
PATH-SUMS &    -LANCZOS

ANALYTICAL AND NUMERICAL METHODS FOR 

TIME-ORDERED EXPONENTIALS

          STEFANO POZZA                         P IERRE-LOUIS G ISCARD                     

✽

ANR-19-CE40-0006 

ANR-20-CE29-0007

Primus UNCE/SCI/023



OUTLINE

‣  Time-ordered exponentials 
‣ Time-ordered exponentials  

‣ Volterra & Pérès  

‣ Path-sum approach 

‣ *-Lanczos 
‣ *-Product  

‣ Theoretical *-Lanczos 

‣ Implementation

‣  Outlook

P.-L. GISCARD, S. POZZA                                                                                                         8ECM, JUNE 21ST 2021



THEORETICAL BACKGROUND

P.-L. GISCARD, S. POZZA                                                                                                         8ECM, JUNE 21ST 2021



P.-L. GISCARD, S. POZZA                                                                                                         8ECM, JUNE 21ST 2021

‣ Systems of coupled ODEs

TIME-ORDERED EXPONENTIAL

a11(t)ψ1(t) + a12(t)ψ2(t) + a13(t)ψ3(t) + · · · = ψ̇1(t),

a21(t)ψ1(t) + a22(t)ψ2(t) + · · · = ψ̇2(t)

...

an1(t)ψ1(t) + · · · = ψ̇n(t)
<latexit sha1_base64="jQ+TZpwCcwRi7OokDjlhsH99izg="></latexit>

U̇(t) = A(t)U(t)
<latexit sha1_base64="wPqxTa9ALHMbm9nvDVFbU7EJXd8="></latexit>

~ (t) = U(t)~ (0)
<latexit sha1_base64="keZQo5MtMRfHZSnOC3M+o54SYeM="></latexit>

with

‣ Pervasive in applications, e.g. quantum physics

U(0) = Id
<latexit sha1_base64="0AAAaUH0Y1T4UYwekmAoXxIxe6U="></latexit>



Equation :
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U̇(t) = A(t)U(t)
<latexit sha1_base64="HQrTegoFIerVZ8DtGli8+BMzKNU="></latexit>

TIME-ORDERED EXPONENTIAL

⇒ U = e

R
t

0
A(τ)dτ

<latexit sha1_base64="w+tPyEdV1ThlFeIH0Pod9+FKY24="></latexit>



Equation :

… but if  

solution is a time-ordered exponential 

‣ Picard iteration
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U̇(t) = A(t)U(t)
<latexit sha1_base64="HQrTegoFIerVZ8DtGli8+BMzKNU="></latexit>

A(t)A(t0)� A(t0)A(t) 6= 0
<latexit sha1_base64="zT+zR36io4M37k91aVW2idgTd+M="></latexit>

t
0 6= t

<latexit sha1_base64="QZo3dkhThBmO/OFK63ZtYb6LYKM="></latexit>

U(t) = T e

R
t
0

t
A(τ)dτ

<latexit sha1_base64="5crCVAWB3qFY0Om8Kfca/8+HNNE="></latexit>

for

TIME-ORDERED EXPONENTIAL

⇒ U = e

R
t

0
A(τ)dτ

<latexit sha1_base64="w+tPyEdV1ThlFeIH0Pod9+FKY24="></latexit>

U(t) = Id+ A(t) + A(t)

Z
t

0

A(τ)dτ + A(t)

Z
t

0

Z
τ

0

A(τ)A(τ 0)dτ 0dτ · · ·
<latexit sha1_base64="hkfPsZWa2AkW1L246TaAyALWD+o="></latexit>



‣ The Volterra composition *

VOLTERRA COMPOSITION
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Vito Volterra  

(1860-1940)

Joseph Pérès 

 (1890-1962)

(f ∗ g)(t0, t) =

Z
t
0

t

f(t0, τ)g(τ, t)dτ
<latexit sha1_base64="+ggg0eloP2HB2Clz4yuxZUCIuPg="></latexit>

Volterra & Pérès, Leçons sur la composition et les fonctions permutables, 1924, Paris.   
2008 reprint by Gabay Editions

‣ Volterra integral equations … and more !

