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Abstract. We study the low-lying zeros of a family of L-functions attached to the CM
elliptic curve Ed : y2 = x3 − dx, for each odd and square-free integer d. Specifically,
upon writing the L-function of Ed as L(s − 1

2 , ξd) for the appropriate Grössencharakter ξd
of conductor fd, we consider the collection Fd of L-functions attached to ξd,k, k ≥ 1, where
for each integer k, ξd,k denotes the primitive character inducing ξkd . We observe that 25%
of the L-functions in Fd have negative root number. Fd is thus not one of the essentially
homogeneous families of the Universality Conjecture of Sarnak, Shin and Templier [33],
with unitary, symplectic or orthogonal (odd or even) symmetry type. By computing the
one-level density in the family of L-functions in Fd with conductor at most K2N(fd), we find
that Fd naturally decomposes into subfamilies: more specifically, a collection of symplectic
(L(s, ξd,k) for k ≡ α (mod 8), α even) and orthogonal (L(s, ξd,k) for k ≡ α (mod 8), α odd)
subfamilies. For each such subfamily, we moreover compute explicit lower order terms in
decreasing powers of log(K2N(fd)).

1. Introduction

Let d ∈ Z be a fixed odd square-free integer, and let Ed denote the complex multiplication
(CM) elliptic curve with affine equation Ed : y2 = x3 − dx. The L-function of Ed is

L(s, Ed) :=
∏
p∤2d

(
1− ap(Ed)

ps
+

1

p2s−1

)−1

, Re(s) > 3
2
,

where for each prime p ∤ 2d, one writes ap(Ed) := p + 1 − #Ed(Fp). Because of com-
plex multiplication by Z[i], this L-function may be written in terms of the L-function of a
Grössencharakter on Z[i]. More specifically, we have

L(s, Ed) = L(s− 1
2
, ξd),

where ξd is the Grössencharakter defined in (2.13). For each fixed d, we consider the collection
of L-functions

Fd := {L(s, ξd,k) : k ≥ 1},
where ξd,k denotes the primitive character inducing the power ξkd of the Grössencharakter ξd.
For the particular case d = 1, Fd and its subfamilies have been used to study fine scale
statistics of Gaussian primes in sectors [1, 4, 14, 32].

In this paper we study, for fixed odd square-free d ∈ Z, the low-lying zeros (i.e. the
zeros close to the central point s = 1

2
) of the L-functions in Fd. The Katz–Sarnak Density

Conjecture [21, 22, 33] states that the distribution of low-lying zeros may be predicted by
the symmetry type of the family in question. Precisely, the conjecture states that the zero
distribution corresponds to the distribution of eigenvalues close to 1 of random matrices
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in an appropriate classical compact group (unitary, symplectic or orthogonal). There is a
lengthy history of computing one-level densities, and more generally n-level densities, for
various L-function families including those of Dirichlet characters [2, 3, 16, 26, 29], Hecke
characters [11, 15, 34], elliptic curves [12, 25, 35], and modular forms [5, 20, 31]. We refer
the reader to [33, §2] for an extensive survey of existing results, including results for Artin
L-functions, L-functions of Maass forms, and L-functions of automorphic representations.
The symmetry type is also related to the distribution of the sign of the functional equa-

tion. Let W (ξd,k) = ±1 denote the root number of L(s, ξd,k) (i.e. the sign of its functional
equation). As demonstrated in Lemma 2.5, one has, for any fixed odd square-free d ∈ Z,
that

lim
K→∞

#{1 ≤ k ≤ K : W (ξd,k) = −1}
K

=
1

4
.(1.1)

Conjecturally, the proportion (1.1) should equal the average analytic rank of Fd. As the sign
of the functional equation is not constant thorough Fd, it is not an “essentially homogeneous”
family in the language of Sarnak, Shin and Templier [33]. We further observe that the
orthogonal symmetry type — which is the average of the symmetry types SO(even) and
SO(odd), and has average rank 1

2
— is also excluded. Upon studying congruence classes of k

modulo 8 (see Theorem 1.1) we show that Fd ultimately breaks down into natural subfamilies
with different symmetry types.

In order to state our main result, let us first introduce some notation. Let ϕ be an

even Schwartz function such that ϕ̂(s) :=
∫∞
−∞ ϕ(t)e−2πits dt, the Fourier transform of ϕ, is

compactly supported. For each fixed odd square-free d ∈ Z, we wish to understand the
behaviour of the properly normalized low-lying zeros across the subfamilies of Fd. To this
end, we define as in [22, (54)],

(1.2) D(ϕ, ξd,k) :=
∑

L( 1
2
+iγ,ξd,k)=0

ϕ

(
γ log (k2N(fd,k))

2π

)
,

where N(fd,k) is the norm of the conductor of ξd,k, and where the normalisation factor is
chosen upon noting that the analytic conductor of L(s, ξd,k) is asymptotic to k2N(fd,k) (for
further details concerning this chosen normalisation see the beginning of Section 3 below).

As the root numberW (ξd,k) depends on the congruence class of k modulo 8 (see Lemma 2.5),
it is natural to study the subfamilies of Fd according to the congruence class of k modulo 8.
For any α ∈ Z/8Z, we thus define

Fα
d := {L(s, ξd,k) : k ≥ 1, k ≡ α (mod 8)}.

The one-level density of the family Fα
d is then given for any K ∈ N, by

D(K;ϕ,Fα
d ) :=

8

K

∑
1≤k≤K

k≡α (mod 8)

D(ϕ, ξd,k).(1.3)

Our main theorem is as follows.

Theorem 1.1. Let d be an odd square-free integer, ϕ be an even Schwartz function with

supp(ϕ̂) ⊂ (−1, 1) and fix J ∈ N and α ∈ {1, 2, . . . , 8}. Let Md,α := N(fd,α)
1
2 , where fd,α is
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the conductor of ξd,α given by (2.19). When K → ∞ and α is even,

D(K;ϕ,Fα
d ) = ϕ̂(0)− 1

2

∫
R
ϕ̂(u)du+

J∑
m=1

Cm(d, α, ϕ)

(log(KMd,α))m
+OJ

(
1 + log|d|

(log(KMd,α))J+1

)
,

and when K → ∞ and α is odd,

D(K;ϕ,Fα
d ) = ϕ̂(0) +

1

2

∫
R
ϕ̂(u)du+

J∑
m=1

Cm(d, α, ϕ)

(log(KMd,α))m
+OJ

(
1 + log |d|

(log(KMd,α))J+1

)
,

where the Cm(d, α, ϕ) are given by (5.1).

Remark 1.2. Since supp(ϕ̂) ⊂ (−1, 1), we have

(1.4) ±1

2

∫
R
ϕ̂(u)du = ±1

2

∫ 1

−1

ϕ̂(u)du,

which is the expected term from Katz–Sarnak heuristics (see (1.6) and (1.7)). Note that

the equality in (1.4) no longer holds when ϕ̂ is supported beyond [−1, 1]. This explains why

supp(ϕ̂) ⊂ (−1, 1) is a difficult barrier to break: one needs to identify an additional term of
the exact same size in order to precisely cancel this excess contribution.

In [34], the third author computed the one-level density of the subfamily k ≡ 0 (mod 4)

for the particular case d = 1, for test functions ϕ such that ϕ̂ ⊂ (−1, 1), up to an error term
of size O(1/(logK)2). In such a case, the root number is identically 1 for each element in
the family, and the one-level density has symplectic symmetry. Our work generalizes this
in three distinct directions. Specifically, we allow d ∈ Z to be any odd and square-free
integer; we consider k ≡ α (mod 8) for any α ∈ Z/8Z; and we explicitly compute all lower
order terms up to an arbitrary negative power of log (KMd,α). In contrast to the main
term, which follows the Katz–Sarnak prediction, the lower-order terms have no universal
behaviour, as they contain features which depend on the particular family in question. We
refer to [5, 9, 10, 30] for comparisons.

An additional interesting feature of this work is a very explicit description of the lower-
order contributions in terms of generalized Euler constants. Such a description enables a
concrete understanding of the speed and direction of convergence to the conjectured distri-
bution (see Section 4 and Appendix A and in particular Remark A.1).

Note that Theorem 1.1 determines the symmetry type of the families Fα
d . Indeed, by the

Katz–Sarnak Density Conjecture and the Sarnak–Shin–Templier Universality Conjecture [33,
Conj. 2], we expect that for an essentially homogeneous family F , there exists some compact
group G ∈ {U, Sp, SO(even), SO(odd)} (depending on F) such that

lim
K→∞

D(K;ϕ,F) =

∫
R
WG(x)ϕ(x)dx =

∫
R
ŴG(t)ϕ̂(t)dt,

where

WG(x) :=


1 if G = U

1− sin(2πx)
2πx

if G = Sp

1 + sin(2πx)
2πx

if G = SO(even)

1 + δ0(x)− sin(2πx)
2πx

if G = SO(odd),

(1.5)
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and δ0 is the Dirac function. The Fourier transform of each such density is then given by

ŴG(t) =


δ0(t) if G = U

δ0(t)− 1
2
η(t) if G = Sp

δ0(t) +
1
2
η(t) if G = SO(even)

δ0(t) + 1− 1
2
η(t) if G = SO(odd)

(1.6)

where

(1.7) η(t) :=


1 if |t| < 1,
1
2

if |t| = 1,

0 if |t| > 1.

By Theorem 1.1 and (1.6), Fα
d has symplectic symmetry when α is even, and an orthogonal

symmetry type when α is odd. In the latter case, the two orthogonal symmetry types

cannot be distinguished when supp(ϕ̂) ⊂ (−1, 1). By differentiating the functional equation
(see (2.25)), we moreover observe that W (ξd,k) = −1 if and only if ords= 1

2
L(s, ξd,k) is odd.

Thus, upon defining

(1.8) S±(d) := {α ∈ (Z/8Z)× : W (ξd,k) = ±1 when k ≡ α (mod 8)},
we expect (by heuristically taking ϕ to be the indicator function of the set {0}) that G =
SO(even) when α ∈ S+(d) and G = SO(odd) when α ∈ S−(d). The sets S±(d) are explicitly
computed in (2.30).

Note moreover that when k is odd, it follows from [18, Thm. 12.5] that L(s, ξd,k) = L(s, f),
where f is a cusp form of level 4N(fd), weight k + 1, and nebentypus equal to the Dirichlet
character modulo 4N(fd) given explicitly by n 7→

(−4
n

)
ξd,k((n)), where

(−4
·

)
is the Kronecker

symbol. The nebentypus is then the trivial character modulo 4N(fd) (see (2.20) and (2.2)).
The family Fα

d may thus be viewed as a thin subfamily of L-functions associated to cusp
forms of fixed level, trivial nebentypus, and varying even weight. This larger family has an
orthogonal symmetry. This was proven in [20, Thm. 1.3] by computing the corresponding

one-level density for ϕ̂ supported in (−2, 2).
As an application of Theorem 1.1, we obtain a proportion for non-vanishing at the central

point in each family Fα
d . This partially answers a question in [4], posed in the cases d = ±1.

The proportion depends upon the symmetry type of the family.

Corollary 1.3. Let d be an odd square-free integer and assume the Riemann Hypothesis for
the functions in Fd.
When α ∈ Z/8Z is even, the proportion of non-vanishing in Fα

d is at least

lim inf
K→∞

8

K
#
{
1 ≤ k ≤ K, k ≡ α (mod 8) : L(1

2
, ξd,k) ̸= 0

}
≥ 75%.

In the case α is odd and α ∈ S+(d), we have

lim inf
K→∞

8

K
#
{
1 ≤ k ≤ K, k ≡ α (mod 8) : L(1

2
, ξd,k) ̸= 0

}
≥ 25%.

Finally, if α is odd and α ∈ S−(d), each L(s, ξd,k) vanishes at s =
1
2
, and we have

lim inf
K→∞

8

K
#
{
1 ≤ k ≤ K, k ≡ α (mod 8) : ord

s=
1
2
L(s, ξd,k) = 1

}
≥ 75%.
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The structure of this paper is as follows. In Section 2 we define the Grössencharakters ξd,k,
and explicitly compute the root numbers W (ξd,k) for all odd square-free d ∈ Z and k ≥ 1.
This leads to the observation (equation (2.29)) that W (ξd,k) = −1 for 25% of the k ≥ 1,
and depends only on k (mod 8) (for any fixed value of d). In Section 3, we then employ
the explicit formula to compute the contribution of the Γ-factors, of the ramified primes,
and of the inert primes towards the one-level density computation, for each ξd,k. This yields
the symmetry type of each family Fα

d (see Proposition 3.6), provided one can show that
the averaged contribution of the split primes (i.e. of Usplit(ϕ, d, k) over 1 ≤ k ≤ K with
k ≡ α (mod 8)) is small. In Section 4 we then offer an alternative expression for cj,inert(k), the
contributions of the inert primes to Cm(d, α, ϕ), helpful in order to compute such constants
explicitly in Appendix A. Next, in Section 5 we provide a simple argument showing that

Theorem 1.1 holds for supp(ϕ̂) ⊂ (−1
2
, 1
2
), and in Section 6 we extend this result to the range

supp(ϕ̂) ⊂ (−1, 1). Finally, we prove Corollary 1.3 in Section 7.
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PEPS JCJC 2023 program of the INSMI (CNRS). EW was supported by a Zuckerman Post
Doctoral Fellowship and by the Israel Science Foundation (Grant No. 1881/20).

2. Background

2.1. Quartic Residue Symbol. We refer to [17, Ch. 9] for the material of this section.
To begin, we define the norm of a Gaussian integer α ∈ Z[i] to be N(α) := αα. To any
Gaussian prime π ∈ Z[i] such that π ∤ 2, we define the quartic residue symbol modulo π to
be the quartic character χ(π) : (Z[i]/(π))× −→ {±1,±i} such that

χ(π)(α) :=
(α
π

)
4
≡ α(N(π)−1)/4 (mod π),(2.1)

and extended to Z[i] by χ(π)(α) = 0 when (α, π) ̸= 1. Consider a non-unit β ∈ Z[i] with prime
decomposition given by β = πe1

1 . . . πes
s . When (β, 2) = 1, we may extend by multiplicativity

to then define, for any α ∈ Z[i],

χ(β)(α) :=

(
α

β

)
4

=
s∏

i=1

(
α

πi

)ei

4

.

