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Résumé. Pour tout petit quantaloide Q, il y a un nouveau quantaloide D(Q) de
diagonaux dans Q. Si Q est divisible alors il en est de méme pour D(Q) (et vice
versa), et il est alors particuliecrement intéressant de comparer des catégories en-
richies dans Q avec des catégories enrichies dans D(Q). Prenant le quantale des
nombres réels positifs de Lawvere comme base, les Q-categories sont les espaces
métriques généralisés, alors que les D(Q)-catégories sont les espaces métriques
partiels généralisés, i.e. des espaces métriques dans lesquels la distance d’un point
a lui-méme ne doit pas €tre z€éro et avec une inégalité triangulaire adaptée. Nous
montrons comment toute catégorie enrichie dans un petit quantaloide possede une
fermeture canonique sur I’ensemble de ses objets: ceci constitue un foncteur des
catégories enrichies dans un quantaloide vers les espaces a fermeture. Sous de
(faibles) conditions nécessaires-et-suffisantes sur le quantaloide de base, ce fonc-
teur prend ses valeurs dans la catégorie des espaces topologiques; et un quantaloide
involutif est Cauchy-bilatere (une propriété découverte auparavant dans le contexte
des lois distributives) si et seulement si la fermeture sur toute catégorie enrichie
est identique a la fermeture sur sa symétrisation. Puisque tout cela s’applique
maintenant aussi bien aux espaces métriques qu’aux espaces métriques partiels,
nous démontrons comment ces constructions catégoriques générales produisent les
“bonnes” définitions de suite de Cauchy et de suite convergente dans les espaces
métriques partiels. Finalement nous décrivons la Cauchy-complétion, la construc-
tion de Hausdorff et I’exponentiabilité d’un espace métrique partiel, une fois de plus
en appliquant la théorie générale des catégories enrichies dans un quantaloide.

Abstract. For any small quantaloid Q, there is a new quantaloid D(Q) of diago-
nals in Q. If Q is divisible then so is D(Q) (and vice versa), and then it is par-
ticularly interesting to compare categories enriched in Q with categories enriched
in D(Q). Taking Lawvere’s quantale of extended positive real numbers as base
quantale, Q-categories are generalised metric spaces, and D(Q)-categories are gen-
eralised partial metric spaces, i.e. metric spaces in which self-distance need not
be zero and with a suitably modified triangular inequality. We show how every
small quantaloid-enriched category has a canonical closure operator on its set of



D. HOFMANN AND 1. STUBBE TOPOLOGY FROM ENRICHMENT

objects: this makes for a functor from quantaloid-enriched categories to closure
spaces. Under mild necessary-and-sufficient conditions on the base quantaloid, this
functor lands in the category of topological spaces; and an involutive quantaloid is
Cauchy-bilateral (a property discovered earlier in the context of distributive laws)
if and only if the closure on any enriched category is identical to the closure on
its symmetrisation. As this now applies to metric spaces and partial metric spaces
alike, we demonstrate how these general categorical constructions produce the “cor-
rect” definitions of convergence and Cauchyness of sequences in generalised partial
metric spaces. Finally we describe the Cauchy-completion, the Hausdorff contruc-
tion and exponentiability of a partial metric space, again by application of general
quantaloid-enriched category theory.

Keywords. Quantaloid, divisibility, enriched category, topology, partial metric.
2010 Mathematics Subject Classification: 06A15, 06F07, 18D20, 54E35

1. Introduction

Following Fréchet [6], a metric space (X, d) is a set X together with a real-valued
function d on X x X such that the following axioms hold:
0] d(z) > 0,

Ml d(z,y) + d(y, z) = d(x, ),
M2] d(z,x) =0,

3]if (x y) =0=d(y,x) thenz =y,

4] d(z,y) = d(y,z),
S51d(z,y) # +oc.
The categorical content of this definition, as first observed by Lawvere [17], is that
the extended real interval [0, co] underlies a quantale ([0, o], A, +,0), so that a
“generalised metric space” (i.e. a structure as above, minus the axioms M3-M4-M5)
is exactly a category enriched in that quantale.

More recently, see e.g. [18], the notion of a partial metric space (X, p) has been
proposed to mean a set X together with a real-valued function p on X x X satisfying
the following axioms:

[PO] p(=, y) > 0,

[P1] p(z,y) + p(y, 2) = p(y,y) = p(z, 2),

[P2] p(z,y) = p(z, x),

[P3]if p(z,y) = p(z,2) = p(y,y) = p(y, z) then z =y,

[

[

(M
[
[
[
[
[

EZZ

P41 p(. y) = p(y. )

P5] p(z,y) # +oo.
The categorical content of this definition was discovered in two steps: first, Hohle
and Kubiak [14] showed that there is a particular quantaloid of positive real num-
bers, such that categories enriched in that quantaloid correspond to (“generalised”)
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partial metric spaces; and second, we realised in [22] that Hohle and Kubiak’s quan-
taloid of real numbers is actually a universal construction on Lawvere’s quantale of
real numbers: namely, the quantaloid D[0, co] of diagonals in [0, o0].

It was shown in [13] that to any category enriched in a symmetric quantale one
can associate a closure operator on its collection of objects. For a metric space
(X,d), viewed as an [0, co]-enriched category, that “categorical closure” on X co-
incides precisely with the metric (topological) closure defined by d. And Lawvere
[17] famously reformulated the Cauchy completeness of a metric space in terms of
adjoint distributors. It is however not that complicated to extend the construction
of the “categorical closure” to general quantaloid-enriched categories, thus making
it applicable to partial metric spaces viewed as D[0, oco]-enriched categories. And
then it is only natural to see if and how Lawvere’s arguments for metric spaces go
through in the case of partial metrics. This is what we set out to do in this paper—
whence its title.

Here is a brief overview of the contents of this paper. Section 2 contains a com-
pact presentation of well-known quantaloid-enriched category theory [20] that we
shall need further on. In Section 3 we first explain the construction of the quantaloid
D(Q) of diagonals in a given quantaloid, to then recall (and somewhat improve) the
closely related notion of divisible quantaloid as it first appeared in [22]. For the sake
of exposition, we shall say that a D(Q)-enriched category is a partial Q-enriched
category, and at the end of Section 3 we explain how (generalised) partial met-
ric spaces are, indeed, precisely the partial [0, co]-enriched categories. We start
Section 4 by explaining how every quantaloid-enriched category determines a cate-
gorical closure on its set of objects (generalising results from [13]); we furthermore
characterise those quantaloids for which the closure on any enriched category C is
topological, and those involutive quantaloids for which the closure on any enriched
category C is always identical to the closure on the symmetrised enriched category
Cs. Viewing partial metric spaces as enriched categories, we identify in Section 5
the categorical topology induced by a (finitely typed) partial metric—and prove that
it is always metrisable by means of a symmetric metric. We spell out what it means
for a sequence to converge, resp. to be Cauchy, in such a partial metric space (X, p),
and then show that all such Cauchy sequences converge in (X, p) if and only if all
Cauchy distributors on (X, p) qua enriched category are representable. We end with
some examples concerning Hausdorff distance in, and exponentiability of, partial
metric spaces.

Of course, the study of partial metrics is not new. For example, in the survey
paper [5] partial metrics are studied by analogy with metrics, and the reader will
find there e.g. the definition of Cauchy sequence in a (symmetric) partial metric
space (where p(x,y) # oo). Let us also mention that [19] already adopts an en-
riched category point of view, and shows how those Cauchy sequences correspond
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with Cauchy distributors. However, none of the previously published papers have
our purely categorical setup: we contruct a topology for any quantaloid-enrichment,
so that — when applied to the quantaloid of diagonals in [0, oo] — the generic topo-
logical notions of convergence and Cauchyness of sequences reproduce those that
were considered in a rather ad hoc manner before. So whereas our paper does not
present many new results in partial metric spaces per se, it does propose a whole
new categorical method to study partial metrics. That this method is benificial, can
be seen in our treatment of a hitherto undiscovered subtlety involving the points
with self-distance oo, and in our results on Hausdorff distance and exponentiability!

2. Preliminaries, exemplified by metric spaces and ordered sets

A large part of the general theory of quantales and quantaloids is an instance of V-
enriched category theory [16], taking the base category V to be the category Sup of
complete lattices and supremum-preserving functions. Indeed, a quantaloid Q is a
Sup-enriched category (and quantales are exactly quantaloids with a single object,
i.e. monoids in Sup), a homomorphism H: Q — R between quantaloids is a Sup-
enriched functor, and so forth.

On the other hand, quantaloids are also (very particular) bicategories [1], so
the general notions from bicategory theory apply as well. This point of view is
important when defining lax morphisms between quantaloids, or adjunctions in a
quantaloid, or quantaloid-enriched categories, because these concepts are not “nat-
urally” catered for by Sup-enriched category theory alone.

In his seminal paper [17], Lawvere shows how both metric spaces and ordered
sets are a guiding example of enriched categories—quantale-enriched, that is. In
this section we shall reproduce some of his insightful examples, but we do explain
the (slightly) more general case of quantaloid-enrichment, for in the next section it
will be crucial to have this ready for the case of partial metric spaces (as will become
clear there). For clarity’s sake, and to fix our notations, we shall spell out some of
these abstract categorical definitions in more elementary terms.

2.1 Quantaloids, quantales

A quantaloid Q is a category in which, for any two fixed objects A and B, the set
Q(A, B) of morphisms from A to B is ordered and admits all suprema, in such a
way that composition distributes on both sides over arbitrary suprema: whenever
f: A= B,(9i: B— C)icrand h: C — D, thenho(\/,g;)og=\,;(hogiof).
We write 14: A — A for the identity morphism on an object A.

A crucial property of quantaloids is their so-called closedness. Precisely, for
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any morphism f: A — B in a quantaloid Q and any object X of Q, both
—of:9(B,X)—Q(A,X)and fo—: Q(X,A) —» Q(X,B)

(pre- and post-composition with f) are supremum-preserving functions between
complete lattices. Therefore these maps have right adjoints, called lifting and ex-
tension through f, and we shall write these as:

-/ [ QA X) = Q(B,X)and f\,—: Q(X,B) — 9(X, A).

