
I N T R O D U C T I O N  TO B I C A T E G O R I E S  

J 
J e a n  B e n a b o u  

P a r t  t 

I n t r o d u c t i o n .  This  is the f i r s t  p a r t  of a w o r k  c o n c e r n e d  with the s tudy  

of  the fo l lowing  type  of  s t r u c t u r e :  A f a m i l y  of  c a t e g o r i e s  S_(A, B) 

(A, B in a se t  So) t o g e t h e r  with p a i r i n g  f u n c t o r s  

c(A, B, C): S(A, B) • S_(B, C) -~ S_(A, C) wh ich  up to g iven  c o h e r e n t  i s o -  

m o r p h i s m s  b e h a v e  as  if the S_(A, B) w e r e  the Hom?(B ,  A) fo r  s o m e  

" c a t e g o r y "  ?. The b e s t  known c a s e s  a r e  p e r h a p s  So = one point,  then  

we have  a s ingle  c a t e g o r y  S wi th  a m u l t i p l i c a t i o n  in the s e n s e  of [B. 1], 

o r  a 2 = c a t e g o r y  lB. 3] w h e r e  the a s s o c i a t i v i t y  i s o m o r p h i s m s  a r e  i den t i t i e s ,  

o r  S = a se t  of r i ngs ,  S(A, B) = c a t e g o r y  of  (A, B ) - B i m o d u l e s  and 
- o  

c(A, B, C) = ~) . 
B 

In w 1 we f o r m a l i s e  th i s  s i tua t ion  in the def in i t ion  of  b i c a t e g o r y  and 

show in w that  m a n y  o t h e r  c a s e s  c o n s i d e r e d  by E p s t e i n  [E] o r  Yoneda  [Y] 

fit in this  p a t t e r n .  

E v e n  m o r e  i m p o r t a n t  is the no t ion  of  m o r p h i s m s  def ined  in w 4 whe re 

wa do not  r e q u i r e  the f u n c t o r s  F (A,  B): S(A, B) =* S~(A-,B) to c o m m u t e  wi th  

the c(A, B, C), not  even  up to i s o m o r p h i s m s .  The j u s t i f i c a t i o n  fo r  such  

an a p p a r e n t l y  too c o m p l i c a t e d  and u n n e c e s s a r i l y  g e n e r a l  de f in i t ion  is in 

the n u m b e r  of  e x a m p l e s  ( see  w 5) r ang ing  f r o m  m o n a d s  to p s e u d o - f u n c t o r s  

of  [ G r  ] wh ich  can  be hand led  and in the fac t  tha t  m o s t  of the r e s u l t s  ex-  

Th i s  r e s e a r c h  was  s u p p o r t e d  in pa r t  by a g r an t  f r o m  the Office of  
Nava l  R e s e a r c h .  
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p e c t e d  f o r  the  s t r i c t  h o m o m o r p h i s m s ,  ho ld  f o r  g e n e r a l  m o r p h i s m s ,  

and  h a v e  m e a n i n g f u l  i n t e r p r e t a t i o n  (w 6). 

In w we def ine  s o m e  of the  i n v a r i a n t s  of  a b i c a t e g o r y :  the  P o i n c a r e  

and  c l a s s i f y i n g  c a t e g o r i e s  and  the P i c a r d  g r o u p o i d  wh ich  wi l l  be  u s e d  in 

P a r t  II .  F i n a l l y  w 8 is  d e v o t e d  to the  c o n s t r u c t i o n  of the a n a l o g u e  of the  

p a t h  s p a c e ,  n a m e l  F the  b i c a t e g o r y  of c y l i n d e r s ,  w h i c h  g i v e s  the  

p o s s i b i l i t y  to def ine  t r a n s f o r m a t i o n s  b e t w e e n  m o r p h i s m s  ( s i m i l a r  to  

n a t u r a l  t r a n s f o r m a t i o n s ,  o r  h o m o t o p i e s ) .  F o r  t h i s  c o n s t r u c t i o n  we h a v e  

u s e d  h e a v i l y  the  g e o m e t r i c a l  a n a l o g y  wi thou t  w h i c h  d e f i n i t i o n s  and  r e s u l t s  

s e e m  a r t i f i c i a l  and  a r e  i n c o m p r e h e n s i b l e .  In m a n y  c a s e s  we h a v e  e v e n  

r e p l a c e d  the  p r o o f s  - -  e s s e n t i a l l y  s e t t i ng  up v e r y  big  c o m m u t a t i v e  d i a g r a m s - -  

b y  m o r e  s u g g e s t i v e  p i c t u r e s .  

In  P a r t  II ,  we wi l l  f i r s t  c o m p l e t e  the  c o n s t r u c t i o n  of the  3 - d i m e n s i o n a l  

p a r t  of  B i c a t ,  by  def in ing  " m o d i f i c a t i o n s "  b e t w e e n  t r a n s f o r m a t i o n s ,  t h e n  

s t u d y  the  no t i ons  of  r e p r e s e n t a b i l i t y ,  a d j o i n t n e s s  and  e q u i v a l e n c e ,  w h i c h  

a r e  qui te  d i f f e r e n t  in the  t w o - d i m e n s i o n a l  c a s e  f r o m  t h e i r  o r d i n a r y  a n a l o g u e .  

T h e n  we wi l l  e x a m i n e  the  c a s e  w h e n  the  f u n c t o r s  c (A,  B , C )  h a v e  a r i g h t  

ad jo in t ,  and f i n a l l y  s t udy  m a n y  e x a m p l e s  of  b i c a t e g o r i e s ,  devo t i ng  the  

g r e a t e s t  t i m e  to b i c a t e g o r i e s  of  " P r o f u n c t o r s " .  
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w I. Bicategories 

( I. I) Local definition. A bicategory S is determined by the following 

data: 

(i) A set S -~ Ob(~] called set of objects, or vertices of S. 

(ii) For each pair (A, B) of objects, a category S(A, B). 

An object S of S(A, B) is called an edge or arrow of S, and written 

S 
A <--- B ; the composition sign o of maps in S(A,B) will usually be 

omitted. A map s from S to S' will be called a Z-cell and written 

s: S ; ~-+ S', or better, will be represented by : A f~. B , the composi- 

t i on  w i l l  t hus  c o r r e s p o n d  to the  p a s t i n g :  

S 

A <- B ~=--, 

S" 

B 

S" 

the identity maps of the categories S(A, B) will be called degenerate 

Z - c e l l s .  (We s h a l l  in  p a r t i c u l a r  u s e  t h i s  r e p r e s e n t a t i o n  w i th  c a t e g o r i e s  a s  

v e r t i c e s ,  f u n c t o r s  a s  a r r o w s  and  n a t u r a l  t r a n s f o r m a t i o n s  a s  Z - c e l l s  in 

(v) a n d  (vi) below.) 

(iii) For each triple (A, B, C) of objects of S , a composition functor: 

c(A, B, C): S_(A, B) x S_(m C) > S_(A, C). 

We write S oT and sot instead of c(*, B, C)(S, T) and c(A, B, C)(s,t) 

for (S, T) and (s, t) objects and maps of S(A, B) • S(B,C), and abbreviate 

I d s o t  and  s o I d  T into  S o t  and  s o T .  T h i s  c o m D o s i t i o n c o r r e s p o n d s  to 



-4 -  

to  the pas t ing :  

S T S"T 

S' T' S'~ T t 

(iv) For each object A of S an object I A of S(A,A) c a l l e d  

i de n t i t y  a r r o w  of  A. The  i den t i t y  m a p  of I A in S_(A, A) is  d en o t ed  

iA:l A 2> IA and called identity Z-cell of A. 

(v) F o r  e a c h  q u a d r u p l e  (A, B, C, D) of o b j e c t s  of  S, a n a t u r a l  i s o -  

m o r p h i s m  a(A, B, C, D), c a l l e d  a s s o c i a t i v i t y  i s o m o r p h i s m  , b e t w e e n  the  

two composite functors bounding the diagram: 

Id • ~(B. C, D) S(A, B) X ~(B, C) X ~(C, D) -. _..-" 

r • Id a/(~,B,C,D) 

S(A, C) • S_(C. D) c(A,c,D) 

> S_(A. s) x _S(B. D) 
I 

[ [ c(A, n. D) 

_S(A, D) 

Explicitly: 

a(A, B, C, D): c(A, C, D) o(c(A, B, C) Xld) > c(A,B,D)o(IdXc(B,C,D)) 

If (S, T, U) is an object of S_(A, B) X S_(B, C) X S(C,D) the isomorphism 

a(A, B, C, D)(S, T, U): (S'T)oU ~ > So(ToU) in S._(A,D) is cal]edthe 

component of a(A, B, C,D) at (S, T, U) and is abbreviated into a(S, T, U) 

o r  e ven  a, e x c e p t  when  c o n f u s i o n s  a r e  p o s s i b l e  (cf .  w f o r  e x a m p l e ) .  
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(Vi) For each pair (A, B) of objects of 

I(A,B) and r(A,B), called left and right 

functors bounding the diagrams: 

I A X Id 
i • S(A, B) _ > S(A, A) X S(A, B) 

canonical ~,~ fA, A, 8) 

S(A,  B) 

S ,  two n a t u r a l  i s o m o r p h i s m s  

i d e n t i t i e s ,  b e t w e e n  the  

Id X I B 
S_(A, B) x ~ -. > SJA, B) X_S(B, 8) 

c a n o n i c a l  "~  / , ~ ,  B ,B)  -,,,, i /  
S...(A, B) 

If S is  an o b j e c t  of  S ( A , B ) ,  the  i s o m o r p h i s m ,  c o m p o n e n t  at  S of I ( A , B ) ,  

m 
(A, B)(S): I ~  S - - - - - >  S 

is  a b b r e v i a t e d  into I(S) o r  even  i ,  and s i m i l a r l y  we w r i t e  : 

r = r(s)  = r(A, B)(S). So I B N > S. 

The families of natural isomorphisms a(A, B, C, D) , I(A, B) and r(A, B) 

a r e  f u r t h e r m o r e  r e q u i r e d  to s a t i s f y  the  fo l lowing  a x i o m s :  

( A . C . )  A s s o c i a t i v i t y c o h e r e n c e :  If ( S , T , U , V )  is  a n o b j e c t o f  

S(A, B) • S(B, C) • S(C. D) X S(D. E) the following diagram commutes: 
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((S- T)O U)oV a(S, T, U)oId 
! 

a(S *T, U, V) l. 
V 

(SOT). (UeV) 

a(S, T, U* V ) ~ ~  

> ( S - ( T -  U))~ V 

a(S, z o u,  v) 

S@ ((T@ U)oV) 

~~(T, u, v) 
S@ (T@ (U eV)) 

(I. C. ) Identity coherence:  If (S, T) is an object  of S(A,B) •  

the following d i ag ram commutes :  

a(S, IB, T) 
( s o i B )  oT - ~ SO(IBO T) 

8 oT 

(1.Z) Rem ark :  In o~der to avoid c u m b e r s o m e  notations,  when the 

S(A, B) 's  shall  not be disjoint,  we will  identify t hem with the i r  canonical  

images  in the disjoint union. 

(1.3) Global definit ion 

(1.3.1)  A bigraph (or b id iagram scheme)  ~ is  a d iagram of se t s  and 

map~ a (I) a(z) 
0 0 

| ~ ~ ~Z such that: 
o a(I)i i 8~Z) ' 

(1.3.z) a(1) ~(z) (1)_(z) 
i o = ai ~ i (i:0. I) 
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We u s u a l l y  o m i t  the s u p e r s c r i p t .  E l e m e n t s  of S o, E l ,  ~"Z a r e  ca l l ed  

v e r t i c e s  A , B  . . . . .  a r r o w s  S , T  . . . . .  and Z-ce l l s  s , t  . . . . .  A Z-cel l  

is  r e p r e s e n t e d  by: 
S 
0 S = 8 s S 1 = 81 s 

A~________~~B o o 
wi th  : 

O S = B = aoS I , a l S  o A 81S I 0 0 st 

F o r  n =  0,1 2 we ca l l  n-  ske le ton  the se t  ~ [ n ] =  0 ~'i , . A b i c a t e g o r y  S 
i=O 

a d m i t s  obv ious l  7 an u n d e r l y i n g  b i d i a g r a m ,  which  we u s u a l l y  a lso  w r i t e  S, 

thus  S [k] k = 0, 1, Z m a k e s  sense .  In p a r t i c u l a r ,  Ca t  [1] c o n s i s t s  of  

"a l l "  c a t e g o r i e s  and func to r s  (see  (Z. Z)). 

( 1 . 3 . 3 )  A m u l t i p l i c a t i o n  ~t on a b i g r a p h  ~ c o n s i s t s  of maps ,  

~(2): ~'Z •  r'Z > ~'Z ( s t '  sZ) ~ s t s z  
i 

0 

r, z z z >z z ( s , t )  
0 

(by (J.3.2) t h e r e  a r e  on ly  two maps  f r o m  ~Z to ~'o ' thus  ~"Z XZ ZZ is 
O 

wel l  defined)  such  that  the d i a g r a m s  ( t .3 .4)  and ( t .3 .5 )  c o m m u t e :  

('~. i ~ , 4 )  

Pr i Pr 2 

a i ~(z) a ~ 

~ t  < a t Z2 ~o > ~ :  

w h e r e  Pr i (s i ,  sz) = s i . Tha t  i s ,  ao(SoSi) = aoS i and 8i (SoSi  ) = a i s ~  . 
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And: 

(1.3.5) 

~I X.~. ~i < 
0 

8 ~ X% 8 ~ 8 t X 8 t 
0 0 

>q'Z XN ZZ > Z~I XZ; ZI 

o 1o [ ~.(z) ~!t) 
O 

Tha t  is:  a ( s . t ) = ( 8  So8 T) ; 
O O O 

( t . 3 . 6 )  A d e g e n e r a c y  ( s y s t e m )  

of m a p s :  

8 i ( so t )  = (S iS~  1T) .  

on  a b i g r a p h  ~ c o n s i s t s  of  a p a i r  

~(1) ~(z) 
~" > ~I ' > ~Z 

0 

w r i t t e n  A,tu--~ I A = v( t )A and S ~ , ~ i  S = ~(Z)s. s a t i s f y i n g :  

(1.3.7) o!i)cr (i) = Id i= 1,2 : j = 0, I . 
J 

L e t  ~ be  a b i g r a p h  equ ipped  wi th  a m u l t i p l i c a t i o n  ~. An a s s o c i a t i o n  

on (Z,M) is  a map" 

a: Z I X Z Z I X Z Z I > ~Z 
0 0 

(S, T,  U)~.-,--~ a(S, T,  U) 

making commutative the diagram: 

0 

o olo 1o ~( [ (i) (t.3.8) t) . ~. 
r 

~I < ~o ~2 B I > ZI 
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Tha t  is, aoa(S,T,U) = (SoT)oU-, a ia (S  , T , U )  = So(T *U). 

If f u r t h e r m o r e  ~ is equipped wi th  a d e g e n e r a c y  ~, le f t  and r igh t  

i den t i t y  ( s y s t e m s )  a r e  m a p s ;  

( t .3 .9 )  

! : Z t  ) w'2 

r'- ~ i  > ~'2 

ma k i ng  c o m m u t a t i v e  the d i a g r a m :  

( ~ ( I ), Id) 

Z;t  0 t > >"2 a ~ 

>Y-; t 

s - - , " - ~  ~ (s) 

S - - ~ : = ~  r(S) 

• 2; ( Id ,  0-(I~ > E 

i (1) 
> ~'t  a > Z2 a t > ~'t  

0 

That is, OoL(S) = IAoS ; alI(S ) = S ; aor(S) =SoI B ; alr(S ) = S. 

The cho ice  of no ta t ion  is such  that ,  if  S is a b i c a t e g o r y ,  the u n d e r l y i n g  

b i g r aph  is c l e a r l y  equipped wi th  a c anon ica l  m u l t i p l i c a t i o n ,  d e g e n e r a c y ,  

a s s o c i a t i o n  and iden t i t i e s ,  c a l l e d  u n d e r l y i n g  to S .  