In particular, we note [17, Prop. 9.8.5] that for odd d ∈ N≥3 and n ∈ Z such that (n, d) = 1,
we have

(2.2) χ(d)(n) = 1.
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Recall that the conductor of a character χ : (Z[i]/m)× −→ S1 refers to the smallest
divisor f|m such that χ factors through (Z[i]/f)× via the projection (Z[i]/m)× ↠ (Z[i]/f)×. If
the conductor of χ is m, then χ is referred to as a primitive character mod m. In particular,
we note that if β ∈ Z[i] as above is square-free, then χ(β) is a primitive quartic character
with conductor (β).
A non-unit Gaussian integer α ∈ Z[i] is said to be primary if α ≡ 1 (mod (2 + 2i)). As in

[17, Lem. 7, Sect. 9.7], we find that any proper ideal (α) ∈ Z[i] coprime to (2) has precisely
one primary generator α ∈ {±α,±iα}. In what follows, we denote the primary generator α
of an ideal (α) by a bold letter. We cite from [17, Ch. 9, Thm. 2] the following reciprocity
law:

Proposition 2.1 (Law of Quartic Reciprocity). Let α,β ∈ Z[i] be primary such that
(α,β) = 1. Then (

α

β

)
4

=

(
β

α

)
4

(−1)
N(α)−1

4
N(β)−1

4 .(2.3)

We will also use quadratic and quartic characters modulo even ideals. More precisely, we
introduce the character χ(2) : (Z[i]/(2))× −→ {±1} given by

χ(2)(α) :=

{
1 α ≡ 1 (mod 2)

−1 α ≡ i (mod 2),
(2.4)

the character χ(2+2i) : (Z[i]/(2 + 2i))× −→ {±1,±i} given by

χ(2+2i)(α) :=


1 α ≡ 1 (mod 2 + 2i)

−1 α ≡ −1 (mod 2 + 2i)

−i α ≡ i (mod 2 + 2i)

i α ≡ −i (mod 2 + 2i),

(2.5)

and the character χ(4) : (Z[i]/(4))× −→ {±1,±i} given by

χ(4)(α) :=


1 α ≡ 1,−(3 + 2i) (mod 4)

−1 α ≡ −1, (3 + 2i) (mod 4)

i α ≡ i,−i(3 + 2i) (mod 4)

−i α ≡ −i, i(3 + 2i) (mod 4).

(2.6)

Note that χ(2), χ(2+2i) and χ(4) are primitive characters on Z[i], with conductors given by
(2), (2 + 2i), and (4), respectively. We further remark that for α ∈ Z[i], with (α, 2) = 1, the
primary generator of (α) is given by

(2.7) α = χ(2+2i)(α) α.

Finally, by [24, Thm. 6.9] (see also [17, Ch. 9, Ex. 32− 33]), we note that for odd d ∈ N≥3,

(2.8) χ(d)(1 + i) = i(d−1)/4,

where d denotes the primary generator of (d).
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2.2. L-functions of Elliptic Curves. Much of the following material on elliptic curves may
be found in [17, Ch. 18]. Let E be an elliptic curve over Q with conductor NE. For p ∤ NE,
let ap(E) := p+ 1−#E(Fp). By the Hasse bound, ap(E) ≤ 2

√
p. The L-function attached

to E is then defined by

(2.9) L(s, E) :=
∏
p

Lp(s, E)
−1, Re(s) >

3

2
,

where

Lp(s, E) :=


(1− ap(E)p

−s + p1−2s) if p has good reduction at p
(1− p−s) if p has split multiplicative reduction at p
(1 + p−s) if p has non-split multiplicative reduction at p
1 if p has additive reduction at p.

In the case Ed : y2 = x3 − dx, the conductor is NEd
= 2ℓd2, where ℓ = 5 (resp. ℓ = 6) if

d ≡ 1 (mod 4) (resp. d ≡ 3 (mod 4)), and

L(s, Ed) =
∏
p∤2d

(
1− ap(Ed)

ps
+

1

p2s−1

)−1

, Re(s) >
3

2
.(2.10)

The following result will enable us to express L(s, Ed) as the L-function of a Grössencharakter
over Q(i).

Proposition 2.2. Let d be an odd square-free integer. For p ≡ 1 (mod 4), p ∤ d, write
pZ[i] = pp and let πp be the primary generator of p. Then on Re(s) > 3/2, we have

L(s, Ed) =
∏

p≡3 (mod 4)
p∤d

(1 + p−2s+1)−1
∏

p≡1 (mod 4)
(p)=pp
p∤d

(
1− χp(d)πp

ps

)−1(
1− χp(d)πp

ps

)−1

.(2.11)

Proof. Let us first remark that the contribution of the primes p ≡ 1 (mod 4) is well defined
because πp is the primary generator of p. Indeed, since πp is primary, there exists some
a+ bi ∈ Z[i] such that

πp = 1 + (a+ bi)(2 + 2i),

from which it follows that

πp = 1 + (a+ bi)(2 + 2i) = 1 + (−b− ai)(2 + 2i) ≡ 1 (mod (2 + 2i)).

Moreover, since d ∈ Z, we deduce from (2.2) that χp(d)χp(d) = χ(p)(d) = 1, that is χp(d) =

χp(d).
The proof then follows directly from [17, Thm. 5 in Ch. 18] which ensures that for p ∤ 2d

and p ≡ 3 (mod 4), we have #Ed(Fp) = p+ 1, while for p ∤ 2d and p ≡ 1 (mod 4) we have

#Ed(Fp) = p+ 1− ap(Ed) = p+ 1− χp(d)πp − χp(d)πp.

The definition (2.10) concludes the proof. □

We will now describe a Grössencharakter (or Hecke character) whose L-function is L(s, Ed).
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2.3. Grössencharakters. Fix a non-zero integral ideal m of Q(i), and let Jm denote the
group of fractional ideals in Q(i) coprime to m. As in [28, VII.6.1], we say that ξ : Jm → S1

is a Grössencharakter modulo m on Q(i), if there exists a pair of characters

ξfin : (Z[i]/m)× −→ S1, ξ∞ : C× −→ S1

such that

(2.12) ξ((α)) = ξfin(α)ξ∞(α),

for every α ∈ Z[i] coprime to m. ξfin is referred to as the finite component of ξ, while ξ∞
is referred to as the infinite component of ξ. The infinite component ξ∞ may moreover be
written in the form

ξ∞(α) =

(
α

|α|

)ℓ

|α|it, with ℓ ∈ Z, t ∈ R,

in which case ξ is said to be of type (ℓ, t), and we refer to ℓ ∈ Z as the frequency of ξ. The
L-function attached to the Grössencharakter ξ is

L(s, ξ) :=
∏

p prime

(
1− ξ(p)

N(p)s

)−1

, Re(s) > 1.

The conductor of ξ refers to the conductor of ξfin, and similarly ξ is said to be a primitive
Grössencharakter when ξfin is primitive.

Fix d ∈ Z to be odd and square-free. For any prime ideal p ⊂ Z[i] with primary genera-
tor πp, define

ξd(p) :=


πp

|πp|
· χp(d) when (πp, 2 + 2i) = 1,

0 when (πp, 2 + 2i) ̸= 1,

(2.13)

and extend by multiplicativity to all ideals a ⊂ Z[i]. ξd then defines a Grössencharakter
modulo (4d). Indeed, for any ideal (α) ⊂ Z[i] coprime to (4d), we may write ξd((α)) =
ξd,fin(α)ξ∞(α), where ξ∞ : C× → S1 and ξd,fin : (Z[i]/(4d))× → S1 are given by

ξ∞ : α 7→ α

|α|
, ξd,fin : α 7→ χ(α)(d) χ(2+2i)(α).(2.14)

By (2.7), this matches (2.13) when (α) ̸= (1 + i) is prime.
As the primary generator of a prime p ≡ 3 (mod 4) is equal to −p, we find by (2.2) that

when p ∤ d, we have ξd((p)) = −1 . Upon comparing Euler factors with (2.11), we see that

(2.15) L(s− 1
2
, ξd) =

∏
p prime

(
1− ξd(p)

N(p)s−
1
2

)−1

= L(s, Ed), Re(s) >
3

2
.

2.4. Computing Conductors. Let us proceed by providing a more user-friendly expression
for ξd,fin.
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Lemma 2.3. Let d ∈ Z be an odd and square-free integer, and ξd,fin as in (2.14). One has

(2.16) ξd,fin =


χ(d)χ(2+2i) if d ≡ 1 (mod 8)

χ(d)χ(2)χ(4) if d ≡ 3 (mod 8)

χ(d)χ(2+2i)χ(2) if d ≡ 5 (mod 8)

χ(d)χ(4) if d ≡ 7 (mod 8).

In particular the conductor of ξd is given by

fd =

{
((2 + 2i)d) if d ≡ 1 (mod 4)

(4d) if d ≡ 3 (mod 4).

Proof. If d ≡ 1 (mod 4), then d is primary, and noting that N(d)− 1 ≡ 0 (mod 8), it follows
from quartic reciprocity (Proposition 2.1) and (2.7) that

χ(α)(d) = χ(χ(2+2i)(α)α)
(d) = χ(d)(χ(2+2i)(α)α).

Thus, by multiplicativity,

ξd,fin(α) = χ(d)(α) χ(d)(χ(2+2i)(α)) χ(2+2i)(α) = χ(d)(α) χ(2+2i)(α)
1−
∑

p|d
(N(p)−1)

4 .

Moreover, observe that for p ≡ 3 (mod 4), one has N((p))−1
4

=

{
0 (mod 4) if p ≡ 7, 15 (mod 16)

2 (mod 4) if p ≡ 3, 11 (mod 16)
.

Similarly for p ≡ 1 (mod 4), one has
∑

p|p
N(p)−1

4
=

{
0 (mod 4) if p ≡ 1 (mod 8)

2 (mod 4) if p ≡ −3 (mod 8)
.

These together imply that∑
p|d

N(p)− 1

4
≡ 2#{p | d : p ≡ ±3 (mod 8)} (mod 4) ≡

{
0 (mod 4) if d ≡ ±1 (mod 8)

2 (mod 4) if d ≡ ±3 (mod 8).

Upon noting that χ2
(2+2i) = χ(2), one has

(2.17) χ
−
∑

p|d
N(p)−1

4

(2+2i) =

{
χ0 if d ≡ ±1 (mod 8)

χ(2) if d ≡ ±3 (mod 8),

where χ0 is the trivial character modulo (2 + 2i). Regrouping, (2.16) now follows for the
case d ≡ 1 (mod 4).

Next, suppose d ≡ 3 (mod 4). Then −d is primary, and similarly to above we find that

ξd,fin(α) = χ(α)(−1) χ(α)(−d)χ(2+2i)(α)

= χ(α)(−1) χ(−d)(α) χ(−d)(χ(2+2i)(α))χ(2+2i)(α)

= χ(α)(−1) χ(d)(α)χ(2+2i)(α)
1−
∑

p|d
(N(p)−1)

4 .

Since

χ(α)(−1) = (−1)(N(α)−1)/4 =

{
1 α ≡ ±1,±i (mod 4)

−1 α ≡ ±(3 + 2i),±i(3 + 2i) (mod 4),

9



it follows from (2.5) and (2.6) that

χ(α)(−1)χ(2+2i)(α) = χ(4)(α).

Combining the above with (2.17), the lemma follows. □

Finally, for any k ≥ 1, we consider

(2.18) ξkd : (α) 7→ ξkd,fin(α)

(
α

|α|

)k

.

Let ξd,k denote the primitive character inducing ξkd . Noting that χ2
(2+2i) = χ(2) = χ2

(4) has

conductor (2), it follows from (2.16) that ξd,k is a character with frequency k and conductor

(2.19) fd,k =


fd k odd

(2d) k ≡ 2 (mod 4)

(1) k ≡ 0 (mod 4).

Since the same set of primes divide the conductors of both ξd,k and ξd whenever k ̸≡
0 (mod 4), it follows that

(2.20) ξd,k(p) =


ξkd(p) =

(
πp

|πp|

)k

· χp(d)
k if p ∤ fd

0 if p | fd and k ̸≡ 0 (mod 4)(
πp
|πp|

)k

if p = (πp) | fd and k ≡ 0 (mod 4),

where, in the last case, we further note that ξd,k(p) does not depend on the chosen genera-
tor πp of p.

We conclude this section with the following definitions of the angle of the Gaussian primes
with respect to the character ξd.

Definition 2.4. Let d be an odd square-free integer, and p ≡ 1 (mod 4). We write (p) = pp

and recall that ξd(p) = ξd(p). We define θd,p and zd,p by

ξd(p) + ξd(p) := 2 cos θd,p, θd,p ∈ (0, π)(2.21)

zd,p :=
√
peiθd,p ∈ Z[i].(2.22)

For example, if d = 1, then z1,p = a + 2bi is primary with b ≥ 0, and p = a2 + 4b2. We
note that, in general, for p ≡ 1 (mod 4), p ∤ d, with (p) = pp, we have that

(2.23) ξd,k(p) + ξd,k(p) = 2 cos kθd,p,

where θd,p ∈ (0, π) is the angle defined by (2.21).

2.5. Computing Root Numbers. From the work of Hecke [13], L(s, ξd,k) has analytic
continuation to C. Noting that the discriminant of Q(i) is equal to −4, we define the
completed L-function

Λ(s, ξd,k) := (4N(fd,k))
s/2 (2π)−sΓ

(
s+

k

2

)
L(s, ξd,k)(2.24)
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where fd,k is as in (2.19). As in [19, Thm. 3.8], we note that Λ(s, ξd,k) satisfies the functional
equation

Λ(s, ξd,k) = W (ξd,k)Λ(1− s, ξd,k) = W (ξd,k)Λ(1− s, ξd,k),(2.25)

where the sign of the functional equation is denoted by the root number W (ξd,k) = ±1, and

where the last equality follows upon noting that ξd,k(a) = ξd,k(a).
We now proceed to compute W (ξd,k) explicitly, for any given k ∈ N and odd square-free

d ∈ Z.

Lemma 2.5. Let d be an odd square-free integer. If k is even, the root number of ξd,k is

W (ξd,k) = 1.(2.26)

If d ≡ 1 (mod 4), then it satisfies

W (ξd,k) =


−sgn(d) if d ≡ 5, 9 (mod 16) and k ≡ 1, 3 (mod 8)

sgn(d) if d ≡ 5, 9 (mod 16) and k ≡ 5, 7 (mod 8)

sgn(d) if d ≡ 1, 13 (mod 16) and k ≡ 1, 3 (mod 8)

−sgn(d) if d ≡ 1, 13 (mod 16) and k ≡ 5, 7 (mod 8),

(2.27)

and if d ≡ 3 (mod 4), we have

W (ξd,k) =


sgn(d) if d ≡ 3 (mod 8) and k ≡ 1 (mod 4)

−sgn(d) if d ≡ 3 (mod 8) and k ≡ 3 (mod 4)

−sgn(d) if d ≡ 7 (mod 8) and k ≡ 1 (mod 4)

sgn(d) if d ≡ 7 (mod 8) and k ≡ 3 (mod 4).

