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Loop erasingNone

Coun�ng ?

Random genera�on of Self-Avoiding Walks ?

Gregory Lawler’s loop erasing

w Rad(w) s t

IWhat algebraic structure(s) correspond to this process ?
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NAP-preLiec bialgebraCo-preLie coalgebra

Co-algebra ?
I Admissible cuts : [+ technical condi�ons on corollas...] Adc(w) =

{ }
,,

∆CP(w) =
∑

wc∈AdC(w)

wc ⊗ wc

Admissible cuts are well defined. ∆CP(w) = 0 ⇐⇒ w self-avoids
Co-algebra
Lawler’s loop erasure turns ∆CP into a co-preLie coproduct on WG

(∆CP ⊗ Id− Id⊗∆CP) ◦∆CP = (Id⊗ τ) ◦ (∆CP ⊗ Id− Id⊗∆CP) ◦∆CP

(WG,∆CP) is a co-preLie (not co-unital) co-algebra
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NAP-preLiec bialgebraNon-associa�ve permuta�ve algebra

Ok we broke walks. Let’s ‘unbreak’ them !

=
J J

w p c2 c

I Nes�ng re-inserts Lawler’s cuts into walks
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NAP-preLiec bialgebraNon-associa�ve permuta�ve algebra
Nes�ng re-inserts Lawler’s cuts into walks =

J J

w p c2 c

Closed walk
w1 w2 w1 � w2

RadPrior(w1) ∩ V(w2) = ∅α appears once in w1

I Otherwise w1 � w2 undefined
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NAP-preLiec bialgebraNon-associa�ve permuta�ve algebra
Nes�ng re-inserts Lawler’s loops into walks

1

3
4

5 6

2

1
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4
5

6

2

xz

y

xz

y

(x� y)� z 6= x� (y� z)

I Not always defined
I Nes�ng is non-associa�ve & non-commuta�ve

Lemma
Nes�ng� is non-associa�ve permuta�ve (a� b)� c = (a� c)� b

I Existence and uniqueness of decomposi�on into simple cycles and one simple path

11/57 Pierre-Louis Giscard | Algebraic walk theory

mailto:giscard@univ-littoral.fr


NAP-preLiec bialgebraNon-associa�ve permuta�ve algebra
Nes�ng re-inserts Lawler’s loops into walks

1

3
4

5 6

2

1
3

4
5

6

2

xz

y

xz

y

(x� y)� z 6= x� (y� z)

I Not always defined
I Nes�ng is non-associa�ve & non-commuta�ve
Lemma

Nes�ng� is non-associa�ve permuta�ve (a� b)� c = (a� c)� b

I Existence and uniqueness of decomposi�on into simple cycles and one simple path
11/57 Pierre-Louis Giscard | Algebraic walk theory

mailto:giscard@univ-littoral.fr


NAP-preLiec bialgebraI am not visible

Lemma
Nes�ng and ∆CP are Livernet compa�ble: [Sweedler’s nota�on]

∆CP(a� b) = a⊗ b + a(1) � b⊗ a(2) + a� b(1) ⊗ b(2)

Bialgebraic structure on WG

(WG,∆CP,�) is a NAP-copreLie bialgebra
I Idempotent E:W(G)→ Π(G) ∪ Γ(G) prime coun�ng ]P-complete

I Iden�ty map:W(G)→W(G) resumma�ons
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Path-sum theoremTurning walk series into con�nued frac�ons
Formal path-sums
The formal series:

•∑w:α→α w is a finite con�nued frac�on over Γ(G)

•∑w:α→ω w is a finite Π(G)-sum of finite con�nued frac�ons over Γ(G)

I Schema�cally

c1

c2

c3

c4

a

∑
w:α→α

w =
1

1− c1
1

1−c2

1
1−c3

1
1−c4

I Universal formula for walk series, edge-orders respected
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Path-sum theoremTurning walk series into con�nued frac�ons

LetW : WG → (A, .) be a weight func�on, ∀w ∈ WG, ∀n ∈ N : W(wn) =W(w)n

Weighted path-sums
The weighted series:

•∑w:α→αW(w) is a finite con�nued frac�on over Γ(G)

•∑w:α→ωW(w) is a finite Π(G)-sum of finite con�nued frac�ons over Γ(G)

