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Abstract

We discuss a topological definition of natural coding of a minimal rotation on the d-dimensional
torus, inspired by the seminal works of Rauzy on the Tribonacci word. In particular, we show
that under the axiom of choice, it is possible to wisely complete the pseudo-fundamental domain
of the torus into a fundamental domain, while preserving the property of piecewise translation
and a weak form of sequential continuity. We prove then that if w is a natural coding of a
minimal rotation of the d-torus, admitting furthermore d + 1 return words to a letter a, then its
derivated word to the letter a is still a natural coding of a minimal rotation of the d-torus, that
we fully describe. In particular, this result completes an argument of Cassaigne, Ferenczi and
Zamboni: under this assumption, and if furthermore the fundamental domain associated with
the natural coding is bounded, then the cylinder [a] is a bounded remainder set for w (i.e. the
empiric frequency with which the symbolic trajectory w visits the set [a] tends to its expected
value at speed at least 1/n), which is equivalent to finite imbalance on the letter a. As a conse-
quence, no Arnoux-Rauzy word with infinite imbalance is a natural coding of a minimal rotation
of the 2-dimensional torus, with bounded fundamental domain. The same holds for primitive
C-adic words and, more generally, uniformly recurrent tree words.

Besides, we prove that to any natural coding of a minimal rotation of the d-torus we can
associate other natural codings constructed by a reverse induction process, that we call exduction.
We study the return words of Arnoux-Rauzy and primitive C-adic words within the S-adic
framework and obtain that, for these two classes of words, being a natural coding of a minimal
rotation of the 2-torus is a property that only depends on the asymptotic behavior of the directive
sequence.

1 Introduction

Backgrounds

In [Rau82], Rauzy undertakes the study of symbolic systems associated with minimal rotations of
the 2-dimensional torus by a remarkable example: the Tribonacci word. The ” canonical association”
he obtains, through a well-chosen partition, was refered to (though not written at that time) under
the name of "natural coding”. Later, when it appeared that the Tribonacci word was a remarkable
element of a wide class of words generalizing Sturmian words on a 3-letter alphabet [ARII], it was
believed that the canonical association property would extend to the whole class of words (now
known as Arnoux-Rauzy words).

In [CEFZ00], Cassaigne, Ferenczi and Zamboni disproved this belief by exhibiting an Arnoux-
Rauzy word satisfying a remarkable combinatorial property: infinite imbalance (see Definition .
The first and main part of their paper is devoted to the construction of this unsuspected object; in



the second part, relying on a theorem of Rauzy on bounded remainder sets (see [Rau84] or Theorem
below), they state that if w is an Arnoux-Rauzy word with infinite imbalance, then either wq
or one of its induced words (which are still Arnoux-Rauzy words with infinite imbalance) is not a
natural coding of a rotation of the 2-torus (the definition of natural coding is discussed in Section [3).
Even if the proof is incorrect, their result is true, under the additional assumptions of boundedness
of the fundamental domain and minimality of the rotation (it is a consequence of Corollary .
In Section [4 of the present document, we rectify and complete the proof that Cassaigne, Ferenczi
and Zamboni sketched to achieve a more significant result: Theorem [A] Besides, the existence of
non-coding Arnoux-Rauzy words was established by other techniques in [CFMO0S].

Since then, substantial advances have been made in the counterpart. Under a measure theory
definition, [AT01], [BJS12] and [BSW13| show that purely substitutive Arnoux-Rauzy words are
natural codings of rotation of the 2-torus; [BST19] extends this positive result in the generic S-adic
case to a large subclass of Arnoux-Rauzy words.

Our work

First, we propose a topological definition of natural coding of a minimal rotation on the d-dimensional
torus, inspired by the seminal works of Rauzy [Rau82] (Definition [2). Under this framework, we
cannot elude the question of borders.

We show that if w is a natural coding of a minimal rotation of the d-torus, then: 1) w is written
with d+1 letters and is uniformly recurrent (see immediate Lemma; 2) under the axiom of choice,
it is possible to wisely complete the pseudo-fundamental domain of the torus into a fundamental
domain, while preserving the property of piecewise translation as well as a the continuity, in an
of course weak sense, of the coding function (see Proposition |§| and Lemma . If furthermore w
admits d 4+ 1 return words to a factor v, then its derivated word to v (see Definition is still a
natural coding of a minimal rotation of the d-torus, that we fully describe (see Theorem [A)).

Fulfilling an argument of [CEZ00], we prove then that the cylinder [v] is a bounded remainder
set for w, which is equivalent to finite imbalance on w for the factor v (see Proposition . As
a consequence, no Arnoux-Rauzy word with infinite imbalance is a natural coding of a minimal
rotation of the 2-torus. This consequence holds for primitive C-adic words as well, and more
generally for tree words (see Corollary .

On another hand, we show that the property of being a natural coding of a minimal rotation
also passes through a reverse induction operation that we call exduction (Theorem .

In the case of Arnoux-Rauzy and primitive C-adic words, we link the induction and exduction
processes to the action of a multidimensional continued fraction algorithm on the letter frequencies
vector of w, through the S-adic expression of return words (see Theorem@ for Arnoux-Rauzy words,
which is a restatement of [JV00], and Theorem |Ef for primitive C-adic words).

Finally, we show that for Arnoux-Rauzy and primitive C-adic subshifts, being a natural coding
of a minimal rotation on the 2-torus only depends on the asymptotic behavior of the directive
sequence (Theorem [H).
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2 Preliminaries

2.1 Finite and infinite words

An alphabet A is a finite set; its elements are called letters. For instance, in what follows, we work
with the (d+1)-letter alphabet Z = {1,...,d+1}. A finite word of length n, where n is a nonnegative
integer, is the concatenation of n letters: u = ag-ai-...-a,—1 € A™. As soon as there is no ambiguity,
the concatenation symbol - will be omitted. We denote by A* = U,enA™ the set of finite words; an
infinite word is an element w = agas... € AN. Following Python, we denote by w[k], for k € N, the
(k + 1)-th letter of a nonempty (finite or infinite) word w.

A finite word w is a factor of length n of a (finite or infinite) word w if there exists a nonnegative
integer i such that for all k£ € {0,...,n — 1}, w[i + k] = ulk]; in the particular case i = 0, we say
that w is the prefiz of length n of w, and denote it by u = pref,(w). We denote by F,(w) the set
of factors of w of length n and by F(w) the set of factors of all lengths. An infinite word is said
recurrent if every factor occurs infinitely often.

We endow the set AN with the product topology, for which it is compact. Given a finite word
u € A*, we denote by [u] the set of words in AN which admit u as prefix. The sets [u] are called
cylinders; they are clopen and form a neighborhood basis for the topology.



2.2 Symbolic dynamics

We denote by S the shift map, which acts on infinite words by ’erasing’ the first letter: if w is an
infinite word, for all £k € N, S(w)[k] = w[k + 1]. If wp is an infinite word, we call subshift associated
with wg, denoted by Xy, the closure set (for the product topology) of the trajectory of wy under
the shift action: Xo = {S¥(wo)|k € N}.

The shift map is at the core of symbolic dynamics. Given a dynamical system, one can choose
to partition the space into a finite number of regions Ay, ..., Ag, and study the possible sequences
of regions crossed over time (for a general introduction to symbolic dynamics, the reader should
refer to [LM95]). The difficulty and the interest of the discrete dynamical system thus obtained
highly depends on the choice made for the partition. In this paper, we study the behavior, under
the induction and the exduction operations, of a family of remarkable partitions for the discrete
flow of a minimal rotation on a d-dimensional torus (called hereafter d-torus).

2.3 Imbalance

Definition 1. The imbalance of an infinite word w is the quantity (possibly infinite):

imb(w) = sup sup max ||ulg — |v/]a],
neN  wu,u'eFn(w) acA

where |ul, denotes the number of times the letter a appears in the word u.

The imbalance measures iniquities in the distribution of letters in a given word. This notion
appeared for the first time in the works of Morse and Hedlund ([MH3§| and [MH40]); in [CH73]
Coven and Hedlund showed that this quantity characterizes Sturmian words: a binary word is
Sturmian if and only if it is aperiodic and its imbalance equals 1.

This quantity has been much studied since, through the notions of C-balancedness (a word is
C'-balanced if and only if its imbalance is lower than C'), balancedness (originally, a word is balanced
if and only if its imbalance is lower than 1; in recent papers, balanced words tend to denote words
with finite imbalance). In [Ada03], Adamczewski introduced the balance function of an infinite

word w: By(n) = max max ||u|g — |v|e|. The imbalance of w is the smallest upper bound for
a€A uveF,(w)

this balance function.

For instance, the imbalance of the Tribonacci word is 2 (see [RSZ09| for a proof, but this fact was
mentioned before). Because they were constructed as a generalization of Sturmian words from the
combinatorial viewpoint, it was expected that Arnoux-Rauzy words would have bounded imbalance.
This is not the case: Cassaigne, Ferenczi and Zamboni exhibited in [CFZ00] families of Arnoux-
Rauzy words with arbitrary high imbalance, and even families of words with infinite imbalance (see
also [And21] for an alternative construction).

One extend the notion of imbalance by considering factors instead of letters. For u,v € F(w),
denote by |u|, the number of occurrences of v in u, i.e., the number of indices ¢ € {0, ..., |u| — 1}
such that u[i]..u.[|v] — 1+ 4] = v (for instance, |131313|1313 = 2.) The imbalance of w on the factor
v is:

imb, (w) = sup sup luly — o[-
neN  yu' eF,(w)

This notion appears in Section [4.3



3 Natural coding of minimal rotations

3.1 A topological definition and its consequences

Let d be a positive integer. Recall that L is a lattice of R? if there exist ey, ...,eq € R?, linearly
independent, such that L = Zej + ... + Zeg. We denote by Ty := R?/L the d-torus associated
with the lattice L, and by p; the projection map on the torus. The torus is endowed with the
quotient topology (consisting of all sets with an open preimage under pr), which makes pr open
and continuous.

A set Q C R% is L-simple if the map pr, : Q — Ty, is one-to-one; 2 is a fundamental domain of
L if the map pr, : Q — Ty, is one-to-one and onto. As soon as 2 is L-simple, we introduce the cover
map rq,;, which maps each point in pr,(€) to its unique preimage in Q. If the set €2 is open, the
cover map rq r, is open and continuous for the topology on R?. Remark: in [Rau84], L-simple sets
are furthermore assumed to be bounded - in our work we will explicitly mention this assumption
each time it is required.

Now, given a € R?, the rotation of the torus T, through the angle « is the map Ropr : T —
Tr, * — x + pr(«a) (possibly denoted by R, if there is no ambiguity on the lattice). Following
[Rau84], a pair («, L) is said minimal if for all & € T, the sequence (R2(Z))nen is dense in Ty, - or
equivalently, if there exists one such Z in Ty,

Definition 2. A word wy € AY is a natural coding of a minimal rotation of the d-torus if there
exists a lattice L C R? together with a vector o € R such that:

e (minimality) The pair (o, L) is minimal.

e (partition of a pseudo-fundamental domain) There exist Qy,...,Qq11 nonempty, open sets of
R? such that:

— the sets Q1,...,Qq411 are pairwise disjoint;
— the union set Q = Ujeqy . a41)$% is L-simple;
— the projection set pr,(QQ) is dense in the torus Ty.

e (exchange of pieces) There exist a, ..., aqe1 € RY such that for all index i € {1,...,d+ 1} and
for all point & € pr,(Q) N Ry (pr(Q)), ra.L(Ra(%)) = ro.L(F) + ai.

e (a coding trajectory) There exists Zo in pr(2) such that, for alln € N, Ri(Zo) € pr(Quwgin]);
where wo[n| denotes the (n+1)-th letter of wy.

We set xg = rq,1(Zo) and we say that ((a, L); (2 : Q4 ..., Qay1); o; (o1, ..., g+1)) are elements
of the natural coding wq.