(2.28)

For any fixed odd square-free d ∈ Z, we therefore conclude that

lim
K→∞

#{1 ≤ k ≤ K : W (ξd,k) = −1}
K

=
1

4
.(2.29)

In particular, recalling definition (1.8), we have

(2.30) S−(d) =



{5, 7} if d ≡ 1, 13 (mod 16) and d > 0.

{1, 3} if d ≡ 1, 13 (mod 16) and d < 0.

{1, 3} if d ≡ 5, 9 (mod 16) and d > 0.

{5, 7} if d ≡ 5, 9 (mod 16) and d < 0.

{3, 7} if d ≡ 3 (mod 8) and d > 0.

{1, 5} if d ≡ 3 (mod 8) and d < 0.

{1, 5} if d ≡ 7 (mod 8) and d > 0.

{3, 7} if d ≡ 7 (mod 8) and d < 0.

Proof of Lemma 2.5. As in [19, (3.85), (3.86)] (see also [4, § 4]), we will use the formula

W (ξd,k) = i−kN(fd,k)
− 1

2 ξd,k,∞(γd,k)
∑

x∈Z[i]/fd,k

ξd,k,fin(x)e
2πiTr

(
x

γd,k

)

where we take γd,k ∈ Z[i] to be any generator of the ideal (2)fd,k, and c = Z[i], so that
(c, fd,k) = 1 and (2)cfd,k = (γd,k).
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First, we treat the case k ≡ 0 (mod 4). By (2.19) we may choose γd,k = 2, from which it
follows that

W (ξd,k) = e
2πiTr

(
1
2

)
= 1.

For k ̸≡ 0 (mod 4), we note by Lemma 2.3 that

ξd,k,fin(x) = χk
(d)(x) · ηd,k(x),

where

ηd,k :=



χ(2) when k ≡ 2 (mod 4)

χk
(2+2i) when d ≡ 1 (mod 8) and k is odd

χk
(2+2i)χ(2) when d ≡ 5 (mod 8) and k is odd

χk
(4)χ(2) when d ≡ 3 (mod 8) and k is odd

χk
(4) when d ≡ 7 (mod 8) and k is odd,

is a primitive character modulo (g) with

g :=


2 when k ≡ 2 (mod 4)

2 + 2i when k ≡ 1 (mod 2) and d ≡ 1 (mod 4)

4 when k ≡ 1 (mod 2) and d ≡ 3 (mod 4).

Write |d| =
∏

j pj, where pj run through the distinct rational primes dividing the odd

square-free integer d. Since (g, d) = 1, by the Chinese remainder theorem there exists a ring
isomorphism

Z[i]/(g)×
∏
pj |d

Z[i]/(pj) → Z[i]/(gd) (x0, (xj)j) 7→ ux0 +
∑
j

vjxj,

where u ≡ 1 (mod g) and u ≡ 0 (mod d), while vj ≡ 1 (mod pj) and vj ≡ 0 (mod gd
pj
) for all j.

Upon choosing γd,k = 2g|d|, we find that

∑
x∈Z[i]/fd,k

ξd,k,fin(x)e
2πiTr

(
x

γd,k

)
=

∑
x∈Z[i]/(gd)

χk
(d)(x) · ηd,k(x)e

2πiTr

(
x

2g|d|

)

=
∑

x0∈Z[i]/(g)

∏
pj |d

∑
xj∈Z[i]/(pj)

χk
(pj)

(
ux0 +

∑
j

vjxj

)
ηd,k

(
ux0 +

∑
j

vjxj

)
e
2πiTr

(
ux0+

∑
j vjxj

2g|d|

)

=
∑

x0∈Z[i]/(g)

ηd,k (ux0) e
2πiTr

(
ux0

2g|d|

)∏
pj |d

∑
xj∈Z[i]/(pj)

χk
(pj)

(vjxj) e
2πiTr

(
vjxj

2g|d|

)
.

(2.31)
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Applying the change of variables α = ux0/|d| and β = vjxjpj/g|d|, we then find that

W (ξd,k) =
i−k

|gd|

(
g

|g|

)k

ηd,k(|d|)
∑

α∈Z[i]/(g)

ηd,k(α)e
2πiTr

(
α
2g

)

×
∏
pj |d
pj>0

χk
(pj)

(
g|d|
pj

) ∑
β∈Z[i]/(pj)

χk
(pj)

(β)e
2πiTr

(
β
2pj

)

= W (ξd,k, 2)× ηd,k(|d|)× χk
(d)(g)×

∏
pj |d
pj>0

W (ξd,k, pj)

(2.32)

where

W (ξd,k, 2) :=
i−k

|g|

( g
|g|

)k ∑
α∈Z[i]/(g)

ηd,k(α)e
2πiTr

(
α
2g

)

W (ξd,k, p) :=
1

p

∑
x∈Z[i]/(p)

χk
(p)(x)e

2πiTr
(

x
2p

)
,

and where we have used (2.2).
We first study the contribution of 2. For k ≡ 2 (mod 4), we compute

W (ξd,k, 2) = −1

2

∑
x∈Z[i]/(2)

ηd,k(x)e
2πiTr(x4 ) = −1

2

(
1 · eiπ − 1 · 1

)
= 1.(2.33)

If k is odd and d ≡ 1 (mod 4), then we compute

ike
−iπk

4 W (ξd,k, 2) =
1

2
√
2

∑
x∈Z[i]/(2+2i)

ηd,k(x)e
2πiTr

(
x

4+4i

)

=
1

2
√
2

(
1 · e

iπ
2 − e−

iπ
2 + ηd,k(i)e

iπ
2 + ηd,k(i)e

−iπ
2

)
=

i√
2
(1 + ηd,k(i)) =

{
ei(

π
2
∓π

4 ) if k ≡ ±1 (mod 4) and d ≡ 1 (mod 8)

ei(
π
2
±π

4 ) if k ≡ ±1 (mod 4) and d ≡ −3 (mod 8).
(2.34)

Similarly when k is odd and d ≡ 3 (mod 4), we compute

(2.35) ikW (ξd,k, 2) =
1

4

∑
x∈{±1,±i,±(3+2i),±(−2+3i)}

ηd,k(x)e
2πiTr(x8 )

=
1

4

(
1 · e

iπ
2 − e−

iπ
2 + ηd,k(i) + ηd,k(−i)− e

3πi
2 + e−

3πi
2 − ηd,k(2− 3i)− ηd,k(−2 + 3i)

)
= i.
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Let us now study the contribution at a rational odd prime p. We have∑
x∈Z[i]/(p)

χk
(p)(x)e

2πiTr
(

x
2p

)
=

∑
a∈Z/(p)

∑
b∈Z/(p)

χk
(p)(a+ bi)e

2πiTr

(
a+bi
2p

)

=
∑

b∈Z/(p)

χk
(p)(bi) +

∑
a∈(Z/(p))×

∑
b∈Z/(p)

χk
(p)(a+ bi)e

2πiTr

(
a+bi
2p

)

= (p− 1)χk
(p)(i) +

∑
a∈(Z/(p))×

e
2πia
p

∑
b∈Z/(p)

χk
(p)(a+ bi)

by (2.2). Note that the sum∑
b∈Z/(p)

χk
(p)(a+ bi) = χk

(p)(a)
∑

b∈Z/(p)

χk
(p)(1 + bi) =

∑
b∈Z/(p)

χk
(p)(1 + bi)

is independent of a ∈ (Z/(p))×. Moreover, by orthogonality, we find that

0 =
∑

a∈Z/(p)

∑
b∈Z/(p)

χk
(p)(a+ bi) =

∑
a∈(Z/(p))×

∑
b∈Z/(p)

χk
(p)(a+ bi) + (p− 1)χk

(p)(i).

It follows that for all a ∈ (Z/(p))×,∑
b∈Z/(p)

χk
(p)(a+ bi) = −χk

(p)(i).

Hence

W (ξd,k, p) =
1

p

∑
x∈Z[i]/(p)

χk
(p)(x)e

2πiTr
(

x
2p

)
=
χk
(p)(i)

p

(
(p− 1)−

∑
a∈(Z/(p))×

e
2πia
p

)

= χk
(p)(i) =

{
(−1)k when p ≡ ±3 (mod 8)

1 when p ≡ ±1 (mod 8),
(2.36)

and therefore for odd square-free d ∈ Z,

(2.37)
∏
pj |d
pj>0

W (ξd,k, pj) =

{
(−1)k when d ≡ ±3 (mod 8)

1 when d ≡ ±1 (mod 8).

By (2.32), (2.33) and (2.37), it follows that when k ≡ 2 (mod 4),

W (ξd,k) = ηd,k(|d|) = 1.

This proves (2.26). When k ≡ ±1 (mod 4) and d ≡ 1 (mod 8), it follows from (2.8), (2.32),
(2.34) and (2.37), that

W (ξd,k) = W (ξd,k, 2)× ηd,k(|d|)× χk
(d)(2 + 2i)×

∏
pj |d
pj>0

W (ξd,k, pj)

= ∓ie
iπk
4 ei(

π
2
∓π

4 ) χk
(2+2i)(|d|) χk

(d)(1 + i)χk
(d)(2)

= ±e
iπ(k∓1)

4 sgn(d)(−i)
k(d−1)

4 ,
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where in the last line we note that χk
(2+2i)(|d|) = sgn(d). Similarly, when k ≡ ±1 (mod 4)

and d ≡ 5 (mod 8), we find that

W (ξd,k) = ±ie
iπk
4 ei(

π
2
±π

4 ) ηd,k(|d|) χk
(d)(2 + 2i)

= ∓e
iπ(k±1)

4 sgn(d)(−i)
k(d−1)

4 .

This proves (2.27). Finally, when k is odd and d ≡ 3 (mod 8), we note by (2.32), (2.35),
(2.37), that

W (ξd,k) = W (ξd,k, 2)× ηd,k(|d|)× χk
(d)(4)×

∏
pj |d
pj>0

W (ξd,k, pj)

= −i1−kχk
(4)(|d|) = (−1)

k−1
2 sgn(d),

and if d ≡ 7 (mod 8), we have

W (ξd,k) = i1−kχk
(4)(|d|) = −(−1)

k−1
2 sgn(d),

which proves (2.28). □

3. Computing D(ϕ, ξd,k)

To begin our analysis of D(ϕ, ξd,k), let us first explain the scaling parameter in (1.2). Let

Nd,k(T ) := #{s ∈ C : L(s, ξd,k) = 0, 0 ≤ Re(s) ≤ 1,−T ≤ Im(s) ≤ T}
denote the number of zeros of L(s, ξd,k) on the critical strip up to height T . Using the
functional equation (2.25) as in [15, Prop. 2.2], we find that in the limit as k → ∞,

1

2T
Nd,k(T ) ∼

1

2T

T log(Tk2N(fd,k))

π
∼ log (k2Nd,k)

2π
=

log (kMd,k)

π
,(3.1)

under the assumption of GRH (see also [19, Thm. 5.8] for the T -limit), and where we use
the notation

Nd,k := N(fd,k), Md,k := N(fd,k)
1
2 .(3.2)

To see that the analytic conductor of L(s, ξd,k) (as defined in [19, p. 95]) is asymptotic
to k2N(fd,k), we apply the duplication formula to (2.24) and write

Λ(s, ξd,k) =
2

k
2

2
√
π
(4N(fd,k))

s/2 π−sΓ
(s+ k

2

2

)
Γ
(s+ k

2
+ 1

2

)
L(s, ξd,k).

The scaling parameter
log(k2N(fd,k))

2π
in (1.2) is thus chosen so that the average spacing between

the scaled zeros is asymptotically equal to 1, as k grows large. Note that in much of the
literature, the scaling parameter is often chosen to be independent of k. We could, therefore,

have instead chosen the relevant normalization factor to be, e.g. log(K2d2)
2π

. While such an
alternative might facilitate certain computations concerning the k-averaging, we do consider
our choice to be technically more precise, particularly given our focus on lower order contri-
butions. Our choice moreover guarantees that the contribution of the Γ-factors to the main

term, prior to taking the k-average (see Lemma 3.1), is precisely ϕ̂(0).
For each character ξd,k, we rewrite the functional equation (2.25) as

L(s, ξd,k) = Xd,k(s)L(1− s, ξd,k),
15



where

Xd,k(s) := W (ξd,k) (N(fd,k))
1
2
−s π2s−1Γ

(
1− s+ k

2

)
Γ
(
s+ k

2

) .

Upon taking logarithmic derivatives, we find that

L′

L
(s, ξd,k) =

X ′
d,k

Xd,k

(s)− L′

L
(1− s, ξd,k)(3.3)

X ′
d,k

Xd,k

(s) = − log N(fd,k) + 2 log π − Γ′

Γ

(
1− s+

k

2

)
− Γ′

Γ

(
s+

k

2

)
.(3.4)

Since ϕ is an even Schwartz function, and L(s, ξd,k) has no trivial zeros for Re(s) > −1
2
,

we see from (3.3) that

D(ϕ, ξd,k) =
1

2πi

(∫
( 5
4
)

−
∫
(− 1

4
)

)
L′

L
(s, ξd,k)ϕ

(
log (k2Nd,k)

2π

s− 1
2

i

)
ds

=
1

2πi

∫
( 5
4
)

(
L′

L
(s, ξd,k)−

L′

L
(1− s, ξd,k)

)
ϕ

(
log (k2Nd,k)

2π

s− 1
2

i

)
ds

=
1

2πi

∫
( 5
4
)

(
2
L′

L
(s, ξd,k)−

X ′
d,k

Xd,k

(s)

)
ϕ

(
log (k2Nd,k)

2π

s− 1
2

i

)
ds

= UL(ϕ, d, k) + UΓ(ϕ, d, k),(3.5)

where

UL(ϕ, d, k) :=
1

πi

∫
( 5
4
)

L′

L
(s, ξd,k)ϕ

(
log (k2Nd,k)

2π

s− 1
2

i

)
ds(3.6)

and

UΓ(ϕ, d, k) := − 1

2πi

∫
( 5
4
)

X ′
d,k

Xd,k

(s)ϕ

(
log (k2Nd,k)

2π

s− 1
2

i

)
ds.(3.7)

Lemma 3.1. Let k be a positive integer, d be an odd square-free integer, and ϕ be an even

Schwartz function such that ϕ̂ is compactly supported. Then as k → ∞,

UΓ(ϕ, d, k) = ϕ̂(0)− log 2π

log (kMd,k)
ϕ̂(0) +O

(
1

k log(kMd,k)

)
.

