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 !"# $%!"!$&#' ('# )*(+$'# ,-*"*)./0'#1 *" 02.$.#' -*03!))'"2 $'# (,2'3)."!"2#4 5$# #'36'"2 7!3 '8')7$'

9 (,2'3)."'3 #. 0" #&#2+)' (%,/0!2.*"# $.",!.3'# !()'2 *0 "*" 0"' #*$02.*"1 9 -!$-0$'3 0"' #*$02.*" #.

'$$' '8.#2' '2 9 (,-.('3 (' $! /0!$.2, (' $%!773*8.)!2.*" 7!3 $.",!3.#!2.*" (%0" #&#2+)' (%,/0!2.*"# "*":

$.",!.3'#4 ;'# (,2'3)."!"2# #*"2 ,<!$')'"2 $'# *02.$#:-$,# 7*03 (,2'3)."'3 $! "!203' (%0"' =*3)' /0!(3!2./0'

'21 7!3 -*"#,/0'"21 -*))' 2'#2 (0 #'-*"( *3(3' 7*03 (.#2."<0'3 $'# )!8.)! ('# ).".)! (!"# $'# 73*>$+)'#

(%*72.).#!2.*"4

 !" #$%&'(')&*

;' (,2'3)."!"2 '#2 0" "*)>3' /0. 7*03 "%.)7*32' /0'$$' )!23.-' -!33,' (*"",' 7'3)'2 (' 2'#2'3 $!

"*":#."<0$!3.2, (' $! )!23.-'

? 7*03 0"' )!23.-' (a) (' =*3)!2 1×11 -' "*)>3' "' 7'02 @23' /0' AaB $0.:)@)' 70.#/0' a '#2 ."6'3#.>$'
#. '2 #'0$')'"2 #. a '#2 (.C,3'"2 (' 01

? 7*03 0"' )!23.-' n× n1 #! =*3)' ,-D'$*"",' '" $.<"' E*0 23.!"<0$!.3'F "' (*.2 7!# -*)7*32'3 (' $.<"'

-*)7*#,' 0"./0')'"2 (' G,3*#

H4 I*03 0"' )!23.-' 2× 21 det(A) = a11a22 − a21a124

J4 I*03 0"' )!23.-' 3 × 31 det(A) = a11a22a33 − a11a23a32 − a12a21a33 + a12a23a31 + a13a21a32 −
a13a22a31 E-'22' '873'##.*" #'3! ,<!$')'"2 *>2'"0' '" (,6'$*77!"2 $' (,2'3)."!"2 (' A 9 $%!.('

(' $! 3+<$' (' K!330#F4

L4 I*03 0"' )!23.-' (%*3(3' n ≥ 41 $%!#20-' -*"#.#2' 9 #' 3!)'"'3 9 ('# (,2'3)."!"2# (%*3(3' .":
=,3.'03 M0#/0%9 *>2'".3 ('# (,2'3)."!"2# (%*3(3' J *0 L4 N" 02.$.#'3! '" <,",3!$ 7*03 -'$! $'#

(,6'$*77')'"2# ('# (,2'3)."!"2# #'$*" $'# $.<"'# *0 $'# -*$*""'#4

 !!"#$%&$'()4 OP" (%,-D'$*""'3 $'# )!23.-'#1 *" 02.$.#' $'# )@)'# 2'-D"./0'# /0' $*3# (' $%."6'3#.*" (%0"

#&#2+)'4

H4 7*03 0"' )!23.-' 2× 21
[

a11 a12
a21 a22

]

(L1)← (L1)
(L2)← a11(L2)− a21(L1)

⇔

[

a11 a12
0 a11a22 − a21a12

]

 !"# $' -!# *Q a11 '#2 "*" "0$1 A #'3! ."6'3#.>$' #. '2 #'0$')'"2 #. a11a22 − a21a12 = det(A) 6= 04

J4 7*03 0"' )!23.-' 3× 31




a11 a12 a13
a21 a22 a23
a31 a32 a33





(L1)← (L1)
(L2)← a11(L2)− a21(L1)
(L3)← a11(L3)− a31(L1)

JH
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⇔




a11 a12 a13
0 a11a22 − a21a12 a11a23 − a21a13
0 a11a32 − a31a12 a11a33 − a31a13





(L1)← (L1)
(L2)← (L2)
(L3)← (a11a32 − a31a12)(L2)− (a11a22 − a21a12)(L3)

⇔




a11 a12 a13
0 a11a22 − a21a12 a11a23 − a21a13
0 0 −a11(a11a22a33 − a11a23a32 − a12a21a33 + a12a23a31 + a13a21a32 − a13a22a31)





 !"# $% &!# '( a11 %#) "'" "*$+ A #%,! -".%,#-/$% #- %) #%*$%0%") #- a11a22a33 − a11a23a32 − a12a21a33 +
a12a23a31 + a13a21a32 − a13a22a31 = det(A) 6= 01