Lemma 3. If wg is a natural coding of a minimal rotation of the d-torus, then w is written with
exactly d + 1 letters and is uniformly recurrent.

Proof. By minimality of the rotation, the trajectory of the point Zg is dense in the torus and, thus,
visits each open set pr,(€;) - so wg contains each letter i in {1,...,d + 1}.

Let u be a factor of wg. Then there exists a nonnegative integer n such that S™(wg) € [u].
Observe that the set Q, = ﬂyio_ 1R;l(pL(Qum)) is nonempty (it contains indeed the point R (Zg))
and open (the ; are open, the projection py, is open and the rotation is continuous). Therefore,
by minimality of the pair («, L), we obtain a cover of the torus by a countable family of open sets:
Tr, = UnenR5"(Q), from which we extract, by compacity of Ty, a finite cover. We conclude that
there exists a nonnegative integer m such that Ty = UZ‘ZOR;”(QM) and, finally, that wq is uniformly
recurrent. 0



At last, we say that a subshift is a natural coding of a minimal rotation of the d-torus if it is
minimal and if one of its elements is a natural coding of a minimal rotation of the d-torus.
Hereafter, we denote by Z = {1, ...,d + 1} the alphabet.

Notation 4. In this document, we shall work with a second lattice, called M. To avoid confusion,
we will use the symbol ~ (tilda) to refer to points or sets in the torus Tr, whereas the symbol~ (bar)
will be devoted to elements in Tyr- the absence of symbol referring by default to the covering space
R, From now on, we denote Q = pr,(Q) and Q; = pr ().

Example 5. A Sturmian subshift with slope o is a natural coding of the minimal rotation of the
torus R/7Z through the angle a. One can take the pseudo-fundamental domain Q@ =]0,1[ together
with the partition 1 =]0,1 — af, Q2 =|1 — «, 1].

The Tribonacci subshift is a natural coding of the minimal rotation of the torus R?/Z? through
the angle (¢,(?), where ¢ is is the unique real root of the polynomial x® + x? + x — 1. Further-
more, the Rauzy fractal gives a pseudo-fundamental domain for which the pieces of the partition are
furthermore bounded and simply connected (see [Rau82]).

Given a natural coding wy with elements ((a, L); (2 : Q1, ..., Q41+1); zo; (a1, ..., g41)), we intro-
duce the numbering function v : Q — Z, which maps all elements of ; to the letter i; and we
consider the coding function f given by f(z) = (v(RZ(pr(x))))nen which makes sense each time the
trajectory of pr(x) for the rotation action is included in Q. Let D denote the maximal subset of
on which the coding function f is defined. The covering rotation T' = rq 1, 0 R, o pr, is well-defined

on D and satisfies T(D) C D. Following Notation |4} we denote D = py(D).
Lemma 6. The trajectory of o under the action of T is included in D and dense in €.

Proof. By definition of natural coding, the trajectory of Z, under R, is included in D (we even
know that f(z¢) = wp). The rotation being minimal, the trajectory of & is dense in the torus Ty,
and in particular in Q. By continuity of the cover map ro.r (2 is open), we conclude that this
property is preserved in the cover space. O

Proposition 7. The coding function f is continuous for the induced topology on D. Furthermore,
the diagram below is commutative:

and the image set f(D) is included in Xg, the subshift generated by the word wy.

Proof. First, observe that f(z) belongs to the cylinder [ig...i,—1] if and only if z € D and for all k
in {0,....n — 1}, RE(pr(z)) € Q;,; if and only if 2 € DNNIZ5 p;  (R3*(Qs,)), which is open for the
induced topology on D - hence the continuity of f.

Secondly, the diagram is commutative by definition of f.

Thirdly, let w € f(D) and = € D C 2 be one of its preimages. By Lemma @, there exists an
extracted sequence (1™ (xg)); in DY that tends to x. But f being continuous, the image sequence,
which is (S™ (wp))x, tends to w = f(z) - meaning that the word w € ZV actually belongs to Xo;
we conclude that f(D) C Xj. O

We will prove in Proposition [18| that the coding function f is one-to-one.



Lemma 8. For all x € D, we have T'(z) = = + «;, with i = v(pr(x)).

Proof. This is an immediate consequence of Item 2 (exchange of pieces) in Definition [2| (natural
coding). O

3.2 Borders assignment

In this subsection, we show that, under the axiom of choice, it is possible to wisely assign borders
to the pieces €;, in order to complete the L-simple set  into a fundamental domain Q' and enlarge
the remarkable property of exchange of pieces, while keeping (under a weak form) the continuity of
the coding function f.

Proposition 9. Let L be a lattice of RY, and Qy, ..., Qqr1 nonempty, open, pairwise disjoint sets,
such that moreover Q = U;erSl;, where T = {1,...,d + 1}, is L-simple (H1). Let o € R? be such
that (o, L) is minimal (H2). Assume there exists xo € Q such that for all nonnegative integer n,
R(pr(z0)) € Q(H3), and denote by (in), € IV the unique sequence satisfying: for all n € N,
R (pr(xo)) € Q;,. At last, assume that there exist aq, ..., aqy1 € R? such that for all nonnegative
integer n, T (zg) = T"(x0) + o, where T =rq 0 Ry opr (HY).

Then, under the axiom of choice, there exist ), ..., :1+1 C R4 such that:

o (C1) foralli eI, Q; C QL
e (C2) the union set ¥ = U;ez8Y, is a fundamental domain of L;
e (C3) the sets QU are pairwise disjoint.
Furthermore, if T' denotes the covered rotation T' = roy 1, © Ry 0 pr,, then:
e (C4) for allx € U, T'(z) =z + o;

e (C5) for all x € ', for all ¢ € N, there exists T an extraction (i.e. an increasing map from
N to N) such that: (i) the sequence (T (x0))men converges to x; (i) for all n € {0, ..., q},
for all nonnegative integer m, T+ (x0) € Q. , where 1, is given by T™(z) € Q, .

Proof. General idea. The proof consists of a lifting process, based on the axiom of choice. Initially,
the sets Qf, ..., Q) 41 are empty. We browse each orbit for the action of the rotation R, to the future
and back to the past, from a well-chosen point, in order to assign to each visited point of the torus

T;, a covering point in R?, that we furthermore stow in one of the d + 1 sets ., le. The pair
(v, L) being minimal (H2), each point of the torus is visited exactly once by this process, and the
sets ], ..., Q) 11 C R? form a partition of a fundamental domain of the torus.

Following Notation |4 we denote Zo = pr(zo), Q; = pr(§;) for all i € Z, and Q= pr(£2).

Method to lift one orbit. Let (§,)ncz be an orbit for the action of R, on the torus. The
pair («, L) being minimal (H2), the pair (—«, L) is minimal as well, and there exists an increasing
sequence of nonnegative indices (ny)ken such that for all k € N, g_,,, belongs to the nonempty open
set Q (H1). Without loss of generality, we assume ng = 0.

We now intend to construct, by a diagonal process, a lifted sequence (yn)necz for the orbit
(Un)nez, together with a numbering sequence (j,,)nez, such that for all n € Z:

L pr(Yn) = n;

2. if moreover §, € Q, then y, = 7.1 (7);



3. Yn+1 = Yn + @j,;

4. for all ¢ € N, there exists an extraction 7 such that 77("™) (20) —m—soo Yn and for all nonneg-
ative integer m, ir(m).--lr(m)+q = Jn---In+q-

The lifted orbit (y,)nez and its symbolic trajectory (j,)nez will be obtained as the limit sequences,
when £ tends to infinity, of the finite sequences (Yn)ne{—ny,...nx} @A (Jn)nef{—ny,...n,}: W€ NOW give
the details of the construction.

First, since gy € €, there exists a unique i € Z such that gy € Q;. We set Yy = ro.r(Jo) and
39 = i. By minimality of (a, L) (H2), and since o is open (H1), there exists an extraction oy such

that the sequence (77°0™)(z0))men is included in {2jo and tends to 9.
Now, let k € N, and assume there exist an extraction o together with a finite word jﬁnk ]ﬁk €

7?2+ such that T7(™) (20) =00 70,1 (J-n,,) and for all nonnegative integer m, iy, (m)---igy (m)+2n,

k+1 k41 c

= ]Enkjrklk We want to construct an extraction o1 together with a finite word S

Z?™+1+1 such that:

: : k1 k1

Tok+1(m) (g;o) —m—so00 TQ,L(g*nkJrl)’
forallmeN, 1

Uk+1(m)"‘ZUk+1(m)+2nk+1 = ]*"kJrl "‘]nk+1'
Denote | = ng1 — nx, € N*, and let mg € N be such that o (mg) > I. Denote 7 : m — m + my.

The sequence (T7%°7™~!(24)) e is the image, by the continuous function T~ = rq 1,0 R5opy, (Q
is open by (H1)), of the convergent sequence (T7+°7™) (z4)),,en; it thus admits a limit that we de-

note by ylfgiﬂ. Furthermore, the possible values of the sequence (ig, o (m)—i--ioyoy(m)—i+2ny 1 )meN
belong to the finite set Z2"+171 so there exists j*%! ..kl e T2M+1F1 together with an ex-
+1 k41

traction v such that for all nonnegative integer m, iy, . (m) Loy, (m)+ 201 = jﬁﬁiﬂ...jﬁﬁl, where

ok+1(m) = o oy ov(m) — I, for all nonnegative integer m. Finally, for n € {—ngy1, ..., ng41}, we
define yFt1 = limy,, oo TR+ M Fn4041 (),
Observe that the sequence (T7%+1(™M*H (z0)),. is a subsequence of (T7+(™)(z)),,. Consequently,

for all n € {—ng,...,nx}:

k41 -k

{ yptt = limy, Toee (M () — Tim,,, TOMFE () = gk
In " = In-

Therefore, we can construct (y,)necz and (jn)nez as the biinfinite limits of the finite words
(ys)ne{fnk,...,nk} and (jﬁ)ne{fnk,...,nk}a for k € N.

Properties of the lifted orbit.
Now we formally check that the lifted orbit (y,)nez satisfies the properties (1), (2), (3) and (4).

Lemma 10. For all n € Z, pr(yn) = in; if moreover §, € Q, then y, = rQ,L(Tn)-

Proof. Let n € Z and k € N be such that —n; < n. By continuity of p; and R, we have:
pLlyn) = limy, pp o TR (5)
= lim, RET™ o pp, o T8 (z0)
= Ry (J-n,)
= gn
Furthermore, if ¢, € Q, then there exists A € L such that y, = rq (9Jn) + A. Since the sequence
(Toxm)+n47k (20)),,cn of elements in QN tends to y,, which belongs to the open set Q + X, we must
have QN Q + A # (). By L-simplicity of © (H1), this implies A = 0, hence y,, = 70, 1(Un)- O



Lemma 11. For alln € Z, yp41 = yn + aj, .

Proof. Let n € Z and k € N be such that —n; < n < ng. For all nonnegative integer m,
Ggy(m)+ntny = Jn, hence TormAntmtl (p) = ToRmFntne(p) + o, (H4). Taking the limit
when m — oo on both sides gives yp41 = yn + ;. O

Lemma 12. For alln € Z and for all ¢ € N, there exists an extraction T such that T7(m) (20) = m—soo
Yn and for all nonnegative integer m, ir(m)--ir(m)4+q = Jn---Jn+q-

Proof. Let n € Z and q € N. We choose k € N such that —n; < n and ¢ < niy —n. By construction
of oy, the function 7 : m +— or(m) + n + ny suits. O

Construction of a fundamental domain with a ”good” partition.

Thanks to the axiom of choice, we run this process for each orbit in the action of the rotation
R,, on the torus Tr. We denote €' C R? the set of all the lifted points we obtain. Since the orbits
form a partition of the torus, and by minimality of (a, L) (H2), each point of the torus is lifted
exactly once, meaning that €' is a fundamental domain of the torus (C2). Hereafter we denote by
ror,1,(9) the covering point of 7 given by the process.