In t e r m s  of (~ ,1  ~ , ~ , a , L , r )  b i c a t e g o r i e s  can  be c h a r a c t e r i z e d  by m e a n s  

of the fol lowing:  

( i .3 .  i0)  P r o p o s i t i o n :  L e t  ~ be a b i g r a p h  equipped wi th  I ~ , ~ , a , - g , r .  

T h e s e  da ta  a r e  u n d e r l y i n g  to a b i c a t e g o r y ,  then  n e c e s s a r i l y  unique ,  i f f  

they satisfy conditions (i) to (x) below: 

(i) The following diagram is commutative: 

~. X ~ - - -  

~(z) 

x %2 

(z) 

> ~ 2  
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(ii) The following diagram is commutative: 

(~ 0 i, [d) (Id, r Bo) 

(iii) The following diagram is commutative: 

(:~ zX:~ z z) x (:~ 

0 r~'(z) [ XZl~.(z) 
~2 x ~g 

( z )  xr  ~ 
0 

2 < ~.(Z) 2: x,~ ~Z ' 
{z) z o 

where T iS the canonical  map ((s 1, t i ) ,  (s o, to) ) r ~ . - ~ ( ( s ~ ,  So), ( t l ,  to) ) 

defined when s., t. sa t i s f  7 the incidence rela t ions depicted by: 
1 1 

and ~.(Z) X~i ~.,Z) ( is the unique map,  which exists  because of (t .3.5),  

making commutat ive the diagram: 

i 4 

~'z x~:z'r " ' > ~z x z; z , 



- i i  - 

where  the hor izonta l  a r rows  are  the canonical  monomorph i sms  of pull- 

backs into products .  

(iv) The following d i ag ram is commutat ive:  

~i x2] ~ ~i > i~. 
~.(2) x ~o,,_(2)[ ~r(Z) 

zz x:s 2z (z) > ~z 
o p,. 

F r o m  (i .3.8) and (i .3.5) it follows that  the ex te r io r  of the following dia-  

g r a m  is commutat ive ,  thus there  exists  a unique map ~ making the whole 

d i ag ram commuta t ive  
a 

" "o  " " ' o Y  o o / ,  ~ o  

x z x ~/'7-- ~' z x / ~  ~~ ' ' ' ~  
~'2 ~o 2 ~'o 2 - ~  . . . . . . . . . . . . . . . . . . . .  "> 2 Z i 2 

o ~2X~o~Z ~(~) >~Z 

Simi la r ly ,  let  ~#' be the unique map making commutat ive:  

a~ ~~ x ~  Z~ 1 XZ; oZ: 1 X o2~ 1 

N ~2 %oNZX~ ~ ~2 . . . . . . . . . . . . . . . .  "-> 22 N 1 

O 

N2 . ~ Nt 

> N  2 
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(v) The fol lowing d i a g r a m  is c o m m u t a t i v e :  

~Z x>-:. Z~zXz~ Y:'Z >~2• 
0 0 

Z 

F r o m  ( t ,3 .9 )  i t  fo l lows  tha t  the e x t e r i o r  of the  fo l lowing d i a g r a m  c o m m u t e s .  

hence  t h e r e  is  a unique ~b! m a k i n g  the  whole d i a g r a m  c o m m u t e :  

2~ 
0 

Z-,.. > ~'1~.,_ 

l ~N x N "~ N 2 

0 

S i m i l a r l y  le t  ~' be the unique map  ma k i n g  c o m m u t a t i v e :  

",i,- 
% ,  ~'N x N >.~. 

Z ~o  Z p ro j i_  . Z 

~. ,>Z~ 

Z a t~  1 o 
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And ~' the unique map making commutative: 

>E xz: ' ~ z ' ~ , ~ )  EZ 2 

a r x E E Z . > E 2 
i Pr~ 1 

E 2 �9 ~ > E t 
O 

(vi : The following diagram is commutative: 

L i ' l  

>~2 > E2 XE E2 

l 1' 
We le t  the  r e a d e r  w r i t e  the ana logous  d i a g r a m  (Vi)r fo r  r. 

F r o m  the  def in i t ions  of a ,~ .  (2) and  ~ . ( t )  i t  fo l lows tha t  the  e x t e r i o r  

of the diagram below is commutative, hence there is a unique map O 1 

making the whole diagram commutative: 
a x~, o-0) 

~IX~ ~I XE EIX ~ ~I o 
o o [  o ~.,,, ~I 

~.(~) " 
Id X E x E Id ~'~t '~'Z X~, "r. 

o o 7_.. 
1 

z Ix N z Ix N z I IPr~ 
o o ~ ~ , . ~  E 

Z 

>E X>q, % Z~ ( z z) 
O 

~>'!.  z pro j  2 

0.1 

~- > E l  
0 
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In a similar way, let 8 2 

diag ram: 
8 l 

GIXx G~XG ~'I 
O O 

Go 

G2X G 
O 

b e  t h e  u n i q u e  m a p  m a k i n g  c o m m u t a t i v e  t h e  

"> GzXG 

"~-~ e 2 

~G x 
Z G l 

pro] i 

~2 

z ~(z) 

�9 >N z 

proj 2 I ~t 

. . .~  
8 t 

O 

and 8 3 be the unique map making Commutative: 

Xo 
G X ~,, X G "m x G > G i X y  

0 ~ 0 ~ ~ _ ~  q 0 

~ G2XNIN Z o o ~ I 

ZiXz ~iX~ ~21 IPr~ 

pro) Z 

0 

(vii) The following diagram is commutative: 

8 Z 
Zl• G x ~ x ~i >~ Go I Zo t ~o Z 

~2Xt~2Z I.,(z) - > 

x ~'Z 

2 " 

Z 

>2; 
t 
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Again one can check the commuta t iv i t7  of the ex t e r i o r  of the d i ag ram  

below, and define a to be the unique map making commuta t ive :  

(Id, o-(Z)~9o)~: ~ Id 
0 

~(2) x L 

t 

~g X Z 2 p ro j i  

2~~ ~ N 

2 

�9 > ~ 2  

Pr~ ll3i 

8 >~i 
0 

(viii) The following d i ag ra m  is commutat ive :  

G 

2]  x~o~1 > Z2 x i 
I I 

r Xzo o- (2) / / ~- (2) 

~z ~(2) > Zz 2]2 o 

(ix) The re  exis ts  a map, ( n e c e s s a r i l y  unique) 

O 0 

such that 8oE = 81a , 81 ~ = %oa, making commutative the diagram (where 

a map into a pullback is denoted by its two components): 

~2 x z < (~'~-) G,~,) \ ~ (  Zi 2 ~,tx l : t x  :~ >~_,x ~2 2) (2) 2] ~ Zo i ,. 2S.t 

~'t < P" (1) >':'t xy:.o2;t ~"t Xo~ t  ~!1) > 2]:[ 
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such  tha t  

T h e r e  e x i s t s  a map ,  ag a in  unique  

8oT = Oil , Oi~- = OoL , m a k i n g  c o m m u t a t i v e :  

X Z 
I~ z/Zz ~i 2 

DZ ~ ( Z ~ 2 ;  < 

t 

(~ ' [ )  >szx z 

Again  t h e r e  is  a s i m i l a r  d i a g r a m  (X)r f o r  r ,  l e f t  to the r e a d e r  to p r o v i d e .  

We m a k e  the fo l lowing  c o m m e n t s  about  the p ro o f ,  the  d e t a i l s  of wh ich  

a r e  l e f t  to the  r e a d e r .  G iven  (2~,~ . . . .  ) s a t i s f y i n g  (i) to  (x),  we def ine  a 

b i c a t e g o r y  S as  fo l lows:  

It  has  2~ as  se t  of o b j e c t s .  If A, Be  ~ S(A, B) has  as  o b j e c t s  the e l e -  
0 0 ) 

m e n t s  S of  ~ i  such  tha t  0 iS  = A, O S = B and  as  a r r o w s  the  e l e m e n t s  
O 

s of 2~ z such that O 8 s = B, OlOls = A; the domain and codomain of s 
O O 

are 8oS and 81s, the composition is (sl, sz) ~-.~sls 2 : the conditions 

(i) and (ii) state precisely that S_(A, B) is a category. For each triple 

(A, B,  C), c(A, B, C) is  g iven  on o b j e c t s  ( r e s p .  m ap s )  by  the  r e s t r i c t i o n s  

of )~.(0 (resp.)~!Z)) to OhS(A,B) • ObS(B,C) CZ~ • ~. (resp..). 
-- ~o ~ "" 

Then (m) and (iv) mean that the c(A, B, C)'s are bif~ctors. For each 
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A, B, C,D, 

~ ' 1 ~  E 1 ~  Z l  is  a(A,B,C,D) 
0 0 

e a c h  A, B the r e s t r i c t i o n  of  l 

a n a t u r a l  t r a n s f o r m a t i o n  I(A,  B) 

the restriction of a to ObS_(A, B) X ObS_(B, C) X ObS(C,D) C 

w h o s e  n a t u r a l i t y  fo l lows  f r o m  (v).  F o r  

to ObS(A,  B) C Z t is  a c c o r d i n g  to (vi)~ 

( s a m e  thinjg f o r  r).  The  c o h e r e n c e  

(A.C) is  e x p r e s s e d  by  (vii) ,  (I.C) by  (vi i) ,  and  f i n a l l y  (ix) and (x)~ s t a t e  

tha t  the  a ' s  and ~ 's  a r e  i s o m o r p h i s m s  wi th  i n v e r s e s  the  r e s t r i c t i o n s  of 

- - t ) .  
a and  (and  (x )  r g i v e s  r 

(1.4) Remarl~ The proposition (1.3.10) makes it possible to define a bi- 

category in terms of Eo, ~'I' ~'Z' the maps 8, it, a .... satisfying (i) to (x). 

Thi s  de f in i t ion ,  a l t hough  m u c h  l o n g e r  and l e s s  in tu i t ive  t h an  ( t . t )  has  the  

fo l lowing  a d v a n t a g e s :  

(i) It is  p u r e l y  " d i a g r a m m a t i c " ,  and can  be  s t a t e d  wi th  ~ .  o b j e c t s  of  
1 

a ny  c a t e g o r y  wi th  pu l lbacks ,  giving such  e x a m p l e s  as  t o p o l o g i c a l ,  o r  

o r d e r e d ,  b i c a t e g o r i e s .  (The  on ly  p lace  w h e r e  e l e m e n t s  w e r e  u s e d  was ,  

f o r  the  sake  of  b r e v i t y ,  in def in ing  T which  o b v i o u s l y  e x i s t s  in any  c a t e g o r y  

wi th  pu l lbacks .  ) 

(ii) E v e n  in the  c a s e  of  s e t s ,  it  shows  tha t  b i c a t e g o r i e s  a r e  " a l g e b r a i c "  , 

i. e. , de f ined  in t e r m s  of f in i te  i n v e r s e  l i m i t s ,  and  m a k e s  a v a i l a b l e  a l l  the  

g e n e r a l  t h e o r e m s  on a l g e b r a i c  s t r u c t u r e s  ( s ee  e . g .  (7.4. t )  below).  
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Z. E x a m p l e s  of b i c a t e g o r i e s  

The  fo l lowing  e x a m p l e s  a r e  d e s i g n e d  to f ix  the t e r m i n o l o g y  f o r  

f u r t h e r  r e f e r e n c e  and,  hope fu l ly ,  to p r o v i d e  the  r e a d e r  wi th  in tu i t ive  

s u p p o r t  and m o t i v a t i o n  f o r  the  f o r t h c o m i n g  n o n s e n s e :  

(2. t )  Z - C a t e g o r i e s :  A Z - c a t e g o r y  is d e f i n ed  in [B, 3] ( e x a m p l e  Z) 

by  da ta  i d e n t i c a l  to (i), ( i i) ,  ( i i i ) ,  and  (iv) of ( i .  i ) ,  such  tha t  the  d i a g r a m s  

of  f u n c t o r s  bounding the  Z - c e l l s  of (v) and (vi) a r e  c o m m u t a t i v e .  If we 

t a ke  a(A, B, C, D), L(A, B), r(A, B) to be the i d e n t i t y  n a t u r a l  i s o m o r p h i s m s ,  

the  a x i o m s  (A. C) and (I. C) a r e  o b v i o u s l y  s a t i s f i ed .  Thus ,  the Z - c a t e -  

g o r i e s  ( a l so  c a l l e d  H y p e r c a t e g o r i e s  in [E. K]) c an  be i d e n t i f i e d  wi th  the  

b i c a t e g o r i e s  w h e r e  c is  s t r i c t l y  a s s o c i a t i v e ,  wi th  IA'S as  s t r i c t  i d e n t i t i e s  

f o r  c ~ and a,~,  r a r e  i den t i t y  n a t u r a l  t r a n s f o r m a t i o n s .  We sha l l  s ee  

h o w e v e r  tha t  the  no t ion  of  m o r p h i s m s  of  b i c a t e g o r i e s ,  e v e n  when  r e s t r i c t e d  

to Z - c a t e g o r i e s ,  g ives  a w i d e r  and m o r e  i n t e r e s t i n g  c l a s s  t h an  the  

2 - f u n c t o r s  (cf.  (5.3)). 

In p a r t i c u l a r ,  we wi l l  deno te  by  Tac(4~) the Z - c a t e g o r y  wi th  o b j e c t s  

" a l l "  c a t e g o r i e s ,  Tac (A ,  B) be ing  the c a t e g o r y  of  a l l  f u n c t o r s  f r o m  B to A, 

and  if  S, S ' ,  S" ,  T,  T I and s, s ' ,  t a r e  f u n c t o r s  and n a t u r a l  t r a n s f o r m a t i o n s  

s a t i s f y i n g  the  i n c i d e n c e  r e l a t i o n s  r e p r e s e n t e d  in the " b i d i a g r a m "  

5 T 

S" T' 

(W) The  no t a t i on  Moh(A, B) f o r  H o m ( B , A ) ,  A, B o b j e c t s  of any  c a t e g o r y ,  
is  due to E p s t e i n .  See  (3.4. t )  f o r  the  " t r a n s p o s e "  Cat  j f  Tac .  
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then SeT is the composite functor ST , s'e s is the usual composite of 

natural transformations, and sot = (S'. t )o (s * T) -- (s * T')o(S . t) with 

the notatation of [G] (p. Z69). In this case we shall write s $ t instead 

of s o t .  

(Z. Z) M u l t i p l i c a t i v e  c a t e g o r i e s .  L e t  I~ = (A__, ~ ,  A,  e,  ~, 6) be  a 

category with multiplication (c. zn. ) as defined in [B. i]. Take S O to 

be a set having a single element, say 0, Define S(0,0) = A , 

c ( 0 , 0 , 0 )  = ~ )  , I o = A,  a ( 0 , 0 , 0 , 0 )  = O , L(0,0)  = ~ , r ( 0 , 0 )  = 6. T h e s e  

data satisfy (A. C) and (I. C) and thus define a bicategory S with one 

object. Conversely, every bicategory with one object "is" a c. rn.. 

More generally we have: 

Proposition (Z. Z. i). Let S be a blcategory and A an object of S, 

t h e n  c ( A , A , A )  =(~), I A = A, a ( A , A , A , A ) = 8 ,  J[(A,A) = ~, r ( A , A )  = 5 

d e t e r m i n e  on  the  c a t e g o r y  A_ = S(A, A) a m u l t i p l i c a t i v e  s t r u c t u r e  c a l l e d  

i n d u c e d  by  S .  
w 

The  p r o p o s i t i o n  fo l l ows  f r o m  the  g e n e r a l  c o h e r e n c e  t h e o r e m  of [B. 4]. 

See  a l s o  [M], and  c o m p a r e  w i th  the  " o n e - d i m e n s i o n a l "  c a s e :  a m o n o i d  " i s "  

a c a t e g o r y  wi th  one  o b j e c t ,  and  f o r  a n y  c a t e g o r y  C_ and o b j e c t  A of C, 

H e m  (A, A) i s  a monoid. 

