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From Matrices to Graphs

‘Ill‘
HEN
HENR
Matrix partition

Division of a matrix into blocks & mapping on graph
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From Matrices to Graphs

Product of blocks <= walk
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Walk weight
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Arbitrary matrix M"” = sum of walk weights
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From Matrices to Graphs

Taylor series are recast into walk-sums

Accelerate convergence via graph theory
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Observation : walk = simple path & simple cycle

K>~

e Here:
—wW=pOab o

P.-L. Giscard 7 / 39 Manchester, 29th October 2012



P.-L. Giscard

Fundamental theorem of arithmetic on graphs

Walks factor uniquely into simple paths and simple cycles.
These are the prime elements of an algebra associated to the

graph.

Obvious 7 12121 = 127 121 = 121 212

Prime factorization on graphs arXiv:1202.5523
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Why ?

e [actorized forms ...
POaOa+pOad(a)+road(a)’+road(a) +- -

. are easy to sum !

PO (T—c)?

e We can sum all walks this way

Prime factorization on graphs arXiv:1202.5523
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How does it works ?

e [actor sums of walks

Z W = Z Yawr)(v1)(rarn) - - - (vo8)(5)

w:a—f p:a—f

V1

Ensemble of simple paths
TN
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How does it works 7

e Factor sums of walks

Z w = Z )(av)(v1)(vav2) - (vp8)(5)

w:a—f p:a—f

Insert simple cycles: g G\{a} G\{a, vy, 1p}
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How does it works 7

e Factor sums of walks

> w= Y (@) an)m)oar) - (55)(9)

wia—g p:a—f3
Insert simple cycles: G\{a} G\{a, vy, 1vp}
(@) = [Z= " (op)(pn) -+ (o) (pecr)]

M2 M1
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How does it works 7

e Factor sums of walks

Z w = Z Yav) (1) (i) - - - (1p5)(B)

w:a—f3 p:a—f
Insert simple cycles: G\{a} G\{a, vy, 1p}
(@) = [Z= 3" (apm)(p) - () (meer)]

Insert simple cycles again...

9\ {ot  G\{a g, pua}
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What does it bring ?

e Sums of walks
—— Sum of simple paths

Z [a]g(cn)[vi]a\ay (vi2) - - (VpB) [Blovta, o}

p:a—pf3

—— Continued fraction of simple cycles
-1

ol = [T > (o)l - Do, e 1) (120)

cC.a—o

e 'Few' simple paths & cycles + vertex removal
— number of operations

And for matrices ?
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Matrix Functions as Continued Fractions

Same, with weights

e Replace edges = weights
—— factorizes y_ M"

(D M) 5= [Bloviaws.om) Moy, -+ [12]o\ (o) Musa [alg
n Pg

Indices of the partition
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Same, with weights

e Replace edges = weights
—— factorizes y_ M"

(D M) 5 =D [Blovtawsunt M, - [V2]g\fa) Mina [0]g

Pg

/ S
(07

Sum over the simple paths 2,5
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Matrix Functions as Continued Fractions

Same, with weights

e Replace edges = weights
—— factorizes ) M"

(D M) 50 = Blovtaws,mt Mau, - [V2]gvia) Misa [0]g
n Pg

Edge weights
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Same, with weights

e Replace edges = weights
—— factorizes ) M"

(D M) = [Blartamm.n Mo, = 126\ () Mua [0lg

Pg
Effective vertex weights
[a]g =
-1
[I = > Mg e\ {arpinseie-} - 2l Muza}
Cgia
Q,
Sum over simple cycles
H2 M1

P.-L. Giscard 18 / 39 Manchester, 29th October 2012



Same, with weights

e Replace edges = weights
—— factorizes y_ M"

(3 M™) =D [Bloviaws.vst My, -+« [12lo () Musa [a]g
n Pg

Effective vertex weights

[a]g = l
1
|:I — ZM&/M [:U’E]g\{a,uz,----,uz—l} T [:UQ]Q\{@} MWO‘}

Cg;a
= Builds a continued fraction
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What did we obtain ?

A factorized form for ) M"
Valid for any partition

Valid for any M by analytic continuation

Did we accelerate the Taylor series ?

Only a finite number of terms left
Continued fraction

Other f(M) ?
e Compute resolvent matrix R
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Matrix Functions as Continued Fractions

Step by step procedure :
e Partition M = G

>

e Calculate R4 with path-sums

e Compute the inverse transform (M)

e Already done for M9, exp(M), M1, log(M)

The method of path-sums arXiv:1112.1588
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Remarks :

e M9 q= —1, M singular = Drazin inverse

M9, g =1/p yields all pth-roots

Matrices with non-commuting elements

K> = 4 blocks inversion formula

@5 -
¢c D
< (A-BDIC)™" —AB(D- CA—lB)‘1>
—Dc(A-BD )t (D-cAB)

Block tridiagonal = continued fraction
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Goal : understand truncated Path-Sums

The Behavior of Path-Sums
m Truncated Path-Sums
m Padé Approximants

P.-L. Giscard 23 / 39 Manchester, 29th October 2012



Convergence : Notation: G; = [T —zM]; "
» Path-sum always converges

Speed of convergence of truncated path-sums 7
4 1
1
z2 z2 z3
-5 =

= 1-9(1-2-%)
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Convergence : Notation: G; = [T —zM]; "
» Path-sum always converges
Speed of convergence of truncated path-sums 7