Again, because each point in the torus is visited exactly once, we can define the numbering map
V' : Ty — Z, which maps the n-th point of a given orbit (g, )nez (with respect to the indexation
used for the lifting process) to the n-th term of the associated numbering sequence (jy,)nez. For all
i € Z, weset Q = {rq/p(9) | § € Ty st. V/(g) =i}. The sets Q},...,Q, form a partition of &/
(C3).

At last, Lemmaimplies that for all g € pr.(2), ro/.1.(7) = ro,(9), hence the inclusion Q; C 2
for all ¢ in Z. Lemmas |11 and [12] respectively ensure (C4) and (C5). O

Definition 13. Let wg be a natural coding of a minimal rotation of the d-torus with elements
((a, L); (22 Q1 .0, Qay1); w05 (1, o0y agy1)). We say that (' : QF,..., Q) is a borders assignment
of w if:

1. foralliin T ={1,..,d+ 1}, Q; is included in Q;
the sets 0, ..., Q. forms a partition of ;

the set ' is a fundamental domain of L;

e e

for alli inZ, for all x in Q, T'(x) = x+ «;, where T' denotes the covered map of the rotation

to the fundamental domain ¥: T" = rq/ 1, 0 Ry o pr;

5. for all x € ', for all ¢ € N, there exists an extraction T such that: (i) T™™ (z0) —m—oo T;
(i) for all n € {0, ...,q}, for all nonnegative integer m, T™™*"(x0) € Q,,, where v, is given
by T™(z) € Q.

Corollary 14. If (' : Q,..,Qy.,) is a borders assignment of a natural coding with elements
((a, L); (2 : 1,y Qag1); o; (1, ooy 1)), then for alli € T := {1,...,d + 1}, the set Q; is dense
in Q.

Proof. Let i € T and z € Q). Denote by 7 the extraction given by Definition (13| for = and ¢ = 0.
Then the sequence (77" (z9))nen belongs to ON and converges to = - hence the density of €; in
QL. O

Corollary 15 (Immediate consequence of Proposition @ Under the azxiom of choice, a natural
coding of a minimal rotation of the d-torus admits borders assignments.



Given a natural coding of a minimal rotation wy endowed with a borders assignment (€ :
Qf, ..., Q. 1), we extend the numbering and coding functions v and f into v/ : Q—Zand f:Q —
IN: for all & € Q, we set /(%) = i; for all x in ', f'(z) = (V'(R2(pr(x))))nen. The extended
coding function is defined on the whole fundamental domain € and coincides with f wherever f is
defined, i.e., on the subset D.

The following lemma, which is an immediate consequence of Definition is the keystone of
the paper.

Lemma 16 (Weak sequential continuity). For all x € ', there exists a sequence (yn)n € DN such
that yn, —n—oo © and f'(yn) = f(Yn) = nooo ['(x).

Proof. Let z € . For n € N, we set y, = T (), where 7, is the extraction given for ¢ = n in
Deﬁnition The sequence (Y, )nen belongs to DY, converges to  and satisfies, for all nonnegative
integer n, f(yn)[0...n] = f'(2)[0...n]. O

This implies in particular that the image set of the extended coding function f’ belongs to the
subshift (which is a close set) generated by wo: f'(€) C Xp.

We finally show that the extended coding function f’ is one-to-one. This results of the minimality
of the covered dynamical system (Q', 7).

Lemma 17. The nonnegative orbit of any x in Q' under the action of the extended covered rotation
T’ is dense in Q.

Proof. Let z,z € ' and ¢ > 0. By density of Q in ' (Corollary [14]), one can pick y in © at distance
less than /2 from z. Consider an open ball B with center y and diameter less than /2 included
in the open set 2. The projected set pr(B) is still a nonempty open set; by minimality of the pair
(v, L), there exists n € N such that R}, ; (pr(z)) € pr(B). Back to the covering space, we have that

T'"(x) € B; the point T""(z) is thus at distance less than £/2 from y and less than € from z. [
Proposition 18. The extended coding function f': Q' — Xq is one-to-one.

Proof. By contradiction, consider z # y € ' such that f'(z) = f’(y). Because of Item (4) in
Definition an easy induction argument shows that T' /”(y) = T/"(m) + y — x for any nonnegative

integer n. Taking the closure set of their nonnegative orbit, we obtain that {T""(y)|n € N} =
{T'"(z)|n € N} +y — z. Since {T""(2)|n € N} = ' = Q for any z in ' (immediate consequence of
Lemma , this implies that the set  is invariant under the translation by the vector y — .
Now, consider By C 2 an open ball with diameter less than y — x. By compacity of T, there
exists a positive integer n such that the intersection R}, ; (pr(Bo)) Npr(Bo) is nonempty. Denote
Bi = By +n(y —x). On one hand, due to their small diameter, the balls By and B; are disjoint. On
another hand, the translated ball By is still included in Q. Thus, the intersection B;N¢? is dense in B;
and its projected set pr,(B1N) is dense in pr,(B1). In particular, since pr,(B1) Npr(Bo) is open and
nonnempty (indeed, pr(B1) = Rj_, ; (pr(Bo))) by definition of n the intersection pr,(B1M2)Npr(Bo)
is also nonempty. Given that By C ) and that the balls By and B; are disjoint, this nonemptyness
is conflicting with the L-simplicity of €. O

3.3 The underlying group of a natural coding

Let wp be a natural coding of a minimal rotation of the d-torus with elements ((c, L); (2 : Q1, ..., Qar1);
xo; (a1, ...y ag+1)). We introduce the underlying group of the natural coding wy:

G = Z%‘Z-

1€
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We now state two general lemmas about the group G, that will be useful in Sections [ and [6]

Lemma 19. The group G is a free abelian group of rank d + 1, which is dense in R®. The family
(a1, ..., g11) forms a basis of G.

Proof. We first show that the group G is dense in R?. By minimality of the pair (o, L), the orbit
(R 1 (PL(0)))nen, which is included in pr(€2), is dense in Tr. The set 2 being open and L-simple,
the covered map rq 1 is well-defined and continuous, and thus, the covered orbit (rq, o R} ; o
pL(20))ney € G + xp is dense in Q. Finally, the group G is dense in the nonempty open set
Q — 2o C R%, and thus, in the whole space R%.

Now, we show that the family (a1, ..., a4+1) is free over Z, which proves that G is a free abelian
group of rank d+1, with basis («y, ..., ag+1). By contradiction, assume that there exist ny, ...,ng41 €
Z, non simultaneously equal to zero, and such that ), znjo; = 0. Without loss of generality,
assume that ngy1 € N*; so we have ngyiaq41 = — 25:1 n;a;. Now, denote by V the vectorial space
over R generated by the vectors ar, ..., aq. If V is a strict subspace of R, then we can find a vector
e € R% such that the distance between e and the subspace V is greater than 1 - which is impossible
since G is included in V and dense in R¢. Therefore, ar, ..., ag form a basis of R and N = Zle ;7
is a lattice of R4, We now show that

G = U N +rogy.

ref{0,...,ng41—1}

Let g = > ;c7 mi; be an element of G. Denote respectively by ¢ and 7 the quotient and the rest of
mgq+1 in the euclidean division by n441. Then we have g = Z?Zl(mi —qn;)a; +ragyr. We conclude
that G is included in the union set U,c(o,....ny,, ~1}V +7r@d41; since the converse inclusion is trivially
true, we have the equality. Then, as the finite union of discrete sets, G is discrete - a contradiction.
Finally, the vectors aq, ..., ag+1 form a basis of the group G. O

Lemma 20. We have G = L + oZ.

Proof. Since a; = o mod L for all ¢ € Z, we immediately have G C L + aZ. Conversely, let
x € L+ aZ + x9. We are going to show that x € G + xo - which will end the proof. By density
of G and openness of (), there exists ¢ € G such that x — g € Q. Since G C L + aZ, we deduce
that pr(r — g) = RL ; (o) for a certain [ € Z. But then, there exists ly,...,lq41 € Z such that
xr—g=um0+ Y lia; Bencex€x0+G. O

3.4 Discussion on the definition of natural coding

The notion of natural coding of rotation, sometimes better called natural coding of translation of
the torus, goes back to the works of Morse and Hedlund [MH40], and to the seed paper of Rauzy
[Rau82|] (study of the Tribonacci word) in dimension 2. Nonetheless, the terminology appears later
(for instance in [CEZ00] and [Fog02]). As far as we know, the terminology was introduced, through
not written, by Rauzy [Arn20].

Roughly speaking, a "natural” coding of rotation denotes a word obtained as the coding trajec-
tory of a point of the torus, under the action of a rotation, with respect to a remarkable partition
that can be covered such that the induced rotation on the associated fundamental domain coincides,
on each covered piece, with a translation. Of course, we are interested in partitions with as few
pieces as possible; moreover we would appreciate coding words with minimal complexity (the com-
plexity of an infinite word w is the function which maps each nonnegative integer n to the number
of factors of length n in w). The study of dimension 1, and the results obtained in dimension 2
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(for instance [Rau82], [AIO1], [BB12]) lead us to hope for a generic coding strategy with classes of
words of complexity dn + 1 (see also the recent papers [BST20] and [Fog20]).

We start by discussing the definition proposed in the article [CEZ00] (which inspired the present
work), where no assumption is made on the topological nature of the partition. This definition is
still used, under a weaker form (pieces are assumed disjoint up to measure 0) in [BST19].

Definition 21. ([CEZ00] No topological assumption.) Let L be a lattice of R*. A word w €
{1,...,d + 1}Y is a natural coding ”with no topological assumption” of the rotation R, 1 if there
ezist a fundamental domain Q of Ty, together with a partition @ = Q1 U ... U Qq11, such that on
each piece §; the covered rotation coincides with a translation by a vector «;; and the sequence w
s the symbolic coding of the orbit of a point x € Q with respect to the partition in €);.

This definition is not restrictive enough, as illustrated by the following proposition.

Proposition 22. Under the axiom of choice, for any lattice L C R% and any o € R% such that
(av, L) is minimal, any word in {1,...,d + I}N 18 a natural coding “"with no topological assumption”
of the rotation R, .

Proof: a stupid Cantor example. Consider a lattice L ¢ R%, and o € R? such that («, L) is minimal.
Let w be a word in {1,...,d + 1}. Thanks to the axiom of choice, we cover each orbit (f,)necz for
the action of R, on Ty, as follows. We choose g in pzl(gjo) and set, for any integer n, y, = yo + na.
We thus have pr(yn) = pr(yo) + npr(a) = R2(YJo) = Un. Furthermore, we put the point y, into
the set Q[ if n > 0, or 1 otherwise. By minimality of (a, L), each point of the torus is visited
exactly once by this process, and the sets €11, ..., Q441 form a partition of a fundamental domain of
L. At last, by construction, the covered rotation coincides with the translation by the vector a on
each set £2;, and the point indexed by 0 on each orbit admits w as symbolic coding. O

We thus have to restrict what we accept for the partition. As evidenced by Proposition [33]
further, natural codings are made to preserve rotations while inducing on pieces, so the first property
should ensure that these inductions are well-defined: nonempty interior for a topological study. This
is what Berthé, Steiner and Thuswaldner require in [BST20]. We state here their definition with
our notations.

Definition 23. ([BST20] Topological and metric assumptions, eluding borders). Let o € R be
such that («, Z%) is minimal. A measurable fundamental domain of R?/Z? is a set Q C R? with
Lebesgque measure 1 that satisfies Q 4+ 74 = R, A collection {Q,...,Qu} is said to be a natural
measurable partition of 2 with respect to R, za if the sets Q; are measurable, they are the closure
of their interior and zero measure boundaries, U?Zl(li = ), the (Lebesgue) measure of Q; Ny is O
for all i # j, and moreover there exist vectors aq,...,qp in R? such that a; + Q; C Q with o = «
mod Z%, 1 < i < h. This allows to define a map T (which depends on the partition) as an exchange
of domains defined a.e. on Q as T'(x) = = + a; whenever x € Q.

