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General context

» consider the mathematical problem of coupled LDE with non-constant coefficients
a(t’), b(t’)...

AUt t) = %U(t’,t), U(t,t) = Id,

N (finite)
——————

a(t’) b(t)

A(l"): c(t’) ... | N
bounded (over [t, t’])

<I Dyson time-ordering operator (1952)

Floquet (1883) (if A periodic)

U(t',t) = T exp (/ | A(T)dfi‘) Magnus (1954) 1

ordered exponentia| (OE) perturbatlve treatment

convergence (?)



The Path-Sum approach (P.-L. Giscard, 2015)

» Descending Ladder Principle (DLP)

(a) hi1(t)  hia(t)  hya(E) (d) GK3 11! [1.=hyy =hyp * Gy,\(1),22 * hyy —hys * Gk \(1)33 *hyy
H(t) = [ hz1(t)  haa(t)  ha3 (D) A_“—““ L T,
hs1(t)  hsz(t) hss(t) .

dynamical weighted graph (¢)
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U(t’,t) as the ordered exponential of H(t)

(c)

3 vertices
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f IGKg ul(r, f). dr << Ulz ', f'),- Uis(t', 1)
U= U@ [ Gom(ntdr Un(0)
br;l{t’, f) ng{t ,t) J.: GK3,33(TJ'£)dr - K?\U}ZZ(??)
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each entry is given analytically

1vertex <= 2vertices ¢—=

2 'I K3\{12},33

infinite series of walks transformed into a single,

finite, branched continued fraction




Comments on the Path-Sum solution

3 vertices )

1 vertex <<= 2vertices <=

> as it captures the entire physics and

mathematics of the problem as opposed to
methods that are approximate, perturbative etc

» non perturbative, super exponentially CV

» always closed form in

— haz * Gg\1y22 *Ros * Grp\ay33 *har™™!

Gro1y22 = [Le =haz =has * Gyp\(12)33 *hap 71

Gia\(12)33 = 1&_h e . H
ko\azyss = e~ 0] > analytic, closed form at fixed accuracy

» Numerically at all orders: >> Zassenhaus




Bloch equations: RF artefacts in MRI

1

—T—z —w —v(t) 3
iM(t)= W —l —u(t) M(t)+<10 )
dt T2 _M

1 Ti

v(t) u(t)

Ty

u(t) =y (sin(wyt) By (t) — cos(wyt) Bg(t))

v(t) = 7y (cos(wyt) By(t) + sin(w,t) Bx(t))
B.(t) = (By + uy) cos(wyt) + vq sin(w,t)
By(t) = (—=DB1 + vg) sin(w,t) + ug cos(w,t)

- =

u;, v;: RF perturbations

rotating and counter-rotating B, components

e exact expression of (1, — K33)* 1 = Y% K32

see: Balac, Chupin, Mag. Res. Imaging, 2008

1

Gag = (1, — Ka33)*

Kag =~ + (o) u(t) » (1ds(t =) + M=) (_“(t'))

—u(t")
10

e exact expression of Kuz = Y _¢;q;(t',1)

0

e here: exact forms of the solutions (all S and C available analytically)

Usz = Co(t) + Z Sokew, (1) sin(2kw,t) + Cop,, (t) cos(2kw,t) + Z Set 2k, (t) sin ((w £ 2kw,)t) + Coytope, (t) cos ((w £ 2kw,)t)

k=1



Uss(t)

Bloch equations: RF artefacts in MRI
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Accelarated Neumann series

in the case of ultra-strong regime, i.e. ,then:
_ 0 cos(wt)
K (1) = —2ip
cos(wt) 0 ® = 4,20,1000,

12 0 ) @, ®

R TN T
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GO 1) = [UteeeO) (t1)] UUWW W\/VU GV VUV

0.0 0.0

:f G (t', 1)Gy(T, t)dT. ©
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Coherent Destruction of 5°¢

Tunneling (CDT) d 0.4

$ .

the first term of the wt

Neumann series Is P.L. Giscard, C. Bonhomme, Phys. Rev. Res. 2020
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Scale invariance: chemical exchange with n, pools