Note  f u r t h e r m o r e  t ha t  i f  S is  a Z - c a t e g o r y ,  t h e n  S ( A , A )  is  a 

strictly associative c. m.. In particular, taking S = Tac, we get the 

multiplicative structure of the category of endofunctors of any category 

d e f i n e d  in [B. i] .  
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(Z. 3) A c t i o n s  of  M u l t i p l i c a t i v e  C a t e g o r i e s .  L e t  M be  a c . m .  

and X any category. A left action of M on X is defined by: 

(i) A f u n c t o r :  A X X  > X  ~ (A,X)A,~,--~A(~X, 

(ii) N a t u r a l  i s o m o r p h i s m s - .  

~:  ( A I ( ~ A z ) ( ~ X  ~" > A I ( ~ ( A z ( ~ X  ) and  ~I*. _A.(~X N > X, 

satisfying "obvious" c o h e r e n c e  conditions. 

Such a l e f t  a c t i o n  c a n  be i d e n t i f i e d  wi th  the  b i c a t e g o r y  S d e s c r i b e d  by: 

Ob(S) = {O,i) , S(O,O) = A , S(O,i) =X , S_(i,i) = i , --S(O'i) = �9 

c(O, O, O) =r , c(O, O, i) =~ .... The reader will provide the rest of 

t he  da ta .  

C o n v e r s e l y ,  if  S is  a n y  b i c a t e g o r y ,  and  A, B a r e  two o b j e c t s  of  S ,  

the c.m. S(A, A) inherits from S a canonical left action on S(A, B) 

givenby: S-T = S(~T , ~= a:(SI@Sz)@T "~ > Si@(Sz@T) , 11 =f , 

IA~T "~" >T. 

;or example, if _x is  any category and __M-- Tac(X,X) is the category 

of  e n d o f u n c t o r s  of  X ,  it  a c t s  on X b y  ( F , X ) ~ , - , F ( X ) .  Or  aga in :  If  X i s  

a n y  a b e l i a n  c a t e g o r y  wi th  a r b i t r a r y  c o l i m i t s  ( r e s p .  a n y  c a t e g o r y  wi th  

a r b i t r a r y  p r o d u c t s )  and M is  the  c . m .  of a b e l i a n  g r o u p s  ( r e s p .  Se t s  ~)  

w i th  (~  ( r e s p  X) as  m u l t i p l i c a t i o n ,  a c h o i c e  of  c o l i m i t s  ( r e s p .  p r o d u c t s )  

d e t e r m i n e s  a c a n o n i c a l  l e f t  a c t i o n  b y  

(resp. (a, X)~-- X a = a ,~[A X ). 

(A, X)~ A | X 
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Similarly, we can define a right action, or a biaction: M and A4 

i 

are c.m., M acts on the left on X, M on the right, and both actions 

" c o m m u t e "  u p  to  c o h e r e n t  i s o m o r p h i s m s :  

(A|174 "~ > A|174 

A l l  t h e s e  d a t a  a n d  a x i o m s  c a n  be  r e d u c e d  to:  

objects, say 0 and i, such that S(i,0)= O. 

a bicategory S with two 

(2.4). In [El, Epstein considers the following situations 

A,B,C ,NI,N,O, s denoted by {~: 

AXB >M : BXC >N ; M• > O ; AXN > O 

and a natural isomorphism a : (A{~ B)~) C "~ > A~(B{~C). This re- 

(Take then S_(0,1) = A , S_(i,Z) = B, S_(Z, 3) = C, _S(0, Z) = M, S(i,3) = N , 

s_(0, 3) = _o , e t c  . ) 

(2.5) Bimodules. A basic example, to be generalized and studied in 

Part II, is the bicategory Bim of bimodules defined as follows: The 

objects are the rings with identity. If A and B are rings, Bim(A, B) = A MB 

is the category of (A, B)-bimodu/es. If M EAM B and N e B_MC , 

MoN is the (A,G)-bimodule M%N. The ring A, as an (A,A)-bimodule 

i s  I A .  F i n a l l y ,  a , l ,  r a r e  the  u s u a l  i s o m o r p h i s m s  of  t he  t e n s o r .  

_S(i,j) = {) for i>j and S(i,i) = i. 

Catego rie s 

duces to: A bicategory S having four objects 0, i, 2, 3, such that 
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With th is  def in i t ion ,  an  " a r r o w "  b e t w e e n  two r ings  A and  B is an  

(A, B ) - b i m o d u l e ,  c o m p o s i t i o n  be ing  the t e n s o r .  Note tha t  the u s u a l  

a r r o w s ,  i . e .  , r ing  h o m o m o r p h i s m s  f :  B - - >  A d e t e r m i n e  (A, B)-  

b i m o d u l e s  Mf = A (v iewed  as  (A, B ) - b i m o d u l e  t h r o u g h  f) and that ,  is 

f': B ---> A, Mf and Mr, are isomorphic in AMB iff f = f'. Thus ring 

homomorphisms "are" arrows of Bim. Furthermore, if g: C--> B, 

we have obviously a canonical isomorphism MfQMg --> Mfg . 

Let C be any category with pullbacks ($). Choosing (2.6) Spans. 

for each diagram U - - > V  < - -  W 

U ~ r W  > W 
v 

U > V 

in C a pull  b a c k  d i a g r a m :  

we now def ine  "the" b i c a t e g o r y  Sp C of  spans  of  C ( a n o t h e r  c h o i c e  of  

p u l l b a c k s  would  give a b i c a t e g o r y  i s o m o r p h i c  in an  obv ious  s ense ) ,  The  

o b j e c t s  of  SpC a r e  the  o b j e c t s  of  C .  If  A and  B a r e  two o b j e c t s ,  the 

c a t e g o r y  S p C ( A , B )  has  as  o b j e c t s ,  i . e . ,  a r r o w s  of  S p C ,  al l  d i a g r a m s  

s: A < a X ~ > B in C. A map s in Sp(~A,B) from S to S': 

A < X' > B is a commutative diagram in C 

B , 

($) The no t ion  os span  was  i n t r o d u c e d  by  Yoneda  in [Y] f o r  the c a s e  

C = Cat  I l l  , the c a t e g o r y  of  c a t e g o r i e s .  
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C o m p o s i t i o n  in S p C ( A ,  B) is the  o b v i o u s  one .  

SpC_(A,B) X S p C ( B , C ) "  > S p C ( A , C )  ; 

a r e  d e f i n e d  by  p u l l b a c k .  E x p l i c i t e l y ,  if  T: B < 

~Pl 5Pz 
SoT is A< XXBY 

w h e r e  P i :  X XBY > X and p z : X  XBY 

The p a i r i n g s :  

(S, T) ~'--- -- SoT 

~/ y 5 > C ,  

> C ,  

> Y a r e  the  c a n o n i c a l  p r o -  

jections of the pullback. The identity arrow of A is. 

Id Id 
IA: A < A > A. Finally, a,L, r are given by the usual 

isomorphisms of associativity and identity of pullbacks. 

Note that if C has a final object, say I, and thus finite products, 

the multiplicative structure on C defined by the product, is isomorphic 

to Sp_C(I, i) with the induced structure. Dually, if _C has pushouts, 

define the bicategory Cosp C of Cospans in C_, isomorphic with Sp(C_*) 

(2. 7) Local properties of bicategories. Let P be a property of 

categories, a bicategory S is locally P if all the categories S(A,B) 

s a t i s f y  P. F o r  e x a m p l e ,  B i m  is  l o c a l l y  a b e l i a n .  

I f  in the  d a t a  of  S a l l  the  S ( A , B )  a r e  p a r t i a l l y  o r d e r e d  s e t s ,  

i d e n t i f i e d  to c a t e g o r i e s ,  the c o h e r e n c e  c o n d i t i o n s  a r e  a u t o m a t i c a l l y  s a t i s f i e d ,  

thus  S_ is  a b i c a t e g o r y ,  c a l l e d  l o c a l l y  o r d e r e d .  The  e x t r e m e  t y p e s  of  

p a r t i a l l y  o r d e r e d  s e t s  a r e  the  d i s c r e t e  (x_< y iff  x = y) and  the  a n t i -  

d i s c r e t e  ( fo r  a l l  x and f o r  a l l  y,  x<__ y). 

The  l o c a l l y  d i s c r e t e  b i c a t e g o r i e s ,  a r e  a l w a y s  Z - c a t e g o r i e s .  M o r e o v e r ,  

a l l  t h e i r  Z - c e l l s  a r e  d e g e n e r a t e ,  we  wi l l  t h e r e f o r e  c a l l  t h e m  l - d i m e n s i o n a l ,  

and  i d en t i f y  c a t e g o r i e s  C wi th  l - d i m e n s i o n a l  b i c a t e g o r i e s  (by i d e n t i f y i n g  
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the se t s  Hom C (A, B) wi th  d i s c r e t e  c a t e g o r i e s ) .  Thus  we vrill s p e a k  of  

m o r p h i s m s  of  a c a t e g o r y  C into a b i c a t e g o r y  S o r  of the e m p t y  b i -  

c a t e g o r y  O, and  the punc tua l  b i c a t e g o r y  i wi th  one  o b j e c t  �9 and 

'~(O,q)) = { 0 }  = 1 ,  e t c .  

The  l o c a l l y  a n t i d i s c r e t e  S ' s  c a n  be iden t i f i ed  with f a m i l i e s  of  s e t s  

S(A, B) equipped with  maps S(A, B) • S_(B, C) > S(A, C) and base points 

I A c S(A, A) s a t i s f y i n g  no a x i o m s ,  and thus  a r e  not  in g e n e r a l  Z - c a t e g o r i e s .  

The b i c a t e g o r  7 R of  r e l a t i o n s  p r o v i d e s  a good e x a m p l e  of l o c a l l y  

o r d e r e d  b i c a t e g o r y "  The  o b j e c t s  a r e  s e t s .  If  A and  B a r e  two s e t s  

..R(A, B) is  the p o w e r  se t  of  A • B, o r d e r e d  by  i nc lu s ion .  The  p a i r i n g s  c 

a r e  g iven  by  the c o m p o s i t i o n  of r e l a t i o n s  and the iden t i ty  of A is  the i m a g e  

A A of  A u n d e r  the d i a g o n a l  m a p  A: A- - ->  A X A. It i s  c l e a r l y  a 

Z - c a t e g o r y .  

Th i s  e x a m p l e  can  o b v i o u s l y  be ex t ended  by  r e p l a c i n g  the c a t e g o r y  of 

s e t s  by  an a b e l i a n  c a t e g o r y  A to get  the c a t e g o r y  of  add i t ive  r e l a t i o n s  

of  A ,  o r  by  a c a t e g o r y  with f ini te  l i m i t s  and s o m e  e x a c t n e s s  p r o p e r t i e s  

w h i c h  we w o n ' t  l i s t .  

(Z. 8) E x t e n s i o n s .  Le t  A be an  a b e l i a n  c a t e g o r y .  F o r  e a c h  i n t e g e r  

n, le t  E X t A ( A , B  ) be  the c a t e g o r y  wi th  o b j e c t s  the n - f o l d  e x t e n s i o n s  

S: 0 < A <---El<--... E ~--B <---0 
n 

and m a p s  the o r d i n a r y  m a p s  with endpoin t s  f ixed,  i . e . ,  the  c o m m u t a t i v e  

d iag  r a m  s: 
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s~$ " 0< A ~ ~ i <  " ' ' i  < / <  0 ~  n 

S' : 0<-----A < E~< ... E'n < B< 0 

n 

Define: (i) ExtA(A, B) to be the union of the categorie s EXtA(A, B): 

(ii) the composition pairings: 

Ext A (A, B) • E~A(B , C) > E~A(A , C) 

to be the Yoneda composition of exact sequences. 

Id 
(iii) F o r  each A in A,_ I A to be 0 < A < A < 

(iv) The a , l ,  r to be the identi ty na tura l  i somorph i sms .  

We obtain thus the b ica tegory  of extensions of A ,  wr i t t en  E_~ A . 

The same cons t ruc t ion  can be p e r f o r m e d  when A is a re la t ive  abelian 

ca tegory.  
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3. Dualitie s. 

For a category C there is only one kind of symmetric, namely the 

dual C ~ of C. For a bicategory S, there are three such, all having the 

same objects, arrows and Z-cells as S, described as follows: 

(3. i}. The  con juga t e  S_ c def ined  b y ,  

sC(A, B) = [S__(A, B)]* ; I~ = I A 

cC(A,B,C) = [c(A,B,C)]~: sC(A,B)X s__C(B,C) >sC(#,C) 

aC(A, B, C,D) = [a(A, B, C, D)] -i ; IC(A, B) = [I(A, B)] -i , 

rC(A, B) = [r(A, B)] -i 

(3. Z}. The t r a n s p o s e  Sf , de f ined  by: 

t 
St(A,B) =S(B,A) , I A = I A. 

ct(A, B, C) m a k e s  the fo l lowing  d i a g r a m  of f u n c t o r s  c o m m u t a t i v e :  

St(A, B) • Sf(B, C) 

II 
S(B, a) x S(C, B) 

ct(A, B, C} 

r~ 
canonical 

> s_t(A, c) : s_(c, A) 

I c(C, B, A) 

> s_(c, B) • s_(B, A) 

at(A, B, C, D)(S, T, U) : [a(D, C, B, A)(U, T, S)] -i 

It(A, B)(S) : r(B, A)(S) and rt(A, B)(S) : I(B, A)(S). 

(3. 3}. The s y m m e t r i c  S s , de f ined  by  S s = S__ ct 
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I f  w e  m a k e  t h e  c o n v e n t i o n  to  r e p r e s e n t  o b j e c t s  A ,  a r r o w s  S a n d  

Z - c e l l s  s b y  A t ,  s t , s t ( r e s p .  A c . . . .  ) w h e n  c o n s i d e r e d  a s  b e l o n g i n g  

to  S t ( r e s p .  S c - -  , . . .  ) t h e  u n p a l a t a b l e  f o r m u l a e  d e f i n i n g  t h e  d i f f e r e n t  

dualities have simple geometric pictures: The typical Z-cell of 

S J~-qV-----. 

_ At ~s /B _ , _ S : is represented in S c S. t a n d  S s r e s p e c t i v e l y  b y  

S 

S c S t S s 

~ t  - -  S 
N c s s 

T h e  d e f i n i t i o n s  o f  o c c c i c c c r e , , , a  ,~ , ( r e s p  . . . .  ) a r e  " f o r c e d "  b y t h e s e  

p i c t u r e s .  And the  equations SZ c = S? t = S ~s = s ,  and s_ ~t -- stC w h i c h  

can be directly checked, become "geometrically obvious. " 

3 . 4  E x a m p l e s .  

(3. 4. i ) .  I f  S i s  a Z - c a t e g o r y ,  so  a r e  --S c ,_S t a n d  --S s . I n  p a r t i c u l a r ,  

t h e  t r a n s p o s e  T a c  t o f  T a c  a s  d e f i n e d  i n  (Z. t )  w i l l  b e  d e n o t e d  C a t .  