A quantale @) is, by definition, a one-object quantaloid. Equivalently, a quantale
Q = (Q,V,o0,1) is a sup-lattice (@), \/) equipped with a monoidal structure (o, 1)
in such a way that multiplication distributes on both sides over suprema. Liftings
and extensions in a quantale are often called (left/right) residuations, especially in
the context of multi-valued logics.

The above says in particular that a quantaloid is a locally complete and co-
complete closed bicategory (and a quantale is a complete and cocomplete closed
monoidal category). Importantly, we can therefore use all bicategorical notions in
any quantaloid: adjoint pairs, monads, 2-dimensional universal properties, etc.

Example 2.1.1 Any locale (= complete Heyting algebra, cHa) H is a quantale H =
(H, A, T). In fact, cHa’s are precisely those quantales which are integral (meaning
that 1 = T) and idempotent (meaning that f?> = f for every f € Q); they are
of course also commutative. In particular shall we write 2 = (2, A, 1) for the 2-
element Boolean algebra {0 < 1} viewed as quantale.

Example 2.1.2 Writing [0, co]°P for the set of positive real numbers extended with
+00, with the opposite of the natural order, R = ([0, 00|°P, +, 0) is a (commutative
and integral, but not idempotent) quantale; throughout this article we shall refer to
it as Lawvere’s quantale of positive real numbers, to honor its first appearence in

[17].

In the remainder of this section, these quantales will be our main examples. It is
however necessary to develop the general quantaloidal case for reasons that will
become clear in the next section. To give but one example of a non-commutative,
non-integral, non-idempotent quantale, consider the set Sup(L, L) of supremum-
preserving functions on a complete lattice L. In fact, the category Sup of complete
lattices and supremum-preserving morphisms itself is the example par excellence
of a (large) quantaloid. Many more examples can be found in the references.

2.2 Quantaloid-enriched categories, functors, distributors

In all that follows, we fix a small quantaloid Q; we shall write Qg for its set of
objects and Q; for its set of morphisms.
A Q-enriched category C (or Q-category C for short) consists of
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(obj) asetCy of “objects”,
(typ) aunary “type” predicate t: Co — Qp: z — tx,
(hom) a binary “hom” predicate C: Cy x Cy — Q1: (z,y) — C(x,y),
such that the following conditions hold:
[co]l C(z,y): ty — tx,
[C1] C(z,y) o C(y,z) < C(z,2),
[C2] 1y < C(z,z).
Note how, when applied to a quantale () (viewed as a one-object quantaloid Q), the
above definition symplifies: the “type” predicate becomes obsolete and condition
[CO] trivialises. This is the case in our main examples (for now):

Example 2.2.1 Let 2 = (2, A, T) be the 2-element Boolean algebra. A 2-category
A is exactly an ordered set: for we may interpret that A(x,y) € {0,1} is 1 if and
only if x < y. (So in this paper an order is a transitive and reflexive relation; if we
want it to be anti-symmetric, then we shall explicitly mention so.)

Example 2.2.2 Considering the Lawvere quantale R = ([0, 00]°P, +,0]), an R-
category X consists of a set X = X together with a function d = X(—, —): X X
X — [0,00] such that d(x,y) + d(y, z) > d(z,z) and 0 = d(z, x); all other data
and conditions are trivially satisfied. Such an (X, d) is a generalised metric space
[17]; adding symmetry (d(z,y) = d(y, z)), separatedness (if d(x,y) = 0 = d(y, x)
then x = y) and finiteness (d(z,y) < oco) makes it a metric space in the sense of
Fréchet [6].

A Q-functor F': C — D between two Q-categories is
(map) an “object map” F': Cy — Dg: z — Fx

satisfying, for all z, 2’ € C,,

(FO) t(Fzx) = tax,

(F1) C(a/,z) < D(Fa/, Fz).
Such Q-functors F': A — B and G: B — C can be composed in the obvious way
to produce a new functor G o F': A — C, and the identity object map provides for
the identity functor 14: A — A. Thus Q-categories and Q-functors are the objects
and morphisms of a (large) category Cat(Q).

Example 2.2.3 There is no difficulty in proving that Cat(2) is exactly Ord, the
category of ordered sets and order-preserving functions.

Example 2.2.4 Upon identifying two R-categories X and Y with two generalised
metric spaces (X, dx) and (Y, dy), it is straightforward to verify that an R-functor
F': X — Y can be identified with a so-called 1-Lipschitz function f: X — Y, i.e.
dx(x',x) > dy(fa', fx). We shall write GMet for the category Cat(R).

To make Q-enriched category theory really interesting, we need to introduce a sec-
ond kind of morphism between Q-categories: a Q-distributor (also called ‘module’,
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‘bimodule’ or ‘profunctor’ in the literature) ¢ : C-e+ID between two Q-categories
is
(matr) a“matrix” ®: Dy x Cy — Q1: (y,z) — P(y,x)

satisfying, for all z, 2’ € Cy and y, vy’ € Dy,

(D0) P(y,z): tz — ty,

(D1) D(y',y) o @(y,z) < Oy, 2),

(D2) ®(y,z) o C(x,2") < ®(y,a’).
For two consecutive distributors ®: C—e+D and ¥: D -+ E, the composite distrib-
utor is written as ¥ ® ®: C—e+E and computed as, forz € Cand z € E,

(v P)(z,x) = \/ U(z,y) o ®(y, ).

y€Do

The identity distributor idc: C—e+C has elements idc(2/,z) = C(2/,z) for all
x,2" € Cy. Two parallel distributors ®, ®’: C—e+ DD are ordered ‘elementwise’:

o< ety Oy, z) < ®'(y, ) forall (z,y) € Cy x Dy,

and therefore the supremum of a family of parallel distributors, say ®;: C -+,
has elements
@)y, 2) = \/ ®aly, o)
i i

In this manner, distributors are the morphisms of a (large) quantaloid Dist(Q).

The importance of Dist(Q) being a quantaloid — instead of a mere category —
cannot be overestimated: for it implies that Dist(Q) is closed, that we can speak of
adjoint pairs of distributors, that we can perform 2-categorical constructions involv-
ing Q-categories and distributors, and so on. For instance, it is not difficult to verify
that we can compute liftings and extensions in Dist(Q) by the following formulas:

L
\ / (TN ®)(y,2) = N\ Ulzy) \(z2) (1)
z€Eq
vy o

\/ (¥ ®)(y,2) = N\ U(y.2)/ B(z,2)
z€Eg

In contrast, there is a priori no extra structure in Cat(Q)—but luckily Cat(Q) em-
beds naturally in Dist(Q), and therefore inherits some of the latter’s structure.
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Indeed, every functor F': A — B determines an adjoint pair of distributors

defined by F(b,a) = B(b, Fa) and F*(a,b) = B(Fa,b). We shall say that the
left adjoint F) is the graph of the functor F', whereas the right adjoint F'* is its
cograph. Taking graphs and cographs extends to a pair of functors, one covariant
and the other contravariant:

Cat(Q) — Dist(Q): (F: A IB%) o (F A%»IB%), 3)

Cat(9)*° — Dist(Q): (F: A —B) s (F*: B-o2A). )

With this, we make Cat(Q) a locally ordered category by defining, for any parallel
pair of functors F,G: A — B,

F<G & F<G. = F >a"
Whenever F' < G and G < F, we write F' = ( and say that these functors are
isomorphic.
With all this, we can now naturally speak of adjoint Q-functors, fully faithful
Q-functors, equivalent Q-categories, (co)monads on Q-categories, etc.

2.3 Presheaves and completions

If X is an object of Q, then we write 1 x for the Q-category defined by (1x)o = {x*},
tx = X and 1 x (%, %) = 1x. Similarly, if f: X — Y is a morphism in Q, then we
write (f): 1x —e+1y for the distributor defined by (f)(x,*) = f. In doing so we
get an injective homomorphism

i: Q — Dist(Q): (f:X—>Y>»—><(f):]1Xﬁe+]ly) 5)

which allows us to (tacitly) identify Q with its image in Dist(Q).

A contravariant Q-presheaf ¢ of type X € Qp on a Q-category C is, by defini-
tion, a distributor ¢: 1 x —e+C. For two presheaves ¢: 1x —e+C and ¢: 1y -+ C,
the lifting (¢ \, ¢): 1x —e+1y in the quantaloid Dist(Q) is a distributor with a
single element, which can therefore be identified with an arrow from X to Y in Q:

1y

1y —eo——C
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We can thus define the Q-category PC of contravariant presheaves on C to have
as objects the contravariant presheaves on C (of all possible types); the type of a
presheaf ¢: 1x —e+C is X; and the hom PC(v), ¢) is the (single element of the)
lifting ¢ ~\, ¢.

For ®: C—~»D it is easy to see that PC — PD: ¢ — & ® 1 is a Q-functor.
This action easily extends to form a 2-functor P: Dist(Q) — Cat(Q), and by com-
position with the inclusion 2-functor Cat(Q) — Dist(Q) of (3) we find a functor
P: Cat(Q) — Cat(Q). The latter turns out to be a KZ-doctrine (i.e. a 2-monad such
that “algebras are adjoint to units”); its category of algebras is denoted Cocont(Q):
its objects are so-called cocomplete Q-categories, and its morphisms are the co-
continuous Q-functors. The unit of the KZ-doctrine consists of the so-called (fully
faithful) Yoneda embeddings

Yo: C — PC: z — C(—, ).

The presheaves in the image of Y are said to be representable (by objects of C);
the Yoneda embedding Y exhibits PC to be the free cocompletion of C. And the
Yoneda Lemma says that, for any ¢ € PC and any x € C, we have PC(Yrz, ¢) =
o).

Dually, a covariant Q-presheaf x of type X € Qp on a Q-category C is a
distributor like x: C—e+1x; they are the objects of a Q-category PC, in which
PIC(A\, k) = A k. The obvious 2-functor P: Dist(Q) — Cat(Q)°P composes
with the inclusion 2-functor in (4) to form a co-KZ-doctrine PT: Cat(Q) — Cat(Q),
whose category of algebras Cont(Q) consists of complete Q-categories and contin-
uous Q-functors. The (fully faithful) Yoneda embeddings (also: free completions)

vi:C - PiC: 2 » C(z,-),

form the unit of the co-KZ-doctrine.

