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Outline:
e Inverse and ill-posed problems
e The singular value decomposition
e Tikhonov regularization

e Iterative solution methods for large-scale problems



Inverse problems

e Inverse problems arise when one seeks to determine

the cause of an observed effect.

— Helioseismology: Determine the structure of the
sun by measurements from earth or space.

— Medical imaging, e.g., electrocardiographic
imaging, computerized tomography.

— Image restoration: Determine the unavailable

exact image from an available contaminated

version.

e Inverse problems often are ill-posed.



Il1l-posed problems

A problem is said to be ill-posed if it has at least one of

the properties:
e the problem does not have a solution,
e the problem does not have a unique solution,

e the solution does not depend continuously on the
data.



Linear discrete ill-posed problems

Ar =0

arise from the discretization of linear ill-posed problems
(Fredholm integral equations of the 1st kid) or, naturally,

in discrete form (image restoration).

e The matrix A is of ill-determined rank, possibly

singular. System may be inconsistent.

e The right-hand side b represents available data that

generally is contaminated by an error.



Available contaminated, possibly inconsistents, linear

system

Ar =0 (1)

Unavailable associated consistent linear system with

error-free right-hand side
Ar =b (2)

Let = denote the desired solution of (2), e.g., the

minimal-norm solution.

Task: Determine an approximate solution of (1) that is a

good approximation of x.



Define the error
e:=b—b noise

and let

e := |le]]
The choice of solution method depends on whether an
estimate of € is available.

How much damage can a little noise really do?

How much noise requires the use of special techniques?



Example 1: Fredholm integral equation of the 1st kind

s inh
/ exp(—st)x(t)dt = o (S), 0<s< g
0 S

Determine solution x(t) = sin(t).

Discretize integral by (Galerkin method using piecewise

constant functions. Code baart from Regularization
Tools.



This gives a linear system of equations
Ay — b A € R200x200  p - R200

A is numerically singular.

Let the “noise” vector e in b have normally distributed

entries with mean zero and
e = |le|| = 1077||b]|
b:=b+¢

i.e., 0.1% relative noise



right-hand side
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solution of Ax=b : no added noise
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The singular value decomposition



The SVD of the m x n matrix A, m > n:

A=UxV!
U = |up,ug, ..., Uy orthogonal, m x m,
Vo o= |v,vg,...,0,] orthogonal, n X n,
Y, = diagloy,09,...,0,], mxmn
with

O'1>O'22...>O'



Application: Least-squares approximation

Let the matrix A € R™*", m > n, represent the “model”
and the vector b € R™ the data. Solve

min |Az—Db||* = min ULV 2—b|* = min 1SV Ee—U"b|?.

Let y = [y1,92,...,yn]t = VT2 and
V= [V,b,...,b " = U"Db. Then

min | Az—b = min [ Sy 2 = 3 (o50-0)*+ Y (1)
j=1 j=n+1



If A is of full rank, then all o; > 0 and
b;

yields the solution
r=Vy.
If some o; = 0, then least-squares solution not unique.

Often one is interested in the least-squares solution of

minimal norm. Arbitrary components y; are set to zero.



Assume that
01 >09...20p>0p11=...=0,=0~0.
Then A is of rank /. Introduce the diagonal matrix
Y1 = diag[l/o1,1/09,...,1/00,0,...,0], nxm.

The matrix
At = vy

is known as the Moore-Penrose pseudoinverse of A.



The solution of the least-squares problem
min || Az — bl
of minimal Eucliden norm can be expressed as
z = A'b.

Moreover,

ATA=1,  AAT = Pra).



Note

Define

Then Ay is of rank k; Aj is the sum of k£ rank-one

T

matrices o;u;v; .

Moreover,

| al ranir%%gk” | = Oki1,

i.e., Aj is the closest matrix of rank < k to A.



Let b=0+ e, where e denotes an error. Then

0
v .= Ah = Z

It oy > 0 tiny, then

might be huge and x a meaningless approximation of .



Recall
k
Ak = Z O'jUj?Jf

j=1

best rank-k approximation of A.

Pseudoinverse of Ay:

k

T -1, T

A .—Zaj vju;, o >0
j=1



Approximate x by

Lk

for some k < /.

How to choose k?