(3.4. Z). If M = (A ,(~... ) is a c. m. , then I~4 c is the category A 

dual of A , equipped with "the same" multiplication as A , -- M t is the 

c a t e g o r y  A e q u i p p e d  w i t h  t h e  o p p o s i t e  m u l t i p l i c a t i o n  (A,  B ) ~ - ~  B ( ~ A ,  

a n d  M s i s  -- A* w i t h  t h e  o p p o s i t e  m u l t i p l i c a t i o n .  A l l  t h i s  o b v i o u s l y  e x t e n d s  

to  a c t i o n s  o f  c.  m .  o n  c a t e g o r i e s  (e.  g. , t r a n s p o s i t i o n  t r a n s f o r m s  r i g h t  

action into left action .o. ). 
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(3.4.3) .  If S is l o c a l l y  o r d e r e d  ( d i s c r e t e ,  a n t i d i s c r e t e )  so a r e  

s c , ~  t ,  and S s.  I n t h e  d i s c r e t e  c a s e ,  i . e . ,  when  S is  a c a t e g o r y ,  we 

have  f u r t h e r m o r e .  S c = S, S t = S s = S  ~ 

(B.4.4). C l e a r l y  e v e r y  s t a t e m e n t  about  b i c a t e g o r i e s  c o n t a i n s  r e a l l y  

f o u r  s t a t e m e n t s :  If  a p r o p o s i t i o n  P is t r u e  f o r  ~ , t hen  t h e r e  a r e  c o n -  

c t j uga t e ,  t r a n s p o s e  and s y m m e t r i c  p r o p o s i t i o n s  pC, p t  pS,  t r u e  fo r  S , S  , 

S s wh ich  we wi l l  on~_it m o s t  of  the t i m e .  
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4. M o r p h i s m s  of  b i c a t e g o r i e s  

(4. l). Def in i t i on :  L e t  S= (S o , c, I, a,t ,r) and "S_= (_S'o,F_ ,... ) be 

w 

two bicategories. A morphism �9 = (F,q) from S to S is d e t e r m i n e d  by 

the following: 

(i) A map F: S > S 
--O --O 

(ii) A f a m i l y  of  f u n c t o r s  

, A M----e- FA. 

F(A, B): S(A, B) > S(FA, FB) , S~*=~ FS , 

(iii) For each object A of S, an arrow of S(FA,FA) 

of _s) 
~A: TFA > F(IA) 

(i. e. a Z-cell 

( iv) A f a m i l y  of  n a t u r a l  t r a n s f o r m a t i o n s :  

q(A, B, C): ~(FA, FB, FC)o (F(A, B) X F(B, C)) --> F(A, C)oc(A, B, C). 

S(A, C) < 

F(A' C) I 

S~(FA, FC) < 

c(A, B, C), S(A,B) X~(B,C) 

~,(A, ]3, C) " ~ , ~  F(A, B) X F(B, C) 

E(FA, FB, FC) "~(FA, FB) X~_(FB, FC) 

If  (S, T) is  an  o b j e c t  of  S (A,  B) X S ( B , C )  the  (S, T ) - c o m p o n e n t  of  ~(A, B , C )  

F(SoT) < ~(A'B'C)(S'T) FSoFT (= FS~I. FT) (*) 

sha l l  u s u a l l y  be  a b b r e v i a t e d  into ~(S, T) o r  e v e n  ~. 

(~) As u s u a l  in a l g e b r a ,  c o r r e s p o n d i n g  o p e r a t i o n s  as  c and  ~ a r e  in the  

a b b r e v i a t e d  n o t a t i o n  deno t ed  b y  the  s a m e  s y m b o l ,  when  no c o n f u s i o n  is  

l i ke ly .  
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These data are required to satisfy the following coherence axioms: 

(M. l) If (S, T, U) is an object  of S(A, B) • S(B, C) • S_(C, D) the follow- 

ing d iagram,  where  indices A, B, C, D have been omit ted,  is commutat ive:  

FS�9  < E(FS, FT,  FU) (FSoFT)  oFU 

Id~o(T, U) I I ~o(S, T) oId 

FSo F(T c U) F(S,T) :o!FU , .- 

~0(S,T~ 1 I ~(S~ 

F(S ~ (T o U)) < ~'~ F((S o T) o U) 
F(a(S, T, U)) 

(M. Z) If S is an object of S(A, B) the following d iagrams  commute:  

F r Ff ~ s  ~ ~ .  - - -  F ( S o I  ) r (~Ao s)  ~., ~ F S  

FSoFI B FIAO FS< FS FSo IFB Ido ~B ~0Ao Id IFA ~ 

(4. Z) Remark:  The usual  devices of un ive r sa l  a lgebra  would have suggested 

the following "na tu ra l "  notion of maps between b ica tegor ies  S and S_: 

(i) A map F: S >S- A ~  FA 
- - O  - - 'O  ' 

(ii) A family of functors F(A, B): S.(A, B) >'S_(FA, FB), commuting 

with the composi t ions ;  that is, F(SoT) = F S o F T  and F ( so t )  = F ( s )oF( t ) ,  

with the identi t ies:  FI  A -- IFA , and with the a,L, r : 

F(a(S, T, U)) = a-~FS, FT,FU) , F(n(S)) =~(FS) and F(,r(S)) = ~(FS). 

Such a map, cal led s t r i c t  h o m o m o r p h i s m  can be, and will be, ident if ied with 
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the morphism �9 = (F, 9) defined by (i), (ii), and qA = Id: FI A = >-~FA ' 

~= 

a n d  q ( A , B , C ) ( S , T )  = Id: F S o F T  > F ( S e T ) .  We do no t  e v e n  r e q u i r e  

in  (4. i )  t h a t  F s h o u l d  c o m m u t e  up to  i s o m o r p h i s m s  w i t h  the  c o m p o s i t i o n s  

and  u n i t s ,  i . e .  , t h a t  t he  ~A a n d  ~(A, B , C ) ( S ,  T) s h o u l d  be  i s o m o r p h i s m s .  

If  t h i s  i s  s a t i s f i e d ,  we  s a y  t h a t  �9 = ( F , 9 )  i s  a h o m o m o r p h i s m .  If  o n l y  

the  qA a r e  i s o m o r p h i s m s ,  we  s a y  t h a t  r is  a u n i t a r y  m o r p h i s m ;  if  the  

qA a r e  i d e n t i t i e s  we s a y  t h a t  �9 is  a s t r i c t l y  u n i t a r y  m o r p h i s m .  

T h e  f a c t  t h a t  a l l  t he  d e s i r e d  r e s u l t s  h o l d  in  the  m o r e  g e n e r a l  c o n t e x t ,  

and ,  e v e n  m o r e ,  the  n u m e r o u s  m a t h e m a t i c a l  e x a m p l e s  w h e r e  we  h a v e  

m o r p h i s m s  w h i c h  a r e  no t  h o m o m o r p h i s m s ,  l e t  a l o n e  s t r i c t  o n e s ,  w i l l  be 

t he  e s s e n t i a l  j u s t i f i c a t i o n  o f  the  d e f i n i t i o n  (4. t ) .  (See  w 5) 

( 4 . 3 )  C o m p o s i t i o n  o f  m o r p h i s m s .  L e t  S = (S O , c . . . .  ), S~ = (--S'o ' ~  . . . .  ) 

and --~ = (~o,C_ ,...) be bicategories, @= (F,r --S >: and 

@" = (F-,:): ~ > ~  be morphisms: Construct the following 

(i) Amap G: oF:S o 

(ii) A family of functors G(A, B) 

S(A, B) F(A, ]3} >-S(FA,FB) 

( i i i )  F o r  e a c h  o b j e c t  

posite: 

IGA = I ~ - F A .  > 

(iv) 

by  components 

as  the  composite: 

~ ' ( F A ,  F B )  
> S-~ (FFA.~FB) = ~(GA, GB) 

A of  S__ an  a r r o w  ~b A in  S(GA, GA) a s  the  c o m -  

> ~ F I  A = GI A ~ 

A f a m i l y  of  n a t u r a l  t r a n s f o r m a t i o n s :  

~b(A, B, C): ~(GA, GB, GC)o (G(A, B) X G(B, C)) -> G(A, C)o c(A, B, C) 

d/(A, B, C)(S, T) for (S, T) objects of S_(A, B) X S(B, C) 
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making commutative the diagram: 

GSoGT ~(A, B, C)(S, T) > G(So T) 

I IJ 
gFS oF--FT ~(FS, FT) > F(FS~ FT) F(~(S, T)) > gF(S oT) 

(The  f ac t  tha t  the  ~(A, B, C)(S, T) a r e  n a t u r a l  fo l lows  f r o m  the 

Z - d i m e n s i o n a l  de f in i t i on  of ~b(A, B, C) as  the  c o m p o s i t e :  

Goc ~oF-c <~o~ Ko~o(F• XF) = = co (~XP) o(FXF) = ~o(OXO) 

w h e r e  aga in  i nd i ce s  A, B, C a r e  o m i t t e d .  ) 

(4. 5. i )  T h e o r e m .  With the  p r e v i o u s  no ta t i on  

(i) The  da ta  (G, G(A, B),  ~A' 6~(A, B, C)) def ine  a m o r p h i s m  (G, 4) = ~I, 

f r o m  S to S ,  c a l l e d  c o m p o s i t e  of  �9 and @ and w r i t t e n  @~ 

(ii)  With th i s  c o m p o s i t i o n ,  b i c a t e g o r i e s  and t h e i r  m o r p h i s m s  f o r m  a 

c a t e g o r  7, which  we wi l l  deno te  (*) B i c a t  [ i ] .  

P r o o f  o f  ( i ) .  To  s h o w  that  �9 s a t i s f i e s  (M.  t )  w e  m u s t  p r o v e  that  

the  e x t e r i o r  of the fo l lowing  d i a g r a m  is  c o m m u t a t i v e :  

(~) L a t e r  on we wi l l  def ine  a " t r i g r a p h "  hav ing  B ica t  [ i ]  as  o n e - d i m e n s i o n a l  

skele tQn.  
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(Where S,T,U are objects of S(A,B) , S(B,C) , Sm(C ,D) ) 

F--FSo (~FTo ~FU) < a(FFS,~FT,~FU) (FFSo~FT) o F--FU 

~ g F S  g(FToFU) o g(FS FT) FFU \ 

/ / ~ " q ( F S ,  FT FU) ~ ' ( F S . F I ~ F U ) /  ~ ~  

F'FSo(F-F(T U)) ~[D ~ F $ o ( F T o F U ~ _ ~ F - ( ( F S o F T ) o F U ) ( ~ )  (F-F(S.T))oF-FU 

~ S'1r ( T~ U ~ / ( i  clo 

~ 'F(FSo F(To U)) 

~(S, T~ U ) ~  F(r T" U)) 

FF(So (To U)) < 

F(~'(FS,FT,FU)) ~ o ~ /  / 
u)) o Id)'  (F(S  'Fy / 

"F(F(S oT)o FU) / 
(9 / .  

F- (~(So T),U) ( ~ / ~ ( S  o T, U) 

F-F((S. T) o U) 
F-F(a(S, T, U)) 

But the triangles i and i '  commute by definition of ~ and by the fact 

that c is a bifunctor ~ 3 and 3' commute b 7 definition of ~b: Z and Z' 

by naturalit 7 of ~ ; 4 is the axiom (M. i) for ~ applied on the object 

(FS, FT, FU) and 4' i s  the image b 7 the functor F(FA, FC) of the com- 

mutative diagram (M. i) for 9. 
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To prove (M. 2) we have to show that for  any objec t  S of S(A, B) 

the e x t e r i o r s  of the following two d i ag rams  commute :  

F'FS ~ "FF(S ~ 

u 

u 

~F(~)  , 

F'(Ido ~B ) 
~(FS,,~FB ) > F-(FSo. FIB) 

~(FSTFB)[ (D ~(FS~FIB~ | 

('FF S) o (~F B) 
Id o t~B 

~(s, i B) 

> (FFS) o ~ F I B )  

FFS 

g('fF A ~ FS) 

FF(f)  7F{IAo S) 

F(eA r Id) 
, P(FIAO FS) 

T 

(] 

(~':FA) o (I~'F S) 

.SFA) o(~FS) 

~(i A, s) 

d~AO Id > (~'FIA)o (FFS) 
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Now in the f i r s t  d iagram,  the region i is the image by F" of the 

d i ag ram (M. 2) for  r and -~, the region i '  is (M. 2) for  "~ and 

applied on the objec t  FS, then 2 c o m m u t e s  by na tura l i ty  of tp, 3 by 

definition of r IB) and 3' by definition of ~B and the fact that c 

is a bifunctor. The commutativity of the second diagram can be proved 

s imi la r ly ,  o r  be t t e r ,  fol lows by t r anspos i t i on  (cf. (3.4.  4)) f r o m  the 

commuta t iv i ty  of the f i rs t .  

P roo f  of (if). Let  $ = ( F ,~ ) :  -S- > S be a th i rd  morph i sm.  

Denote by ~ = (G,~-) the composite �9 �9 , by A = (L,k) the composite 

( @ @) @ and by  ( L ' , k ' )  = A' the compos i t e  ~ ( ~ ' r  The equat ions 

L=L' 

By definition of composition k A = k' 
A 

of the exterior of the diagram: 

= ~FFA i 
F ~ -  < I ~ F  A �9 F F A ~ I ~  [ 

J 
F F F I  A < i~PIF A 

and L(A,B)= L'(A,B) for A,B objects of--S O are obvious. 

is equivalent to the commutativity 

but i c o m m u t e s  by definit ion of qJFA ' and Z is the image by F of the 

commuta t ive  d i ag ram defining t~A. 

S imi la r ly ,  for  S, T ob jec t s  of S(A, ]B), S(B, C), k(S, T) = k'(S, T) 

is equivalent  to the commuta t iv i t  7 of the e x t e r i o r  of : 
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-- ~ ~  ~) i ~(FS'FT) ~( ~ (S, T)) 

F FF(S-T) ~-- F F(FSoFT) 
F F(~(S, T)) 

which fo l lows  again f r o m  the def in i t ions  of -~(FS, FT)  and ~(S, T). Thus  

c o m p o s i t i o n  of  m o r p h i s m s  is a s s o c i a t i v e .  F i n a l l y ,  the data: 

Id- S O >~'o ' Id(A,B) = Id: S(A,B) > S(A,B) , i A = Id(IA) and 

i(A, B, C) = Id(c(A, B, C)) obv ious ly  def ine  a m o r p h i s m  Id S : S > S which  
D 

is an iden t i ty  fo r  the c o m p o s i t i o n  

(4. 3. Z) P r o p o s i t i o n .  If �9 and ~- a r e  u n i t a r y ,  o r  s t r i c t l y  u n i t a r y ,  

o r  h o m o m o r p h i s m s  o r  s t r i c t  h o m o m o r p h i s m s ,  so is t h e i r  c o m p o s i t e  ~'@, 

S t ra igh t fo  rwa  rd.  

We sha l l  denote  the r e s p e c t i v e  s u b c a t e g o r i e s  of B ica t  [ i ]  

S ~  [ i ] ,  H - B i c a t  [ i]  and  S o H - B i c a t  [ i ] .  

by  U - B i c a t  [ i ] ,  

(4. B. B) R e m a r k :  One can  def ine ,  as  in ( i .  B), m o r p h i s m s  of b i c a t e g o r i e s  

in a g lobal  d i a g r a m m a t i c  w a y .  Th i s  is  le f t  to the  r e a d e r .  
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5. E x a m p l e s  

(5 .1 )  F u n c t o r s .  L e t  C and ~ be c a t e g o r i e s  and  F :  CC >~__ be  

a f u n c t o r .  Ca l l  DC and  DC the  l o c a l l y  d i s c r e t e  b i c a t e g o r i e s  

m 

a s s o c i a t e d  wi th  C and C.  T h e n  F o b v i o u s l y  d e t e r m i n e s  a m o r p h i s m  

DF:  DC_ > D ~  . C o n v e r s e l y  e v e r y  m o r p h i s m  f r o m  DC to D ~  

c o m e s  f r o m  a unique  such  F ,  and o b v i o u s l y  we ge t  a ful l  and  fa i th fu l  

f u n c t o r ,  c a l l e d  d e g e n e r a c y  

D: C at [ 
I ] > B i c a t  [ t ] .  

M o r e o v e r ,  DF i s  a l w a y s  a s t r i c t  h o m o m o r p h i s m ,  and  m o r e  gene ra l17 ,  

if S iS any bicategory and C a category, any morphism ~: S > DC 

i s  a s t r i c t  h o m o m o r p h i s m .  D_C i s  c a l l e d  d e g e n e r a t e  of  C .  