‣ Picard iteration

U = Id+

∞X

n=1

A
∗n

<latexit sha1_base64="hrPY2WSHoRMgtA6ZIkx6AfJDdWc="></latexit>



1

‣ Path-sum solution: finite continued fraction on simple cycles 

2

‣ Matrix ⟼ graph
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U11 = Θ ∗

�

1∗ − a11 − a12 ∗ (1∗ − a22)
∗−1

∗ a21

�

∗−1

<latexit sha1_base64="XPQIjIy6EcpNDRPn3W3q3k3JJuE="></latexit>

A(t) =

✓

a11(t) a12(t)
a21(t) a22(t)

◆

<latexit sha1_base64="DpgUk9Yzx8wL35TgJXQtnzVXsqI="></latexit>

a11(t)
<latexit sha1_base64="DVC0HuWaTRFhdLSzA8jv3n2zIv8="></latexit>

a12(t)
<latexit sha1_base64="0QiEx2WmcmcRRdWbaIyNJqJDHOU="></latexit>

a22(t)
<latexit sha1_base64="7IaWK2Tv78kvgrVyZ0tynDudTzE="></latexit>

a21(t)
<latexit sha1_base64="3guRG/XjMZSyG1A2IkBoLN1P/E4="></latexit>

PATH-SUMS
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‣ Path-sum solution: finite continued fraction on simple cycles 
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FROM PATH-SUM TO *-LANCZOS

‣ Analytically tractable for small problems !



‣ Path-sum solution: finite continued fraction on simple cycles 
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              #P-complete  

              NP complete

FROM PATH-SUM TO *-LANCZOS

‣ Analytically tractable for small problems !
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…
a1

<latexit sha1_base64="dAvhPILRBo4diLDQ6MT2AN8MWx0="></latexit>

a2
<latexit sha1_base64="kU0CH7ED47UlBfzJGEk9/15pqe0="></latexit>

a3
<latexit sha1_base64="+NsQ/BUPsI76xe5Xeh81Ry5w8Dg="></latexit>

b12
<latexit sha1_base64="d1BTDI/cUiIhTvseaZXyRAZj0cg="></latexit>

b21
<latexit sha1_base64="VXuZFZ05HAS8gM9Bte0RCW5JSX0="></latexit>

b32
<latexit sha1_base64="UimcjUqqZb3wcQlwBiLeYaw0Iys="></latexit>

b23
<latexit sha1_base64="lGr643L5qryQLhuozo4rkwB+paY="></latexit>

FROM PATH-SUM TO *-LANCZOS

Θ ∗

 

1∗ − a1 − b12 ∗

⇣

1∗ − a2 − b23 ∗
�

1∗ − a3 − · · ·

�

∗−1

∗ b32

⌘

∗−1

∗ b21

!

∗−1

<latexit sha1_base64="vN7/zUhiyciuZWDWX2mnNP06ldg="></latexit>

‣ Path-sum easiest on

Time-ordered exponential  (entry 11)
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FROM PATH-SUM TO *-LANCZOS
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‣ Path-sum easiest on

…
a1

<latexit sha1_base64="dAvhPILRBo4diLDQ6MT2AN8MWx0="></latexit>

a2
<latexit sha1_base64="kU0CH7ED47UlBfzJGEk9/15pqe0="></latexit>

a3
<latexit sha1_base64="+NsQ/BUPsI76xe5Xeh81Ry5w8Dg="></latexit>

b12
<latexit sha1_base64="d1BTDI/cUiIhTvseaZXyRAZj0cg="></latexit>

b21
<latexit sha1_base64="VXuZFZ05HAS8gM9Bte0RCW5JSX0="></latexit>

b32
<latexit sha1_base64="UimcjUqqZb3wcQlwBiLeYaw0Iys="></latexit>

b23
<latexit sha1_base64="lGr643L5qryQLhuozo4rkwB+paY="></latexit>

‣ Matrix structure ?














a1 b12 0 0

b21 a2 b23 0

0 b32 a3
. . .

0 0
. . .

. . .















<latexit sha1_base64="yigFes4oBZRQrJLXyWz39Mz62Ao="></latexit>

Time-ordered exponential  (entry 11)

Θ ∗

 

1∗ − a1 − b12 ∗

⇣

1∗ − a2 − b23 ∗
�

1∗ − a3 − · · ·

�

∗−1

∗ b32

⌘

∗−1

∗ b21

!

