we have

ox1T=(2,-1,5,—-3,4) + (3,—1,5,—2,4) + (4,—1,5,—2,3)
+ (5,—1,4,—2,3) + (3,—2,5,—1,4) + (4,—2,5,—1,3)

21/38



The product *

o Definition: For o € Gf and T € 63: we have :

g xT = E «

aEGki_,’_e
Std(a(1),...,a(k))=0c
Std(a(k+1),...,00(k+E) ="

e Example: For o = (2,—1) and 7 = (3, —1, 2) we have
ox1T=(2,-1,5,—-3,4) + (3,—1,5,—2,4) + (4,—1,5,—2,3)

+ (53 _17 49 _2’ 3) + (33 _27 59 _17 4) + (4a _27 57 _19 3)
+ (53 _2’ 4’ _1a 3)

21/38



The product *

o Definition: For o € Gf and T € 63: we have :

g xT = E «

aEGki_,’_l
Std(a(1),...,a(k))=0c
Std(cu(k+1),...,0 (kL) =7

e Example: For o = (2,—1) and 7 = (3, —1, 2) we have
ox1T=(2,-1,5,—-3,4) + (3,—1,5,—2,4) + (4,—1,5,—2,3)

+ (53 _17 49 _25 3) + (33 _27 59 _17 4) + (4a _27 57 _17 3)
+ (5,—2,4,—1,3) + (4,—3,5,—1,2)

21/38



The product *

o Definition: For o € Gf and T € 63: we have :

g xT = E «

aEGki_,’_l
Std(a(1),...,a(k))=0c
Std(cu(k+1),...,0 (kL) =7

e Example: For o = (2,—1) and 7 = (3, —1, 2) we have
ox1T=(2,-1,5,—-3,4) + (3,—1,5,—2,4) + (4,—1,5,—2,3)

+ (53 _17 49 _25 3) + (33 _27 59 _17 4) + (4a _27 57 _17 3)
+ (5,—2,4,—1,3) + (4,—3,5,—1,2) + (5,—3,4, —1, 2)

21/38



The product *

o Definition: For o € Gf and T € 63: we have :

g xT = E «

acs :ikz
Std(a(1),...,a(k))=0c
Std(cu(k+1),...,0 (kL) =7

e Example: For o = (2,—1) and 7 = (3, —1, 2) we have

o*x1=(2,-1,5,-3,4) + (3,—1,5,—2,4) + (4,—1,5, —2, 3)
+(5,—-1,4,—2,3) + (3,—2,5,—1,4) + (4,—2,5,—1,3)
+(5,-2,4,—1,3) + (4,-3,5,—1,2) + (5,—3,4,—1,2)
+(5,—4,3,—1,2).

21/38



What to remember ?

22/38



What to remember ?

e Aim : To prove that x(®,,) divides x(®,41).

22/38



What to remember ?

e Aim : To prove that x(®,,) divides x(®,41).

Where Vo € 6?;, b,(c) = Z T

TEG%
Des(ril)CDes(o‘)

22/38



What to remember ?

e Aim : To prove that x(®,,) divides x(®,41).

Where Vo € 6%, &,(0) = Z T

rest
Des(ril)CDes(o‘)

e To do : Contruct a surj. LlI-deriv. 8 commuting with ®. J

22/38



What to remember ?

e Aim : To prove that x(®,,) divides x(®,41).

Where Vo € 6%, &,(0) = Z T

rest
Des(ril)CDes(o‘)

e To do : Contruct a surj. LlI-deriv. 8 commuting with ®. J

e QGT : A graded vector space with two produscts LUl and  :

22/38



What to remember ?

e Aim : To prove that x(®,,) divides x(®,41).

Where Vo € 6%, &,(0) = Z T

rest
Des(ril)CDes(o‘)

e To do : Contruct a surj. LlI-deriv. 8 commuting with ®. J

e QGT : A graded vector space with two produscts LUl and  :

Vo € 6%,7’ € 6}, (owr) t=0c"txrt.

22/38



The elements P,, and Q,,

23/38



The elements P,, and Q,,

23/38



The elements P,, and Q,,

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = jg:: o)

cesE o€ 6555
Des(o—*)C{0} Des(a)C{0}

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = :E:: o)

cesE o€ 6555
Des(o~')C{0} Des(o) C{0}

~+ we have P, = Q,,".