A sequence (in)nen € {1, ..., h}N is said to be a natural coding of (R?/Z%, Ry) w.r.t. the natural
measurable partition Qy, ..., Qy, if there exists x € Q such that (in)nen codes the orbit of x under the
action of T, i.e. T™(z) € Q;,, for alln € N.

By introducing objects up to measure 0, they manage to elude the question of borders, for
which several arbitrary choices are admissible. However, this definition leads to induce the covered
rotation on the interior of the pieces (where it is defined) instead of on the whole pieces. In our
mind, this induction does not behave as well as it could be, as evidenced in Example
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Example 24. For d=1, consider L = Z and « an irrational number in [0,1/2]. We introduce
Q= Qo UQy, where Qy = [0,1 — ] and Q1 = [1 — a, 1], which turns to be a natural partition
according to Definition . Let Ty ina denote the first return map to Qo of the covered rotation T'.
We have: T ina(x) = v+« if v € Ag =]0,1-2a[ and Tj ind(z) = z+2a—1 ifv € Ay =]1-2a,1—a].
Hence, for all x € AgU A1, Toind(z) coincides with the rotation through the angle o modulo (1 —a).
But looking at the remaining point x = 1 — 2a, we have Ty jnq(z) = x4+ 3 — 1 # o mod (1 — ).
In other words, the induced map of T on (020, which is defined everywhere, is a rotation almost
everywhere, but not everywhere.

This is why, following [Rau82] and [Rau84], we chose to work with an exclusively topological
background. This requires to carefully examine what happens with the borders. By doing so, on
one hand, we guarantee that the assignment we choose for the borders enjoys the weak continuity
property (Lemma which turns to be central; on the other hand, we open the definition to
sets whose borders have positive Lebesgue measure. As far as we know, it is an open question to
determinate if the (S-adic) Rauzy fractal of all Arnoux-Rauzy words (which are good candidates
for coding of rotation of the 2-torus) have borders of measure zero.

Finally, the conditions we ask for the pieces §2; (to be open, and they union set to be dense)
are inherited from [Rau82| (see the definition of 'morcellement’). They are all needed in our work.
Note that they appear in recent articles as well ([BST20] and [Fog20] for instance), in addition to
the usual metric assumptions. At last, let us highlight that we did not assume the pieces to be
bounded. Indeed, this assumption is required only when resorting to Rauzy’s theorem on bounded
remainder sets (Theorem (B further). It would be of high interest to know (1) what remains of
Rauzy’s theorem if we remove this assumption; (2) if a word with infinite imbalance could be a
natural coding of a minimal rotation with an unbounded pseudo-fundamental domain.

4 Stability under induction

4.1 Main result for induction

Definition 25. [Dur98] A finite word u is a return word to the factor v in the recurrent word w if
u = wli]..w[j — 1], where i,j € N are two consecutive occurrences of v in w.

Lemma 26. [Dur98] Let w be a uniformly recurrent word and U the set of return words to the
factor v in w. Then U 1is finite. Furthermore, if w' is an element of the subshift generated by w,
then the set of return words to the letter v in the word w' is again U. If furthermore w' starts with
the factor v, then it can be written in a unique way as a concatenation of elements in U.

Definition 27. [Dur98] Let w be a uniformly recurrent word and v one of its factors. Denote by
U the set of return words to v in w, that we enumerate: uy,...,uy. Let 1 denote the index of the
first occurrence of v in w. The derivated word of w to v, with respect to the chosen numeration,
is the unique word Dy(w) in {1,...,n}N satisfying: o(D,(w)) = S'(w), where o is the substitution
that maps k to the word uy, for all k € {1,...,n}.

Remark 28. The derivated word of w to a is unique up to the choice made for the numeration.
Whenever this choice has no significance, we will talk about the derivated word D,(w). However,

it sometimes happens that the choice of the numeration is of interest: see for instance the case of
primitive C-adic word in [Section[5, Example [5]].

We know from Lemma [3| that a natural coding of a minimal rotation of the torus is uniformly
recurrent. We deduce that if v is one of its factors, then it admits a finite number of return words
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to v. The following theorem states that, whenever this number is d + 1, i.e., coincides with the size
of the partition (or equivalently, the size of the alphabet), then its derivated word to v is still a
natural coding of a minimal rotation of the torus.

Theorem A. Let wg be a natural coding of a minimal rotation of a d-dimensional torus, and
denote by ((o, L); (2 : Q1,..., Qag1); 205 (a1, ..y qy1)) its elements, and by (' : Q... Q) a
borders assignment. Assume that v is a factor of wg which admits d + 1 return words uy, ..., Ugs1,

and denote:
lv|—1

= () TR
k=0

Then there exist a second lattice M together with an angle B € R? such that:
1. the pair (B, M) is minimal;
2. the set ) is a fundamental domain of M;

3. for all x in Q, Tingy(x) =2+ F mod M, where T4, denotes the first return map of the
covered rotation T' = rqr 1, 0 Ry o pr, to the set Q,;

4. the derivated word to the factor v, Dy(wy), is a natural coding of the rotation of Ty through
the angle 3, whose elements and borders assignment are explicit (they are given in Proposition

[35)).

Furthermore, the return words ui, ..., uq+1 to the factor v form a basis of the abelian free group
generated by T = {1,....,d + 1}.

Remark 29. The induced natural coding D, (wp) inherits from the choice made for the borders
assignment of the original natural coding wg. There is no need to resort to the axiom of choice a
second time.

4.2 Proof of Theorem [A]

Let wp be a natural coding of a minimal rotation of the d-torus with elements ((c, L); (2 : Q1 ..., Qa41);
z0; (a1, .., gy 1)) and borders assignment (' : €, ..., Q. ;). Let v € F(wp) be such that wo admits
d+ 1 return words uyq, ..., 4441 to the factor v. We keep the notations and tools developed in Section
In particular, we denote by f the coding function with respect to the partition (21, ...,Q441) of
the L-simple set 2, D the maximal set on which f is defined, and f’ the extended coding function
on . We still denote T' = rq 1, o Ry o pr, the covered rotation on the L-simple set €2, which is
defined on rq f, (QOREI (Q)) and its extension 7" = rq/ 0 Ry opy, defined on the whole fundamental
domain ¢V'.

We denote:
|v|—1 Jv]—1

Q= [T (Quu) and Q= () T Q).
k=0 k=0

Lemma 30. The set Q, is nonempty, open and included in ..

Proof. The set €, is open as the preimage by the continuous map rq 1, of the open set ﬂfLBlR;k(Qv[k}).
Furthermore, since v is a factor of wy, there exists a nonnegative integer n such that S™(wg) € [v].
The set Q, is nonempty since it contains the point 7" (x(). At last, the inclusion of Q, in Q! comes
from the inclusion of ; in €, for all i € Z. O
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The dynamical system (£, 7") inherits from the minimality of the dynamical system (T, Ry)
(Lemma . Since the set Q/ has nonempty interior (Lemma , all trajectories end up with
passing through it. Thus, we can define the first return map to €:

nnd,v : Q; — Q;
r = T"(z), where ng = inf{n € N|T"™(z) € Q} < oc.

For ¢ € Z, we introduce the sets:

luiv|—1 Jujv|—1
A= () T7*Quw) < and  Aj= () TR ) 9.
k=0 k=0

Lemma 31. [A subpartition]
o The sets AL, fori in L, form a partition of Y.
e For alliinZ, A; is a nonempty open set included and dense in Aj.

Proof. By definition of f’, we have A. = f'~1([u;v]) for all i € Z. Since the words ;v contain
exactly two occurrences of the factor v, with one as suffix, they cannot be strict prefix one another;
this implies that the cylinders [u;v] are pairwise disjoint - hence the disjointedness of their preimage
sets Al. Moreover, for all y € Q.. f'(y) € Xo N [v] C Ujez[u;v] by Lemmas [16{ and [26; consequently
y € Ujer A, Finally, the sets A}, for i € Z, form a partition of 2.

The set A; is the preimage, by the continuous map rq r,, of the open set ﬂLu:igl_l ng(QuwW) cQ
- it is thus open. Since the word u;v is a factor of wy, there exists a nonnegative integer n such that
S™(wp) € [u;v]. The set A; is nonempty since it contains the set f~'([u;v]), which contains itself the
point 7" (xo). The inclusion A; C Af is inherited from the inclusions ; C Q) for j in Z. At last,
for the density, consider y € A. Applying Lemma we can find a sequence (z,,), € D" such that

zn, — y and pref|, , (f(zn)) = pref),, (f'(y)) = u;v; in particular (2y,), C FHuv]) € A;. O

The following lemma states that the induced map Tjnq, acts on the sets Af,..., A 41 a@s an
exchange of pieces.

Lemma 32 (Exchange of pieces). Let i in Z. For all v € A, Tjq,(x) = = + B;, where B; =
ZjeI |uilj 0.

Proof. If x belongs to A}, then its coding word f’(z) belongs to [u;v], meaning that the |u;v| — 1
first steps of the trajectory of x are fully known. More precisely, starting from €2 C Q;i[o}, T is
translated by the vector o] and falls into €2, s then it is translated by ay,,(;) and falls into L

and so on; until arriving into A ] from where it is translated by au,[j,;|—1) and falls at last -

w;|—1
and for the first time - into /. All in all, from A} C € to its first return into €2, the point = was
translated by the vector 3; = .7 [uilj o). O
We introduce the vectors of R%:
Vk:ﬁk_ﬁd—i-l for k € {1,...,d}
and the subgroup M = ZZ:1 Zvy,.

Proposition 33 (A rotation on a new torus). The following assertions are true.
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(i) The subgroup M is a lattice of R

(i1) The vectors B, j € L, are equals modulo M.

From now on, we denote 5 = B441.
(#i) The pair (8, M) is minimal.

(iv) For all x in S, we have Tjq,(x) =2+ S mod M.

v’

Proof. The assertions (ii) and (iv) stem from the definition of M and Lemmas 30| and We now
propose to show that the subgroup >, 7 6;Z = BZ + Zi:o viZ is dense in R%. This fact implies
that:

e the vectors vi, k € {1,...,d}, are linearly independent over R- thus proving (i);

e the trajectory of pps(0) is dense in the torus Ty for the action of the rotation Rg s - thus
proving (iii).

Let I be such that x := T'(x) € €. The trajectory of z under the map T being dense in €,
the sequence (777, (x))nen - consisting of all the points falling into €2, - is dense in the open subset

Q, and is, by Lemma included in z + .7 B;Z. We conclude that the subgroup ), .7 3iZ is
dense in Q, — x, which is a nonempty open set of R?, and thus, is actually dense in R itself. [

Proposition 34. The set 2, is a fundamental domain of M.

Proof. We successively prove that the projection map pas : Q) — Ty is one-to-one and onto.

Let z,y € Q) be such that py(z) = py(y), ie. y = x+ 2?21 bjv; for some b; € Z. Since
each f3; is a linear combination of aq,...,ag41 (Lemma , which are all congruent to @ modulo
L, it comes that §; = k;a mod L, where k; is the length of the associated return word w;. The
previous equality can then be rewritten y = = + Z?Zl bj(kj — kqy1)o + 1, for some [ € L; hence
pr(y) = R} [ (po(x)), with n = Zzzl bj(kj — kgy1) € N (if needed, we swap = and y), and thus
Yy = T/”(m). But, given that both = and y belong to Q., y is not only on the trajectory of z for
the action of 7”7, but also for the action of the first return map Tjnq,: there exists m € N s.t.
Yy = 11/7% ,(x). Finally, we had y = « mod M and now, we have y = x+mf mod M, meaning that
cither m = 0, or the trajectory of p m(x) under Rg s is periodic, which is forbidden by minimality
of (8, M). It eventually comes that m = 0, and x = y - hence the injectivity.