!"#$%&'"  ()()  !"# $%# 2%*3 %34,%##-'"# 4,5&52%")%#+ '" "')% 6*% )'*# $%# )%,0%# 2% $! 0!),-&% A

-")%,.-%""%")1

7'*, 2%# 0!),-&%# &!,,5%# 2% )!-$$% n #*45,-%*,%#+ '" ! $%

*+,-%.#"  ()()  !"#$%&' &'( )%*+)#',-(

.%/# A ,0' 1+#-/)' &' *%-1+# n× n %2 A = [aij ] 1 ≤ i ≤ n

1 ≤ j ≤ n

+3%-( 4,'3( 4,' (%/'0# i %, j5 %0 +

det(A) = |A| =

n
∑

k=1

(−1)i+kaik det(Ai,k) 6&"7'3%88'1'0# (,/7+0# 3'( "3"1'0#( &' 3+ 3/90' i:

=

n
∑

h=1

(−1)h+jahj det(Ah,j) 6&"7'3%88'1'0# (,/7+0# 3'( "3"1'0#( &' 3+ )%3%00' j:

%2 Ai,j '(# 3+ (%,( 1+#-/)' &' *%-1+# (n− 1)× (n− 1) %;#'0,' 8+- 3+ (,88-'((/%0 &+0( A &' 3+ 3/90' i '# &'

3+ )%3%00' j:<

det(Ai,j) %#) !44%$5 $% 1/0',- 2% aij + Xij = (−1)i+j det(Aij) %#) !44%$5 $% )%*+)#',- 2% $85$50%")# aij 1

!"#$%&'"  ()( 9! ,54!,)-)-'" 2%# #-:"%# (−1)i+j
2%.!") $%# 0-"%*,# %#) !$)%,"5% ; 4!,)-, 2* #-:"% + 4'*,

$85$50%") a111 7!, %3%04$%+ 4'*, *" 25)%,0-"!") 28',2,% <+ '" ! $! ,54!,)-)-'" #*-.!")% =

+ − + − +
− + − + −
+ − + − +
− + − + −
+ − + − +

*+,-%.#"  ()( .%/# A ,0' 1+#-/)' )+--"' &=%-&-' n< >3%-(

A '(# ,0' 1+#-/)' /07'-(/;3' (/ '# (',3'1'0# (/ det(A) 6= 0
<

/0"#12"  ()() >'-) A =





1 0 0
0 1 2
0 0 2





-##*% 2% $8%3%04$% ?1?1?1 @" #!-) 6*% A %#) -".%,#-/$% 4*-#6*8%$$%

#85&,-) &'00% *" 4,'2*-) 2% 0!),-&%# -".%,#-/$%#1 A5,-B'"# $% ; $8!-2% 2%# 25)%,0-"!")#+ '" 25.%$'44% $!

0!),-&% #%$'" *"% $-:"% '* *"% &'$'""% C'( -$ D :5"5,!$%0%") *"% 0!E',-)5 2% F5,'#+ !B" 2% #-04$-B%, $%#

&!$&*$#G1 7!, %3%04$%+ #- '" 25.%$'44%

H #%$'" $! 4,%0-I,% $-:"% =

|A| = (−1)1+1 × (1)×
1 2
0 2

+ (−1)1+2 × (0)×
0 2
0 2

+ (−1)1+3 × (0)×
0 1
0 0

= 2 6= 01

H #%$'" $! 4,%0-I,% &'$'""% =

|A| = (−1)1+1 × (1)×
1 2
0 2

+ (−1)2+1 × (0)×
0 0
0 2

+ (−1)3+1 × (0)×
0 0
1 2

= 2 6= 01
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 !"# $%!&"''"#() *+",," *+" -.!( ,/ ,!0#" .+ ,/ 1.,.##" +(!,!-$") .# 2"(2.+%"2/ ," '3'" &$("2'!#/#(4

"#$%&'$  ()( 5.!( A =









2 3 1 −1
0 1 4 −1
0 0 2 4
4 6 2 0









4 6(+&!.#- ,7!#%"2-!8!,!($ &" A4 9# &$%",.::" ," &$("2'!#/#( &"

A -",.# ,/ (2.!-!;'" ,!0#" <:/2 "="':,"> ?

|A| = (−1)3+3 × (2)×
2 3 −1
0 1 −1
4 6 0

+ (−1)3+4 × (4)×
2 3 1
0 1 4
4 6 2

9# &$1!&" &" &$%",.::"2 ," :2"'!"2 "( ," -"1.#& &$("2'!#/#( -",.# ,/ :2"'!;2" 1.,.##" 1/2 !,- .@2"#( (.+- ,"-

&"+= ," '3'" /%/#(/0"4 A.#1

|A| = 2×

[

(−1)1+1 × (2)×
1 −1
6 0

+ (−1)3+1 × (4)×
3 −1
1 −1

]