∗−1

<latexit sha1_base64="vN7/zUhiyciuZWDWX2mnNP06ldg="></latexit>

T
<latexit sha1_base64="P96eDVMptsSYcnCMeSU9AbKfqf0="></latexit>
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‣ Path-sum easiest on

…
a1

<latexit sha1_base64="dAvhPILRBo4diLDQ6MT2AN8MWx0="></latexit>

a2
<latexit sha1_base64="kU0CH7ED47UlBfzJGEk9/15pqe0="></latexit>

a3
<latexit sha1_base64="+NsQ/BUPsI76xe5Xeh81Ry5w8Dg="></latexit>

b12
<latexit sha1_base64="d1BTDI/cUiIhTvseaZXyRAZj0cg="></latexit>

b21
<latexit sha1_base64="VXuZFZ05HAS8gM9Bte0RCW5JSX0="></latexit>

b32
<latexit sha1_base64="UimcjUqqZb3wcQlwBiLeYaw0Iys="></latexit>

b23
<latexit sha1_base64="lGr643L5qryQLhuozo4rkwB+paY="></latexit>

Time ordered exponential  (entry 11)

Θ ∗

 

1∗ − a1 − b12 ∗

⇣

1∗ − a2 − b23 ∗
�

1∗ − a3 − · · ·

�

∗−1

∗ b32

⌘

∗−1

∗ b21

!

∗−1

<latexit sha1_base64="vN7/zUhiyciuZWDWX2mnNP06ldg="></latexit>

TRIDIAGONALIZATION ! 















a1 b12 0 0

b21 a2 b23 0

0 b32 a3
. . .

0 0
. . .

. . .















<latexit sha1_base64="yigFes4oBZRQrJLXyWz39Mz62Ao="></latexit>

‣ Matrix structure ?

FROM PATH-SUM TO *-LANCZOS

T
<latexit sha1_base64="P96eDVMptsSYcnCMeSU9AbKfqf0="></latexit>
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‣ Path-sum easiest on

…
a1

<latexit sha1_base64="dAvhPILRBo4diLDQ6MT2AN8MWx0="></latexit>

a2
<latexit sha1_base64="kU0CH7ED47UlBfzJGEk9/15pqe0="></latexit>

a3
<latexit sha1_base64="+NsQ/BUPsI76xe5Xeh81Ry5w8Dg="></latexit>

b12
<latexit sha1_base64="d1BTDI/cUiIhTvseaZXyRAZj0cg="></latexit>

b21
<latexit sha1_base64="VXuZFZ05HAS8gM9Bte0RCW5JSX0="></latexit>

b32
<latexit sha1_base64="UimcjUqqZb3wcQlwBiLeYaw0Iys="></latexit>

b23
<latexit sha1_base64="lGr643L5qryQLhuozo4rkwB+paY="></latexit>

Time ordered exponential  (entry 11)

Θ ∗

 

1∗ − a1 − b12 ∗

⇣

1∗ − a2 − b23 ∗
�

1∗ − a3 − · · ·

�

∗−1

∗ b32

⌘

∗−1

∗ b21

!

∗−1

<latexit sha1_base64="vN7/zUhiyciuZWDWX2mnNP06ldg="></latexit>

TRIDIAGONALIZATION ! 















a1 b12 0 0

b21 a2 b23 0

0 b32 a3
. . .

0 0
. . .

. . .















<latexit sha1_base64="yigFes4oBZRQrJLXyWz39Mz62Ao="></latexit>

‣ Matrix structure ?

Yes but *-tridiagonalization 

FROM PATH-SUM TO *-LANCZOS

T
<latexit sha1_base64="P96eDVMptsSYcnCMeSU9AbKfqf0="></latexit>



*-LANCZOS : PRINCIPLES

‣ TOE: *-resolvent
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a1
<latexit sha1_base64="dAvhPILRBo4diLDQ6MT2AN8MWx0="></latexit>