Now, let § € Tj;. By minimality of (=3, M), and because pp/(€2,) has nonempty interior
(Lemma, there exist an element T € pas(€2,,) and a nonnegative integer n such that Rjj /() = ¥.
Denote z = ro/ p(T) € €, (the covering map 7 3 is well-defined by the previous paragraph).
The trajectory of « under the map Tj,q4, remains in € ; in particular, y := ﬂlgdm (x) belongs to Q.
Then, py(y) = pM(TZ.’gdm(x)) = Rj(pm(z)) = Rj(z) =Y. We conclude that § admits a preimage
by par in Q) - hence the surjectivity. O

Proposition 35 (An induced natural coding.). The derivated word of wg to the factor v, D,(wy),
is a natural coding of the minimal rotation of Tpy through the angle B, with elements ((8,M); (A :
A,y Ager); THwo); (B ...y Bas1)), where 1 denotes the minimal nonnegative integer such that
St(wo) starts with the factor v. Furthermore, (Y, : Al, ..., A}, ) is a borders assignment of this
natural coding.
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Proof. Minimality. We know from Proposition [33| that the pair (3, M) is minimal.

Partition of a pseudo-fundamental domain. By Lemma the sets Ay, ..., Agy1 are nonempty,
open and pairwise disjoint. Furthermore, their union set A = U;c7 A; inherits from the M-simplicity
of the set Q) it is included in (Proposition. We now show that the projection set pps(A) is dense
in the torus Tpys. Denote yo = T'(20) € . The trajectory of 3o under the action of T is included
in D; so its trajectory under the action of the induced map 7j,q, is included in 2, "D C A. We
deduce that the trajectory of 7y := pam(yo) under the rotation Rg ps, which is dense in Ty by
minimality of (8, M), is included in py;(A); this implies that the set pps(A) is dense in T)y.

Exchange of pieces. By Lemma for all ¢ € Z and for all T € pps(A4;) N Rlﬁvf (pam(A)), we have
raM © R n(T) = Ting,w(ram(T)) = ram(T) + Bi.

A coding trajectory. By construction of the sets Ay, ..., Agy1, for all nonnegative integer n, we
have R} (Vo) € pm(4;) if and only if Ti/,’fdyv(yo) € A; if and only if f(]}/ﬁd’v(yo)) starts with the
word u; if and only if the n-th letter of the derived word D, (wyp) is i.

A borders assignment. (1) & (2) By Lemma for all i € Z, A; is included in A} and the
sets A} form a partition of €. (3) The set (2, is a fundamental domain of M (Proposition [34). (4)
For all i € T and for all x € Aj, we have 7o as 0 Rgar o par(x) = Tindgw(x) = = + 3; (Proposition
and Lemma [32). (5) Let z € Q) and ¢ € N. Denote | = max;ez |u;| and o the extraction
given by the definition of borders assignment associated with the natural coding wq for the point =
(seen as an element of Q') and the integer (¢ + 1)l + |v|. For any nonnegative integer m, the prefix
of length ¢(I + 1) + |v| of the words f(T7(™) (x0)) and f'(z) coincide. In particular, the sequence
(T7™) (20))men is included in Q,, so it is a subsequence of the trajectory of zo under the action
of the first return map to . Denote by 7 the extraction such that for all nonnegative integer m,

flgl(;lv) (z0) = T7(™)(z4). We immediately have that T;(glv) (z0) = T7™) (20) —m 00 . Furthermore,
by definition of I, the prefix of length (q+ 1)l + |v| of f/(x) contains at least ¢+ 2 occurrences of the
factor v; we deduce that, for any m € N, the first ¢+ 1 return words to v of the symbolic trajectory

of x and 11;(;";) (x0) for the action of Tj,q, coincide, i.e.: for all n € {0,...,q}, for all nonnegative

integer m, TT(m)Jrn(xo) € A,,, where the index ¢, is defined by 77, (v) € 4] . O

ind,v

Proposition 36. The return words uy, ...,uqgy1 to the factor v form a basis of the free abelian group
generated by L.

Proof. We are going to show that M = (|u;|;)i; € GL(Z). Since (b1, ..., Bar1) = (a1, ..., tay1) M,
and since the vectors ay, ..., o441 form a basis of the Z-module G (Lemma, it is sufficient to show
that the d+1 vectors (51, ..., B4+1) are free over Z. This is the case by Lemmaagain, given that the
word D, (wp) is a natural coding of the minimal rotation with elements ((8, M); (A : Ay, ..., Ags1);

T (x0); (B1, ..., Bar1)) (Proposition . O
Propositions and [36] prove Theorem [A]

4.3 Correction of the proof of [CFZ00]

We now complete the idea of [CFZ00] to prove, resorting to Rauzy’s theorem on remainder sets
(Theorem below), that being a natural coding of a minimal rotation, with a bounded fundamental
domain, implies finite imbalance on all factors (see Section for the definitions, and Proposition
below for a formal statement). For letters (i.e. factors of length 1), a direct and general proof of
this fact can be found in the latest version of [Thul9].

Proposition 37. Let wy be a natural coding of a minimal rotation of a d-dimensional torus, and
denote by ((a, L); (2 : Qu, ..., Qay1); xo; (a1, ..., g41)) its elements, and by (' : Q,..., Q. ;) a bor-
ders assignment. Assume that wg admits d+ 1 return words to a finite word v. Assume furthermore
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that the pseudo-fundamental domain  is bounded. Then the set pr(2,) is a bounded remainder set
for for any trajectory (Ro(Z))nen, and the imbalance of wy on the factor v is finite.

Definition 38 (Following [Rau84]). A set A is a bounded remainder set for a sequence (uy)nen if
there exist two real numbers (v, C) such that, for all positive integer N :

N-1
1> La(un) = Nv| < C.
n=0

The numbers v and C can be understood as a frequency and a tolerance margin for the event
falling into A’. So, A is a bounded remainder set for the sequence (u,) means that (u,) is well-
distributed relatively to A: the observed frequency of visits to A converges to it expected value at
speed 1/n.

Theorem B. [Rau8j] Let d be a positive integer, L a lattice of R, a an element of R? such that
the pair (o, L) is minimal. Let A C R?, L-simple, bounded, with nonempty interior. Let T denote
the transformation on A induced by the rotation R.

If there exist a lattice M of R, together with an element B € R?, such that:

(i) A is M-simple,
(ii) for allz € A, T(z) =z + [ mod M,
then pr(A) is a bounded remainder set for all sequence (R2(Z))n, with & € Tp,.

Remark 39. In [Rau84/, Rauzy integrates the assumption of boundedness of A in the definition of
L-simplicity. This assumption is crucial at two stages in his proof.

Remark 40. Theorem [B gives a sufficient condition for a set to be a bounded remainder set. A
necessary and sufficient condition generalizing this criterion is given in [Fer92] under the framework
of measurable dynamical systems. Though not mentioned, the assumption of boundedness is still
required.

Proof of Proposition[37 The pseudo-fundamental domain Q being bounded, so are the fundamental
domain Q' and its subset 2. Therefore, by Theorems|A|and [B for all Z € Ty, pr, () is a bounded
remainder set for the sequence (Rq(Z))nen-

On another hand, by Definition [2| (natural coding), for all nonnegative integer n, we have
R, (Zp) € €, if and only if and only if S™(wg) € [v]. We deduce from this equivalence that the
cylinder [v] is also a bounded remainder set for the sequence (S™(wo))nen: there exist two real
numbers v and C' such that for all positive integer N:

N-1
‘ Z 1[1)}(5%(100)) — NI/| < C.
n=0

In other words, for all positive integer N, [prefy.j,—15" (wo)lv = Zg:_ol 1) (8™ (wo)) €lvN —
C;vN + CJ, from which we deduce that for all factor u € F(wp), |uly €|v|u] — 2C;v|u| + 2C].
This implies that the imbalance of wg on the factor v is lower than the constant 4C. O

Remark 41. Finite imbalance on a letter a is equivalent to the cylinder [a] being a bounded re-
mainder set for the sequence (S™(wp))n (see [Ada03]).

Remark 42. The main mistake in the original proof of [CFZO00] is that no information on the
second lattice M is given, and thereby, one cannot guarantee that the set A is M-simple. This
confusion is still present in the first versions of the lecture notes [Thuld).
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5 Applications

5.1 Tree words

Theorem [A] claims that being a natural coding of a minimal rotation of the d-torus is a property
preserved by the derivation operation. This is why good candidates should be families of words
stable under this operation. This is the case for the class of infinite words admitting d return words
to any factor [BPS08]; this is also the case of its remarkable subclass comprised of tree words.

We recall that a finite word u is a return word to the factor v in the recurrent word w if
u = wli]...w[j—1], where i and j are two consecutive occurrences of v (Definition [25)); or equivalently,
if wv € F(w), v is a prefix of uv and if there are exactly two occurrences of v in uv [Dur98].

Let w be an infinite word over an alphabet A, and u one of its factor. Following [BFD™15al, we
denote L(u) (resp. R(u)) the set of letters a in A such that au (resp. ua) is still a factor of w. The
extension graph of u is the undirected graph whose vertices are the disjoint union of L(u) and R(u),
and whose edges are the pairs (a,b) € L(u) x R(u) such that aub is a factor of w. An infinite word
w is a tree word (or a dendric word, in recent texts) if the extension graph of each of its factors is
acyclic and connected (viz. a tree).

On the two-letter alphabet, the set of infinite words admitting two return words to any factor,
the set of uniformly recurrent tree words, the set of Sturmian words and the set of words whose
subshift is a natural coding of a minimal rotation of the circle coincide ([VuiO1], [JV0Q]).

More generally:

e Uniformly recurrent tree words on the alphabet Z = {1,...,d + 1} admit d + 1 return words
to any factor (so in particular to each letter), which moreover form a basis of the free group
over Z; but when d > 2, we also have examples of infinite words admitting d + 1 return words
to any factors which are not tree words [BED™15a].

e Strict episturmian words are uniformly recurrent tree words, but on alphabets with three
letters or more, there exists other families of words, such as primitive C-adic words (see
Definition |47 below), that belong to this class too [CLL1T].

The following proposition and corollary are immediate applications of Theorem [A]

Proposition 43. If a uniformly recurrent tree word wy on the alphabet T = {1,...,d + 1} is a
natural coding of a minimal rotation of the d-torus, then its derivated sequences to any factors are
also natural codings of a minimal rotation of the d-torus.

Corollary 44. No uniformly recurrent tree word with infinite imbalance on a factor is a natural
coding of a minimal rotation of the 2-torus with a bounded pseudo-fundamental domain.

In particular, no Arnoux-Rauzy word with infinite imbalance is a natural coding of a minimal
rotation of the 2-torus. This result rectifies and strengthens the one stated in [CFZ00]. Construc-
tions of Arnoux-Rauzy words with infinite imbalance are detailed in [CEZ00] and [And21]. Likewise,
no primitive C-adic word with infinite imbalance is a natural coding of a minimal rotation of the
2-torus. Primitive C-adic words with infinite imbalance have been constructed in [And18§].

On the counterpart, remember that a lot of Arnoux-Rauzy words and C-adic words are natural
codings of rotations, under the definition of [BST20)].

Once a uniformly recurrent tree word is a natural coding of a minimal rotation of the d-torus,
then its derivated words to the d letters of the alphabet are again tree words (see [BED™15b]) and
natural codings of minimal rotations (Theorem - in particular, they are again uniformly recur-
rent by Lemma [3] We can thus iterate the derivation, and study the trajectory of words under this
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operation. In the remarkable cases of Arnoux-Rauzy and primitive C-adic words, these trajectories
are driven by generalized euclidean maps (often referred to as multidimensional continued fraction
algorithms), as evidenced through the S-adic framework (see the book [Sch00] for a general intro-
duction to multidimensional continued fractions, and for instance the surveys [Berll] or [BD14] for
their study from the symbolic dynamical standpoint).