Proof. Upon applying the change of variables r = s− 1
2
to (3.7) and using (3.4), we have

UΓ(ϕ, d, k) =
1

2πi

∫
( 3
4
)

(
logNd,k − 2 log π +

Γ′

Γ

(k + 1

2
− r
)
+

Γ′

Γ

(k + 1

2
+ r
))

× ϕ

(
log (k2Nd,k)

2πi
r

)
dr.

Noting that Γ′(s)/Γ(s) is holomorphic on the half-plane Re(s) > 0, we shift the contour to
the imaginary line Re(r) = 0, and upon applying the change of variables

τ :=
log (k2Nd,k)

2πi
r,
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we find that

UΓ(ϕ, d, k) =
1

log (k2Nd,k)

∫
R

(
logNd,k − 2 log π +

Γ′

Γ

(k + 1

2
− 2πiτ

log (k2Nd,k)

)
+

Γ′

Γ

(k + 1

2
+

2πiτ

log (k2Nd,k)

))
ϕ(τ) dτ.

As in the proof of [34, Lem. 5.1], it follows from Stirling’s approximation that

UΓ(ϕ, d, k) =
1

log (k2Nd,k)

(
(logNd,k − 2 log π)ϕ̂(0) + 2

∫
R
ϕ(τ)

(
log
∣∣∣k+1

2
+ 2πiτ

log (k2Nd,k)

∣∣∣+O
(
1
k

) )
dτ
)

=
ϕ̂(0)

log (k2Nd,k)

(
logNd,k − log π2 + 2 log

(
k+1
2

))
+O

(
1

log (k2Nd,k)

∫
R
|ϕ(τ)|

(
log
∣∣∣1 + 2

k+1
2πiτ

log (k2Nd,k)

∣∣∣+ 1
k

)
dτ

)
.

Applying the inequality log |1 + z| ≤ |z|, we note that by the rapid decay of ϕ,∫
R
|ϕ(τ)|

(
log
∣∣∣1 + 2

k+1
2πiτ

log (k2Nd,k)

∣∣∣) dτ ≪ 1
k log (k2Nd,k)

∫
R
|ϕ(τ)| |τ | dτ ≪ 1

k log (k2Nd,k)
.

It follows that

UΓ(ϕ, d, k) = ϕ̂(0)− log (4π2)

log (k2Nd,k)
ϕ̂(0) +O

(
1

k log (k2Nd,k)

)
,

as desired. □

We now compute the contribution of UL(ϕ, d, k). Separating according to the splitting
properties of (p) ⊆ Z[i], we write

−L
′(s, ξd,k)

L(s, ξd,k)
=

∑
p≡1 (mod 4)

(p)=pp
n≥1

(
ξnd,k(p) + ξ

n

d,k(p)
)
log p

pns
+

∑
p≡3 (mod 4)

n≥1

2ξnd,k((p)) log p

p2ns
+
∑
n≥1

ξnd,k((1 + i)) log 2

2ns
,

(3.8)

and

(3.9) UL(ϕ, d, k) = Usplit(ϕ, d, k) + Uinert(ϕ, d, k) + Uram(ϕ, k)

where

Usplit(ϕ, d, k) := − 1

πi

∫
( 5
4
)

∑
p≡1 (mod 4)

(p)=pp
n≥1

(
ξnd,k(p) + ξ

n

d,k(p)
)
log p

pns
ϕ

(
(s− 1

2
) log(k2Nd,k)

2πi

)
ds,

(3.10)

Uinert(ϕ, d, k) := − 1

πi

∫
( 5
4
)

∑
p≡3 (mod 4)

(p)∤fd,k
n≥1

2(−1)kn log p

p2ns
ϕ

(
(s− 1

2
) log(k2Nd,k)

2πi

)
ds,(3.11)
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(3.12) Uram(ϕ, k) := − 1

πi

∫
( 5
4
)

∑
n≥1

ξnd,k((1 + i)) log 2

2ns
ϕ

(
(s− 1

2
) log(k2Nd,k)

2πi

)
ds.

Note that by (2.20), one has

ξd,k((1 + i)) =

{
0 if k ̸≡ 0 (mod 4)

(−1)
k
4 if k ≡ 0 (mod 4),

so that Uram(ϕ, k) is indeed independent of d.

Lemma 3.2. Let k be a positive integer, d be an odd square-free integer, and ϕ be an even

Schwartz function such that ϕ̂ is compactly supported. Let Usplit(ϕ, d, k), Uinert(ϕ, d, k), and
Uram(ϕ, k) be given by (3.10), (3.11) and (3.12), respectively. Then

Usplit(ϕ, d, k) = − 1

log(kMd,k)

∑
p≡1 (mod 4)

(p)=pp
n≥1

(
ξnd,k(p) + ξ

n

d,k(p)
)
log p

p
n
2

ϕ̂

(
n log p

2 log(kMd,k)

)
(3.13)

Uinert(ϕ, d, k) = − 1

log(kMd,k)

∑
p≡3 (mod 4)

(p)∤fd,k
n≥1

2(−1)kn log p

pn
ϕ̂

(
n log p

log(kMd,k)

)
(3.14)

Uram(ϕ, k) = − 1

log(kMd,k)

∑
n≥1

(−1)
kn
4 log 2

2
n
2

ϕ̂

(
n log 2

2 log(kMd,k)

)
if k ≡ 0 (mod 4),(3.15)

and Uram(ϕ, k) = 0 if k ̸≡ 0 (mod 4).

Proof. For the inert primes, we compute

−Uinert(ϕ, d, k) =
1

πi

∫
( 5
4
)

∑
p≡3 (mod 4)

(p)∤fd,k
n≥1

2(−1)kn log p

p2ns
ϕ

(
(s− 1

2
) log(k2Nd,k)

2πi

)
ds

=
∑

p≡3 (mod 4)
(p)∤fd,k
n≥1

2(−1)kn log p

πi

∫
( 1
2
)

p−2nsϕ

(
(s− 1

2
) log(k2Nd,k)

2πi

)
ds.

Note that switching the order of summation and integration is justified upon noting that at
Re(s) = 5

4
, ∫

( 5
4
)

∑
p≡3 (mod 4)

(p)∤fd,k
n≥1

∣∣∣∣2(−1)kn log p

p2ns
ϕ

(
(s− 1

2
) log(k2Nd,k)

2πi

) ∣∣∣∣ds

≪
∑
m

logm

m
5
2

∫
( 5
4
)

∣∣∣∣ϕ((s− 1
2
) log(k2Nd,k)

2πi

) ∣∣∣∣ds≪ ∞,
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since ϕ is a Schwartz function (e.g. [34, Lem. 3.7]). The shift from Re(s) = 5
4
to Re(s) =

1
2
is then further justified upon noting that s 7→ p−2nsϕ

(
(s− 1

2
) log(k2Nd,k)

2πi

)
is holomorphic.

Applying the change of variables t = (s− 1
2
)
log(k2Nd,k)

2πi
, and noting that p−2ns = p−2n(s− 1

2
)p−n,

we obtain

1

πi

∫
( 1
2
)

p−2nsϕ

(
(s− 1

2
) log(k2Nd,k)

2πi

)
ds

=
2

pn log(k2Nd,k)

∫ ∞

−∞
ϕ(t)e

−2πi 2n log p

log(k2Nd,k)
t
dt =

1

pn log(kMd,k)
ϕ̂

(
n log p

log(kMd,k)

)
.

The proofs for Usplit(ϕ, d, k) and Uram(ϕ, k) follow similarly. □

We now compute Uram(ϕ, k), including lower-order terms in descending powers of log(kMd,k).

Lemma 3.3. Let k be a positive integer, d be an odd square-free integer, and ϕ be an even

Schwartz function such that ϕ̂ is compactly supported. Then for any J ∈ N and k → ∞, we
have

Uram(ϕ, k) =
J−1∑
j=0

j even

cj,ram(k) ϕ̂
(j)(0)

(log(kMd,k))j+1
+OJ

(
(log(kMd,k))

−J−1
)
,

where for j ≥ 0,

(3.16) cj,ram(k) :=

− 2
j!

(
log 2
2

)j+1
Li−j

(
(−1)

k
4√

2

)
if k ≡ 0 (mod 4)

0 if k ̸≡ 0 (mod 4),

and

Li−j(z) :=
∞∑
n=1

njzn.(3.17)

Proof. Suppose k ≡ 0 (mod 4). Then by (3.15), we have

Uram(ϕ, k) = − 1

log(kMd,k)

N∑
n=1

(−1)
kn
4 log 2

2
n
2

ϕ̂

(
n log 2

2 log(kMd,k)

)

− 1

log(kMd,k)

∑
n≥N+1

(−1)
kn
4 log 2

2
n
2

ϕ̂

(
n log 2

2 log(kMd,k)

)
,

for any N ∈ N. Choosing N = 2J log log(kMd,k)/ log 2, we then bound

1

log(kMd,k)

∑
n≥N+1

(−1)
kn
4 log 2

2
n
2

ϕ̂

(
n log 2

2 log(kMd,k)

)
≪ 2−

N
2

log(kMd,k)
=

2−
J log log(kMd,k)

log 2

log(kMd,k)
= (log(kMd,k))

−J−1.

Moreover, by Taylor expansion one has

(3.18) ϕ̂

(
n log 2

2 log(kMd,k)

)
=

J−1∑
j=0

ϕ̂(j)(0)

j!

(
n log 2

2 log(kMd,k)

)j

+OJ

((
n log 2

2 log(kMd,k)

)J
)
,
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so that
N∑

n=1

(−1)
kn
4 log 2

2
n
2

ϕ̂

(
n log 2

2 log(kMd,k)

)

=
N∑

n=1

(−1)
kn
4 log 2

2
n
2

(
J−1∑
j=0

ϕ̂(j)(0)

j!

(
n log 2

2 log(kMd,k)

)j

+OJ

((
n log 2

2 log(kMd,k)

)J
))

.

Since
N∑

n=1

log 2

2
n
2

(n log 2)J ≪J

∞∑
n=1

nJ

2
n
2

<∞,

we find that

Uram(ϕ, k) = −2
J−1∑
j=0

ϕ̂(j)(0)

j!

(
log 2

2 log(kMd,k)

)j+1 N∑
n=1

(−1)
kn
4 nj

2
n
2

+OJ

(
(log(kMd,k))

−J−1
)
.

Since n 7→ nj

2
n
2
is decreasing in the range n > 2j

log 2
, and moreover N ≥ 2J

log 2
for sufficiently

large k, one has that∣∣∣ ∞∑
n=N+1

(−1)
kn
4 nj

2
n
2

∣∣∣ ≤ ∞∑
n=N+1

nj

2
n
2

≤
∫ ∞

N

xj

2
x
2

dx =

∫ ∞

N

xje−
x
2
log 2dx.

Upon repeated application of integration by parts, we find that∫ ∞

N

xje−
x
2
log 2dx =

N j

2N/2

2

log 2
+

2j

log 2

∫ ∞

N

xj−1e−x log 2
2 dx = Oj

(
N j

2N/2

)
= OJ

(
(log log(kMd,k))

j

(log(kMd,k))J

)
.

We thus may write

Uram(ϕ, k) =− 2
J−1∑
j=0

ϕ̂(j)(0)

j!

(
log 2

2 log(kMd,k)

)j+1
(

∞∑
n=1

(−1)
kn
4 nj

2
n
2

+OJ

(
(log log(kMd,k))

j

(log(kMd,k))J

))
+OJ

(
(log(kMd,k))

−J−1
)

=− 2
J−1∑
j=0

ϕ̂(j)(0)

j!

(
log 2

2 log(kMd,k)

)j+1 ∞∑
n=1

(−1)
kn
4 nj

2
n
2

+OJ

(
(log(kMd,k))

−J−1
)
,

as desired, where we note that since ϕ is even, we have ϕ̂(j)(0) = 0 for all odd j. □

Next, we write
Uinert(ϕ, d, k) = Uinert(ϕ, k) + Uinert,d(ϕ, k),

where

(3.19) Uinert(ϕ, k) := − 1

log (kMd,k)

∑
p≡3 (mod 4)

n≥1

2(−1)kn log p

pn
ϕ̂

(
n log p

log (kMd,k)

)

and

Uinert,d(ϕ, k) :=
1

log (kMd,k)

∑
p≡3mod 4
(p)|fd,k
n≥1

2(−1)kn log p

pn
ϕ̂

(
n log p

log (kMd,k)

)
.
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We proceed to compute Uinert,d(ϕ, k) including the lower-order terms in descending powers
of log(kMd,k).

Lemma 3.4. Let k be a positive integer, d be an odd square-free integer, and ϕ be an even

Schwartz function such that ϕ̂ is compactly supported. Then for any J ∈ N and k → ∞, we
have

Uinert,d(ϕ, k) =
J−1∑
j=0

j even

cj,inert,d(k) ϕ̂
(j)(0)

(log(kMd,k))j+1
+OJ

(
log |d|

(log(kMd,k))J+1

)
,

where for j ≥ 0, the constants cj,inert,d(k) are

(3.20) cj,inert,d(k) :=


2
j!

∑
p≡3 (mod 4)

p|d
(log p)j+1Li−j

(
(−1)k

p

)
if k ̸≡ 0 (mod 4)

0 if k ≡ 0 (mod 4),

and Li−j(z) is defined by (3.17).

Proof. We get for k ̸≡ 0 (mod 4)

Uinert,d(ϕ, k) =
1

log (kMd,k)

∑
p≡3 (mod 4)

p|d

∑
n≥1

2(−1)kn log p

pn
ϕ̂

(
n log p

log(kMd,k)

)
.

For each such p|d, we cut the inner sum at Np = J log log(kMd,k)/ log p, to obtain

1

log(kMd,k)

∑
n≥Np+1

2(−1)kn log p

pn
ϕ̂

(
n log p

log(kMd,k)

)
≪ p−(Np+1) log p

log(kMd,k)
=

log p

p
(log(kMd,k))

−J−1.

Taylor expanding as in (3.18), we find that

1

log(kMd,k)

∞∑
n=1

2(−1)kn log p

pn
ϕ̂

(
n log p

log(kMd,k)

)

=
1

log(kMd,k)

∑
1≤n≤Np

2(−1)kn log p

pn

J−1∑
j=0

ϕ̂(j)(0)

j!

