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e Definition :
— Positive braid : a braid in which every crossing is positive (B,)).
— Simple braid : a positive braid in which every pair of strands
cross at most once.

~~ simple braids <+ permutations of {1,...,n}.

Y 4 /—4
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~> the only braid in which every pair of strands cross exactly once.
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where k belongs to Z and /3’ is a positive braid.
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The Garside normal form

e Proposition (Garside '69): Every 3 € B,, can be written as 3 = Ak . [

where k belongs to Z and /3’ is a positive braid.

~~ B, is the group of fractions of B,
~> we can investigate B,, from B,

e For 3, v € B/, the braid v left divides 3 if 3 = v3’, with 3’ € B.

e Lemma: Every 3 € B}, admits a unique maximal left divisor that is

simple. Computable in time O(|w| x nlog(n)) if B is given by w.
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9/29



Word problem
oe

Structure de Garside de B,

e Theorem (Garside'69): Every 3 € B,, admits a unique decomposition :

B=Aak.p.

where k € Z is maximal and for all 4, the braid (§; is the unique maximal
left divisor of 3; - ... B that is simple.

Braid groups : An algorithmic approach : Word problem > Garside normal form 10/29



Word problem
oe

Structure de Garside de B,

e Theorem (Garside'69): Every 3 € B,, admits a unique decomposition :

B=Aak.p.

where k € Z is maximal and for all 4, the braid (§; is the unique maximal
left divisor of 3; - ... B that is simple.

~~ Garside (greedy) normal form of g

Braid groups : An algorithmic approach : Word problem > Garside normal form 10/29



Word problem
oe

Structure de Garside de B,

e Theorem (Garside'69): Every 3 € B,, admits a unique decomposition :

B = Ak

n

';31“’7

where k € Z is maximal and for all 4, the braid (§; is the unique maximal
left divisor of 3; - ... B that is simple.

~~ Garside (greedy) normal form of g
~~ computable in time O(|w|?nlog(n)) if 3 is given by w.

Braid groups : An algorithmic approach : Word problem > Garside normal form 10/29



Word problem
oe

Structure de Garside de B,

e Theorem (Garside'69): Every 3 € B,, admits a unique decomposition :

['3 = Ji -B1-Ba.. .“51;.

where k € Z is maximal and for all 4, the braid (3; is the unique maximal
left divisor of 3; - ... B that is simple.

~ Garside (greedy) normal form of 3
~~ computable in time O(|w|?nlog(n)) if 3 is given by w.

ngreedy3Bn — Z X (Gn)(N)
B = (k,perm(Br),...,perm(5))
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Word problem
oe

Structure de Garside de B,

e Theorem (Garside'69): Every 3 € B,, admits a unique decomposition :

B=A% B1-Ba... B

where k € Z is maximal and for all 4, the braid (3; is the unique maximal
left divisor of 3; - ... By that is simple.

~ Garside (greedy) normal form of 3
~~ computable in time O(|w|?nlog(n)) if 3 is given by w.

Tlgreedy - Bn — Zx (Gn)(N)
ﬁ = (k7 perm(ﬁ1)7"'7perm(ﬁb))

e Quadratic solution to the word problem :
— / — —/
w=w = ngreedy(w) — ngreedy(w )
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Counting braids

o Fact: There is
— an infinite number of braids (e.g. of").
— no simple definition for the length of a braid (e.g. 01 - 01 -0y ' = a1).

e Definition: For 5 € B, the geodesic length of g is the length of
a shorter word representing 5. We denote it by ||5][,.
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o Fact: There is
— an infinite number of braids (e.g. of").
— no simple definition for the length of a braid (e.g. 01 - 01 -0y ' = a1).

e Definition: For 5 € B, the geodesic length of g is the length of
a shorter word representing 5. We denote it by ||5][,.

The case n = 3 was solved by J. Mairesse and F. Mathéus in '07.
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e Definition: For 5 € B, the geodesic length of g is the length of
a shorter word representing 5. We denote it by ||3]],.

The case n = 3 was solved by J. Mairesse and F. Mathéus in '07.

e Theorem (Paterson—Rasborov'91): For 8 € Bo = |Jn—s Bn
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— no simple definition for the length of a braid (e.g. 01 - 01 -0y ' = a1).

e Definition: For 5 € B, the geodesic length of g is the length of
a shorter word representing 5. We denote it by ||3]],.

The case n = 3 was solved by J. Mairesse and F. Mathéus in '07.

e Theorem (Paterson—Rasborov'91): For 3 € By = |J525 By, finding a

word representing /3 whose length is ||3]|,
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— an infinite number of braids (e.g. of").
— no simple definition for the length of a braid (e.g. 01 - 01 -0y ' = a1).

e Definition: For 5 € B, the geodesic length of g is the length of
a shorter word representing 5. We denote it by ||3]],.