Example 1 cont’d: Singular values of A
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Example 1 cont’d: Right-hand side without noise

Norm of computed approximate solution
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Example 1 cont’d: Right-hand side without noise

Norm of residual vector
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Example 1
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Example 1 cont’d: Right-hand side without noise:
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Example 1 cont’d: Exact and computed solutions
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Example 1 cont’d: Right-hand side with relative noise
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Example 1 cont’d: Right-hand side with relative noise
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Example 1 cont’d: Right-hand side with relative noise
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Example 1 cont’d: Right-hand side with relative noise
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The SVD in Hilbert space



A X — )Y compact linear operator

X, )Y Hilbert spaces,
(-,+) inner products in X and ),

| - || associated norms.

Compute minimal-norm solution z € X of
Axr =1, y € R(A),
by the SVD of A.



Singular triplets {0, u;,v;}52, of A:

o; singular value,

O'1>O'2>O'32...>O,

u; € Y lett singular function,

v; € X right singular function, satisty

’

17 ]:€7
O? ]#67

(uj, ue) = (vj,00) = 1

\

and



Av; = ojuy, A'u; = o0,

Ar = Zaj<x,vj>uj, Ve e X,

A%y = Z (y,uj)vj,  Vye,

where A* : ) — X the adjoint of A.

A compact = o; cluster at zero.

i=1,2.3 ...



Minimal-norm solution

Fourier coeflicients

A

have to converge to zero rapidly.

Cj:<:l;,u]'>, j:1,2,3,...



y =1y + e available contaminated rhs

Determine approximation of £ by TSVD:

Ek: y,ug

k > 1 smallest index, such that

| — &) = min |2, — 2]



Assume norm of error in rhs known:

0= lly =19l
2 is said to satisty the discrepancy principle if

where 7 > 1 constant independent of 9.

The discrepancy principle selects the smallest index
k = ks, such that

|Azy, —yl| < T0.



Then
o |Ax; — y|| decreases monotonically as k increases.
e ks increases monotonically as 0 0.

o 7, — T as o \, 0.



Tikhonov regularization



Solve the minimization problem
min{|[Az — b|[* + ul| Lz}, (3)

where 11 > 0 is the (fixed) regularization parameter and

L € RP*™ p < n, the regularization operator.

Common choices of L: identity, approximations of finite

difference operators.

Normal equations associated with (3):
(A"A +puLl' L)z = A"b.

Unique solution for p > 0 iff N(A) NN (L) = {0}.



For now, let L = I. Solution of the Tikhonov

minimization problem

x, = (A" A+ ul)"t A", p > 0.

Note that:

lim z,, = A'b, lim x, = 0.
1 \0 p—00

A proper choice of the value of the regularization

parameter p 1s important.



If € := ||e]| is known, then we can use the discrepancy

principle.

For now, assume that € is not known.

To see how the value of p affects the solution z,, and the

residual error b — Ax,, plot the curve

(logyg ||yl logyg ||b — Ax,l)), p >0

known as the L-curve.



Choose the value of 1, denoted iy, , that corresponds to

the vertex of the L-curve.

Reasons for choosing 1 = py:

e When u is too small, the solution is contaminated by

errors, hence of large norm.

e When p is too large, z, solves a faraway problems,

hence the norm of the residual ||b — Az, is large.

e The solution corresponding to py, is balances these

CIrrors.



Example 1 cont’d: Right-hand side with relative noise
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Example 1 cont’d: Right-hand side with relative noise
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e For small to medium-sized problems, we compute the

SVD of A. It is then inexpensive to determine points

(logg quHa logy ||b — Axu”)

on the L-curve for several values of .

e For large problems it is expensive to determine

points on the L-curve.



L = I. Solution methods:

e Transform Tikhonov minimization problem to
standard form and then solve by SVD.

e Solve by GSVD, i.e., compute the generalized SVD of
the matrix pair {A, L}.



Transformation to standard form

L € R™™ invertible: Let y = Lz. Then
min{ || Az — b]|* + pf| Lz}
equivalent to
min{ || ALy — blJ* + plly[|*}.

which we solve by SVD of AL,



Common regularization operators for 1D problem:

Bidiagonal:

I — c R(n—l)xn




Tridiagonal:

[, = c R(n—2)><n




Then
min{ || Az — b||* + pul| L[|}

equivalent to
min{|| AL}y — bl* + ully|*}.
where
LY = (I - (A(I - L'L))TA) L.
Note:
o L' := L 1if L invertible.

e [ — L'L orthogonal projection onto N(L).



