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THEORETICAL BACKGROUND
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TIME-ORDERED EXPONENTIAL

» Systems of coupled ODEs

an ()1 (t) + ara(U)ha(t) + ars()s(t) + - = ¢ (t),
(91 (0)1(¢) + aga(t)ha(t) + - - = (1)

a1 ()1 (t) + -+ = n(t)

—

» Pervasive in applications, e.g. quantum physics
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TIME-ORDERED EXPONENTIAL

Equation :

U(t) = ABU()| = U = o Al)dr
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TIME-ORDERED EXPONENTIAL

Equation :

butif  A@AR) — A )A(L) £ 0 for t £t

solution is a time-ordered exponential

L U(t) = Telt A

» Picard iteration

U(t) = Id + A(t) + A(t) /Ot A(T)dT + A(t) /Ot /T A(T)A(Tdr'dr - -
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VOLTERRA COMPOSITION
» The Volterra composition *

(F % g)(t' 1) = tt £, 7)o, t)dr

Vito Volterra Joseph Pérés
(1860-1940) (1890-1962)

Volterra & Péres, Lecons sur la composition et les fonctions permutables, 1924, Paris.
2008 reprint by Gabay Editions

» Picard iteration o
U=Id+ Z A"
n=1

» Volterra integral equations ... and more !
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PATH-SUMS

» Matrix — graph
_ (en(t) @12@)) N\
A(t) (CL21 (t) (oo (t) &11(t)<>1ia21(t);©a22(t)

a12(t)

» Path-sum solution: finite continued fraction on simple cycles

0

oo x—1
Ui = O« (1* — a1 — a2 * (1, — ag) b &21)

O et Cr—me
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PATH-SUMS

hy1(t) hq2(t)  hys(t) |
hy1(t)  hpa(t)  hys(t) A
h31(t) hsa(t) hsz(t) .
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FROM PATH-SUM T0 *-LANCZ0S

» Analytically tractable for small problems !

» Path-sum solution: finite continued fraction on simple cycles
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FROM PATH-SUM T0 *-LANCZ0S

» Analytically tractable for small problems !

» Path-sum solution: finite continued fraction on simple cycles
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FROM PATH-SUM T0 *-LANCZ0S

» Path-sum easiest on
S ngb%Q L0 OO .. Y
21

Time-ordered exponential (entry 11)

*—1
*—1
O x (1*a1b12>|< (1*—0,2—1923* (1*—a3—---)*_1*532) *b21)
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FROM PATH-SUM T0 *-LANCZ0S

» Path-sum easiest on
8 qub%Q OHGHOEGEMY ,,
21

Time-ordered exponential (entry 11)

x—1
*—1
O x (Lkalblz* (1*—a2—623>1< (1*—a3—---)*_1*b32) *521)

» Matrix structure ? /Ch bis 0 O \
bor as bog O

T 0 b32 as

\/\0 0 - )
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FROM PATH-SUM T0 *-LANCZ0S

» Path-sum easiest on
8 qub%Q OHGHGHORNY ,,
21

Time ordered exponential (entry 11)

x—1
*—1
O x (Lkalblz* (1*—0,2—1923* (1*—a3—---)*_1*b32) *b21)

» Matrix structure ? /Ch bis 0 O \
bor as bog O

. TRIDIAGONALIZATION !
T 0 b32 as T

\/\0 0 . - )
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FROM PATH-SUM T0 *-LANCZ0S

» Path-sum easiest on
8 qub%Q OHGHOEGEMY ,,
21

Time ordered exponential (entry 11)

x—1
*—1
O x (Lkalblz* (1*—a2—623>1< (1*—a3—---)*_1*b32) *521)

» Matrix structure ? /Ch bis 0 O \
bor as bog O

. TRIDIAGONALIZATION !
T 0 b32 as T

\/ 0 0o . -, Yes but *-tridiagonalization
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*~LANCZOS : PRINCIPLES

» TOE: *-resolvent

U=0x* (1, — A

= O x (Lk + A
) O
A(t) T b12 523 \
O(bzl
t=1 (A)u a1
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*~LANCZOS : PRINCIPLES

» TOE: *-resolvent

U=0x* (1, — A
:@*(1*+A—|—A>|<A

Al) T @JHQ%Q

%, as

(.

b21

(1

ai * dq —|— b12 > bgl



P.-L. GISCARD, S. POZZA 8ECM, JUNE 21ST 2021

*~LANCZOS : PRINCIPLES

» TOE: *-resolvent

U=0x* (1, — A
:@*(1*+A—I—A>I<A—|—A>I<A>I<A—I—...)