3x3 Bloch
matrix




Scale invariance: chemical exchange with n pools (PARTITIONS)

ko 2 » the number of terms in Kj;is
proportional to n

«— 3

3x3 Bloch
matrix

» the expression of Kj; is always
valid (time independent or not)
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n+1 IS proportional to the
integral over time of the propagator of

the self-loop

K;; ~ + ki x| 171 Ky
3x3 Bloch 1, — ko * [1.— @]*_1* k21
matrix — e



Perspectives, conclusions and acknowledgments

» a new approach

» analytical expression for U(t)
» unconditional convergence

» non perturbative formulation
» scalable to large spin systems

» other theory/applications to come...
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Bloch equations: RF artefacts in MRI

099995_1
' here: Ugg)(t) is sufficient to

describe the oscillations
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Scale invariance of Path-Sum

Take a partition of a spin system in a set of (smaller, independent)
sub-systems

sub-system n°2

sub-system n°1

PS or Magnus or Floquet or Fer or any
state-space reduction technique ...

PS or Magnus or Floquet or
Fer or any  state-space

reduction technique ... sub-system n°3

PS or Magnus or Floquet or Fer or any
state-space reduction technique ...

the exact evolution of the entire spin system as functions of the
evolutions of the isolated sub-systems is given by Path-Sum

(though non contiguous blocks in H(t) matrix!) 13



Larger systems: x— Lanczos algorithm (Giscard, Pozza, 2019, 2020)

full
(t") b)) .. 1@ )a
At) = Ccl(t) b1 :
,BZ.Qal
? Ok
tridiagonal
(a0t 1. /ﬁn 1
- ﬁ1(< a1(t)\\ ) n O ) an
B 5 @) l

avery simple continued fraction to handle! 14



An infinite number of "friendly" kernels

> if:

with: x(t',t) = a(t")b4(t) ; y(t',t) = a,(t")b,(t); z(t', t) =

then: [1, — K]*~1 is directly available !
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Interpretation of K, (t) >> K,(t)

ok — —20 a1,y —1 0
K, (t't) 1=w—05(t—t)(0 1)

(K;*K, Dt t)= - 4icos(wt)(_01 é)c‘i(t’ — 1)

wo
\ )

. K .
ratio « K—l » in the x—product sense
2
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Path-Sum

O simple path 2 (self avoiding walk): 2/ whose 9 are all distinct

O simple cycle € (self avoiding polygon): 7 whose endpoints are identical and intermediate
9 are all distinct and different from the endpoints

agq ai

1 1
7 0 C o
ai; 31 a, as;
é _) azi ais az ais
o azz [ o asz o
2 ™~ 3 s 2 ~__~ 3 a3

az, az3 az; azs

« Fundamental Theorem of Arithmetic » on ¢ (P.-L. Giscard, 2012)

» 2 factor uniquely into prime elements, i.e. simple paths and simple cycles
» if Zis finite the number of primes is finite

» resummation of all zZinvolves a finite number of operations: sum on simple

paths and continuous fraction of simple cycles with vertex removal 17




Power series of A¢ Xy
&
A) =1 :(A),, :
ex.: exp[A] =X ¢_o— A/f A ( 7o )

F(Aé)wa: ZZ):O Cy ngaw-éawhk ce X Ap.h, X Ap, o

power series of A, all weighted walks ‘2¢ from 7, 107, of length é

P Sun_

FADue= ). F(@00) X Qoo f @) By X (@)

PG \ A4

edge weight gffective ¥ weight

sum on the finite set of

simple paths 2 of length £ sum over the finite set of simple cycles €

(continued fraction of finite breadth)



Ordered exponential (OE) (P.-L. Giscard, 2015)

OE[Ag](t’,t) = [(swlOE[A(t, t)[sep

ALD = [ ol ADIse)

2. ALL weighted walks ® < o on Ay

but using

A¢ instead of X
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An example: 2 x 2 matrix Fe i e

OE[A](t,f) = o

0E21(t'»t) f GKZZZ(t T)dT

sum on simple =11 *—1
*

— A11 — Q12 * Gg\(13,22 * az1]

cycles

°
Ry e @ Gip\1},22 = [1e — @z |0
:? !:\

,f”’ \\‘ t! é
< QE12(t t) —”j Gro\(2)11 * Q12 * Gk, 22 (¢ 7)dr @)
~\~~ Prag t
4 : » END of the continued fraction !
.
_ » END ! » finite sum on €
sum on simple P
paths ° » finite sum on simple 2 20