Example 2.3.1 For an ordered set (X, <), viewed as a 2-category, the free cocom-
pletion P(X, <) —in the sense of 2-category theory — is precisely the free sup-lattice
on (X, <): the set of downclosed subsets ordered by inclusion; and the Yoneda em-
bedding Y x <y: (X,<) — P(X, <) sends an element x € X to the principal
downclosed set | x. Hence, upon identifying Ord with Cat(2), the KZ-doctrine
P: Ord — Ord is the free sup-lattice monad. In an entirely dual fashion, PT(X, <)
is the free inf-lattice: its elements are the upclosed subsets of X, ordered by con-
tainment (the opposite of inclusion); and the co-KZ-doctrine PT: Ord — Ord is the
free inf-lattice monad.

A Cauchy presheaf on a Q-category C is a (contravariant) presheaf ¢: 1 x -+ C
which — as morphism in Dist(Q) — has a right adjoint, which we shall then write
as ¢*: C—e»1x. The Q-category C. is, by definition, the full subcategory of PC
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whose objects are the Cauchy presheaves. Furthermore, the Yoneda embedding
Yc: C — PC co-restricts to a functor Ic: C — C.., which is now called the
Cauchy completion of C. Those Cauchy completions form the unit of a KZ-doctrine
(—)ec: Cat(Q) — Cat(Q); the category of algebras Cat(Q). contains the Cauchy
complete Q-categories and (all) Q-functors between them. In fact, a Q-category C is
Cauchy complete if and only if, for every left adjoint distributor ®: X —e+C, there
exists a (necessarily essentially unique) functor F': X — C such that F, = &,
if and only if for every Cauchy presheaf ¢: 1x —e+C, there exists a (necessarily
essentially unique) object ¢ € Cy such that C(—, ¢) = ¢.

Example 2.3.2 The designations “Cauchy completion” and “Cauchy complete” are
motivated by the interpretation of these concepts in generalised metric spaces [17],
as follows. Every Cauchy sequence (x,, ), in a metric space (X, d) — suitably viewed
as an R-category X, cf. Example 2.2.2 — defines an adjoint pair ¢ 4 ¢* of R-
distributors ¢: 1-e+»X and ¢*: X —e-+1 by putting

¢(y) = lim d(y,z,) and ¢*(y) = lim d(z,,y)
n—oo n—oo

for all y € X. Moreover, (x,, ), converges to x € X precisely when ¢ = d(—, x).

Conversely, a left adjoint R-distributor ¢ : 1 —e+ X, with right adjoint ¢* : X —e> 1,

satisfies

N ¢*(@) + o(x) =0,

zeX
so that a Cauchy sequence (), can be built by choosing z;, with ¢(x,,)+¢*(x,) <
%. After identifying equivalent Cauchy sequences, these two processes turn out
to be inverse to each other; and therefore a generalised metric space is Cauchy
complete in the traditional sense if and only if it is Cauchy complete in the sense of

enriched category theory.

Such (Cauchy) (co)complete Q-categories can be studied and characterised in
many different ways, and have a wealth of applications; we refer to [2, 7, 24] for
examples.

2.4 Involution and symmetry

In this subsection we shall suppose that Q is a quantaloid equipped with an involu-
tion: a function Q1 — Qp: f + f° on the morphisms of Q such that f < g implies
f°<g°% (go f)° = f°o0g° and f°° = f. Itis easy to check that this automat-
ically extends to a (necessarily invertible) homomorphism (—)°: Q°° — Q which
is the identity on objects and satisfies f°° = f for any morphism f in Q. The pair
(Q, (—)°) is said to form an involutive quantaloid, but we leave the notation for the
involution understood when no confusion can arise.

10
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A Q-category A is symmetric if we have, for all z,y € Ay,
[(c4] A(x,y) = Ay, x)°.
We shall write SymCat(Q) for the full sub-2-category of Cat(Q) determined by the
symmetric Q-categories. The full embedding SymCat(Q) — Cat(Q) has a right
adjoint functor!,
incl.

SymCat(Q) L~ Cat(Q),

(=)s
which sends a Q-category C to the symmetric Q-category Cs whose objects (and
types) are those of C, but for any two objects z,y the hom-arrow is Cs(y,x) :=
C(y,z) AN C(z,y)°. A functor F': C — Dissentto Fg: C¢ — Dg: z — Fx. The
counit of this adjunction has components S¢c: Cs — C: x +— .

Example 2.4.1 A commutative quantale is the same thing as a quantale for which
the identity map is an involution; in particular can we thus consider 2 = {0, 1} and
R = [0, 00]°P to be involutive. For both ordered sets and generalised metric spaces
it is straightforward to interpret the symmetry axiom: an order (X, <) is symmetric
qua 2-enriched category if and only if the order-relation < is symmetric (and so it is
an equivalence relation on X); and a generalised metric space (X, d) is symmetric
qua R-enriched category if and only if the distance function d is symmetric (and so
(X, d) is an écart in the sense of [3]).

Composing right and left adjoint, we find a comonad (—)s: Cat(Q) — Cat(Q)
whose coalgebras are exactly the symmetric Q-categories. In the previous subsec-
tion we had the important monad (—)cc: Cat(Q) — Cat(Q) whose algebras are
exactly the Cauchy complete Q-categories. Because both arise from (co)reflexive
subcategories, there can be at most one distributive law of the Cauchy monad over
the symmetrisation comonad; here is a sufficient condition for its existence:

Proposition 2.4.2 ([10]) If an involutive quantaloid is Cauchy-bilateral, that is to
say, for each family (f;: X — Xi, gi: Xi — X)icr of morphisms in Q,

Vi,kel: frogjof; < fr

Vij,kel: gjofjog <
j gioliogk<gr \ _, Lx < \/(gi A JP) o (g5 A f2),
1X§\/gz‘ofz‘ el
el

then there is a distributive law L of (—)cc: Cat(Q) — Cat(Q) over (—)s: Cat(Q) —
Cat(Q) with components Lc: (Cs)ee = (Cec)s: ¢ — (Sc)« ® ¢. The category of

"But the right adjoint is not a 2-functor, so this is not a 2-adjunction!

11
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L-bialgebras contains precisely those Q-categories which are both symmetric and
Cauchy complete, and all Q-functors between these.

This means that, for such a Cauchy-bilateral Q, the Cauchy completion of a sym-
metric Q-category is again symmetric, and that the symmetrisation of a Cauchy
complete Q-category is again Cauchy complete; so the category of L-bialgebras
can be computed, either by Cauchy-completing all symmetric Q-categories, or by
symmetrising all Cauchy complete Q-categories. For more details we refer to [10].

Example 2.4.3 Every locale H is Cauchy-bilateral (for the identity involution); in
particular so is 2. But in the 2-enriched case, every 2-category is Cauchy complete!
Example 2.4.4 The Lawvere quantale R = ([0, 00]°P,+,0) is Cauchy-bilateral
(again, for the identity involution), so the Cauchy completion of a symmetric gen-
eralised metric space is again a symmetric generalised metric space. (Perhaps this
motivated Fréchet [6] to include the symmetry axiom in his definition of ‘metric
space’?)

The above example generalises, as follows:

Example 2.4.5 Any linearly ordered, integral, commutative quantale () is Cauchy-
bilateral (for the identity involution). Indeed, the condition to be Cauchy-bilateral
reduces to

1§\/9iofz’ — 1§\/(gi/\fi)2

for any family ( f;, g;)ier of pairs of elements of (). But integrality of () assures that
gi o fi < gi \ fi, so the hypothesis implies that

1<\ giofi<\/ginti
i i
and therefore — taking squares on both ends of this inequality — also
1< (\gin £)* = \gi A Fi) (g5 A 1)-
( 2
Now it is linearity of @ which makes (g;Afi)(g;Af;) < (giAfi)*V (gjAf;)?, so that
from the previous line we easily find the desired result. A left-continuous t-norm

[8] is exactly an integral commutative quantale structure on the (linearly ordered)
real unit interval; so here we find in particular all these to be Cauchy-bilateral.

2.5 Homomorphisms, lax functors, change of base

A homomorphism H: Q — R between quantaloids (and in particular quantales)
is a functor, mapping f: A — Bin Qto Hf: HA — HB in R and preserv-
ing composition and identities in the usual manner, which furthermore preserves

12



D. HOFMANN AND 1. STUBBE TOPOLOGY FROM ENRICHMENT

local suprema: whenever (f;: A — B)icrin Q, then H(\/, f;) =V, H f;. Homo-
morphisms H: Q — R and K: R — § compose to produce a new homomorphism
KoH: Q — §, and on each quantaloid Q there is an identity homomorphism 1¢; so
(small) quantaloids and homomorphisms themselves are the objects and morphisms
of a (large) category Quant.

A lax functor* F: Q — Rmaps f: A — BinQto Ff: FA — FBinRin
such a way that

-if f < f'inQ(A,B)then Ff < Ff' inR(FA, FB),

-if f: A—> Bandg: B— CinQ,then Fgo Ff < F(go f)inZR,

- forany Ain Q, 1pg < FlginR.

Lax functors compose in the obvious manner, so there is a (large) category Quant,y
of (small) quantaloids and lax morphisms, containing Quant. If a lax functor pre-
serves all identities, then it is said to be normal; the composite of such is again a
normal lax functor, so these are the morphisms of a category containing Quant and
contained in Quant,y.

Now suppose that F': Q — R is a lax functor. If C is any Q-category, then it
is straightforward to define an R-category F'C with the same object set as C but
with homs given by F'C(y,x) = F(C(y,x)). This construction extends to distrib-
utors and functors, producing a 2-functor Cat(Q) — Cat(R) and a lax morphism
Dist(Q) — Dist(R), both referred to as change of base functors.

For any quantaloid Q we can define the lax morphism Q — 2 which (obviously)
sends every object of Q to the single object of 2, every arrow bigger or equal to an
identity in Q to the non-zero arrow in 2, and all other arrows to zero. The change
of base Cat(Q) — Cat(2) = Ord thus associates to any Q-category its underlying
ordered set (and sends Q-functors to monotone functions); precisely, it sends a Q-
category C to the order (Co, <) where

x < y exactly when tz = ty and 1;, < C(z,y).

