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The cycle zoo

Type Illustration Counting
formula

Complexity
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Complexity hierarchy

For counting problems with parameter `

D
iffi

cu
lt

y
6

#W [2] Nothing here

#W [1] Cost O
(
|INPUT|f(`)

)
, e.g. O

(
|V |`

)
#W [0] Fixed parameter tractable

↪−→ Cost O (f(`) |INPUT|c)

#W [1] problems

• Counting cliques and dominating sets of size `

• Counting embeddings of graphs of size ` into another graph

• Counting simple cycles of length `
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Simple Cycles: theory

Loop erasing [G. Lawler, 1987]

• Walk = simple path ρ + simple
cycles γ

• Closed walk = collection of simple
cycles w = γ1.γ2. · · · .γn

×2

w

ρ

γ1 γ2 γ3

Prime property

γ|w.w′ ⇒ γ|w or γ|w′

Construct a number theory for walks!

• Primes = simple cycles

• Might provide tools to count simple cycles
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Semi-commutative extension of number theory

• Hike: “ensemble of cycles”

• Commute hh′ = h′h if and only if disjoint

[Cartier et al., 1969] [Viennot, 1986]

Result [Giscard et. al., 2016a]

Hikes obey a semi-commutative extension of number theory.
Number theory is rigorously recovered on a special graph.

• Hikes → integers
• Walks → pn

• Self-avoiding hike → square-free integer
• Simple cycles → primes

Result 2 [Giscard et. al., 2016a]

All number theoretic functions have semi-commutative extensions
to hikes, ζ, Λ, λ etc. Their mutual-relations extend too.
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Counting Formulas

Definition (Generating function Π(z))

Π(z) =
∑

γ: simple cycle

z`(γ)

Π(z) = |Self loops|z + |Backtracks|z2 + |Triangles|z3 + · · ·

Accessible using semi-commutative number theory !
↪−→ Plethora of formulas!
↪−→ Algebraic idempotents (≥ 8), combinatorial sieves (≥ 3) [3]

Example [Giscard et. al., 2016c]

Hopf algebra, “square-free integers ⇐⇒ primes”

d

dz
Π(z) =

∑
H≺G

det(−zAH)
d

dz
perm(I− zAG−H)

Terrible!
6

6

Induced subgraphs 2|V | Permanent #P -complete
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Counting Formulas

Example 2 [Giscard et. al., 2016b]

Combinatorial sieve, “walks → simple cycles” = “pn → primes”

d

dz
Π(z) =

∑
H≺G

H connected

Tr
((
zAH

)|H|(
I− zAH

)|N(H)|
)

�
��

6 6

Connected induced subgraphs Size of H Neighbours of H in G

Looks manageable !

• Exact!

• Always works! directed, multi-edges, weighted, hypergraphs etc.

• Exists for vertex-specific simple cycles!

• Exists for counting simple paths!
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Algorithm

Concretely, how?

π(`) =
(−1)`

`

∑
H≺G

H connected: |H|≤`

(
|N(H)|
`− |H|

)
(−1)|H|Tr

(
AH

`
)

6

6

6

# Simple cycles
length `

Small, connected
induced subgraphs
Reverse search

Small adjacency
matrix
O(|H|3)

Theorem [Giscard et al., 2016e]

Counting simple cycles of length up to ` included, costs

O (|V |+ |E|+ (`ω + `∆)|S`|)

2 ≤ ω < 3, ∆ = max degree, |S`| = # conn. ind. subgraphs on ` vertices
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Algorithm: comparisons

Theorem 2 [Giscard et al., 2016e]

This is the best general purpose algorithm on graphs where(
1 +

`ω−1

∆

)
|S`| ≤ π(`) (?)

“There are less connected induced subgraphs than simple cycles”

If (?) not true
↪−→ Direct brute force search of the simple cycles wins

When? Very hard question...

• Generally, true above a certain density threshold

• Erdös-Rényi: when |E| & 4 |V | ⇐⇒ Avr. deg. & 4

• True for many real-world networks but not all
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Implementation

Optimised Matlab code available on the File Exchange

↪−→ Search for “CycleCount”

↪−→ Over 1016 simple cycles/sec. on dense graphs

https://uk.mathworks.com/matlabcentral/fileexchange/60814-cyclecount

13/20
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Social networks

Social interactions = signed networks

Definition
• Nodes → people

• Edges → relations

• Sign: + = amity
− = enmity

Conjecture [Heider 1946]

Balanced cycles should be largely
predominant

+
+
+ +

+
-

+++ = + ++− = −

Original problem formulated in terms of simple cycles
↪−→ Remained unsolved until our study
↪−→ Debate entangled with social considerations
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Social networks

Conjecture [Heider 1946]

Balanced simple cycles
should be largely
predominant

Why is it hard?

• Networks are directed and weighted

• Stated for simple cycles, any `

• |V | = 100, 000+

Idea 1 Only triads matter [Kunegis, 2014]

↪−→ Signed clustering coefficient, triangle index

↪−→ Easy to calculate, triads important

↪−→ Very local, ` ≥ 4 might be important

Idea 2 Look at balance globally [Kunegis et al. 2010] [Facchetti et al. 2011]

↪−→ Algebraic conflict, frustration index

↪−→ Might grasp long-range effects

↪−→ Mixes lengths `, maybe dominated by triads

Idea 3 Approximate simple cycles by cycles [Estrada et al., 2014]

↪−→ Degree of balance

↪−→ Feasible, closer to Heider’s spirit

↪−→ Cycle repeats are always balanced γ2 → +
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Procedure

Goal

Get % of negative simple cycles for each ` ≤ 20,

R`(%) = 100
π−(`)

π−(`) + π+(`)

• Gama-Gahuku |V | = 16 feasible exactly

• WikiElections |V | ∼ 8300, exact up to ` = 6

• Slashdot |V | ∼ 82, 000

• Epinions |V | ∼ 132, 000

Supplement with Monte-Carlo procedure
↪−→ Run algo. on random subgraphs G′ of network, get RG′

` (%)

↪−→ Average RG′
` (%) converges to R`(%)
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Results

Gama-Gahuku WikiElections

Null hypothesis
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Conclusions & Future Work

Summary

1 Semi-commutative extension of number theory

2 Exact formulas for counting simple cycles

3 Algorithms and their applications: social nets, etc.

Future work
• Theory: the problem of long primes

How many primes of length `→∞ ?

• Applications: Algo. for simple paths

Exact Gaussian belief propagation [Giscard et al., 2016f]

Ask me about resiliency in dynamical systems! [3 slides]

Thank You!
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Dynamical resiliency: another exemple of the use of primes

2011 Earthquake, Japan ⇒ Toyota’s production lines stop

But not because of the quake!

What happened? Toyota’s network of suppliers became unstable

Problem
Consider a complex system of interacting
entities at dynamical equilibrium.

1) Which entity should I perturb to create
the largest overall instability ?

2) How should I modify the system to
increase the resiliency of its equilibrium?

Capital exchange between media

industries
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Dynamical resiliency: another exemple of the use of primes

Instabilities = self-amplifying feedback loops

Feedback loops = cycles

Cycles −→ ordered succession of primes, a prime signature

P
ri
m
e
si
g
n
at
u
re
s
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Dynamical resiliency: another exemple of the use of primes

So which company creates the largest overall instabilities?

Conventional wisdom

• Most central entity! Any centrality measure ⇒ VeriZon

Prime signatures

• Participation to feedbacks: TimeWarner > VeriZon
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