LOW-LYING ZEROS IN FAMILIES OF HOLOMORPHIC CUSP FORMS:
THE WEIGHT ASPECT

LUCILE DEVIN, DANIEL FIORILLI AND ANDERS SODERGREN

ABsTRACT. We study low-lying zeros of L-functions attached to holomorphic cusp forms of level 1
and large even weight. In this family, the Katz—Sarnak heuristic with orthogonal symmetry type
was established in the work of Iwaniec, Luo and Sarnak for test functions ¢ satisfying the condition

supp(a) C (—2,2). We refine their density result by uncovering lower-order terms that exhibit
a sharp transition when the support of ¢ reaches the point 1. In particular the first of these
terms involves the quantity ¢(1) which appeared in previous work of Fouvry—Iwaniec and Rudnick

in symplectic families. Our approach involves a careful analysis of the Petersson formula and

circumvents the assumption of GRH for GL(2) automorphic L-functions. Finally, when supp(¢) C
(=1,1) we obtain an unconditional estimate which is significantly more precise than the prediction
of the L-functions Ratios Conjecture.

1. INTRODUCTION

Katz and Sarnak [KS| conjectured that the distribution of low-lying zeros in a family F of L-
functions is governed by a certain random matrix model G(F) called the symmetry type of F. This
symmetry type has been determined in many families; see for example [FI, HR, ILS, M1, OS, Y], as
well as the references in [SST|. Sarnak, Shin and Templier [SST| recently refined the Katz—Sarnak
heuristics and introduced invariants which allow for a conjectural determination of the symmetry
type.

In the current paper we focus on the family of classical holomorphic cusp forms of level 1 and large
even weight k. As in [ILS, Chapter 10], this will ease the exposition and allow for a more transparent
analysis. For this family, the predictions of Katz and Sarnak were confirmed in the influential work
of Iwaniec, Luo and Sarnak [ILS] for a certain class of test functions, under the assumption of the
Riemann Hypothesis for Dirichlet L-functions and holomorphic cusp form L-functions. Our main
goal is to refine the Iwaniec-Luo—Sarnak density result by determining lower-order terms up to an
arbitrary negative power of log k.

More precisely, we fix a basis By of Hecke eigenforms in the space H} of holomorphic cusp forms
of level 1 and even weight k. We normalize so that for every

k-1

f(z) =) ap(n)n’z ™% € By,
n=1

the first coeflicient satisfies af(1) = 1. Hence, the Hecke eigenvalues of f are given by Af(n) = af(n)
and for R(s) > 1 the L-function of f takes the form

L(S,f) _ Z )‘f(n)

nS

n=1
This classically extends to an entire function and satisfies a functional equation relating the value
at s to that at 1 — s. In the sums over f € By to be considered in this paper, we will scale each
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term with the harmonic weight
I'k—-1)

(4m)s =1 (S f)

Wy =

where

(f.f) = /S VTG

Note that k717% <. wf <. k71 (see [ILS, Lemma 2.5], [HL, p.164] and [Iwl, Theorem 2|), and
moreover

Q= Z wp=1+0(27%) (1.1)

(take m =n =1 in Proposition 3.3). The use of these essentially constant weights is standard (see
for instance [ILS, Chapter 10|, [M2])L.
For an even Schwartz test function ¢, we define the 1-level density

f€B vf

where vy = —i(py — %), with p; running through the non-trivial zeros of L(s, f) (the Riemann
Hypothesis for L(s, f) states that v € R). Moreover, for h a non-negative and not identically zero
smooth weight function with compact support in R+, we define the following averages of the 1-level
densities over families of constant sign? of the functional equation:
1 k—1
%7 = h<7>D - K?),
k=341 mod 4

where H*(K) := > _a11 moa s P(522). The Katz-Sarnak prediction for this family (see [ILS],
[SST, Conjecture 2 and Section 2.7|) states that

Jim 7, (0) = [ 6T (1.2)
with
WH(t) = W(SO(even))(t) = do(t) + ”g); W= (t) = W(SO(odd))(t) = 8(t) — ”g) +1,

where & is the Dirac distribution, n(t) = 1 for [t| < 1, n(£l) = 3 and n(t) = 0 for |¢| > 1,
and B(¢) = Jg ¢(x)e?™7dz. Under the Riemann Hypothesis for Dirichlet and holomorphic cusp
form L-functions, the estimate (1.2) was confirmed® in [ILS, Theorem 1.3] under the condition

supp(¢) C (—2,2).
We now state our main theorem which, in the case when the level N = 1, refines the estimate in
[ILS, Theorem 1.3] by weakening its assumptions and obtaining lower-order terms which contain a

phase transition as the support of (;AS reaches 1.