1 4 1

G = 1_ 2 _ 22 _ 23 3

1=z 1_22_1ij (1*2)(1*22712731)
. at constant depth 7 ... eliminate simple cycles ?
1 1

G~ Gy ~

_ 22 _ 52 _ 53 2 2

1—-2z2—-2z2-2 1_12_2_71_222_ —

... (partial) edge discrimination ?
1
G1 ~

-2 _ _ 2 __ 2

1-z 1—22—12_3Z (170><z)<1fz2711732)
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Truncations :
» Only 2 types !

e Subgraph truncation

«—— Low order

e Partial edge discrimination: non-Markovian truncation

4 1 4 1
3 . 3 6~ 1
- T - 2
1-z2— 75 (l—Oxz)(l—zz—liZ)

—— High order !
—— Suited to non-Markovian problems
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Goal : understand truncated Path-Sums

The Behavior of Path-Sums
m Truncated Path-Sums
m Padé Approximants
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Comparison with Padé approximants: [s7 — M]~!

e Truncation: Path-Sum one branch :

e Comparison: Padé approximant, same order
—— Path-sum O(s™"), Padé O(s~ )

What about high orders ?
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Comparison with Padé approximants: [s7 — M]~!

e Truncation: Path-Sum one branch
e Comparison: Padé approximant, same order
—— Path-sum O(s™"), Padé O(s~ )

What about high orders ?

Pade Truncated PS

1

ol ..u:_"'“"-o..
RV
—ol l
Approx C,
Loglo[ipp
ExactC, =~ _4|
—6!

Order n
P.-L. Giscard 27 / 39
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Impact of high orders
Error on ([sZ — M]™1),,

‘ quc Truncatcd PS
x: Pade +: Truncated PS 6
5
+ < 4
x 3
8t P
o X X o 1
6 o i o ot
s —
Y :
£ Resulting exp(Mt)
21x x4 Pade Truncated PS
50F " " " " AR
o ¢ * ] 40
° =30
., Ju . i . . =
-4 2 0 2 4 > ig
Re[root] 0
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

t
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Comparison with Padé approximants

e Truncated Path-Sums
«—— Better fit the roots

—— Better fit after inverse transform

e Approximation "throughout”
—— Conflict with O(s™") and O(s13) AN

Pade Truncated PS i i Pudc i Trungulcd PS
0,‘ 22 . ' ' '
T 8
—1F 6 o\
£ <4
8 _3f o0
S S 2
—4f :
0 pagectal
_5 W
0 10 20 30 40 0 5 10 15 20 25 30 35
Order n Order n
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Approximation "throughout”
» Origins
o (ZM”) = > cw)
=+ Wit wo+ws] + [wa +ws] 4
Order Order n+ 1
e Prime factors = walk-families 71, 7> ...

[I-a-a—f] ! = IT+[a+o+til+Hato+(agedT g+ -

Remark: Padé approximants from Path-Sums

Path-sum formulation always exists

Truncated PS yields Padé on certain graphs

Non-normal Padé tables have continued fraction expansion(s)
Conjecture: one PS results from vertex-fusing
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Language Equations of Matrix Functions
m Language Equations
m Surprise !
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On the origin of O(z*)

Distance between languages L, L :
d(Ly, L) =2"mrMW  welwé L,
Induces a notion of distance and convergence on power-series

O(Zf(w))
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Language equations of matrix functions

Problem:
» O(z¥) fails to grasp the best approximation /!
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Problem:
» O(z¥) fails to grasp the best approximation i\

Language approach:
o W;. 0w = language L
e Graph = skeleton of all automata recognizing L
e Matrix = representation of one such automaton

e Grammar of L = language equations of matrix functions
Solution:

e A metric grasping the size of Ly N L, ... not yet....

e All truncations, all partitions, no norm & spectrum
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Language approach, does it make sense ? L, = W;. 4q

Grammar : production rules for words in L
Language equations: representation of the grammar

L,= < (rQ;a © LQ\{n1,-~,nn};a) ©---0 LQ\{m};nz> © Lm

/

Simple cycles an; - - - ny« Languages on smaller graphs

< Self-consistent, involve ®, U and *
—— Matrix functions ? Just put weights !
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<}>e

» Language equations for [Z — zJ\/lr1

6 ~sal<] [ +ral<]
+ 2362[£>0} + zzG2[£>©] +1

Gy =2'Gs [/‘\O} (03] +2°G3 [/\@} (0] +2G+1
Gy o Gy, G3 Gs x Gy, Gy, G

Notation: G; = [T — z/\/l};l
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Language equations of matrix functions

Origins:

P.-L. Giscard 36 / 39 Manchester, 29th October 2012



Origins: Method to generate methods !

Method Generating Theorem

Let o be a walk product and f a weight function. If (Wg,+,e) is a
unique factorization near-algebra with F, the prime factorization

then,
f[]—'.(): We. aw)]

generates a valid method to evaluate arbitrary matrix functions.

» Matrix power-series: o, edges x-

|
» Path-sum: ©, simple paths, simple cycles ;
» Language equations: 6 simple paths, simple cycles

» No name: S, primitive orbits
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Goal : compute f(M)

Open Questions
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Convergence

Path-sums formulation of Padé approximants

Correct metric on formal languages

Implementation

Numerics: stability

Algorithmic implementation
—— Probabilistic algorithm

Investigation

Non-Markovian systems

Functions of operators

Self-similarity
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