5.2 Return words for Arnoux-Rauzy words (under the S-adic framework)

We recall that Arnouz-Rauzy words are infinite words on the alphabet Z = {1, 2,3} with complexity
p(n) = 2n + 1, such that for each n there is exactly one right and one left special factor of length n
[AR91]. By a result of Boshernitzan [Bos84], Arnoux-Rauzy words are uniquely ergodic; hence the
existence of frequencies, which are positive, for each factor. We introduce the set AR = {o;|i € T}
of Arnoux-Rauzy substitutions:

o, I —1TI*
11
j > ij for j € T\{i}.

The following theorem evidences the link between Arnoux-Rauzy words and one generalization
of the Euclid map.

Theorem C ([AS13]). Let w be an Arnouz-Rauzy word. Then there exists a unique sequence of
substitutions (called directive sequence) d = (0;,)n in ARY, and a unique Arnoux-Rauzy word w'
such that:

1. each prefiz of w' is a left-special factor;
2. the sets of factors of w and w' are equal;
3. w' = limy 0004, 0 ...00, ,(1).

Furthermore:

- we have w' = limy_000i, © ... 0 04, ,(2) and W' = limy_0004, © ... 0 73, 4 (3);

- each Arnouz-Rauzy substitution appears infinitely many times in d;

- d is uniquely defined by the frequencies of letters in w: the sequence (ip)nen is the symbolic
trajectory of the letters frequency vector under the action of the generalized Euclid map:

(‘r—y—Z?yvz) Zf$2y+2,
FAR: (.CL‘,y,Z) = (a:,y—z:—z,z), ny21'+z7
(3773/72—37—@: ZfZZﬂU‘f‘y’

with respect to the partition given by its piecewise definition.

As evidenced by Lemma and Proposition the action of the induction/derivation operation
of a natural coding on the lattice and the angle of the rotation is driven by the abelianized vectors
of the return words to a letter.

We now describe how to obtain the three return words to a letter a for Arnoux-Rauzy words.
This result comes from [JV00]; we just state it under the S-adic formalism, i.e., as a function of the
sequence of substitutions (namely, the directive sequence) given by Theorem

Notation 45. We denote by s the circular shift on (nonempty) finite words: s(u) = as...ana1,
where ai, ..., a, are letters and v = ay...a,. The map s is bijective.
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Theorem D ([JV00|, under a slighly different formalism.). If w is an Arnouz-Rauzy word with
directive sequence d = (0;, )n, and a € {1,2,3} is a letter, then w admits three return words to a,
namely: s~todyo...od,,_1050dn,(b), for b € {1,2,3}, where s is the circular shift on finite words
and ng = min{n € N|i,, = a}. Furthermore, the derivated word of w to a is an Arnouz-Rauzy word
with directive sequence d' = (04, )n>ng-

Return words to any factor are described in [JV00].
At last, we denote by My = (|o(j)]i); j)ez> the incidence matriz of a substitution o.

Corollary 46. Let w be an Arnouz-Rauzy word with directive sequence d = (dy,)n, and a € {1,2,3}
a letter. If w is a natural coding of a minimal rotation of the 2-torus, with elements ((c, L); (9 :
Q1,Q9,Q3); xo; (1, a2, a3)), then the vectors P, P2 and B3 describing the induced rotation on €,
are given by:

(B1, B2, B3) = (a1, a2, ag) Myy... My,

where ng = min{n € N| i, = a}.

Proof. We have (B1, 82, 83) = (o1, a0, a3) M, with M = (Juj|;);;. By theorem E for all i,j €
{1,2,3}, |uj|; = |doo...odpy(j)]i; therefore M is the incidence matrix of the substitution dgo...odp,,
and (B, B2, B3) = (a1, a2, a3) Ma,...Mq,, - O

5.3 Return words for primitive C-adic words

We now deal with primitive C-adic words. This class of words was introduced in [CLL17], emerging
from the research of a generalized Euclid map defined on (R*)3 defined for any projective direction
-contrary to F'4r which is defined for almost none (see [AR91], [AS13] and [AHS13])- and producing
words with the lowest possible complexity: p(n) = 2n + 1. This led to the map:

I

(x—z,z,y) lfl'zz
Fo -
c: (v,y,2) = { (y,x,z —x) otherwise

and to the associated substitutions C' = {c1, c2} given by:

ci: 1 — 1 c: 1 — 2
2 — 13 2 — 13
3 = 2 3 — 3.

Definition 47 ([CLL17]). An infinite word w is C-adic if there exist a directive sequence d = (d,,) €
CN, together with a letter a € {1,2,3}, such that w can be written w = limy_soodg © ... © dp_1(a).

As long as d contains infinitely many occurrences of ¢; and ¢y, the sequence of finite words
(dgo...od,—1(a)), converges to an infinite words w that, furthermore, does not depend on the letter
a [CLLTT).

Proposition 48 ([CLL17]). Let w be a C-adic word with directive sequence d. If d ¢ C*{c3,c3}*,
then w s a uniformly recurrent tree word.

A C-adic word whose directive sequence does not belong to C*{c?, c3}¥ is said primitive [CLLIT].
The primitivity condition is central in the study of return words: it guarantees the termination of
the process described in the proof of Theorem [E| (below).

Lemma 49. A primitive C-adic word w admits a unique directive sequence, which can be deduced
from the knowledge of its set of factors F(w).
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Proof. Let d = (dy)n>0 € {c1,c2}Y be such that d ¢ C*{c?,c2}*, and w its (unique) associated
C-adic word, which is primitive. Denote by w’ and w” the C-adic words obtained with the directive
sequences (dp)n>1 and (dy)n>2 respectively, which are also primitive. We then have that 2 is factor
of w”, which implies that 13 is factor of w’, which implies in turn that 12 xor 23 is a factor of w.
If 12 € F(w), then dy = ¢1; if 23 € F(w), then dy = ¢a. Furthermore, the word w’ can be deduced
from the knowledge of w and dy. We iterate this process to determine the entire sequence d. ]

Notation 50. We denote byl (resp. r) the map which extracts the first (resp. the second) compo-
nent x (resp. y) of a pair (z,y).

Theorem E. Let w be a primitive C-adic word with directive sequence d = (dy)nen, and a € {1,2,3}
a letter. The following assertions are true.

1. There ezists in the automaton of partial quotients of C-adic words (Figure a unique
accepted path e = (eg, ..., en, ) starting from the initial state a and such that the finite sequence
le = l(eg)...l(en,) € {c1,c2}* is a prefix of d.
We denote by na the length of this prefiz, and by w' the primitive C-adic word with directive
sequence (dp)p>n,-

2. The set of return words to the letter a of w, denoted U, is the image set of the alphabet {1,2, 3}
by the application r. = 1r(eg) o ... o T(en, ).

3. The setU contains 3 elements, and if we denote them by u; = r¢(i) fori in {1,2,3}, then the
derivated word of w to a, with respect to the numeration u; — i, s the word w' if the final
state of e is F1, and S(w') (where S denotes the shift map) if the final state of e is Fs.

(62,62) (Clacl)

g (c2, ¢2) (c1,¢1) ;1\
@ (01,01) U (61,01) m (62,5*1 o 02) U (02,62) @

T (co,c2) T (c1,80¢1)

start start start

with s the circular shift on finite words: s(aj...a,) = ag...ana;.

Figure 1: Automaton of partial quotients for C-adic words.

Example 51. We consider the primitive C-adic word w with directive sequence d = cicicace(crc)?,
and the letter a = 3.

w = 113131213113121311313113121311313121311313113121311313121311...

Applying Theorem@ we obtain l(e) = cicicace and re = soc¢pocg 0 sl ocyocy; hence up = 311,

ug = 3121, uz = 31 and w' is the (primitive) C-adic word with directive sequence (cic2)”. Since the
path e leads to the final state F3, the derivated word (with respect to the chosen numeration) is:

Ds3(w) = S(w') = 32121312132131213212132131213212131213212132131213212131213213121321...

22



A final remark: if we had chosen another numeration, say 41 = 3121, 6 = 311 and 43 = 31,
we would have obtained:

Dg(w) = 312123212312321231212312321231212321231212312321231212321231232123121...

which is not is the subshift of a primitive C-adic word, since it does not contain the factor 13 =
61(2) = 62(2).

Proof of Theorem [E], Let w be a primitive C-adic word with directive sequence d = (dy,)n>0. Since
d contains infinitely many occurrences of ¢; and ¢z, so does any sequence of the form (dy,)n>n, for
no € N, so that the sequence of finite words (dy, © ... © dy—1(b))n>n, converges to an infinite word
w’, which does not depend on the letter b (but depends of course on ng), and is again a primitive
C-adic word.

1. If d starts with c¢1, then the set of return words to 2 is the image set by c¢; of the return
words to 3 in the word with directive sequence (d,)p>1. Symmetrically, if d starts with ¢z, then the
set of return words to 2 is the image set by c¢o of the return words to 1 in the word with directive
sequence (dy)n>1-

2. If d starts with ¢q, then there exists ng such that d starts with ¢; oc5® ocy. If ng = 2k + 1, the
images of the letters 1, 2 and 3 by ¢ o ¢3° o ¢; are respectively 132% 132841 and 125F1; if ng = 2k,
they are respectively 12%, 1241 and 132*. Since furthermore the word w’ with directive sequence
(dp)n>ne+2 contains the three letters 1, 2 and 3, w contains three return words to 1, which are the
images of the letters by the substitution ¢; oy o ¢1. Otherwise, if d starts with ¢z, the set of return
words to 1 is the image set by ¢z of return words to 2 in the word with directive sequence (dy,)n>1.

3. Symmetrically, if d starts with ¢, then there exists ng such that d starts with ¢z o ¢}® o co. If
ng = 2k + 1, the images of the letters 1, 2 and 3 by cg o ¢[° o ¢ are respectively 2813 254113 and
2k13; if ng = 2k, they are respectively 2¥13,25%13 and 2*3. Since furthermore the word w’ with
directive sequence (dy,)n>no+2 contains the three letters 1, 2 and 3, w contains three return words
to 3, which are the images of the letters by the application s™1 oy 0 ¢ o ca. Otherwise, if d starts
with ¢q, the return words to 3 are the images by the map soc¢; of the return words to 2 of the word
with directive sequence (dy)n>1-

We recursively combine the three situations above to obtain the return words to any letter a
in w; indeed, the primitivity condition (i.e. d ¢ C*{c?,c3}¥) guarantees that this recursive process
always halts. We conclude that each letter a € {1,2,3} admits three distinct return words by
observing that the images by ¢; (resp. c¢2) of two distinct finite words are again distinct. Indeed,
two distinct words u and v can always be written u = u's and v = v's (resp. u = pu’ and v = pv'),
where «’ and v’ end (resp. start) with distinct letters (one of them at most is allowed to be empty);
then c;(u') and ¢;(v') also end (resp. start) with distinct letters, implying c¢j(u) # ¢1(v) (resp.
ca(u) # c2(v)). O

Corollary 52. Let w be a primitive C-adic word with directive sequence d = (dyn)n>0, and a €
{1,2,3} a letter. If w is a natural coding of a minimal rotation of the 2-torus, with elements
((a, L); (2 : Q1,Q9,Q3); z0; (1, 2, 3)), then the vectors By, 2 and B3 describing the induced rota-
tion on ), are given by:

(81, B2, B3) = (an, g, a3) Mg,... My,

where no is the length of the unique prefix of d accepted by the partial quotients automaton for
C-adic words from the initial state a.

Proof. The proof is identical to the proof of Corollary [46| for Arnoux-Rauzy words. O

23



At last, we deduce from Theorem [E] an algorithm which, given a primitive C-adic words w and
v one of its factor, outputs the three return words to v of w.

