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ABSTRACT. We study the low-lying zeros of a family of L-functions attached to the CM
elliptic curve E; : 3?2 = 22 — dx, for each odd and square-free integer d. Specifically,
upon writing the L-function of E4 as L(s — %, &4) for the appropriate Grossencharakter &4
of conductor f4, we consider the collection Fy of L-functions attached to &4, k > 1, where
for each integer k, &4 denotes the primitive character inducing £%. We observe that 25%
of the L-functions in F; have negative root number. F; is thus not one of the essentially
homogeneous families of the Universality Conjecture of Sarnak, Shin and Templier [33],
with unitary, symplectic or orthogonal (odd or even) symmetry type. By computing the
one-level density in the family of L-functions in F; with conductor at most K*N(f4), we find
that F4 naturally decomposes into subfamilies: more specifically, a collection of symplectic
(L(s,&ax) for k = a (mod8), a even) and orthogonal (L(s, &y ) for k = o (mod8), o odd)
subfamilies. For each such subfamily, we moreover compute explicit lower order terms in
decreasing powers of log(K2N(f4)).

1. INTRODUCTION

Let d € Z be a fixed odd square-free integer, and let E; denote the complex multiplication
(CM) elliptic curve with affine equation E; : y* = 2® — dz. The L-function of Ejy is

L(s,Eq) =[] (1 iGN )1, Re(s) > 2,

S 2s—1
vr2d p p

where for each prime p { 2d, one writes a,(Ey) := p + 1 — #E4(F,). Because of com-
plex multiplication by Z[i], this L-function may be written in terms of the L-function of a
Grossencharakter on Z[i]. More specifically, we have

L(Sa Ed) = L(S - %7£d)7

where &; is the Grossencharakter defined in (2.13). For each fixed d, we consider the collection
of L-functions

fd = {L(S,gd,k) c k Z 1},
where £, denotes the primitive character inducing the power &% of the Grossencharakter &;.
For the particular case d = 1, F; and its subfamilies have been used to study fine scale
statistics of Gaussian primes in sectors [1, 4, 14, 32].

In this paper we study, for fixed odd square-free d € Z, the low-lying zeros (i.e. the
zeros close to the central point s = ) of the L-functions in ;. The Katz—Sarnak Density
Conjecture [21, 22, 33] states that the distribution of low-lying zeros may be predicted by
the symmetry type of the family in question. Precisely, the conjecture states that the zero

distribution corresponds to the distribution of eigenvalues close to 1 of random matrices
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in an appropriate classical compact group (unitary, symplectic or orthogonal). There is a
lengthy history of computing one-level densities, and more generally n-level densities, for
various L-function families including those of Dirichlet characters [2, 3, 16, 26, 29], Hecke
characters [11, 15, 34], elliptic curves [12, 25, 35], and modular forms [5, 20, 31]. We refer
the reader to [33, §2| for an extensive survey of existing results, including results for Artin
L-functions, L-functions of Maass forms, and L-functions of automorphic representations.

The symmetry type is also related to the distribution of the sign of the functional equa-
tion. Let W (&4x) = 1 denote the root number of L(s,&yx) (i.e. the sign of its functional
equation). As demonstrated in Lemma 2.5, one has, for any fixed odd square-free d € Z,
that
(1.1) g P Sk K W(Gr) =-1} 1

K—o0 K 4

Conjecturally, the proportion (1.1) should equal the average analytic rank of F;. As the sign
of the functional equation is not constant thorough F;, it is not an “essentially homogeneous”
family in the language of Sarnak, Shin and Templier [33]. We further observe that the
orthogonal symmetry type — which is the average of the symmetry types SO(even) and
SO(odd), and has average rank % — is also excluded. Upon studying congruence classes of k
modulo 8 (see Theorem 1.1) we show that F,; ultimately breaks down into natural subfamilies
with different symmetry types.

In order to state our main result, let us first introduce some notation. Let ¢ be an
even Schwartz function such that ¢(s) := [ @(t)e ™ d¢, the Fourier transform of ¢, is
compactly supported. For each fixed odd square-free d € Z, we wish to understand the
behaviour of the properly normalized low-lying zeros across the subfamilies of F,;. To this
end, we define as in [22, (54)],

(1.2 Db bas) = 3 ¢<“°g(’“2N<fd7’“))>,

. 2m
L(5+iv,£4,,)=0

where N(fqz) is the norm of the conductor of &, and where the normalisation factor is
chosen upon noting that the analytic conductor of L(s, ;) is asymptotic to k*N(fsx) (for
further details concerning this chosen normalisation see the beginning of Section 3 below).

As the root number W (&, ;) depends on the congruence class of £ modulo 8 (see Lemma 2.5),
it is natural to study the subfamilies of F; according to the congruence class of £ modulo 8.
For any o € Z/8Z, we thus define

Fg i ={L(s,&x) : k>1, k=a(mod8)}.
The one-level density of the family F¢ is then given for any K € N, by
8
(1.3) D(K; 6, Fg) =2 D D&
1<k<K
k=a (mod 8)

Our main theorem is as follows.

Theorem 1.1. Let d be an odd square-free integer, ¢ be an even Schwartz function with

~

supp(¢) C (—1,1) and fir J € N and o € {1,2,...,8}. Let My, := N(fd@)%, where fq.q is
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the conductor of €44 given by (2.19). When K — oo and « is even,

. 1 + log|d|
D(K: 6, F2) __/qﬁ du—i—z log KMda) +OJ<(10g(KMd,a))J+1),

and when K — oo and « is odd,

§ A o(d, o, 0) 1+ log |d|
DK: o, Fi) / olu d“Z 1og (K M) +O"(<1og<KMd,a>>J+1)’

where the Cy,(d, v, @) are given by (o. ).

Remark 1.2. Since supp(gb) , 1), we have

(1.4) /¢ )du = & cb( )du

which is the expected term from Katz—Sarnak heurlstlcs (see (1.6) and (1.7)). Note that
the equality in (1.4) no longer holds when ¢ is supported beyond [—1, 1]. This explains why

supp(¢) C (—1,1) is a difficult barrier to break: one needs to identify an additional term of
the exact same size in order to precisely cancel this excess contribution.

In [34], the third author computed the one-level density of the subfamily k£ = 0 (mod 4)
for the particular case d = 1, for test functions ¢ such that qg C (—1,1), up to an error term
of size O(1/(log K)?). In such a case, the root number is identically 1 for each element in
the family, and the one-level density has symplectic symmetry. Our work generalizes this
in three distinct directions. Specifically, we allow d € Z to be any odd and square-free
integer; we consider k¥ = o (mod 8) for any « € Z/87Z; and we explicitly compute all lower
order terms up to an arbitrary negative power of log (K My,). In contrast to the main
term, which follows the Katz—Sarnak prediction, the lower-order terms have no universal
behaviour, as they contain features which depend on the particular family in question. We
refer to [5, 9, 10, 30] for comparisons.

An additional interesting feature of this work is a very explicit description of the lower-
order contributions in terms of generalized Euler constants. Such a description enables a
concrete understanding of the speed and direction of convergence to the conjectured distri-
bution (see Section 4 and Appendix A and in particular Remark A.1).

Note that Theorem 1.1 determines the symmetry type of the families 7. Indeed, by the
Katz—Sarnak Density Conjecture and the Sarnak—Shin-Templier Universality Conjecture [33,
Conj. 2], we expect that for an essentz’ally homogeneous family F, there exists some compact
group G € {U, Sp, SO(even), SO(odd)} (depending on F) such that

hmDK(b, /WG diB—/WG

where
1 iHfG=U
1— sin(2mx) ifG = Sp
15 W — 2w
(1.5) a(z) 14 s1n2(72r7xrx) if G = SO(even)
L+ 8(x) — 572 if G = SO(odd),
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and dg is the Dirac function. The Fourier transform of each such density is then given by

So(t) ifG=U

_ do(t) — in(t) it G =5p
(1.6) Walt) = So(t) + gn(t) if G = SO(even)
bo(t) +1—In(t) if G =S0(odd)
where
1 if ¢ < 1,
(1.7) n(t) =<3 ifft|=1,
0 if |t > 1.

By Theorem 1.1 and (1.6), F§ has symplectic symmetry when « is even, and an orthogonal
symmetry type when « is odd. In the latter case, the two orthogonal symmetry types
cannot be distinguished when supp(¢) C (—1,1). By differentiating the functional equation
(see (2.25)), we moreover observe that W () = —1 if and only if ordS:%L(s,gd,k) is odd.

Thus, upon defining
(1.8) Si(d):={a e (Z/8Z)" : W(&x) = +£1 when k = a (mod8)},

we expect (by heuristically taking ¢ to be the indicator function of the set {0}) that G =
SO(even) when a € Sy (d) and G = SO(odd) when a € S_(d). The sets Si(d) are explicitly
computed in (2.30).

Note moreover that when £ is odd, it follows from [18, Thm. 12.5] that L(s, &.x) = L(s, f),
where f is a cusp form of level 4N(f;), weight k& + 1, and nebentypus equal to the Dirichlet
character modulo 4N(f,) given explicitly by n — (=) &€ux((n)), where (=) is the Kronecker
symbol. The nebentypus is then the trivial character modulo 4N(fs) (see (2.20) and (2.2)).
The family F7 may thus be viewed as a thin subfamily of L-functions associated to cusp
forms of fixed level, trivial nebentypus, and varying even weight. This larger family has an
orthogonal symmetry. This was proven in [20, Thm. 1.3] by computing the corresponding
one-level density for $ supported in (—2,2).

As an application of Theorem 1.1, we obtain a proportion for non-vanishing at the central
point in each family F§. This partially answers a question in [4], posed in the cases d = £1.
The proportion depends upon the symmetry type of the family.

Corollary 1.3. Let d be an odd square-free integer and assume the Riemann Hypothesis for
the functions in JFy.
When o € Z/87Z is even, the proportion of non-vanishing in F§ is at least

hminf% #{1<k<K,k=a(mod8) : L(3,&y) #0} > 75%.

K—oo

In the case «v is odd and o € S4(d), we have

liminf% #{1<k<K,k=a(mod8) : L(3,&y) # 0} > 25%.

K—oo

Finally, if a is odd and o € S_(d), each L(s, &) vanishes at s = 5, and we have

L(S,&Lk) = 1} Z 75%

8
im inf — <k< = :
hKHLloI}JfK #{1 <k <K, k= a(mod8) ord L
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The structure of this paper is as follows. In Section 2 we define the Grossencharakters &g,
and explicitly compute the root numbers W ({,y) for all odd square-free d € Z and k > 1.
This leads to the observation (equation (2.29)) that W (&s) = —1 for 25% of the k > 1,
and depends only on %k (mod8) (for any fixed value of d). In Section 3, we then employ
the explicit formula to compute the contribution of the I'-factors, of the ramified primes,
and of the inert primes towards the one-level density computation, for each £y 4. This yields
the symmetry type of each family F (see Proposition 3.6), provided one can show that
the averaged contribution of the split primes (i.e. of Ugt(¢, d, k) over 1 < k < K with
k = o (mod8)) is small. In Section 4 we then offer an alternative expression for ¢; et (k), the
contributions of the inert primes to C,,(d, «, ¢), helpful in order to compute such constants
explicitly in Appendix A. Next, in Section 5 we provide a simple argument showing that
Theorem 1.1 holds for supp(¢) C (—3, 3), and in Section 6 we extend this result to the range
supp(¢) C (—1,1). Finally, we prove Corollary 1.3 in Section 7.