a2
<latexit sha1_base64="kU0CH7ED47UlBfzJGEk9/15pqe0="></latexit>

a3
<latexit sha1_base64="+NsQ/BUPsI76xe5Xeh81Ry5w8Dg="></latexit>

b12
<latexit sha1_base64="d1BTDI/cUiIhTvseaZXyRAZj0cg="></latexit>

b21
<latexit sha1_base64="VXuZFZ05HAS8gM9Bte0RCW5JSX0="></latexit>

b32
<latexit sha1_base64="UimcjUqqZb3wcQlwBiLeYaw0Iys="></latexit>

b23
<latexit sha1_base64="lGr643L5qryQLhuozo4rkwB+paY="></latexit>

U = Θ ∗ (1∗ − A)∗−1

<latexit sha1_base64="5dYGIm+PYKiLISlv4cmiOHOK4Lg="></latexit>

` = 1
<latexit sha1_base64="UnIhG++3yRzo4qDrQN4l3dyb6Uw="></latexit>

�

A
�

11
<latexit sha1_base64="9KHOdOe0ZeYlxvbwVbgygt9tdJ4="></latexit>

a1
<latexit sha1_base64="ZhJvdhQz2uA/cAIrU7g7VxyzDSA="></latexit>

A(t)
<latexit sha1_base64="FOzSDOYP8WgsRv5s0xr6GOiA+wY="></latexit>

= Θ ∗

�

1∗ + A+A ∗ A+ A ∗ A ∗ A+ . . .

�

<latexit sha1_base64="/u9zwW/Av5toCAWi+RwO8yTgyfQ="></latexit>

T
<latexit sha1_base64="P96eDVMptsSYcnCMeSU9AbKfqf0="></latexit>



*-LANCZOS : PRINCIPLES

‣ TOE: *-resolvent
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a1
<latexit sha1_base64="dAvhPILRBo4diLDQ6MT2AN8MWx0="></latexit>

a2
<latexit sha1_base64="kU0CH7ED47UlBfzJGEk9/15pqe0="></latexit>

a3
<latexit sha1_base64="+NsQ/BUPsI76xe5Xeh81Ry5w8Dg="></latexit>

b12
<latexit sha1_base64="d1BTDI/cUiIhTvseaZXyRAZj0cg="></latexit>

b21
<latexit sha1_base64="VXuZFZ05HAS8gM9Bte0RCW5JSX0="></latexit>

b32
<latexit sha1_base64="UimcjUqqZb3wcQlwBiLeYaw0Iys="></latexit>

b23
<latexit sha1_base64="lGr643L5qryQLhuozo4rkwB+paY="></latexit>

U = Θ ∗ (1∗ − A)∗−1

<latexit sha1_base64="5dYGIm+PYKiLISlv4cmiOHOK4Lg="></latexit>

` = 1
<latexit sha1_base64="UnIhG++3yRzo4qDrQN4l3dyb6Uw="></latexit>

` = 2
<latexit sha1_base64="hQdRs4R+jDHdCs2iFAHle/FEVBA="></latexit>

` = 3
<latexit sha1_base64="f4MbfelBfeFJcB1p6WrrN+mbBKQ="></latexit>

�

A
�

11
<latexit sha1_base64="9KHOdOe0ZeYlxvbwVbgygt9tdJ4="></latexit>

�

A ∗ A
�

11
<latexit sha1_base64="G3h/F+Ql53fQns3Vyof8GeKCmAw="></latexit>

a1
<latexit sha1_base64="ZhJvdhQz2uA/cAIrU7g7VxyzDSA="></latexit>

a1 ∗ a1 + b12 ∗ b21
<latexit sha1_base64="EF6zLcq9yT7w1VvKocOjYdwJ2Vo="></latexit>

A(t)
<latexit sha1_base64="FOzSDOYP8WgsRv5s0xr6GOiA+wY="></latexit>

= Θ ∗

�

1∗ + A+ A ∗ A+A ∗ A ∗ A+ . . .

�

<latexit sha1_base64="E4DernIjhELYCYOCwJkVx/O6cEw="></latexit>

T
<latexit sha1_base64="P96eDVMptsSYcnCMeSU9AbKfqf0="></latexit>



*-LANCZOS : PRINCIPLES

‣ TOE: *-resolvent
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a1
<latexit sha1_base64="dAvhPILRBo4diLDQ6MT2AN8MWx0="></latexit>