The case n = 3 was solved by J. Mairesse and F. Mathéus in '07.

e Theorem (Paterson—Rasborov'91): For 3 € By = |J525 By, finding a

word representing /3 whose length is |||, is a co-NP complete problem.
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Word problem
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Counting braids

o Fact: There is
— an infinite number of braids (e.g. of").
— no simple definition for the length of a braid (e.g. 01 - 01 -0y ' = a1).

e Definition: For 5 € B, the geodesic length of g is the length of
a shorter word representing 5. We denote it by ||3]],.

The case n = 3 was solved by J. Mairesse and F. Mathéus in '07.

e Theorem (Paterson—Rasborov'91): For 3 € By = |J525 By, finding a

word representing /3 whose length is |||, is a co-NP complete problem.

~ for n fixed the difficulty is unknown.
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A Growth function for B/

e Definition: For 8 a braid of B, we define |3| to be the
length of a positve representative word.

1
e Proposition (Bronfman '01): Let A be the growth function of B;.

k
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A Growth function for B/

e Definition: For 8 a braid of B, we define |3| to be the
length of a positve representative word.

1
e Proposition (Bronfman '01): Let A be the growth function of Bj. If
L.

we put Hy = H1 = 1,we have

n

Hy = Z(_l)i+lti(i;1) I8 lp—gc

1=
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Word problem
oe

A Growth function for B}

e Definition: For 8 a braid of B, we define |3| to be the
length of a positve representative word.

1
e Proposition (Bronfman '01): Let A be the growth function of Bj. If

k
we put Hy = H1 = 1,we have

n

H,=Y (1) H,s.

d=il

e Example: The growth function of Bf is :
1
1 — 4¢ + 382 + 3¢3 — 2t4 — 2t6 4 ¢10
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Summit set

Recall : For 3 be a braid of B,,, there is a unique decomposition

B=AE B .. By
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Summit set

Recall : For 3 be a braid of B,,, there is a unique decomposition
B=AF. 5. .8

e Definition: The summit set of (3 is
SS(B) := {conjugates of 5 with maximal k}

e Proposition (Garside '69): The set SS(3) is finite
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Recall : For 3 be a braid of B,,, there is a unique decomposition
B=AF. 5. .8

e Definition: The summit set of (3 is
SS(B) := {conjugates of 5 with maximal k}

e Proposition (Garside '69): The set SS(3) is finite

and [ is conjugated to B iff SS(B) = SS(F).
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Summit set

Recall : For 3 be a braid of B,,, there is a unique decomposition
B=AF. 5. .8

e Definition: The summit set of (3 is
SS(B) := {conjugates of 5 with maximal k}

e Proposition (Garside '69): The set SS(3) is finite

and [ is conjugated to B iff SS(B) = SS(F).

~+ how to compute SS(3) from 57
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Garside automorphism

e Definition: We put :
b, :

sz-dk
14
3|13+

> W

M
)

Pt
N/
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Garside automorphism

e Definition: We put :

Endin
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°

Garside automorphism

e Definition: We put :

e Lemma: We have &,,(0;) = 0,,—;.
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Cycling

e Definition: For 3= AF .3, -B2-...- By

we define c(B) = AF . By - .- By - BF(By).

e Proposition (Birman—Ko—Lee'01): We have ¢’l4»1(B8) € SS(3).
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Cycling

e Definition: For 3= AF .3, -B2-...- By

we define c(B) = AF . By - .- By - BF(By).

e Proposition (Birman—Ko—Lee'01): We have ¢’l4»1(B8) € SS(3).
N

|An] is 21

~ we obtain an element of SS(3) in time O(|w|* x n®log(n))
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L]

Cycling

e Definition: For 3= AF .3, -B2-...- By

we define c(B) = AF . By - .- By - BF(By).

e Proposition (Birman—Ko—Lee'01): We have ¢’l4»1(B8) € SS(3).
N

|An] is 21

~ we obtain an element of SS(3) in time O(|w|* x n®log(n))
if 5 is given by a word w.