~
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2. BACKGROUND

2.1. Quartic Residue Symbol. We refer to [17, Ch. 9] for the material of this section.
To begin, we define the norm of a Gaussian integer o € Z[i] to be N(«) := aa. To any
Gaussian prime 7 € Z[i] such that 7 1 2, we define the quartic residue symbol modulo 7 to
be the quartic character x(x : (Z[i]/(7))" — {£1, £i} such that

a )
(2.1) X (@) == (;)4 = oN®-D/4 (mod 1),

and extended to Z[i] by x(r) (o) = 0 when (a, 7) # 1. Consider a non-unit 3 € Z[i] with prime
decomposition given by g = 7{* ... 7¢. When (3,2) = 1, we may extend by multiplicativity
to then define, for any « € Z[i],

o= (3) ),

In particular, we note [17, Prop. 9.8.5] that for odd d € N>3 and n € Z such that (n,d) =1,
we have

(2.2) X(d) (n) =1.
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Recall that the conductor of a character x : (Z[i]/m)* — S! refers to the smallest
divisor f|m such that x factors through (Z[i]/f)* via the projection (Z[i]/m)* — (Z[i]/f)*. If
the conductor of x is m, then y is referred to as a primitive character mod m. In particular,
we note that if 3 € Z[i] as above is square-free, then x(g) is a primitive quartic character
with conductor ().

A non-unit Gaussian integer o € Z[i] is said to be primary if o =1 (mod (2 4 27)). As in
[17, Lem. 7, Sect. 9.7], we find that any proper ideal («) € Z[i] coprime to (2) has precisely
one primary generator a € {£a, tia}. In what follows, we denote the primary generator o
of an ideal («) by a bold letter. We cite from [17, Ch. 9, Thm. 2] the following reciprocity
law:

Proposition 2.1 (Law of Quartic Reciprocity). Let o, 3 € Zl[i] be primary such that
(a, ) = 1. Then

(5)-(9), o

We will also use quadratic and quartic characters modulo even ideals. More precisely, we
introduce the character x (o) : (Z[i]/(2)) — {£1} given by

(2.4) X)) = {1—1 Z;l ((rrr?sc(ij 22))

the character x(o42:) : (Z[i]/(2 + 2i))" — {#£1, i} given by

1 a=1(mod2+ 29)
= —1 (mod 2 + 2i)
—i  «a =1i(mod?2 + 2i7)
' = —i(mod 2 + 2i),

|
[
Q
|

(2.5) X(242i) (@) :=

o)
|

and the character x4 : (Z[i]/(4))" — {=£1, +i} given by

1 a=1,—(342i)(mod4)
-1 a=-1,(3+2¢) (mod4)
i a=1i,—i(3+2i)(mod4)
—i a=—i,i(3+2i) (mod4).

(2.6) X(4) (Oé) =

Note that x(2), X(24+2i) and x() are primitive characters on Z[i|, with conductors given by
(2), (24 2i), and (4), respectively. We further remark that for o € Z[i], with («, 2) = 1, the
primary generator of («) is given by

2.7) & = X (a) a.
Finally, by [24, Thm. 6.9] (see also [17, Ch. 9, Ex. 32 — 33]), we note that for odd d € N3,
(2.8) X(@(1+1) = i@V,

where d denotes the primary generator of (d).
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2.2. L-functions of Elliptic Curves. Much of the following material on elliptic curves may
be found in [17, Ch. 18]. Let E be an elliptic curve over Q with conductor Ng. For p{ Ng,
let a,(E) := p+ 1 —#E(F,). By the Hasse bound, a,(E) < 2,/p. The L-function attached
to E is then defined by

3
2. L(s, F):= L E)1 —
(29) (. 8) = [ Lo, ), Re(s) > 2.
p
where
(1 —a,(E)p~® +p'=2%) if p has good reduction at p
L(s, E) i (1—p~) if p has split multiplicative reduction at p
S B = (14+p*) if p has non-split multiplicative reduction at p
1 if p has additive reduction at p.

In the case B, : y* = 23 — dx, the conductor is Ng, = 2'd?, where £ = 5 (resp. £ = 6) if
d =1 (mod4) (resp. d =3 (mod4)), and

(2.10) L(s, Eq) = H (1 _ 9(Eq) + ! )_1, Re(s) >

s 2s—1
oy p p

The following result will enable us to express L(s, Ey) as the L-function of a Grossencharakter

over Q(7).

Proposition 2.2. Let d be an odd square-free integer. For p = 1(mod4), p t d, write
PZ[i| = pp and let m, be the primary generator of p. Then on Re(s) > 3/2, we have

DN W

(211) L(s,E)= J[ +p>" ] <1—M>_1<1—M)_1.
)

S s
p=3 (mod 4) p=1(mod 4 p p
d (p)=pp
ptd

Proof. Let us first remark that the contribution of the primes p = 1 (mod 4) is well defined
because 7, is the primary generator of p. Indeed, since m, is primary, there exists some
a + bi € Z[i] such that

7y =1+ (a+ bi)(2+ 2i),
from which it follows that
T =14 (a+bi)(2+42i) =14 (=b—ai)(2+ 2i) = 1 (mod (2 + 21)).
Moreover, since d € Z, we deduce from (2.2) that xg(d)x,(d) = X (d) = 1, that is x3(d) =

Xp(d).
The proof then follows directly from [17, Thm. 5 in Ch. 18] which ensures that for p t 2d
and p = 3 (mod 4), we have #E4(F,) = p+ 1, while for p{2d and p =1 (mod4) we have

#E(Fy) =p+1—ap(Eq) =p+1 = xp(d)wp — xp(d)ry.
The definition (2.10) concludes the proof. O

We will now describe a Grossencharakter (or Hecke character) whose L-function is L(s, Ey).
7



2.3. Grossencharakters. Fix a non-zero integral ideal m of Q(i), and let J™ denote the
group of fractional ideals in Q(7) coprime to m. As in [28, VIL.6.1], we say that & : J™ — S?
is a Grossencharakter modulo m on Q(4), if there exists a pair of characters

in * (Z[i]/m)* — S, &0 C* — S
such that

(2.12) £((a)) = ()b (@),

for every v € Z[i] coprime to m. &g, is referred to as the finite component of £, while &
is referred to as the infinite component of £&. The infinite component £,, may moreover be
written in the form

¢
Eoolar) = (,%,) o, with ¢ € Z,t € R,

in which case ¢ is said to be of type (¢,t), and we refer to ¢ € Z as the frequency of £. The
L-function attached to the Grossencharakter ¢ is

L(s,€) := H (1 — 1\?835) , Re(s) > 1.

p prime

The conductor of & refers to the conductor of &g, and similarly £ is said to be a primitive
Grossencharakter when &g, is primitive.

Fix d € Z to be odd and square-free. For any prime ideal p C Z[i] with primary genera-
tor my,, define

|ﬂ-—p| “Xp(d)  when (7,2 + 2i) = 1,
™
(2.13) G =9

0 when (7,2 + 2i) # 1,

and extend by multiplicativity to all ideals a C Z[i]. &; then defines a Grossencharakter
modulo (4d). Indeed, for any ideal («) C Z[i] coprime to (4d), we may write {;((a)) =
Easin(@)és (), where & : C* — ST and E4q, ¢ (Z]i]/(4d))* — S are given by

«
(2.14) oo i X > m, Eafin * O X(q) (d) X(2120) ().
By (2.7), this matches (2.13) when («) # (1 +4) is prime.

As the primary generator of a prime p = 3 (mod4) is equal to —p, we find by (2.2) that
when p 1 d, we have £,;((p)) = —1 . Upon comparing Euler factors with (2.11), we see that

DN W

(215  Ls-te)= ][ (1— fd(”l) _L(s.E).  Re(s) >

p prime

2.4. Computing Conductors. Let us proceed by providing a more user-friendly expression

for &g fin-
8



Lemma 2.3. Let d € Z be an odd and square-free integer, and Eqn as in (2.14). One has

X(d)X (2+2i) if d =1 (mod8)

(2.16) Eapn = 4 XOX@X@) if d = 3 (mod$)
7 X@X@r2X@ if d=5(mod8)

X)X (4) if d = 7 (mod8)

In particular the conductor of &g is given by

f(@r2d) ifd=1(modd)
7\ 0 if d = 3 (mod4).

Proof. If d = 1(mod4), then d is primary, and noting that N(d) — 1 = 0 (mod 8), it follows
from quartic reciprocity (Proposition 2.1) and (2.7) that

X (d) = Y(X@Hi)(a)a)(d) = X(a)(X@+2i) (@) ).
Thus, by multiplicativity,

(N(p—1)
4 .

Eain (@) = X(a) (@) X(a) (X(2420) (@) X(2420) (@) = X(a) () X(2+2z‘)(04)1_z"‘d

N(p)-1 _ ) 0(mod4) if p=7,15(mod 16)
~12(mod4) if p= 3,11 (mod 16)

N(p)-1 _ {O (mod4) if p=1(mod3)

Moreover, observe that for p = 3 (mod 4), one has

Similarly for p =1 (mod4), one has -, = 2 (modd) if p= —3(mods)
These together imply that

Z% =2#{p|d:p=+3(mod8)} (mod4) =

{0 (mod4) if d = =+1 (mod38)
pld

2 (mod4) if d = +£3(mod3).
Upon noting that X%Q +ai) = X(2), one has

(2.17) D e ifd= £l (mods)
| 20 X2 if d =43 (mod8),

where o is the trivial character modulo (2 + 2i). Regrouping, (2.16) now follows for the
case d = 1 (mod4).

Next, suppose d = 3 (mod4). Then —d is primary, and similarly to above we find that

Eafin(@) = X(a)(—1) X(a) (=) X (2120) ()
= X (1) X(—a)(@) X(—ay(X(2120) (@) X (2420) (@)
_ _ s (Nw-1)
= Xy (—1) Xy (@)X (2420 ()" Splaa

Since

Ny (—1) = (=1)N@-D/4 — 1 a=+1,+i(mod4)
X(a) B ot _
-1 C(::i:(3+22),:i:2(3+27,) (mod4)’

9



it follows from (2.5) and (2.6) that

X(o) (=) X(2420) (@) = X () ().
Combining the above with (2.17), the lemma follows. O

Finally, for any k£ > 1, we consider
o\
(2.18) () o o) (1) -
Let &5 denote the primitive character inducing £%. Noting that X%z toiy = X(2) = Xa) has
conductor (2), it follows from (2.16) that £, is a character with frequency & and conductor

fa k odd
(2.19) fd,k = (2d> k=2 (rnod 4)
(1)  k=0(mod4).

Since the same set of primes divide the conductors of both £, and &; whenever k #
0 (mod 4), it follows that

( k
Ep) = (”—p‘) @ ifpf
(2.20) Ean(p) =40 if p | §4 and k 2 0 (mod 4)

k
<—) if p = (m) | fo and k£ = 0 (mod 4),

where, in the last case, we further note that &;x(p) does not depend on the chosen genera-
tor m, of p.