Series may diverge, path-sums do not
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Path-sum theoremTurning walk series into con�nued frac�ons
I Obvious example: RM(z) := (I− z M)−1

RM(z)ij =
∑

n

zn(Mn)ij =
∑

w:i→j

z`(w)W(w)

M =

M11 M12 0 0
0 0 M23 0M31 M32 0 M34

0 0 M43 M44


4 3

2

1

RM(z)44 =
1

1− z M44 − z2 M43
1

1−z2 M23M23−z3 M32M21
1

1−z M11
M13

M34
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Corollary: matrix func�ons
Let f be analy�c in A and M with Sp(M) ⊂ A. Then f (M) has a path-sum formula�on.
14/57 Pierre-Louis Giscard | Algebraic walk theory

mailto:giscard@univ-littoral.fr


Path-sum theoremTurning walk series into con�nued frac�ons

︸ ︷︷ ︸
S(z) :=

∑
w:•→• zΩ(w) = 1 + 6z+54z2 + 499z3 + 4628z4 + · · ·

I Not an algebraic func�on of adjacency matrix; but a walk-series...
S(z) =

1

1− 2z
(1−z)(1− 2z

1−z−z)
− z

1− 2z
1−z−z

− z
1− z

(1−3z)(1− z
1−3z )

−z −
z

(1−z)(1− 2z
1−z )

(
1− z

1− 2z
1−z

) − z
1− z

1− 2z
1−z
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︸ ︷︷ ︸
S(z) :=

∑
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‘Space-�me’ path-sumThis is not visible!!
Major issue: e ∈ E, W(e) not the same for all walks, e.g.W(e) = f (t)

I Solu�on: let them be different edges G 7→ G

• Time-slice G|t = G

• Space-slice G|α = fα(t)

∑
w: (α, t)→(ω, t′)W(w) = d

dt′T e
∫ t′

t M(τ)dτ = G
Green’s func�on of U̇(t) = M(t)U(t)

I If [M(t′),M(t)] 6= 0, G 6= G⊗Θ(t)

“G does not decouple into space G and �me Θ(t)”
-1 0 1

0

1
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Non-autonomous ODEs
?-product

Walk genera�on along the �me-dimension
(f̃ ? g̃)(t′, t) =

∫ t′

t
f̃ (t′, τ) g̃(τ, t)dτ

I Volterra composi�on with problems [no unit!]

Special instance of a more general product

18/57 Pierre-Louis Giscard | Algebraic walk theory

mailto:giscard@univ-littoral.fr


Non-autonomous ODEs
?-product

Walk genera�on along the �me-dimension
(f̃ ? g̃)(t′, t) =

∫ t′

t
f̃ (t′, τ) g̃(τ, t)dτ

I Volterra composi�on with problems [no unit!]
Special instance of a more general product

18/57 Pierre-Louis Giscard | Algebraic walk theory

mailto:giscard@univ-littoral.fr


Non-autonomous ODEs
?-product

C∞[I2] I ⊂ R compact
D := f̃−1(t′, t) Θ(t′ − t) +

∞∑
i=0

f̃i(t′, t) δ(i)(t′ − t)

(
f ?I g

)
(t′, t) =

∫
I

f (t′, τ)g(τ, t)dτ

Fréchet-Lie algebra on distribu�ons
The ?I and ?R products well defined onD

The set F of inver�ble elements ofD is dense inD
F is a Fréchet-Lie algebra
F ⊂ Aut(C∞[I2]

) Also for matrices !
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Non-autonomous ODEsPath-sum solu�on
Path-sum solu�on of non-autonomous ODEs
System of n-coupled linear non-autonomous ODEs with structure G

U̇(t) = H(t)U(t), U(0) = Id
Then any Uij is a Π(G)-sum of finite ?-con�nued frac�ons over Γ(G).