The Q-category C is said to be skeletal (or separated) when its underlying order is
anti-symmetric. Even when C is not skeletal, PC (and hence its full subcategory
Cee) is.

Example 2.5.1 Tautologically, an order (X, <) is skeletal qua 2-enriched category
if and only if the order-relation < is anti-symmetric; in other words, (X, <) is
a partially ordered set (but we will avoid that terminology, leaving the adjective
‘partial’ available for something quite different—see Subsection 3.3).

Example 2.5.2 Applied to the Lawvere quantale R = ([0, o0]°P, +, 0), the change
of base into 2 becomes the functor GMet — Ord which sends a generalised metric

2What we really define here, is a lax Ord-functor, i.e. a lax functor between quantaloids qua Ord-
enriched categories.

13
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space (X, d) to the ordered set (X, <) in which x < y precisely when d(z,y) = 0.
It follows that a generalised metric space (X, d) is skeletal qua R-enriched category
if and only if the distance function is separating in the sense that d(x,y) = 0 =
d(y,x) implies = y. A symmetric and skeletal (X, d) is thus the same thing as
ametric d: X x X — [0, o0] (allowing oo). Clearly, if the metric is symmetric or
separated then its underlying order is so too.

Example 2.5.3 Up to now we have considered the ordered set [0, 0o]°P as a quan-
tale for the addition; and we saw that ([0, c0]°P, 4, 0)-enriched categories are gen-
eralised metric spaces. But we can also consider the locale ([0, c0]°P, V, 0)—so it
is the same underlying order, but now with binary supremum as binary operation.
It is straightforward to check that a ([0, c0]°P, V, 0)-enriched category is exactly a
generalised ultrametric space (X, d), i.e. a distance function d: X x X — [0, co]
satisfying d(z,z) = 0 and d(x,y) V d(y,z) > d(z, z). (As for generalised met-
rics, also generalised ultrametrics can be symmetric or skeletal.) Because for any
a,b € [0, 00]°P we obviously have a + b > a V b, the identity function is a lax mor-
phism from ([0, c0]°P, V/, 0) to ([0, 00]°P, +, 0); the induced change of base functor
is simply the inclusion of generalised ultrametric spaces into generalised metric
spaces.

In Example 3.2.6 and further we shall come back to this example.

3. Partial metric spaces as enriched categories

3.1 Diagonals

It often happens in practice that quantaloids arise from quantales by one or another
universal construction. We shall describe one such case, which will turn out to be
crucial to describe the categorical content of partial metric spaces.

First we recall a definition from [22]:

Definition 3.1.1 Fixing two morphisms f: A — B and g: C — D in a quantaloid
Q, we say that a third morphism d: A — D in Q is a diagonal from f to g if any
(and thus both) of the following equivalent conditions holds:

i. thereexistx: A — Candy: B — DinQsuchthatyo f=d=goaux,

ii. go(g™\d)=d=(ds f)of.
Proof of the equivalence. Obviously (ii = ) is trivial. Conversely, d = gox < go
(9 \¢ d) < dholds because gox = dimplies x < g \, d; similarlyd = (d /" f)of
follows from y o f = d. O
The reason for the term “diagonal” is clear from a picture to accompany the first

14
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condition in the above definition: given the solid morphisms in the diagram

AT o
fl&ﬂq
B i > D

in Q, one seeks to add the dotted morphisms, to form a commutative diagram. The
equivalent second condition then adds that, whenever such = and y exist, then there
is a canonical choice for them, namely x = g\ dandy =d / f.

Proposition 3.1.2 ([22]) For any (small) quantaloid Q, a new (small) quantaloid
D(Q) of diagonals in Q is built as follows:
- the objects of D(Q) are the morphisms of Q,
a morphism from f to g in D(Q) is a diagonal from f to g in Q,
- the composition of two diagonals d: f — g and e: g — h is defined to be

eogd:= (e g)ogo(g\d),

the identity on f is f: f — f itself,

and the supremum of a set of diagonals (d;: f — g)ic1 is computed “as in
Q.

Remark 3.1.3 Regarding composition of diagonals, it is useful to point out that the
formula given above for e o, d is really just one of many equivalent expressions
for the composite arrow from the upper left corner to the lower right corner in the
following commutative diagram:

T u

fp\ J\\J

Yy v

Particularly, in doing so, one can choose any x,y, u, v that make the diagram com-
mute, not just the canonical x = g\ d,y =d ./ f,u=h\e,v=¢€,g.

There is an obvious full and faithful inclusion homomorphism?® of Q in D(Q):

I:Q—>D(Q):(f:A—>B>n—>(f:1A—>13>. ©6)

3Better still, this embedding enjoys a powerful universal property: it is the splitting-of-everything
in Q; and consequently it is the unit of a 2-monad on the category Quant of small quantaloids. This
has been described by Grandis [9] for small categories.
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It is thus a natural problem to study how properties of a given quantaloid Q extend
(or not) to the larger quantaloid D(Q). For later use we record a simple example:

Example 3.1.4 Say that a quantaloid Q is symmetric whenever the identity function
Q7 — Qq is an involution on Q; explicitly, this means that Q(A, B) = Q(B, A) and
fog = go f for all objects A, B and all morphisms f, g of Q. It is then a simple
fact that Q is symmetric if and only if D(Q) is. Note that a ‘symmetric quantaloid
with a single object’ is precisely a commutative quantale. So as a particular case we
find here that, for any commutative quantale (), the quantaloid D(Q)) is symmetric.

In the next subsection we shall study a particular class of quantales and quantaloids
— the so-called divisible ones — whose diagonals behave particularly well; thereafter
we shall be interested in categories enriched in D(Q)) whenever @ is a divisible
quantale.

3.2 Divisible quantaloids

In [22] we first introduced our notion of divisible quantaloid, but that first definition
contained some redundancies—so here we spell it out again, in a more optimal form.

Definition 3.2.1 A quantaloid Q is divisible* if it satisfies any (and thus all) of the
following equivalent conditions:
i. foralld,e: A — Bin Q: d < e if and only if there exist x: A — A and
y: B— Bsuchthateox =d=yoe,
ii. foralld,e: A — BinQ:d<eifandonlyifeo(e \d)=d=(d e)oe,
iii. foralld,e: A— BinQ:eo(e\yd) =dANe=(d,/e)oe.
iv. foralle: A — BinQ: D(Q)(e,e) = | e (as sublattices of (A, B)),
v. foralld,e: A — BinQ: D(Q)(d,e) = | (dAe) (as sublattices of A(A, B)).

Proof of the equivalences. The implications (i < i < i) hold trivially, as do
(i < iv < v); and to see that (i = i) one merely needs to adapt slightly the
argument given for the equivalence of the conditions in Definition 3.1.1.

Now assume (i7); putting e = 14 in the condition and using that Q(A, A) =
D(Q)(14,14), shows that Q is necessarily integral (meaning that, for every object
A, the identity morphism 14 is the top element of Q(A, A)). From d A e < e we
getdNe=-co(eN(dAe));bute N (dAe)= (e \d)A (e \ e) (because right
adjoints preserve infima) and e \, e = 14 (by integrality of Q) so (e \,d) A (e,
e) = (e \(d); altogether, we find d A e = eo (e \,d). A similar computation proves
that d A e = (d/ €) o e, so in all we proved (ii = 7).

*Note how the notion of divisibility is self-dual: Q is divisible if and only if Q° is. Put differently,
formally it makes sense to define Q to be semi-divisible if, foralld,e: A — BinQ, eo(e\(d) = dAe;
and then Q is divisible if and only if both Q and Q°P are semi-divisible.
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To complete the proof we shall show that (i¢ = v). First, we use again that Q
is necessarily integral to find, for any f € D(Q)(d,e), that f = (f , d)od <
1p o d = d; and similar for f < e. Conversely, if f < dAetheneo (e, f) = f
and (f  d) od = f both follow directly from the assumption, and show that
feD(Q)(d,e). O
To stress that the definition in [22] agrees with Definition 3.2.1 above, we record an
observation made in the proof above”:

Proposition 3.2.2 A divisible quantaloid Q is always integral.
We also observe:

Proposition 3.2.3 A divisible quantaloid Q is always locally localic®.

Proof. For (f;)icr,g be in Q(A, B) we certainly have \/,(fi A g) < (V, fi) N g.
Assuming Q to be divisible, we can furthermore compute that

NV ana=N e (Vi) =V (5o (A6 9))
<V (fe (Fg) =V (Fing)

]

which leads to the conclusion: \/;(fi A g) = (\V; fi) A g. O
The very definition of divisibility already shows a link with the diagonal construc-
tion; the next proposition adds to that:
Proposition 3.2.4 A quantaloid Q is divisible if and only if D(Q) is divisible.
Proof. As we may regard Q as a full subquantaloid of D(Q), if the latter is divisible
then so must be the former.

Now suppose that Q is divisible. By Condition (7v) in Definition 3.2.1 we find
that D(Q) is integral, so one implication in Condition (z) is trivial for D(Q). For the
other implication, consider two diagonals

Xo Yo

PN

X1 Y;

5This Proposition 3.2.3, and also Proposition 3.2.4, help to show that there are very many non-
divisible quantaloids. For instance, if (M, o, 1) is any monoid, then the free quantale (P(M), o, {1})
is divisible if and only if M = {1}. The quantaloid Dist(Q) is not divisible in general, even for
divisible OQ—because it is not integral. The quantale of sup-endomorphisms on a sup-lattice is not
divisible in general. And so forth.