We conclude this section with the following definitions of the angle of the Gaussian primes
with respect to the character &,.

Definition 2.4. Let d be an odd square-free integer, and p = 1 (mod4). We write (p) = pp

and recall that £4(p) = &4(p). We define 04, and z4, by
(2.21) Ea(p) + &a(p) :=2cos 04y, 04, € (0,7)
(2.22) Zap = \/per € L]

For example, if d = 1, then z;, = a + 2bi is primary with b > 0, and p = a® + 4b*. We
note that, in general, for p = 1 (mod4), p 1 d, with (p) = pp, we have that

(2.23) Eak(P) + Ean(P) = 2co8 klay,
where 6, € (0,7) is the angle defined by (2.21).

2.5. Computing Root Numbers. From the work of Hecke [13], L(s,&u) has analytic
continuation to C. Noting that the discriminant of Q(i) is equal to —4, we define the
completed L-function

(2.24) A(s,&ar) == (4N(fd,k))3/2 (2m)~°T (s + g) L(s,&uk)

10



where fqr is asin (2.19). Asin [19, Thm. 3.8], we note that A(s, &) satisfies the functional
equation

(2.25) A(s,&an) = W (Ean) AL — 5,E05) = W(Eap) AL — s, Eap),
where the sign of the functional equation is denoted by the root number W(&;;) = £1, and
where the last equality follows upon noting that &, (a) = §qx(a).

We now proceed to compute W (&, ) explicitly, for any given £ € N and odd square-free
d e 7.

Lemma 2.5. Let d be an odd square-free integer. If k is even, the root number of 4 s
(2.26) W(€ar) = 1.

If d =1 (mod4), then it satisfies

—sgn(d) ifd=5,9(mod16) and k = 1,3 (mod 8)

sgn(d) if d=5,9(mod 16) and k£ = 5,7 (mod 8)

sgn(d) if d=1,13 (mod 16) and k£ = 1,3 (mod 8)

—sgn(d) if d =1,13(mod 16) and k = 5,7 (mod 8),

and if d = 3 (mod 4), we have

sgn(d) if d =3 (mod8) and k =1 ( )
—sgn(d) if d =3 (mod8) and k = 3 (mod 4)
—sgn(d) if d =7 (mod8) and k =1 (mod4)
sgn(d) if d =7 (mod8) and k& = 3 (mod4).
For any fixed odd square-free d € 7, we therefore conclude that
ISk K:W(as) =-1} 1
(2.29) Jim. { - }:Z
In particular, recalling definition (1.8), we have
({5,7} ifd=1,13(mod16) and d > 0.
{1,3} ifd=1,13(mod16) and d < 0.
{1,3} ifd=5,9(mod16) and d > 0.
{5,7} ifd=5,9(mod16) and d < 0.
{3,7} ifd=3(mod8) and d > 0.
{1,5} ifd=3(mod8) and d < 0.
{1,5} ifd =7 (mod8) and d > 0.
L {3,7} ifd=7(mod8) and d < 0.

Proof of Lemma 2.5. As in [19, (3.85), (3.86)] (see also [4, § 4]), we will use the formula

(2-27) W(fd,k) =

(2.28) Wi(&ar) =

(2.30) S_(d) =

W (Ear) = i N(far) "2 Earoo(Vak) Z §d,k,ﬁn(l‘)62mﬂ(m)

Z‘EZ[i]/fdyk

where we take 74, € Z[i] to be any generator of the ideal (2)fs, and ¢ = Z[i], so that

(c,far) = 1 and (2)cfar = (Vak)-
11



First, we treat the case k = 0 (mod4). By (2.19) we may choose 74, = 2, from which it
follows that

(1
For k # 0 (mod 4), we note by Lemma 2.3 that

Eakfin(T) = Y’(cd)(x) “Nak(T),

where
(X(Q) when k = 2 (mod 4)
Xl(€2+2i) when d = 1 (mod 8) and k is odd
Nak = { X(ap2oX(@ When d =5 (mod8) and k is odd
y’&)x(g) when d = 3 (mod 8) and k is odd
| X when d = 7 (mod 8) and k is odd,

is a primitive character modulo (g) with

2 when k = 2 (mod 4)
g:=142+2i when k=1 (mod2) and d =1 (mod4)
4 when k& =1 (mod 2) and d = 3 (mod 4).

Write |d| = ] ;Pj, where p; run through the distinct rational primes dividing the odd
square-free integer d. Since (g,d) = 1, by the Chinese remainder theorem there exists a ring
isomorphism

9) x [[ Zli)/(p;) = ZIi)/(9d) (w0, (7)) = uao + > vj;,

pjld J

where u = 1 (mod g) and u = 0 (mod d), while v; = 1 (mod p;) and v; = 0 (mod f}—fl) for all j.
Upon choosing yqr = 2¢|d|, we find that

(2.31)

S Y )

€L /fa,k z€Z[i]/(gd)

uTO+D_; V;T; >

=2 1 X % )(uxo+Zvjxj>nd,k<ux0+Zvjl’j)62mTr< 291d]

zo€Z[i]/(9) pjld x;€Z[i]/(p;)

— Z ndk(uxo 27”Tr<2g|d|> H Z X( i) (U]I]) QWZT‘T(;);TC;)
zo€Z[i]/(g) p;ld z;€Z[i]/(p;)
12




Applying the change of variables a = uzo/|d| and 8 = v;z;p;/g|d|, we then find that

ik 9 ¥ e 27rzTr(2—)
Wieaw) = 1 () mald) ¥ matade

a€Zlil/(g)
8
g!d] —k 2mi Tr %,
(2.32) < 1] %) (p—> > X(B)e (p)
pjld T/ perli)/(py)
p; >0
= W(&ap:2) x nar(|d]) x Ylfd)(g) X H W (&ak, pj)
;|d
el
where
Zik g k 27rzTr(—)
(Eak,2) W(ﬂ) Nk () 2
I wezpiio
1 _ 271 Tr
(€ak, D) 1_7 X](Cp)(x)e (2 )’

and where we have used (2.2).
We first study the contribution of 2. For k = 2 (mod 4), we compute

1 - 1 4
(2.33) Wik, 2) = ) Z ndk(a:)e%zn”(ﬂ =—3 (1-em—=1-1) =1
z€Z[i]/(2)

If k£ is odd and d = 1 (mod 4), then we compute

4kW(fd,k, ) 2\/— Z Udk( ) 2m“(4+4z)

z€Z[i]/(2421)

1 (% 1T —_— -7
e 1.67_67?4- @e2-|— e 2z
2\/5( nd,k( ) 77dk( ) )
i , ¢(37%)  if k= +1 (mod4) and d = 1 (mod 8
(2'34) = (1 + 77617]?(2)) = i(ziz) . ( ) ( )
V2 e\2¥1) if k= £1 (mod4) and d = —3 (mod 8).

Similarly when k is odd and d = 3 (mod 4), we compute
1 e
(2.35) W (&g, 2) = I > nan(2)e2™ ™ (5)
we{£1,%i,£(3+2i),£(~2+30)}

(1 €2 —e 2 + Nak(t) + Nap(—1) — e’ +e -5 Na k(2 — 3i) — nap(—2+ 32)) = .

13
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Let us now study the contribution at a rational odd prime p. We have

Z Y](cp)(x)€27mTr(2£p> _ Z Z a 4 bz 27riTr(a;;)i)

zeZ[i]/(p) a€Z/(p) beZ/(p)
. . 2miTr atbi
- ¥ e ¥ 5 warme )
beZ/(p) a€(Z/(p))* bEZ/(p)
2mia
=@-DXO+ Y er Y Xiyla+bi)
a€(Z/(p))* beZ/(p)

by (2.2). Note that the sum
Z X(p (a+bi)= Z y(14bi) = Z (14 bi)
beZ/(p) bez/(p beZ/(p
is independent of a € (Z/(p))*. Moreover, by orthogonality, we ﬁnd that

0= > Zy’gp)(amz’)— > Z (a4 bi) + (p — 1)X,) (i)

a€Z/(p) bEZ/(p) €(Z/(p))* bEL/(p
It follows that for all @ € (Z/(p))*,

Z X(p) a+ bZ y](fp)(i)‘

beZ/(p)
Hence
1 _ omiTe(Z)  X(p(0) 2mia
Wiewn) =5 3 Ty ) 2 (- ¥ )
x€Zi]/(p) a€(Z/(p))*
o (—=1)%  when p = 43 (mod 8)
(2.36) = b, (i) = =
1 when p = +1 (mod 8),
and therefore for odd square-free d € Z,
(—=1)*  when d = £3 (mod 8)
2.37 W ,pi) =
(2.37) H (Sa: ) {1 when d = £1 (mod 8).
J
pj>0

By (2.32), (2.33) and (2.37), it follows that when k& = 2 (mod 4),

W(fdk) = 77d,k(|d|) =1.

This proves (2.26). When k& = +1 (mod4) and d = 1 (mod 8), it follows from (2.8), (2.32),
(2.34) and (2.37), that

W (Ear) = W (€ap, 2) X nar(ld]) X X(ay (2 +20) x [ W(€anp))
]'d
Bl
ink fus gy
= Fie' T ST b (1)) Xy (1+ )Xk (2)
im(kF1) k(d—1)

= e 7 sgn(d)(—i) T,
14




where in the last line we note that x* (o420 (|d]) = sgn(d). Similarly, when k = +1 (mod4)
and d = 5 (mod 8), we find that

itk

W(&yr) = Lie 1 ¢ i(3+%) nax(d|) X (2 + 2i)

im (k1) k(d—1)

=Fe * sgn(d)(—i) T
This proves (2.27). Finally, when k is odd and d = 3 (mod8), we note by (2.32), (2.35),
(2.37), that

W (Ear) = W (Ear, 2) X nag(ld]) x X(a(4) X H W (&arspj)

pjld
p; >0

. k—1
= —i' "Xy () = (=1)"= sgn(d),
and if d = 7 (mod 8), we have
ke k=1
W (€ar) =i "X(y (|d)) = —(=1) = sgn(d),
which proves (2.28). O

3. COMPUTING D(¢,Eq)

To begin our analysis of D(¢, E4), let us first explain the scaling parameter in (1.2). Let
Nup(T) :=#{s € C: L(s,&qx) = 0,0 <Re(s) < 1,-T < Im(s) < T}
denote the number of zeros of L(s,&sx) on the critical strip up to height 7. Using the
functional equation (2.25) as in [15, Prop. 2.2], we find that in the limit as k — oo,

1 1 Tlog(Tk*N(fax)) log(k*Ngx)  log(kMqyy)
(3:-1) ﬁNd’k( )~ 2T T ~ 27 B s ’

under the assumption of GRH (see also [19, Thm. 5.8] for the T-limit), and where we use
the notation

(32) Nd,k = N(fd,k)7 Md,k = N(fd,k)%

To see that the analytic conductor of L(s,&s%) (as defined in [19, p. 95]) is asymptotic
to k*N(fsx), we apply the duplication formula to (2.24) and write

A(s,&ar) =

s+§)r(s+ﬁ+1

22 s/2 _—s 2
F(41\I(fd7k,))/ T r( > . )L(s,gd,k).

