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► 43Ca: low g and N.A. ~ 0.14%

► low wt% for all C+ and A-
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Context: biological hydroxyapatites (HAp)
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Dynamic Nuclear Polarization (DNP) MAS

1H, 29Si, 13C…

 SENSITIVITY

"impossible experiments"

 LOW TEMPERATURE & MAS

(~ 100 K or lower…)

depending on the sample…

 enhanced spin locking during CP

 better homonuclear decoupling

 …

 but: questions …

bulk

spin diffusion

interface

DNP juice

DNP juice

AMUPOL
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The HAp structure (hexagonal)
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channels of OH- groups

DH-Hinter << DH-H
intra

A site substitutions ( )

orientation of OH-

P.C.A. van der Wel et al., J. Am. Chem.

Soc., 2006
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Synthetic carbonated nanosized HAp

► synthetic HAp, ~ 1 wt % in C, labeled in 13C

► 1D, 2D, double- and triple resonance CP, SQ-DQ experiments

Analytical Chem. 2017
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Analytical Chem. 2017

Towards structural models
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Natural abundance 43Ca DNP spectroscopy

Nature Commun., 2017

n0(
43Ca) = 26,94 MHz, 100 K,  DNP juice: glycerol-d8/D2O/H2O (60/30/10; v/v/v) + AMUPol,

sample: ~ 20 mg 

{1H-}43Ca CP MAS DNP

synthetic HAp < 1h

mice teeth < 38h

N.A. 2D {1H-}43Ca HETCOR CP MAS DNP

low power CP from 1H to 43Ca

"long" T1r at 100K

~ 4h

{1H-}43Ca CP MAS DNP

6hDFS 43Ca MAS

< 1h

0 ppm
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43Ca: pushing the limits of sensitivity & resolution at 1.5 GHz, 35.2 T

○ series-connected hybrid magnet

○ from 0 to 35.2 T in 30 minutes

○ 20 kA

○ very efficient lock

○ from 7:00 AM to 3:30 PM

○ no "overnight“ experiment

○ 3.2 mm X MAS probe, 18 kHz

C. Wang, J. Paulino, I. Hung, Z. Gan  
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43Ca MAS and MQ-MAS experiments (Coll.: D. Laurencin, Montpellier)

*CaHPO4

Ca pyrophosphates and oxalate (NA)

GIPAW (2 sites)

MAS  

3Q MAS  

Chem. Commun. 

2018 11



43Ca NMR 

@35 T
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General context

► consider the mathematical problem of coupled LDE with non-constant coefficients

a(t’), b(t’)…

Magnus (1954)

Floquet (1883) (if A periodic)
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Dyson time-ordering operator (1952)

A(t’) = 
𝑎(𝑡′) 𝑏(𝑡′) …

𝑐(𝑡′) … …
… … …

N

N (finite)

bounded (over [ t , t’ ])

perturbative treatment

convergence (?)

ordered exponential (OE)



The Path-Sum approach (P.-L. Giscard, 2015)
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dynamical weighted graph ( G )

► Descending Ladder Principle (DLP)

U(t’,t) as the ordered exponential of H(t)

each entry is given analytically

infinite series of walks transformed into a single,

finite, branched continued fraction

Neumann



Comments on the Path-Sum solution
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the Path-Sum solution is:

► exact as it captures the entire physics and

mathematics of the problem as opposed to

methods that are approximate, perturbative etc

► non perturbative, super exponentially CV

► always closed form in

► Neumann series: analytic, closed form at fixed accuracy

► Numerically at all orders: >> Zassenhaus



Accelarated Neumann series

16
P.L. Giscard, C. Bonhomme, Phys. Rev. Res. 2020

P.L. Giscard, J. Integral Equations Appl. 2020

in the case of ultra-strong regime, i.e. Τ𝜷 𝝎𝟎 ≫, 𝐭𝐡𝐞𝐧: K1(t) >> K2(t) 

[U(acc,0) (t’,t)] ’

related to individual Ki

the first term of the 

accelarated analytical

Neumann series is

sufficient

w = 𝟒, 𝟐𝟎, 𝟏𝟎𝟎w0

Coherent Destruction of 

Tunneling (CDT)



► a new approach

► analytical expression for U(t)

► unconditional convergence

► non perturbative formulation

► scalable to large spin systems

17

Path-Sum

Conclusions and perspectives

1 PhD and 1 Post-Doc grants

available in 2021 (MAGICA project)

→ christian.bonhomme@upmc.fr

→ giscard@univ-littoral.fr
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Bloch equations: RF artefacts in MRI
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𝒉𝒆𝒓𝒆: 𝑼𝟑𝟑
(𝟏)

𝒕 is sufficient to 

describe the oscillations



Interpretation of K1(t) >> K2(t)

20
P.L. Giscard, J. Integral Equations Appl. 2020

ratio «
𝑲𝟏

𝑲𝟐
» in the ∗-product sense
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Take a partition of a spin system in a set of (smaller, independent)

sub-systems

sub-system n°1

sub-system n°2

sub-system n°3

PS or Magnus or Floquet or

Fer or any state-space

reduction technique …

PS or Magnus or Floquet or Fer or any

state-space reduction technique …

PS or Magnus or Floquet or Fer or any

state-space reduction technique …

the exact evolution of the entire spin system as functions of the 

evolutions of the isolated sub-systems is given by Path-Sum

(though non contiguous blocks in H(t) matrix!)

Scale invariance of Path-Sum



𝐋𝐚𝐫𝐠𝐞𝐫 𝐬𝐲𝐬𝐭𝐞𝐦𝐬: ∗- Lanczos algorithm (Giscard, Pozza, 2019, 2020)

22a very simple continued fraction to handle !

