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n=2 Bn, finding a
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 for n fixed the difficulty is unknown.
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• Example : The growth function of B+

5 is :

1

1− 4t+ 3t2 + 3t3 − 2t4 − 2t6 + t10
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Summit set

Recall : For β be a braid of Bn, there is a unique decomposition
β = ∆k

n · β1 · ... · βb

Braid groups : An algorithmic approach : Conjugacy problem> Summit set 14/29



Braid groups Word problem Conjugacy problem Ordering problem Ending

Summit set

Recall : For β be a braid of Bn, there is a unique decomposition
β = ∆k

n · β1 · ... · βb

• Definition : The summit set of β is
SS(β) := {conjugates of β with maximal k}

Braid groups : An algorithmic approach : Conjugacy problem> Summit set 14/29



Braid groups Word problem Conjugacy problem Ordering problem Ending

Summit set

Recall : For β be a braid of Bn, there is a unique decomposition
β = ∆k

n · β1 · ... · βb

• Definition : The summit set of β is
SS(β) := {conjugates of β with maximal k}

• Proposition (Garside ’69) : The set SS(β) is finite

Braid groups : An algorithmic approach : Conjugacy problem> Summit set 14/29



Braid groups Word problem Conjugacy problem Ordering problem Ending

Summit set

Recall : For β be a braid of Bn, there is a unique decomposition
β = ∆k

n · β1 · ... · βb

• Definition : The summit set of β is
SS(β) := {conjugates of β with maximal k}

• Proposition (Garside ’69) : The set SS(β) is finite
and β is conjugated to β′ iff SS(β) = SS(β′).

Braid groups : An algorithmic approach : Conjugacy problem> Summit set 14/29



Braid groups Word problem Conjugacy problem Ordering problem Ending

Summit set

Recall : For β be a braid of Bn, there is a unique decomposition
β = ∆k

n · β1 · ... · βb

• Definition : The summit set of β is
SS(β) := {conjugates of β with maximal k}

• Proposition (Garside ’69) : The set SS(β) is finite
and β is conjugated to β′ iff SS(β) = SS(β′).

 how to compute SS(β) from β ?
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• Definition : We put :
Φn : B+

n → B+

n
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• Lemma : We have Φn(σi) = σn−i.
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• Dehornoy’ 94 : Handle reduction and Cayley graph 6 eℓ

• F–G–R–R–W’ 99 : Curve diagram of a punctured disk 6 eℓ

• Dynnikov-Wiest’ 06 : Lamination of a punctured disk 6 eℓ

• Bressaud’ 06 : Tetris like algorithm 6 eℓ

• Conjecture (Dehornoy–Dynnikov–Wiest∼ ’94) :
Experiments suggest that the length of the returning word is in O(ℓ).
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n (with n ≥ 3) admits a unique
maximal right divisor β1 lying in B+

n−1, β1 is the B+

n−1-tail of β.

 unfortunately the B+

n−1-tail of ββ
−1
1 is trivial

• Idea : Instead of repeatedly compute the B+

n−1-tail we compute
alternatively the B+

n−1-tail and the Φn(B
+

n−1)-tail.
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• Proposition ( Dehornoy ’07 ) : For every braid β of B+

n, there exists a
unique sequence (βb, ..., β1) of B

+

n−1 such that :

– β = Φ
[b]
n (βb) · ... · Φn(β2) · β1

– βk is the B+
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n (βb) · ... · Φn(β2) · β1.
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• Fact : The case t > b− 1 is the easiest of the original algorithm.

• Fact : From the Garside–Thurston normal form of β we obtain the
minimal k such β lies in Bk.

 use these two facts and the proposition to construct a
simple algorithm returning a σ-definite representative.
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3. Put e = 1
4. Compute ∆−t
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5. Compute the Φn-splitting (ub, ..., u1) of u
6. If t > b− 1 then return (∆−t+b−1

n ub∆
−1
n ...∆−1

n u1)
e

7. Else put e = −1 and goto line 4
Output : a σ-definite word equivalent to w.

• Proposition : This algorithm returns in time O(n log(n) × |w|2) a σ-
definite representative of w of length at most (n2 − n− 1)‖w‖σ.
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Further work

• Fact : CSP and CDP on Bn ⇔ CSP and CDP on B+

n or B+∗
n .

• Fact : Let β, β′ ∈ B+

n,

∃γ ∈ Bn (β′ = γ−1 β γ) ⇔ ∃γ ∈ B
+

n (β′ = γ−1 β γ).

For β ∈ B+

n, put C(β) = {γ−1 β γ, γ ∈ B+

n} ∩B+

n.

• Fact : (B+

n, <) is a well-ordering.

• Idea : For β ∈ B+

n, compute µ(β) = minC(β).
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Thank you ! ! !
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