The scaling parameter M in (1.2) is thus chosen so that the average spacing between
the scaled zeros is asymptotlcally equal to 1, as k grows large. Note that in much of the
literature, the scaling parameter is often chosen to be independent of k. We could, therefore,

have instead chosen the relevant normalization factor to be, e.g. @. While such an
alternative might facilitate certain computations concerning the k-averaging, we do consider
our choice to be technically more precise, particularly given our focus on lower order contri-
butions. Our choice moreover guarantees that the contribution of jhe ['-factors to the main
term, prior to taking the k-average (see Lemma 3.1), is precisely ¢(0).

For each character &, we rewrite the functional equation (2.25) as

L(s,&ar) = Xar(s)L(1 — s,&ar),
15



where

L r (1 — S+ E)
X, =W B i A
ak(8) (§an) (N(far))2 " m Tt
Upon taking logarithmic derivatives, we find that
L X, L
(3.3) 7 (8. 8ak) = Xjk( s) = 7 (1=, &)
X I k I k
(3.4) () = —logN(jas) + 2logm — (1 s+ 5) - = (3 + 5).

Since ¢ is an even Schwartz function, and L(s,&z) has no trivial zeros for Re(s) > —32

29
we see from (3.3) that

/ 2 _ 1
D(¢,&an) = (/Z /( 1)) L (8,&ar)® (10g(/;7TNdk) s i 2)d3

1 L L log (k*Ngz) s — %
= — - . 1 _ ) d
2mi Js (L (s, &ar) = S’fd”“)> ¢ ( o i s
1 L Xél,k log (ngd,k) S — %
= omi /s (Qﬁs’fd:'f) - xd,ﬁ)) ? ( o ) s
(1) ,
(35) = UL(¢7d7 k) + UF((ba d? k)a
where
1 L log (k2Ny,) s — %
(3.6) Ur(¢,d, k) := —/ —(8,&ar)® ( 8l k) : 2) ds
) (%) 2T 7
and
1 Xk log (k*Nyy) s — 3
3.7 U d, k) = ——— i 2 ) ds.
(37) (6db) == [ oo (2R 2 o,

Lemma 3.1. Let k be a positive integer, d be an odd square-free integer, and ¢ be an even
Schwartz function such that ¢ is compactly supported. Then as k — oo,

Ur(¢,d, k) = 5(0) _ log2m

1
——0(0)+O0 | ———+—— | .
1082(/<?Md,k)¢( ) (klog(/fMd,k))
Proof. Upon applying the change of variables r = s — £ to (3.7) and using (3.4), we have

1 I rk+1 I rk+1
Ur(¢,d, k) = 5 (3)(logNdk—210g7r—|— F<T_T>+F<T+r>>
1

270 ‘

Noting that I"(s)/T'(s) is holomorphic on the half-plane Re(s) > 0, we shift the contour to
the imaginary line Re(r) = 0, and upon applying the change of variables

. log (k‘2Nd7k)
- om
6



we find that

1

(¢’ d k) lOg (k‘QNd k)

I’ <k +1 2miT )
r 2 lOg (kQNdyk)

I"/k+1 2miT
* F( 2 + log (kQNd,k)>>¢(T) dr

As in the proof of [34, Lem. 5.1], it follows from Stirling’s approximation that
1 k+1 27T
<¢,d k) m((lOgNdk—Qlogﬂ' +2/¢ 10g’ +log(k2Ndk

)
log (k'QNdJC)

2miT 1
O (log k2Ngy) / o7 log ‘1 T k+1 g (2N | T z) dT)-
Applying the inequality log |1 + z| < |z|, we note that by the rapid decay of ¢,

2miT 1 1
/ lo(7) log ‘1 + kHW ) dr <« W/RW(T)’ ITldr < klog (K>Nar) "

It follows that

/ <10gNd,k: —2log7r—|—

+0 (1) )ar)

<logNdk log * + 2log (k“))

- log (472) ~ 1
Ur(¢,d, k) = ¢(0) — m¢(0) +0 (m) )

as desired. O

We now compute the contribution of Up(¢,d, k). Separating according to the splitting
properties of (p) C Zli], we write

(3.8)
_L'(s, &) 3 (&14(p) + Eau(p)) logp Py 2§Zk((p))10gp+Z£Zk((1;—n:))log2

ns 2ns ’
L(S’ gd’k) p=1(mod 4) p p=3(mod 4) p n>1
(p)=pp n>1
n>1
and
(39) UL(Qb, da k) = Usplit(¢> da k‘i) + Uinert(¢7 d7 k) + Uram(¢a k)
where
(3.10)
+ &, lo — L log(k2N,
Spllt(¢7 d k / Z (gdk( ) €d7k<p)) gp¢ ((S 2) Og( d7k)) d$>
prs 211
p 1 (mod 4)
(p)=pp
n>1
2(=1)*"logp [ (s —3)log(k*Nay)
(311) 1nert<¢7 d k / Z p2ns ¢ 27TZ dS,
p =3 (mod 4)
(P)de k
nZl

17



(3.12) Usarn (6, k) - /Q Z Ear((1 ;—nj))log 2¢ <(s -3 log.(k;2Nd7k)) s

5 2m
4 n>1
Note that by (2.20), one has

0 if k % 0 (mod 4)

ar((1+14)) = {<_1)'Z if k=0 (mod4),

so that Uam (¢, k) is indeed independent of d.

Lemma 3.2. Let k be a positive integer, d be an odd square-free integer, and ¢ be an even
Schwartz function such that ¢ is compactly supported. Let Uspit(¢, d, k), Usnert (¢, d, k), and
Uram (9, k) be given by (3.10), (3.11) and (3.12), respectively. Then

1 3 (fg,k(p)+§i,k(p))logp$< nlogp )

(3.13) Uspiit(@,d, k) = —

log(kMax) _; edd) p> 2log(kMay)
(p)=pp
n>1
1 2(—1)"‘”logp/\< nlogp )
3.14) Upat(d,d k) = ——————
(3:14) (¢, d, k) log(kMgy) :32 n ¢ log(kMgy)
p=3(mod 4)
(P)ffa,k
n>1
1 (—1)F log 2 ~ nlog2 :
3.15 Uam (0, k) = — = if k=0 (mod4),
(3.15) (#.F) log<kMd,k)n221 I 2log(kMa,k) / ( )

and Upam (9, k) = 0 if k Z 0 (mod 4).

Proof. For the inert primes, we compute

2(—1)k"1 (s — 2)log(k*Nyy)
Usert Qb d k‘ 7”/ Z ng¢( 2 - d,k )ds

2ns
4/ p=3 (mod 4) p 2
(P! a,k
n>1
2(—1)k1 s — ) log(k2N,
- ¥ (=)™ ng/ pzns(b(( 2) S( d’k))ds
e 1 211
p=3 (mod 4) (3)
(P)fa,k
n>1

Note that switching the order of summation and integration is justified upon noting that at

Re(s) =
/ Z ]m 10gp¢ (( %)log(kQNd,k)> ‘ds
p 3 (mod 4) 2mi
p)ffdk
n>1

ds < o0,

5 ((8 ~3) 10g(k2Nd,k))

logm
< -
; m% 211

18



since ¢ is a Schwartz function (e.g. [34, Lem. 3.7]). The shift from Re(s) = 2 to Re(s) =
(s—%)log(k* Ny x)
27

% is then further justified upon noting that s +— p*Z”sqb( ) is holomorphic.

Applying the change of variables t = (s — %)bg(f%’k), and noting that p=2"¢ = p=2n(s=2)p=—n,
we obtain

i. —2ns¢ ((S - %) log.(k2Nd,k)) ds

m Jo1 271

(3)
/ o(t) 4log2(7c%3§: 0 dt o _nlogp
p log k’QNdk pn log(kMd,k) log(k’Mde) '

e proofs for Ugic (0, d, k) and Usam (¢, k) follow similarly.

Th fs for Uy, d, k dU, k) foll imilarl L]

We now compute Upam (9, k), including lower-order terms in descending powers of log(kMg ).

Lemma 3.3. Let k be a positive integer, d be an odd square-free integer, and ¢ be an even

Schwartz function such that gg is compactly supported. Then for any J € N and k — oo, we
have

A ne)
Crnf@) = 3 e S 01 ((logkap)) ).

j even

where for j > 0,

C2 eyt (EDE) e~ mod 4
(3.16) Ciram (k) = ! (*5°) 1-j < ) if £ =0 (mod4)
0 if k # 0 (mod4),

and
(3.17) Li_;(z Z n’ 2"

Proof. Suppose k = 0(mod4). Then by (3.15), we have

Vs (6, %) = — i log2 nlog 2
ram ’ - 10g k’Mdk 1 % QIOg(kJMng)
1 (—=1)% log2~/ nlog2
— e D ) :
10g(k?Md7k) nSN+1 22 21Og(k’Md7k)

for any N € N. Choosing N = 2.J loglog(kM,y)/log2, we then bound

1 (—1)'% log 2 ~ nlog2
log(ijd,k) 2%

Jloglog(kMg 1)

2_ log 2

n>N+1

Moreover, by Taylor expansion one has

~ nlog 2 > S 69)(0) ( nlog 2 )j < nlog 2 )J
(3.18) ¢ (QIOg(kMdJC) ; 7\ 2log(kMgyy) T\ \ 21og (kM)

19
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n=1
N~ (=D log2 (= 69(0) ( nlog 2 )j+ ( nlog2 )
o 2 —j \2log(kMag) 2log (kM)
Since N
log 2 x
Zl 2g% (nlog?2)” <, Zl—n < 00,
we find that
I i1 N En
log 2 J (=1)%n o
ram ) n O l k:M .
(08 ; (QIOg(kMd,k)) ; PERR ((log(kMa)) ")
Since n — - is decreasing in the range n > ; '2, and moreover N > 1 2 for sufficiently
22 og og

large k, one has that

Z % < n_ﬁ < / —d:L’ _/ i~ 51082,
£ 23 22 N 22

N

Upon repeated application of integration by parts, we find that

<, NI 92 2j R log 2 NI (lOg log(kMd k))]
Je=3082q, — 2 dr=0;| — | =0 : .
/N re T W log T log2 /N coTTY (W) T\ (log(kMay))?
We thus may write

B »)(0) < log 2 )ﬁ (=)o nd ((log log(k:Mdyk))J>
Uram(@, k) = — 2 2; 7\ 2log(kMyy) 25 PO Tog (kb))

+ OJ ((10g(k’Md k))_J_l)

Zd) Nz ) 3 U 4 0 (tostktan) )

2log(kMgy

as desired, where we note that since ¢ is even, we have q/g(j)(()) = 0 for all odd j. O]

Next, we write

Uinert(qba da k) - Uinert(¢a k) + Uinert,d(¢7 k))

where
1 2(—1)*logp ~( mnlogp
(3.19) Unert (9, k) i= —————
i log (kMg) p3§d4) P log (kM)
n>1

and

1 2(—1)*"logp A< nlogp )
Uiner 7k =T .
(0, ) log (kM) Z P ¢ log (kM)

p=3mod4
(P)lfd,k
n>1
20



We proceed to compute Uipert.a(@, k) including the lower-order terms in descending powers
of log(kMay).