Proof:Let G := δ′ ? UΘ this yields G = U̇Θ + δId. Then the original equa�on reads
G− Id? = HΘ ? G⇒ G = (Id? − HΘ)?−1

Invoke Path-Sum theorem with walk weights in (C∞[I2]m×m, ?).
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Non-autonomous ODEs
?-Lanczos

Tridiagonalisa�on of non-autonomous ODEs
Let U̇(t) = H(t)U(t) a system of n non-autonomous ODEs with H ∈ C∞[I]n×n

u, v vectors
Then there exists T ∈ C∞[I]

n×n tridiagonal with
uTUv = Θ ? (Id? − T)?−1

11

↪→ Algorithmic & construc�ve proof

Path-sum corollary
There exists αi := α̃iΘ, βj := β̃jΘ with α̃i, β̃j ∈ C∞[I] with

uTUv = Θ ?
(

1?− α0 −
(

1?− α1 − (1?− (...(1?− αn−1)
?−1...)?−1 ? β2

)?−1
? β1

)?−1
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Some applica�ons
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Non-autonomous ODEsExample 1: Heun func�ons
The Heun func�on solves

y′′(z) +

(
γ

z
+

δ

z− 1
+

ε

z− a

)
y′(z) +

αβ z− q
z(z− 1)(z− a)

y(z) = 0

Space-�me ring-down of black hole (z = 1) as seen from Earth (z→ +∞)

I Local series solu�ons knownfrom 3-term recurrences
I Series near the event horizon
(z = 1) and Earth (z→ +∞) areof different nature

O. V. Motygin, ”On numerical evalua�on of the Heun func�ons” 2015 Days on Diffrac�on, pp. 1-6, doi: 10.1109/DD.2015.7354864.
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The Heun func�on solves

y′′(z) +

(
γ

z
+

δ

z− 1
+

ε

z− a

)
y′(z) +

αβ z− q
z(z− 1)(z− a)

y(z) = 0

Space-�me ring-down of black hole (z = 1) as seen from Earth (z→ +∞)

I Local series solu�ons knownfrom 3-term recurrences
I Series near the event horizon
(z = 1) and Earth (z→ +∞) areof different nature

O. V. Motygin, ”On numerical evalua�on of the Heun func�ons” 2015 Days on Diffrac�on, pp. 1-6, doi: 10.1109/DD.2015.7354864.
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Non-autonomous ODEsExample 1: Heun func�ons
Representa�on of Heun func�ons with infinite convergence radius ?

I y(z) solves degree 2 ODE, y0 = y(z0), y′0 = y′(z0)

There exists M(z) such that U̇(z) = M(z)U(z), y(z) = U(z)ψ0

I Get U(z) from path-sum theorem
y(z) = y0 + y0

∫ z

z0

G1(ζ, z0)dζ + (y′0 − y0)

(
ez−z0 − 1 +

∫ z

z0

(ez−ζ − 1)G2(ζ, z0)dζ
)
,

where Gi = (1? − K̃iΘ)?−1 and
K̃1(z) := 1 + e−z

∫ z

z0

ζγ1 (ζ1 − 1)δ(a− ζ1)ε

zγ(z− 1)δ(a− z)ε
eζ1

(
q− αβζ1

(ζ1 − 1) ζ1 (ζ1 − a)
− ε

a− ζ1
− γ

ζ1
− δ

ζ1 − 1
− 1
)

dζ1

K̃2(z) :=

(
q− αβz

(z− 1)z(z− a)
− ε

a− z
− γ

z
− δ

z− 1
− 1
)

ez−z0 − q− αβz
(z− 1)z(z− a)
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Non-autonomous ODEsExample 2: quantum dynamics

Schrödinger equa�on: U̇(t) = − i
~ H(t)U(t)

I Time-dependent
I For N par�cles, dim H = 2N 42 protons⇒ dim H ' 4× 1012

Path-sums’ scale-invariance [+ state-space reduc�on techniques]
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Non-autonomous ODEsExample 2: quantum dynamics

It works ! This is analy�cal !
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Table of Contents4 Hike monoids
I Introduc�on: the two branches of walk theory
I NAP-preLiec bialgebraBialgebraic structurePath-sum theorem
I Differen�al calculus
I Hike monoidsEnumera�on: formulas & algorithmsSieves on hikesRealizability: why we need a theory of walks
I Summary
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NAP-preLiec bialgebra
(WG,∆CP,�)/'

Hike monoids Realizability↪−→Number theory

Sieves on hikes Enumera�on formulas
Walk sieves
Hopf ∗Algorithms

Network analysis
Biology, social & computer science, econometry

Path-sum theorem
?-algebra

ODE(t)
Special Func�ons
?-Lanczos

Linear algebra
Matrix func�ons
Stat. inference

Quantum Dynamics

Theory
Applica�ons

∑
d∈Ps.a.