− 4×
[

(−1)1+1 × (2)×
1 4
6 2

+ (−1)3+1 × (4)×
3 1
1 4

]

= 2× (+12− 8)− 4× (−44 + 44) = 8 6= 0)

1" *+! -!0#!B" *+" A "-( !#%"2-!8," "( &.#1 *+" (.+( -C(;'" ,!#$/!2" +(!,!-/#( 1"((" '/(2!1" /&'"( +#" -.,+(!.#

+#!*+"4

*$%+,-.$  ()(! A/#- ,7"="':," :2$1$&"#() .# / :+ 2"'/2*+"2 *+" ," -"1.#& &$("2'!#/#( &" (/!,," 3 × 3

$(/!( #+,) 1" *+! -!0#!B" *+" ,/ '/(2!1"





2 3 1
0 1 4
4 6 2





"-( #.#D!#%"2-!8," .+  !"#$%!&'(4 9# :"+( $0/,"'"#(

2"'/2*+"2 *+7+#" '/(2!1" !#%"2-!8," &" (/!,," 4 × 4 :"+( (2;- 8!"# !':,!*+"2 &"- -.+-D'/(2!1"- &" (/!,,"
!#E$2!"+2" :.+%/#( 3(2" *+/#(DF ",,"- #.#D!#%"2-!8,"-4

"#$%&'$  ()(! 5.!( A =





2 3 1
1 −1 0
5 5 2





4 6(+&!.#- ,7!#%"2-!8!,!($ &" A4

|A| =
2 3 1
1 −1 0
5 5 2

= (−1)2+1×(1)×
3 1
5 2

+(−1)2+2×(−1)×
2 1
5 2

= −1+1 = 0 &.#1 A "-( #.#D!#%"2-!8,"4

*$%+,-.$  ()(/ 5! A "-( 1.#-(2+!(" &" (",," E/G.# *+7/+ '.!#- +#" ,!0#" .+ /+ '.!#- +#" 1.,.##" -.!(

1.'8!#/!-.# ,!#$/!2" &" ,!0#"- .+ &" 1.,.##"- 2"-:"1(!%"'"#( /,.2- A "-( #.#D!#%"2-!8," 1" *+! "-( ," 1/- !1!4

H# "@"() (L3) = 2× (L1) + (L2)4 I/,02$ (.+() !, "-( &!J1!," &" ," %.!2 F ,7."!, #+4

*$%+,-.$  ()(0 K.#-!&$2.#- +# -C-(;'" ,!#$/!2" 8/-$ -+2 A) :/2 "="':,"







2x +3y +z = 1 (L1)
x −y = 1 (L2)← 2(L2)− (L1)
5x +5y +2z = 1 (L3)← 2(L3)− 5(L1)

⇔







2x +3y +z = 1 (L1)
−5y −z = 1 (L2)
−5y −z = −3 (L3)

"( .# %.!( 8!"# /!#-! *+" (L2) "( (L3) -.#( !#1.':/(!8,"-4
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 ! "#$%#&'(')

"#$%$&'('$)  * *+  !"# $!"$% &'$#()% A )'##*% +,!#+#% n-

det(A) = det(At)
.

/!0) $!"$% 1#!1#(*$* )!0)%#0'0$ 2%3 #%2'$(!03 %0$#% 2%3 2(40%3 +,"0% &'$#()% %$ 2' 5'2%"# +% 3!0 +*$%#&(0'0$

%3$ '"33( 5#'(% 2!#36",!0 '112(6"% 2' #%2'$(!0 %0$#% 2%3 )!2!00%3 %$ 2' 5'2%"# +" +*$%#&(0'0$.

"#$%$&'('$)  * * 7( 2' &'$#()% B %3$ !8$%0"% 9 1'#$(# +,"0% 1%#&"$'$(!0 +% +%": 2(40%3 ;!" +%": )!2!00%3<

+% 2' &'$#()% A +% =!#&'$ n× n '2!#3

det(B) = − det(A)

"#$%$&'('$)  * *, 7( +%": 2(40%3 ;!" )!2!00%3< +% A 3!0$ *4'2%3

det(A) = 0

"#$%$&'('$)  * *! >0 0% &!+(?% 1'3 "0 +*$%#&(0'0$ 3( !0 '@!"$% 9 "0% 2(40% ;#%31%)$(5%&%0$ "0% )!2!00%<

"0% )!&8(0'(3!0 2(0*'(#% +%3 '"$#%3 2(40%3 ;#%31%)$(5%&%0$ +%3 '"$#%3 )!2!00%3<.

