
Ultra-fast convergent analytical solutions of 

the Bloch equations: the Path-Sum approach

C. Bonhomme1, P.-L. Giscard2

1 Laboratoire de Chimie de la Matière Condensée de Paris, Sorbonne Université, Paris, France

2 Laboratoire Joseph Liouville, Université du Littoral Côte d’Opale, Calais, France

christian.bonhomme@upmc.fr

P1149 TUESDAY MORNING SESSION

1



General context

► consider the mathematical problem of coupled LDE with non-constant coefficients

a(t’), b(t’)…

Magnus (1954)

Floquet (1883) (if A periodic)
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Dyson time-ordering operator (1952)

A(t’) = 
𝑎(𝑡′) 𝑏(𝑡′) …

𝑐(𝑡′) … …
… … …

N

N (finite)

bounded (over [ t , t’ ])

perturbative treatment

convergence (?)

ordered exponential (OE)



The Path-Sum approach (P.-L. Giscard, 2015)
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dynamical weighted graph ( G )

► Descending Ladder Principle (DLP)

U(t’,t) as the ordered exponential of H(t)

each entry is given analytically

infinite series of walks transformed into a single,

finite, branched continued fraction

Neumann



Comments on the Path-Sum solution
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the Path-Sum solution is:

► exact as it captures the entire physics and

mathematics of the problem as opposed to

methods that are approximate, perturbative etc

► non perturbative, super exponentially CV

► always closed form in

► Neumann series: analytic, closed form at fixed accuracy

► Numerically at all orders: >> Zassenhaus



Bloch equations: RF artefacts in MRI

see: Balac, Chupin, Mag. Res. Imaging, 2008

scalability of Path-Sum
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● exact expression of
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● exact expression of (𝟏∗ −𝑲𝟑𝟑)
∗−𝟏 = σ𝒏=𝟎

∞ 𝑲𝟑𝟑
∗𝒏

● here: exact forms of the solutions (all S and C available analytically)



Bloch equations: RF artefacts in MRI
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the ∗-inverse 

gives the exact 

solution

𝑼𝟑𝟑
(𝒏)

𝒕 is

analytical



Accelarated Neumann series
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P.L. Giscard, C. Bonhomme, Phys. Rev. Res. 2020

P.L. Giscard, J. Integral Equations Appl. 2020

in the case of ultra-strong regime, i.e. Τ𝜷 𝝎𝟎 ≫, 𝐭𝐡𝐞𝐧: K1(t) >> K2(t) 

[U(acc,0) (t’,t)] ’

related to individual Ki

the first term of the 

accelarated analytical

Neumann series is

sufficient

w = 𝟒, 𝟐𝟎, 𝟏𝟎𝟎w0

Coherent Destruction of 

Tunneling (CDT)
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Scale invariance: chemical exchange with n, (n+1) pools

3×3 Bloch 

matrix   

2

3

i

n

𝒌𝟏𝟐

1

n+1

𝒌𝟐𝟏

𝒌𝟏(𝒏+𝟏)

𝒌(𝒏+𝟏)𝟏

1 2

3

i

n

n+1

𝒌𝟐𝟏

𝒌𝟏𝟐

𝒌(𝒏+𝟏)𝟏

𝒌𝟏(𝒏+𝟏)
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Scale invariance: chemical exchange with n pools (PARTITIONS)

3×3 Bloch 

matrix   

2

3

i

n

𝒌𝟏𝟐

1

n+1

𝒌𝟐𝟏

𝒌𝟏(𝒏+𝟏)

𝒌(𝒏+𝟏)𝟏

1 2

3

i

n

n+1

𝒌𝟐𝟏

𝒌𝟏𝟐

𝒌(𝒏+𝟏)𝟏

𝒌𝟏(𝒏+𝟏)

𝐾𝑖𝑖 ~ + 𝑘𝑖1 ∗ [ ]∗−1∗ 𝑘1𝑖

−⋯

1∗ − 𝑘12 ∗ [1∗− ]∗−1∗ 𝑘21

−𝑘1(𝑛+1) ∗ [1∗− ]∗−1∗ 𝑘(𝑛+1)1

i

2

n+1

► the number of terms in 𝐾𝑖𝑖 is

proportional to n

► the expression of 𝐾𝑖𝑖 is always

valid (time independent or not)

►

is proportional (𝑘1(𝑛+1)𝑘 𝑛+1 1) to the

integral over time of the propagator of

the self-loop

3×3 Bloch 

matrix   



► a new approach

► analytical expression for U(t)

► unconditional convergence

► non perturbative formulation

► scalable to large spin systems

► other theory/applications to come…
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Bloch equations: RF artefacts in MRI
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𝒉𝒆𝒓𝒆: 𝑼𝟑𝟑
(𝟏)

𝒕 is sufficient to 

describe the oscillations
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Take a partition of a spin system in a set of (smaller, independent)

sub-systems

sub-system n°1

sub-system n°2

sub-system n°3

PS or Magnus or Floquet or

Fer or any state-space

reduction technique …

PS or Magnus or Floquet or Fer or any

state-space reduction technique …

PS or Magnus or Floquet or Fer or any

state-space reduction technique …

the exact evolution of the entire spin system as functions of the 

evolutions of the isolated sub-systems is given by Path-Sum

(though non contiguous blocks in H(t) matrix!)

Scale invariance of Path-Sum



𝐋𝐚𝐫𝐠𝐞𝐫 𝐬𝐲𝐬𝐭𝐞𝐦𝐬: ∗- Lanczos algorithm (Giscard, Pozza, 2019, 2020)

14a very simple continued fraction to handle !