(5. Z) M u l t i p l i c a t i v e  C a t e g o r i e s .  L e t  M and  H be  c . m .  and  

�9 = ( F , e , •  a m o r p h i s m f ~ o m  M to ~ as defined in [B. t] .  Can 

S = I M  and S = I I~ the  b i c a t e g o r i e s  wi th  a s i ng l e  o b j e c t  a s s o c i a t e d  wi th  

M and  M in  (Z. Z) and,  wi th  the  s a m e  n o t a t i o n s ,  define~ a m a p  

~: --oS >S O , 0 ~ 0  ," a functor F(0,0) =F, a map ~% = k anda 

natural transformation r 0,0) - ~. Then (F, ~) is a morphism 

I~: IM >IM . If ~: M > M is another morphismofc.m., and 

~-~ is the composite (in the sense of [B.I]) we have I(~)= (I~)(I~); and 

thus a functor" 

I :  Mult [I] > Bicat [I]. 
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It is  c l e a r  tha t  I is full  and fa i thful ,  and tha t  �9 is a h o m o m o r p h i s m  

o r  a s t r i c t  h o m o m o r p h i s m  of c . m .  iff I@ has  the s a m e  p r o p e r t y  in 

B i c a t  [ i ] .  (Th i s  full  and fa i thful  e m b e d d i n g  o b v i o u s l y  ex tends  to a c t i o n s  

of  c . m .  on c a t e g o r i e s  o r  to the s i tua t ion  c o n s i d e r e d  by E p s t e i n .  cf  (2 .4) ) .  

If @*= (F*,~  , k*) is a c o m o r p h i s m o f c . m ,  i t c a n b e ,  a c c o r d i n g  to [ B . i ] ,  

i den t i f i ed  wi th  a m o r p h i s m  of  the dua l s  M $ and M , t h e s e  in t u r n  can  
m 

be iden t i f i ed  wi th  the c o n j u g a t e s  (I_~ c and  ( I i~)c  by (3 .4 .  2). Thus  the 

no t ion  of  c o m o r p h i s m  is r e d u c e d ,  v i a  a su i t ab le  dua l i ty  to tha t  of  

m o r p h i s m .  

(5. Z. i) Remark: One should note that this identification is contra- 

variant: the comorphisms from M to M and the morphisms from M ~ 

to M* can  both  be m a d e ,  in a n a t u r a l  way,  the o b j e c t s  of c a t e g o r i e s :  

Comor(_A4, M)  and Mor(1V[ ~, M ) dual  to each  o t h e r .  Us ing  the dua l i t i e s  

of  w one cou ld  def ine  e i g h t ( ' '  ' )  d i f f e r e n t  v a r i a n c e s  of  m o r p h i s m s  b e -  

t w e e n  b i c a t e g o r i e s .  The on ly  w a y  to avo id  a c u m b e r s o m e  t e r m i n o l o g y  is 

to consider always morphisms, and specify in each case the suitable dual 

c a t e g o r i e s  fo r  the  d o m a i n  and r a n g e .  

(5.3) Z-Functors. 

a 2-functor as defined in [B. 3]. Calling JA and ff~_ 

associative bicategories associated with A and A , 

a morphism JF: JA > JA , and we get a functor- 

J: 2-Cat Ill > Bicat Ill 

u 

Le t  A and  A be 2 - c a t e g o r i e s  and F: A > A 

the s t r i c t l y  

F d e t e r m i n e s  o b v i o u s l y  

wh ich  is fa i thfu l  but no l o n g e r  ful l .  E x p l i c i t e l y  the m o r p h i s m s  f r o m  JA 

to f f~  which are of form ffF are exactly the strict homomorphisms. 
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In the r e s t  of the p a p e r  we sha l l  u s u a l l y  iden t i fy  c a t e g o r i e s ,  c . m .  ' s  

and Z - c a t e g o r i e s  wi th  b i c a t e g o r i e s  v i a  the f u n c t o r s  D, I, and J .  All  

t h e s e  e x a m p l e s  have  no th ing  s u r p r i s i n g  s ince  the def in i t ion  of b i c a t e g o r i e s  

was  c l e a r l y  d e v i s e d  to c o n t a i n  t h e m .  The fo l lowing  ones  a r e  of a c o r n -  

p l e t e l y  d i f f e r e n t  n a t u r e .  

(5 .4 )  Monads .  Le t  S be a b i c a t e g o r y .  

( 5 . 4 . 1 )  Def in i t ion .  A m o n a d  in S (o r  S - m o n a d )  is a m o r p h i s m  

f r o m  ~ to S . An S - c o m o n a d  is an SC-monad .  
8 

I n t e r p r e t i n g  (4. i ) ,  a m o n a d  ~= ( F , r  t > S is d e t e r m i n e d  by: 

(i) One ob jec t  F(O) = X of S ~ �9 is c a l l e d  an S - m o n a d  on X o r  o v e r  X. 

(ii) One f u n c t o r  F(O,  O): t > S (X ,X) ,  i . e . ,  an  o b j e c t  T of  S ( X , X ) .  

(iii) One a r r o w  r  = ~ : IX > T in S ( X , X ) ,  

(iv) One n a t u r a l  t r a n s f o r m a t i o n  r O, O) i den t i f i ed  wi th  i ts  unique c o r n -  

ponen t  r  = ~ * T o T  > T in S (X ,X) .  

The a x i o m  (M. 1) is equ iva len t  to the c o m m u t a t i v i t y  of- 

T o ( T o T )  < a ( T , T , T )  ( T o T ) o  T 

T o T  T o T  

T < F ( I d ~ =  Id T 
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A n d  (M. 2) to  t h e  c o m m u t a t i v i t  7 of  t h e  d i a g r a m s :  

Id Id 
T: ~ T T-= ~ T 

> T o T  Ixo T = > T~T T~ To~ ~oT 

B y  s u i t a b l y  c h o s i n g  S w e  w i l l  h a v e  m a n y  e x a m p l e s :  

( 5 . 4 .  {) M o n o i d s :  T a k e  S =  M =  ( A , ( ~  . . . .  ) to  b e  a c . m .  ; a s  a b i c a t e -  

g o r y  i t  h a s  a u n i q u e  o b j e c t ,  s a y  0, t h u s  X i s  d e t e r m i n e d .  A n  M - m o n a d  

w i l l  t h e r e f o r e  be  d e f i n e d  by :  a n  o b j e c t  T o f  A ,  two  a r r o w s  

: T ( ~ T  > T a n d  9 :  A > T.  T h e  c o m m u t a t i v i t y  of  t h e  p r e v i o u s  

d i a g r a m s  i s  e x a c t l y  t h e  r e q u i r e m e n t  t h a t  ( T ,  ~, ~]) s h o u l d  be  a m o n o i d  

in  _M, i n  t h e  s e n s e  o f  [G].  (~) D u a l l y ,  t h e  _ M - c o m o n a d s  a r e  t h e  c o -  

m o n o i d s  in  _M. In  p a r t i c u l a r ,  f o r  M =  ( S e t s ,  • . . . .  ) w e  h a v e  t h e  o r d i n a r y  

m o n o i d s ,  f o r  M = . . . .  ) w h e r e  A i s  a c a t e g o r y  w i r e  f i n i t e  p r o d u c t s ,  

w e  h a v e  t h e  m o n o i d - l i k e  o b j e c t s  o f  [E .  H] ,  f o r  f u r t h e r  e x a m p l e s  s e e  lB .  Z]. 

(5.4. Z) Standard constructions: Take S = Cat, then X is a category, 

T: X > X a functor, ~ : ld X > T and ~: TT > T natural trans- 

formations, a,f, r are identities and the commutative diagrams express 

Godement's axioms for a standard construction, also called triple in [E. M]. 

By c o n j u g a t i o n ,  C a t - c o m o n a d s  a r e  i d e n t i f i e d  w i t h  c a t e g o r i e s  equipped w i t h  

a c o - c o n s t r u c t i o n  o r  c o t r i p l e .  W e  w i l l  u s u a l l y  a b b r e v i a t e  C a t - m o n a d s  a n d  

C a t - c o m o n a d s ,  to  m o n a d s  a n d  c o m o n a d s .  

(~)  O u r  c h o i c e  o f  " m o n a d "  c o m e s  f r o m  t h i s  e x a m p l e  a n d  t h e  d e f i n i t i o n  (5.  5). 
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(5 .4 .  3) C a t e g o r i e s  ins ide  a c a t e g o r y :  Le t  C be any  c a t e g o r y  wi th  pu l l -  

backs SpC the bicategory of spans of C, of (2.6). We define a 

category inside C to be a monad of SpC. 

Explicitly, such a category is defined by: 

(i) An object 

(ii) A diagram 

A of C, written X and called object of objects 
O 

d I d o 
T: X < X i > X ; X t is the o b j e c t  of  

0 0 

a r r o w s ,  d and d I a r e  ca l l ed  d o m a i n  and c o d o m a i n  m a p s  
0 

(iii) A commutative d i a g r a m :  

y! xo 
1 

is  thus  d e t e r m i n e d  by i wh ich  is c a l l e d  d e g e n e r a c y  o r  ident i ty .  

(iv) A commutative d i a g r a m  

ix: 

d ~ /.Xj n X Xi." ~ 

,>/ I ~ 
X o_ / r - . .  X 

1 

; Po'  Pl de f ined  by  the pul lback:  

X I H  X X 1- >/  
X 1 / X  1 

X 
O 

is determined by the previous maps and by c which is called 

multiplication or composition. 
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The maps (d o, d i, i, c) are required to make commutative three diagrams 

expressing the associativit y of c and the fact that i is "an identity", 

w h i c h  a r e  l e f t  to  t h e  r e a d e r .  

T a k i n g  C = S e t s ,  we  g e t  t h e  c a t e g o r i e s ,  C = C a t  I l l  we get the double 

categories of Ehresmarm [Eh] , C = Top = category of topological spaces 

we get the topological categories, etc .... 

D u a l l y  i f  _C h a s  p u s h o u t s ,  a c o c a t e g o r y  i n s i d e  C i s  a c o m o n a d  o f  

Cosp C . Explicitly, it is defined by two objects of G, X ~ and X i 

w i t h  m a p s  i n  C :  

~O 
X = X ~ >X XI ~/ >Xi "-~L'~i x I 
o a i ~ I o o 

t o g e t h e r  

satisfying "well-known" axioms, which can best be visualized by looking, 

inside Cat [i], at the fundamental cocategory described as follows: 

X = I , X i = ~  : O > i ~ , a  o , a  i a r e  t h e  o n l y  p o s s i b l e  d i s t i n c t  f u n c t o r s .  
O 

Then X I X ~-x I is $ ,i.e. O--> I---> Z and N is the functor sending the 
O 

non degenerate arrow of 2 on O--> 2 in ~ . 

(5.  4 . 4 )  O r d e r e d  s e t s :  I f  S i s  a l o c a l l y  o r d e r e d  b i c a t e g o r y ,  in  a n y  o f  t h e  

c a t e g o r i e s  S ( A ,  B) a l l  d i a g r a m s  c o m m u t e ;  t h u s  a m o n a d  i n  S i s  d e t e r m i n e d  

byanobject A of S, an object T of S(A,A) such that I A_< T and 

ToT < T with no further conditions. In particular, in the bicategory _R 

o f  r e l a t i o n s ,  A i s  a s e t ,  T a s u b s e t  of  A • A s u c h  t h a t  A A C  T 

To T C T.  T h u s  t h e  m o n a d s  o f  R a r e  t h e  p a r t i a l l y  o r d e r e d  s e t s .  

a n d  
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Note  that  al l  the e x a m p l e s  of  (5 .4 )  would  have  been  r e d u c e d  to 

o b j e c t s  of the d i f f e r en t  b i c a t e g o r i e s  S involved,  had we conf ined  o u r -  

s e l v e s  to s t r i c t  h o m o m o r p h i s m s ,  s ince  the d o m a i n  was  t .  

.(5. 5) P o l y a d s .  We now c o n s i d e r  m o r p h i s m s  wi th  d o m a i n  s l i gh t ly  

m o r e  g e n e r a l ,  n a m e l y  a l o c a l l y  punc tua l  b i c a t e g o r y ,  tha t  is a c c o r d i n g  to 

(2 .7)  a b i c a t e g o r y  S such  that  S(A, B) = ~ fo r  al l  o b j e c t s  A, B. Such a 

b i c a t e g o r y  is c l e a r l y  d e t e r m i n e d  by  the set  ObS of i ts  ob jec t s .  

(5. 5. l) Def ini t ion.  Le t  -S_ be a b i c a t e g o r y .  A po lyad  in ~ ( o r - S - p o l y a d )  

is  a m o r p h i s m  of b i c a t e g o r i e s  �9 = (F ,  r S >-S_ w h e r e  --S is l o c a l l y  

punctual .  The se t  O b S  is  c a l l ed  set  of o b j e c t s  o r  i nd i ces  of  the polyad.  

(The m o n a d s  a r e  o b t a i n e d  when  ObS = ~ ,  hence  the n a m e  of polyad.  ) 
m 

We wil l  give t h r e e  e x a m p l e s .  By su i t ab ly  c h o o s i n g  S in the l i s t  of  
g 

e x a m p l e s  of  w the r e a d e r  c an  c o n s t r u c t  m a n y  m o r e .  

(5. 5. 2) Re la t ive  c a t e s o r i e s :  Le t  M = (A,  (~, A . . . .  ) be a m u l t i p l i c a t i v e  

c a t e g o r y .  Le t  us r e c a l l  o u r  def in i t ion  [B. 3] of an M - c a t e g o r y  C .  It is 

g iven  by 

(l) 

(z) 

(3) 

A set  Ob(C)  whose  e l e m e n t s  X ,Y  . . . .  a r e  ca l l ed  o b j e c t s  of  C .  

F o r  e a c h  X , Y  in O b ( C )  an  o b j e c t  C ( X , Y )  of  A .  

F o r  e a c h  X , Y , Z  in O b ( C )  a m a p o f  A ,  c(X, Y , Z )  a b b r e v i a t e d  in c,  

c = c ( X , Y , Z ) :  C ( X , Y ) ~ ) C ( Y , Z )  >C(X,Z) 

(4) F o r  each  X e O b C ,  a m a p  of A,  ic (X ) a b b r e v i a t e d  in i(X) o r  i, 

i -- i(x): A > _c(x, x) 
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suc h  tha t ,  f o r  al l  X, Y, Z, T in Ob(C)  the fo l lowing  d i a g r a m s  c o m m u t e :  

(C(X, Y)~ C(Y, Z)){~C(Z ,  T) c ( ~ I d  "> C(X, Z)~ C(Z, T) 

Ida) c --P C(X, Y) ~ (C(Y, Z) ~ C ( Z ,  T)) . . . .  > C(X, Y)(~C( Y, T) 

C(X, X) ~)C(X,  Y) __C(X, Y)~C(Y, Y) 

/ 
A ~ C ( X ,  Y) ~ > C(X, Y) C(X, Y ) ~ A  "~ > C(X,  Y) 

y - -  - -  5 

F o r  e x a m p l e s  we r e f e r  to [B. 3]. 

Now if  C is  such  an M - c a t e g o r y ,  t ake  S to be the l o c a l l y  punc tua l  

b i c a t e g o r y  having  Ob(C)  as se t  of  o b j e c t s ,  and S" = IM to be the  b i -  

c a t e g o r y  wi th  one o b j e c t  �9 (cf  (5. Z)), and def ine :  

(i) A map F-~. ~ >S- as the  unique map O h ( C )  > 1 
~0 

(ii) runctors F(X,Y): S~X,Y) = I > S'(FX, FY)= ~A by 

r ( x ,  Y)(�9 = _c(x, v). 

( i i i)  A r r o w s  ~X: T r x  = h - - >  F(IX) = F(X,X)(~))  = G ( X , X )  , by  cp x = L x . 