(
n log p

log(kMd,k)

)j

+OJ

(
1

p

(
log p

log(kMd,k)

)J+1
)
,

where the bound on the error term is computed upon noting that

1

log(kMd,k)

∑
1≤n≤Np

log p

pn

(
n log p

log(kMd,k)

)J

≪
∞∑
n=1

nJ

pn

(
log p

log(kMd,k)

)J+1

≪J
1

p

(
log p

log(kMd,k)

)J+1

.

Upon applying the trivial bound∑
p|d

(log p)J+1

p
≪J

∑
p|d

log p = log |d|,

we thus obtain

Uinert,d(ϕ, k) =
J−1∑
j=0

ϕ̂(j)(0)

j!

∑
p≡3 (mod 4)

p|d

∑
1≤n≤Np

2(−1)knnj

pn

(
log p

log(kMd,k)

)j+1

+OJ

(
log |d|

(log(kMd,k))J+1

)
.
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Upon repeated application of integration by parts, we find similarly to as above that

∑
n≥Np+1

nj(log p)j+1

pn
≪j

N j
p (log p)

j+1

pNp
= OJ

(
(log log(kMd,k))

j log p

(log(kMd,k))J

)
,

and therefore we have

Uinert,d(ϕ, k) =
J−1∑
j=0

ϕ̂(j)(0)

j!(log(kMd,k))j+1

∑
p≡3 (mod 4)

p|d

∑
n≥1

2(−1)knnj(log p)j+1

pn
+OJ

(
log |d|

(log(kMd,k))J+1

)
,

as desired, upon recalling that ϕ̂(j)(0) = 0 when j is odd. □

Next we compute Uinert(ϕ, k). To this end, we define

(3.21) ψk(t; 3, 4) := (−1)k
∑
pn≤t

p≡3 (mod 4)
n≥1

(−1)kn log p =
t

2
+OA

(
t

(log t)A

)
,

for any A > 0, by the prime number theorem in arithmetic progressions.

Lemma 3.5. Let k be a positive integer, d be an odd square-free integer, and ϕ be an even

Schwartz function such that ϕ̂ is compactly supported. Then for any J ∈ N and k → ∞, we
have

Uinert(ϕ, k) =
(−1)k+1

2

∫
R
ϕ̂(u)du+

J−1∑
j=0

j even

cj,inert(k) ϕ̂
(j)(0)

(log(kMd,k))j+1
+OJ

(
(log(kMd,k))

−J−1
)
,

where

(3.22) c0,inert(k) := (−1)k+1

(
1 + 2

∫ ∞

1

(ψk(t; 3, 4)− t
2
)

t2
dt

)
and for j ≥ 1,

(3.23) cj,inert(k) := 2(−1)k
∫ ∞

1

(ψk(t; 3, 4)− t
2
)

t2
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt.

Proof. Recalling (3.19), we write

Uinert(ϕ, k) = − 1

log (kMd,k)

∑
p≡3 (mod 4)

n≥1

2(−1)kn log p

pn
ϕ̂

(
n log p

log (kMd,k)

)
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and compute

∑
p≡3 (mod 4)

n≥1

2(−1)kn log p

pn
ϕ̂

(
n log p

log (kMd,k)

)

= 2(−1)k
∫ ∞

1

ϕ̂

(
log t

log(kMd,k)

)
dψk(t; 3, 4)

t
= 2(−1)k+1

∫ ∞

1

ψk(t; 3, 4)d

(
ϕ̂
(

log t
log(kMd,k)

)
t

)

= (−1)k
(
ϕ̂(0) +

∫ ∞

1

ϕ̂

(
log t

log (kMd,k)

)
dt

t

)
− 2(−1)k

∫ ∞

1

(
ψk(t; 3, 4)−

t

2

)
d

(
ϕ̂
(

log t
log(kMd,k)

)
t

)

= (−1)k

ϕ̂(0) + log (kMd,k)

2

∫
R
ϕ̂(u)du− 2

∫ ∞

1

(
ψk(t; 3, 4)−

t

2

)
d

(
ϕ̂
(

log t
log(kMd,k)

)
t

) ,

(3.24)

since ϕ̂(u) is even. Noting that

d

dt

(
ϕ̂
(

log t
log(kMd,k)

)
t

)
=

1

t2

(
1

log(kMd,k)
· ϕ̂(1)

(
log t

log(kMd,k)

)
− ϕ̂

(
log t

log(kMd,k)

))
,

and that

ϕ̂

(
log t

log(kMd,k)

)
=

J−1∑
j=0

ϕ̂(j)(0)

j!

(
log t

log(kMd,k)

)j

+OJ

((
log t

log(kMd,k)

)J
)
,

we find that

d

dt

(
ϕ̂
(

log t
log(kMd,k)

)
t

)

=
1

t2

((
J−1∑
j=0

ϕ̂(j+1)(0)

j!

(
(log t)j

(log(kMd,k))j+1

)
−

J−1∑
j=0

ϕ̂(j)(0)

j!

(
log t

log(kMd,k)

)j
)

+OJ

((
log t

log(kMd,k)

)J
))

=
1

t2

(
−ϕ̂(0) +

(
J−1∑
j=1

ϕ̂(j)(0)(log t)j−1

(log(kMd,k))j(j − 1)!

(
1− log t

j

))
+OJ

(
(log t)J + (log t)J−1

(log(kMd,k))
J

))
.
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Thus

− 2

∫ ∞

1

(
ψk(t; 3, 4)−

t

2

)
d

(
ϕ̂
(

log t
log(kMd,k)

)
t

)

= 2

∫ ∞

1

(ψk(t; 3, 4)− t
2
)

t2

(
ϕ̂(0)−

(
J−1∑
j=1

ϕ̂(j)(0)(log t)j−1

(log(kMd,k))j(j − 1)!

(
1− log t

j

))

+OJ

(
(log t)J + (log t)J−1

(log(kMd,k))J

))
dt

= 2ϕ̂(0)

∫ ∞

1

(ψk(t; 3, 4)− t
2
)

t2
dt− (−1)k

J−1∑
j=1

ϕ̂(j)(0)cj,inert(k)

(log(kMd,k))j
+OJ

(
(log(kMd,k))

−J
)
,

and where the error term in the last step is bounded upon noting that for A > J + 1,∫ ∞

1

(ψk(t; 3, 4)− t
2
)

t2
(log t)Jdt≪

∫ ∞

1

(log t)J−A

t
dt≪ 1,

by (3.21). Inserting this into (3.24), we find that

Uinert(ϕ, k) =
(−1)k+1

2

∫
R
ϕ̂(u)du+

J−1∑
j=0

cj,inert(k)ϕ̂
(j)(0)

(log(kMd,k))j+1
+OJ

(
(log(kMd,k))

−J−1
)
,

as desired, upon again recalling that ϕ̂(j)(0) = 0 when j is odd. □

By (3.5) and (3.9), we see that upon combining Lemma 3.1, Lemma 3.3, Lemma 3.4, and
Lemma 3.5, we obtain the following.

Proposition 3.6. Let k be a positive integer, d be an odd square-free integer, and ϕ be an

even Schwartz function such that ϕ̂ is compactly supported. Then for any J ∈ N and k → ∞,
we have

D(ϕ, ξd,k) = ϕ̂(0) +
(−1)k+1

2

∫
R
ϕ̂(u)du

+
J−1∑
j=0

j even

cj(d, k)ϕ̂
(j)(0)

(log(kMd,k))j+1
+ Usplit(ϕ, d, k) +OJ

(
1 + log |d|

(log(kMd,k))J+1

)
,

where

(3.25) c0(d, k) := − log 2π + c0,ram(k) + c0,inert(k) + c0,inert,d(k)

and for j ≥ 1,

(3.26) cj(d, k) := cj,ram(k) + cj,inert(k) + cj,inert,d(k).

We moreover observe that cj(d, k) depends only on the congruence class of k modulo 8.
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4. An Alternative Expression for cj,inert(k)

Next, we provide an alternative, more explicit, expression for the lower order constants,
cj,inert(k), which is moreover ultimately more amenable to numerical analysis.

Lemma 4.1. Let k be a positive integer. Then, we have

(4.1) c0,inert(k) = (−1)k
(
γ0 −

L′

L
(1, χ4) + log 2

)
+ 2

ζ ′4,3
ζ4,3

(2),

where ζ4,3(s) :=
∏

p≡3 (mod 4)

(1− p−s)−1 on Re(s) > 1.

Proof. To begin, we write

2

∫ ∞

1

ψk(t; 3, 4)− t
2

t2
dt =

∫ ∞

1

2ψk(t; 3, 4)− ψ(t) + ψ(t)− t

t2
dt.(4.2)

Then, denoting the Chebyshev ψ-functions

ψ(t) :=
∑
pn≤t

log p and ψ(t, χ4) :=
∑
pn≤t

χ4(p
n) log p,

where χ4 is the quadratic Dirichlet character modulo 4 over Z, we note the identity

2ψk(t; 3, 4)− (−1)k2ψ0(
√
t; 3, 4) = 2

∑
p≡3 (mod 4)

n odd
pn≤t

log p = ψ(t)− ψ(t, χ4)−
∑
2n≤t

log 2.(4.3)

Using (4.2) and (4.3), we get

2

∫ ∞

1

ψk(t; 3, 4)− t
2

t2
dt =

∫ ∞

1

−ψ(t, χ4) + ψ(t)− t+ 2(−1)kψ0(
√
t; 3, 4)− log 2⌊ log t

log 2
⌋

t2
dt.

(4.4)

We separate this integral into four components. We first compute the contribution of the
prime 2 by noting that

− log 2

∫ ∞

1

⌊ log t
log 2

⌋dt
t2

= − log 2
∞∑
n=0

n

∫ 2n+1

2n

dt

t2
= − log 2

∞∑
n=0

n

2n+1
= − log 2.(4.5)

Next, by the prime number theorem in arithmetic progressions, together with Perron’s for-
mula, we write

−
∫ ∞

1

ψ(t, χ4)

t2
dt = −

∫ T

1

ψ(t, χ4)

t2
dt+O

(
1

(log T )A

)
=

1

2πi

∫ T

1

(∫
CU (t)

L′

L
(s, χ4)

ts−2

s
ds

)
dt+O

(
1

(log T )A
+

(log T )3

U

)
,

for any A > 1, where for any t ≥ 1, CU(t) denotes a finite path taken along the vertical
line-segment Re(s) = 1 + 1

log(1+|t|) , where | Im(s)| ≤ U . Next, we shift the inner integral

to a finite path C(U), taken within a zero-free region of L(s, χ4) located to the left of the
line Re(s) = 1 − c

logU
for some c > 0. Upon applying appropriate bounds on the growth of
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L′

L
(s, χ4) within the critical strip (e.g. [27, Thm. 11.4]), and picking up an additional error

term from the horizontal segments, we find that

−
∫ ∞

1

ψ(t, χ4)

t2
dt =

1

2πi

∫
C(U)

L′

L
(s, χ4)

∫ T

1

ts−2dt
ds

s
+O

(
1

(log T )A
+

(log T )3

U
+

log T logU

U

)
.

Next, we note that for any s on C(U),∫ T

1

ts−2 dt =
T s−1 − 1

s− 1
=

1

1− s
+O

exp
(
− c log T

logU

)
|s− 1|

 .

Upon setting U = (log T )4 and taking the limit as T → ∞, we find that

−
∫ ∞

1

ψ(t, χ4)

t2
dt =

1

2πi

∫
C

L′

L
(s, χ4)

ds

s(1− s)
,

where C is now an infinite path taken within a zero-free region of L(s, χ4) located to the
left of the line Re(s) = 1. Proceeding, we move the integral to the line Re(s) = R > 1 and
pick up the pole at s = 1. Noting that L′

L
(s, χ4) is bounded on the vertical line Re(s) = R,

it then follows that ∫
(R)

L′

L
(s, χ4)

ds

s(1− s)
= o

(
1

R

)
,

which goes to zero as R → ∞. This yields

(4.6) −
∫ ∞

1

ψ(t, χ4)

t2
dt =

L′

L
(1, χ4).

Similarly, by applying the bound in [27, Thm. 6.7], we find that∫ ∞

1

ψ(t)− t

t2
dt =

1

2πi

∫ ∞

1

(∫
(2)

−ζ
′

ζ
(s)

ts−2

s
ds− 1

t

)
dt

=
1

2πi

∫ ∞

1

(∫
C

−ζ
′

ζ
(s)

ts−2

s
ds+

1

t
− 1

t

)
dt =

1

2πi

∫
C

ζ ′

ζ
(s)

ds

s(s− 1)
,

where C is defined analogously to as above. Recall that

ζ(1 + s) =
1

s
+

∞∑
n=0

(−1)n

n!
γns

n,

where γn are known as the Stieltjes constants (and γ0 is the Euler–Mascheroni constant), so
that

1

s(s− 1)

ζ ′

ζ
(s) =

(
1

s− 1
− 1 +O(s− 1)

)(
− 1

s− 1
+ γ0 +O(s− 1)

)
= − 1

(s− 1)2
+
γ0 + 1

s− 1
+O(1).

Upon shifting the contour C far to the right, we find by Cauchy’s residue theorem that

(4.7)

∫ ∞

1

ψ(t)− t

t2
dt =

1

2πi

∫
C

ζ ′

ζ
(s)

ds

s(s− 1)
= −γ0 − 1.
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Finally, we note that

(4.8)

∫ ∞

1

2ψ0(
√
t; 3, 4)

t2
dt = − 1

2πi

∫ ∞

1

2

(∫
C

ζ ′4,3
ζ4,3

(2s)
ts−2

s
ds

)
dt = −2

ζ ′4,3
ζ4,3

(2),

where

(4.9) ζ4,3(s) :=
∏

p≡3 (mod 4)

(1− p−s)−1, Re(s) > 1,

so that

(4.10)
ζ ′4,3
ζ4,3

(s) = −
∑

p≡3 (mod 4)

∞∑
n=1

log p

pns
.

Inserting (4.5), (4.6), (4.7), and (4.8), into (4.4), we have

2

∫ ∞

1

ψk(t; 3, 4)− t
2

t2
dt =

L′

L
(1, χ4)− γ0 − 1 + 2(−1)k+1

ζ ′4,3
ζ4,3

(2)− log 2,(4.11)

from which the lemma follows by (3.22). □

Lemma 4.2. Let k, j be positive integers. Then, we have

cj,inert(k) =
(−1)j+k

j!

((
f ′

f

)(j)

(1)−
(
L′

L

)(j)

(1, χ4)

)
(4.12)

+ (−1)j
2j+1

j!