Theorem 1.1. Let ¢ be an even Schwartz test function for which supp(¢) C (—2,2). Assuming the
Riemann Hypothesis for Dirichlet L-functions, we have the estimate

o R; n0U=D(0) + S, ,oU=1(1) 1
+ _ Tt J.h J,h
7Ep0) = [ 6T > s +0uns (o) (09
S

where the constants Rj;p and S;p appearing in the lower-order terms only depend on the weight

function h (see (6.9), (6.10), and (6.11)).

INote that the situation can be drastically different with arithmetic weights as in [KR].
2Note that for any f € Hy, the sign of the functional equation of L(s, f) is given by (—1)%
3This work has been extended to families of more general automorphic L-functions in [ST.
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We deduce Theorem 1.1 from a power-saving formula for the 1-level density (see (6.1)), which we
combine with an asymptotic evaluation of the resulting terms (see Theorem 6.6). We were able to
circumvent the use of the Riemann Hypothesis for holomorphic cusp form L-functions by refining
the estimate [ILS, Corollary 2.2] on the remainder in the Petersson trace formula (see Proposition
3.3). The specific estimate that we obtain is the following:

m,n)3 (mn)ite §(m.,n)?
Zwf)\f(m))\f(n)zé(m,n)—l—05<( )2 (mn) —f—k (m, n) ) (1.4)

1_
fEBk k (mn)4 c

2
In particular, when (m,n) = 1 this estimate is nontrivial in the range k31 < mn < k%%, whereas

[ILS, Corollary 2.2| is nontrivial up to mn < ke (note that in the range mn < k?/(4me)? the
above error term can be replaced by a term with exponential decay in k).

The terms involving g/i;(j)(l) in (1.3) are responsible for a sharp transition at 1 in these orthogonal
families and are analogous to those obtained in symplectic families in [FI, FPS2, FPS3, R, Wax].
Indeed, in the family of real Dirichlet characters considered in [FPS2|, after applying the explicit
formula and treating the resulting sums over primes by repeatedly using the Poisson summation
formula, one obtains lower-order terms involving $(j>(1). This work was inspired by the function
field case considered in |R], in which, using Poisson summation, the 1-level density is turned into
an average of the trace of the Frobenius class in the hyperelliptic ensemble, from which a transition
term is isolated using the explicit formula. Transition terms also surface in predictions coming from
the L-function Ratios Conjecture [FPS3, MM, Wax|; in this case one needs to compute averages
of ratios of local factors at infinity. In the current situation, these terms come from a significantly
different source, namely from a careful analysis of averages of Bessel functions and Kloosterman
sums coming from the Petersson trace formula. In the related situation of families of holomorphic
cusp forms in the level aspect, the first transition term was previously isolated using an integral
identity for the Bessel function [MM]. Independently of the use of different methods, this seems to
indicate that a transition in lower-order terms should exist whenever the symmetry type of a family
is even or odd orthogonal, or symplectic.

Interestingly, averaging over all even values of the weight k, we find that

! F=1\p (6 K2) — #9971(0) 1
a2 ()t = [+ 3 BT O (o)

k=0 mod 2 1<5<J

where W = W(O) $+ 00 and H(K) :== H"(K)+ H(K). Hence, as expected we see that there
is no transition at 1 in this mixed signs family (see also [M2, Theorem 1.6]). We should point out
that for similar reasons, there is no transition in mixed sign families of holomorphic cusp forms of

fixed weight and of large level [M2, RR/.

Remark 1.2. One can explicitly compute the constants I;; and S in Theorem 1.1. In particular,
the first of these are given by

fo log p
Rip=5np=—"v+ — log(4m E _
Lh = SLh =7 fo h gldm) - — p(p—1)

Constants similar to Ry ; have appeared previously in the literature on low-lying zeros; cf., e.g.,
[RR| and the references therein.

We now state our results for test functions whose Fourier transform is supported in the interval
(—=1,1). Under this restriction our estimates are substantially more precise. Indeed, we do not need
the GRH assumption, the error term is exponentially small in the weight k£ and we do not need the
average over k (we set X = k% in Dy(¢; X)).
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Theorem 1.3. Let ¢ be an even Schwartz test function for which supp(quS) C (=1,1). Then the
(unaveraged) 1-level density satisfies the estimate

oy L el k+1 mit e k-1 it
Dk(é’k)_log(k:%/ﬂg(I‘(él—i_ 4 +1og(k2)>+F<4+ 4 +10g(k:2))>¢(t)dt

2logp\ logp ~ logm 3.k
2 — kz227%). (1.
+ Z (log k2 )log(kQ) $(0) log k +O( ’ ) (15)

Remark 1.4.

(1) We emphasize that Theorem 1.3 is unconditional. Moreover, the error term in (1.5) is
exponentially small, in particular this is significantly more precise than predictions from
the Ratios Conjecture [CFZ, CS, M2|. This comes from exponential bounds on the Bessel
functions occuring in the Petersson trace formula (see (3.2)).

(2) The Katz—Sarnak main term in this case is given by ;5(0) + @. One can extract this term
from (1.5) by applying Lemmas 2.2 and 4.1.
(3) An estimate for the 1-level density Dy (¢; k?) was previously obtained by Miller [M2, Lemmas

4.2 and 4.4] with the error term Oe(k%_§+5), under the same conditions.