( iv) N a t u r a l  t r a n s f o r m a t i o n s  ~(X, Y, Z) i den t i f i ed  to t h e i r  unique  co rn -  

ponen t  q (X ,Y ,  Z)(�9 �9 by  

~(X, Y, Z) = c(X, Y, Z): F(X,Y)(~)) ~F(Y,Z)(�9 = ~(X, Y)@C(Y, Z)--> ~(X, Z) 

= r ( x ,  z)(~)). 
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One easily verifies that the commutativity of the previous diagrams is 

then equivalent to (Mo i) and (M. Z). Thus (F, q) is a morphism 

| : 

Conversely, given a polyad @: S > S where S has a single 

object O, one defines a category C(@) relative to the c.m. S_(~), �9 

having Ob(S) as set of objects, in an obvious manner. 

(5.5.3) Proposition. The assignments C~ ~- ~{~(C) and 

~" ~ _.C(~) establish a bijection between categories relative to multi- 

plicative categories and morphisms of bicategories with domain locally 

punctual and codomain having a single object. 

(5.5.4) Coherent families of isomorphisms. Frequently looking for 

objects X of a category C having some properties (e. g. universal pro- 

perties, or objects obtained by iteration of a tensor product associative 

up to isomorphisms) one finds a whole family of such X., indexed by a 
i 

set I, equipped with "canonical" isomorphisms q..z X. < X. , such 
lj i j 

that qii = Id , qijqjk = qik " Such families can be obviously identified with 

C-polyads indexed by I (where 

bicategory DC). 

(5.5.5) Polyspans. 

bicategor 7 of spans of C. 

determined by: 

_.C is  as  u s u a l  i d e n t i f i e d  w i t h  the  d e g e n e r a t e  

Let _C be a category with pullbacks, 

A polyad in SpC, indexed by a set 

SpC the 

I, is 
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(i) A map  F :  I - - >  O b S p G  = ObG , w r i t t e n  i ~ - , - X . .  

(ii) F o r  each  p a i r  ( i , j ) ,  a f u nc to r  F ( i , j ) :  t > S p J ( X i ,  X j ) ,  

i den t i f i ed  wi th  an o b j e c t  Sij of  Sp_C(X i, Xj),  tha t  is a d i a g r a m  in C :  

S.. : X. < gij X. .  gij > X . .  
13 1 13 3 

{iii) F o r  each  i { I, an a r r o w  ~i" IX. > S..  
1 1  

1 

a c o m m u t a t i v e  d i a g r a m  in IZ; : 

in Sp(Xi, Xi),  tha t  i s  

-i-..._ 
gil  \ ~ /  gi i  

ii  

(iv) F o r  e a c h  (i, j ,  k) a n a tu r a l  t r a n s f o r m a t i o n  r j, k) d e t e r m i n e d  by  

i ts  un ique  c o m p o n e n t  ~(i, j ,  k)({), {)): 8ijo Sjk > Sik , tha t  i s  a c c o r d i n g  

to (2 .6)  a c o m m u t a t i v e  d i a g r a m  in C~ w h e r e  p and p a r e  the p r o j e c t i o n s  

of the pu l lback :  

X.< 
1 

-x T [ x  

"i' ,k..Q 
_ -> X k gik Xik gik 

Note  that  al l  t h e s e  da ta  a r e  d e t e r m i n e d  by the m a p s  gi, g i j ,~i  j,  g i jk"  The 

cond i t ions  (M. l)  and (M. 7.) a r e  e x p r e s s e d ,  in t e r m s  of t h e s e  m a p s ,  by  the 

c o m m u t a t i v i t  7 of the t h r e e  d i a g r a m s  be low,  where  the  no ta t ion  X. ."  IJ Xjk  
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T-[  T-r  
stands for Xij IXI: Xjk , X.. olJ X.j for Xij IXI.. Xj , and a , l , r  

J J 
i somorphisms  of associat ivi ty  and identity of pullbacks. 

a r e  t h e  

gijk 

And: 

X . .  0 X 
tJ 3 

11 

i ,a X .o  > (xjko Xk~ ) (Xij Xjk) OXk~ ~ ~J 

~ Iclk. l 1 Idl j~ 

Xiko xk~ xijo xj~ 

gikI [ idiI ~ gijl 

Xil  > Xil  

Id..o lj gjj gii ~ Idi~ 
> X..o X.. X. o X.. > X..o X.. 

iJ JJ 11 13 

gijj Id.. Id.. 
, 1~ X X . ,  < l ~  X 

1j ij 

1 1J 

1j 

giij 

That is, neglecting the a,s r which is always possible according 

to Theorem (B. 4), the polyspans of C satisfy the cocycle conditions: 

(P. I) gik! (gijk ~ Idk! ) = gijf (Idij~ gjks ) 

(P. Z) gijj(Idijo gjj) = Id , giij(gii �9 Idij ) = Id. 

The significance of these equations in descent theory and non-abelian 

cohomology shall be examined elsewhere. 

(5. 6) Pseudo-functors. In [Gr], Grothendieck defines a pseudo- 
@ 

functor E > Cat, where E is a category, as: 
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(a) A map S~p-~F S from ObE to Cat. 

(b) For each f: T-->S in E, a functor f*: ~S---->FT. 

(c) For each pair (f, g) of maps of E such that fg is defined, a natural 

g ' f *  t r a n s f o r m a t i o n  Cf, g: > (fg)*. 

(d) F o r  each objec t  S of --E, a na tu r a l  t r a n s f o r m a t i o n  ~S: (Ids) - ->  1 % S .  

These data are required to satisfy: 

(A)  fcf'idT : 
lCid (6) f'(aS(~)) 
t S,f 

(B) Cf, gh(~)OCg,h(f (6)) = Cfg,h(~)~ (Cf, g(~)) 

for  any maps  f: T > S , g: U - - >  T , h : V - - >  U i n  E ,  and objec t  

of IS" 

He also considers the following special cases: 

(i) For all S, (ids) = i%s and the ~S are identities. 

to: 

(A) reduces 

(A') c = idf, c = " 
f, id T , ids, f xdf, 

which he calls normalized. 

(if) All the cf, g are isomorphisms (this corresponds to fibered categories). 

(iii) F o r  a l l f ,  g , (fg)* * * = g f  and Cfg = Id (this corresponds to split- 

fibrations, or functors E ---> Cat). 

Define, given such a pseudo-functor P= (F__ *, c, ~), the following: 

(I) A map F: ObDE = ObE.- > Obeat, by FS=.~S. (Where DE 

degene ra t e  b i c a t e g o r y  def ined by E . ) 

is  the 
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(Z) If f is an object of the discrete category DE*(T,S) , F(T,S)(f) = f*. 

(3) q(U, T, S) to be the natural transformation having as components the 

natural transformations q(U, T, S)(g,f) -- cf, g . 

(4) Arrows qS in Cat F~S,FS) to be the natural transformation ~S" 

(5. 6. i) Theorem: With the previous notations: 

(a) (F. F(S, T),qS,q(U, T, S)) define a morphism ~(_P): DE__ --> Cat. 

(b) The correspondence _P-~--~@(P) is a bijection between pseudo- 

functors and morphisms of bicategories with domain a category and co- 

domain Cat. 

(c) Under this correspondence the pseudo-functors satisfying (i), (ii), 

and (iii) become respectively the strictly unitary morphisms, the homo- 

morphisms and the strict homomorphisms. 

The proof is a straightforward and tedious verification that the re- 

quirements (A) and (B) for pseudo-functors, are equivalent in this case 

to (M. Z) and (M. i) of (4. ii) respectively, and then (c) is a rephrasing of 

the definitions. 

In Part If, the construction of [Gr] assigning to each morphism, i. e. , 

pseudo-(unctor, E > Cat a category F equipped with a functor 

p: F-->_E together with a cleavage of p, shall be extended by replacing 

Cat by the bigger bicategory Prof of profunctors. Then all the 

properties of categories over a categor 7 E -- fibrations, cofibrations, 

cleavages, splittings .... -- will have simple interpretations in terms 

of morphisms ._E ---> Prof. We will also extend the construction to the 

case where the domain is any bicategory, not necessarily one-dimensional. 
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(5. 7) Bimodules and Rings. Let Ring be the category of rings 

with identity, Bim the bicategory defined in (Z. 6). With the same 

n o t a t i o n s ,  def ine :  

(i) A m a p  F = I d :  Oh(Ring) - ->  Ob(Bim).  

(ii) Functors F(A,B): Ring(A,B)--->Bim(A,B)= AMB , f~-~Mf. 

(iii) For each A, a map of bimodules ~A = Id: A ---> A. 

(iv) Natural transformations ~(A, B, C) by their components: 

g): MfOMg ~> Mfg . 

Then (F,~): Ring---> Bim is a homomorphism, strictly unitary. (Here , 

of  c o u r s e ,  Ring has  b e e n  i den t i f i ed  wi th  t h e  d e g e n e r a t e  b i c a t e g o r y  

D Ring . ) M o r e o v e r ,  the c o r r e s p o n d e n c e  A ~ - - ~  A, f~M,---~ Mf e m b e d s  

the  c a t e g o r y  of  r i ngs  in the  b i c a t e g o r y  of  b i m o d u l e s .  

(5. 8) F u n c t o r i a l i t y  of  spans and c o s p a n s .  Let C and ~ be an y  

c a t e g o r i e s  wi th  pushou t s  and F: C - - ~  C be  a func to r .  C h o o s e  pushou t s  

in C and  C , and define: 
p 

(i) A map F: Ob(CospC) = Ob(C) --> Ob(CospC) = Ob(~) , X~-~FX. 

( i i )  ; nctors F(A,B):CospC(A,B) >Cosp_W(;A,;B) 

(S: A ff >X< @ B~---@ (FS:FA Fff >FX< F~ 

(iii) For each A e ObC an a r r o w  CA : Id: TFA------> FIA of 

(iv) If S: A---> X< B and T: B > Y < C,a map 

~(A,B,C)(S,T): FSeFT >F(SoT) in Cosp~(FA,FC) t o b e t h e  

diagram: 

FB). 

CospC(FA, FA) 
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FX J_i FY 

FX iB ~ )  

where  j(FX), j(FY), j(X), j(Y) a re  the canonical  maps in the pushouts 

and ? is the unique map making the d i ag ram commuta t ive  ( there  is 

always one such). 

(5.8. i) Proposition. With the previous notations: 

(i) (~,~) determine a strictly unitary morphism Cosp~" CospC > Cosp_~. 

(ii) CospF is a homomorphism iff F commutes with pushouts. 

(iii) CospF is a strict homomorphism iff F commutes with the chosen 

pushouts. 

(iv) If F: C > C is another functor, choosing pushouts in C we get 

Cosp(~F) = Cosp(F-) Cosp(F). 

Proof long but straightforward. 

Note that if C and C have pullbacks and F:C----> C is a functor, 

SpF defined dually is a comorphism from SpC to SpC (i. e. , a morphisrn 

of the conjugates), m particular, if __C and _~ have final objects i and i- 

any functor defines a comorphism of the multiplicative categories C and C__ 

(with ~" as multiplication), since C and ~ are equivalent to the c.m. 's 

SpC(i, i) and SpC( I, I) by restrictions of SpF. It will be a homomorphism 

(resp. strict) of c.m. iff F commutes with products (resp. with chosen 

products). 
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~6. Some  C o r o l l a r i e s  of  T h e o r e m  (4. 3. l ) .  

The interest of defining mathematical objects as morphisms of bi- 

c a t e g o r i e s ,  is  the p o s s i b i l i t y  to c o m p o s e  t h e m  with  o t h e r  m o r p h i s m s  

to get new objects as direct or inverse images. We give a few instances, 

many others can be obtained by choosing a pair of composable morphisms 

in the l i s t  of  w 5. 

~6. I) Proposition: Let M and ~4 be multiplicative categories, 

= (F,q,k): M--> M a morphism, and M= (T;~t~11) a monoidof M; 

then (FT:F~@q(T,T);F~ok) is amonoidof M called image of M by ~, 

and  deno t ed  @(M). 

I den t i f y  M wi th  a m o r p h i s m  ~- : 1 

wi th  @ @. 

> M, t hen  �9 (M) is identified 

As an example, take (i) M = (A,@ .... ), M_ = the category of 

endomorphisms of A and @ the left representation [B. i]; A~--~A~- . 

To each monoid in IV[ corresponds a monad over A . 

(il) 1~ and M to be the  e n d o m o r p h i s m s  of two c a t e g o r i e s  K and L .  

S: __K--> L and T: L--->K a pair of adjoint functors, and ~: I~---> Ni 

the morphism determined by the adjunction (cf [B. i]), to each monad 

on K corresponds a monad on L. 

(6. Z). If C is a category with pushouts, 

cocategory inside C, cf (5.4.3)and F: _C 

C=(X o,x 1,80 ,81,6,~) 

> C a functor which 

commutes with pullbacks, then (FXo, FX 1 .... ) define a category FC 
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i n s i d e  - -  ~ . I d e n t i f y  C w i t h  a m o r p h i s m  ~ > S p C  ~ a n d  n o t e  t h a t  

F d e t e r m i n e s  a m o r p h i s m  SpC ---> Sp_C . 

I n  p a r t i c u l a r ,  f o r  e a c h  o b j e c t  X o f  C , H o m ( C , X )  i s  a c a t e g o r y ,  

and X ~ , - *  Horn(C, X) a f u n c t o r  H o r n ( C , - ) :  C - - >  Cat  [ i ]  . Tak ing  

C = Cat Ill and C = ~ , we find that for each category X Cat[i](2 X) 
~. D , 

i s  a c a t e g o r y .  T h e  s t r u c t u r e  o f  C a t  a s  a Z - c a t e g o r y  c o m e s  f r o m  t h i s  

r e m a r k  w h i c h  w i l l  b e  g e n e r a l i z e d  to  g e t  t h e  Z a n d  3 d i m e n s i o n a l  p a r t s  o f  

Bicat. 

( 6 . 3 ) .  L e t  M b e  a c . m . ,  C b e  a n  M c a t e g o r y ( c f  ( 5 . 5 . ~ ) ) ,  C '  
~ ' ~  ~ m m O  

set and f: C' > Ob(C)._. a map. For all X',Y', Z' in C' define a 
--o mo 

C'(X', Y') = C(fX', fi r') ic,(X' ) = i~fX') c'(X', Y' Z') = c(s ', fZ'). 
w 

(6.3. i) Proposition. With these notations, (C o',C'(X, Y), iC, , c') is 

an M category f*(C) called inverse image of C by f, and the inverse 

images are transitive (i. e., g*f*(C) = (fg)*(_C) I id*(C) = C). 

L e t  L a n d  L '  b e  t h e  l o c a l l y  p u n c t u a l  b i c a t e g o r i e s  h a v i n g  O b C  a n d  

Go as set of objects, ~': L'----> _.L the morphism obviously determined 

by f and ~,: L > IM the morphism identified with C (cf (5.5.3)). 

Then f*(C) is the M-category identified with the morphism 

~': L'--> IM . 

Let M be another c.m. and 

F o r  a l l  X , Y , Z  i n  Ob{.C) d e f i n e :  

= (F,~,A): M--> M a morphism. 

Y) : F(C_(X, Y)), Y, z) to 

b e  t h e  c o m p o s i t e  m o r p h i s m :  
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F(_C(X, Y))~F(C(Y, Z)) " q >F(_C(X,Y)~C(Y, Z)) F(c) >F(C(X, Z)) 

and  i~(X)  to be  the  c o m p o s i t e :  

X k > F(A) F(i~(X)) 
> F(_C(X, X)) = ~(X, X). 

(6.3. Z) Proposition: 

is an .-M-categ~ ~(C) 

With these notations 

called direct image of 

(Ob(C), C (X, Y), ie ,~) 

C by ~, and direct 
m 

images are transitive. 

If C is identified with ~I,: L �9 > I M, t hen  ~ , ( C  ) is identified wi th  

m 

the  c o m p o s i t e  I @ o ~ :  L > IM > I M  . 