Solution method:
min{|| ALYy — bl* + ullyl*} — 3

Compute
#© = (A(1 - L))",

for which we need a basis of the null space of L.

Solution is given by

T = L;gj + 2.



The GSVD of the matrix pair {A, L}

~

A=Uxz',  L=VI[M, 0z,

where
U ¢ R™"  U'U=1,
Ve R, VIV =],
Z € R™™ nonsingular,
> = diag[61,62,...,6,,1,1,...,1] € RV,
M = diagliu, fig, ..., ji,] € RP*P.



Entries of 3 :

-
VA
Sz
VA
S.z
VA
VA

2
VA
}—L

Entries of M :

—_
'V
L;z
1V
Ez
1V
1V
=
i
\Y4
-)

Further



Then
min{ || Az — |2 + | L}

equivalent to

min{||Zy — U7b* + pl|[M, 0]y||*}.

We compute solution ¢ and & = Z9.



Alternative: Truncated GSVD

Note

Span{ Zp41, Zp42, - - -

 Zn}

N(L).



Example. Consider
1
/ k(s,t)x(t)dt =e*+ (1 —e)s — 1, 0<s<1,
0

where
)

s(t—1), s < t,

k(s 1) = S
t(s —1), s > t.

\

Discretize the integral equation by a Galerkin method
(Matlab code deriv2). Gives

A€ RlOOOXlOOO z\) c RlOOO
, .

Relative error in b: 1%.



1 3 -3 1 '
L -1 3 -3 1 C RO-n
_ 1 3 -3 1
with
1 1 1
1 2 4
N (L) = range




Discepancy principle: dash-dotted T'SVD solution,
dashed TGSVD solution.

0.1p
0.09r A
0.08
0.07r
0.06 -
0.05r
0.04r-

0.031

0.02F 1

0.01f

1 1 1 1
0 200 400 600 800 1000



Extrapolation enhanced SVD



Let A=A, ® Ay with A, Ay € RPYX1500 defined by the
MATLAB functions baart and foxgood. Then A is
2.25-10% x 2.25-10°% The SVD of A can be computed
from the SVDs of A; and Ay. Extrapolation is equivalent

to post-processing of the singular values.



Error in TSVD solutions (dashed graph) and in
extrapolated TSVD solutions (solid graph). The errors
are measured in the Frobenius norm.
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Iterative method for general L



Use iterative methods that reduce A and L
independently of L.

We apply the generalized Arnoldi process proposed by Li
and Ye, SIMAX 2003:

Q AQ = Ha = |ha,l, Q*LQ = Hy, = |hy; 4l
with

hA;i,j — 0 for ¢ Z 2] + 1, hL;i,j — 0 for ¢ Z 2] + 2.



Generalized Arnoldi decompositions:

AQ(:,l:k) — Q(:,l:ak)HA(lzozk,lzk)a
LQ(:,l:k) — Q(:,l:ﬁk)HL(lzﬁk,lzk)-

Let ¢1 = Q1.0e1 = Ab/||Ab||. Subsequent columns of ()
span (from top to bottom and from left to right):

q17
Aqi, Lq,

A2Q17 LAQl) ALQl) L2(]17
A3Q17 LA2Q17 ALAQl? L2AQ17 A2LQ17 LALQl) AL2Q17 L3Q17



Reduced problem

qfng}ﬂ{HHA 1ak1kU_QT1ak bH2+MHHL klkuH }

simplifies to a Tikhonov minimization problem in

standard form

ity | Ha ) B 0 = QF b1 + sl ]|}

where

HL (1:8,1:k) — CAs?L}A%L-



Unavailable noise-free image represented by 412 x 412

pixels.




Available blur- and noise-contaminated ima

c.



Restored image using L = A. 6 generalized Arnoldi steps.




Restored image with L determined by Perona-Malik

operator.




Edge map for restored image determined with

Perona-Malik regularization operator.



Merci beaucoup!