SThis means that each lattice (A, B) of morphisms in Q with the same domain and the same
codomain is a locale. This does not mean that composition in Q preserves finite infima in each variable
(e.g. the empty infimum is hardly ever preserved).
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such that d < d’ in D(Q)(f, g). Because we necessarily have d < d’ in Q(Xo, Y1)
too, it follows from the assumptions on Q that there exist x: Xg — Xgandy: Y7 —
Y1 such that yod’ = d = d'ox in Q. Furthermore, fox < fin Q(X, X;) (because
Q is integral), so that there exists an 2’ : X; — Xy suchthat{ := fox = 2’0o f; and
for similar reasons there is an 3" : Yy — Y{ such that 7 := yog = goy/. Displaying
all these morphisms in the diagram

/

Xo %o Xo Yoo lon Yy

. J KJ\ J

fl §& S g M g

X, » X1 Y1 > Y1
x Y

shows that £ and 7 are diagonals too, and from Remark 3.1.3 it is clear that d’ o rE=
d =mno4d. Sowe showed that d’ divides d in D(Q), as required. O

An important class of examples is provided by:

Example 3.2.5 Any locale H is (commutative and) divisible: for any a,b € H
we have a A (a = b) < b by the universal property of the “implication”, and
a A (a = b) < a holds trivially, so we already find a A (a = b) < a A b; and
conversely, b < (a = b) holds by its equivalence to the trivial a A b < b, and
therefore also a A b < a A (a = b) holds. Via the argument in Example 3.1.4 and
the above Proposition 3.2.4 it follows that also the quantaloid D(H) is symmetric
and divisible’. Both H and D(H) are Cauchy-bilateral (for the identity involution),
see [10, Example 4.5]. In particular is this all true for H = ([0, 00]°P, V, 0).

We hasten to point out our other main example:

Example 3.2.6 The Lawvere quantale R = ([0, c0]°P, 4, 0) is (commutative and)
divisible. The “implication” in this quantale is given by a ~~ b = 0V (b — a)
(truncated substraction), and so it is easily seen that a + (a ~» b) = a V b, as
required. It thus follows that its quantaloid of diagonals D(R) is symmetric and
divisible. In [10, Example 4.4] it is shown that R is Cauchy-bilateral; we shall now
prove the stronger fact that also D(R) is Cauchy-bilateral.

Because the Lawvere quantale is divisible, we know by Condition (iv) in Def-
inition 3.2.1 that its quantaloid of diagonals is integral. Therefore, as explained in
[10, Definition 4.2], the latter is Cauchy-bilateral if and only if the following holds®:

"Note that — because every element of H is idempotent — the quantaloid D(H) is exactly the
universal splitting-of-idempotents in H; that is to say, any homomorphism H — R into a quantaloid
in which all idempotents split, extends essentially uniquely to a homomorphism D(H) — R.

8This expresses exactly that, whenever f;: @ — b; and g;: b; — a are diagonals so that the
supremum of the composites g; o, f; is bigger than the identity diagonal on a, then so is the supremum
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for any index-set I and elements a, b;, f;, g; € [0, 00],

if fi ANgi>aVb;anda > /\(gz + fi — bl) then a > /\(Q(fZ V gi) — bz)

Because R is linearly ordered and the formulas are symmetric in f;’s and g;’s, we
may suppose that g; > f; > b; for all ¢ € I. Under this harmless extra assumption
we can compute that

Nogi = Nfiza>= Ngi+ fi—b) = N\
and furthermore

A@fivg) —bi) = \(2gi —bi) > /\gi > /\fz

7 %

It is thus sufficient to prove that: for any index-set I and elements b;, f;, g; € [0, o],
if g; > fi > biand N\ fi > N(gi+ fi — bi) then N\ f; > N\ (29 — by).

But from A;(g; + fi — bi) < A, fi we know that for any € > 0 there exists k € [
such that for any j € I: gi + fr — by < f; + €; and upon putting j = k it follows
that g, — by < e. Secondly, since A, g; < /\; fi we find for any ¢ > 0 some i € I
such that for any j € I, g; < f; + . Summing up, for any ¢ > 0 there is an
i € I such that for any j € I, 2g; — b; < f; + 2¢; and this means exactly that
N;(2g9; — b)) < A, fi, as wanted.

The close relationship between the two previous examples, ([0,00]°P,V,0) and
([0, 00]°P, 4, 0), can be traced back to divisibility, as follows.

Let @ = (Q, o, 1) be any divisible quantale, and write Qg = (Q, A, 1) for the
underlying locale; because () is integral it follows that the identity function is a lax
morphism from Qg to Q). We must distinguish between the quantaloid D(Q) of
diagonals in @ and the quantaloid D(Q ) of diagonals in @ 7. However, both these
divisible quantaloids have the same objects, and — as spelled out above — for fixed
f,9 € @ we also find that

D@Q)(f,9) =1(f Ng) =DQu)(f,9)

Furthermore, the identity on an object f € @, in both D(Q) and D(Qp), is the
greatest element of D(Q) = D(Qn), viz. f itself. So the only (but crucial) differ-
ence between both these quantaloids, is the composition law:

of the composites of (g; V f7) ob; (g5 V fi); but the involution on D(Q) is the identity — stemming
from @)’s commutativity — and composition is computed as gop, f =g+ f — b.
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- the compositeof d: f — gande: g = hin D(Q) is eogd = (e g)ogo(g\,d),
- the composite of d: f — gande: g — hin D(Qpg) ise Ad.

However, these expressions compare: because eogd = eo(g\,d) < e, and similarly
eogd < d,soeoyd < e/ d. Inother words, the identity function on objects and
arrows defines a normal lax morphism from D(Q ) to D(Q). Furthermore, the lax
morphisms Qg — @ and D(Qy) — D(Q) commute with the full embeddings
Q — D(Q) and Qg — D(Qp) to make the following square commute:

Qp——Q

[ ]

D(Qu)—D(Q)

When applying the above constructions to R = ([0, 00]°P, +,0), we already
know that categories enriched in R are generalised metric spaces (Example 2.2.2);
we also know that categories enriched in Ry are generalised ultrametric spaces
and that the change of base induced by the lax morphism from Ry to R encodes
precisely the inclusion of ultrametrics into metrics (Example 2.5.3). In the next
section we study the two other bases of enrichement made available in Diagram (7).

3.3 Partial categories, partial metrics

When Q is a small quantaloid, then so is D(Q); hence the theory of enriched cate-
gories applies to D(Q) as much as it does to Q. The full embedding I: Q — D(Q)
induces a change of base Cat(Q) — Cat(D(Q)) which shows how Q-categories
fit into D(Q)-categories. For the sake of exposition, we introduce the following
terminology and notation:

Definition 3.3.1 A partial Q-enriched category (functor, distributor) is a D(Q)-
enriched category (functor, distributor). We write PCat(Q) := Cat(D(Q)) and
PDist(Q) := Dist(D(Q)).
Explicitly, a partial Q-category C consists of

(obj) aset Cy,

(typ) afunctiont: Cy — Qy,

(hom) a function C: Cy x Cy — 9q,
such that, in the quantaloid Q, we have that

(pC0) (C(y,z) tx)otx =C(y,x) =ty o (ty \C(y, z)),

(pCl) tx < C(z,x),

(pC2)? (C(2,y) " ty) oty o (ty \ C(y,x)) < C(z, ).

°0Or any of the equivalent expressions obtained by replacing the left hand side, thanks to (PCO),
with either (C(z,y) " ty) o C(y,z) or C(z,y) o (ty \, C(y, z).
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Similarly one can express the notions of D(Q)-enriched functor and distributor
to avoid explicit references to the diagonal construction, and speak of ‘partial Q-
functor’ and ‘partial Q-distributor’ between partial Q-categories.

Upon identification of Q with its image in D(Q) along the full embedding
I: Q — D(Q),itis clear that (“total”) Q-categories (and functors between them) are
exactly the same thing as partial Q-categories for which all object-types are iden-
tity morphisms (and partial functors between them). Indeed, the change of base
Cat(Q) — PCat(Q) induced by the full embedding /: Q — D(Q) is precisely the
full inclusion of Q-categories (and functors) into partial Q-categories (and partial
functors).

As a converse to the inclusion of Q into D(Q), we can observe that any diagonal
d: f — g can be “projected” onto its “domain” and onto its “codomain’:

Proposition 3.3.2 For any quantaloid Q, both
J()(d: f— g) = (g\d: dom(f) — dom(g))

i (d: o g) - (d/f: cod(f) — cod(g))

are lax morphisms. The induced change of base functors Jy,Ji: PCat(Q) —

Cat(Q), send a partial Q-category C to:

- the Q-category JoC with object set Cy, type function Cy — Qqp: = — dom(tz),
and hom function Cy x Cy — Q1: (y,x) — ty \C(y, x),

- the Q-category J1C with object set Cy, type function Cy — Qp: x +— cod(tx),
and hom function Cy x Co — Q1 : (y,z) — C(y, z)/ tx.

Proof. For morphisms f, g in Q, the map D(Q)(f,g9) — Q(dom(f),dom(g)): d —
g \(d preserves order. Given diagonals d: f — g and e: ¢ — h, we know that
ho(h™\/e)o (g \yd) = eog4d, from which it follows by lifting through A that
(h\ve) o (g\d) < h™\,(eog4d), orin other words, Jy(e) o Jo(d) < Jo(e o4 d).
Finally, for any morphism f in Q we have that 1yom(r)y < (f \(f) = Jo(1s). The
proof for J; is entirely dual. O
In a somewhat different context [23], these change of base functors have been called
the forward and backward globalisation of a partial Q-category. It can be remarked
that, since Jp: D(Q) — Qs a left inverse to I: Q — D(Q) (that is, Jy o I is the
identity on Q), the same is true for the induced functors Jyp: PCat(Q) — Cat(Q)
and I: Cat(Q) — PCat(Q) (and similar for J;).

Even though it could be an interesting topic to compare partial Q-categories
with “total” Q-categories for a general base quantaloid Q, we shall narrow our study
down to a more specific situation: in the rest of this section we shall be concerned
only with commutative and divisible quantales—in keeping with our main example,
the Lawvere quantale R = ([0, 00]°P, +,0).
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Let us first note that, whenever Q) = (@, o, 1) is a commutative quantale, the
function @ x @ — Q: (f,g) — f o g is a homomorphism of quantales, so that
composition with the lax morphism (Jp, J1): D(Q) — @ x @ (whose components
Jo and J; are those of Proposition 3.3.2) produces yet another lax morphism from
D(Q) to Q:

Proposition 3.3.3 If Q is a commutative quantale'®, then
K:D(@Q) = Q: (d: f = g) = ((g~d) o (f~d))

is a lax morphism. The induced change of base K : PCat(Q) — Cat(Q) sends a
partial Q-category C to the symmetric QQ-category K C with object set Cy and hom
function Cy x Co — Q: (y,z) — (ty~>C(y,x)) o (tx~C(y, x)).