Note that, moreover, from the associativity of composition of 

m o r p h i s m s ,  it  fo l lows  tha t  d i r e c t  and  i n v e r s e  i m a g e  c o m m u t e  wi th  e a c h  

other ,  that i s .  |  -- f ( % ( c D .  

( 6 . 4 ) .  L e t  P be a pseudo-functor from E 

and r E 

* .  D(~---) 

and the composite @oD(g*)lD(~*) 

g*(P) called inverse image 

to Cat (cf. (s. 6)), 

> E  be a functor. Pcan be identified with a morphism 

* *) O(Z*) > Cat, g determines a morphism D(g ).- D(~ * 

> Cat defines a pseudo-functor 

of P by g ; again transitive. If 

p: F-----> E is the cleaved category over E associated with P, then the 

# 
cleaved category associated with g*(P)  is  the  i n v e r s e  i m a g e  g (p) 

(in the sense of cleaved categories i. e., the pullback E • F with the 

cleavage pulled back from F ). 
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w 7. Some Basic Constructions. 

Pomcare category. Let S be a bicategory. For each pair (7.1) " / 

(A,B) of objects of ~, let HS(A, B) be the set of connected components 

of the category _S(A, B). If S is an object of S(A,B) we write [S][I 

for its equivalence class. We define composition: 

IIS(A, B) • HS(B, C) > [IS(A, C) by iS]If o iT] n = [So T][I . 

It is well-defined, associative and the [IA][I are identities, giving rise to 

�9 d 

a category [IS having the same objects as S, called the Pomcare category 

of  _S. 

For example, if 

gory of extensions in 

A is an abelian category, and Ext A is the bicate- 

A (cf. (2.8)) then [iEx_=_t_A , written Ext A , is the 

category having _A as set of objects, with maps the equivalence classes 

of extensions under the usual equivalence relation. 

If @ = (F,q):S---->'~ is a morphism of bicategories, we define a 

= = [FS]  T h u s  a s  a functor [I~:HS > [IS by II~A FA and [I~[S][ I If" 

map of diagrams If@ depends only on the F part, but it is a functor thanks 

to the q partwhichconnects FSoFT and F(SoT) and also FI A and 

IFA. We clearly define thus the Poincar~ functor 

[i: Bicat [1] > Cat [1] . 

( 7 . t . t )  P r o p o s i t i o n .  

(i) T he  P o i n c a r ~  f u n c t o r  i s  l e f t  a d j o i n t  to t he  d e g e n e r a c y  f u n c t o r  

O:Cat [ i ]  > Bicat  [ i ]  of (S. t ) .  

(i i)  T h e  c o m p o s i t e  He D is  i s o m o r p h i c  to  the  i d e n t i t y  f u n c t o r  o f  Ca t  [ i ] .  

T h e  p r o o f ,  s t r a i g h t f o r w a r d ,  is  o m i t t e d .  
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(7. Z) C l a s s i f y i n g  c a t e g o r y .  In m a n y  c a s e s  the e q u i v a l e n c e  r e l a t i o n  

def in ing  IIS is too c o a r s e .  Thus  if a l l  the S.(A,B) a r e  c o n n e c t e d  and 

n o n - e m p t y  (e. g. f o r  _S = Bim) the c a t e g o r y  IIS is equ iva len t  to one  

point .  A m o r e  p r e c i s e  c a t e g o r y  is def ined  as fo l lows :  Le t  S be a b i -  

c a t e g o r y .  F o r  e a c h  o b j e c t  S of S ( A , B )  le t  IS] be the se t  of  all  o b j e c t s  

of S(A, B) i s o m o r p h i c  to S. Def ine  CS.(A, B) to be the se t  of  a l l  such  

i s o m o r p h i s m  c l a s s e s .  We have  a c o m p o s i t i o n :  

CS(A, B) • CS. (B, C) > CS(A, C) ([S], [T])A*~---~ [SoT]  

g iv ing  r i s e  to a c a t e g o r y  C S  hav ing  s a m e  o b j e c t s  as  S c a l l e d  the 

c l a s s i f y i n g  c a t e g o r y  of  S 

If  S = Cat ,  CS is the c a t e g o r y  with o b j e c t s  the c a t e g o r i e s ,  and m a p s  

i s o m o r p h i s m  c l a s s e s  of  f u n c t o r s ;  if S is the c . m .  of m o d u l e s  o v e r  a 

c o m m u t a t i v e  r ing  A, CS is the m o n o i d  with e l e m e n t s  c l a s s e s  of i s o -  
m 

m o r p h i c  m o d u l e s  and c o m p o s i t i o n  induced  by  (~ , e tc  . . . .  

The c a t e g o r y  CS is l e s s  f u n c t o r i a l  than  the P o i n c a r e  c a t e g o r y :  

If @ = ( F , ~ ) :  S > S-_ is a m o r p h i s m ,  the c o r r e s p o n d e n c e  A ~  "~'~ F A  

[S]~A,~-~ [FS] def ines  a m a p  of  the u n d e r l y i n g  g r a p h s  of  CS and CS~, 

h o w e v e r  [ F S ] o [ F T ]  / [ F ( S o T ) ] .  H o w e v e r ,  if r is a h o m o m o r p h i s m  this 

m a p  is a f u n c t o r  C@: CS > CS . Thus  we ob ta in  a c l a s s i f y i n g  f u n c t o r  

C:  H - B i c a t  [ i ]  > Cat  [1]. 

C l e a r l y ,  we have  a n a t u r a l  s u r j e c t i o n  CS > IIS which  is an  i s o -  

m o r p h i s m  when  S is  l o c a l l y  a g r o u p o i d  (i. e . ,  a l l  the S(A, B ) ' s  a r e  

g r o u p o i d s ) .  
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(7 .3 )  P i c a r d  g r o u p o i d .  If S is  a b i c a t e g o r  7, the i n v e r t i b l e  m a p s  

of  the  c l a s s i f y i n g  c a t e g o r y  CS f o r m  a g r o u p o i d  P i c S ,  c a l l e d  the 

P i c a r d  g r o u p o i d  of  S . C l e a r l y  we o b t a i n  the  P i c a r d  f u n c t o r  

Pic. H-Bicat [ i ]  > Groupoid [I]. 

The definition is motivated by: 

(7.3. i) Theorem: Let R be a commutative ring with identity, 

Mod(R) the c.m. of R-modules (with~ R as multiplication). Then 

Pic Mod(R) is canonically isomorphic to the Picard group of R, Pic R. 

All there is to show is that, if M is an R-module such that there 

exists an R-module N with M~N-----R and N(~M--R, then M is 

finitely generated projective. The proof is left to the reader since it will 

result from general considerations of Part II. 

(7.4) Inverse limits. The general notion of limits of bicategories 

shall be examined in Part II, in connection with bi-adjoints. We will need 

immediately the following: 

(7.4.1) Proposition: (i) The category SoH-Bicat [i] has inverse limits 

(and even a canonical choice of limits). (ii) The inclusion functors of 

S o H - B i c a t  [ i ]  in H - B i c a t  [ i ]  , S o U - B i c a t  [ i ] ,  U - B i c a t  [ i ]  and  B i c a t  [ i ]  

c o m m u t e  wi th  the  i n v e r s e  l i m i t s .  

P r o o f .  (i) f o l l ows  f r o m  the f a c t  tha t  b i c a t e g o r i e s  a r e  a l g e b r a i c  

s t r u c t u r e s  (cf .  ( i . 4 ) ( i i i ) )  and  t ha t  t h e i r  m o r p h i s m s  as  a l g e b r a i c  s t r u c t u r e s  

a r e  the  s t r i c t  h o m o r n o r p h i s r n s  (cf .  (4 .2 ) ) .  If  T is  an  i ndex ing  c a t e g o r y  
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and  ~i  a f a m i l y  of  b i c a t e g o r i e s  i n d e x e d  by  T ,  the  t r a n s i t i o n  m a p s  

be ing  s t r i c t  h o m o m o r p h i s m s ,  ~ i m  S i = S i s  c o n s t r u c t e d  po in tw i se ,  

i . e . .  ObS~ ~ im ObS~ : SCA,~  ~ l i r a  S ~ A i , ~ i ~  for A : CAi~, 

B = (Bi) , e tc  . . . .  the  m a p s  S > ~ a r e  the obv ious  p r o j e c t i o n s .  

T h e  proos  of  (ii) is  s t r a i g h t l o r w a r d  and is  o m i t t e d .  
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8. Transformations between Morphisms 

(8. I) Introduction. Starting with categories, which are one- 

dimensional graphs with one operation, we get for the system of "all 

possible maps" (functors and natural transformations) a bicategor 7 Cat 

which is a Z-dimensional complex with two operations. Similarly, "all 

the maps" between bicategories should constitute a 3-dimensional complex 

with three (partially defined) operations. Apart from internal coherence 

the examples given in w already oblige us to construct completely this 

3-dimensional structure: We have shown that many notions usually 

thought of as objects -- e.g., algebras, categories, monads .... -- 

could be identified with morphisms of bicategories @: S---> S' for suitable 

S and S' . However, if �9 and �9 are two such objects, there are usually 

maps between them which sould correspond to transformations between 

morphisms of bicategories, i.e., Z-ceils. Moreover, if @ and ~ were 

categories, the functors �9 --> ~ would give Z-cells, but we would, and 

will indeed, interpret natural transformations as 3-cells of Bicat. 

To construct the 2-dimensional skeleton Bicat [2] of Bicat we use 

the following idea of category theory: If f and fl are functors X---> Y 
O m 

a natural transformation can be defined in either of these two waTs ($) : 

(i) A functor  h : ~  XX > Y  such that ho(8 i X I d )  = fi ( i=  0,1) 

where 8. : ~ ~ are the obvious functors. 
1 

('~) Compare with the definition of a homotopy by I X X --> Y or X ---> yI. 
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2 
(ii) A functor k: X > Y such that d.k = f. where 

ai  y~ 
d.: Y~" Y > > Y . 

H o w e v e r  none  of t h e s e  d e f i n i t i o n s  s u f f i c e s  to def ine  the  c o m p o s i t i o n  of 

n a t u r a l  t r a n s f o r m a t i o n s  fo ~ f i  ~ fz  " I t  i s  o b t a i n e d  by  m e a n s  of  

(i) Afunctor y: ~ ' >~ II ~ or 
(ao, al) 

(ii) A f u n c t o r  c: x 2 (d dl) ! I > 1 2 

such that I is a cocategory inside Cat [i] (resp. Y~is a category 

inside Cat[i]). In Cat [i] the passage from (i) to (ii) is trivial, but it 

is far from being so in Bicat [i], and the analogue of (ii), being less 

complicated, will be used. Thus, the aim of the section is to assign to 

each bicategory S a bicategory called C71S , equipped with strict homo- 

morphisms d , d i" CylS > S and c: CylS(d]o!dl ) CylS ---> CyIS 
O ~ ~ 

(the pullback exists because of (7.4. i)). CylS plays the same universal 

r o l e  in t h i s  c o n t e x t  a s  the  s p a c e  of pa ths  in t o p o l o g y .  

(8. 7) S q u a r e s  and  c y l i n d e r s .  

and  V: B - - ~  B be  a r r o w s  of S. 

(8.2. I) A square from V to 

Let S be a bicategory, U: A---> A 

U Q= (~,u,S): V---> U is defined(*) 

by: 

(i) two arrows S: B---> A and S: B--->~. 

(ii) a Z-cell u: S-oV=~UoS (i.e., anarrowof S_(A-,B)). 

(~) See  (8 .5 )  b e l o w  f o r  a g e o m e t r i c  i n t e r p r e t a t i o n .  
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The square Q is said commutative if UoS = S oV and u is the identity, 

commutative up to isomorphism, or iso-commutative if u is invertible 

(in S ( ~ ,  B)). 

Let Q1 = ~'ui'S*): V > U and Q2 = (S-z'uz'S2): V---> U be two 

squares with the same domain V and codomain U. 

(8.2.2) A cylinder from Q2 to Qi, q= (~,s): QZ--->Q1 is 

defined (~) by a pair of 2-cells: 

Sl< s s 2 in_S(A,B) and Sl < s S-- z ~ S(A-,~-) 

making the following diagram of S(A-, B ) commutative: 

(8. z. 3) 

S--lOV< ~oV [ziV 
ul ] Uz 

Uo S I < U�9 UoS2 

that is, sa t is fying the equation, 

(Cyl): (uo s)u z = u~(~~ 

(8.3) The categories GylS(U,V): Let Qi = (~,u i, Si): V--> U 

(i = I, Z, 3) be three squares with same domain and codomain, and 

qj (_6j ' sj): Qj+t Qj = > (j = I, 2) be two cylinders, then the composite 

_ t - - 2  t 2 
s s and s s are defined, and we have: 

(*) See (8.5) below for a geometr ic  in te rpre ta t ion .  
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i z) 
(8.3. I) Lemma. (i) The pair (_if1_ Z, s s defines a cylinder from 

i Z 
Q3 to Qi written q q. 

1 2 
(ii) With the composition (ql, qZ)~q q we obtain a category, denoted 

C y l S ( U , V ) ,  h a v i n g  a s  o b j e c t s  the  s q u a r e s  f r o m  V to U, and  as  m a p s  

the  c y l i n d e r s  b e t w e e n  t h e s e  s q u a r e s .  If Q = ( S , u , S ) : V - - - >  U i s  an o b j e c t  

of CylS(U,V), its identity is the cylinder iQ defined by (i~,is). 

t Z lsZ ) Proof. The equation (Cyl) for (~ "~ , s is equivalent to the corn- 

m u t a t i v i t y  of  the  o u t s i d e  of t he  f o l l o w i n g  d i a g r a m  in 

i 
U 

s_(7, B) 

~ lov  < ( ~ Z ) o V  ~3o v 

gZoV~ 

| | 

U 

UoS I < - UoS 3 
Uo(sls z) 

But  the  r e g i o n s  n u m b e r e d  I and  I '  

i Z 
and II and II' because q and q 

(ii) follows trivially from the fact that S(A, B) 

( 8 . 4 )  The  functors c(U,V,  W). L e t  U: A 

W: C > C be  a r r o w s  of a b i c a t e g o r y  S . 

c o m m u t e  b e c a u s e  o a r e  b i f u n c t o r s ,  

a r e  c y l i n d e r s .  Th i s  p r o v e s  ( i ) ,  t h e n  

and  S ( ~ , B )  a r e  c a t e g o r i e s .  

> A ,  V: B - - > B  and  
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( 8 . 4 .  i ) .  If  Q =  ( ' S , u , S ) : V  > U and  R. = (T,  v, T); W 

a r e  two s q u a r e s ,  we de f ine  a s q u a r e  QeR f r o m  W to U by  

QoR = (~o-T', u / v ,  SOT): W > U 

w h e r e  u / v  is  the  c o m p o s i t e  m a p  in S (~ ,  C): 

Uo (SoT) <a(uoS)oT < - ~ - ~ o V )  oT < a-~ S-o (Vo T)< S~ W) < 

(8.4. Z). Suppose we are given furthermore two squares, 

Qi = (S1'ui'Si): V--> U 

and  two c y l i n d e r s :  

q = ('if, s): Qi > Q and 

> V  

and R~ - (V t v ~  T~): w--> v 

r -- (i-, t): R t > R 

t hen  the  c o m p o s i t e s  so t  and ~ o t -  a r e  de f i ned  and we h a v e :  

(8.4.3) Lemma: (i) The pair (To'E, sot) determines a cylinder 

f r o m  Q i o R t  to Q o R ,  w r i t t e n  q o r .  

(ii) The composition (Q, R)~----~QoR , (q, r)~-~qo r is a bifunctor: 

c ( u , v , w ) :  c y l s ( u , v )  • C y l S ( V , W )  > C y l S ( U , w ) .  