(
ζ ′4,3
ζ4,3

)(j)

(2) + (−1)k
(log 2)j+1

j!
Li−j(

1
2
),

where f(s) := (s− 1)ζ(s), ζ4,3(s) is as in (4.9) and where Li−j(z) is as in (3.17).

Proof. To begin, recall that for j ≥ 1,

cj,inert(k) = 2(−1)k
∫ ∞

1

(ψk(t; 3, 4)− t
2
)

t2
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt.

As above, we note that

2

∫ ∞

1

(ψk(t; 3, 4)− t
2
)

t2
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt

=

∫ ∞

1

(−ψ(t, χ4) + ψ(t)− t+ 2(−1)kψ0(
√
t; 3, 4)− log 2⌊ log t

log 2
⌋)

t2
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt.

(4.13)

We again treat the four terms separately. First, by Perron’s formula, we write

−
∫ ∞

1

ψ(t, χ4)

t2
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt =

1

2πi

∫ ∞

1

(∫
C(t)

L′

L
(s, χ4)

ts−2

s
ds

)
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt,

where C(t) is again a vertical path to the right of the line Re(s) = 1. We move the contour
to the left to a path C, inside a zero-free region of L(s, χ4) and flip the order of integration
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as above. Let us first compute, for j = 1 and Re(s) < 1,

I1(s) :=

∫ ∞

1

ts−2 (1− log t) dt =

∫ ∞

0

e(s−1)u(1− u)du

=

[
(1− u)

eu(s−1)

s− 1

]∞
0

+

∫ ∞

0

eu(s−1)

s− 1
du = − 1

s− 1
+

1

s− 1

[
eu(s−1)

s− 1

]∞
0

=− 1

s− 1
− 1

(s− 1)2
= − s

(s− 1)2
.

For j ≥ 2, we have

Ij(s) :=

∫ ∞

1

ts−2 (log t)
j−1

(j − 1)!

(
1− log t

j

)
dt =

∫ ∞

0

e(s−1)u uj−1

(j − 1)!

(
1− u

j

)
du

=

[
e(s−1)u

s− 1

(
uj−1

(j − 1)!
− uj

j!

)]∞
0

− 1

s− 1

∫ ∞

0

e(s−1)u

(
uj−2

(j − 2)!
− uj−1

(j − 1)!

)
du

=− 1

s− 1
Ij−1(s) =

(
− 1

s− 1

)j−1

I1(s) =
(−1)js

(s− 1)j+1

by induction. It follows that

−
∫ ∞

1

ψ(t, χ4)

t2
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt =

1

2πi

∫
C

L′

L
(s, χ4)

Ij(s)

s
ds =

1

2πi

∫
C

L′

L
(s, χ4)

(−1)j

(s− 1)j+1
ds,

so that upon shifting the integral and picking up the pole at s = 1, we find that

(4.14) −
∫ ∞

1

ψ(t, χ4)

t2
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt =

(−1)j+1

j!

(
L′

L

)(j)

(1, χ4).

Similarly, with C as defined above, we find that∫ ∞

1

(ψ(t)− t)

t2
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt =

1

2πi

∫ ∞

1

(∫
(2)

−ζ
′

ζ
(s)

ts−2

s
ds− 1

t

)
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt

=
1

2πi

∫ ∞

1

(∫
C

−ζ
′

ζ
(s)

ts−2

s
ds+

1

t
− 1

t

)
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt

= − 1

2πi

∫
C

ζ ′

ζ
(s)Ij(s)

ds

s
= − 1

2πi

∫
C

ζ ′

ζ
(s)

(−1)j

(s− 1)j+1
ds.

Upon writing

ζ(s) =
f(s)

s− 1
,

where

(4.15) f(s) := 1 +
∞∑
n=0

(−1)n

n!
γn(s− 1)n+1 =

∞∑
k=0

f (k)(1)

k!
(s− 1)k

is a holomorphic function, we find that

ζ ′

ζ
(s) =

f ′

f
(s)− 1

s− 1
= − 1

s− 1
+

∞∑
k=0

(
f ′

f

)(k)

(1)
(s− 1)k

k!
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and therefore that

− 1

2πi

∫
C

ζ ′

ζ
(s)

(−1)j

(s− 1)j+1
ds = − 1

2πi

∫
C

(
− 1

(s− 1)j+2
+

∞∑
k=0

(
f ′

f

)(k)

(1)
(s− 1)k−j−1

k!

)
(−1)jds

=
(−1)j

j!

(
f ′

f

)(j)

(1).

We next note that

2(−1)k
∫ ∞

1

ψ0(
√
t; 3, 4)

t2
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt

=
(−1)k+1

2πi

∫ ∞

1

2

(∫
C

ζ ′4,3(2s)

ζ4,3(2s)

ts−2

s
ds

)
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt

=
(−1)k+1

2πi

∫
C

2
ζ ′4,3(2s)

ζ4,3(2s)

Ij(s)

s
ds = (−1)k+j 2

j+1

j!

(
ζ ′4,3
ζ4,3

)(j)

(2).

Finally, upon writing B(s) :=
∑

n≥0
log 2
2ns , we similarly find that

− log 2

∫ ∞

1

⌊ log t
log 2

⌋(log t)
j−1

(j − 1)!

(
1− log t

j

)
dt

t2
= − 1

2πi

∫ ∞

1

(∫
C

B(s)
ts−2

s
ds

)
(log t)j−1

(j − 1)!

(
1− log t

j

)
dt

= − 1

2πi

∫
C

B(s)Ij(s)

s
ds = (−1)j

B(j)(1)

j!
=

(log 2)j+1

j!
Li−j(

1
2
),

from which the lemma follows. □

5. Computing D(K;ϕ,Fα
d )

We now compute D(K;ϕ,Fα
d ) by averaging D(ϕ, ξd,k) over appropriate 1 ≤ k ≤ K.

Proposition 5.1. Let d be an odd square-free integer, α ∈ Z/8Z, and let ϕ be an even

Schwartz function such that ϕ̂ is compactly supported. Then for any J ≥ 1, one has as
K → ∞,

D(K;ϕ,Fα
d ) = ϕ̂(0) +

(−1)α+1

2

∫
R
ϕ̂(u)du+

J∑
m=1

Cm(d, α, ϕ)

(logKMd,α)m
+

8

K

∑
1≤k≤K

k≡α (mod 8)

Usplit(ϕ, d, k)

+OJ

(
1 + log |d|

(logKMd,α)J+1

)
,

with

Cm(d, α, ϕ) := (m− 1)!
m−1∑
j=0

j even

cj(d, α)
ϕ̂(j)(0)

j!
,(5.1)
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where for α ≡ 0mod 4 and j ≥ 0,

cj(d, α) = cj(α) :=− δ0(j) log 2π +Bj +
(log 2)j+1

j!
Li−j(

1
2
) + (−1)j

2j+1

j!

(
ζ ′4,3
ζ4,3

)(j)

(2)

− 2

j!

(
log 2

2

)j+1

Li−j

(
(−1)

α
4

√
2

)
,

where for α ̸≡ 0mod 4 and j ≥ 0,

cj(d, α) = −δ0(j) log 2π + (−1)α
(
Bj +

(log 2)j+1

j!
Li−j(

1
2
)

)
+ (−1)j

2j+1

j!

(
ζ ′4,3
ζ4,3

)(j)

(2)

+
2

j!

∑
p≡3 (mod 4)

p|d

(log p)j+1Li−j

(
(−1)α

p

)
,

and where

Bj :=
(−1)j

j!

((
f ′

f

)(j)

(1)−
(
L′

L

)(j)

(1, χ4)

)
, f(s) := (s− 1)ζ(s).

Proof. Recall by (1.3) that

D(K;ϕ,Fα
d ) =

8

K

∑
1≤k≤K

k≡α (mod 8)

D(ϕ, ξd,k),

where the estimation for D(ϕ, ξd,k) is given in Proposition 3.6. Let j ∈ N. Noting that
cj(d, k) and Md,k depend only on the congruence class of k modulo 8, we fix an appropriate
representative α ∈ {1, . . . 8}. It follows that for fixed c ≥ 1,∑

1≤k≤K
k≡α (mod 8)

1

(log(ck))j+1
=

∑
0≤ℓ≤⌊K−α

8 ⌋

1

(log(c(8ℓ+ α)))j+1
=

∑
1≤ℓ≤⌊K−α

8 ⌋

1

(log(8cℓ))j+1
+O(1),

where, by (2.19), we need only consider the case c = 1 when α ∈ {4, 8}. The last equality
above follows from

1

(log(8cℓ))j+1
− 1

(log(8cℓ+ cα))j+1
=

(log(8cℓ+ cα))j+1 − (log(8cℓ))j+1

(log(8cℓ+ cα))j+1(log(8cℓ))j+1

≪ (log(8cℓ+ cα)− log (8cℓ)) (log(8cℓ))j

(log(8cℓ))2j+2
≪ 1

ℓ (log(8cℓ))j+2

and the sum over ℓ converges. By the Euler–Maclaurin formula,∑
1≤ℓ≤⌊K−α

8 ⌋

1

(log(8cℓ))j+1
=

∫ K
8

1

dt

(log(8ct))j+1
+O(1) =

1

8c

∫ cK

8c

dt

(log t)j+1
+O(1)

=
1

8c

cK

(log(cK))j+1

J−j∑
ℓ=0

(j + ℓ)!

j!(log(cK))ℓ
+OJ

( K

(log(cK))J+2

)
.
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By Proposition 3.6, and upon noting in particular that cj(d, k) = cj(d, α) for any even j
and k ≡ α (mod 8), we find that

D(K;ϕ,Fα
d ) = ϕ̂(0) +

(−1)α+1

2

∫
R
ϕ̂(u)du+

J−1∑
j=0

j even

cj(d, α)ϕ̂
(j)(0)

(log(KMd,α))j+1

J−j∑
ℓ=0

(j + ℓ)!

j!(log(KMd,α))ℓ

+
8

K

∑
1≤k≤K

k≡α (mod 8)

Usplit(ϕ, d, k) +OJ

(
1 + log |d|

(log(KMd,α))J+1

)
.

Setting m = j + ℓ+ 1, we write the j, ℓ-sum as

J−1∑
j=0

j even

cj(d, α)ϕ̂
(j)(0)

j!

J+1∑
m=j+1

(m− 1)!

(log(KMd,α))m
=

J+1∑
m=1

(m− 1)!

(log(KMd,α))m

min (m−1,J−1)∑
j=0

j even

cj(d, α)ϕ̂
(j)(0)

j!

and the formula for D(K;ϕ,Fα
d ) follows by defining Cm(d, α, ϕ) as in (5.1). Finally, we recall

that for j ≥ 1,

c0(d, k) = − log 2π + c0,ram(k) + c0,inert(k) + c0,inert,d(k)

cj(d, k) = cj,ram(k) + cj,inert(k) + cj,inert,d(k),

so that by the expressions (3.16), (3.20), (4.1) and (4.12) above, we obtain the desired
formulas in the statement of the proposition. □

Theorem 1.1 now follows from Proposition 5.1 provided that we can bound the contribution

of the split primes for test-functions ϕ such that supp(ϕ̂) ⊂ (−1, 1).We begin by first proving
the following weaker result, which, combined with Proposition 5.1, provides an asymptotic

for D(K;ϕ,Fα
d ) when supp(ϕ̂) ⊂ (−1

2
, 1
2
).

Lemma 5.2. Let d be an odd square-free integer, α ∈ Z/8Z, and let ϕ be an even Schwartz

function such that supp(ϕ̂) ⊂ (−ν, ν). Then as K → ∞, we have

8

K

∑
1≤k≤K

k≡α (mod 8)

Usplit(ϕ, d, k) = O(d2νK2ν−1).

Proof. Summing (3.13) over k, we get

8

K

∑
1≤k≤K

k≡α (mod 8)

Usplit(ϕ, d, k)

= − 8

K

∑
p≡1 (mod 4)

(p)=pp
n≥1

log p

p
n
2

∑
1≤k≤K

k≡α (mod 8)

(
ξnd,k(p) + ξ

n

d,k(p)
)
ϕ̂

(
n log p

2 log(kMd,α)

)
1

log (kMd,α)
.(5.2)

We have ∑
1≤k≤K

k≡α (mod 8)

(
ξnd,k(p) + ξ

n

d,k(p)
)
=

∑
1≤k≤K

k≡α (mod 8)

(eiknθd,p + e−iknθd,p)
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with θd,p as defined by (2.21). We define

DK,α(x) :=
∑

1≤k≤K
k≡α (mod 8)

(eikx + e−ikx) = 2
∑

1≤k≤K
k≡α (mod 8)

cos(kx).

We note that

1 +
∑

α∈Z/8Z

DK,α(x) = DK(x)

where

DK(x) :=
K∑

k=−K

eikx =
sin
(
(K + 1

2
)x
)

sin(x
2
)

is the Dirichlet kernel at x. Fixing an appropriate representative for α ∈ {1, . . . 8}, we
observe that

DK,α(x) =
∑

0≤ℓ≤⌊K−α
8

⌋

(eix(8ℓ+α) + e−ix(8ℓ+α))

=
eiαx − eix(8⌊

K−α
8

⌋+α+8)

1− e8ix
+
e−iαx − e−ix(8⌊K−α

8
⌋+α+8)

1− e−8ix

=
−ei(α−4)x + eix(8⌊

K−α
8

⌋+α+4) + e−i(α−4)x − e−ix(8⌊K−α
8

⌋+α+4)

2i sin(4x)

=
sin((8⌊K−α

8
⌋+ α + 4)x)− sin((α− 4)x)

sin(4x)
≪ 1

|sin(4x)|
.

(5.3)

Using the bound (5.3) and partial summation, we get∑
1≤k≤K

k≡α (mod 8)

(
ξnd,k(p) + ξ

n

d,k(p)
)
ϕ̂

(
n log p

2 log(kMd,α)

)
1

log (kMd,α)

= DK,α(nθd,p)ϕ̂

(
n log p

2 log(KMd,α)

)
1

log (KMd,α)
−
∫ K

1

Dt,α(nθd,p)
d

dt

(
ϕ̂
(

n log p
2 log(tMd,α)

)
log (tMd,α)

)
dt+O(1)

≪ 1

|sin(4nθd,p)|
+

1

|sin(4nθd,p)|

∫ K

1

∣∣∣∣∣ ddt
(
ϕ̂
(

n log p
2 log(tMd,α)

)
log (tMd,α)

)∣∣∣∣∣dt≪ 1

|sin(4nθd,p)|
,

since the integral converges. Since supp(ϕ̂) ⊂ (−ν, ν), it then follows from (5.2) that

8

K

∑
1≤k≤K

k≡α (mod 8)

Usplit(ϕ, d, k) ≪
1

K

∑
pn≤(KMd,α)

2ν

p≡1 (mod 4)

log p

p
n
2 |sin(4nθd,p)|

.(5.4)

In order to give a lower bound on |sin(4nθd,p)|, we first demonstrate that θd,p ̸∈ πQ for
any p ≡ 1 (mod 4). Observe that since zd,p ∈ Z[i], we have that tan(θd,p) ∈ Q. Moreover,
Niven’s theorem states that {a ∈ Q : tan(aπ) ∈ Q} ⊂ 1

4
Z. Since we know that θd,p ̸∈ π

4
Z for

any p ≡ 1 (mod 4), it follows that θd,p ̸∈ πQ, as desired. In particular, when p ≡ 1 (mod 4),
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the point znd,p = pn/2einθd,p ∈ Z[i] is a lattice point off the lines x = 0, y = 0 and x = ±y of
the complex plane, i.e.

|Im(znd,p)|, |Re(znd,p)|, |Im(znd,p)± Re(znd,p)| ≥ 1.