µ(d)|Md|

27/57 Pierre-Louis Giscard | Algebraic walk theory

mailto:giscard@univ-littoral.fr


Hike monoidsDefini�on & origins
Combinatorial theory on NAP-preLiec ? impossible

I Quo�en�ng out the root
1 2

e1→2

e2→1

e2→2

1→ 2→ 1 ≡ 2→ 1→ 2

e1→2 e2→1 = e2→1 e1→2

2→ 2→ 1→ 2 6≡ 2→ 1→ 2→ 2

e2→2 e2→1 6≡ e2→1 e2→2
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Hike monoidsDefini�on & origins

1 2

e1→2

e2→1

e2→2

Formally, G = (EG,VG), consider the free monoid E∗G

I :=

{
ei→jei→l 6= ei→lei→j

ei→jek→l = ek→lei→j

cl : #ei→• = #e•→i

Car�er-Foata monoid:MCF := E∗G|cl / I
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Hike monoidsDefini�on & origins

1 2

e1→2

e2→1

e2→2

1 2

e1→2

e2→1

e2→2

Formally, with C rootless simple cycles, the free monoid C∗

I ′ :=
{

cc′ = c′c ⇐⇒ V(c) ∩ V(c′) = ∅

Hike monoid: H := C∗/I ′

Isomorphism theorem
MCF ' H

One can now cook up a combinatorial theory onH
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Hike monoidsThe principles

×2

×2

Hike Self-avoiding hike

PrimeWalk
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Hike monoidsAlgebraic combinatorics on hike monoids
‘A combinatorial theory in three steps’ (A Recipe by Rota)

1. Le�-divisibility poset on hikes PH = (H,≤)

h|h′ : h′ = h.s⇒ h ≤ h′

2. Incidence algebra I(PH) of the poset,H-indexed matrices
Q : Qh,h = 1,

{
Qh,h′ = 0 h 6≤ h′

Qh,h′ ∈ C else
3. Reduc�on h′/h = k′/k⇒ Qh,h′ = Qk,k′ = q. Algebra of formal hike seriesR(PH)

Q→
∑
h∈H

q(h)h
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Hike monoidsObjects
If all hike commute

R(PH) −→D Algebra of Dirichlet seriesNumber theory special case

Hikes Number Theory
h hike n integer

h, h′ disjoint n,m coprime
h self-avoiding n square-free
p simple cycle p prime

w walk n = pk
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Hike monoidsFormal series
Hikes Number theory

Zeta ζ = S1 =
∑

h∈H h ζR(s) =
∑

n>0
1
ns

ζ = 1
det(I−W)

Möbius µ(h) =

{
(−1)Ω(h), h self-avoiding
0, otherwise. µ(n) =

{
(−1)Ω(n), n square-free
0, otherwise.

von Mangoldt Λ(h) =

{
`(p), h walk, p|h
0, otherwise. Λ(n) =

{
log(p), n = pk

0, otherwise.
SΛ = Tr

[(I−W)−1
]

Liouville λ(h) = (−1)Ω(h) λ(h) = (−1)Ω(n)

Sλ = 1perm(I−W)... ...
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Hike monoidsCombinatorial rela�ons
Hikes Number Theory

Number of divisors ζ2 ζR(s)2

Log Zeta log ζ =
∑

h
Λ(h)
`(h) h log ζR(s) =

∑
n

Λ(n)
log(n)

1
ns

Log-Mangoldt `(h) =
∑

h′|h Λ(h′) log(n) =
∑

d|n Λ(n)

Totally mul�plica�ve func�ons f−1 =
∑

h µ(h) f (h)h f−1 =
∑

n µ(n)f (n) 1
ns

f ′/f = −
∑

h Λ(h) f (h)h f ′/f = −
∑

n Λ(n)f (n) 1
ns

Totally addi�ve func�ons (
f ∗ µ

)
(h) =

{
f (p), h walk, p|h
0, otherwise. (f ∗ µ)(n) =

{
f (p), n = pk

0, otherwise.
ζ ′/ζ from the primes −

∑
γ: simple cycle

`(γ)
det(I−W\γ)

det(I−W)
−
∑

p log p p−s

1−p−s

Number Ω of prime factors ∑
w: walk

w = det(I−W)
∑
h∈H

Ω(h) h
∑
p,n

1
p−ns = ζR(s)−1

∑
n

Ω(n)

ns

... ...
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Hike monoidsCoun�ng primes