The paper is divided as follows. In Sections 2 and 3 we discuss prerequisites, establish (1.4) and
discard higher prime powers in the explicit formula. Section 4 is dedicated to the proof of Theorem
1.3. Finally, in Section 5 we apply estimates on averages of Bessel functions to isolate a transition
term, which we carefully evaluate in Section 6.
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2. EXPLICIT FORMULA

We begin by recalling the explicit formula for holomorphic cusp form L-functions in the case
where the level equals 1.

Lemma 2.1. Let ¢ be an even Schwartz test function whose Fourier transform has compact support.
We have the formula

~ logm 1 '/l k+1 it s k-1 it
Di(d: X) = —2 (4= — -4+ — t)dt
k(@5 X) ¢(0)logX+logX R<P<4+ 4 +logX>+ F(4+ 4 +10gX)>¢()
2 o (p) + B7(p) ~/vlogpy logp
- — > (21
Qp Z wfz p2 ¢<logX>logX (21)
fEBy p,v

Here, a¢(p) and B¢(p) are the local coefficients of the L-function

Lo =T (1= 2N (-2 i >,

p? P

in particular we have that |os(p)| = |B¢(p)| =
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Proof. For f € By, the formula [ILS, (4.11) with a typo corrected| reads
log X 1 1 k+1 mit r/ma k-1 mit
_ Lt o rtl (4B t)dt
%;qb(’yf 27 ) logX/R<F(4+ 4 +logX>+F<4+ 4 +logX)>¢()

B 2(/5(0) log 5 Z a;’v(p) tﬂ?(p)$<ulogp> log p

log X = p2 log X / log X

Summing over f € By, against the weight wy we obtain the desired formula. ([l
We now estimate the integral involving the logarithmic derivative of the gamma function in (2.1).

Lemma 2.2. Let € > 0 and let ¢ be an even Schwartz test function. Then we have the estimate®
1 '/l k+1 mit\ IV/1 k-1 it ~  rlog(k?) —log 16 _

=(5+— =(5+— t)dt = ( ) k).

log X R(F(4+ 4 +logX)—FF(ZL+ 4 +IogX>)¢( ) $(0) log X +O( )

Proof. Applying Stirling’s formula

/

S (2) = logz+ 0| )

in the region R(z) > 0, we see that

1og1X o (Fr/ G * % - 107;';) * ?(zl; * % * 107;i§(>>¢(t)dt

- 10;)( e <1°g G * % + 107;;) +log (% + % + lfgi;))qb(t)dt +O(k™)

- 1og1X _’“8 <log G + % * 15;;) + log (i + % + m;))ﬂt)dt +0.(k™Y)

log
I k>
= log (— —hre,
logX/_ks 0g(16>¢(t)dt+06(k )

The result follows from extending the integral to R. 0

3. THE PETERSSON TRACE FORMULA AND RELATED ESTIMATES

In order to handle the term involving sums over prime powers in (2.1), we will apply the Petersson
trace formula. For m,n € Z and ¢ € N, we define the Kloosterman sum

S(m,n;c) = Z G(M)
x mod ¢ ¢

(z,0)=1

where T denotes the multiplicative inverse of x modulo ¢. We will repeatedly use the classical Weil
bound (see for instance [IK, Corollary 11.12])

|1S(m,n; ¢)| < 7(c)(m,n,¢)zc3.

Lemma 3.1. Let m,n,k € N, with 2 | k. We have the exact formula

4my/
Z widp(m)As(n) = §(m,n) + 2mi¥ Z c_lS(m,n,c)Jk_l( T mn>’ (3.1)
fEBy c>1 ¢
where Ji_1 is the Bessel function of order k — 1.
Proof. See |P] or [IK, Proposition 14.5]. O

4Using more terms in the Stirling approximation, this estimate can be refined to an asymptotic series in descending
powers of k.
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We recall the following bound on the Bessel function.

Lemma 3.2. Let k € N. We have the bound

x

Jr—1(z) < min (

Proof. See [ILS, (2.11’) and (2.11”)], which for the range x > k? follows from [Wat], specifically
equations (1) p.49, (2) p.77, (6) p.78, (1) and (3) p.199, (1) p.202, (4) p.250, (5) p.252, and for the
remaining range follows from [K, Theorem 2]. O

In [ILS, Chapter 2|, this bound is shown to imply the estimate

Z wiAr(m)Ap(n) = o6(m,n) + O(k_%(mn)%Tg((m,n)) log(2mn)),
fEDBy

10
which is non-trivial in the range mn < k3 ~°. By a more careful decomposition of the sum over ¢
n (3.1), we establish a more precise estimate which for coprime m and n is non-trivial in the wider
range mn < k47¢.