Theorem F. Let w be a primitive C-adic word with directive sequence d, and v € F(w)\{1,2,3}
one of its factors of length at least 2. Let ng = min{n € Nju € F(dp o ...odn,-1(2))}. Let p and s
be such that (do o ... o dpy—1(2)) = pvs. At last, let P = {p~tdyo...odn,_1(u)p |uc U}, where U is
the set of return words to the letter 2 of the C-adic word w' with directive sequence (dy,)n>n,. Then
P contains three words, which start with v and pave a suffiz of w.

Proof. Since v € F(w) and since the sequence (dg o ... o d,,—1(1)),, shares a growing common prefix
with w, we can define the nonnegative integer:

no = min{n € Nju € F(dyo...od,_1(1)) UF(dyo...odp—1(2)) UF(dyo...od,-1(3))}.

Since v contains at least two letters, ng is actually positive. Observe that if v € F(dpo...od,—1(1))
for n > 1, then v € F(dyo ...odp—2(1)) if dy—1 = ¢ and v € F(dg o ... o dj,—2(2)) otherwise.
Symmetrically, if v € F(dgo...od,—1(3)) for n > 1, then v € F(dpo ... od,—2(2)) if d,—1 = ¢1 and
v € F(dpo...od,—2(3)) otherwise. We deduce from the minimality of ng that v € F(dpo...odp,—-1(2))
and v ¢ F(dpo...odp,—1(a)) for a € {1,3}.

The C-adic word w with directive sequence (d,)nen being primitive, so is the C-adic word
w' with directive sequence (d,)n>n,; the word w’ thus admits three return words to the letter 2,
whose set is denoted by U. Let kg = min{k € N|S*(w') € [2]}, where S denotes the shift map.
Then the words in I pave the infinite word S*0 (w'). Denote by ki the length of the image by the
substitution dg o ... o dp,—1 of the prefix of length ko of w’, and ko = k1 + |p|, where p is such that
dyo...od,_1(2) = pvs. Then the set P = {p~'dyo ... odp,—1(u)p |u € U}, which contains three
elements (the images of distinct words by ¢; or ¢ remaining distinct - see the end of the proof of
Theorem [E) that start with v, pave the infite word S*2(w). O

The set P is not always the set of return words to the factor v of w, as illustrated by Example
Nonetheless, the set of return words to the factor v of w is easily deduced from P.

Corollary 53. If we denote P = {p1,p2,p2}, the set of return words to the factor v in w is exactly
the set of return words to v in the finite word pipapsp1-

Example 54. We consider the primitive C-adic word w with directive sequence d = cacacicacici(cice)?,
and the factor v =31 € F(w).

w = 1331332313313231331331323133133231331331323133133231331323133133231331...
Applying Theorem |E we obtain ng =6, and 0 =dpo...ods =cgo0cg0cy0co0c; 0cy @S given by:

oc: 1 — 133
2 — 1331323
3 — 13323,

hence p = 13 and s = 323. By Theorem [E, the three return words to the letter 2 of the primitive
C-adic word w' with directive sequence (dp)n>n, = (c1¢2)* are 21, 213 and 2131. We finally obtain
the paving set: P = {313231331332313313, 3132313313, 313231331332313}, from which we deduce,
following Corollary[53, the three return words to 31 of w: 313, 3132 and 31332.

In this example, no element of P is a return word to the factor v. This is a consequence of v
appearing in w = o(w') not only as factor of 0(2), but also at each junction of images of letters by
o: indeed, here, all images by the substitution o starts with 1 and ends with 3.
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6 Stability under exduction (reverse induction)

We now prove that being a natural coding of a minimal rotation is a property which passes through
the reverse operation of induction, that we call, following Rauzy (see [AIOL]), exduction.
We start by an example in dimension 1 (Sturmian case).

Example 55. For d=1, consider M = Z and 8 an irrational number. We introduce A1 =]0,1—«f,
Ay =1 — o, 1], A} =[0,1 —«af and A, = [1 — a, 1[. Then the standard Sturmian word with slope
B, that we denote wg, is a natural coding with elements ((8, M), A : (A1, A2), B, (B1,B2)), where
f1 =0 and B2 = B — 1 and borders assignment (A’ : (A}, AS)).

Now, we consider the substitution o given by o(1) = 1 and o(2) = 12, and its incidence matriz

My:
11
M= (g 1)

We set (a1, ) = (B1, B2) ML, which gives: { 31 B Bl
2 = —1.

Denote o« = oy = B and L = (ag — o1)Z = (B + 1)Z. At last, we introduce ; = A =]0,1],
Q) =A"=[0,1] Q2 =|1,1+ B[ and Q, = [1,1 + B[ (see Figure[d).

Observe that the pair (o, L) is minimal, that the sets {Q),Q4} form a partition of a fundamental
domain for the lattice L, and that the rotation Ry 1, acts on the piece Q) (resp. Q) of the funda-
mental domain as a translation by the vector ay (resp. az). In fact, the word o(wst) is a natural

coding of a minimal rotation of the circle with elements ((c, L), Q : (21,Q2), B, (a1, a2)) and borders
assignment (' : (},)).

Ay Aj
[ | [
I ! I
0 1-8 1
|- |/////////|-
|_ I/////////|_
M Q,
[ | [
I ! L
0 1 143

Figure 2: Example of exduction in dimension 1.

Our aim is to show that this construction is valid in a more general context.

6.1 Main result for exduction

ASSUMPTIONS. Let wg be a natural coding of a minimal rotation of the d-torus, with elements
((B,M); (A : Aq,y...; Agy1);20; (Bry oo, Bay1)) and borders assignment (A" : Af, ..., A7, ). Let a €
Z=A{1,...,d+ 1} a letter, and uy,...,ug+1 € Z* be such that:

1. For all 7 in Z, the word u; starts with the letter a and admits no other occurrence of a;
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2. the matrix M = (|u;;)ij € GLg41(Z).

CONSTRUCTION. Let (a1, ...,q41) = (B1,..s Bay1)M ™. We set a = «, and denote by L the

additive subgroup of R? given by: L = f;rlll 2a(® — ag)Z. Furthermore, for i € 7 and k €

{0, ..., Ju;|}, we introduce:
k—1
Vik = Zauim S Rd.
1=0

For k € K; := {0, ..., |u;| — 1}, we set A;, = A; + v, and A, = A} +v; . Observe that for k = |u;|
we have v; ;, = f3;, and that A} + 5; C A’. Now, let:

Q= |J Ayx and Q= ] 4,
(i,k)EIXKi (i,k)GIXKi
u;[k]=j ug[k]=j

and set Q 1= UjezQ; and ' == UjeIQQ-. At last, denote by o the substitution given by o (i) = u;.

Theorem G. The word o(wy) is a natural coding of a minimal rotation of the d-torus, with ele-

ments ((a, L); (2 : Qu, ..., Qay1); z0; (a1, ..., g41)) and borders assignment (= Q,..., Q5. ). Fur-

thermore, we have Q, = A, Q) = A’, and the induced map of Teys := oy, © Ra,1 © 1. on the set
with nonempty interior Q, is the map T = ra pr o Rg propy-

6.2 Proof of Theorem

Let G = ) ;.7 BiZ be the underlying group of the natural coding wp.

Lemma 56. The vectors aq,...,aq+1 form a basis of G.

Proof. By Lemma the vectors 1, ..., 8441 form a basis of the Z-module G and, since M € GL(Z),
so do the vectors ay, ..., g+1.- O

Corollary 57. The subgroup L is a lattice of R and the pair (o, L) is minimal.

Proof. We write G = ;.7 6% = 3,7 (o3 (0i — @)Z + aZ. The group G being dense, with a
similar argument than in Lemma we show that the vectors oy — v, for i € Z\{a}, form a basis
of R?, and thus, that the group L = ZieZ\{a}(O‘i — a)Z is a lattice of R?. By density of G' again,
we obtain that the pair («, L) is minimal. O

Lemma 58. Let z,y € R%. The three following assertions are equivalent:
(i) the points x and y are equal modulo G;
(ii) there exists a unique n € Z such that pr(y) = Ry, 1 (pr(z));

(ii) there exists a unique m € Z such that py(y) = Ry (pm(2)).

Proof. (i = ii) Let x,y € R? be such that y — 2 € G. Then, a1, ...aq;1 being a basis of G (Lemma
, there exist n1,...,nq41 € Z such that y —x = Y . 7 nsa;. Therefore, pr(y) = R&L(pL(x)), with
n = ) ;crni- The pair (o, L) being minimal , the integer n is unique. (ii = i) Let z,y € R?
and n € Z be such that pr(y) = R? ; (pr(x)). Then there exists | € L C G such that y = x+nag+1,
hence y = z + g, with g = na, + '€ G. The equivalence between (i) and (ii7) is given by Lemma
and by the minimality of (8, M).

[
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Lemma 59. Let z,y € A’ that are equal modulo G. Denote by (l1,...,lq+1) and (m1,...,mg+1)
the coordinates of the element y — x with respect to the bases (a1, ..,.aq41) and (Bi,...84+1) Te-
spectively. Then the integers ly, ...,lgy1, M1, ..., Mqy1 are simultaneously nonnegative or nonpositive.
Furthermore, if we setl =73, 7l and m = Y ;. m;, we have [l| > |m| and I, = m.

Corollary 60 (immediate). If z,y € A" are equal modulo G, then there exists two unique integers,
[ and m, such that pr(y) = RZQ,L(pL(x)) and pu(y) = Ry (pm(z)). Furthermore, I and m are
simultaneously positive, negative or equal to zero.

Proof of Lemma[59 Let x,y € A’ that are equal modulo G. By Lemma the exists m € Z such
that pa(y) = R (pam(z)). First, assume that m > 0. Since z,y € A, by definition of natural
coding, there exist myq, ..., mg4+1 € N such that:

y =x+ (611 "'75d+1)(m1) "'amd-‘rl)t
=T+ (Oq, ...,ad+1)/\/l(m1, ...,de)t
=+ (ala ...,Oéd+1)(ll, "'7ld+1)t‘

Since M € GL(Z) and has nonnegative entries, we have [; > 0 for all ¢ € Z, and [y, ...[441 are
simultaneously equal to zero if and only if my,...,mgy1 are simultaneously equal to zero if and
only if m = 0; we also obtain [ > m. We lead a symmetric argument for m < 0 and conclude
that in both cases, pr(y) = Rla’L(pL(m)), with Iy, ..., lg411, M1, ..., mgs1 simultaneously nonnegative
or nonpositive, and |I| > |m|. At last, since the words u;, for i € Z, contain a unique occurrence of
the letter a, the a — th line of the matrix M only contains the entry 1, and m = > ;.7 m; = l,. O

Proposition 61. The following assertions are true.
1. The sets 1y, ...,Qq+1 are nonempty and open.
2. For all i € Z, the set Q; is included and dense in €.
3. The sets Qf, ..., Qél+1 are pairwise disjoint.