a2
<latexit sha1_base64="kU0CH7ED47UlBfzJGEk9/15pqe0="></latexit>

a3
<latexit sha1_base64="+NsQ/BUPsI76xe5Xeh81Ry5w8Dg="></latexit>

b12
<latexit sha1_base64="d1BTDI/cUiIhTvseaZXyRAZj0cg="></latexit>

b21
<latexit sha1_base64="VXuZFZ05HAS8gM9Bte0RCW5JSX0="></latexit>

b32
<latexit sha1_base64="UimcjUqqZb3wcQlwBiLeYaw0Iys="></latexit>

b23
<latexit sha1_base64="lGr643L5qryQLhuozo4rkwB+paY="></latexit>

U = Θ ∗ (1∗ − A)∗−1

<latexit sha1_base64="5dYGIm+PYKiLISlv4cmiOHOK4Lg="></latexit>

` = 1
<latexit sha1_base64="UnIhG++3yRzo4qDrQN4l3dyb6Uw="></latexit>

` = 2
<latexit sha1_base64="hQdRs4R+jDHdCs2iFAHle/FEVBA="></latexit>

` = 3
<latexit sha1_base64="f4MbfelBfeFJcB1p6WrrN+mbBKQ="></latexit>

�

A
�

11
<latexit sha1_base64="9KHOdOe0ZeYlxvbwVbgygt9tdJ4="></latexit>

�

A ∗ A
�

11
<latexit sha1_base64="G3h/F+Ql53fQns3Vyof8GeKCmAw="></latexit>

a1
<latexit sha1_base64="ZhJvdhQz2uA/cAIrU7g7VxyzDSA="></latexit>

a1 ∗ a1 + b12 ∗ b21
<latexit sha1_base64="EF6zLcq9yT7w1VvKocOjYdwJ2Vo="></latexit>

a1 ∗ b12 ∗ b21 + b12 ∗ b21 ∗ a1 + b12 ∗ a2 ∗ b21
<latexit sha1_base64="Mjo5KJhtNgZc5wJpUBu3rA2eiZw="></latexit>

= Θ ∗

�

1∗ + A+ A ∗ A+ A ∗ A ∗ A+ . . .

�

<latexit sha1_base64="kyhZmbvded2ek+sdCDsPUgTVW4w="></latexit>

(A ∗ A ∗ A)11
<latexit sha1_base64="Mi06WHgiTzUDEYrW8bkVzpqTEy8="></latexit>

A(t)
<latexit sha1_base64="FOzSDOYP8WgsRv5s0xr6GOiA+wY="></latexit>

T
<latexit sha1_base64="P96eDVMptsSYcnCMeSU9AbKfqf0="></latexit>



*-LANCZOS : PRINCIPLES

‣ TOE: *-resolvent
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a1
<latexit sha1_base64="dAvhPILRBo4diLDQ6MT2AN8MWx0="></latexit>

a2
<latexit sha1_base64="kU0CH7ED47UlBfzJGEk9/15pqe0="></latexit>

a3
<latexit sha1_base64="+NsQ/BUPsI76xe5Xeh81Ry5w8Dg="></latexit>

b12
<latexit sha1_base64="d1BTDI/cUiIhTvseaZXyRAZj0cg="></latexit>

b21
<latexit sha1_base64="VXuZFZ05HAS8gM9Bte0RCW5JSX0="></latexit>

b32
<latexit sha1_base64="UimcjUqqZb3wcQlwBiLeYaw0Iys="></latexit>

b23
<latexit sha1_base64="lGr643L5qryQLhuozo4rkwB+paY="></latexit>

U = Θ ∗ (1∗ − A)∗−1

<latexit sha1_base64="5dYGIm+PYKiLISlv4cmiOHOK4Lg="></latexit>

` = 1
<latexit sha1_base64="UnIhG++3yRzo4qDrQN4l3dyb6Uw="></latexit>

` = 2
<latexit sha1_base64="hQdRs4R+jDHdCs2iFAHle/FEVBA="></latexit>

` = 3
<latexit sha1_base64="f4MbfelBfeFJcB1p6WrrN+mbBKQ="></latexit>

�

A
�

11
<latexit sha1_base64="9KHOdOe0ZeYlxvbwVbgygt9tdJ4="></latexit>

�

A ∗ A
�

11
<latexit sha1_base64="G3h/F+Ql53fQns3Vyof8GeKCmAw="></latexit>

a1
<latexit sha1_base64="ZhJvdhQz2uA/cAIrU7g7VxyzDSA="></latexit>

a1 ∗ a1 + b12 ∗ b21
<latexit sha1_base64="EF6zLcq9yT7w1VvKocOjYdwJ2Vo="></latexit>

a1 ∗ b12 ∗ b21 + b12 ∗ b21 ∗ a1 + b12 ∗ a2 ∗ b21
<latexit sha1_base64="Mjo5KJhtNgZc5wJpUBu3rA2eiZw="></latexit>

= Θ ∗

�

1∗ + A+ A ∗ A+ A ∗ A ∗ A+ . . .