Proposition 3.3. Let ¢ > 0, and let m,n,k € N, with 2 | k. We have the estimate

m,n)3 (mn)ite §(m.n)3
Zwf)\f(m)/\f(n)—é(m,n)—i-()g(( ’ )](g ) —|—k( 1) )

1
feBy (mn)s

Moreover, in the range mn < k?/(4we)?, we have the exponentially precise estimate
3
Z wiAf(m)Af(n) = 6(m,n) + O<2—k(mn)i log(2mn) H (1 + )) (3.2)
fe€By, pl(m,n) VP

Proof. We bound the rightmost term in the statement of Lemma 3.1, by combining the Weil bound
with Lemma 3.2, as follows:

1 _1
ZC 477\/mn> < Z C_%T(C) (m,n,c)2 47r\c/mn k1]t

(m,n,c)Jx— 1(
c>1 o< Amy/mn _ 4my/mn (mn)

1
+ Z Cfir(c)i(m’n’i)zkfl%

4my/mn __ 4my/mn <C<4Tr\/mn+47'r\/mn (mn)g

k—1 15/3 k5/3
A7/m _1
T —k+1] "

+ >, r(o C)

4ﬂ\/m+4n\/m< <4em/m (mn)

1573
1 (27r\/mn)k—1
(k—1)! c

+ Z mnc% (c)c_%

4971'«/mn
= k

=51+ 5+ 53+ S4.
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We first bound S4. To do so, note that

O ! CR DD DD DI Ol
d|(m,n) 24ewk\/m
(c,(m,n)):d
<L prvmn)t S r@a S (i
(k=1 dl(mm) o ez

dk

(f,(m,n)/d)=1

3
<<2_kmn%lo 2mn 1+—),
S )p|<l;l,n> ( \/ﬁ)

by Stirling’s approximation. Note also that S1,So and S3 are all empty whenever mn < k?/(4me)?
and hence (3.2) follows.

We now assume that mn > k?/(4me)?. A straightforward computation shows that

Sy < k12 (m, m)3 (mn) 5+ 2

4my/mn 471'\/mn< <47r\/mn+47r\/mn
k—1 k5/3 k5/3

< k™ (m n)2 (mn)%“E + k:é(m,n)?(mn)—TLE7

where the second term accounts for the possibility that the sum contains only one term. As for Sy,
we compute that

S, < Z T(C)MJF Z T(C)(mnc) s — ek — 1)

1
< 2my/mn (mn) 4 27r\/mn < 47n/m'n 4my/mn (mn) 8
A <es K573

NG
.

(mn)ilog(an) H ( 3

<. 1+ —) + k6 (m,n)2 (mn) "1t

k
pl(m,n) VP
(m,n c)% ~4
+ Z 7(c)———F—4mvmn —c(k - 1)| .
2r¢m< <L47r\/WJ 477\5//? (mn)s
k

Making the change of variables b = | Y™™ | — ¢ we see that the sum over ¢ is

<z (m, )2 (mn) "5+ > bk — 1)] 7 < k=1 (m,n) 3 (mn) i+,

(mn)%% + k%(m,n)%(mn)f%ﬁ, and the proof is
finished. g

In the next lemma, we apply Proposition 3.3 in order to discard higher prime powers in the
explicit formula (2.1).

Lemma 3.4. Assume that k € 2N, X € R>o and the even Schwartz test function ¢ are such that
X < k*, where o :=sup(supp(¢)). Then we have the following estimate on the 1-level density:

~ rlog(k?) — log(16 21 1
Du(0: ) = (o) (LB DI () iy

A¢(p) ~/ logp \ logp Xite 1
-2 @) . (3.3
f%;kwfz p2 <10gX) ogx T\ Tk T (3.3)
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Assuming the stronger condition X° < (k/4me)?, we have the more precise estimate

'/l k+1 it a1 k-1 it
—(=+ === —(= t)dt
log X < 4 +1ogX>+ F<4+ +logX>>¢()

4
1
log7r 210gp) logp Af(p) ~/ logp \ logp kate
-2 (o %) tog.x 0 ):
0)iog X Z ¢<10gX log X Z“’fz o \log X log X  7°\ ok

(3.4)

Dp(¢5 X) =

Proof. The goal of this proof is to estimate the terms with p, v > 2 in (2.1). By the Hecke relations,
the sum of those terms is equal to

Ar(p” >\f( Y~2) ~rvlogpy logp
_ng:kwfp;2 (b(logX)logX

From Proposition 3.3 and (1.1), we see that

Z " Z )\f p”) (Vlogp) logp
! p3 log X /log X
fGB;C p,v>2

<. 27F > pite 4 > pETE (kT pt 4 kopH)
pv=>2 P22
p<min(X°/" (k/4me)2/") min(X°/? (k/4me)?/V)<p< X7/

< kateah oy Iixos(kjaneyy - (K71 X3F 4 k™5te),
where Ip is 1 if P is true, and 0 otherwise. Similarly,

f vlogp\ logp k 1L
fé sz pz (logX)logX e 270+ dixos (kjameyr) K737
k

The only terms left are

Z Z )\f <2logp> logp Z} (210gp> logp
Qk fep. > logX /log X a4 log X / log X

We conclude the proof by applying Lemmas 2.1 and 2.2, and (1.1). O

4. 1-LEVEL DENSITY: UNCONDITIONAL RESULTS

In this section we evaluate the 1-level density Dy (¢; X), for test functions satisfying sup(supp(¢))
< 1, unconditionally. We begin by asymptotically evaluating the second term on the right-hand
side of (3.3).