Proof. Let i € Z, and k € K;. The sets A;j, and A}, are the translated sets, by the vector v; x, of
A; and A respectively, from which they inherit of the following properties: A, j, is nonempty, open,
included and dense in A;’ i~ Now, let j € Z. As the finite and nonempty union, for some ¢ € Z and
some k € Kj;, of the sets A; 1, the set €; is nonempty, open and furthermore included and dense in
and Q;-, which is the union, for the same indices, of the sets A; -
We now prove that the sets A;,k: are pairwise disjoint. Let y € A;hkl N A;kaQ, with i1,19 € Z,
0 < ki < |uy| and 0 < ko < |ugy|. Denote x; = y — vj; x;, which belongs to A;j, for j = 1,2.
Since z1,x2 € A, and since x5 — 21 is an integer linear combination of oy, ..., ag11, it comes that
2o —x1 € G and by Lemma and Corollary that the coordinates (li,...,lq+1) of o — z1
with respect to the basis (aq, ..., a4+1) are simultaneously nonnegative or nonpositive (w.l.o.g. say
nonnegative). Therefore, if k&1 = 0, we have successively ko = 0, x1 = z2 and, since the sets
1y Ay form a partition of A', i; = iz. Now, assume that k; is positive. If kz = 0, then y = xa,
lo = 1 and thereby prs(y) = Rgar(par(x1)). Since x1 € Aj , by definition of natural coding we
have y = x1 + fi;, which is conflicting with the hypothesis k1 < |u1|. So, if k1 is positive, then
ko is positive too. In this case, we have I, = |prefy, (u;,)|a — |prefy, (ui,)|a = 0 since the word u;,
for j € {1,2}, contains exactly one occurrence of the letter a, at the first position. By Lemma
and Corollary |60 again, we have pys(z2) = pap(z1); by M-simplicity of A’ we obtain that x; = x9
and 77 = i9. Then we have 0 = Zligll Oy, 1] which implies k1 = ko. So the sets Ag,k are pairwise
disjoint. We conclude, by observing that each Aé,k? for i € 7 and k € K, belongs to exactly one set
Q;, that the sets 7,...,€2; , are pairwise disjoint. O
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Proposition 62. The set Q' is a fundamental domain of the torus Tp.

Proof. We first show that the set A’ is L-simple, from which we deduce that €' is L-simple; we
conclude by proving that the projection map py, : Q' — Ty, is onto.

Let 2,y € A" be such that pr(x) = pr(y). Since L C G, the points x and y are equal modulo
G and, by Corollary there exist two integers [ and m, that are unique, such that pr(y) =
Rla’L(pL(a:)) and parr(y) = Ry (pa(2)). Here, we already have [ = 0, and since [m| < [I], we obtain
m = 0; hence pys(y) = pap(x) and by M-simplicity of A, z = y. This proves the L-simplicity of A’.

Now, let z; and 29 € €' be such that pr(z1) = pr(22). By construction, there exists two 3-tuples
(1,11, k1) and (x9,i2, ko) with 41,42 € Z, such that for j = 1,2, z; € A’ c A kj e K;; and
Yj = xj + Vi k; . We are going to show that z; = x2. On one hand, the pomts z1 and o are 1n the
same equivalent class modulo G (which is the class of z; and z3), hence:

par(w2) = Ry (par (1)) with [ >0,
or py(z2) = R,BM(pM( 1)) with I < 0.

This implies, since z; and x5 belongs to A’, and 1 € A;l:

pr(x2) = RZTI'““'(m(m)) with m >0,
or pr(xe) = zL(pL($1)) with m < 0.

On the other hand, without loss of generality, assume that ko < ki. Then, if we set y1 = z1 +
Vi) k1—ky» We have pr(z2) = pr(y1) = l;fL_kQ (pr(z1)) with 0 < k1 —k2 < |u;, |—1. The only possibility
is thus k1 = ko, from which we deduce successively pr(z1) = pr(x2), the equality 1 = zo by L-
simplicity of A’, the equality i1 = i by pairwise disjointedness of the sets A; for j € Z, and in the
end, 21 = z5. Therefore, the set ' is L-simple.

At last, we show that pr, : Q" +— Ty is onto. Let § € Tr, and denote k = min{n € N|R_" (§) €
pr(A")}, which is finite since (a, L) is minimal (Corollary [57)) and pr(A’) has nonempty interior.

Denote also 7 = R;’“L(gj) and © = r4 1,(Z) its covering into A’ (which is L-simple by the first part

of the proof), and i € T such that x € A. Then, since R;Trl“i‘(gj) € pr(A"), by minimality of k we
must have k < |u;|. So if we set y = x + v; 1, which belongs to £’ by construction, it comes that
pr(y) = pr(z) + ka = R’gé’L(fc) = . We conclude that €' is a fundamental domain of the torus
Ty. O

Hereafter, we denote by T,s = 7qr 1, © Ra,1, 0 pr, the covered rotation in the fundamental domain
.

Proposition 63. The following assertions are true.
1. For all j € Z, for all y € ;, we have Tsus(y) =y + .

2. We have Q, = A and ), = A’. Furthermore, the induced map of Tsys on the set with nonempty
interior Q) is the map T.

3. For all nonnegative integer n, T, (x0) € Qo (w)n]-
4. Forally € Q and for all ¢ € N, there exists an extraction T such that: (i) TSZ(?L) (20) = m—soo Ys

(ii) for all n E {0,...,q} and for all nonnegative integer m, T )+n( 0)

defined by Tl (y) € Q; .

€ Q,,, where v is

sus
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Proof. (1) Let j € Zand y € Q; Since Ra,1(pr(y)) = pr(y+ ), to prove the assertion, we need to
show that y + a; € . Let (¢, k) be the unique pair, with ¢ € Z and k € Kj, such that y € A;,k' By
definition of 27, the indices ¢ and k satisfy u;[k] = j. Thus, if k < |u;| -1, then y+ay € A}, | C Q.
Otherwise, let © = y — v; . Then we have y +aj = x +v; )y, =  + i € A’ C @', which ends the
proof.

(2) Since each u;, for i € Z, admits exactly one occurrence of the letter a, at the first position,
we have by construction €, = A and ], = A’. Moreover, for all i € 7 and for all z € A}, we have
min{n € N*|T%, () € O} = |u;|, and by (1), Thil(2) = 2 + v; 0 = @ + §; = T(x).

(3) Let (n)ren be the sequence of indices such that for all k € N, T (x9) = TF(z) € A’
(it actually belongs to A), which is well-defined by (2). Let n € N. Denote by k the unique
nonnegative integer such that ny < n < ngy; and by ¢ the unique index in Z such that Tk (z9) € A;
(consequence of Proposition [61)). Then, on one hand we have o(w)[n] = u;[n—ny], and on the other
hand, TQLS (1‘0) = Tﬁfs(x[)) + Vin—n, € Ai,n—nk C Quz[nfnk] Finally, we have TSTLS (l‘o) S Qa(w)[n}-

(4) Let y € € and ¢ € N. By construction, there exist ¢ € Z and k € K; such that z 1= y—wv;;, €
A’. Denote by ¢ the extraction given by the definition of borders assignments associated with the
natural coding wy for the point z € A’ and the integer k+¢. Then, we have that 7%(") (20) = m—oo T
and for any nonnegative integer m, the first k 4+ g 4 1 letters of f/(x) and f(T¥™(xq)) coincide,
which immediately implies, since no image of letters by the substitution ¢ is the empty word, that
for any m, the k + ¢ + 1 first letters of the words o(f'(z)) and o(f(T%™)(z0)) coincide as well.
Since the sequence (7" (x0))men is a subsequence of (Tir (x0))meN, we can define an extraction
such that for all m, T4 (z0) = T¥("™) (xq). We finally set 7(m) = ¥»(m) + k. Thus, on one hand
we have that T2, (0) =m—oo ¥; on the other hand, for all n € {0,...,q} and for all nonnegative
integer m, T;S;")Jrn(:co) € Q,,, where ¢, is defined by T7, . (y) € €2 .

O

Proof of Theorem[Gl Proof of Theorem [G| results of Corollary and Propositions and
03] ]

6.3 Consequences for Arnoux-Rauzy and primitive C-adic words
Theorem [G] applies in particular to Arnoux-Rauzy and primitive C-words.

Proposition 64. Let w be an Arnoux-Rauzy word and o € AR* (i.e., a finite product of substitu-
tions in AR). Assume that w is a natural coding of a minimal rotation of the 2-torus. Then o(w) is
also a natural coding of a minimal rotation of the 2-torus, whose elements and borders assignment
can be explicitly described from the elements and the choice made for the borders assignment of the
natural coding w. In particular, the piecewise translation vectors oy, g, as of o(w) satisfy:

(a1, a2, a3) = (B, Bo, B3) M,

where My = (|o(j)|i)i; is the incidence matriz of the substitution o, and B1,B2 and B3 are the
piecewise translation vectors of w.

Proof. Tt is sufficient to prove the proposition for o € AR. For 0 € AR, we immediately have that
the words u; = o (i), for i € {1, 2,3} satisfy the two assumptions of Theorem O]

Proposition 65. Let w be a primitive C-adic word and o € C* (i.e., a finite product of substitutions
in C). Assume that w is a natural coding of a minimal rotation of the 2-torus. Then, there exists
k € N such that S*(o(w)) is also a natural coding of a minimal rotation of the 2-torus, whose
elements and borders assignment can be explicitly described from the elements and the choice made
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for the borders assignment of the natural coding w. In particular, the piecewise translation vectors
a1, s, a3 of Sk(a(w)) satisfy:

(a1, a2, a3) = (B, B, B3) M,

where My = (|o(j)|i)i; is the incidence matriz of the substitution o, and B1,B2 and B3 are the
piecewise translation vectors of w.

Proof. Again, it is sufficient to prove the proposition for the substitutions ¢; and ¢s. Let w be a
primitive C-adic word, and assume that w is a natural coding of a minimal rotation of the 2-torus.
Denote by (dp)nen its directive sequence. By Theorem there exists a unique accepted path
e = (l¢,re) in the automaton of partial quotients for C-adic words (see Figure that starts from
the initial state 2 and such that [, is a prefix of (d,,)nen. Denote by w’ = Dy(w) the derivated word
of w relatively to the letter 2. By Theorem |Al the word w’ is a natural coding of a minimal rotation
of the 2-torus. Besides, the path e; = (¢1,s0¢1) - e (where the symbol - denotes the concatenation
operation), starting from the initial state 3, is accepted by the automaton. Therefore, the words u; =
re, (1), for i € {1,2,3}, are the three return words to the letter 3 in the primitive C-adic word ¢ (w)
and, thereby, satisfy the assumptions of Theorem |G} Thus, the word o(w), where the substitution
o is given by o (i) = u; for i € {1,2,3}, is equal to the word S¥(c;(w)) for a certain k € N, and is
a natural coding of a minimal rotation of the 2-torus, whose elements and borders assignment are
explicitly given by those of w’, which themselves are explicitly given by the elements and the choice
made for borders assignment of the natural coding w. In particular, if (a1, ag, as), (51, 52, 83) and
(71,72, 73) respectively denote the piecewise translation vectors of the natural codings S*(c;(w)),
w and w’, then we have, on one hand (v1,72,72) = (51, P2, BS)Mdo---Mdnofp where ng is the length
of the path e, and on the other hand (vy1,72,7%2) = (al,ag,ag)MclMdo...Mdno_l. Each matrix
being invertible, we conclude that (ay, g, as) = (B1, P, 53)Mc_11. A symmetric argument applies
to co(w). O

Theorem H. For Arnouz-Rauzy and primitive C-adic subshifts, the property of being a natural
coding of a minimal rotation of the 2-torus does not depend on any prefix of the directive sequence

(dn)nGN'

Proof. Let w be an Arnoux-Rauzy (resp. primitive C-adic) word, and denote by (d, )nen its directive
sequence. Assume that w is a natural coding of a minimal rotation of the 2-torus. On the first
hand, we showed in Proposition (resp. Proposition that for all o € AR* (resp. o € C*),
the subshift generated by o(w) is a natural coding of a minimal rotation of the 2-torus. On the
other hand, we claim that for all ny € N, the Arnoux-Rauzy (resp. primitive C-adic) subshift with
directive sequence (dy)p>n, is again a natural coding of a minimal rotation of the 2-torus. Indeed,
by inducing on letters as many times as needed, we can find ny; > ng such that the word with
directive sequence (dy,)n>n, is a natural coding of a minimal rotation of the 2-torus (Proposition
Theorems @ and . But then, by applying Proposition 64| (resp. [65) with o = dy, 0 ... 0 dp, -1, We
obtain that the Arnoux-Rauzy (resp. primitive C-adic) subshift with directive sequence (dp)n>n, is

also a natural coding of a minimal rotation of the 2-torus. O
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