Unlike Jy and J;, the lax morphism K is not a left (or right) inverse to [: ) —

D(Q).

Secondly, let us narrow down the definition of partial Q-category [22]:

Proposition 3.34 If Q = (Q,\/,0,1) is a divisible quantale, then a partial Q-
category C is determined by a set Cy together with a function C: Cy x Cy —

Q: (y,z) — C(y, x) satisfying
Cly, x) < C(z,x) ANC(y,y) and (C(2,y) " C(y,y)) o Cly,z) < C(z, ).

A partial functor F': C — D between partial Q-categories is a function F': Cy —
Dy satisfying

C(x,z) = D(Fz, Fzx)and C(y,z) < D(Fy, Fz).
And a partial distributor ®: C—e~D is a function ®: Dy x Cy — Q satisfying

P(y,z) < C(z,z) AD(y,y), D,y) " D(y,y)) o d(y,z) < 2y, )
and ®(y,x) o (C(z,z) \, C(z,2")) < &(y, ).

Sketch of proof. Take the explicit description, below Definition 3.3.1, of a partial Q-
category C, and weed out the redundancies due to the particularities of the divisible
quantale @ (and the therefore also divisible quantaloid D(Q)): because both the
set of objects and the set of arrows of D(Q) are equal to ), we find that both
the type function and the hom function take values in @; D(Q) is integral and
tr = 1y by construction, so the reflexivity of the hom function becomes tx =

The commutativity of the multiplication implies, by uniqueness of adjoints, that liftings and ex-
tensions are the same thing; so in this case we shall write x ~~y instead of z \,y = v/ x. We reserve
the notation x = y for the case where the multiplication is given by binary infimum, i.e. when the
quantale considered is actually a locale.
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C(z, z), making the type function implicit in the hom function and [PC1] obsolete;
divisibility of () makes [PCO] equivalent to C(z,y) < C(z,z) A C(y,y); and
formulating the composition in D(Q) back into terms proper to (), [PC2] is exactly
(C(z,y) v C(y,y)) o C(y,z) < C(z,x). Similar simplifications apply to functors
and distributors. O
Finally, we can fully develop — as we set out to do — the notion of ‘partial metric
space’:
Example 3.3.5 For Lawvere’s quantale R = ([0, 00]°P, 4, 0), and adopting com-
mon notations, a partial R-category X is precisely a set X := X/ together with a
function p := X : X x X — [0, oo] satisfying

p(y, =) > p(z,z) V p(y,y) and p(2,y) — p(y,y) + p(y, x) > p(z, x).

In line with Example 2.2.2 we call such a structure (X, p) a generalised partial
metric space—indeed, upon imposing finiteness, symmetry and separatedness, we
recover exactly the partial metric spaces of [18], whose definition we recalled in the
Introduction. A partial functor f: (X,p) — (Y, ¢) between such spaces is a non-
expansive map f: X — Y: z — fux satisfying furthermore p(z,x) = q(fx, fzx);
these objects and morphisms thus form the (locally ordered) category PMet :=
PCat(R) = Cat(D(R)).

Furthermore, the underlying locale Ry = ([0, 00]°P, V, 0) of the Lawvere quan-
tale is also a divisible quantale. A partial Ry-enriched category X is a set X := X,
together with a function u := X: X x X — [0, oo] satisfying

u(y,z) > u(z,z) Vuly,y) and u(z,y) Vu(y,z) > u(z,x).

For all the obvious reasons we shall call such a (X, u) a generalised partial ultra-
metric space. These are the objects of a (locally ordered) category GPUMet :=
PCat(Ry) = Cat(D(Rpy)).
The commutative Diagram (7) of lax morphisms induces a commutative dia-
gram
GUMet ———— GMet

L]

GPUMet —— GPMet

in which all arrows are full embeddings. When restricting to symmetric, finite and
separating distance functions in all four categories in this square, one finds the ap-
propriate categories of “non-generalised” (partial) (ultra)metric spaces.

On the other hand, as a corollary of Propositions 3.3.2 and 3.3.3 (which ap-
ply to R as well as Ry!), we have three ways to compute a “total” (generalised)
(ultra)metric from a partial one: given (X, p) we find
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- po(y, z) := p(y,x) — p(y, y) via the lax morphism Jy: D(R) — R,

- pi(y, =) :== p(y, ) — p(x, z) via the lax morphism J; : D(R) — R,

- pr(y,z) == 2p(y,x) — p(x,x) — p(y,y) via the lax morphism K : D(R) — R.
These constructions will be useful in the next Section.

To end this Section, we insist on the fact that partial functors between (gener-
alised) partial (ultra)metrics are non-expansive maps that preserve self-distance. At
first sight this may seem too strong a requirement—would it not be more natural to
allow (non-expansive) functions f: (X,p) — (Y, q) to decrease the self-distances
too? But for our later purposes (namely, to canonically associate a topology to every
quantaloid-enriched category, and therefore also to each partial metric space) the lat-
ter type of map is not suitable (it does not give rise to continuous maps). However,
there is also a simple algebraic argument in favour of maps that do not decrease self-
distances (apart from their origin as functors in the appropriate categorical setting,
viz. as D(R)-enriched functors). Consider the one-element partial metric space 1,
whose single element has self-distance a € [0, 00]. General non-expansive maps
f: 1, — (X,p) are in 1-1 correspondence with elements of X whose self-distance
is at most a; if we impose f to preserve self-distance, then it picks out an element
of X whose self-distance is exactly a. The second situation is thus to be preferred,
if one wants to be able to identify each element of (X, p) with precisely one map
defined on a singleton partial metric.

4. Topology from enrichment

4.1 Density and closure

A functor F': C — D between Q-categories is fully faithful when C(y,z) =
D(Fy, Fz) for every z € Cy and y € D; equivalently, this says that the unit of
the adjunction of distributors F, < F'* is an equality (instead of a mere inequality).
The complementary notion to full faithfulness will be of importance to us in this
section:

Definition 4.1.1 A functor F': C — D between Q-categories is fully dense if the
counit of the adjunction of distributors F, = F* is an equality (instead of a mere
inequality); explicitly, we have for all x,y € Dg that

D(y,z) = \/ D(y, Fc) o D(Fe,x).
ceCo

It is clear that an essentially surjective F': C — D (meaning that for every y € D

~

there exists an x € C such that F'ix = y) is always fully dense; but the converse
need not hold.
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Proposition 4.1.2 A functor F': C — D between Q-categories is fully dense if and
only if it is essentially epimorphic, i.e. forevery H K: D - E if Ho F = Ko F
then H = K.

Proof. If F is fully dense and H o FF = K o F, then — looking at the repre-
sented distributors — we can precompose both sides of E(—, H—) @ D(—, F'—) =
E(—, K-) ® D(—, F—) with D(F—, —) to find E(—, H—) = E(—, K—), which
means precisely that H = K.

To see the converse, consider the Yoneda embedding Yp: D — PD: d —
D(—, d) alongside the functor Z: D — PD: d — D(—, F—) ® D(F—,d). Be-
cause Yp(Fc) = Z(Fc) holds for all ¢ € C, the assumed essential epimorphic
F provides that Ypd =2 Zd for all d € D—but since PD is a skeletal Q-category
(isomorphic objects are necessarily equal), we actually have that Ypd = Zd for all
d € D. This says precisely that F is fully dense. O

Whenever C is a Q-category, any S C Cg determines a full subcategory S — C.
In particular, two subsets S C T' C C; determine an inclusion of full subcategories
S < T < C. Slightly abusing terminology we shall say that .S is fully dense in T’
whenever the canonical inclusion S < T is fully dense. Fixing S, we now want to
compute the largest 7" in which S is fully dense.

Lemma 4.1.3 [f subsets S, (T;)icr of Co are such that S is fully dense in each T;,
then S is fully dense in | J; T;.

Proof. Let us write respectively S, T; and T for the full subcategories of C deter-
mined by S C Cy, T; € Cp and | J; T; C Cy. Suppose that functors F,G: T — I
agree (to within isomorphism) on 5, then density of .S in each 7; makes them agree
on each T}, and therefore on UZ T;. That is, the inclusion of S in UZ T; is fully
dense, according to Proposition 4.1.2. O
The above lemma allows for the following definition:

Definition 4.1.4 Let C be a Q-category. The categorical closure of a subset S C
Cy is the largest subset S C Cq in which S is fully dense; that is to say,

S = U{T C Co | Sis fully dense in T'}.

To explicitly compute the closure of a subset S of objects of C, we can use:

Proposition 4.1.5 Let C be a Q-category and for S C Cy write i: S — C for the
corresponding full embedding. For an object x € C the following are equivalent:
i €S,
ii. C(i—,x)AC(x,i—), orexplicitly: 1tz < \/,cg C(z,5) 0 C(s, ),
iii. C(z,z) = C(x,i—) ® C(i—,x), or explicitly: C(x,z) = \/,cgC(z,s) o
C(s,x),
. forevery F,G: C =D, if F|g = G|g then Fx = Gu.
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Proof. (i=iv) By density of S in ?Lwhenever F and G agree (up to isomorphism)
on S then they necessarily do so on S too. In particular F'z = Gz whenever xz € S.
(iv = iii) For the functors

F:C—?PC:c—C(—,i—)®C(i—,c)and G = Yg: C — PC: ¢ — C(—,¢)

we have (much as in the proof of Proposition 4.1.2) for any s € S that F's =
C(—,i—) ® C(i—,s) = C(—,s) = Gs. So F|g = G|g, and therefore F' = G by
assumption, from which C(z, z) = (Gz)(z) = (Fz)(z) = /. C(z, s) o C(s, x)
follows.

(iii = 1i) Is trivial.