�

<latexit sha1_base64="kyhZmbvded2ek+sdCDsPUgTVW4w="></latexit>

(A ∗ A ∗ A)11
<latexit sha1_base64="Mi06WHgiTzUDEYrW8bkVzpqTEy8="></latexit>

A(t)
<latexit sha1_base64="FOzSDOYP8WgsRv5s0xr6GOiA+wY="></latexit>

T
<latexit sha1_base64="P96eDVMptsSYcnCMeSU9AbKfqf0="></latexit>
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(f ∗ g)(t0, t) =

Z
t
0

t

f(t0, τ)g(τ, t)dτ
<latexit sha1_base64="+ggg0eloP2HB2Clz4yuxZUCIuPg="></latexit>

‣ 52 citations in 100 years ?!        less if content is regarded

‣ No unit

‣ No inverse (even for smooth functions) 

‣ Commutation difficult

‣ Zero divisors

BACK TO VOLTERRA
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‣ 52 citations in 100 years ?!        less if content is regarded

‣ No unit

‣ No inverse (even for smooth functions) 

Jan Mikusiński 

 (1913-1987)

Work 1944 -1949 Z
t
0

t

f(τ)g(τ − t)dτ
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(f ∗ g)(t0, t) =

Z
t
0

t

f(t0, τ)g(τ, t)dτ
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‣ 52 citations in 100 years ?!        less if content is regarded

‣ No unit

‣ No inverse (even for smooth functions) 

Jan Mikusiński 

 (1913-1987)

Work 1944 -1949 

Operator calculus

Z
t
0

t

f(τ)g(τ − t)dτ
<latexit sha1_base64="p7x6tdWCnpfQPdghDBmEUMrMJuU="></latexit>

‣ Zero divisors

Laurent Schwartz  

    (1915-2002)

‣ Commutation difficult

BACK TO VOLTERRA
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t
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t

f(t0, τ)g(τ, t)dτ
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f(t0, τ)g(τ, t)dτ
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‣ No unit ?

THEOREM

               is the unit δ(t0 − t)
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(f ∗ g)(t0, t) =
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0
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f(t0, τ)g(τ, t)dτ
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f(t0, τ)g(τ, t)dτ
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‣ No unit ?

THEOREM

               is the unit δ(t0 − t)
<latexit sha1_base64="cUwez9UaOPbWZLjPGSVmPw7yy9o="></latexit>

‣ What about Volterra ?

*-PRODUCT
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<latexit sha1_base64="XtGuv1Y4mWjRjmCB8DfRPQUkMrs="></latexit>

Smooth

) = f̃(t0, t)Θ(t0 − t) +
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(f ∗ g)(t0, t) =

Z
1

�1

f̃(t0, τ)g̃(τ, t)Θ(t0 − τ)Θ(τ − t)dτ,

= Θ(t0 − t)
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t
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Smooth
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f(t0, t) = f̃(t0, t)Θ(t0 − t) +
1X

i=0

f̃i(t
0, t)δ(i)(t0 − t)
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‣ No inverse ?

(f ∗ g)(t0, t) =

Z
1

�1

f(t0, τ)g(τ, t)dτ
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Smooth

*-PRODUCT
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(f ∗ g)(t0, t) =

Z
1

�1

f(t0, τ)g(τ, t)dτ
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‣ Inverse-closed 

‣ Recovers Volterra 

‣ Smooth part: TOE closed 

‣ Mikusiński’s calculus

f(t0, t) = f̃(t0, t)Θ(t0 − t) +
1X

i=0

f̃i(t
0, t)δ(i)(t0 − t)

<latexit sha1_base64="raupSiopYxNvjQCbf/Iogd4ezpE="></latexit>

‣ No inverse ? Smooth

*-PRODUCT



*-LANCZOS : PRINCIPLES

‣ TOE: *-resolvent
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‣ ‘It works’ :