P r o o f .  To show (i) we m u s t  p r o v e  tha t  the  e q u a t i o n  (Cy1) ho lds  f o r  

(s'o'~, s o t )  and the  s q u a r e s  Oio  R t and  O o R ,  wh ich  m e a n s ,  a c c o r d i n g  

to the d e f i n i t i o n  of  Qo R, tha t  the  e x t e r i o r  of  the fo l lowing  d i a g r a m  

a (S'o T)oW. 

commute s : 



-64- 

So(ToW) ~ s~ I~qW) Slo (T1o W) 

I 

@ G 

So(VoT) . . . . .  v (V  t )  �9 S ~ ~  

(goV oT< (s~ ., J '  (~-i~ V)oT i 

1 

u~T @ ~u~T 1 @ UlOT I 
I 

~ @ ~ ( UoS)~ Tl (0"o s) o r 

(UoS)oT < (Uo s)ot (U~176 

Uo(SoT)< - Uo(S o T i )  
Uo(sot) 

Sl~ v I 

!8.5) Geometr ic  represen ta t ion .  The definit ions and resu l t s  of (8.1) 

to (8.4) admit  the following geometr ic  in te rp re ta t ion  

(8. s. ~) A square Q = (S-,u, S): V ---> U can be r ep re sen ted  by: 
S _A _ B 

U ~ .  V abbrevia ted  in 

S 
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( 8 . 5 . 2 )  A c y l i n d e r  q: ( ~ , s ) :  Q2 > Q1 ' by : 

S 2 

S 

u 2 abbreviated in 

u t j .  

( 8 . 5 . 3 )  The  par t  (i) os the  L e m m a  ( 8 . 3 .  t )  m e a n s  t ha t  c y l i n d e r s  c a n  

be  p a s t e d  a c c o r d i n g  to the  p i c t u r e :  

and  the  p a r t  (ii) e s s e n t i a l l y  m e a n s  t ha t  t h i s  p a s t i n g  is  a s s o c i a t i v e .  

( 8 . 5 . 4 )  The  c o m p o s i t i o n  (Q, R) ~ Q - R  of  ( 8 . 4 .  t )  c o r r e s p o n d s  to:  

S T S o T  

U < v W ~ U .~ ,w W 

S T S o T  
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( 8 . 5 . 5 )  The p a r t  (i) of L e m r n a  ( 8 . 4 . 3 )  m e a n s  that  c y l i n d e r s  q and 

r can  be p a s t e d  along" V to get a new c y l i n d e r :  

And p a r t  (ii) m e a n s  e s s e n t i a l l y  tha t  the fo l lowing " d i a g r a m "  is  c o r n -  

rnu ta t ive  
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In what  fo l lows  we sha l l  u se  f r e q u e n t l y  th i s  g e o m e t r i c a l  r e p r e s e n t a t i o n  

which  m o t i v a t e s  and m a k e s  c o m p r e h e n s i b l e  de f in i t i ons  such  as  ( 8 . 4 .  i )  o r  

(8.4.2), and m a k e s  p l aus ib l e  r e s u l t s  such  as  (8 .3 .  i)  o r  (S.~.5). H o w e v e r ,  the 

s u g g e s t i o n s  of g e o m e t r y  canno t  r e p l a c e  p r o o f s ,  and should  be t a k e n  wi th  

a " g r a i n  of sa l t "  b e c a u s e  of  the l a ck  of  a s s o c i a t i v i t y  of o ; thus  the  p a i r i n g  

(q,r) > qor of cylinders is not associative, and neither is their super- 

position ( 8.8 ). Nevertheless, to avoid diagrams such as (8.6.2) we shall 

replace many proofs by their geometrical analogs. 

(8.6) __The associativity and identity isomorphisms. Let S be a bi- 

c a t e g o r y  and Qi = (~ i '  u i '  Si): Ui 

i n c i d e n c e  r e l a t i o n s  d e p i c t e d  by:  

A S i At d 

> U. be t h r e e  s q u a r e s  s a t i s f y i n g  the 1- i  

S 2 A2~ S B A 3 

U 
0 

u~ 

0 

T h e y  d e t e r m i n e :  

U 
i 

U 
2 

u 2 

U 3 

u 3 

(i) Two, in general distinct, squares from U 3 to Uo : 

(Oio Oz)o O s and 0to (Qzo Q3) 

(ii) Two isomorphisms, in the categories S(Ao, A3) and S(Ao,~3): 

a(Ao,AI,A2, A3)(SI,S2, S3): (Si~ $2)~ 3 ~ >Sio(S2o S 3) 
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satisfying the incidence relations depicted by: 

A ~  A3 

i~ 11 
{8.6. i) Lemma. With the previous notations: 

l0 pair aCXo, 

defines a cylinder: 

a(Uo' Ut' Uz' u3)(Qi' Qz' Q3 ): (Qt ~ Qz ) ~ > ~ i  ~ (QZ ~ Q3 )" 

(ii) For U.z fixed, the fami ly  a(U o, U i ,  U2' U3)(Qi' QZ' Q3 ) is functorial 

in the Q.Is, that is, determines a natural transformation: 
J 

a(Uo, Ui, UZ, U3): C(Uo, UZ, U3) (r Ui, U2) X Id) ~ c{U o, Ui, U3) (idXc(U i, Uz,U~) 

between the composite functors bounding the diagram: 

IdX c(U i ,Uz,U3) > 
C y1S( Uo, Ui)X Cyl S(U i,Uz) X CylS(U 2,U3) CylS( Uo, Ui) X C ylS(Ut, U3) 

C(~o, ~i, ~z)Xld I Ic(uo, UV U3) 

x �9 Cyl s(u ~ , u 3) Cyl_S(u o, u z) Cyli(U z, u 3) C(Uo, u z, u 3) 
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(iii) The n a t u r a l  t r a n s f o r m a t i o n  a(U o, U i ,  Up, U3) a r e  i s o m o r p h i s m s .  

(iv) The a(U o, U i, Up., U3) , for the U.'s ranging in the arrows of S , 
I o 

satisfy the associativity coherence (A. C). 

Proo f .  R e m e m b e r i n g  the def in i t ion  of u / v  and Q o R  in (8 .4 .  t)  the 

equa t ion  (Cy1) is h e r e  equ iva len t  to the c o m m u t a t i v i t y  of the e x t e r i o r  of 

d i a g r a m  (8 .6 .  Z) below. 

But the r eg ions  ca l l ed  I c o m m u t e  b e c a u s e  the n a t u r a l  t r a n s f o r m a t i o n s  

a ' s  of S s a t i s f y  (A. C) of w the I I ' s  by n a t u r a l i t y  of the a ' s  ; the I I I ' s  by 

de f in i t ion  of u / v ;  IV is the i m a g e  of the d i a g r a m  def in ing up./u 3 by the 

f u n c t o r  Sto ( ) and s i m i l a r l y  IV, " i s "  (u i /up. )oS 3 . This  p r o v e s  (i). 

Then  (ii), (iv) fo l low i m m e d i a t e l y  f r o m  the s i m i l a r  s t a t e m e n t s  which  hold 

in S for a(A o,A I,A2,A3) and a(~ o,A t , 

if  we know tha t  the pa i r :  

( [a(a  o , a I , A z, A3)(S I , S r S3)1 -~ , [a(E ~ , A t , 

a c y l i n d e r  f r o m  Qto (Q2 o Q3) to 

by con juga t ion .  

A 2, A3). F i n a l l y  (iii) wi l l  hold  

I,  S Z' S 3)] - I )  def ines  

(Qi o QZ)oQ3, but th is  fo l lows f r o m  (i) 
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= 

a~ 3 
(Sto(s2 S3))oU ~, ((Ss Sz)oS3)oU 3- 

~o ((~z ~ ~3) ou 3) ~ ( ~  ~ z)O(g3 o u 3) 

a (~gz)ou 3 

sio (s z- (S3o u3)) (s~~ z)~ s 3) 

t 

~- g t~176176  ,,~ ((~ gz)OUz)OSg ~ 

~-~ g t o  a ~ t ~ to53 

~o(igzO Uz)O s3)_ ' ., a (~~ (gzOUz))OS 3 

Si~ S2)~S3)4 a (g~ (Uto S2))oS 3 r.- 

U ~~ (uto(Sz~ ~ ( ( s t ~  u~)~176 3 

(g~ u~)~176 ~' ' -  @ ~ ( ( U o ~ 1 7 6 1 7 6  
/ 

~ o "i~ ~ ,~ s3 
( UoO Sl).(S Zo $3) ~ (U , (Slo Sz))o $3= 

U ((Slo S 4 ~ "  Uo~ (ss (sz~ u o~ o z )~ 
0 

@ 

e ~  

v 

Diagram (8.6, Z) 
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(8.6.3). L e t  U: A > A  be an  a r r o w  o f  S . We d e f i n e  a s q u a r e  

I U f r o m  U to  U b y  I U = ( I A , k u ,  IA) :  U > U , w h e r e  k U is  the  

unique arrow of the category S(A, A) making commutative the diagram 

zAou 

( 8 . 6 . 4 ) .  L e t  Q = ( S , u , S ) : V  > U be  a s q u a r e .  A c c o r d i n g  to  

the  p i c t u r e  

A. IA A. S B~ IB B 

u ~ v U k U 
< 

A i x X ~ ~ ~ 

t h e  s q u a r e  Q d e t e r m i n e s :  

(i) T w o  s q u a r e s  IUOQ a n d  Q o I  v f r o m  V to  U. 

(i i)  F o u r  i s o m o r p h i s m s  

I(A, B)(S): IA~ ~ > S and r(A, B)(S): Spl B "~ > S in S(A, B) 

I ( X , ~ ) ( S ) :  I f S  ~ > ~  a n d  r ( ~ , B ) ( ~ ) :  SoIg ~" > ~  in  S2A,  B ). 

(8. 6.._5) Lemma. With the previous notations: 

(i) The pairs (L(A, B)(S),L(A, B)(S)) and (r(A, B)(S), r(.~, B)(S)) define 

two cylinders: 

,(u, v)(~), luo Q >Q and r(U. V)(Q): QoI v > Q 
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(ii) For U and V fixed, the fami l ies  ~(U,V}(O) and r(U,V)(O) are 

functorial in Q, that is, determine natural transformations ~(U, V) and 

r(U, V) as shown in the diagram. 

I X Id 
x Cyl s(u, v) u > CylS(U, u) x cyls(u, v) 

c(U, u, v) 

cyl s_(u. v) 

and the obvious analogue for r(U, V). 

(iii) The r(U,V) and I(U,V) are isomorphisms. 

(iv) The system of natural transformations a(U o, U i, U z, U3), I(U, V) 

and r(U,V) sa t i s fy  the coherence  axiom (I. C) of 5. 

The proof,  comple te ly  s imi l a r  to that  of (8.6. 5) except for  s m a l l e r  

d i ag rams ,  is left to the reader .  

(8. 6. 6). If S is a bicategory we define Ob(CylS) to be the set of 

a r rows  of S.  

Putting together the Lemmas (8. B. i), (8.4. B), (8.6. 5), and (8. 0. 5), 

we obtain: 

(8. 6.7) Theorem: The data: Ob(CylS), CylS(U,V),  c(U,V, W), IU, 

a(U o, U i, U Z, U3), I(U, V), r(U, V) determine a bicategory CylS called 

bicategory of cylinders of S 
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~8. 6.8) Remark: In all the steps of the passage from S to CylS 

t h e r e  appears a shif t  of d i m e n s i o n  in the def in i t ions  as wel l  as the  

c o h e r e n c e  p r o p e r t i e s  involved:  Thus  to def ine  the  b i n a r y  o p e r a t i o n s  

( Q , R ) , ~ ' - ~ Q ~  in C y l S ,  we n e e d t h e  e x i s t e n c e  in S of the t e r n a r y  

a s s o c i a t i v i t y  isomorphisms a(S, T, U). To def ine a in Cv1S , we need  

to know that  a is c o h e r e n t  up to the o r d e r  4 ( see  p r o o f  of  (8. 6. i)(i)).  

This suggests the conditions to require in higher dimensional cases (*). 

(8 .7 )  The top and bottom homomorphisms Let  S be a b i c a t e g o r y ,  

we def ine 

(i) Two m a p s  8.: O b C y l S  > ObS , i = 0, t by  

8 U = A , OlU = A for each arrow U: A > A of S 
O w 

(ii) Two f a m i l i e s  of f u n c t o r s ,  indexed  by p a i r s  (U, V) 

A 

S 

0i(u, v): CylS(U, v)--> s(oiu, 0iv ) 

8 Q=S, 81O=S , 
O 

S B S 
V . ~ i  A <  13 

Q 

g- 

of a r r o w s  of S 

. Q~,~,-~ 8 . Q  , q~-,,--~ Oiq by: 
1 

aoq= s , 81q='g 

~<-~- g 

f o r  Q and q as  below: 

8i c o m m u t e  s t r i c t l y  wi th  the o's It fo l lows  f r o m  the de f in i t ions  tha t  the  

and I ' s  and def ine  thus  s t r i c t  h o m o m o r p h i s m s  c a l l e d  r e s p e c t i v e l y  top 

and bottom 

ao and 8 I: CyI_S >_S . 

(*) Compare with II.(~X)I ~ IIi+l(X) in homotopy theory (see footnote p. 57). 
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(8. 8) S u p e r p o s i t i o n  m o r p h i s m .  Le t  Q = (S ,u ,S ) :  V---> U and 

(~= ( S ' , ~ , g ) : V - - >  U be two squares such  tha t  8o Q = S = 8 i Q ,  

( s e e  p i c t u r e  (8.8.1) below).  In the  c a t e g o r y  S_(~. B) we have  the  co rn -  

p o s i t e  map ,  w r i t t e n  ~ u  : 

-1 -~ou a (~oV)~ Eo(Vo v) (~ou)oS <a -~o(uos) < ~o(~ov) < (~o~)oV( ;~ a-~ - 

which  d e t e r m i n e s  a s q u a r e  Q * O  = ~ , ~ u ,  S) :~~ ~ ~  c a l l e d  s u p e r -  

pos i t i on  of O on  O (a long  S-). 

(8.8.1) 

A 

U 

A 

U 

A 

S A S B 

Q 

Q 

B 

V 

,~- 

V 

UoU Q , Q  

-~- A m B 
S S 

VoV 

S i m i l a r l y ,  l e t  q :  ('g, s ) -Q  i > Q  and q =  ( T , s ) : Q I ~ > - Q  b e t w o  c y l i n d e r s  

such  tha t  8o~ [ = -~ = 8 i q  , a s  d e p i c t e d  below: 

S 
/%J%R~P %_ 

Using a d i a g r a m  s i m i l a r  to (8. 6. Z) one  can  p rove :  

(8. 8. 2) L e m m a .  The  p a i r  (s ,  s) de f ines  a c y l i n d e r  f r o m  O i * Q i  

to Q ~ Q  w r i t t e n  ~ . q  and c a l l e d  s u p e r p o s i t i o n o f  q on  q (a long s ). 
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(8. 8 . 3 )  

de f ine  a s t r i c t  h o m o m o r p h i s m  

*: CylS ] - [  Cyl_S 
(ao;~1) 

P r o p o s i t i o n .  The  s u p e r p o s i t i o n  of  c y l i n d e r s  and s q u a r e s  

> cyz s_. 

i d e n t i t i e s ,  l e f t  to the  r e a d e r .  ) 

(i) (~,,q')(~,q) : (~'~),(q'q) 

(ii) ([l•q)o(}* r) = (~o})*(qor) 

whenever both sides are defined. 

The equation (i) corresponds to the commutativity of. 

We have  to show tha t  the eq u a t i o n s  (i) and (ii) be low,  which  s t a t e  tha t  

c o m m u t e s  wi th  the c o m p o s i t i o n s ,  ho ld  (and s i m i l a r  equa t ions  fo r  the 

f 

~:c qT 

(~',q')({ �9 q) : (~,{),{q'q) 
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S i m i l a r l y  ( i i )  m e a n s  t h a t  t h e  p a s t i n g  of  t h e  f o u r  c y l i n d e r s  

d o e s  n o t  d e p e n d  o n  t h e  o r d e r .  P r o o f s  a r e  o m i t t e d .  
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