2. as
A T Oeeltel) ()
O(bm
t=1 (A)u a1
/ = 9 (A*A)ll &1*@1—|—b12>l<1921
¢ =3 (A*A*A)ll CLl*blg*le—l—le*le*@1+b12*&2*b21
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*~LANCZOS : PRINCIPLES

» TOE: *-resolvent

U=0x* (1, — A
:@*(1*+A—I—A>I<A—|—A>I<A>I<A—I—...)

a9 as
A(t) T O(ZmezSQ Q
. 21
t=1 (A)u a1

/= 9 (A*A)ll a1 * a1 + bio * boq A

¢ =3 (A*A*A)H CLl*blg*le—l—le*le*Cll—l—blg*&z*bgl
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BACK TO VOLTERRA

» 52 citations in 100 years ?! less if content is regarded

(F 4 g)(t' 1) = tt £t 7)g(rs )

» No unit

» No inverse (even for smooth functions)

» Zero divisors

» Commutation difficult
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BACK TO VOLTERRA

» 52 citations in 100 years ?! less if content is regarded

(F 4 g)(t' 1) = tt £t 7)g(rs )

» No unit

» No inverse (even for smooth functions)

» Zero divisors

» Commutation difficult

Work 1944 -1949

~— [ 1t~ tyir

Jan Mikusinski
(1913-1987)
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BACK TO VOLTERRA

» 52 citations in 100 years ?! less if content is regarded

(F 4 g)(t' 1) = tt £t 7)g(rs )

» No unit
» No inverse (even for smooth functions)

» Zero divisors

» Commutation difficult

Work 1944 -1949
t/
~— / F(r)glr — t)dr
t

Operator calculus
Jan Mikusinski Laurent Schwartz

(1913-1987) (1915-2002)
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*_PRODUCT ﬂ
(f % g)(t1) = / F(t, )97 £)dr

» No unit ? l

(f % g)(t' 1) = / R g t)dr

e ™)
THEOREM

O(t' — t) is the unit
(' —t) istheunit.
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*_PRODUCT ﬂ
(f % g)(t1) = / F(t, )97 £)dr

» No unit ? l

(f % g)(t' 1) = / R g t)dr

e ™)
THEOREM

O(t' — t) is the unit
(' —t) istheunit.

» What about Volterra ?
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*-PRODUCT
(fxg)(t 1)

Ot —1t)

SMOOTH
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*-PRODUCT

(f *g) tt:/ f(t',7)g(r,t) Ot — 1)O(r — t)dr,
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*-PRODUCT

» No inverse ? SMOOTH

f(t/7 t) — f(tla t)@(t/ - t) T Z fi(tla t)6<Z) (t/ - t)
1=0

(f % g)(t' 1) = / R g t)dr
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*-PRODUCT

» No inverse ? SMOOTH

f(tlv t) — f(tla t)@(t, - t) T Z f’i(t/a t)é(Z) (t, - t)
1=0

(f % g)(t' 1) = / R g t)dr

| » Inverse-closed
» Recovers Volterra

» Smooth part: TOE closed

» Mikusinski’s calculus



P.-L. GISCARD, S. POZZA 8ECM, JUNE 21ST 2021

*~LANCZ0S : PRINCIPLES

» TOE: *-resolvent

U=0x* (1, — A
:@*(1*+A—|—A>|<A—|—A>|<A>1<A+...)

a9 as
A(t) T O(Zmez?)Q Q
21
t=1 (A)u a1

/= 9 (A*A)ll &1*CL1—|—612*621 0

¢ =3 (A*A*A)H CL1*blg*bgl—l—blz*bgl*CLl—l—blg*aQ*le
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*-LANCZOS : THEORY b \

» ‘It works' : KO 0 o )
£ )
THEOREM

v AT W = (T")11

v.Uw’ = (@ x (L — T)*_l)u
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*-LANCZOS : THEORY b \

» ‘It works' : KO P )
[ )
THEOREM

U.A*”.wT — (T*n)ll

v.Uaw' = (0 (1. — T)’k_l)]Ll

- v,

» ‘Its solid’ :

"THEOREM h

*-Lanczos breaks down <= Ordinary Lanczos breaks down
- J
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o o (0 O
*-LANCZ0S : THEORY PR
0 o e '-.
» ‘It works' : \O Lo )
U.A*”.wT — (T*n)ll
T x—1
vUw' = (0% (L, —=T)"),
> ‘Its solid’ :
"THEOREM h
*-Lanczos breaks down <= Ordinary Lanczos breaks downJ
_
» ‘It makes sense’ :
THEOREM A
. A(t) smooth < *-Lanczos’ output smooth )
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S THIS ANY GOOD ?
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*~LANCZOS : NUMERICAL COMPUTATIONS

» The Volterra composition *

(frg)(tt) = t—t/ F(t', )i t)dr

discretize {

(f*g)(t t)~= > fltity)g(t;, tr) At

i>j>k

Fz’j-ij At

Matrix product !

Triangular matrices

A

» *-inverses : ordinary inverses of triangular matrices
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OUTLOOK

» *-Lanczos performances

Cost O(N n? N;) achieved!
Accuracy O(1/N,®)  getting there...

»  Path-sum performances
Cost #P-complete, then O(N;)

Accuracy Analytical
Numerical O(1/ N %)
Works with blocks
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THANK YOU !
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