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Braid group

• Theorem (Artin ’25) : The braid group Bn is presented by

⌧
�1, ... ,�n�1

����
�i�j = �j�i for |i � j| > 2

�i�j�i = �j�i�j for |i � j| = 1

�

 A braid � is seen as a set of words word(�) (on the �±1
i ’s).

A normal form on Bn is a way to select a unique word in word(�).

• Example: The Garside-Thurston normal form.

 First defined on the positive braid monoid B+

n.
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Dual braid monoid

Birman-Ko-Lee generators:

a1,4 =

1

4

⇡

$

4

1 2

3

The dual braid monoid B+⇤
n is presented by generators ai,j with

1 6 i < j 6 n and the relations

ap,qar,s = ar,sap,q for [p, q] and [r, s] disjoint or nested,

ap,qaq,r = aq,rap,r = ap,rap,q for 1 6 p < q < r 6 n.

• Theorem (Birman, Ko & Lee ’98) : B+⇤
n is a garside monoid.

 Bn is the fraction group of B+⇤
n .

 An other garside normal form on Bn.
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Garside strucuture of B+⇤
n

Garside element:

�n = a1,2 · ... · an�1,n = �1 · ... · �n�1.

Garside automorphism:

For � 2 B+⇤
n , �n(�) = �n��

�1
n .

�n(ai,j) =

(

ai+1,j+1 for j 6 n � 1,

a1,i+1 for j = n.

1 2

3

45

6

7�!�6

1 2

3

45

6
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The B+⇤
n�1-tail

We fix n > 3.

The B+⇤
n�1-tail of � 2 B+⇤

n is the unique

maximal right divisor of � lying in B+⇤
n�1.

 A similar greedy construction as for the Garside normal form.

 But it needs some adjustments!
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The �n-splitting

We fix n > 3.

• Proposition : For each non-trivial braid � 2 B+⇤
n there exists a

unique sequence (�b, ...,�1) of B+⇤
n�1 such that

�b 6= 1 and

– � = �b�1
n

(�b) · ... · �n(�2) · �1

– the B+⇤
n�1-tail of �

b�k
n

(�b) · ... · �n(�k+1) is trivial.

The sequence (�b, ...,�1) is the �n-splitting of �.
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The rotating normal form

Alphabets:

An = {ai,j, 1 6 i < j 6 n} and A±
n = AntA�1

n .

Rotating normal form:

– For n = 2
r2 : B+⇤

2 ! A2-words

ak
1,2 7! ak

1,2

– For n > 3

rn : B+⇤
n ! An-words

� 7! �b�1
n

(rn�1(�b)) ... �n(rn�1(�2)) rn�1(�1),

where (�b, ...,�2,�1) is the �n-splitting of �.

 �n is the word homomorphism obtained from �n.

• Proposition: For n > 2, we also define rn : Bn ! A±
n -words.
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Braid ordering

• Theorem(Dehornoy’94 ) : There exists an ordering < on the braid

group Bn compatible with the left-multiplication.

 Based on the existence of a �-definite word in word(�).

• Theorem (Laver ’96) : The restriction of < to a submonoid of Bn

generated by a finite set of conjugates of �i’s is a well-ordering.

 No infinite decreasing sequence.

• Theorem(Burckel’97 ) : The order type of (B+

n, <) is !!n�2
.

 Based on transfinite induction.
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Applications

From the tree definition of rn we define an ordering <⇤
n on B+⇤

n .

• Theorem(2008 ) : The ordering <⇤
n is of type !!n�2

and coincides

with the restriction of < on B+⇤
n .

 (B+⇤
n , <) is also of type !!n�2

.

 Generalised in 2009 by Ito for finite Thurston type ordering <.

• Theorem ( 2009 ) : Each braid � of Bn admits a quasi-geodesic

�-definite representative computable in quadratic time.

 Construction of a simple algorithm with Paris in 2010.
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Barriers

Assume n > 3.

Barrier:

A letter ai,j 2 An is an ap,n-barrier if i < p < j holds.

1 2

3

45

6

• Lemma : For � 2 B+⇤
n , there is equivalence between

– an An-word representing � contains an ap,n-barrier;

– every An-word representing � contains an ap,n-barrier.

 Containing a barrier is a braid property.
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Rotating normal word characterization

An An-word is said to be n-rotating if it is the rotating normal form

of a braid of B+⇤
n .

Assume n > 3.

• Theorem : Let (wb, ..., w1) be a finite sequence of An�1-words.

The An-word

�b�1
n

(wb�1) · ... · �k�1
n

(wk) · �k�2
n

(wk�1) · ... · �n(w2) · w1

is n-rotating i↵:

– for k > 1, the word wk is (n � 1)-rotating,
– for k > 3, the word wk ends with a..,n�1,

– w2 is eiher empty (except for b = 2) or ends with a..,n�1,

– if, for k > 3, wk = ....ap�1,n�1 with p < n � 1 then

wk�1 contains an ap,n-barrier.
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Regular language

A language L on the alphabet A (subset of A-words) is regular if it

is recognized by a finite-state automaton.

The mirror of an A-word w = x0 · ... · xk is ⇧(w) = xk · ... · x1.

• Proposition : A language L is regular i↵ ⇧(L) is.

For n > 2, we denote by Rn the language of n-rotating words.

• Theorem: For n > 2, the language ⇧(Rn) is regular.

 Inductive construction of finite-state automata.
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Automata for n = 2 and 3

R2 = {

ak
1,2 | k > 0} and ⇧(R2) = R2

R3 = {... ae4
1,2 a

e3
1,3 a

e2
2,3 a

e1
1,2

| ek 6= 0 for k > 3

}
⇧(R3) = {ae1

1,2 a
e2
2,3 a

e3
1,3 a

e4
1,2 ... | ek 6= 0 for k > 3}
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Automaton for n = 4: the todo list

• Corollary: Let (wb, ..., w1) be a finite sequence of An�1-words.

The An-word

�b�1
n

(wb�1) · ... · �n(w2) · w1

is n-rotating i↵:

– for k > 1, the word wk is (n � 1)-rotating,
– for k > 3, the word wk ends with a..,n�1,

– w2 is eiher empty (except for b = 2) or ends with a..,n�1,

– if, for k > 3, wk = ... ap�1,n�1 with p < n � 1 then

wk�1 contains an ap,n-barrier.

 We must recognize 3-rotating words ending by a2,3 or a1,3.

 We must determine is a 3-rotating word contains a1,3.
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Automaton for n = 4: first pseudo automata

Recognization of 3-rotating words ending by a2,3 or a1,3.
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Automaton for n = 4: second pseudo automata

Recognization of 3-rotating words ending by a2,3 or a1,3.

•
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About automaticity ?

We have established the regularity of the rotating normal form.

• Question: Does the rotating normal form be left automatic ?

And right automatic ?

 The rotating normal form is not right automatic!

 Always open for left automaticity.
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About �-definite representative ?

• Fact: The rotating normal form on the monoid B+⇤
n naturaly gives

a �-definite normal form on the whole group Bn.

 We denote by Sn the A±
n -language obtained.

 Each word in Sn is �-definite.
 Connections with the braid ordering.

• Theorem: For n > 2, the language Sn is regular.
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Thank you !!!
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