Lemma 4.1. Let ¢ be an even Schwartz test function. For any fired J > 1, we have the estimate

1~/ logpy logp  ¢(0) c; 0 =(0) 1
2%:p¢<21ogx>1ogx_ 2 2 (log X)J +OJ((10gX)J+1>’

1<j<J

< f(t) —
c1:=2+2/ (Zztdt
1

where

and

for j > 2.
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Proof. Performing summation by parts, we reach the following identity:
log ¢
2 ) 10gp$<2 logp) _ 00 | 26(0 ¢ (Crgx) 5(2 log ¢ ) o) ~t ,
log X =P log X 2 log X log X log X log X 12 '
By the prime number theorem in the form 6(t) —t < t exp(—2cy/logt), we see that for any 0 < £ < 1,

o @(208E) - logt\\ (1) —t
S (P - 02 ) ) Mt < e~ ey BT )

X¢&/2

Moreover, expanding into Taylor series and applying the prime number theorem, we see that

25( /X7 ¢, 11;?;() B ¢< logt ) 0(t) — tdt
log X logX log X log X 12
~ ¢
. (3+1) X2 J _
Z l( 2q5 (O))/ (2logt) (t) tdt
logX ! log X 1 (log X)itl  ¢2

Ii<J

x5 (2logt)’+1 O(t) —t
+OJ</1 (log X)7*2 2 dt)

c;0U~D(0) 1
= -1+ 0 (7 —cy/&log X )
Z (log X)J e (log X)7+2 +exp(—cy/{log X)
1<j<J+1
The result follows from selecting ¢ = (log X))~ for some § > 0. O
We now set X = k? and prove Theorem 1.3.
Proof of Theorem 1.3. We apply Proposition 3.3 and obtain that the second prime sum in (3.4)
satisfies the bound
Ar( f ~¢ logp logp 30 1
2 ( ) k¥ ok
Z wfz log k.Q) log(kg) Khz2

f€Bk

Now, the desired result follows 1mmed1ately from Lemma 3.4. (|

5. 1-LEVEL DENSITY AVERAGED OVER THE WEIGHT: EXTENDED SUPPORT

In this section we study the quantities @;; (@) and 7., (¢), that is we average the 1-level density
Dy (¢; K?) over k < K against the weight h(%ZL).

Lemma 5.1 ([Iw2, Lemma 5.8|, [ILS, Corollary 8.2|). For h a non-negative smooth function with
compact support in Rsg and for any K > 2, we have the estimates

2 3 (e =n(3) < o( 5)
k=0 mod 2

2

2 5 (e - K@) o )

k=0 mod 2

where (g = e?ﬂ'i/S and FL(.%’) _ fooo %@emudu

In the next lemma we estimate the total weight H(K) = >, a0 nod4 h(%) and a related
sum.



10 LUCILE DEVIN, DANIEL FIORILLI AND ANDERS SODERGREN

Lemma 5.2. For h a non-negative smooth function with compact support in Rsg and for any
K, N > 2, we have the estimates

() = T o)

and

)€+1

k—1 —¢ -N
1Y h( = >logk KlogK/ h+K/ hlog—i—z e /R+t h(t)dt+ONn(K~N).

k=3+1 mod 4

Proof. More generally, we will show that for any a mod 4,

> h(ﬁ) _ K faih + ON(K™N); (5.1)

4
k=a mod 4

)E—H

k — N
4y h( )log(k—i-l) KlogK/ h+K/ hlog+z e /R+t h(t)dt+ON(K~N).

k=a mod 4

(5.2)
Now, for any b mod 4, Poisson summation gives
bk/' -~ —N
Ze( . ) ( ) KZh((k - 7) ) = Kh(0)0pe0 + On (KN,
kEZ
The estimate (5.1) follows by orthogonality of additive characters. Similarly, we see that
k log(t + 1)dt
3 h<K>log(k+1) Jo (s )4g M4 on(EM), (5.3)

k=a mod 4

Indeed, integration by parts shows that

Klog K
h log(t + t)dt <
[ () ot + De(—enar < Gty
Finally, the integral on the right-hand side of (5.3) equals
1>€+1

K [ ht)log(Kt+1)dt=KlogK | h+K [ h-l
|| M0 log(Kt+1) ogk | ht K| og+z T

/ t~*n(t)dt + On(K™),
R+

and (5.2) follows. O

In the next lemma we estimate the average of (3.3) over k. In order to do so, we will apply
Lemmas 5.1 and 5.2.