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = :g:: o)

o€ 6555 o€ 6555
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&3 = {(1,2),(-1,2), (1, -2), (-1, -2),
(2,1)3("2a1)7(27"1)a("27"1)}'

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = :g:: o)

o€ 6555 o€ 6555
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2,1)3("2a1)7(27"1)a("27"1)}'

And so

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = :g:: o)

o€ 6555 o€ 6555
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2), (-1,2), (1, —2), (-1, —2),
(2,1)3("2a1),(27"1)a("27"1)}'
And so
- Q=

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = :g:: o)

o€ 6555 o€ 6555
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2), (-1,2), (1, —2), (-1, —2),
(2,1)3("2a1),(27"1)a("27"1)}'
And so
- Q=

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

Pn:Zav Qn=za

aeGi: UEG,{:
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2, 1)3 (_2a 1), (27 _l)a (_27 _1)}'

And so
- Q2 — (17 2)

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

Pn:Zav Qn=za

aeGi: UEG,{:
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2, 1)3 (_2a 1), (27 _l)a (_27 _1)}'

And so
- Q2 — (17 2)

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = :g:: o)

o€ 6555 o€ 6555
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2,1)3("2a1),(27"1)a("27"1)}'

And so
-Q2=(1,2)+(-1,2)

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = :g:: o)

o€ 6555 o€ 6555
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2,1)3("2a1),(27"1)a("27"1)}'

And so
-Q2=(1,2)+(-1,2)

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = :g:: o)

o€ 6555 o€ 6555
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2,1)3("2a1),(27"1)a("27"1)}'

And so
-Q2=(1,2)+(-1,2)

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = :g:: o)

o€ 6555 o€ 6555
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2,1)3("2a1),(27"1)a("27"1)}'

And so
-Q2=(1,2)+(-1,2)

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = :g:: o)

o€ 6555 o€ 6555
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2,1)3("271),(27"1)a("27"1)}'

And so
-Q2=(1,2)+(-1,2)

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = :g:: o)

o€ 6555 o€ 6555
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2,1)3("271),(27"1)a("27"1)}'

And so
- Q2 = (17 2) aF (_17 2) aF (_2’ 1)

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = :g:: o)

o€ 6555 o€ 6555
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2,1)3("2a1),(27"1)a("27"1)}'

And so
- Q2 = (17 2) aF (_17 2) aF (_2’ 1)

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P, = :E:: o, Qn = :g:: o)

o€ 6555 o€ 6555
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2,1)3("2a1),(27"1)a("27"1)}'

And so
- Q2 = (17 2) aF (_17 2) aF (_2’ 1)

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

Pn=ZO', Qn=za

UEGi: UEG,{:
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2, 1)3 (_2a 1), (27 _l)a (_27 _1)}'

And so
-Q2 = (1’ 2) aF (_17 2) ar (_2’ 1) aF (_21 _1)

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

Pn=ZO', Qn=za

UEGi: UEG,{:
Des(o—*)C{0} Des(a)C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2, 1)3 (_2a 1), (27 _l)a (_27 _1)}'

And so
-Q2 = (1’ 2) aF (_17 2) ar (_2’ 1) aF (_21 —1),

23/38



The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

Pn=ZO', Qn=za
UEG,:L:

0'66,,:5
Des(o~')C{0} Des(o) C{0}

~~> we have P, = Q,,

e Example: We have
2),(—-1,—2),

& ={(1,2),(-1,2), (1,
(2 1) (—2,1),(2,—1),(—2,—1)}.

And so
_Q2=(1’2)+( 1, )+( 2’1)+( 23_1)
- Py = (1,2) + (-1,2) + (2,—1) + (-2, -1). 1




The elements P,, and Q,,

e Definition: For n € N we define I,, = (1,...,n) and

P=Y o Q=Y o
aEGi‘f UEG,{:
Des(o)C{0}

Des(o~')C{0}

~+ we have P, = Q,,".

e Example: We have
&5 = {(1,2),(~1,2),(1,-2), (-1, -2),

(2, 1)3 (—2, 1), (27 _l)a (_27 _1)}'

And so
-Q2 = (1’ 2) aF (_1’ 2) ar (_2’ 1) aF (_21 —1),
-P=(1,2)+(-1,2) + (2, -1) + (=2, -1). )

~> 2™ terms in P,, and Q,,.
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Links between ® and L.

e Proposition: For {k1, ..., ke} positive integers and D the set
D = {ki,k1 + kay...nkq + ... + ko—1}
we have for n = k1 + ... + kg,

IkIUJPkZLU...uJPk,[ if Des (0’) =D,
PleUPk2LU...LUPkl if Des (0’) = {0} U D.