Number π(`) of self-avoiding polygons of length ` ?
“A widely open problem” [Flajolet & Sedgewick]

π(`) ∼ µ` `−5/2 as `→ +∞

Semi-commuta�ve generaliza�on ofPrime Number Theorem
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First strategy: exact counts
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Enumera�on: formulas & algorithmsThe principles

×2

×2

Hike Self-avoiding hike

PrimeWalk

Dynkin

Euler

Euler

Euler

Structure ?

Hopf (H, ∗)

Hopf (H, .) Hopf (Hs.a., ∗)
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Enumera�on: formulas & algorithmsAlgorithmic considera�ons
d

dzΓ(z) =
∑

H≺G
H conn. Tr

(
(zAH)|H|(I− zAH)|N(H)|

Coun�ng simple cycles/paths is ]P-complete, cost up to length `
# of connected subgraphs on ` ver�ces

O
(
|V|+ |E|+ ( `ω + `∆) |S`|

)
∼ O

(
|V| `−1∆`

)
ω matrix mul�ply max degreeexponent

I Best general purpose algorithm for certain graphs[less connected induced subgraphs than cycles]

I Social networks “Checking Heider’s conjecture is NP-hard”
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Enumera�on: formulas & algorithmsExact results
IWhat about infinite graphs ?

∑
Self-avoidingpolygons

`(γ)z`(γ) =
∑

Polyominos
Tr
(

(zAp)Area(p)(I− zAp)Perimeter(p)
)

Asympto�cs unknown on both sides [conjectures!]→ Change strategy
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Second strategy: asympto�c analysis

41/57 Pierre-Louis Giscard | Algebraic walk theory

mailto:giscard@univ-littoral.fr


Sieving on hikesFinite sieve theorem
I Step 1: es�mate Wγ(`) number of walks of length ` mul�ples of a prime γ
Erathostenes-Legendre sieve ...

Wγ(`) =
∑

d∈Ps.a.
G\γ

µ(d)|Md(`)|

... skipping lots of details ...
Wγ(`) =

(
1

λ`(γ)
det
(I− 1

λAG\γ
)

+
∑

k≥1
∇k[f ](`)
λk k!

det(k)
(I− 1

λAG\γ
) )

|H`|

Good term Bad term
Number of hikes of length `
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Sieving on hikesFinite sieve theorem

Finite sieve theorem
Good term is dominant.

lim
`→∞

Wγ(`)

|H`|
=

1
λ`(γ)

det

(
I− 1

λ
AG\γ

)
:= c(γ)

I Frac�on of hikes which are walks with unique right prime factor γ, 0 ≤ c(γ) ≤ 1

1
α

∑
γ∈Γ(G)

c(γ) = 1

Ra�o of walks to hikes
c(γ) measures the “importance” of γ for all walks... ...and of terms in path-sums!
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Sieving on hikesFinite sieve theorem
I ... even in biology

Arabidopsis Hyaloperonospora arabidopsidis

PPI cycles maximizing c(γ): immune + target + special protein
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Sieve on hikesInfinite sieve theorem
I Step 2: Go to infinite graphs...

Good term Bad term
Wγ(`) =

(
Fracγ +

∑∞
k≥1

∇k[fw](`−`(p))
fw(`)λk k!

Frac(k)
γ (1/λ)

)
W(`)

Infinite sieve theorem
Good term is s�ll dominant.