Using
sin(4x) = 4 sinx cosx(cosx− sinx)(cosx+ sinx),

we find that for, say, 0 ≤ nθd,p ≤ π
6
and 5π

6
≤ nθd,p ≤ π,

|sin(4nθd,p)| ≥ 4
|Im(znd,p)|

|znd,p|
(cos π

6
)2
(
cos π

6
− sin π

6

)
≥ p−

n
2 .

For π
6
≤ nθd,p ≤ π

3
and 2π

3
≤ nθd,p ≤ 5π

6
we similarly find that

|sin(4nθd,p)| ≥ 4 sin π
6
cos π

3

|Re(znd,p)±Im(znd,p)|
|znd,p|

(
cos π

3
+ sin π

6

)
≥ p−

n
2 ,

while for π
3
≤ nθd,p ≤ 2π

3
,

|sin(4nθd,p)| ≥ 4 sin π
3

|Re(znd,p)|
|znd,p|

(sin2 π
3
− cos2 π

3
) ≥ p−

n
2 .

Since x 7→ sin(4x) is π
2
-periodic, we have proven that for any p,

(5.5) |sin(4nθd,p)| ≥ p−
n
2 .

Inserting into (5.4) and using the prime number theorem in arithmetic progressions, we have

8

K

∑
1≤k≤K

k≡α (mod 8)

Usplit(ϕ, d, k) ≪ d2νK2ν−1,

as desired. □

Remark 5.3. In the following, we will use the function ∥·∥2π to denote the distance to the
nearest integer multiple of 2π. Observe that since 1

2
∥2x∥2π ≥ |sinx|, we have by (5.5) that

∥8nθd,p∥2π ≥ 2p−
n
2 .(5.6)

We will use it often in the next section.

6. Proof of Theorem 1.1

In order to extend the admissible support in Lemma 5.2 to (−1, 1) (and prove Theo-
rem 1.1), we improve upon our bound of the contribution of the split primes by averaging
the possible values of θd,p, and not simply bounding by the worst value. Let

Spn :=
{
z = r(z)eiθ(z) ∈ C× : nθd,p − 1

8
p−

n
2 ≤ θ(z) ≤ nθd,p +

1
8
p−

n
2(6.1)

and p
n
2 − 1

4
≤ r(z) ≤ p

n
2 + 1

4

}
.

Note that the area of Spn is equal to

A(Spn) :=

∫∫
Spn

rdrdθ : =

∫ θmax

θmin

∫ rmax

rmin

rdrdθ =
1

2

(
r2max − r2min

)
(θmax − θmin)

=
1

2

((
p

n
2 + 1

4

)2 − (pn
2 − 1

4

)2) (1
4
p−

n
2

)
=

1

8
.
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Lemma 6.1. Let d be an odd square-free integer, p ≡ 1 (mod 4) and n a positive integer.
Then if p−

n
2 = o(∥8nθd,p∥2π), we have

log p

p
n
2 ∥8nθd,p∥2π

=
2

n

1

A(Spn)

∫∫
Spn

log r

∥8θ∥2π
drdθ

(
1 +O

(
1

p
n
2 ∥8nθd,p∥2π

))
.

Unconditionally, we moreover find that

log p

p
n
2 ∥8nθd,p∥2π

≪ 1

n

∫∫
Spn

log r

∥8θ∥2π
drdθ.

Remark 6.2. Note that by (5.6), for any reiθ ∈ Spn , and for all m ∈ Z,

|8θ − 2mπ| ≥ |8nθd,p − 2mπ| − |8nθd,p − 8θ|
≥ min

m∈Z
|8nθd,p − 2mπ| − |8nθd,p − 8θ| = ∥8nθd,p∥2π − |8nθd,p − 8θ|

≥ 2p−
n
2 − p−

n
2 = p−

n
2 .

Thus

(6.2) ∥8θ∥2π ≥ p−
n
2 > 0,

and therefore the integral in Lemma 6.1 is indeed well-defined.

Proof of Lemma 6.1. Let

f(x) :=
log x

x
and f ′(x) =

1− log x

x2
,

so that for reiθ ∈ Spn , we have∣∣∣∣ log rr − n

2

log p

p
n
2

∣∣∣∣≪ |r − p
n
2 | · sup

t∈[min(r,p
n
2 ),max(r,p

n
2 )]

|f ′(t)| ≪

∣∣∣∣∣ log(p
n
2 − 1

4
)

(p
n
2 − 1

4
)2

∣∣∣∣∣≪ n log p

pn
,

and ∫∫
Spn

1

∥8θ∥2π
log r

r
rdrdθ =

∫ θmax

θmin

(
dθ

∥8θ∥2π

)∫ rmax

rmin

(
n

2

log p

p
n
2

+O

(
n log p

pn

))
rdr.

We begin by computing the r-integral. We have∫ rmax

rmin

log r

r
rdr =

(
n

2

log p

p
n
2

+O

(
n log p

pn

))∫ p
n
2 + 1

4

p
n
2 − 1

4

rdr =
n log p

4
+O

(
n log p

p
n
2

)
,

and, in particular,

(6.3)
n log p

4
≪
∫ rmax

rmin

log r

r
rdr.
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We now compute the θ-integral. Up to translation by Zπ
4
, we may assume that [θmin, θmax] ⊂(

0, π
4

)
. We consider several cases. First, suppose θmax ≤ π

8
. Then∫ θmax

θmin

dθ

∥8θ∥2π
=

∫ θmax

θmin

dθ

8θ
=

1

8

(
log

(
nθd,p +

1

8p
n
2

)
− log

(
nθd,p −

1

8p
n
2

))
=

1

8

(
log

(
1 +

1

8nθd,pp
n
2

)
− log

(
1− 1

8nθd,pp
n
2

))
=

∞∑
ℓ=1

(−1)ℓ+1 + 1

8ℓ
(8nθd,pp

n
2 )−ℓ =

1

32nθd,pp
n
2

(
1 +O

(
(nθd,pp

n
2 )−2

))
=

1

4p
n
2 ∥8nθd,p∥2π

(
1 +O

(
(p

n
2 ∥8nθd,p∥2π)−2

))
.

Since the coefficients of the Taylor series are all non-negative, the implied constant is positive,
enabling us to conclude that

(6.4)
1

4p
n
2 ∥8nθd,p∥2π

≪
∫ θmax

θmin

dθ

∥8θ∥2π
.

Next, suppose θmin ≥ π
8
. Then∫ θmax

θmin

dθ

∥8θ∥2π
=

∫ θmax

θmin

dθ

2π − 8θ
=

1

8

(
log

(
π − 4nθd,p +

1

2p
n
2

)
− log

(
π − 4nθd,p −

1

2p
n
2

))
=

∞∑
ℓ=1

(−1)ℓ+1 + 1

8ℓ
(2(π − 4nθd,p)p

n
2 )−ℓ =

1

4p
n
2 ∥8nθd,p∥2π

(
1 +O

(
(p

n
2 ∥8nθd,p∥2π)−2

))
,

and where again we may conclude (6.4), upon noting that the implicit constant is positive.
Finally, we consider the case θmin <

π
8
< θmax, in which case |nθd,p − π

8
| < 1

8
p−

n
2 . Then∫ θmax

θmin

dθ

∥8θ∥2π
=

∫ π
8

θmin

dθ

8θ
+

∫ θmax

π
8

dθ

2π − 8θ

=
1

8

(
log
(π
8

)
− log

(
nθd,p −

1

8p
n
2

)
+ log

(π
8

)
− log

(
π

4
− nθd,p −

1

8p
n
2

))
=

1

8

(
2 log

(π
2

)
− log (4nθd,p)− log (π − 4nθd,p)

− log

(
1− 1

8nθd,pp
n
2

)
− log

(
1− 1

2(π − 4nθd,p)p
n
2

))
.

Note that

2 log
(π
2

)
− log (4nθd,p)− log (π − 4nθd,p) = − log

(
1− π/2− 4nθd,p

π/2

)
− log

(
1 +

π/2− 4nθd,p
π/2

)
= O

((π
2
− 4nθd,p

)2)
= O

(
p−n
)
,
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as well as that

− log

(
1− 1

8nθd,pp
n
2

)
− log

(
1− 1

2(π − 4nθd,p)p
n
2

)
=

∞∑
ℓ=1

1

ℓ
(8nθd,pp

n
2 )−ℓ +

∞∑
ℓ=1

1

ℓ
(2(π − 4nθd,p)p

n
2 )−ℓ

=
1

p
n
2

(
1

8nθd,p
+

1

2π − 8nθd,p

)
+O(p−n).

This last term can be approximated by noting that

1

8nθd,p
+

1

2π − 8nθd,p
=

1

∥8nθd,p∥2π + 8nθd,p − ∥8nθd,p∥2π
+

1

∥8nθd,p∥2π + 2π − 8nθd,p − ∥8nθd,p∥2π

=
2

∥8nθd,p∥2π

(
1 +O

(
∥8nθd,p∥−1

2π

(
|2π − 8nθd,p − ∥8nθd,p∥2π|+ |8nθd,p − ∥8nθd,p∥2π|

)))
=

2

∥8nθd,p∥2π

(
1 +O

(
(p

n
2 ∥8nθd,p∥2π)−1

))
,

where for the last equality, we note that one of the terms in the innermost parentheses
vanishes while the other is < 2p−

n
2 , by hypothesis. Note also that ∥8nθd,p∥−1

2π ≍ 1 in this
range. To summarize,∫ θmax

θmin

dθ

∥8θ∥2π
=

1

4p
n
2 ∥8nθd,p∥2π

(
1 +O

(
p−

n
2 ∥8nθd,p∥−1

2π

))
.

This is our worst error term under the assumption that p−
n
2 ∥8nθd,p∥−1

2π → 0. Noting that
∥8θ∥−1

2π ≥ 1
π
for all θ ∈ [θmin, θmax], we further observe that

(6.5)

∫ θmax

θmin

dθ

∥8θ∥2π
≥ 1

π

∫ θmax

θmin

dθ =
1

4πp
n
2

,

from which we may conclude (6.4), upon noting again that ∥8nθd,p∥−1
2π = O(1).

It follows that, in each case,∫∫
Spn

1

∥8θ∥2π
log r

r
rdrdθ =

(
n log p

4
+O

(
n log p

p
n
2

))
1

4p
n
2 ∥8nθd,p∥2π

(
1 +O

(
p−

n
2 ∥8nθd,p∥−1

2π

))
= A(Spn)

1

2

n log p

p
n
2 ∥8nθd,p∥2π

(
1 +O

(
1

p
n
2 ∥8nθd,p∥2π

))
.

In particular, by (6.3) and (6.4), we conclude that

n log p

p
n
2 ∥8nθd,p∥2π

≪ 1

A(Spn)

∫∫
Spn

1

∥8θ∥2π
log r

r
rdrdθ,

as desired. □

Proposition 6.3. Let d be an odd square-free integer, α ∈ Z/8Z and ϕ be an even Schwartz

function such that supp(ϕ̂) ⊆ (−ν, ν). Then as K → ∞, we have

8

K

∑
1≤k≤K

k≡α (mod 8)

Usplit(ϕ, d, k) = Oν(d
νKν−1(log(dK))3).
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Proof. Noting that 1
π
∥2x∥2π ≤ |sinx|, it follows from (5.4) and Lemma 6.1, that

8

K

∑
1≤k≤K

k≡α (mod 8)

Usplit(ϕ, d, k) ≪
1

K

∑
pn≤(KMd,α)

2ν

p≡1 (mod 4)

log p

pn/2|sin(4nθd,p)|

≪ 1

K

2ν log(KMd,α)

log 5∑
n=1

1

n

∑
p≡1 (mod 4)

pn≤(KMd,α)
2ν

∫∫
Spn

log r

∥8θ∥2π
drdθ.(6.6)

By (6.1), we note that |znd,p−z| < 1/2 for any z ∈ Spn , and thus since znd,p ∈ Z[i], it follows
that for p ̸= q, Spn ∩ Sqn = ∅. By (6.2), we find that for any reiθ ∈ Spn ,

1

2r
≤ 1

2p
n
2 − 1

2

≤ p−
n
2 ≤ ∥8θ∥2π.

It follows that for any n ≥ 1,⋃
p≡1 (mod 4)

pn≤(KMd,α)
2ν

Spn ⊆ Rν :=

{
z = reiθ ∈ C× : ∥8θ∥2π ≥ 1

2r
and 1 ≤ r ≤ (KMd,α)

ν +
1

4

}
.

Thus, as θ 7→ ∥8θ∥2π is π
4
-periodic, we have

∑
p≡1 (mod 4)

pn≤(KMd,α)
2ν

∫∫
Spn

1

∥8θ∥2π
log rdrdθ ≪

∫∫
Rν

1

∥8θ∥2π
log r drdθ

≪
∫ (KMd,α)

ν+ 1
4

1

∫ π
4
− 1

16r

1
16r

dθ

∥8θ∥2π
log rdr ≪

∫ (KMd,α)
ν+ 1

4

1

log r

(∫ π
8

1
16r

dθ

8θ
+

∫ π
4
− 1

16r

π
8

dθ

2π − 8θ

)
dr

≪
∫ (KMd,α)

ν+ 1
4

1

log r
(
log

π

8
+ log 16r

)
dr ≪ν (KMd,α)

ν(log(KMd,α))
2.

Thus by (6.6) we conclude that

8

K

∑
1≤k≤K

k≡α (mod 8)

Usplit(ϕ, d, k) ≪ν

2ν log(KMd,α)

log 5∑
n=1

1

n
K−1(KMd,α)

ν(log(KMd,α))
2

≪ν d
νKν−1(log(KMd,α))

2 log log(KMd,α).