Braid groups : An algorithmic approach : Conjugacy problem™> Cycling 16/29
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o

Computing Summit Set

e Proposition (EIRifai-Morton'94): Let 3’ be an element of SS(53). Then

each element of SS(3) can be obtained from /3" with successive conjuga-
tions in SS(B) by a simple element.
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Improvements

e Fact: The complexity of the algorithm depends of the size of SS(3),
which can be exponential in n and ||3]],. J

We can replace SS(3) by
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We can replace SS(3) by
— SSS(B), Super Summit Set, Elrifai and Morton in '94;
—USS(p), Ultra Summit Set, Gebhardt in '05;
- SC(p), Sliding Circuit, Gebhardt and Meneses in '10.

e Conjugacy problems are in O(n®|w|® x card(X)). J

e We have USS(8) C SSS(B) € SS(B) and SC(B) C SSS(B). )

~ the cardinality of USS(3) can be exponential in n and unknown in

18l
~ the cardinality of SC(/3) is totally unknown.
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o-definite braid word

o Definition:
— A braid word w is g;-positive if w contains at least one o;,
no g; ' and no o for j > i.
— A braid word w is o;-negative if w contains at least one o !,
no o; and no crjil for j > 1.

e Example: The word o 0y 02‘1 is neither o»-positive, nor c»-negative

nor o1-positive nor o1-negative. But the word 07! o3 07 is c»-positive.

4
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e Example: The word o 0y 02‘1 is neither o»-positive, nor c»-negative

nor o1-positive nor o1-negative. But the word 07! o3 07 is c»-positive.
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o-definite braid word

o Definition:
— A braid word w is g;-positive if w contains at least one o;,
no g; ' and no o for j > i.
— A braid word w is o;-negative if w contains at least one o !,
no o; and no crji1 for j > 1.

e Example: The word o 0y 02‘1 is neither o»-positive, nor c»-negative

nor o1-positive nor o1-negative. But the word 07! o3 07 is c»-positive.
’

e Definition: A o-definite word is either €, or g;-positive J
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o-definite braid word

o Definition:
— A braid word w is g;-positive if w contains at least one o;,
no g; ' and no o for j > i.
— A braid word w is o;-negative if w contains at least one o !,
no o; and no crji1 for j > 1.

e Example: The word o 0y 02‘1 is neither o»-positive, nor c»-negative

nor o1-positive nor o1-negative. But the word 07! o3 07 is c»-positive.
’

e Definition: A o-definite word is either €, or g;-positive, or g;-negative. J
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Ordering problem
L]

o-definite braid word

o Definition:
— A braid word w is g;-positive if w contains at least one o;,
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o Definition:
— A braid word w is g;-positive if w contains at least one o;,
no g; ' and no o for j > i.
— A braid word w is g;-negative if w contains at least one a{l,
no o; and no o; ! for j > i.

e Example: The word o 0y 02‘1 is neither o»-positive, nor c»-negative

nor o1-positive nor o1-negative. But the word 07! o3 07 is c»-positive.
>

e Definition: A o-definite word is either €, or g;-positive, or g;-negative. J

~ we define an left invariant ordering : 5 < 3 iff 3713 is o-positive.
~ a o-definite representative of 313" witnesses of f{<,>,=}3
~ still a solution to the word problem
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Computing o-definite representative
Various algorithm compute o-definite representative. J

e Dehornoy’ 91 : Left-distributive algebra

e Larue’ 93 : Left-distributive algebra

e Burckel' 94 : Finite combinatorics and ordinal induction
e Dehornoy’ 94 : Handle reduction and Cayley graph

o F-G-R—R-W' 99 : Curve diagram of a punctured disk
e Dynnikov-Wiest' 06 : Lamination of a punctured disk

e Bressaud' 06 : Tetris like algorithm

e Question: What are their complexities ? J
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Ordering problem
oe

e Question: What is the length of the returned o-definite word ?

e Dehornoy' 91 : Left-distributive algebra <e’

o Larue’ 93 : Left-distributive algebra <eéf
e Burckel' 94 : Finite combinatorics and ordinal induction 7?7
e Dehornoy’ 94 : Handle reduction and Cayley graph <et
o F-G-R—R-W' 99 : Curve diagram of a punctured disk <ef
e Dynnikov-Wiest' 06 : Lamination of a punctured disk <et
e Bressaud’ 06 : Tetris like algorithm <ef

e Conjecture (Dehornoy—Dynnikov—Wiest ~ '94):

Experiments suggest that the length of the returning word is in O(¢).
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e Proposition (Laver'96): (B, <) and (B}*, <) are well-orderings.
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~ the order type of (B}, <) is w“" ~ (Burckel '97)
~ the order type of (B/*, <) isw*" ~ (F.08)
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Ordering problem
0O®000

@, -splitting

e Lemma: Each braid 3 of B} (with n > 3) admits a unique

maximal right divisor 8 lying in B} _, 1 is the B} _,-tail of .