(i =1)ForT = {z € Co | 1z < V,egC(z,s) 0 C(s,z)} we surely have
S CT;soletj: S < T be the corresponding full embedding. For any z,y € T we
have T(y, z) = C(y, x), so we can use the composition inequality in T to compute
that

T(y,2) > \/ Ty, js) 0 T(Gs,z) > \/ T(y, ) 0 T(z, js) 0 T(js, 2)
ses ses

> T(y,x) o \/ T(x,js) o T(js, ) > T(y,z) 0 1y = T(y,z)
seS

SES

This shows S to be fully dense in 7', and therefore 7' C S. O
Next we prove that the term ‘closure’ is well-chosen:

Proposition 4.1.6 For every Q-category C, (Cy, (-)) is a closure space, and for
every functor F: C — D, F: (Cy, () — (Do, (+)) is a continuous function. This
makes for a functor Cat(Q) — Clos.

Proof. It is straightforward to check that S + S is ~a monotone and increasing
operation on the subsets of Co. As S'is fully dense in S, which itself is fully dense
in S, and the composition of two fully dense functors is again fully dense, it follows

easily that S is fully dense in S, so S CS. This makes (Co, (+)) a closure space.
Now fix S C Cy, and suppose that € S. Functoriality of F': C — I implies
that

Lipe = 1y < \/ C(z,8) o C(s,z) < \/ D(Fz, Fs) o D(Fs, Fx)
s€S ses
= \/ D(Fz,t)oD(t,Fx),
teF'S

which goes to show that Fx € F'S. This makes F': (Co, (-)) — (Do, (-)) a contin-
uous function.
The functoriality of these constructions is a mere triviality. O
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The following example nicely relates to Subsection 2.3.

Example 4.1.7 Via the Yoneda embedding Y¢: C — PC: 2z — C(—,x) we may
consider any Q-category C as a full subcategory of the presheaf Q-category PC:
so Y (C) is precisely the full subcategory of representable presheaves. For any
presheaf ¢: 1 x —o»C we may compute — using the Yoneda Lemma — that

¢ € Ye(C) «= 1x < \/ PC(¢,Yex) o PC(Ye, ¢)
zeCo

= 1x < \/ PC(¢,Yew) 0 p(2).

zeCo

On the other hand, in Dist(Q) we have (as in any quantaloid) that ¢: 1x -+Cis a
left adjoint if and only if its lifting through the identity, namely ¢ \(C : C—»1x,
is its right adjoint, if and only if

1x <\ (6\C)(2) 0 6(x)

z€Cy

holds. Because (¢ \, C)(z) = ¢ \ C(—,z) = PC(¢, Yc(x)) we thus find that
¢ € Yr(C) exactly when ¢ is a left adjoint; or in words: the Cauchy completion
Cecc of Cis the categorical closure of C in the free completion PC.

4.2 Strong Cauchy bilaterality—revisited

Suppose now that Q is an involutive quantaloid (and, as usual, write f — f© for the
involution). When C is a Q-category and S C Cg determines the full subcategory
S < C, then that same set S also determines a full subcategory Sg < Cs of the
symmetrisation Cs of C. Thus we may compute rwo closures of S: for notational
convenience, let us write S for its closure in C, and S for its closure in Cs. We can
then spell out that, for any € Cy,

1€l = 1 < \/ C(z,s) o C(s,x) (8)
seS
whereas
re8 = 1, < \/ Cs(z, s) 0 Cs(s, )
s€S 9)

= 1y < \/ (C(z,s) NC(s,2)°) o (C(s,z) A C(x, s)°).
ses

It is straightforward that the second condition implies the first (without any further
condition on Q), so that S C S. This inclusion can be strict—but we have that:
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Proposition 4.2.1 For any involutive quantaloid Q, the following conditions are
equivalent:
i. for every Q-category C and every subset S C Cq, the closure of S in C
coincides with the closure of S in Cs,
ii. Q is strongly Cauchy bilateral: for every family (fi: X — Y, g1 Y —
X)ier of morphismsin Q, 1x <\/, gio fi implies 1x < \/,(giNf?)o(g9 N fi).
Proof. We continue with the notations introduced before the statement of this Prop-
osition. If we apply the second condition to the family

(C(s,z): tx — ts,C(x,s): ts — tx)ses

then we obtain immediately that z € S whenever z € S, 50 S = S.

Conversely, given the family of morphisms in the second condition, define the
Q-category C with object set Cy = I & {x}, types given by tx = X and ti = Y}
and homs given by

4 . . Oy.y: when i # j,
C(i,x) = fi, C(z,i) = gi, C(z,x) = 1x, and C(j,1) = { 1?’}3‘/&;?;7;]

By assumption we must have T = T for the subset I C Co, so in particular x € T
must imply « € I. Spelling this out with the aid of Equations (8) and (9) reveals the
required formulas. O
In [10], the notion of a ‘strongly Cauchy bilateral’ quantaloid Q was introduced
as a purely formal stronger version of (“ordinary”) Cauchy bilaterality, because in
several examples the stronger version holds, and it is easier to verify. Here now,
in the context of closures on Q-categories, we have an explanation for the strong
Cauchy bilaterality of Q as encoding precisely that “closures can be symmetrised”.
(But we do repeat that, for an integral quantaloid, strong Cauchy bilaterality and
(‘ordinary’) Cauchy bilaterality are equivalent.) Whereas the Cauchy bilaterality
of an involutive quantaloid Q implies that there is a distributive law of the Cauchy
monad over the symmetrisation comonad on Cat(Q) [10, Corollary 3.9], we can
express strong Cauchy bilaterality of Q to mean that the functor Cat(Q) — Clos
is invariant under composition with the symmetrisation comonad (—)s: Cat(Q) —
Cat(Q).

4.3 Groundedness and additivity

The final issue we wish to address here in full generality, concerns the topologicity
of the closure associated with any Q-category—and this turns out to be a rather
subtle point. Recall that a closure is said to be topological when it is both grounded
(i.e. 0 = 0) and additive (i.e. SUT = S U T). Especially when considering
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(convergence of) sequences in a closure space — as we shall wish to do in the next
section in the case of partial metric spaces — it is problematic if that closure is non-
grounded: for then any sequence converges to every point in (.

First, for any Q-category C it is easy to check that j = {z € Cy | 1tz = Oiz };
but for an object Z in Q we have that 0 = 17 if and only if Z is a zero object
(both terminal and initial); therefore 0 = 0if and only Cg has no element whose
type is a zero object in Q. Conversely, if Q has a zero object Z, then quite obviously
the categorical closure of the Q-category 17 does not satisfy ) = (). That is to say,
the functor Cat(Q) — Clos of Proposition 4.1.6 factors through the full subcategory
Closgq of grounded closure spaces if and only if Q does not have a zero object.

Example 4.3.1 Any non-trivial quantale — viewed as a one-object quantaloid — does
not have a zero object, and therefore the categorical closure on such a quantale-
enriched category is always grounded. However, every quantaloid of diagonals (our
main concern in this paper) has zero objects: indeed, every zero morphism in a
quantaloid Q determines a zero object in D(Q). In particular, even when Q is a
non-trivial quantale, D(Q) will still have exactly one zero object. The categorical
closure on a D(Q)-enriched category may thus very well be ungrounded—and thus
we must be a little bit more careful when studying (convergence of) sequences in
such an enriched category. The case that springs to mind is Lawvere’s quantale of
positive reals, R = ([0, 00|°P, +, 0), where R-categories (generalised metric spaces,
cf. Example 2.2.2) have a grounded closure, but D(R)-categories (generalised par-
tial metric spaces, cf. Example 3.3.3) may have an ungrounded closure.

However, if Q does have a (unique'!) zero object Z, we can always “discard” the
elements of type Z from any given Q-category C: more precisely, if we define its
full subcategories C, and C,,, to have as elements

(Crlo={reCylte=2Z} and (Cnlo={zeCylte+#Z}

then C is exactly their categorical sum (coproduct): C = C,,, + C,.

Because any Q-functor F': C — D preserves types, it restricts to elements of
non-zero type as Fp,: C,, — Dp,. It follows easily that the canonical injection
i: Cpnz — C is the counit for a (strictly) idempotent comonad on Cat(Q), whose
category of coalgebras Cat(Q),, is exactly the full coreflective subcategory of those
Q-categories that do not have elements of type Z:

(_)nz

Cat(Q)n; @ Cat(Q)

A similar reasoning holds when Q has several (necessarily uniquely isomorphic) zero objects, but
we shall not need encounter that situation further on; indeed, our main concern is Q = D(R).
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Furthermore, if we write Q,,, for the (smaller) quantaloid obtained from Q by dis-
carding its zero object Z, then Cat(Q),, = Cat(Qn,) (and the full embedding
Cat(Q)n, = Cat(Qp,) — Cat(Q) is actually the change of base determined by the
homomorphism Q,, — Q). This goes to show that we always have a factorisation

Cat(Q)n, = Cat(Qp, ) — Cat(Q)

k

Closgg™—— Clos

The study of (convergence of) sequences of elements in a Q-category C (for the
categorical closure) is most useful, not in the whole of C, but in its “non-zero core-
flection” C,,,.

In Section 5 we shall consider (convergence and Cauchyness of) sequences in
(the non-zero coreflection of) a generalised partial metric space, and we shall want
to relate it to the categorical Cauchy completion. To prepare the ground, we make
here a few general observations regarding the Cauchy completion of a Q-category
C in case the quantaloid Q has a (unique) zero object Z. For any Q-category C
there is a unique Cauchy distributor from 1z to C, namely ¢: 1 —+C with, for all
xz € Cp, the ¢(x): Z — tx being the unique element of Q(tz, Z). In other words,
the Q-category C. contains exactly one element of type Z, which means that

(Ccc = ((Ccc)nz + ]]-Z~

On the other hand, a Cauchy presheaf on C,, as Qn,-category is exactly a Cauchy
presheaf on C, as Q-category whose type is not zero. That is to say, the following
square commutes:

Cat(Q) — "2+ Cat(Qpn;) = Cat(Q)n;

(_)CCL L(_)cc

Cat(Q) ———— Cat(Qn,) = Cat(Q)n,

—)nz

(where on the right hand side we do the Cauchy completion qua Q,,-enriched cate-
gory!). As a consequence, we find:

Proposition 4.3.2 For Q a quantaloid with a unique zero object Z and C any Q-
category, we have that

(CCC = (an)cc + ]].Z ll’l Cat(Q)
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where Cc is the Q-enriched Cauchy completion of C and (Cp;)cc is the Qn -enrich-
ed Cauchy completion of C,, (whose elements are in fact the Q-enriched Cauchy
presheaves on C,, whose type is not Z).