"#$%$&'('$)  * *- 7( 2' &'$#()% B %3$ )!03$#"($% %0 &"2$(12('0$ )A'6"% *2*&%0$ +% 2' 2(40% ;)!2!00%< i +%

2' &'$#()% A 1'# "0 3)'2'(#% λ '2!#3

det(B) = λ det(A)

"#$%$&'('$)  * *. 7( 2' &'$#()% B %3$ )!03$#"($% %0 &"2$(12('0$ )A'6"% *2*&%0$ +% 2' &'$#()% A 1'# "0

3)'2'(#% λ '2!#3

det(B) = λn det(A)

"#$%$&'('$)  * */ 7( 2' &'$#()% A )!0$(%0$ "0% 2(40% ;)!2!00%< )!&1!3*% "0(6"%&%0$ +% B*#!3 '2!#3

det(A) = 0

"#$%$&'('$)  * *0 C% +*$%#&(0'0$ +% 2' &'$#()% (+%0$($* I +,!#+#% n %3$ *4'2 9 1.

"#$%$&'('$)  * *1 C% +*$%#&(0'0$ +,"0% &'$#()% +('4!0'2% A %3$ *4'2 '" 1#!+"($ +% 3%3 *2*&%0$3 +('4!0'":

1#(0)(1'":.

"#$%$&'('$)  * *+2 C% +*$%#&(0'0$ +,"0% &'$#()% $#('04"2'(#% 3"1*#(%"#% !" (0=*#(%"#% %3$ *4'2 '" 1#!+"($

+% 3%3 *2*&%0$3 +('4!0'": 1#(0)(1'":.

345$#678  * *+ 7!(%0$ A %$ B +%": &'$#()%3 6"%2)!06"%3 +% =!#&'$ n× n '2!#3

det(AB) = det(A) det(B)

345$#678  * * 7( A %3$ (05%#3(82% '2!#3

det(A−1) =
1

det(A)
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 !" #$%&%'($%)*' +, +-$./0%*(*$

 !"#$!% &% '()%*+",-,) ,.!# -//*%,' #" A−1 %0"#)% .! /-# %) #" &% #1#)2+% Ax = b -'+%) !,% #.&!)".,

!,"$!% .! ,.,3 "& ,4%#) /-# #!*/*%,-,) $!4., /!"##% #% #%*5"* '! '()%*+",-,) /.!* .6)%,"* !,% 7.*+!&% /.!*

A−1 %) !,% 7.*+!&% /.!* &- #.&!)"., '! #1#)2+%8 9, - 6%#.", /.!* :%&- '% &-  !"#$%& !'()$*"& '% A .!

%)+ !"#$%& '% A8

"#$%&'&(%  )*)+ ,)*-$'.#)*- /*&  !"#$%& %!##.& A '0)#'#& n1 2!  !"#$%& '&- %)3!%"&/#- Xij '&- .2. &*"-

aij '& A *)".& 4'((A) 5)/ ,) (A)6 &-" !77&2.&  !"#$%& !'()$*"& '& A 5)/ %) !"#$%& '& A68

4'((A) = ,) (A) = [Xij ] = [(−1)i+j det(Aij)]8

,-#(./01  )*)+ 9)$" A /*&  !"#$%& %!##.& *)*+-$*:/2$;#&8 42)#-1

A× (4'((A))t = (4'((A))t ×A = det(A)× In )< In &-" 2!  !"#$%& $'&*"$". '0)#'#& n8

,-#(./01  )*) 9)$" A /*&  !"#$%& %!##.& *)*+-$*:/2$;#&8 42)#-1

=8 A−1 =
1

det(A)
(4'((A))t1 &"

>8 5#;:2& '& ,#! &#6 2! -)2/"$)* /*$?/& x = (x1, x2, . . . , xn) '/ -@-"; & Ax = b '0)#'#& n &-"

xi =
det(Bi)

det(A)
7)/# i = 1, . . . , n

)< Bi &-" 2!  !"#$%& A '!*- 2!?/&22& 2&  & A#& '& '#)$"& b 5)/ -&%)*'  & A#&6 #& 72!%& 2! i+$; &

%)2)**& '& A8

B22/-"#!"$)* /.!* &%# #1#)2+%# '4.*'*% ; < ., :.,#"'2*% &% #1#)2+% <







a11x+ a12y + a13z = b1
a21x+ a22y + a23z = b2
a31x+ a32y + a33z = b3

8

=- *2>&% '% ?*-+%* (,.,:% $!% (x1, x2, x3) %#) #.&!)"., '! /*(:('%,) #1#)2+% -5%:

x1 =

b1 a12 a13
b2 a22 a23
b3 a32 a33

a11 a12 a13
a21 a22 a23
a31 a32 a33

3 x2 =

a11 b1 a13
a21 b2 a23
a31 b3 a33

a11 a12 a13
a21 a22 a23
a31 a32 a33

%) x3 =

a11 a12 b1
a21 a22 b2
a31 a32 b3

a11 a12 a13
a21 a22 a23
a31 a32 a33

2310451  )*)+ @%/*%,.,# &% #1#)2+% '% &4%0%+/&% A8A8A #.")