Lemma 3.4. Let k be a positive integer, d be an odd square-free integer, and ¢ be an even

Schwartz function such that éﬁ\ 1s compactly supported. Then for any J € N and k — oo, we
have

J-1 e
Cjiner (k) ¢(j)(0) log |d|
iner k == 2 L j
Uinert,a(¢, k) jZO (log (kMg )+ + 0y (log(kMgyy))”+! )
j even

where for j > 0, the constants ¢;inert,a(k) are

k
mod4)(log p)? TLi_ <( L) ) if k% 0 (mod4)
(3.20) menea() 22 = 3;\dd4)( ) i\ (

0 if k=0 (mod4),
and Li_;(z) is defined by (3.17).

Proof. We get for k # 0 (mod 4)

1 Yk logp nlogp
iner 7k Y Y *
U t’d(qs ) 10g (k:Md,k) Z Z ¢ (10g(k’Md7k)

p=3(mod4) n>1
pld

For each such p|d, we cut the inner sum at N, = Jloglog(kM,y)/logp, to obtain

1 2(—1)’“”10gpA( nlogp ) p" "M logp  logp s
< = log (kM .
log(kMqx) nz%p:ﬂ ¢ \log(iMan) log(kMa,) p Lostitan)

Taylor expanding as in (3.18), we find that

1 = 2(=1)*"logp~( nlogp
2 (i)
log(kMdk — pr 10g(k‘Md k)

1

_ 1 Z k”logngb (nlogp >j+0 1( log p )JH
log(k’Mde) log kMd,k;) J p log(k’Mng) ’

1<n<N,

where the bound on the error term is computed upon noting that

1 log p nlogp / log p JH 1 log p JH
e, 5, o (i) <2 (o) <5 (movm)
log(kMa) p* \log(kMgy) log (kM) p \log(kMgy)

1<n<N,

Upon applying the trivial bound
lo J+1
> L8P o S g = log
p
pld pld

we thus obtain

Uinert,d((ba k) =

g(j) (0) g log p i+t log |d|
! Z Z pr log(kMgy ) +0y (log(kMyz))”+!
J =3 (mod4) 1<n< N, g\ M.k g(kMa

pld
21

)



Upon repeated application of integration by parts, we find similarly to as above that

3 nd (log p)’*! < NJ(logp)*! ((loglog(kMd,k))j 10gp>
= Uy 5

] pNe (log(kMgy))”

n
n>Np+1 p

and therefore we have

J-1 ~
¢ (0) G 1ogp)3+1 ( log |d] )
Uiner 5 k) = X - + O ,
0K =2 gy 2 2 Z '\ Togtkdan)) 7™
pld
as desired, upon recalling that 5@(0) = 0 when j is odd. O

Next we compute Ujpert (0, k). To this end, we define

(3.21) Ui(t;3,4) = (1) qu (=1)"logp =5 +Oa ((bgt)A)’
p=3 (mod 4)
n>1

for any A > 0, by the prime number theorem in arithmetic progressions.

Lemma 3.5. Let k be a positive integer, d be an odd square-free integer, and ¢ be an even

Schwartz function such that g/g 1s compactly supported. Then for any J € N and k — oo, we
have

k+1 n C mer O
Uinert (@ k) = /R¢< w)du + Z los ;Mdk fH) + 0y ((log(kMar)) ™) ,
J even

where
o t;3,4) - ¢

(3.22) Coimert (K) 1= (—l)k+1 (1 +2/ (Wt 2 ) Q)dt>
1

and for j > 1,

(3.23) s ment (k) = 2(—1)F /1“’ (¥r(t:3,4) — 5) (logt)'™! (1 B IO_gt> dt.

t? (7 —1)!

Proof. Recalling (3.19), we write

1 2(—1)*"logp A( nlogp )
Uiner ’k B —
(9, ) log (kMg ) p53%d4) n e log (kM)
n>1
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and compute

2(—1)k”10gp/\( nlogp )
Z ¢ 10g(k‘Md’k)

n
p=3 (mod 4) p
n>1

logt
B e [T logt d1/)k(t 3,4) i+ Tog (kM k))
=21 /1 ¢ (log(k?Md,k)) ' / Yelti3,4) ( >

o ) e )

(3.24) )
= (-1)* (8(0) N log(ksz,k) /Ra(’“)du B 2/100 <¢k(t; 3.4) %) d<¢ (log :%4“))>) |

since ¢(u) is even. Noting that

n lo
¢ (log(k]gwtd k)) 1 1 0 log t ) 3 < logt ))
dt t 12 \log(kMgy) log(kMy,) log(kMy,},)

and that

~

<$<_ log ! >:J‘1¢U>(0>< log1 )j+0 (—logt )J
10g(k?Md7k) -0 j' log(k:Mng) d log(k’Mdvk) ’

J

we find that

dt t
(S0 () S0 () o (YY)

I N = L A (og1)” + (log 1)’
2 ( . (; (log( /fMdk )7 (5 — 1! (1 J >>+OJ< (tog(kMar))” >>

i (5 <1og(lg§;d,k)))

|M“




Thus
0o n _ logt

__gA (¢At&4)—%)d<¢ 1o (kMayk) )

0 (W(t53,4) — D) — oY

_2/1 12 ( (Z (log(

=1

logt)J 1 (1 B logt>

<.

(logt)” + (logt)’~*
Hos ( e )dt
~ > (wk(t, 3, 4) - % = ( Cj mert(k) —J
= 2¢(0)/1 t2 k — (1 kMdk ) + OJ ((log(kMdvk)) ) )

and where the error term in the last step is bounded upon noting that for A > J + 1,

* (Yr(t;3,4) — §) > (logt)”~4
A > QU%W&<Z£—%—&<L

by (3.21). Inserting this into (3.24), we find that

S Chinert ()90 (0) gl M )T
1nert(¢7 ¢ 2; IOg kadk ] +OJ (( Og( M )) )7

as desired, upon again recalling that qg(j)(O) = 0 when j is odd. OJ

By (3.5) and (3.9), we see that upon combining Lemma 3.1, Lemma 3.3, Lemma 3.4, and
Lemma 3.5, we obtain the following.

Proposition 3.6. Let k be a positive integer, d be an odd square-free integer, and ¢ be an

even Schwartz function such that gg s compactly supported. Then for any J € N and k — oo,
we have

A k+1
D6, ax) = D0 / e
J—
cj(d, k 1)(0) . 1+ log|d|
Z log kMd k ]+1 Uspht(qba d’ k) + OJ (10g<kMd,k))J+l )
i even
where
(3.25) Co(d, k’) = — log 27 + C(),ram(k) + C(Linert(k) + CO,inert,d(k)
and for j > 1,
(326) Cj(d, k’) = Cj,ram<k) + Cj,inert(k> + Cj,inert,d(k)-

We moreover observe that c;(d, k) depends only on the congruence class of k modulo 8.
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4. AN ALTERNATIVE EXPRESSION FOR ¢; inert (k)

Next, we provide an alternative, more explicit, expression for the lower order constants,
Cjinert (k), which is moreover ultimately more amenable to numerical analysis.

Lemma 4.1. Let k be a positive integer. Then, we have

(@.1) comn(8) = (1 (70— 2 (1,0 + g2 ) + 222 0)
C43
where (43(s):= J] (1—p~%)~! on Re(s) > 1.
p=3(mod 4)
Proof. To begin, we write
X (t;3,4) — 5 [ 20(8;3,4) — U(t) + () — ¢
(4.2) 2/1 — —dt = /1 - dt.

Then, denoting the Chebyshev 1-functions
Zlogp and  Y(t, x4) = ZX4 )logp,

p<t pn<t

where x4 is the quadratic Dirichlet character modulo 4 over Z, we note the identity

(43)  20n(£3,4) = ()" 2o(VE3,4) =2 Y logp =1h(t) —(t, xa) — > log2.

p=3(mod 4) <t
n odd
p<t
Using (4.2) and (4.3), we get
(4.4)
2/00 Yi(t; 3,4) — 2d /oo —(t, xa) + U(t) — t +2(=1)Fepo(v/1;3,4) — log2tlogt N
_____?E______ o t2 .
1 1

We separate this integral into four components. We first compute the contribution of the
prime 2 by noting that

2n+1

> log > n o
(4.5) —10g2/1L —logQZ/ —logQZoﬁ——logZ.

Next, by the prime number theorem in arithmetic progressions, together with Perron’s for-
mula, we write

/W““ /th4dt+O(<long>)

I L 52 1 (log T)?
_ 1 ol Y ods)at
o J, (/CU@) 7 (s xa)— 5) +0 <(logT)A T > ’

for any A > 1, where for any t > 1, Cy(t) denotes a finite path taken along the vertical

line-segment Re(s) = 1 + m, where |Im(s)| < U. Next, we shift the inner integral

to a finite path C' (U ), taken within a zero-free region of L(s, x4) located to the left of the

line Re(s) =1 — for some ¢ > 0. Upon applying appropriate bounds on the growth of
25
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%(3, X4) within the critical strip (e.g. [27, Thm. 11.4]), and picking up an additional error
term from the horizontal segments, we find that

Wt X4 / L / , . ds ( 1 (logT)®  logTlog U)
dt = s £ + 0 + + .
/ e L0, (logT)* ~ U U

Next, we note that for any s on C(U),

clogT
T -1 ex — a7
Ts -1 1 P ( logU )
572 4t = — ol ————="7
/1 s—1 1—s * |s — 1]

Upon setting U = (logT)* and taking the limit as T — oo, we find that

/wtx4 L/E(S ) ds
2711 Jo L X s(1—s)’

where C' is now an infinite path taken within a zero-free region of L(s, x4) located to the
left of the line Re(s) = 1. Proceeding, We move the integral to the line Re(s) = R > 1 and
pick up the pole at s = 1. Noting that & (s X4) is bounded on the vertical line Re(s) = R,

it then follows that
/ L ( ) ds 1
—(s =0 J—
(R) L X4 8(1 — S) R ’

which goes to zero as R — oco. This yields

(4.6) _ /100 %dt _ %(1»@)-

Similarly, by applying the bound in [27, Thm. 6.7], we find that

/1 g dt=5 | /(2) <() Sd dt

1 PP APYRNE SN A ¢y ds

where C' is defined analogously to as above. Recall that

C(1+4s) =

where 7, are known as the Stieltjes constants (and Yo is the Euler—Mascheroni constant), so
that

3(81_ 1)%(8) = (%1 —140(s — 1)) (—% +90 + O(s — 1)>

1 Yo +1
= — O(1).
Go1z o1 TOW
Upon shifting the contour C' far to the right we find by Cauchy’s residue theorem that
Ca(t) — t ! ds
2mi c C s(s —1)
26
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Finally, we note that

¥ 2o(VE34) 1 °°( Cig o 77 ) 988 4
(4.8) /1 = /1 2 /C 2 (2) s ) dt = 222,

where
(4.9) Ga(s):= J] @=p)"  Re(s)>1,
p=3(mod 4)
so that
1
(4.10) 22( j=— 3 Z ng.

p=3 (mod 4) n=1

Inserting (4.5), (4.6), (4.7), and (4.8), into (4.4), we have
2

©i(t;3,4) — L /
(4.11) 2/ udt Z(1xa) — 0 — 1+ 2(—1)“1%(2) ~log2,
1 t L Ca3
from which the lemma follows by (3.22). O

Lemma 4.2. Let k,j be positive integers. Then, we have

) ijmert(k):( j)!a+k ((?’) (1) - (%)(a’) (1,x4)>

i+l ¢t N\ log 2)i+1
e Ze (82) @ o R ),

where f(s) == (s — 1)((s), Ca3(s) is as in (4.9) and where Li_;(z) is as in (3.17).