®,(0) = {

~» ®,, (o) does not depend of o but only of Des (o).
~~ Good news : say bye to the product x*.
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Hence 9s(0) = —dels (o) + dely(o).
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e Lemma: The map 8, : Q&% — @67:';_1 is surjective.

~> by a technical triangular argument.

e Corollary: The map 9 is a surjective derivation of Q&=. J

~> it remains to prove the commutation with ®.
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e Recall : P, = Z o. J
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e Lemma: Putting J, = (—k,...,—1) we have

n
P, = Z Je W Iy g.
k=0

e Fact: B(Ik) = (k —1)Ix_jand B(Jk) = (k — Z)Jk_l. J

From the compatibility of 0 with (LI we obtain :

e Lemma: Foralln > 1, 9(P,) = (n — 2)P,_1.
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7 — 1 otherwise.
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dii1

Des Z (o) | =

e=d;+1
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We extend Des to a map Q&+ — ®QP([0,n — 1]).
e Definition: For « € N and ¢ # k, we put :
. i<k
i(k) = {? e

7 — 1 otherwise.
We define also X (k), whenever 0 ¢ X C N.

e Lemma: Let {d; < ... < di} be Des (o) \ {0}. For i € [1, k]

( Z 8(e)(U)) = (d41 — d; — 2) Des (o)(dit1) ,

e=d;+1

with convention di; = n. Moreover

(e) (dy —1)Des (0)(d1) if 0 & Des (o),
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e Theorem: The endomorphisms & and 9 commute.

e Proof : Assume o € S with 0 € Des (o) = {d1 < ... < d¢}-
— Put k; = d; — d;— for i € [1,£] with dy = 0, d¢y1 = n.
— We have ®(0) = Py, lU...lU P, , and so
£41
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e Proposition: We have

x?P~4(x —1)3(x —p+1) ifpiseven,
X%@)Z{ (@—1)* (@ —p+1)

x?P=3 (x —1)2(x —p+ 1) otherwise.

e Proposition: The generating series of nj, (d) is :
(p— 1)t +1

Fr.®=oont-ne-1
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Type F;

The characteristic polynomial of Adjp, is

21140 (2 — 1)3 (& — 4) (2% — 252 + 10)
(26 — 274 2% + 9194 2* — 77096 > + 250605 222 — 324870 « + 138600).

The generating series of ng, (d) is

138600t% — 187350t% — 32055 t* 4 879703 — 155042 — 876t — 1
(1386006 — 324870 t5 4 250605t — 77096 t3 + 91942 — 274t + 1)(t — 1)
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The characteristic polynomial of Adjy, is

' (x — 1) (z* — 4223 4+ 22922 — 2442 + 72)

The generating series of np, (d) is

72t% — 19613 + TTt2 4+ T6t + 1
(724 — 24413 + 22942 — 42t + 1)(t — 1)
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The characteristic polynomial of Adjy, is
214390 (5 — 1)2 (2® — 3436 27 4 565470 2 — 11284400 =® + 81322353 =%
— 246756500 2> 4 305430848 2 — 157717504 = + 27929088).

N(t)
D(t)(t—1)

N (t) = 27929088 t5 — 1472204807 + 247258432t° — 138197780 ¢°
+ 465433 t* 4 10247814t — 1205944 > — 10962t — 1,

The generating series of ng, (d) is with

D(t) = 27929088t — 157717504 t” + 305430848 t® — 246756500 t°
+ 81322353 t* — 112844003 4 5654702 — 3436t + 1.
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Type Eg

R

The characteristic polynomial of Adjg, is

51823 (1 — 1)2(2'® — 5454 2% 4 3391893 x'3 — 424089882 212
+ 19590731031 2! — 417118001254 21° + 4673188683575 =2
— 29907005656510 ® + 115900067128500 =7 — 282097630883500 x°
+ 439789995997000 z° — 441496921502000 = + 282303310340000 z>
— 110981554480000 =2 + 24563716800000 =z — 2328480000000).

We have computed the generating series of ng,(d).
~» The coxeter type E~ is also done (but not Ej).
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Thank you !!!
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