0 1 0
2 0 1
1 0 0









x

y

z



 =





4
5
6



⇔







y = 4
2x+ z = 5

x = 6

B C)"&"#.,# &% )D(.*2+% E8;8E %) A8 /.!* *%)*.!5%* &4",5%*#% '% P 8 9, - det(P ) = 1 %) F'G(P ) =




0 1 0
0 0 1
1 0 −2





'.,: P−1 =
1

det(P )
(F'G(P ))t =





0 0 1
1 0 0
0 1 −2





8 9, *%)*.!5% 6"%, &% *(#!&)-)8

B C)"&"#.,# &% )D(.*2+% E8;8E %) E8 /.!* *%)*.!5%* &- #.&!)"., '! #1#)2+%8

x =

4 1 0
5 0 1
6 0 0

|P |
= 63 y =

0 4 0
2 5 1
1 6 0

|P |
= 4 %) z =

0 1 4
2 0 5
1 0 6

|P |
= −78

9, *%)*.!5% 6"%, &% *(#!&)-)8



 !  !"#$%&' () *'+ ,-%'&.$/"/%+

 !" #$$%&'()&*+, -'*+*.&/01,

 !" #$ %&'()$ $* #$ %! #$+!,#$

 !"#$#% &'"(")*&" +" &'$,!" "- +" &. +").#+" +.#% /#" 01$#$)2" 3 +"/( 42"#%5 6$-$#% Qs
1 "- Q

s
2 &"% 7/.#-2-0%

+" 18.7/" 42"# $,"!-"% *.! &"% 9!)"% %/! &" ).!180 "- Qd
1 "- Q

d
2 &"% +").#+"% 1$!!"%*$#+.#-"% "(*!2)0"%

*.! &"% 1$#%$)).-"/!%5 6$-$#% P1 "- P2 &"% *!2( +"% 42"#% "- Y &" !":"#/ +"% 1$#%$)).-"/!%5 6$/% .&&$#%

0-/+2"! +.#% 1" *.!.;!.*8" +"% $/-2&% +" 4.%" +" &'01$#$)2" .**&27/0" < &"% =$#1-2$#% +'$,!" "- +" +").#+"

3 0&.%-212-0 1$#%-.#-"5



















Qd
1 = K1P

a11
1

P a12
2

Y b1 ,

Qd
2 = K2P

a21
1

P a22
2

Y b2 ,

Qs
1 = M1P

n1

1
,

Qs
2 = M2P

n2

2
.

>?5@A

B.#% 1"% =$#1-2$#%C &"% 0&.%-212-0% 2#-0!"%%.#-"% %$#- 1$#%-.#-"% "- %$#- +$##0"% *.! &"% "(*$%.#-% a11C a12C

a21C a22C b1C b2C n1 "- n25  .! "(")*&"C *$/! &" 42"# @C #$/% .:$#% &"% 0&.%-212-0% %/2:.#-"% <

• a11 = 0&.%-212-0D*!2( +" &. +").#+",

• a12 = 0&.%-212-0D*!2( 1!$2%0" +" &. +").#+" >.:"1 &" *!2( +/ 42"# ?A,

• b1 = 0&.%-212-0 !":"#/ +" &. +").#+",

• n1 = 0&.%-212-0D*!2( +" &'$,!".

E# %"1$#+ .:.#-.;" +" 1"% =$#1-2$#% "%- 7/'$# *"/- &"% !"#+!" &2#0.2!"% "# *!"#.#- &" &$;.!2-8)" #0*0!2"#

+.#% &"% +"/( )")4!"% +"% 07/.-2$#% >?5@A "- "# *$%.#- <

qsi ≡ lnQs
i C q

d
i ≡ lnQd

i C pi ≡ lnPi "- y ≡ lnY 5

F"% 0&.%-212-0% %$#- ).2#-"#.#- +"% 1$"G12"#-% +/ %H%-I)"



















qd1 = k1 + a11p1 + a12p2 + b1y,

qd2 = k2 + a21p1 + a22p2 + b2y,

qs1 = m1 + n1p1,

qs2 = m2 + n2p2.

>?5?A

$J &"% aij C bi "- ni %$#- &"% 0&.%-212-0%C "- &"% ki "- mi %$#- &"% &$;.!2-8)"% +"% Ki"- Mi5

F'0;.&2%.-2$# +" &'$,!" "- +" &. +").#+" 1$#+/2- ./( *!2( +'07/2&24!" < Qs
i = Qd

i C "- +$#1 qsi = qdi *$/!

i = 1, 25 K2 Qs
1 ≥ Qd

1C &. +").#+" +"% 1$#%$)).-"/!% "#;"#+!"!. /# *!2( P1 2#=0!2"/! L %2 Q
s
1 ≤ Qd

1C &.