Finally, by (2.19) and (3.2) we note that Md,α ≪ d, from which the desired result now
follows. □

Combining Proposition 5.1 and Proposition 6.3, this proves Theorem 1.1.
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7. Non-vanishing results

In this section we prove Corollary 1.3. Fix 0 < ν < 1 and consider the usual smooth test
function

ϕ(x) = ϕν(x) :=

(
sin (πνx)

πνx

)2

.

We note that ϕν(0) = 1, ϕν(x) ≥ 0 for all x ∈ R,

ϕ̂ν(t) =

{
ν−|t|
ν2

if |t| < ν

0 otherwise,

and that supp(ϕ̂) = [−ν, ν]. As ϕν(x) is not a Schwartz function, we will approximate it by
a family of even Schwartz functions {ϕm}m≥1. In particular, we will assume that {ϕm}m≥1

well-approximates ϕν in the L1 norm, and that supp(ϕ̂m) ⊆ (−1,−1). For simplicity, we will
moreover assume that ϕm ≥ ϕν for all m ≥ 1.
Assume the Riemann Hypothesis holds for L(s, ξd,k) (i.e the non-trivial zeros 1

2
+ iγ satisfy

γ ∈ R) for all k ≥ 1. We then have, for α even, and every m ≥ 1, that

8

K

∑
1≤k≤K

k≡α (mod 8)

L(
1
2
,ξd,k)=0

1 ≤ 8

K

∑
1≤k≤K

k≡α (mod 8)

ord
s=

1
2
L(s, ξd,k)

2
≤ 4

K

∑
1≤k≤K

k ≡ α (mod 8)

DK(ϕm, ξd,k)(7.1)

where we have used the fact that for α even, the order of vanishing of L(s, ξd,k) at s =
1
2
is

even, since W (ξd,k) = 1 by Lemma 2.5. Thus, for all m ≥ 1 and large K, we find that

8

K
#
{
1 ≤ k ≤ K, k ≡ α (mod 8) : L(1

2
, ξd,k) ̸= 0

}
≥ 1− 4

K

∑
1≤k≤K

k ≡ α (mod 8)

DK(ϕm, ξd,k) +O

(
1

K

)
.

Applying Theorem 1.1, for any ν < 1, we compute

lim
m→∞

lim
K→∞

8

K

∑
1≤k≤K

k ≡ α (mod 8)

DK(ϕm, ξd,k) = ϕ̂ν(0)−
1

2

∫ ν

−ν

(
1

ν
− |t|
ν2

)
dt =

1

ν
− 1

2
,

so that

lim inf
K→∞

8

K
#
{
1 ≤ k ≤ K, k ≡ α (mod 8) : L(1

2
, ξd,k) ̸= 0

}
≥ 75%.

Suppose now that α is odd and α ∈ S+(d), i.e. for k ≡ α (mod 8), we have W (ξd,k) = 1,
which implies that L(s, ξd,k) vanishes with even order at 1

2
. Working as above under the

GRH for L(s, ξd,k), we have

8

K

∑
1≤k≤K

k≡α (mod 8)

L(
1
2
,ξd,k)=0

1 ≤ 8

K

∑
1≤k≤K

k≡α (mod 8)

ord
s=

1
2
L(s, ξd,k)

2
≤ 4

K

∑
1≤k≤K

k ≡ α (mod 8)

DK(ϕm, ξd,k)(7.2)
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but in this case, we have orthogonal symmetry from Theorem 1.1. We compute

lim
m→∞

lim
K→∞

8

K

∑
1≤k≤K

k ≡ α (mod 8)

DK(ϕm, ξd,k) = ϕ̂ν(0) +
1

2

∫ ν

−ν

(
1

ν
− |t|
ν2

)
dt =

1

ν
+

1

2
(7.3)

and replacing in (7.2) with ν < 1, we get

lim inf
K→∞

8

K
#
{
1 ≤ k ≤ K, k ≡ α (mod 8) : L(1

2
, ξd,k) ̸= 0

}
≥ 25%.

Finally, suppose that α is odd and α ∈ S−(d), i.e. that for k ≡ α (mod 8), we have
W (ξd,k) = −1. This implies that L(s, ξd,k) vanishes with odd order ≥ 1, and working as
above under the GRH for L(s, ξd,k),

8

K

∑
1≤k≤K

k≡α (mod 8)

ord
s=1

2
L(s,ξd,k)>1

1 ≤ 8

K

∑
1≤k≤K

k≡α (mod 8)

ord
s=

1
2
L(s, ξd,k)− 1

2
≤ 4

K

∑
1≤k≤K

k ≡ α (mod 8)

DK(ϕm, ξd,k)−
1

2
+O(K−1),

(7.4)

and we again have orthogonal symmetry. As in (7.3), we compute

lim
m→∞

lim
K→∞

4

K

∑
1≤k≤K

k ≡ α (mod 8)

DK(ϕm, ξd,k)−
1

2
=

1

2ν
− 1

4

and replacing in (7.4) with ν < 1, we get

lim inf
K→∞

8

K

{
1 ≤ k ≤ K, k ≡ α (mod 8) : ord

s=
1
2
L(s, ξd,k) = 1

}
≥ 75%.

This completes the proof. □

Remark 7.1. As remarked in [20], the function ϕ1(x) =
(

sin (πx)
πx

)2
is optimal among all

functions ϕ ∈ S1 where

S1 :=
{
ϕ ∈ L1(R), ϕ ≥ 0, ϕ(0) = 1, and supp(ϕ̂) ⊂ [−1, 1]

}
for both symplectic and orthogonal symmetry. In other words,

inf
ϕ∈S1

∫ ∞

−∞
ϕ(x)WG(x)dx

is attained for ϕ1 when WG(x) = 1± 1
2
sin(2πx)

2πx
. Indeed, noting that ϕ̂1 = g ⋆ g where

g : x 7→

{
1 if x ∈ [−1

2
, 1
2
],

0 otherwise,

the proof of [20, Cor. A.2] demonstrates that ϕ1 is optimal if and only if g is an eigenvector

for the operator f 7→
∫
R f(y)(ŴG − δ0)(x − y)dy on L1([−1

2
, 1
2
]). By (1.6), and taking η as
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in (1.7), this is equivalent to the condition that the maps

x 7→ ±1

2

∫ 1
2

− 1
2

η(x− y)dy

are constant on the interval [−1
2
, 1
2
], which is indeed the case.

Appendix A. Evaluating the cj constants numerically

In this appendix, we numerically approximate the values of cj(1, 0) using the formulas of
Proposition 5.1 for the cases j = 0 and j = 2, and explain the procedure for doing so for
arbitrary j ≥ 0. We write

cj := cj(1, 0) = Aj +Bj − Tj,

where

Aj :=
(log 2)j+1

j!
Li−j(

1
2
)− 2

j!

(
log 2

2

)j+1

Li−j

(
1√
2

)
− δ0(j) log 2π

Bj :=
(−1)j

j!

((
f ′

f

)(j)

(1)−
(
L′

L

)(j)

(1, χ4)

)
(A.1)

where f(s) := (s− 1)ζ(s), and

Tj := (−1)j+12
j+1

j!

(
ζ ′4,3
ζ4,3

)(j)

(2).

We seek to re-express the constants Bj and Tj in a more computationally-friendly form. To
begin, we find that by the Faà di Bruno formula [8] for higher derivatives,(
f ′

f

)(j)

(1) = (log f)(j+1)(s)

∣∣∣∣
s=1

=

j+1∑
k=1

log(k)(f(1)) ·Bj+1,k

(
f (1)(1), f (2)(1), . . . , f (j+2−k)(1)

)
,

where the partial exponential Bell polynomials are defined as
(A.2)

Bn,k(x1, . . . , xn−k+1) :=
∑

j1,...,jn−k+1≥0
j1+···+jn−k+1=k

j1+2j2+···+(n−k+1)jn−k+1=n

n!

j1! . . . jn−k+1!

(x1
1

)j1
. . .

(
xn−k+1

(n− k + 1)!

)jn−k+1

.

By comparing terms in (4.15), we note that for ℓ ≥ 1,

f (ℓ)(1) = ℓ(−1)ℓ−1γℓ−1,

where γℓ are the Stieltjes constants. Moreover, for k ≥ 1, since f(1) = 1, we have

log(k)(f(1)) = (−1)k+1(k − 1)!.

We therefore conclude that(
f ′

f

)(j)

(1) =

j+1∑
k=1

(−1)k+1(k − 1)! ·Bj+1,k

(
γ0,−2γ1, . . . , (j + 2− k)(−1)j+1−kγj+1−k

)
.

This formula may then be coded into Mathematica as follows:
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Bellzeta[j_,k_]:= BellY[j+1,k,

Table [(-1)^i*(i+1)* StieltjesGamma[i], {i,0,j+1-k}]]

(* Defining the Bell polynomial Bj+1,k

(
γ0, . . . , (j + 2− k)(−1)j+1−kγj+1−k

)
*);

Bzeta[j_]:=Sum [( -1)^{k+1}(k-1)! Bellzeta[j,k], {k,1,j+1}]

(* Summing over the relevant Bell polynomials *);

Next, let χ be a Dirichlet character modulo q. For n ≥ 1, we note that

(A.3) L(n)(1, χ) = (−1)nγn(χ),

where γn(χ) is known as the nth Laurent–Stieltjes constant for L(s, χ). As in [7], we find
that γn(χ) may be expressed as

γn(χ) =

q∑
a=1

χ(a)γn(a, q), γn(a, q) := lim
x→∞

 ∑
0<m≤x

m≡a (mod q)

(logm)n

m
− (log x)n+1

q(n+ 1)

 ,

where γn(a, q) are sometimes referred to as generalized Euler constants (for arithmetical
progressions). In particular, we find that for n ≥ 1,

(A.4) γn(χ4) = γn(1, 4)− γn(3, 4),

and moreover that γ0(χ4) = L(1, χ4) = π
4
. For small values of n (n ≤ 20), γn(1, 4) and

γn(3, 4) have been explicitly computed in [6]:

γ1(1, 4) -0.154621845705

γ2(1, 4) -0.095836601153

γ3(1, 4) -0.049281458556

γ1(3, 4) 0.038279471092

γ2(3, 4) 0.058305123277

γ3(3, 4) 0.045601400650

γ1(χ4) -0.19290131679

γ2(χ4) -0.15414172443

γ3(χ4) -0.0948828592

Table 1. Values of γn(1, 4), γn(3, 4), and γn(χ4).

Again by the Faà di Bruno formula for higher derivatives, it follows similarly to as above
that(

L′

L

)(j)

(1, χ4) =

j+1∑
k=1

log(k)(L(1, χ4)) ·Bj+1,k

(
L(1)(1, χ4), L

(2)(1, χ4), . . . , L
(j+2−k)(1, χ4)

)
=

j+1∑
k=1

(−1)k+1(k − 1)!
(π
4

)−k

Bj+1,k

(
−γ1(χ4), . . . , (−1)j+2−kγj+2−k(χ4)

)
.

Each such contribution may then be computed in Mathematica as follows:

Lconstants :={ -0.19290131679 , -0.15414172443 , -0.0948828592}

(* Values of γj(χ4) extracted from previously published computations *)

BellL[j_,k_]:= BellY[j+1,k,Table [( -1)^{i}* Lconstants [[i]],{i,1,j+2-k}]]

(* Defining the Bell polynomial Bj+1,k

(
−γ1(χ4), . . . , (−1)j+2−kγj+2−k(χ4)

)
*)

BL[j_]:= Sum [( -1)^{k+1}(k-1)!(Pi/4)^{ -k} BellL[j,k],{k,1,j+1}]
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(* Summing over the relevant Bell polynomials for the L-function factor *)

B[j_]:=( -1)^{j}/(j)!( Bzeta[j]-BL[j])

j (f ′/f)(j)(1) (L′/L)(j)(1, χ4) Bj

j = 0 0.57721566 0.24560958 0.33160608

j = 2 0.10337726 0.29505047 −0.0958366

Table 2. Values of (f ′/f)(j)(1), (L′/L)(j)(1, χ4), and Bj, for j = 0 and
j = 2.

Next, we note that since(
ζ ′4,3
ζ4,3

)(j)

(s) =
∑

p≡3 (mod 4)

∞∑
n=1

(− log p)j+1nj

pns
=

∑
p≡3 (mod 4)

(− log p)j+1Li−j

(
1

ps

)
,

we have that

Tj = (−1)j+12
j+1

j!

(
ζ ′4,3
ζ4,3

)(j)

(2) =
2j+1

j!

∑
p≡3 (mod 4)

(log p)j+1Li−j

(
1

p2

)
.

To compute the inert prime contribution, we write

Tj = Tj[x] +Rj[x],

where

Tj[x] :=
2j+1

j!

∑
p≡3 (mod 4)

p<x

(log p)j+1Li−j(p
−2)

and

Rj[x] :=
2j+1

j!

∑
p≡3 (mod 4)

p≥x

∞∑
n=1

(log p)j+1nj

p2n
≤ 2j+1

j!

(
(log x)j+1

x2
+

j+1∑
k=0

(log x)k

x

(j + 1)!

k!

)
,

so long as x is sufficiently large such that the map t 7→ (log t)j+1/t2 is decreasing in the range
[x,∞). The resulting contribution may then be computed by implementing the following
code:

X=1000000; primes3 := Select[Range[3, X, 4],PrimeQ]

(*List of primes 3 mod 4 up to X*);

T[j_ ]:=(2^{j+1}/j!)Sum[N[Log[primes3 [[i]]]^{j+1}]

N[PolyLog[-j,(1/ primes3 [[i]]^2)]] ,{i,1,Length[primes3 ]}]

(* computes Tj[X]*)

Plugging in the value x = 106 yields the following values:
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j Tj[10
6] Bound for Rj[10

6] Aj cj

j = 0 0.45747 0.00003 −2.81814 −2.9440

j = 2 3.93 0.014 −1.00081 −5.0

Table 3. Numerical approximation of c0 and c2.

Remark A.1. Numerically, we observe that as j grows, Bj approaches 0, Aj approaches −1,
and Tj tends towards infinity. This suggests that cj < 0 for all j ≥ 0, and moreover that the
main contribution to cj is given by the inert primes, in particular the (j + 1)th logarithmic
derivative of ζ4,3 at 2. Finally, we further note that the higher order logarithmic derivative
of ζ4,3(s) at s = 2 may likely be computed more efficiently using methods adapted from [23]
(see, in particular, Remark 1 therein).
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