Lemma 5.3. Let ¢ be an even Schwartz test function and let h be a non-negative and not identically
zero smooth function with compact support in Rso. Under the condition o =sup(supp(¢)) < 2 and
for K > 2, we have the estimate

Jur Plog (4)
N - ik g 2logp log p
D n(0) = ¢(0) <1 + log K > + QZ ¢<log K2 )1og(K2)

T logp~/ logp S(p, L), r4m\/p 7 l4e | p—lie
jFlog(K%Hi(K)Zp: . ¢<log(K2)); () O (RETE K,
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Proof. From combining Lemmas 3.4 and 5.2, we have that

Jur Irlog log(4)

~ 1~/ 21 1
(@) = 80) (14 =) +2 5 (o) g
p
2 k— As(p) ~¢ logp \ logp o q4e oo lag
w2, )Z 21 2275 iglien) gy + OoKET KT

By the Petersson trace formula (Lemma 3.1), the third term is equal to

7 Hf?-[() Z " 1)h<%> zp: 171%5(101;(%92)) lot;(g[??) ; ¢ 'S(p,1,¢) Jp—1 (47;\/]3).

k=0 mod 2
(5.4)

Applying Lemma 5.1, we see that

_ P 3 __ idnyp 2c
_Hf(K) Z ikh(%)Jk_l(l c\/ﬁ):Hi(;(()Qﬂ %S(gge th(SI;\/[))>+O<c\I/(ﬁ5)'

k=0 mod 2
(5.5)

Since p < K472, we see by the rapid decay of & that for any A > 1, the first term in this expression

is .
<. & (K 2c>—A
a (==
pi \ VP ’
and hence the contribution of this term to (5.4) is

<A KA(O‘—2)+%.
As for the sum of the error terms in (5.5), the contribution is < K2°75 which is an admissible
error term. Moreover, applying Lemma 5.1 once more,

i 2 ) () = et () <o ()

resulting in a main term as well as the admissible error term O(K?2°~4). O

We now end this section by evaluating the second sum over primes in Lemma 5.3, under GRH
for Dirichlet L-functions. This term will be responsible for the phase transition at 1, and will be
investigated more closely in Section 6.

Lemma 5.4. Let ¢ be an even Schwartz test function and suppose that o :sup(supp(g)) < 2. Leth
be a non-negative smooth function with compact support in Rso and assume the Riemann Hypothesis
for Dirichlet L-functions. Then for any K > 2, we have the estimate

5 gy St () = tostae) [0 30 S (T
p

+O(K” 1(1ogK) ), (5.6)

where o is Fuler’s totient function.

Proof. 1f 0 < 1, then for large enough K the left-hand side of (5.6) is identically zero. We may thus
assume that ¢ > 1. The sum over p equals

©1 1 i
/0 t1;¢<1olg(gf<t2))h<4cKt)dT(t>,
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where, by [ILS, Lemma 6.1],

2C
=3 5(p,1;0)logp = t© ©)

= ()

l\)\»—l

((e)t2 (log(ct))?).

Note that our restriction on the support of A implies that ¢ =< \/E/ K, and hence the restriction on

the support of qAﬁ implies that for squarefree values of ¢ and for t < K4~¢, the main term in this
estimate is always larger than the error term. After a straightforward calculation, we obtain that
the left-hand side of (5.6) equals

1 1~ logt A/t o ,
o1 cp(c /1 téd)(log(K?))h( cK )dt+O(K (log K) )

Finally, the desired result follows from a change of variables. O

6. EVALUATION OF THE TRANSITION TERM

The goal of this section is to evaluate the integral in Lemma 5.4. This will be done using different
techniques depending on the range of the variable u. To this end, for a,b € R>o U {oo}, we define

I,y :—szz/ K“¢ ZM (47TKU 1>du.

Notice that the inner sum is long only when w is larger and far away from 1. By Lemmas 5.3
and 5.4, we see that when o =sup(supp(¢)) < 2 and under the assumption of GRH for Dirichlet
L-functions,

fJRJ" hlog

R — log(4)
7, (6) = H(0) (1+ Jer

log K

2logp log p . L
) Z qzs<log K2 ) (KQ):':IO,OO+O€(K2 CLK™3 s)'

(6.1)

We now move on to evaluating the integral I ». We let dx be a positive parameter which satisfies

dr >p 1/log K. Recall that h is supported in R, and hence for K large enough the integrand in
Iy~ is zero in the interval [0, 1 — dx). Hence,

IO,OO = Il*(;K,O'v
where, as before, o =sup(supp()).