+").#+" +"% 1$#%$)).-"/!% "#;"#+!"!. /# *!2( P1 %/*0!2"/!5 F'0;.&2-0 q
s
i = qdi .4$/-2- ./ %H%-I)" %/2:.#- <

{

−(−a11 + n1)p1 + a12p2 = m1 − k1 − b1y

a21p1 − (−a22 + n2)p2 = m2 − k2 − b2y
>?5MA

$J &"% !":"#/% %$#- 1$#%2+0!0% 1$))" "($;I#"% >/#" :.!2.4&" "($;I#" "%- *.! +09#2-2$# "(*&21.-2:"C "&&" "%-

-2!0" +'$4%"!:.-2$#% "- %$/:"#- +'/# 1$#%"#%/% 7/2 *"!)"- +" &'/-2&2%"! +.#% /# )$+I&"A5 F. !I;&" +" N!.)"!

*"!)"- +" !0%$/+!" "(*&212-")"#- &" %H%-I)" >?5MA *$/! &"% +"/( :.!2.4&"% "#+$;I#"% p1 "- p2 >"#+$;I#"

%2;#29" ;0#0!0 3 &'2#-0!2"/! +/ %H%-I)"A <

p1 =

∣

∣

∣

∣

m1 − k1 − b1y a12
m2 − k2 − b2y −(−a22 + n2)

∣

∣

∣

∣

∣

∣

∣

∣

−(−a11 + n1) a12
a21 −(−a22 + n2)

∣

∣

∣

∣

=
(−a22 + n2)(−m1 + k1 + b1y) + a12(−m2 + k2 + b2y)

(−a11 + n1)(−a22 + n2)− a12a21
, >?5OA

p2 =

∣

∣

∣

∣

−(−a11 + n1) m1 − k1 − b1y

a21 m2 − k2 − b2y

∣

∣

∣

∣

∣

∣

∣

∣

−(−a11 + n1) a12
a21 −(−a22 + n2)

∣

∣

∣

∣

=
(−a11 + n1)(−m2 + k2 + b2y) + a21(−m1 + k1 + b1y)

(−a11 + n1)(−a22 + n2)− a12a21
. >?5PA



 !"! #$$%&'#(&)*+ ,')*)-&./0+  !

 !" !#$%!""&'(" "'() *'+$,&-./!"0 ,!" '1)!(&% $2% ,2 +/)3'4! 4. $&5') 4! 62."" 2$$,&-./! 2. "7")8+! 9:;<=

2.%2&) /)/ >2")&4&!.# 25!* 1!2.*'.$ 4! %&"-.! 4?!%%!.%;

@!" /-.2)&'(" 9:;A= !) 9:;B= $!%+!))!() 4?'1"!%5!% *'++!() ,!" $%&# 4?/-.&,&1%! 52%&!() !( >'(*)&'( 4!" $2C

%2+8)%!" 4. +'48,!0 *?!")CDC4&%!0 &*&0 !( >'(*)&'( 4!" /,2")&*&)/";

E2&"'(" ,?37$')38"! -.! ,!" 4!.# 1&!(" "'() 4!"  !"#$ #%&'()*0 *?!")CDC4&%! -.! ,!.% 4!+2(4! 2.F+!()!

,'%"-.! ,! %!5!(. 4!" *'("'++2)!.%" 2.F+!()! !)0 !( *'("/-.!(*!0 -.?!,,! 4&+&(.! ,'%"-.! ,!" $%&# 2.FC

+!()!(); G$$,&-./! D (')%! +'48,!0 *!))! 37$')38"! &(4.&) -.! b1 !) b2 "'() $'"&)&>" !) -.! a11 !) a22 "'()

(/F2)&>"; H.$$'"'(" +2&()!(2() -.?.(! 52%&2)&'( 4. $%&# 4. 1&!( I 2&) .( !J!) $,." &+$'%)2() ".% ,2 4!+2(4!

4. 1&!( I -.! ".% *!,,! 4. 1&!( :0 !) -.! ,?'( 2&) ,2 +K+! %!,2)&'( $'.% ,! 1&!( :; L2)3/+2)&-.!+!()0 *!,2

"! )%24.&) $2% |a11| > |a12| !) |a21| > |a22|0 !) &+$,&-.! -.! ,!" 4/('+&(2)!.%" 4! 9:;A= !) 9:;B= "'() $'"&)&>";
M( $!.) %!+2%-.!% 42(" ,!" /-.2)&'(" 9:;A= !) 9:;B= -.!0 $'.% ,! 1&!( &0 "& '( 2.F+!()! ,?/,2")&*&)/C$%&# 4!