t
n—

~» unfortunately the B, _;-tail of Jz%’fl is trivial

e Idea: Instead of repeatedly compute the B, _;-tail we compute
alternatively the B _-tail and the @, (B, _,)-tail.
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Ordering problem
00e00

@, -splitting

e Proposition ( Dehornoy '07): For every braid § of B, there exists a
unique sequence (By, ..., 31) of B} _, such that :

— By, is the B} _,-tail of &l M(8y) - ... . 8,(8) - fi.
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e Proposition: Let t € N and (B, ..., 31) be the @,,-splitting of 8 € B} :
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3—J t+b—1 3 J 1 —1 ‘[3]
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e Proposition: Let t € N and (5, .
—ift >b—1then A 'S is g,
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000e0

A new algorithm

e Proposition: Let t € N and (B, ..., 31) be the @,,-splitting of 8 € B} :
—ift > b—1then A, 'S is 6,,—1-negative :

1 7
B

B = At g AL

— otherwise A3 it is 0,,_1-positive or it lies in B,,_1.

n

e Fact: The case t > b — 1 is the easiest of the original algorithm. J
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° Proposition' Lett € N and (B, ..., 1) be the &,,-splitting of 3 € B, :
i negative :

e Fact: The case t > b — 1 is the easiest of the original algorithm.

e Fact: From the Garside—Thurston normal form of S we obtain the
minimal & such (3 lies in By.
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Ordering problem
000e0

A new algorithm

° Proposition' Lett € N and (B, ..., 1) be the &,,-splitting of 3 € B, :
i negative :

e Fact: The case t > b — 1 is the easiest of the original algorithm.

e Fact: From the Garside—Thurston normal form of S we obtain the
minimal & such (3 lies in By.

~~ use these two facts and the proposition to construct a
simple algorithm returning a o-definite representative.
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Ordering problem
[e]e]e]e] ]

e Algorithm [with L. Paris] :
Input : w
1. Compute the Garside—Thurston normal form v of w
. Let n be the maximal indice 7 + 1 such that o; appears in v
.Pute=1
. Compute A tu = v® with u positive and ¢ minimal
. Compute the &,,-splitting (up, ..., u1) of u
JIft > b—1 then return (A0, AL AT up)®

SOl W
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1. Compute the Garside—Thurston normal form v of w
. Let n be the maximal indice 7 + 1 such that o; appears in v
.Pute=1
. Compute A tu = v® with u positive and ¢ minimal
. Compute the &,,-splitting (up, ..., u1) of u
JIft > b—1 then return (A0, AL AT up)®
. Else put e = —1 and goto line 4
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1. Compute the Garside—Thurston normal form v of w
. Let n be the maximal indice 7 + 1 such that o; appears in v
.Pute=1
. Compute A tu = v® with u positive and ¢ minimal
. Compute the &,,-splitting (up, ..., u1) of u
JIft > b—1 then return (A0, AL AT up)®
7. Else put e = —1 and goto line 4
Output : a o-definite word equivalent to w.
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e Algorithm [with L. Paris] :
Input : w
1. Compute the Garside—Thurston normal form v of w
2. Let n be the maximal indice 7 + 1 such that o; appears in v
3. Pute=1
4. Compute Aty = v¢ with u positive and ¢ minimal
5. Compute the @,,-splitting (uy, ..., u1) of u
6. 1f t > b— 1 then return (A 101y, AL AT ug)e
7. Else put e = —1 and goto line 4
Output : a o-definite word equivalent to w.

e Proposition : This algorithm returns in time O(nlog(n) x |w|?) a o-

definite representative of w
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Ordering problem
[e]e]e]e] ]

e Algorithm [with L. Paris] :
Input : w
1. Compute the Garside—Thurston normal form v of w
2. Let n be the maximal indice 7 + 1 such that o; appears in v
3. Pute=1
4. Compute Aty = v¢ with u positive and ¢ minimal
5. Compute the @,,-splitting (uy, ..., u1) of u
6. 1f t > b— 1 then return (A 101y, AL AT ug)e
7. Else put e = —1 and goto line 4
Output : a o-definite word equivalent to w.

e Proposition : This algorithm returns in time O(nlog(n) x |w|?) a o-

definite representative of W of length at most (n? —n — 1)||w]|, .

Braid groups : An algorithmic approach : Ordering problem™> A new algorithm 27/29
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Further work

For € B}, put C(8) = {y' Bv,7 € B,}
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Further work
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Further work

For B € B, put C(B) = {v ' B~v,v€ B} N B,.
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Further work

For 3 € B;, put C(8) = {y ' 8~,7 € B} NB;.
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Ending

Thank you!
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