Proof. To begin, recall that for j > 1,

Cj,inert(k) = 2<_1) /1 Ol}k(t 3t24) — _) (Ejg—t)l) (1 a lojit) ar

As above, we note that

5 /1°° (n(t3,4) — 5) (log )™ (1_ lo_gt) "

t2 (=Dt J

(4.13)
Ia ({0, xa) +0(0) — 1+ 2~1)o(VE3,4) — log 2 2EL]) (10 1y (1 ) 1_gt) .
1 B G- 1) i)

We again treat the four terms separately. First, by Perron’s formula, we write

1 7j—1 1 1 00 L/ s—2 1 7j—1 1
/ Y(t, x4 (logt) (1_ ogt) o L (/ _(8’X4)t ds) (Qgt) (1_ gt) at,
(j—1)! J 2mi Jy cw L s (j—1)! J

where C(t) is again a vertical path to the right of the line Re(s) = 1. We move the contour

to the left to a path C, inside a zero-free region of L(s, x4) and flip the order of integration
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as above. Let us first compute, for j = 1 and Re(s) < 1,

L(s) ::/ 572 (1 —logt) dt :/ V(1 — w)du
1 0

u(s—1)7 oo ju(s—1) 1 1 u(s—1)7
e e e
{( u)s—l]o +/0 s—1" 3—1+3—1{s—1]0

1 1 S

s—1 (s—12  (s—1)2

For 57 > 2, we have

I;(s) :/I(St;uz (Egtélz. (1 _ IOJg:) dt = /OO:Oe(sl)u (juji>!2<1 — g)cliu
5= G55, = e (G )
=75 i TLi-1(s) = (—8 i 1>j_1 Ii(s) = ((_i

s — 1)+t

by induction. It follows that

P(t X4 logt)J ! log t 1 L I;(s) 1 L (—1)7
- o8t — [ = -
/ (7 —1)! J dt = omi Jo L 75X~ s e 2mi Jo L (5:x4) (s —1)7+L

so that upon shifting the integral and picking up the pole at s = 1, we find that

(4.14) / (i X4 ljg_t)i)_l <1_ logt) & — (_1.)j+1 (%/>(j) L)

J 7!
Similarly, with C' as defined above, we find that

[P (5 g [ (e ) G ()

Y ¢ 2 1 1Y (logt) ! logt
= omi ), (C‘Z“) ; d”%‘%) o1 (1‘ J )dt
1 ds ¢ (1)
o ), cELE) T = - 2m WG

ds,

ds.

Upon writing

_ f(s)
C(S) - s — 17
where
(4.15) f(s):=1+ Z% ( n!) Yn(s —1)" T = kz_% / k:'( )(s —1)"
is a holomorphic function, we find that
CI B f/ 1 B 1 o f/ (k) (S _ 1)k
IS A Ry +§(7> D



and therefore that
C’ (—]_) B 1 0o f/ (k) (S _ 1)k7j71 .
2 Je C( )(8 - 1)3“ B _2_/ ( G T > (7) <1>T> (—1)7ds

k=0
(J )

. °0¢0<\/%2;3,4> (log_t)j1 _ losty g
/1 ) (_tl)k+1 (JOO 1)! (@173(25 tS)Q (log t)7~! _ logt
T o /1 2(/0 C13(25) s ds) (7 -1 (1 J >dt

_ (=D Ci3(28) Ii(s) , 20+ [y ()
o 2mi /02@’3(23) s ds = (=1)*7=— 7l (@) (2).

Finally, upon writing B(s) 1= >_, 5, 12n3 , we similarly find that

_logQ/oongtJ (log t)7 =1 (1 _ logt) ﬁ _ 1 oo (/ B(s)t8_2d5> (log )i~ (1 logt) N
, Flos24 (1)t i ) 2mi Jy o s G—1)! ;

__1 [ BU)Li(s) 6 (— ;BY1)  (log2)/t!
N 27ri/c s ds = (=1) T 7

from which the lemma follows. [

5. COMPUTING D(K; ¢, F5)
We now compute D(K; ¢, FJ) by averaging D(¢, {q) over appropriate 1 < k < K.

Proposition 5.1. Let d be an odd square-free integer, o € Z/8Z, and let ¢ be an even

Schwartz function such that gg 1s compactly supported. Then for any J > 1, one has as
K — o0,

o _ 3 )t C(di,) 8
DU 6, F3) = 3(0 /¢ (logKMda) = Y Upld.k)
1<k<K
k=a (mod 8)
1+ log |d|
+ 0y ((log KMg,)7+1 )"

with
m—1 oD (0

(51) Cm(d7a>¢) = (m - 1>‘ Z cj(d’ Oé)¢ ]'( )7
=0 '
J even

Li(

1
2

),



where for « = 0mod4 and j > 0,

J j 1N\ )
¢i(d, ) = ¢j(a) := — 6o(j) log 2m + B; + (logTQ!)“Lij(%) N (_1)].2 +1 (C4,3) @)

) ()

where for a £ 0mod4 and j > 0,

0,00 = —tiyszn + (- (5, + OB ) 2 (Ga)

J! gt \Cags
2 1y (—1)~
+ (log p) "L <—) :
']' p3%)d4) ’ p
pld
and where
(_1)]' i (4) I/ (9)
=R () 0-(5) an). 9= 6-n0
Proof. Recall by (1.3) that
D(K; ¢, Fq) = % Z D(¢, Ear)s
ka (mod )

where the estimation for D(¢,&4) is given in Proposition 3.6. Let j € N. Noting that
¢;j(d, k) and M,y depend only on the congruence class of £ modulo 8, we fix an appropriate
representative a € {1,...8}. Tt follows that for fixed ¢ > 1,

1 1 1
Z TS Z it Z 1+ o),
Sz Toslel — | 2 TSl vy | 2 (g
k=a (mod 8)
where, by (2.19), we need only consider the case ¢ = 1 when a € {4,8}. The last equality
above follows from

1 B 1 _ (log(8ct + ca)) T — (log(8cl)) ™!
(log(8cl))i+t  (log(8cl + car))i+t (log(8¢cl + car))i*+1(log(8cl))i+1
(log(8¢cl + ca) — log (8ct)) (log(8cl))’ 1
(log(8cl))?i+2 ¢ (log(8cl))i+?

and the sum over ¢ converges. By the Euler—Maclaurin formula,

1 % dt 1 cK dt
2 W‘/I WJFO(D_%/& W+O(1)

1<e<| 552
1 ek E (o K
"~ 8¢ (log(cK))itt ; j1(log(cK)) J(<10g<cK))J+2)'
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By Proposition 3.6, and upon noting in particular that ¢;(d, k) = ¢;(d, o) for any even j
and k = a (mod 8), we find that

a+1

D(K: 6. F§) = 3(0) +

- ¢i(d,0)p(0) 2 (j+0)
/R(b( Jdu + Z (log(KMga)) J+1Z J!(log(K Mgya))*

J even
8 1+ log |d]
2 Usie (6, d, k) + O
N K 1<;K il )0 ((log(KMd@))J“
k=a (mod 8)

Setting m = j + ¢ + 1, we write the 7, /~sum as
min (m—1,J-1)

J—1 0 J+1 J+1 ~ .
¢;(d, a)9Y)(0) (m-1! (m —1)! ¢;(d, a)9Y)(0)
2 ! 2 (log(K Mya))™ mZ::l (log(K Ma,a))™ 2 '

m=j5+1 =0 .]'
J even j even

and the formula for D(K; ¢, F7) follows by defining C,,(d, o, ¢) as in (5.1). Finally, we recall
that for j > 1,

Co(d, k) = - 10g 2 + cO,ram(k) + CO,inert(k) + CO,inert,d(k)
Cj (d, k) = Cj,ram(k) + Cj,inert(k) + Cj,inert,d(k)a

so that by the expressions (3.16), (3.20), (4.1) and (4.12) above, we obtain the desired
formulas in the statement of the proposition. O

Theorem 1.1 now follows from Proposition 5.1 provided that we can bound the contribution
of the split primes for test-functions ¢ such that supp(gg) (—1,1). We begin by first proving
the following weaker result, which, combined with Proposmon .1, provides an asymptotic
for D(K; ¢, F3) when supp(¢) C (—1,1).

272
Lemma 5.2. Let d be an odd square-free integer, a € Z/8Z, and let ¢ be an even Schwartz

function such that Supp(g/b\) C (—v,v). Then as K — oo, we have

8
? Z Uspht(¢, d, k:) = O(dQVKQ”—l)'
1<k<K
k=a (mod 8)

Proof. Summing (3.13) over k, we get
8

% 2 Usi(o,d.k)
1<k<K
k=a (mod 8)
G2 =-p Y LY @”@+?QM$( logp ) 1
| KPEl(mod4) P? 1<k<K d7k . 2log(kMa,a) ) log (kMaa)
(p)=pP k=a (mod8)
n>1
We have
Z (fﬁ,k(p)%lk(p)): Z (ezkned,p+e—zkn0d,p)
1<k<K 1<k<K
k=a (mod 8) k=a (mod 8)
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with 6, as defined by (2.21). We define
Di o(x) := Z (e 4 emhry = 9 Z cos(kx).