,2 4!+2(4! aii0 ,?/,2")&*&)/C$%&# 4! ,?'J%! ni '. ,?/,2")&*&)/C%!5!(. bi0 2,'%" ,! $%&# 4?/-.&,&1%! pi 4&+&(.!%2;

@!" !J!)" 4! *!" $2%2+8)%!" ".% pj 4/$!(4!() 4. "&F(! 4! ,?/,2")&*&)/ *%'&"/! aji; H& aji !") $'"&)&>0 *!,2 "&C

F(&N! -.?.(! 2.F+!()2)&'( 4! pi 2.F+!()! ,2 4!+2(4! qdj !( 1&!( j; @!" 1&!(" i !) j "'() 2$$!,/"  !"#$

$) $+!+)( ,"$ '.  !"#$ $) $+!+)+$; O ,?'1"!%52)&'( 4?.(! 2.F+!()2)&'( 4. $%&# 4. 1&!( i0 ,! *'("'++2)!.%

%/$'(4%2 !( ".1")&).2() ,! 1&!( P 2. 1&!( &; Q2(" *! *2"0 .(! 2.F+!()2)&'( 4! aii '. ni0 '. .(! 4&+&(.)&'(

4! bi &+$,&-.!() .(! 4&+&(.)&'( 4. $%&# 4?/-.&,&1%! pj ; H& aji !") (/F2)&>0 ,!" 1&!(" & !) P "'() 2$$!,/"  !"#$

-%'.,/'"#+(!&"$0 '. !(*'%! '( 4&) -.! ,! 1&!( P !") *'+$,/+!()2&%! 2. 1&!( &; Q2(" *! *2"0 .(! 2.F+!()2)&'(

4! aii '. ni0 '. .(! 4&+&(.)&'( 4! bi !()%2R(!() .(! 2.F+!()2)&'( 4. $%&# 4?/-.&,&1%! pj ;

 !))! 2$$%'*3! $!%+!) /F2,!+!() 4?2$$%/*&!% ,!" !J!)"0 ".% ,!" $%&# 4?/-.&,&1%!0 4! ,2 +&"! !( $,2*! 4!

)2#!"; H.$$'"'(" -.! ,! F'.5!%(!+!() &+$'"! .(! )2#! $%'$'%)&'((!,,! t ".% ,2 *'("'++2)&'( 4. 1&!( I;

@! $%&# $'.% ,!" *'("'++2)!.%" !") 4'(* 2.F+!()/ !) "?/)21,&) D (1 + t)P1 2. ,&!. 4! P1;  !,2 +'4&N! ,!"

>'(*)&'(" 4! 4!+2(4! 42(" ,! "7")8+! 9:;I= +2&" $2" ,!" >'(*)&'(" 4?'J%!; @!" ,'F2%&)3+!" 4!" >'(*)&'(" 4!

4!+2(4! 42(" 9:;:= 4!5&!((!()

qd1 = k1 + a11 ln(1 + t) + a11p1 + a12p2 + b1y0

qd2 = k2 + a21 ln(1 + t) + a21p1 + a22p2 + b2y

!) ,!" /-.2)&'(" 4?/-.&,&1%! "?/*%&5!() 2,'%"

{

−(−a11 + n1)p1 + a12p2 = m1 − k1 − a11 ln(1 + t)− b1y,

a21p1 − (−a22 + n2)p2 = m2 − k2 − a21 ln(1 + t)− b2y.

@2 "',.)&'( 4! *! "7")8+!0 '1)!(.! $2% ,2 %8F,! 4!  %2+!% !")

p1 =
(−a22 + n2)(−m1 + k1 + a11 ln(1 + t) + b1y) + a12(−m2 + k2 + a21 ln(1 + t) + b2y)

(−a11 + n1)(−a22 + n2)− a12a21
, 9:;S=

p2 =
(−a11 + n1)(−m2 + k2 + a21 ln(1 + t) + b2y) + a21(−m1 + k1 + a11 ln(1 + t) + b1y)

(−a11 + n1)(−a22 + n2)− a12a21
. 9:;T=

@! *'!U*&!() 4! ln(1 + t) 42(" p1 !")

−
−a11(−a22 + n2)− a12a21

(−a11 + n1)(−a22 + n2)− a12a21
;

V, !") F/(/%2,!+!() (/F2)&>0 *'+$%&" !()%! 0 !) −1; G&("&0 ,2 +&"! !( $,2*! 4?.(! )2#! ".% ,! 1&!( 1 4!5%2&)
4&+&(.!% ,! $%&# 4?/-.&,&1%! 93'%" )2#!= 4. 1&!( I; @! *'!U*&!() 4! ln(1 + t) 42(" p2 !")

n1a21

(−a11 + n1)(−a22 + n2)− a12a21
;

G&("&0 ,2 )2#! ".% ,! 1&!( I 2.F+!()!%2 ,! $%&# 4?/-.&,&1%! 4. 1&!( : "& *!,.&C*& !") .( 1&!( ".1")&).21,! 2.

1&!( I 9a21 ≥ 0= '. 2. *'()%2&%! ,! 4&+&(.!%2 "& *?!") .( 1&!( *'+$,/+!()2&%! 4. 1&!( I 9a21 ≤ 0=;



 !  !"#$%&' () *'+ ,-%'&.$/"/%+

 !" #$%&'('%)

✄

✂

 

✁
"#$%&'&$  (  ! "#$%&' $' ()*+!' )*,-' .$/&0-/ '! 1'!-' 23#"#-0#!!'&&' '4- (#!4-0-,/' $' 5 /&/"'!-4 6

7 ,! *"2&0.(*-',383/('2-',3 $' 3*$0# $' 2309 x:

7 ,!' 2&*-0!' ;< $' 2309 y:

7 ,!' 2*03' $='!('0!-'4 *(#,4-0>,'4 $' 2309 z?