Lemma 6.1. We have the unconditional estimate®

A (©) _ L ok
> o) = + O(z2).

c<zx

Proof. We first establish the following estimate for squarefree values of d:

2
ne(m _1 .1 _1ly—1
fn)zCl(d)logazwLC’g(d)JrO(:c ad: [[(1-p2) ) (6.2)
mgg pld
(m,d)=1

where

C1(d) :_C(12)H(1_p—:|[-1>; Ca(d) = C1(d) (v - ny‘ff)

5The error term here can be improved by replacing (6.4) with the stronger estimate obtained from using [MV,
Exercise 19, §6.2.1].
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To do so, note that

si) =3 X005, (2)

01]d
Applying this equality iteratively, we reach the identity
A(l) -~ Al (6) ¢
() ;; by ek(dél e 1) Z ¢ ( ) (6:3)
1
12
Zk|€:k—1
A summation by parts combined with [NZM, Theorem 8.25] yields that®
1 ¢’ 1
S =—|1 —2=(2 (@) . 6.4
(@) = gy (loge+9 - 2(2)) + 03 (6.4)

Inserting this estimate into (6.3), we are left with an error term which is
<<d%a: %Z 7—d§x*§HZ — 3 *’H(l— 1)717
da= b2 pld a>0 p? pld
and (6.2) follows. The claimed estimate then follows from the convolution identity

M ZM ZM Z M

c<z c<z

(m d)

and a straightforward summation by parts. O

We now evaluate the part of the integral Iy o for which u is slightly larger than 1. In this range,
the sum over c is fairly long and we can effectively apply Lemma 6.1.

Lemma 6.2 (The range u > 1+ k). Let ¢ be an even Schwartz test function and let K > 2. Then
we have
>4 0K
IlJréK,oo:/ ¢+O(K 2 )
1+5K
Proof. By Lemma 6.1, we have that

Hence, for u > 1+ i,

S g () = [ sw ()

C
>1$0

o) 1 4 Kufl Kufl 4 Kufl
cof [ () B (k)
0o Y Y Y Y
-1 /OO h+O(K~20 1)
47TKU_1 0 '
The desired estimate follows by integrating over u against K “ngb(u) and applying Lemma 5.2. (|

— ¢(s+1) x°
- 27rz f(l) ¢(2s4+2) s

6The precise value of the constant is deduced from writing S1(x) ds and shifting the contour

of integration to the left.
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We now evaluate the part of the integral Iy in which u is close to 1. In this range we can

expand (}E(U) into Taylor series around u = 1 and recover the transition terms ¢U )(1) (see Lemma
6.5). The resulting integrals are evaluated in Lemma 6.4 by applying the inverse Mellin transform,
shifting the contours of integration, and estimating Mellin transforms on the appropriate contours.

Lemma 6.3. Whenever x € R>g,j € N,R(s) > 0 and z|s| > 2, we have
R(s)x

Rl jle™ x’
/ we du < ‘77,
z 5|
where the implied constant is absolute.
Proof. Applying integration by parts, we reach the exact formula

oo B e—xsxj ]'
Je~USdqy =
L wetdu= = X i)

0<l<y

from which the lemma immediately follows. ]

Lemma 6.4. Forj >0, K >2 and 20(log K) ™' < 6k < %, we have the estimate

p2( (logv)’  /4mv (0x log K)I Tt ‘ | j o (=L te)
/ B h( )d —Mh( )W+Cj,h+oa<](5KlogK) K 2 ),

where
_1\J j+1
Cjp = g _i)lj (;Z)JH (sZ(s)(47r)5_1Mh(1 - s))

s=0
with

26)=ce 4+ O IL (145 (o — o))

P
Proof. Define

Irj(c) = /KKZI; (IOgv)jh(m)dv.

c c
By the restriction on the support of h, the function fg ; also has compact support in R.g. We
conclude that its Mellin tranform ¢ ;(s) is entire. Moreover,

00 KoK
©K,;(s) = /0 * 7 fre j(z)de = (4m)* T MA(1 — 5)/ (logv)v*~Ldv

K%K
= ‘P}+<,j(5) + ‘P;(,j(s)a
where
Ki5K
gpf(j(s) = +(47)* T Mh(1 - s)/ (logv)v* tdv
’ 1
are also entire. For any N > 1, applying [FPS1, Lemma 2.1| yields the crude bound
o g(5) < Kls| Y (IS(s)l = 1, [R(s)[ < 1). (6.6)

Now, Mellin Inversion gives the formula

30 = 55 [ (ks (9 + 9 0))ds
(3)

2mi

(SIS

Hence, by absolute convergence

Z“ S =1 /( 2(5) (9 ;(5) + e, (5))ds, (6.7)

21 1
c>1 2
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where

0= Ly = VI G )

Next, by applying Lemma 6.3, we obtain the estimate

1
is(e) = (i) atn(1-3) ([ (logo)ive O (0w o KK ¥8) ) (R(s) > 0.]s] > ).