1<k<K 1<k<K
k=a (mod 8) k=a (mod 8)

We note that
1+ Y Dgalr) = Dg()
Q€EZL/ST
where
K . 1
, K+:
DK(:E) . Z ezkm _ sin <( Q)x)

B sin(3)

k=—K

is the Dirichlet kernel at x. Fixing an appropriate representative for av € {1,...8}, we
observe that

Dio(z) = Z (em(se+a)+e—z‘x(8z+a))

o<e<| B2

+

plaz _ eim(8LKgaj+a+8) e—iar _ e—iz(8LKgaJ+a+S)
1

_ eSix 1 — efSim

5.3
(5-3) B _pila—d)z iz (8L 552 | +at4) 4 emila—dz _ e—iz(8L 552 [ +a+d)

B 2isin(4x)

B sin((8[ 552 ] + o + 4)z) — sin((ov — 4)) < 1

B sin(4x) |sin(4z)|
Using the bound (5.3) and partial summation, we get

—n ~ nlogp 1

€h) + Eistr)) & )
1;}( ( ok ok 2log(kMq,) ) log (kM)
k=a (mod 8)
N nlogp
~ nlogp 1 /K d ¢ <2log(th,a)>
= Dk o(n0 - Dio(nbyy)—| ———+7—% |dt + O(1
Ka(nbip)o (210g(KMd7a)> log (KMg,q) L b (n d’p)dt log (tM,q) +00)
n n lo,
- 1 N 1 /K d (¢ <210g(tz%42,a)> df <
Isin(4nby,)|  |sin(4nby,)| /1 |dt \  log (tMy.) |sin(4nfy,)|’
since the integral converges. Since supp(&ﬁ\) C (—v,v), it then follows from (5.2) that
8 1 logp
(54) T US 1it(¢7da k) < = n . .
K 1SkZ§K ’ K pn<(1%7a)2u b= |Sln(4n6d7p)’

k=a (mod 8) p=1(mod4)

In order to give a lower bound on [sin(4nf,,)|, we first demonstrate that 6,4, ¢ 7Q for
any p = 1(mod4). Observe that since z,, € Z[i], we have that tan(6,,) € Q. Moreover,
Niven’s theorem states that {a € Q : tan(ar) € Q} C 1Z. Since we know that 0, ¢ 7 for

any p = 1(mod4), it follows that 6;, ¢ 7Q, as desired. In particular, when p = 1 (mod4),
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the point zj, = p/2ear ¢ 7[i] is a lattice point off the lines x = 0, y = 0 and = +y of
the complex plane, i.e.
[Im(z5,)], [Re(zgp)l, Tm(zg,) + Re(z,)] = 1.
Using
sin(4x) = 4sinx cos z(cos x — sin x)(cos z + sin x),
we find that for, say, 0 < nby, < § and 5—” <nbg, <m,

[Tm (zg )| T _n
[sin(4nfa,)| = 4= ‘;‘p (cosZ)* (cos T —sin %) > p~2.

For 2 < nfy, < ¥ and 2 < nfly, < 5 we similarly find that

|sin(4nby,)| > 4sin X cos % [Relz ’iidﬂllm(zd 2! (cosZ +sinZ) >p 2

6

while for § < nflg, < 2”

|sin(4nfyy)| > 4sin 3 [Relzdp) (sin® 2 — cos® Z) > Pz

|Zd,p| 3

Since x + sin(4x) is §-periodic, we have proven that for any p,

n

(5.5) |sin(4nb,,)| > p~ 2.
Inserting into (5.4) and using the prime number theorem in arithmetic progressions, we have
8
K > U, d, k) < d K>,
1<k<K
k=a (mod 8)
as desired. -

Remark 5.3. In the following, we will use the function ||-||2x to denote the distance to the
nearest integer multiple of 27r. Observe that since 1||2z||s, > [sinz|, we have by (5.5) that

(5.6) 1878.p|2x > 272

We will use it often in the next section.

6. PROOF OF THEOREM 1.1

In order to extend the admissible support in Lemma 5.2 to (—1,1) (and prove Theo-
rem 1.1), we improve upon our bound of the contribution of the split primes by averaging
the possible values of 6,,, and not simply bounding by the worst value. Let

n

(6.1) Spn 1= {z =r(2)e® € C* 1 nby, — 2 <0(z) <nbyy+ tp2

and pz — 1 <r(2) Sp%+i}.

Note that the area of Sp» is equal to

Omax Tmax
A(Spn) = //s rdrdf : = /0 | / | rdrdf = % (72 ax — Toin) (Omax — Ormin)
1 n 2 n 2 _n 1
=5 (@) -0 -D)") (%) =5
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Lemma 6.1. Let d be an odd square-free integer, p = 1(mod4) and n a positive integer.
Then if p=2 = o(||8nb4||2x), we have

o = w s L, oo (0 Gy
dd@ 1+0 | = )
AT nA 8611>- PE 816y 2r

Unconditionally, we moreover find that

1 1
Y - // 08T 4,40,
p2||8”9dp||27r Sy [180]|2x

Remark 6.2. Note that by (5.6), for any re? € Sy, and for all m € Z,

80 — 2m| > [8nfa, — 2m| — |8nba, — 80)

> Inlllérzl 18nby, — 2mm| — |8nby, — 86| = ||18nbapll2r — |8nb4, — 80|
> 27 —pE=pE

Thus

(6.2) 180]|2 > p~2 >0,

and therefore the integral in Lemma 6.1 is indeed well-defined.

Proof of Lemma 0.1. Let

log x 1 —logx
f) =BT d ) = BT
so that for re?® € S,n, we have
logr nlogp n , log(p? — 1) nlogp
_§ 2 <<|T—p2|' sSup |f(t)|<< n 1\9 < n
r pe te[min(r,p?),max(r,p? )| (pz = 1) p

Omax Tmax
L st [ () [ (0 2
sn||89\|27r r buin \SOll2r ) S \2 p2 p"

We begin by computing the r-integral. We have

/rmaxlOgTTdT: ﬁlogﬂp_i_O nlogp )/p%Jr}ler:nlongrO nloﬂgp ’
Tmin r 2 p2 pn p%_l 4 p2

4

and, in particular,

1 i |
(6.3) o ng <</ Ofrrdfr.

min



We now compute the f-integral. Up to translation by Z7, we may assume that [0y, Omax] C
(0, %) We consider several cases. First, suppose 0. < §. Then

e o0 e+ L)~ tog (nfay —
/ 80]12x / 803 (Og ( "t 8p3) % ( 8p3>)
. (log (1—1-;”) —log (1— %))
8 8nby,p? 8nby,p?

= (14+ 0 ((p?||8nba,p]l2)72)) -
Ap% (|8nBp||2x ( ((p2|8nb4pll2r) %))

Since the coefficients of the Taylor series are all non-negative, the implied constant is positive,
enabling us to conclude that

1 emax de
(6.4) S / .
Ap>[|8nbap || 2x O 1180|127

Next, suppose @i > z Then

0 [}
max  df max  df 1 1 1
_ _Y 21 — 4nb )~ —dnb,, — —
/9 186]] 2 /9 2r —80 8 (Og (W M T 2p2) o8 (W "dr 2p2)>

(1 +0 ((p% ||8n0d,p||27r)_2)) 5

L (—1D)H +1 0o
S D g, )pt)

- &  4p7|8nbay|2n

and where again we may conclude (6.4), upon noting that the implicit constant is positive.
Finally, we consider the case Oy < § < Omax, in which case [nfg, — 5| < %p‘g. Then

boas g (5 do [ dl
/9 . /9 80" / 27 — 80
_! (1og <Z> — log (n@d _ 1 ) + log <E> — log (z —nbg, — L))
8 8 Pogp3 8 4 Pogps

1 (2 log (E> —log (4nb,,) — log (m — 4nb,,)

8 2

—log(l—;ﬂ>—log(1— ! n) .
8nby pp2 2(m — 4nb,,)p2
Note that

7r B /2 —4nbg, /2 —4nb,,
2log <§> — log (4nby,) — log (m — 4nb,,) = — log (1 — W—/2> —log (1 + T

=0 ((g - 4n9d,p>2) =0 (™),
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as well as that

1
12
1 1 .
_% (877,9(“, — 8n6d,p> + O<p )

This last term can be approximated by noting that
1 n 1 B 1 n 1
877/‘9(1,], 2m — 8n0d,p H8n9d,p|]27r + 87186171, - H8n9d,p|]2ﬁ ||8n0d,p|]27r + 27 — 8n9d,p - H8n9d,pH2W

2
= i (14 O(1I8n0u, 157 (127 — 86y = 800, ] + 876, — 8100, 2x])) )
18nbap||2x
2 n
= ——(1+O((p2||8n0 ﬂ‘1>,
T (O I8nfasllar) ™)

where for the last equality, we note that one of the terms in the innermost parentheses
vanishes while the other is < 2p~2, by hypothesis. Note also that ||8n6,,|5, =< 1 in this
range. To summarize,

/Gmax de 1 (1 + O( _ﬂ||8 0 ||_1>)
_= n p 2 mn d7 T .
buin 1802 4p2 [|8004p|2x o

This is our worst error term under the assumption that p~2||8nf,,|5, — 0. Noting that
1802+ > L for all § € [fnin, Omax), we further observe that

0 0
max de 1 max 1
(6.5) / T = = / df = —,
Omin ||80||27r ™ Omin 47Tp 2

from which we may conclude (6.4), upon noting again that ||8n6,,5, = O(1).
It follows that, in each case,

1 logr (nlogp (nlogp)) 1 . »
rdrdf = +0 n = 14O (p2|(|8n0ap||2r
//Spn 180|2r 7 4 p2 4p% 8184, |2 ( ( pll2 ))

1 nlogp ( < 1 >>
=ASp) sz (1 +O0 =] |-
(Sp )2p5||8n9d,py|2w P2 [|8n84,p|2x

In particular, by (6.3) and (6.4), we conclude that

nlogp 1 // 1 logr
o < rdrdf,
p2lI8nbapllze — A(Spn) J S5, [180]0r 7

as desired. O

Proposition 6.3. Let d be an odd square-free integer, a € Z/8Z and ¢ be an even Schwartz
function such that supp(¢) C (—v,v). Then as K — oo, we have

8
= > Ugiin(¢,d, k) = O, (d” K" (log(dK))?).
1<k<K
k=a (mod 8)
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Proof. Noting that 1|2z||2, < |sinz|, it follows from (5.4) and Lemma 6.1, that

log p

8 1
> Upnldd k)< — Y :
Lt n/2
K TR /2 |sin(4nb,,)|

1<k<K
k=a (mod 8) p=1(mod4)
2ulog(K1\/Id7a)
1 <21 log r
— drdf.
Lo 2 // Tl

<L =
K n=1
"< KMd

(6.6)

By (6.1), we note that |z}, — 2| < 1/2 for any z € Spn, and thus since 27}, € Z[d], it follows
that for p # q, Spn N Syn = 0. By (6.2), we find that for any re? € Sjn,
1 n
<p 2 < [|80]f2r-

1
B S n 1 =
2r 2p2 -3
It follows that for any n > 1,
1
U S»CR = {z: e C~ H89||27r>—aﬂdléré(KMd,a)”JrZ}_
p=1(mod 4)
Pr<(KMg,)?