THEOREM

v.U.w
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*-LANCZOS : THEORY
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*-Lanczos breaks down  ⟺ Ordinary Lanczos breaks down

THEOREM

‣ ‘Its solid’ :

‣ ‘It works’ :

THEOREM
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*-Lanczos breaks down  ⟺ Ordinary Lanczos breaks down

THEOREM

            smooth  ⟺  *-Lanczos’ output smooth

THEOREM

A(t)
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‣ ‘Its solid’ :

‣ ‘It makes sense’ :

‣ ‘It works’ :

THEOREM

v.U.w
T =

�

Θ ∗ (1∗ − T)∗−1
�

11
<latexit sha1_base64="5i7dgjVm0e9SBnMuFPobN1i88cE="></latexit>



















• • 0 0

• • • 0

0 • •

. . .

0 0
. . .

. . .



















<latexit sha1_base64="WXtZCsr+wx1hoVrdV/LSq62+x2w="></latexit>

v.A
∗n
.w

T = (T∗n)11
<latexit sha1_base64="jGmkOvW0tTecMO2Vl9eQq2KbGYU="></latexit>



IS THIS ANY GOOD ?

P.-L. GISCARD, S. POZZA                                                                                                         8ECM, JUNE 21ST 2021



‣ *-inverses :   ordinary inverses of triangular matrices

sasasasasasasas
| {z }
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*-LANCZOS : NUMERICAL COMPUTATIONS

‣ The Volterra composition *

Matrix product !

discretize 

Triangular matrices
0
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�

f ⇤ g
�

(t0, t) '
X

i�j�k

f(ti, tj)g(tj, tk)∆t
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OUTLINE

‣  Time-ordered exponentials 
‣ Time-ordered exponentials  

‣ Volterra & Pérès  

‣ Path-sum approach 

‣ *-Lanczos 
‣ *-Product  

‣ Theoretical *-Lanczos 

‣ Implementation

‣  Outlook
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OUTLOOK

‣  *-Lanczos performances  

‣  Path-sum performances 

O(N n
2

it
Nt)

<latexit sha1_base64="Jh1WvYJTUnsbYea3nPHHSkd2L64="></latexit>

O(1/Nt
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Cost

Accuracy

achieved !

getting there…
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Cost              #P-complete,  then  

             Accuracy              Analytical  

              Numerical  

              Works with blocks             

O(N2

t
)
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‣  On Path-Sum & time ordering : 

‣ On *-Lanczos & *-product 

P.-L. Giscard, K. Lui, S. J. Thwaite, and D. Jaksch, “An Exact Formulation of the Time-Ordered Exponential using Path-
Sums”, Journal of Mathematical Physics, 56(5):053503 (2015)

P.-L. Giscard, S. J. Thwaite, and D. Jaksch, “Evaluating Matrix Functions by Resummations on Graphs: the Method of 
Path-Sums”, SIAM Journal on Matrix Analysis and Applications, 34(2):445-469 (2013)

P.-L. Giscard, C. Bonhomme, “Dynamics of quantum systems driven by time-varying Hamiltonians: Solution for the Bloch-
Siegert Hamiltonian and applications to NMR”, Physical Review Research 2, 023081 (2020)

P.-L. Giscard, S. Pozza, “Lanczos-like method for the time-ordered exponential”, preprint arXiv:1909.03437 (2020)

P.-L. Giscard, S. Pozza, “Lanczos-like algorithm for the time-ordered exponential: the *-inverse problem”, Applied 
Mathematics, 1-21, doi 10.21136/AM.2020.0342-19, (2020)

P.-L. Giscard, S. Pozza, “Tridiagonalization of systems of coupled linear differential equations with variable coefficients 
by a Lanczos-like method”, Linear Algebra and Its Application 624: 153-173, (2021)

P.-L. Giscard, "On the solutions of linear Volterra equations of the second kind with sum kernels”, Journal of Integral 
Equations Equations and Applications, 32(4): 429-455 (2020)

P.-L. Giscard, A. Tamar, “Elementary Integral Series for Heun Functions. With an Application to Black-Hole Perturbation 
Theory”, preprint arXiv:2010.03919 (2020)