@A'4 2309 4#!- $#!!/4 '! ',3#4B?

C0 ,!' 3'"04' $' 10% '4- D*0-' 4,3 &' 2309 x '- ,!' 3'"04' $' 10% 4,3 &' 2309 y: &* ()*+!' (#"2&%-' (#E-'3*0-

435, 6 ',3#4?
C0 &'4 3'"04'4 4,3 &'4 2309 x '- z /-*0'!- 3'42'(-01'"'!- $' 20% '- $' 10%: &* ()*+!' (#"2&%-' (#E-'3*0- 422, 4
',3#4?

F0!*&'"'!-: 40 &'4 3'"04'4 4,3 &'4 2309 y '- z /-*0'!- 3'42'(-01'"'!- $' 10% '- $' 20%: &* ()*+!' (#"2&%-'
(#E-'3*0- 421, 3 ',3#4?

G? F#3"'3 &' 4H4-%"' $' -3#04 />,*-0#!4 I -3#04 0!(#!!,'4 x: y '- z >,0 3/4,&-' $'4 $#!!/'4 23/(/$'!-'4?

J? ;*&(,&'3 x: y '- z?

✄

✂

 

✁
"#$%&'&$  ) ;*&(,&'3 &=0!1'34' $' &* "*-30(' A =

(

2 1
1 −1

)

I &=*0$' $' -3#04 "/-)#$'4 $0K/3'!-'4?

✄

✂

 

✁
"#$%&'&$   L#!-3'3 >,' &'4 "*-30('4 4,01*!-'4 4#!- 0!1'340M&'4 '- (*&(,&'3 &* "*-30(' 0!1'34' 6

A =

(

5 1
4 1

)

: B =





1 1 1
0 2 1
0 0 1





: C =





−1 2 1
−2 3 1
4 −4 −1





✄

✂

 

✁
"#$%&'&$  * C#0- λ ∈ R: (*&(,&'3 &'4 $/-'3"0!*!-4 $'4 "*-30('4 4,01*!-'4 6





5− λ 1 −1
2 4− λ −2
1 −1 3− λ





:





1− λ 1 0
1 1− λ 1
0 −1 1− λ





:





1− λ 0 0
2 3− λ 5
4 1 3− λ





'- $/-'3"0!'3 &'4 1*&',34 $' λ >,0 *!!,&'!- ('4 $/-'3"0!*!-4?

✄

✂

 

✁
"#$%&'&$  + C#0- &' 4H4-%"' (S)







2x− y − z = 1
x− y + 2z = 9
x+ 2y − z = −6

?

G? N(303' &* "*-30(' A $, 4H4-%"'

J? L#!-3'3 >,' A '4- 0!1'340M&'? O! $/$,03' >,' (S) *$"'- ,!' 4#&,-0#! ,!0>,'

5? ;*&(,&'3 A−1?

P? Q/4#,$3' (S)?

✄

✂

 

✁
"#$%&'&$  ,

G? ;*&(,&'3 &'4 $/-'3"0!*!-4 4,01*!-4 6

@*B D1 =

∣

∣

∣

∣

∣

∣

2 1 3
2 1 −1
−1 −3 2

∣

∣

∣

∣

∣

∣

 !" D2 =

∣

∣

∣

∣

∣

∣

1 2 3
−3 1 2
−2 3 1

∣

∣

∣

∣

∣

∣



 !"! #$#%&'&#(  !

 !" D3 =

∣

∣

∣

∣

∣

∣

∣

∣

0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

∣

∣

∣

∣

∣

∣

∣

∣

 #" D4 =

∣

∣

∣

∣

∣

∣

∣

∣

1 1 2 1
2 1 3 0
3 1 4 0
4 2 6 0

∣

∣

∣

∣

∣

∣

∣

∣

$% &'()*+,,)- D5 ./0(123 *1 $

 !"

!+*+22) 4 D5 =

∣

∣

∣

∣

∣

∣

∣

∣

1 −2 0 3
4 0 2 −4
2 0 6 0
1 −1 0 2

∣

∣

∣

∣

∣

∣

∣

∣

✄

✂

 

✁
"#$%&'&$  ( 5'.+/#-) *). .6.378). ./0(123.  +2 ,+/--1 /30*0.)- *). 9+-8/*). #) :-18)-" 4







x− 2y + 3z = 6
3x+ y − 5z = −3

8x+ 3y + 6z = −5
;







2x− 3y + z = 0
x+ 2y + 4z = 0
5x− 4y + 6z = 0

;







3x+ 5y − 8z = 0
x− 4y + 3z = 0
2x− y + z = 0

%