Thus, as § — [|80]|2, is F-periodic, we have

log rdrdf < // log r drdf
3 //snuseu% N
n<(KMda)2V
/(KMd,a>”+i /Z{—lé 4o (KMgo)”+1 z_L
< 10grdr<</ log r / / dr
1 - H89H27r 1 1 27r—89

(KMd,a) +% T
< / log r (log gt log 167") dr <, (KMga)"(log(KMgy,a))
1

2vlog(KMy o)

8 log 5 1
> Ul d k)<, Y EK_I(KMd,a)V(log(KMd,a))2

Thus by (6.6) we conclude that

n=1

1<k<K
k=a (mod 8)
<, d"K" (log(K My,))?* loglog(K My,
Finally, by (2.19) and (3.2) we note that My, < d, from which the desired result now
follows. 0
.1 and Proposition 6.3, this proves Theorem 1.1.
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7. NON-VANISHING RESULTS

In this section we prove Corollary 1.3. Fix 0 < v < 1 and consider the usual smooth test

function
) 2
sin (mvx)
TV

o) = onto) =
We note that ¢,(0) =1, ¢, (x) > 0 for all z € R,

~ vl 1 < v
M):{u 4

0 otherwise,
and that supp(qg) = [—v,v]. As ¢,(x) is not a Schwartz function, we will approximate it by
a family of even Schwartz functions {¢,,}m>1. In particular, we will assume that {¢y, }m>1
well-approximates ¢, in the L! norm, and that supp(gm) C (=1, —1). For simplicity, we will
moreover assume that ¢, > ¢, for all m > 1.
Assume the Riemann Hypothesis holds for L(s,&;x) (i.e the non-trivial zeros % + iy satisfy
v € R) for all £ > 1. We then have, for a even, and every m > 1, that

3 3 ord _1L(s,&ak) 4
7.1 — 1< — 2 < — Di (b,
(7.1) i% > S % > 5 S % > K (Gms Ed )
1<k<K 1<k<K 1<k<K
k=a (mod 8) k=a (mod 8) k = a(mod38)
L(%?fd,k):()

1

where we have used the fact that for a even, the order of vanishing of L(s,&;) at s = 3 is

even, since W (&;x) = 1 by Lemma 2.5. Thus, for all m > 1 and large K, we find that

%#{1§k§K,kEa(mod8):L(%,fd,k)%O}Zl—% > ’DK(qu,fdjk)—kO(%)‘

Applying Theorem 1.1, for any v < 1, we compute

i fin & Y Detomga) =00~ [ (5-5)a=1- 4
1<k<K
k = a(mod38)

so that

.. 8
hKHBOIéfE #{1<k<K,k=a(mod8) : L(3,&y) #0} > 75%.

Suppose now that « is odd and o € S;(d), i.e. for k = a (mod8), we have W (&) = 1,
which implies that L(s,&;y) vanishes with even order at % Working as above under the
GRH for L(s,&4), we have

ord _1L(s,&ak)

8 8 4
7.2 — 1< — 2 < — Dy (b,
(7.2) % E S % E 5 <% K (P Eak)
1<k<K 1<k<K 1<k<K
k=a (mod 8) k=a (mod 8) = a(mod 8)
L(%,Ed,k)ZO
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but in this case, we have orthogonal symmetry from Theorem 1.1. We compute

m—o00 K—o00 _ 1% V2
1<k<K v
k = a(mod8)

and replacing in (7.2) with v < 1, we get

hmlnfE #{1<k<K,k=a(mod8) : L(3,&y) # 0} > 25%.

K—oo

Finally, suppose that « is odd and a € S_(d), i.e. that for £ = a(mod8), we have

W(&sx) = —1. This implies that L(s,&yx) vanishes with odd order > 1, and working as
above under the GRH for L(s,&qy),
(7.4)
3 3 ords_lL(s,fng) -1 4 1 )
-1 B
R 5 <z D Dxldmbur) —5+O0(K
1<k<K 1<k<K 1<k<K
k=a (mod 8) k=a (mod 8) k = o (mod 8)
OI‘dS:% L(S,fng))l
and we again have orthogonal symmetry. As in (7.3), we compute
4 1 1 1
lim lim — D = _Z
Jm lm 2 > Dx(@mbar) =5 =5, ]

1<k<K
k = a(mod38)

and replacing in (7.4) with v < 1, we get

K—oo

8
liminf? {1 <k<K,k=a(mod8) : ord 1L(s, )= 1} > 75%.
=3
This completes the proof. 0

: 2
Remark 7.1. As remarked in [20], the function ¢;(z) = (%) is optimal among all

s

functions ¢ € S; where

Sy = {gb € L'(R),¢ > 0,6(0) = 1, and supp() C [—1, 1]}

for both symplectic and orthogonal symmetry. In other words,

d)lélgl /_ o(x)We(x)d

is attained for ¢y when Wg(z) =1+ 1sm(ﬂ Indeed, noting that ¢, = g g where

o 1 ifxe(-13]
0 otherwise,

the proof of [20, Cor. A.2] demonstrates that ¢; is optimal if and only if g is an eigenvector

for the operator f — [; f( y)(We — 60)(x — y)dy on L'([—3,1]). By (1.6), and taking 7 as
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in (1.7), this is equivalent to the condition that the maps

1
1 [2
T :i:§/ n(x —y)dy

11

are constant on the interval [—3, 5], which is indeed the case.

APPENDIX A. EVALUATING THE ¢; CONSTANTS NUMERICALLY

In this appendix, we numerically approximate the values of ¢;(1,0) using the formulas of
Proposition 5.1 for the cases j = 0 and j = 2, and explain the procedure for doing so for
arbitrary 7 > 0. We write
¢j=¢;(1,0) = A; + B; = Tj,

J

(log2)i+t 2 (log2\’" ™ 1 ,
A= +L1_j(%)—f‘ 5 Li_; 7 — d0(7) log 27

J! J!

where

L oitl /¢ ()
T‘ = (—1 ]+1+ (—73) 2).
j= P ()@
We seek to re-express the constants B; and 7} in a more computationally-friendly form. To
begin, we find that by the Faa di Bruno formula [8] for higher derivatives,

. "
G ' it o
<7 (1) = (log /)" (s)| = log®(f(1)) - Bjyaw (fP(1), fO(1),..., fO2P(1)),
s=1  f=1
where the partial exponential Bell polynomials are defined as
(A.2)

n! 1\t Tn—k+1 T
Bop(w1,. oo Tnpp1) 1= > I <T> <(n—k+1)') '

—
1redn k1120 Jie e In—ktl

Jittin—k+1=k
J1+2je++(n—k+1)jp_kr1=n

By comparing terms in (4.15), we note that for ¢ > 1,
FOQ) = U=1)" e,
where ~y, are the Stieltjes constants. Moreover, for k > 1, since f(1) = 1, we have
log™(f(1)) = (=1)* ' (k — D)1,
We therefore conclude that
f! v < k1 i+1—k
(5) 0= 0= 00 B (=2 42— D1 ).
k=1

This formula may then be coded into Mathematica as follows:
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Bellzetal[j_,k_]:=BellY[j+1,k,
Table[(-1)"i*x(i+1)*StieltjesGammali], {i,0,j+1-k}]1]
(¥Defining the Bell polynomial Bjiix (Yo,.--,(J +2— k) (=17 Fry k) *);

Bzetal[j_J:=Sum[(-1)"{k+1}(k-1)! Bellzetalj,k], {k,1,j+1}]
(*Summing over the relevant Bell polynomials*);

Next, let x be a Dirichlet character modulo ¢g. For n > 1, we note that

(A-3) L™ (1, x) = (=1)"3m(0),
where 7,(x) is known as the n'™ Laurent-Stieltjes constant for L(s,x). As in [7], we find
that v, (x) may be expressed as

n+1

Y

logm)" log
Z (logm)"  (logx)

- Zx(a)%(aa% Tnla,q) = lim m q(n +1)

T—00
0<m<zx
m=a (mod q)
where v,(a,q) are sometimes referred to as generalized Euler constants (for arithmetical

progressions). In particular, we find that for n > 1,

(A.4) ’Yn(X4) = ’Yn(L 4) - ’Vn(?)? 4)7

™

and moreover that vo(x4) = L(1,x4) = . For small values of n (n < 20), v,(1,4) and
Yn(3,4) have been explicitly computed in |

6]:

(1, 4) [-0.154621845705 | [71(3,4) [ 0.038279471092 | [ 71 (xa) | -0.19200131679
~o(1,4) | 0095836601153 | | ~1(3,4) | 0.058305123277 | | 7a(xa) | -0.15414172443
v3(1,4) | -0.049281458556 ’73(3,4) 0.045601400650 ~v3(x4) | -0.0948828592

TABLE 1. Values of v,(1,4), 7,(3,4), and v, (x4)-

Again by the Faa di Bruno formula for higher derivatives, it follows similarly to as above
that

Ll () J+1 )
(I) (1,x4) = Zlog L(1,x4)) - Bjsrw (LV(1, xa), L2 (1, xa), -, LVT7R(1, )

J+1

- Z Dk —1)! (%) B Bjyik (=1 (xa)s - (—1)j+2_k7j+2—k:(X4>) :

Each such contrlbutlon may then be computed in Mathematica as follows:

Lconstants :={-0.19290131679,-0.15414172443,-0.0948828592}
(*Values of 7;(xs4) extracted from previously published computationsx)

BellL[j_,k_]:=BellY[j+1,k,Table[(-1)"{i}*Lconstants[[i]],{i,1,j+2-k}]]
(*Defining the Bell polynomial Bjyix (—7(xa),--., (=1)72 40 k(xa)) %)

BL[j_l:=Sum[(-1)"{k+1}(k-1)!'(Pi/4)"{-k} BellL[j,k],{k,1,j+1}]
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(*Summing over the relevant Bell polynomials for the L-function factorx*)

BLj_l:=(-1)"{j}/(j)'(Bzetal[jl-BL[jl)

i IHY@) [ (E/L)D(, xa) B;
j=0]0.57721566 | 0.24560958 | 0.33160608
=2 0.10337726 |  0.29505047 | —0.0958366

TABLE 2. Values of (f//f)9(1), (L'/L)Y)(1,x4), and B, for j = 0 and
=2

Next, we note that since
Ci?,)(” —1ogpj+ n 1 1
—= 5) = = —logp)™'Li; [ — |,
()= 3 Sl s g (L
p=3 (mod4) n=1 p=3 (mod 4)
we have that
; (i3 7H j 1
T = —1J+1 : ( 2) = "— logp)/ ™Li_: | = ).
J ( ) j' C43 ( ) ]‘ - Z ( g ) J p2
p=3 (mod 4)
To compute the inert prime contribution, we write

T; = Ty[z] + R[],

where
7+ j+17 -2
T[] ::T Z (logp)’ ™ Li_;(p™)
p=3(mod 4)
p<zx
and

27+ logp JHn] 2j+1 (logz)i*t L= (logz)* (j + 1)!
Rila] == Z = et )
p=3 (mod 4) n=1 k=0
p>x

so long as z is sufficiently large such that the map ¢ — (log#)’*!/¢? is decreasing in the range
[z,00). The resulting contribution may then be computed by implementing the following
code:

X=1000000; primes3 := Select[Rangel[3, X, 4],PrimeQl]
(¥List of primes 3 mod 4 up to X*);

T[j_1:=(2"{j+1}/j!)Sum[N[Log[primes3[[i]1]1] " {j+1}]
N[PolyLogl[-j,(1/primes3[[i]]1°2)]],{i,1,Length[primes3]}]
(xcomputes T;[X]*)

Plugging in the value 2 = 10° yields the following values:
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j | T;[10%] | Bound for R;[10°] A, ¢
7 =1010.45747 0.00003 —2.81814 | —2.9440
=2 393 0.014 —1.00081 | —5.0

TABLE 3. Numerical approximation of ¢y and cs.

Remark A.1. Numerically, we observe that as j grows, B; approaches 0, A; approaches —1,
and T} tends towards infinity. This suggests that ¢; < 0 for all 7 > 0, and moreover that the
main contribution to ¢; is given by the inert primes, in particular the (j + 1)™ logarithmic
derivative of (43 at 2. Finally, we further note that the higher order logarithmic derivative
of (43(s) at s = 2 may likely be computed more efficiently using methods adapted from [23]
(see, in particular, Remark 1 therein).
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