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‣ Everywhere convergent representation ?         

‣ Integral series ?
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HEUN EQUATION

Hortaçsu M. 2018 Heun Functions and Some of Their Applications in Physics. Advances in
High Energy Physics 2018, 8621573.

Giscard PL, Tamar, A. 2020, Elementary Integral Series for Heun Functions. Application
to Black-Hole Perturbation Theory, under review.
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HG(z) = H0 U11(z, z0) + (H 0
0 �H0)U12(z, z0).
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HEUN TO MATRIX

Algebra
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From the solution U we get the Heun function 
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Heun equation :

U(z) = Pe
R z
z0

M(⇣)d⇣
<latexit sha1_base64="UZgzaX/Apuyt6/BFPwcJ4mDx4Ks="></latexit>
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M(z)M(z0)�M(z0)M(z) 6= 0
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z 6= z0
<latexit sha1_base64="qkSMaf1jWQkyuVApvyL4aJ1DAuc="></latexit>

… but  

solution is a path-ordered exponential 

‣ Amenable ‘only’ to a graph-theoretic technique

HEUN TO MATRIX

Giscard PL, et al. 2015 An exact formulation of the time-ordered
exponential using path-sums. Journal of Mathematical Physics 56, 053503
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MATRIX TO GRAPH
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‣ Matrix ⟼ graph
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‣ Path-sum solution 
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VOLTERRA COMPOSITION
‣ The Volterra composition *
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‣ *-resolvents
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Convergent !

  …  integral series
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AND BACK TO HEUN
‣ Path-sum solution reads
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‣ With integral series
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where…
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LOTS OF EQUATIONS & INTEGRALS

‣ Is it any good ?  
                    Actually computable ?!
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NUMERICAL COMPUTATIONS
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‣ The Volterra composition *

Matrix product !
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‣ The Volterra composition *

Matrix product !
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‣ *-resolvents : ordinary inverses of triangular matrices

Triangular matrices 0
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0‣ Triangular matrices only ! 
 

‣ Only 1st column needed ! 

H0(I+�zH.G1) + (H 0
0 �H0)(E+�zE.G2)
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‣ Triangular matrices only ! 
 

‣ Only 1st column needed ! 

0

1st column
HG(zi) = H0 U11(zi, z0) + (H 0

0 �H0)U12(zi, z0)
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Python

H0(I+�zH.G1) + (H 0
0 �H0)(E+�zE.G2)

<latexit sha1_base64="7jaOJufkVI7hB15Y2mzce9SEcgM="></latexit>

https://github.com/tbirkandan/integralseries_heun

https://github.com/tbirkandan/integralseries_heun
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Code N Time (sec.)

HeunG 1000 2.22

Python 1000 0.0096

HeunG 10000 22.4

Python 10000 0.090

HeunG 50000 110.8

Python 50000 0.43

HeunG 100000 231

Python 100000 0.90

HeunG 200000 464

Python 200000 1.87
<latexit sha1_base64="5asPFciCCgAigEb2MEWBYWIDM/I="></latexit>

‣ Precision 
‣ But… beats standard ODE solvers with same points ! 
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‣  Singularity avoidance 
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‣  Singularity avoidance 
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Numerically  
ill-conditioned
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‣  Singularity avoidance 
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THANK YOU !