Wγ(`) ∼ Fracγ W(`) + O
(
(`− `(γ))−1)

Furthermore: 0 < Fracγ < 1 and ∑
γ∈Γ(G) Fracγ = 1
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Sieve on hikesInfinite sieve theorem
Good term: Frac�on of walks with last erased loop γ

Fracγ =
1

λ`(γ)
degT

γ . adj
(

I +
1
λ

C . Bγ
)
.1

I Bγ adjacency matrix

γ ⇒ ⇒

I C resistor la�ce matrix (C)ij = − 1
π

∫∞
0

1
τ

(
1−

(
τ−i

τ+i

)xij−yij
(
τ−1
τ+1

)xij+yij
)

dτ
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Sieve on hikesInfinite sieve theorem

Fracγ =
8388608

8303765625π12

(
1721510367131231944781594624− 6733029120634416611029155840π

+ 12001725045126647537146527744π2 − 12895675745638007921939841024π3

+ 9303982639359984674575220736π4 − 4748903115679537036020154368π5

+ 1758418560456019196044640256π6 − 475910723284488375970037760π7

+ 93430267561362281294131200π8 − 12973459941155225172708000π9

+ 1209211981439562793530000π10 − 67906363349663583525000π11

+ 1736896666805181140625π12
)

I Analy�cally on 144 738 980 SAPs Numerically on 220 167 804 196 SAPs
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Hike monoidsSieving on hikes

I Step 3: Deduce the asympto�cs for π(`)

π(`) ∼`�1

1−
∑

γ:`(γ)<`−2

Fracγ
 |W`| ∼ 4` `−13/5 6= (2.638 · · · )` `−5/2

Accumula�on of errors when `(γ) is near `Sieving gap `−max `(γ) too small, can be fixed (probably)
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Realizability: understanding hike monoids
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Realizability: why we need a theory of walksWhich trace monoids are hike monoids ?

T = 〈a, b, c|ac = ca〉

c

b

a

Is it a hike monoid ? Can you draw a graph G with this cycle dependency ?

a
b

c
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Realizability: why we need a theory of walksWhich trace monoids are hike monoids ?
T = 〈a, b, c, d|ac = ca, bd = db〉

d

b

ca

Is it a hike monoid ? Can you draw a graph G with this cycle dependency ?

NO !

Hike monoids ’can be found’
No discernable criterion in general.But the problem is decidable
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Realizability: why we need a theory of walksWhich trace monoids are hike monoids ?
Invariant of hike monoids
Let G, G′ two graphs with iden�cal hike monoidH. Are G and G′ alike ?

Then G and G′ may not share:
• Vertex-transi�vity
• Regularity
• Planarity
• Bipar�teness, (bi)directedness, Hamiltonicity, being Eulerian, being chordal, beingtriangle-free, chroma�c number, graph spectra, vertex numbers, edge numbers, in-and out-degree distribu�ons, a majority of algebraic quan��es computable fromadjacency matrices...

Invariant of hike monoids do exist ! path-sum topologies, perm(I + AG) ...
a, b ∈ Inv(H)⇒ a ∗ b ∈ Inv(H) in Hopf (H, ∗)
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The two branches5 Summary NAP-preLiec bialgebra
(WG,∆CP,�)/'

Hike monoids Realizability↪−→Number theory

Sieves on hikes Enumera�on formulas
Walk sieves
Hopf ∗Algorithms

Network analysis
Biology, social & computer science, econometry

Path-sum theorem
?-algebra

ODE(t)
Special Func�ons
?-Lanczos

Linear algebra
Matrix func�ons
Stat. inference

Quantum Dynamics

Theory
Applica�ons

c1

c2

c3

c4

a

1

1− c1
1

1−c2
1

1−c3
1

1−c4

∑
d∈Ps.a.

µ(d)|Md|

(WG,∆CP,�)

54/57 Pierre-Louis Giscard | Algebraic walk theory

mailto:giscard@univ-littoral.fr


The two branchesFurther leaves

I Sieves on hikesTwo-sided sieves widen the sieving gap to `−max `(γ) = `/2 eq. to√x in number theory
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The two branchesFurther leaves
I What equa�ons have path-sum solu�ons ?

↪→ Resolvents RM := (1−M)−1 solve linear equa�ons RM − 1 = M .R
I Walk-based techniques only for linear equa�ons? What is linear ?

ẏ(t) = a(t) y(t)4

Introduce the umbral operator Uy(ω, t) := eω y(t)

∂tUy = a(t)ω ∂4
ω Uy

I Systems of smooth non-autonomous NLODEs/FODEs (should) have a ?-path-sum solu�on intheir umbral algebra
I (Likely) extends to PDEs
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Thank you for listening!
Any ques�ons?
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