Moreover,

/Ol(logv) sTlgy = (_.l)jj! (R(s) > 0).

gi+1

Hence, by the rapid decay of Mh(1 — s) on vertical lines (see [FPS1, Lemma 2.1]), we obtain

L[ 2o (o)ds = S22

- s—1 o ds j
i o, o /(;)Z(s)(zlﬂ) Mh(1 =) +o( (0 log K K~ )

As for the first part of the integral in (6.7), by applying (6.6) we can shift the countour to the
left until the line R(s) = —3 + ¢, and reach the identity

5
1 + _ -1 i -1 1 +
i ), 206k (5)ds = (dm) " Mn) D | 2k s
In a similar fashion as before, we see that

P ;(5) = (4m)°* " MA(1 - s)<(2ilﬂ +0(j!(0x log K)jK‘SK%‘S))) (R(s) < 0,15 > 15)

and deduce that

1 N B (O log K)JTL  (—=1)i*15
21 (%) Z(S)SOK’j(S)dS - Mh(l) 477(] + 1) 2mi

o ds
/(1%) Z(s)(4m) T Mh(1 — 5)—= s

+O: (j!(éK log K)jK‘;K(_%JrE)).

Putting these estimates together, we conclude that

T (O log K)'*1  (=1)/j! / / 1 ds
= Mh(1 - Z(s)(4 1-
Z 4(0) = MA() 8 <<1> (_1+6)) () (4m)° " M(1 = ) 7
+05(j!(éKlogK)jK5K<—%+€>).
The result follows. O

Lemma 6.5 (The range 1 — 0 < u < 1+ Jg). Let ¢ be an even Schwartz test function. We have,
for K > 2 and odd J > 1, that

1+5K A
11*6K71+5K :/
1

where the constants C;j, are defined in (6.5).

+ O ((5J+2 1 KaK(%JrE))
€,J

logK J+1 (log K')7+2 + log K

0< <J

Proof. By the definition of I1_s, 145, , we need to evaluate the sum

ZM (c) /1+6K [iu¢(u)h(4ﬂliU1> du = logKZM (c) /K Sk i;b\(ll(;)gglv( +1)h(47r?v)dv'




16 LUCILE DEVIN, DANIEL FIORILLI AND ANDERS SODERGREN

Expanding into Taylor series and applying7 Lemma 6.4, this is

w( (logv)?  4mv
=K > 5 logK J+1Z / c h(?)dv

0<j<J

K K1+5K(—é+€)>

J+2
+Ocg (K(5K + (log K)772 + log K

Applying Lemma 6.4 once more, we reach the expression

K/\/lh ¢<J 53“ ¢ S K K1H0x(=5+¢)
Ko7 :
0<j<J 0<j<t
Finally, the desired result follows from an application of Lemma 5.2. U

Collecting the estimates in this section, we reach the following theorem.

Theorem 6.6. Let ¢ be an even Schwartz test function for which supp(&ﬁ\) C (—2,2). Assuming the
Riemann Hypothesis for Dirichlet L-functions, for K > 2 we have the estimate

chﬁ(]
+ Z 23 ( logK

. fow;}.log — log(4m)
@;h<¢>:¢<o><l+ R )

1<j<J
Hli—1)
] h¢ ) 1
T E e O ()
1<5<J
where the c; are defined in Lemma 4.1, and
4 4r(—1)) .
D, 1Cimth = - sZ(s)(4m)* h(1—
= G = G A e (AT MO )|
with ) ) )
Z(s):C(s—l—l)H(l—l—p_l(pSH _p2s+1))' (6.8)
p
Proof. Recall (6.1), which is valid for o =supp(sup(¢)) < 2:
Jut Mog log(4m)

@I:?,h((ﬁ) = 5(0)(1—# Jer )—i-QZ <Z5< 2logp ) log p :FIO,oo-i-Og(K%*HE_FK*%*E),

log K log(K?2)/ log(K?)

We can clearly assume, without loss of generality, that J is odd. The sum over primes is estimated
in Lemma 4.1. Moreover, we recall that for K large enough I ;_s, = 0 and therefore we have that

IO,OO = Il—(SK,].-i-(SK + Il+5K,OO7
which together with Lemmas 6.2 and 6.5 and the choice dx = 3(J 4 3) loglog(K +3)/log K implies

the desired result. O
Proof of Theorem 1.1. The result follows immediately from Theorem 6.6 with
4r(—1) dﬂ
Sin— Dip— T< ) (SZ( )(dm)* " MA(L -~ 5)) (6.9)
Jrr b o

"The error term obtained after the Taylor  series expansion contains the  expression

2 s
D1 ‘;(—(CC)) fif,f;(K ¢ logv|” T h(*Z)dv, which can be evaluated using Lemma 6.4 whenever J + 1 is even.
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(see (6.8) for the definition of Z(s));

h-1 < Q(t) —t
Ryp = Juchlog log(4m) + 1 +/ ()726175; (6.10)
fR+ h 1 13
and @
1 & o/ logt o(t)—t
= | (ogt) (=25 1 dt 11
for j > 2 (note that these constants do not depend on h). O
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