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A partially ordered set (X,≤) is
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Both these ordered monoids are residuated complete lattices:

u ∧ v ≤ w

u ≤ (v ⇒ w)

u+ v ≥ w

u ≥ max{−v + w, 0}

That is to say, ({0, 1},≤,∧, 1) and ([0,∞],≥,+, 0) are examples of quantales; and (partially)
ordered sets, resp. (generalized) metric spaces, are quantale-enriched categories.
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There are many more examples, but for some of these we must generalize our setup...
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particular bicategory.)

A Q-category A is

a “typed” set t : A0 → Q0 of “objects”,
a function A : A0 × A0 → Q1 : (x, y) 7→ A(x, y) assigning “homs”,

such that, for any x, y, z ∈ A0,

A(x, y) ∈ Q(ty, tx) and A(x, y) ◦ A(y, z) ≤ A(x, z) and 1 ≤ A(x, x).
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It takes three to tango
To “do category theory”, we need:

categories

functors distributors

Cat(Q) Dist(Q)

For (ordered) sets, distributors are (up-down-closed) relations.

For ordinary categories, distributors are “two-sided” presheaves.

For rings, distributors are (bi)modules.

Advantage: distributors are “actions”, and this works perfectly in “non-commutative” contexts too.



Bénabou: Distributors (1973)

Jean Bénabou
(1932-2022)
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Representability
Whereas Cat(Q) is (a priori) “just” a category, the quantaloid Dist(Q) has a much richer structure.

Yet, every Q-functor F : A → B represents an adjoint pair of distributors

A ⊥
cF∗
&& Bc

F ∗
ff defined by

{
F∗(b, a) = B(b, Fa)
F ∗(a, b) = B(Fa, b)

This extends to a pair of functors

Cat(Q) → Dist(Q) :
(
F : A → B

)
7→
(
F∗ : A c //B) (send a functor to its “graph”)

Cat(Q)op → Dist(Q) :
(
F : A → B

)
7→
(
F ∗ : B c //A) (send a functor to its “cograph”)

We make Cat(Q) a 2-category by putting, for F,G : A → B,

F ≤ G
def⇐⇒ F∗ ≤ G∗ ⇐⇒ G∗ ≤ F ∗

so that, from now on, we can use all 2-categorical notions in Cat(Q) too.

Not every distributor is an adjoint, and not every adjoint distributor is a (co)graph.
But when a distributor is the (co)graph of a functor, then it is so for an essentially unique
functor: the functor (co)represents the distributor.

Representability is at the heart of Q-enriched category theory!
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Illustration: (co)completion doctrines
Let W be a class of distributors (“weights”), then C is a W-cocomplete Q-category if, for each
Φ ∈ W, all Φ-weighted colimits exist in C.

B C

A

F

W ∋ Φ ◦

colim(Φ, F )

Under mild conditions on W, there is a monad TW : Cat(Q) → Cat(Q) whose algebras are
precisely the W-cocomplete Q-categories; the unit of this monad at a Q-category C is the
W-cocompletion of C.

Conversely, all “cocompletion doctrines” are determined by such a class W (thus we can
classify cocompletion doctrines).

Some examples:

W = {all distributors}: Cat(Q)TW = Q-modules,

W = {left adjoint distributors}: Cat([0,∞])TW = Cauchy complete metric spaces,

W = {“conical” distributors}: Cat([0,∞])TW = Hausdorff metrics.
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Illustration: quantitative domains
Replacing colimits by limits, one finds completion doctrines.

Example:

Let W = {all distributors}, then we have both

free cocompletion doctrine TW : Cat(Q) → Cat(Q),

free completion doctrine SW : Cat(Q) → Cat(Q).

Moreover there is always a distributive law of the free cocompletion over the free completion:

λ : TW ◦ SW =⇒ SW ◦ TW.

The algebras for the composite monad SW ◦ TW : Cat(Q) → Cat(Q) are those Q-categories which
are (co)complete and completely codistributive:

C

ηC
$$

99⊥
⊥oo SWC

For an ordered set (A,≤), this means precisely that it is a complete lattice in which each a ∈ A is
the infimum of the elements totally above a.

For general Q, this is the starting point for quantitative domain theory (metric domains, fuzzy
domains).
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truth-values in a Grothendieck quantale.
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(A long but fascinating story, with many aspects open for further inverstigation!)



And I didn’t even mention...

... exponentiability in, and cartesian closedness of, Cat(Q),

... fixpoint theorem for Q-enriched categories,

... W-continuous Q-categories,

... divisible quantales and quantaloids,

... extending monads on Cat(Q) to monads on Dist(Q),

... Hilbert Q-modules for toposes,

... bilateral (co)completion doctrines on Cat(Q),

... and many other interesting subjects!

(I will share a reference list for this talk as soon as possible.)



Mot de la fin

Alexander Grothendieck (1928-2014)

"[L]a force principale manifeste à travers toute
mon oeuvre de mathématicien a bien été la
quête du “général”. Il est vrai que je préfère
mettre l’accent sur “l‘unité”, plutôt que sur “la
généralité”. Mais ce sont là pour moi deux
aspects d’une seule et même quête. L’unité en
représente l’aspect profond, et la généralité,
l’aspect superficiel."

(Récoltes et Semailles, 1986)