A(t’) = 
𝑎(𝑡′) 𝑏(𝑡′) …

𝑐(𝑡′) … …
… … …

Tn(t’) = 

𝛼0(𝑡
′) 1∗

𝛽1(𝑡
′) 𝛼1(𝑡

′)

𝛽𝑛−1(𝑡
′)

1∗
𝛼𝑛−1(𝑡

′)

full

tridiagonal

∗- Lanczos

1

2

3

n

𝛼0

𝛼1

𝛼2

𝛼𝑛−1

𝛽1

𝛽2

𝛽𝑛−1

n << N

N

N
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► if:

𝟏∗ −𝑲 = 𝟏∗ − 𝒙 ∗ 𝟏∗ − 𝒚 ∗ 𝟏∗ − 𝒛 …

with: 𝒙 𝒕′, 𝒕 = 𝒂𝟏 𝒕′ 𝒃𝟏 𝒕 ; 𝒚 𝒕′, 𝒕 = 𝒂𝟐 𝒕′ 𝒃𝟐 𝒕 ; 𝒛 𝒕′, 𝒕 = 𝒂𝟑 𝒕′ 𝒃𝟑 𝒕 …

then: [𝟏∗ −𝑲]∗−𝟏 is directly available !

An infinite number of "friendly" kernels



Interpretation of K1(t) >> K2(t)
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P.L. Giscard, J. Integral Equations Appl. 2020

ratio «
𝑲𝟏

𝑲𝟐
» in the ∗-product sense



Path-Sum

◊ simple path P (self avoiding walk): W whose V are all distinct  

◊ simple cycle C (self avoiding polygon): W whose endpoints are identical and intermediate

V are all distinct and different from the endpoints

« Fundamental Theorem of Arithmetic » on G (P.-L. Giscard, 2012)

► W factor uniquely into prime elements, i.e. simple paths and simple cycles

► if G is finite the number of primes is finite

► resummation of all W involves a finite number of operations: sum on simple 

paths and continuous fraction of simple cycles with vertex removal

1

2 3

𝒂𝟏𝟐

𝒂𝟐𝟏

𝒂𝟐𝟑

𝒂𝟑𝟐

𝒂𝟏𝟑

𝒂𝟑𝟏

𝒂𝟑𝟑

𝒂𝟏𝟏

𝒂𝟐𝟐

1

2 3

𝒂𝟏𝟐

𝒂𝟐𝟏

𝒂𝟐𝟑

𝒂𝟑𝟐

𝒂𝟏𝟑

𝒂𝟑𝟏

𝒂𝟑𝟑

𝒂𝟏𝟏

𝒂𝟐𝟐

P C

G →
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Power series of AG

𝑭(𝐀G)𝝎𝜶= σ k =𝟎
∞ 𝒄k σ WG, 𝜶𝝎; k

𝒂𝝎𝒉𝒌 …× 𝒂𝒉𝟑𝒉𝟐 × 𝒂𝒉𝟐𝜶

power series of AG all weighted walks W from Va to Vw of length k

Path-Sum

(AG)
k

= 
⋯

⋮ ⋱ ⋮
⋯

(AG)
k
wa
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sum on the finite set of 

simple paths P of length l

edge weight effective V weight

sum over the finite set of simple cycles C
(continued fraction of finite breadth)

ex.: 𝐞𝐱𝐩 AG = σ k =𝟎
∞ 𝟏

𝒏!
AG

k



Ordered exponential (OE) (P.-L. Giscard, 2015)

AG(t) = 
⋯

⋮ ⋱ ⋮
⋯

𝑠w A(𝑡) 𝑠a

AG

1

2 3

Va

Weight w ← a=  w A(𝒕)  a

Vw

19

Path-Sum

OE[A](t’,t) = 𝑠w O  A (𝑡 , 𝑡) 𝑠a

Path-Sum

S ALL weighted walks ← on AG

but using ∗ −product

instead of ×

OE[AG](t’,t) = 𝑠w O  AG (𝑡 , 𝑡) 𝑠a



An example: 2 × 2 matrix

[𝟏∗ − ∗ ∗ ∗ ⋯ ]∗−𝟏 = ෍

𝒏≥𝟎

∗ ∗ ∗ ⋯ ∗𝒏 Neumann series (analytical)                                                         

linear Volterra (2nd kind) (numerical)                                                         

𝒇 ∗ 𝒈 = න
𝒕

𝒕′

𝒇 𝒕′, 𝝉 𝒈 𝝉, 𝒕 𝒅𝝉

OE[A](t’,t) = 
𝒕׬
𝒕′
𝑮𝑲𝟐,𝟏𝟏 𝒕′, 𝝉 𝒅𝝉 𝑶𝑬𝟏𝟐(𝒕

′, 𝒕)

𝑶𝑬𝟐𝟏(𝒕
′, 𝒕) 𝒕׬

𝒕′
𝑮𝑲𝟐,𝟐𝟐 𝒕′, 𝝉 𝒅𝝉

► END of the continued fraction !

► finite sum on C

► END !

► finite sum on simple P
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𝒂𝒊𝒋(𝒕)

► END of the continued fraction !

► finite sum on C

► END !

► finite sum on simple P

► END of the continued fraction !

► finite sum on C

► END !

► finite sum on simple P

K2

sum on simple 

cycles

sum on simple 

paths


