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From Matrices to Graphs

Factoring Walks on Graphs

Back to Matrices
m Live examples

Summary & Outlook
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Goal : compute (M)

From Matrices to Graphs
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e Adjacency matrix A" = number of walks on graph

What about arbitrary matrices 7
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From Matrices to Graphs

e Adjacency matrix A" = number of walks on graph

What about arbitrary matrices 7

Matrix partition

Division of a matrix into blocks & mapping on graph
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From Matrices to Graphs

Product of blocks <= walk
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MY =M_ M_ M__.M_ +...

Walk weight

Arbitrary matrix M"” = sum of walk weights
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From Matrices to Graphs

Taylor series are recast into walk-sums

Accelerate convergence via graph theory
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Factoring Walks on Graphs
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Observation : walk = simple path & simple cycle

T
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Observation : walk = simple path & simple cycle

T

e Walks factor into simple paths, simple cycles
—w=pOabao

Prime factorization on graphs arXiv:1202.5523

P.-L. Giscard 8 / 27 Numerical Analysis Seminar, 13th November 2013



Why ?

e [actorized forms ...
pOa®(@)+poad(a)+poad(a)+pea®(c)+---

. are easy to sum !

PO (T—c)?

e We can sum all walks this way

Prime factorization on graphs arXiv:1202.5523
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How does it works ?

e [actor sums of walks

Z W = Z Yawr)(v1)(rarn) - - - (vo8)(5)

w:a—f p:a—f

V1

Ensemble of simple paths
TN
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How does it works 7

e Factor sums of walks

Z w = Z )(av)(v1)(vav2) - (vp8)(5)

w:a—f p:a—f

Insert simple cycles: g G\{a} G\{a, vy, 1p}
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How does it works 7

e Factor sums of walks

Z W — Z () (1) (1) - - - (v,8)(5)

wia—g p:a—f3
Insert simple cycles: G\{a} G\{a, vy, 1vp}
(@) = [Z= " (op)(pn) -+ (o) (pecr)]

M2 M1
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How does it works 7

e Factor sums of walks

Z w = Z )(av1)(v1) (i) - - - (v8)(8)

w:a—f3 p:a—p3
Insert simple cycles: G\{a} G\{a, vy, 1p}
(@) = [Z= 3" (apm)(p) - () (meer)]

Insert simple cycles again...

9\ {ot  G\{a g, pua}
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What does it bring ?

e Sums of walks
—— Sum of simple paths

Z [a]g(cn)[vi]a\ay (vi2) - - (VpB) [Blovta, o}

p:a—pf3

—— Continued fraction of simple cycles
-1

ol = [T > (o)l - Do, e 1) (120)

cC.a—o

e 'Few' simple paths & cycles + vertex removal
— number of operations

And for matrices ?
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Back to Matrices
m Live examples
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Back to Matrices

Same, with weights

e Replace edges = weights
—— factorizes y_ M"

(D M) 5= [Bloviaws.on) Moy, -+ [12]o\ (o) Musa [alg
n Pg

Indices of the partition
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Same, with weights

e Replace edges = weights
—— factorizes y_ M"

(D M) 5 =D 1Blovtoawsunt Mau, - [V2]g\ia) Mina [0]g

Pg

/ S
(07

Sum over the simple paths 2,5
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Same, with weights

e Replace edges = weights
—— factorizes ) M”"

(D M) 50 =D Blovtaws,umt Mau, - [V2]gvia) Muna [0]g
n Pg

Edge weights
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Same, with weights

e Replace edges = weights
—— factorizes ) M"

(D M) 50 =D [Bloriaum st Maw, -+ [P2)\ 0y Musa [0]g

Pg
Effective vertex weights
[a]g =
-1
[I = > Mg e\ {arpinseie-} - 2l Muza}
Cgia
Q,
Sum over simple cycles
H2 M1
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Same, with weights

e Replace edges = weights
—— factorizes y_ M"

(3 M™) =D [Bloviaws.mt My, -+ [P2lo () Musa []g
n Pg

Effective vertex weights

[a]g = l
1
|:I — ZM&/M [:U’E]g\{a,uz,----,uz—l} T [:UQ]Q\{@} MWO‘}

Cg;a
= Builds a continued fraction
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What did we obtain ?

e A factorized form for ) M”"
e Valid for any partition
e Valid for any M by analytic continuation
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What did we obtain ?

A factorized form for ) M"
Valid for any partition

Valid for any M by analytic continuation

Did we accelerate the Taylor series ?

Only a finite number of terms left
Continued fraction

Other f(M) ?
e Compute resolvent matrix R
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Step by step procedure :
e Partition M = G

4 5
4404 PP
4 \

e Calculate R with path-sums
e Compute the inverse transform (M)

e Already done for M9, exp(M), M1, log(M)

The method of path-sums arXiv:1112.1588
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Remarks :
e M9 g= —1, M singular = Drazin inverse

e Matrices with non-commuting elements

e K, = 4 blocks inversion formula

A B\
(@ o) -
(A-BDC)" —AB(D-CAB)
~DIC(A—-BDC)? (D—-CAB)™"

e Block tridiagonal = continued fraction

P.-L. Giscard 23 / 27 Numerical Analysis Seminar, 13th November 2013



Live Examples !

P.-L. Giscard 24 / 27 Numerical Analysis Seminar, 13th November 2013



Goal : compute (M)

Summary & Outlook
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Main Results

Matrix function = sum of simple paths & simple cycles

Prime factorization on graphs arXiv:1202.5523
The method of path-sums arXiv:1112.1588

Successfully implemented in quantum mechanics

Physical approach arXiv:1204.5087
Quantum dynamics arXiv:1108.1177

Open questions
MATLAB implementation
Works for functions of operators | (Chebfun style)
Extension to tensors, TNT algorithm
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Thank you!

Simon Thwaite Dieter Jaksch
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