A(t’) = 
𝑎(𝑡′) 𝑏(𝑡′) …

𝑐(𝑡′) … …
… … …

Tn(t’) = 

𝛼0(𝑡
′) 1∗

𝛽1(𝑡
′) 𝛼1(𝑡

′)

𝛽𝑛−1(𝑡
′)

1∗
𝛼𝑛−1(𝑡

′)

full

tridiagonal

∗- Lanczos

1

2

3

n

𝛼0

𝛼1

𝛼2

𝛼𝑛−1

𝛽1

𝛽2

𝛽𝑛−1

n << N

N

N



Path-Sum

◊ simple path P (self avoiding walk): W whose V are all distinct  

◊ simple cycle C (self avoiding polygon): W whose endpoints are identical and intermediate

V are all distinct and different from the endpoints

« Fundamental Theorem of Arithmetic » on G (P.-L. Giscard, 2012)

► W factor uniquely into prime elements, i.e. simple paths and simple cycles

► if G is finite the number of primes is finite

► resummation of all W involves a finite number of operations: sum on simple 

paths and continuous fraction of simple cycles with vertex removal

1

2 3

 𝟏𝟐
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P C

G →
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Modeling of hydrated amorphous calcium pyrophosphates (a-CPP)

diso(43Ca)

Coll.: J. Rimsza , J. Du (UNT, USA)

► osteoarthritis, pseudogout

(K. Leyngardigal, C. Bonhomme et al., Cryst. Growth & Design, 2017)

►► potential role of amorphous precursor ? (biomineralization)

-200-1000100200
δ(43Ca) /ppm

δiso(calc)

35.2 T
, n = 2 to 6)

presence of water, no melt-and-quench approach

MC → AIMD → "hydration" → relaxation → GIPAW (43Ca)

Chem. Commun. 2018
24
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► if:

𝟏∗ −𝑲 = 𝟏∗ − 𝒙 ∗ 𝟏∗ − 𝒚 ∗ 𝟏∗ − 𝒛 …

with: 𝒙 𝒕′, 𝒕 =  𝟏 𝒕′ 𝒃𝟏 𝒕 ; 𝒚 𝒕′, 𝒕 =  𝟐 𝒕′ 𝒃𝟐 𝒕 ; 𝒛 𝒕′, 𝒕 =  𝟑 𝒕′ 𝒃𝟑 𝒕 …

then: [𝟏∗ −𝑲]∗−𝟏 is directly available !

An infinite number of "friendly" kernels



Power series of AG

𝑭(𝐀G)𝝎𝜶= σ k =𝟎
∞ 𝒄k σ WG, 𝜶𝝎; k

 𝝎𝒉𝒌 …×  𝒉𝟑𝒉𝟐 ×  𝒉𝟐𝜶

power series of AG all weighted walks W from Va to Vw of length k

Path-Sum

(AG)
k

= 
⋯

⋮ ⋱ ⋮
⋯

(AG)
k
wa

26

sum on the finite set of 

simple paths P of length l

edge weight effective V weight

sum over the finite set of simple cycles C
(continued fraction of finite breadth)

ex.: 𝐞𝐱𝐩 AG = σ k =𝟎
∞ 𝟏

𝒏!
AG

k



Intrinsically distributed materials
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→ Ca10(PO4)6(OH)2 + substitutions (C+ and A-)

A site

B site

Na+, K+, Mg2+, Zn2+, 

Sr2+ …  

F-, Cl-, CO3
2-, SiO4

4-

…  

►43Ca: low g and N.A. ~ 0.14%

► low wt% for all C+ and A-
28

Context: biological hydroxyapatites (HAp)



Ordered exponential (OE) (P.-L. Giscard, 2015)

AG(t) = 
⋯

⋮ ⋱ ⋮
⋯

𝑠w A(𝑡) 𝑠a

AG

1

2 3

Va

Weight w ← a=  w A(𝒕)  a

Vw

29

Path-Sum

OE[A](t’,t) = 𝑠w    A (𝑡 , 𝑡) 𝑠a

Path-Sum

S ALL weighted walks ← on AG

but using ∗ −product

instead of ×

OE[AG](t’,t) = 𝑠w    AG (𝑡 , 𝑡) 𝑠a



An example: 2 × 2 matrix

[𝟏∗ − ∗ ∗ ∗ ⋯ ]∗−𝟏 = ෍

𝒏≥𝟎

∗ ∗ ∗ ⋯ ∗𝒏 Neumann series (analytical)                                                         

linear Volterra (2nd kind) (numerical)                                                         

𝒇 ∗ 𝒈 = න
𝒕

𝒕′

𝒇 𝒕′, 𝝉 𝒈 𝝉, 𝒕 𝒅𝝉

OE[A](t’,t) = 
𝒕׬
𝒕′
𝑮𝑲𝟐,𝟏𝟏 𝒕′, 𝝉 𝒅𝝉 𝑶𝑬𝟏𝟐(𝒕

′, 𝒕)

𝑶𝑬𝟐𝟏(𝒕
′, 𝒕) 𝒕׬

𝒕′
𝑮𝑲𝟐,𝟐𝟐 𝒕′, 𝝉 𝒅𝝉

► END of the continued fraction !

► finite sum on C

► END !

► finite sum on simple P

30

 𝒊𝒋(𝒕)

► END of the continued fraction !

► finite sum on C

► END !

► finite sum on simple P

► END of the continued fraction !

► finite sum on C

► END !

► finite sum on simple P

K2

sum on simple 

cycles

sum on simple 

paths