Finally, we end with a comment on the additivity of the categorical closure on
C. As for any closure, it is always true that S UT C S UT for any S,T C Cy, but
this inclusion need not be an equality. Indeed, for an « € Cy we have that

reSUT < 1< \/ C(z,r)oC(r,z)
resuT

(10)
— 1y < (\/ C(x,s) o C(s,x)) V (\/ C(z,t) o C(t, 2)),
seS teT
whereas
2€SUT <= 1 < \/ Clz,8)0C(s,2), Lz < \/ Cla,t)oC(t, ). (11)
seS teT

It is now straightforward to identify a sufficient condition for the closure of any Q-
category to be topological (i.e. grounded and additive), which turns out to be also
necessary when Q is integral). Admittedly this is not the most elegant condition—
but it serves our purposes in the upcoming subsections.

Proposition 4.3.3 For any quantaloid Q, if every identity arrow is finitely join-
irreducible'? then the closure associated to any Q-category C is topological. For
any integral quantaloid Q the converse holds too.

Proof. For any Q-category C it is easy to check that ) = {z € Cq | 14z = O}
therefore () = () if and only if none of the identities in Q is a bottom element. It is
furthermore clear from the comparison of (10) and (11) that finite join-irreducibility
of identities in (any) Q suffices for closures to be topological. Conversely, and under
the extra assumption that Q is integral, for any f, g € Q(X, X) there is a Q-category
C with three objects of type X, say z, y, z, and hom-arrows

C(z,y) = f, C(y,2) =g, C(x,2) = f og, and all others are 1x.
It is easy to compute with the formula in Proposition 4.1.5—ii that
ye{r,ztolx<fVvy, yefayelx<f ye{zdelx<y

Thus, if this closure is topological then 1 x must be finitely join-irreducible. O
If a quantaloid Q has a (unique) zero object, then it can never satisfy the condition in
the above proposition; but removing that zero object from Q may very well produce
a quantaloid Q,,, that does satisfy the condition above.

12We mean here that, for any object X of Q,if 1x < f1 V...V fn (n € N) then 1x < f; for some
i € {1,...,n}. In other words, 1x # Ox and forany 1x < fVgwehavelx < forlx <g.
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5. Topology from partial metrics

5.1 Finitely typed partial metric spaces

From now on we shall apply the previous material to the particular case where
the base quantaloid is the quantaloid of diagonals in the (divisible, commutative)
Lawvere quantale R = ([0, 00]°P,+,0). As before, we shall write an R-enriched
category as (X, d), and a D(R)-enriched category as (X, p), to insist on their un-
derstanding as generalised (partial) metric spaces—even though we shall of course
use the fully general theory of quantaloid-enriched categories where we see fit.

The quantale R has its identity finitely join-irreducible (because the order is
linear). The quantaloid D(R) has a unique zero object, namely oo (an unfortunate
notational clash, due to the reversal of the natural order on [0, oc]), but once we
remove this zero object, the resulting quantaloid D(R),, has all its identities finitely
join-irreducible (because the local order is linear). We saw in Examples 3.2.5 and
3.2.6 that R and D(R) are both strongly Cauchy bilateral; a fortiori the same is true
for the subquantaloid D(R);.

The categorical closure on a generalised partial metric space (X, p) is, as indi-
cated in the previous section, non-grounded as soon as there exists an x € X such
that p(z, z) = oo. Excluding the points of self-distance'? oo from (X, p) (that is,
those elements which are of type oo in (X, p) qua D(R)-enriched category), we
make sure that the categorical closure on that finitely typed part of (X, p) is topo-
logical.

Restricting our attention now to finitely typed generalised partial metric spaces —
by which we mean of course those partial metrics such that p(z, z) < oo, so that in
effect we consider categories enriched in D(R),, — we may infer from Propositions
4.2.1 and 4.3.3 that:

Proposition 5.1.1 The categorical closure on a finitely typed generalised partial
metric space (X, p) is topological, and is identical to the closure on the associated
symmetric finitely typed generalised partial metric space (X, ps) (where ps(y, x) =
p(y,x) vV p(z,y)).

Now, for a finitely typed generalised partial metric space (X,p), we find from
Proposition 4.1.5 that, for any subset S C X and any z € X,

reS <= plz,x)> /\ p(z,s) —p(s,s) +p(s,x)

seS (12)
— 0> N plx,s) = p(s,s) +p(s, ) — p(x, )
sesS

SBut we insist that for  # y in X it may still happen that p(z, y) = oo.
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The expression under the infimum is thus precisely equal to po(z, s) + po(z, s) for
the generalised metric pg associated with the partial metric p through the change of
base Jy: D(R) — R (see below Example 3.3.5). That is to say:

Proposition 5.1.2 The categorical topology on a finitely typed generalised partial
metric space (X, p) is identical to the topology on the generalised metric space
(X, po) (where po(y, x) := p(y, ©) — p(z, x)).

Putting both previous Propositions together, we can conclude that the categorical
topology on a finitely typed generalised partial metric space is always metrisable
by means of a symmetric generalised metric. And for such a symmetric generalised
metric space (X, d), Proposition 4.1.5 says that

rel < 0> /\d(x,s)—i—d(s,:c) — 0> /\Q'd(w,s)
seS ses
— 0> /\d(w,s) = Ve>03seS:d(z,s)<e
ses

Thus the categorical topology on (X, d) is exactly the usual metric topology—with
a basis given by the collection of open balls

{B(z,e):={y € X | d(z,y) <e} |z € X,e >0},

with its usual notion of convergent sequences, etc.

One could consider this a disappointment: there are not more “partially metris-
able topologies” then there are metrisable ones. Still, one must realise that it is not
always trivial to interpret topological and/or metric phenomena in a given finitely
typed partial metric (X, p) by passing to some metric (X, d) which just happens to
define the same topology. The next subsection is entirely devoted to the study of
convergent sequences in finitely typed partial metrics.

5.2 Convergence ...

A fundamental use of topology is its inherent notion of convergence for sequences:
(n)n —  in a topological space (X, T) when for every x € U € T there exists an
ng such that z,, € U for every n > ng. When the topology stems from a symmetric
generalised metric d on X, it is sufficient to consider open balls centered in xz, and
SO

(Tp)n = & <= Ve >03IngVn >ng: d(xp,x) <e.

A convergent sequence is necessarily a Cauchy sequence, meaning that

Ve > 03dng Vm,n > ng : d(zy, zp) < &,
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and a symmetric generalised metric space is said to be (sequentially) Cauchy com-
plete precisely when every Cauchy sequence converges. But note that the definition
of Cauchy sequence is symmetric in x,, and x,, even when the generalised metric
d is not symmetric—and so it makes perfect sense for any generalised metric space.
As recalled in Example 2.3.2, Lawvere [17] proved that a generalised metric space
(X, d) is sequentially Cauchy complete if and only if every left adjoint distributor
into (X, d) (now viewed as an R-enriched category) is representable.

Now consider a finitely typed generalised partial metric space (X, p); its cate-
gorical topology is equivalently described by the symmetric generalised metric

(Po)s(y, ) = po(y, =) Vpo(z,y) = (p(y, ) —p(z, )V (p(z,y) —p(y,y)), (13)

and therefore a sequence (z,,), in (X, p) converges to x € X precisely when
Ve > 03dng VYn > ng : (p(z,2n) — p(Tn, Tn)) V (P(Tn, 7) — p(z,2)) <e. (14)

In what follows we shall first try to improve on our understanding of this formula,
and thus of convergence in (X, p), before we look at Cauchy sequences and com-
pletion.

For any quantaloid Q, the terminal object T in Cat(Q) (exists and) has the
following description: its object set is Tg = Qp, the type function is the iden-
tity, and the hom function is Tg x Top — Q;: (Y, X) — Txy (where Txy is
the top element in Q(X,Y’)). The unique functor from a Q-category C to T is
Co — To: x > tx, that is, it is C’s type function. From Proposition 4.1.6 we
deduce that the type function of a Q-category is continuous—but, of course, the use
of this statement depends on the categorical topology of T. If we work over the
quantaloid D(R)n, (so that Cat(D(R)n,) = Cat(D(R))n; is exactly the category
of finitely typed partial metric spaces), then things are as follows:

Proposition 5.2.1 The terminal finitely typed generalised partial metric space (T, p)
is defined by T = [0, 00[ and p(a,b) = a V b; its categorical topology is the usual
metric topology.

Proof. The general construction of the terminal D(R)n,-category T, which we now
write as a generalised partial metric space (7', p), says that

T = objects of D(R)n; = [0, 0]
p(a, b) = top element of D(R)n,(a,b) =a Vb

From the above discussion, the categorical topology on the partial generalised met-
ric (7', p) is equivalently described by the (“total”) generalised metric (7', pg), which
in turn is equivalently described by its symmetrisation (X, (po)s). A simple com-
putation leads to

(Po)s(a,b) = po(a,b) V po(b,a) = ((aVb) —a) vV (aVb) —b) = |a -0,
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That is to say, the categorical topology on (T, p) (qua partial metric space) is pre-
cisely the usual metric topology. O

Corollary 5.2.2 For every finitely typed generalised partial metric space (X, p),
equipped with its categorical topology,

i. the function X — [0,00[: x > p(z,x) is continuous (for the usual topology

on [0, 00|),

ii. if (xp)n — xin (X, p) then lim, o0 p(xn, T,) = p(z, x).
We can now prove a practical characterisation of convergence in a finitely typed
partial metric space, which subsumes the definition of convergence from [5] (in the
case p is symmetric, separated and never takes the value co) and improves the one
given in [19] (in that it eliminates all double limits'4):

Proposition 5.2.3 In a finitely typed generalised partial metric space (X, p), equip-
ped with its categorical topology, we have a convergent sequence (), — x if and
only if all three limits

lim p(z,x,), lim p(x,,z,)and lim p(x,,x)
n—o00 n—00 n—o00

(exist and) are equal to p(x, x).

Proof. Suppose first that (z,,), — z in (X,p). Because p(z,zy) A p(xn,z) >
p(z,x) V p(xy, z,), the expression in (14) is equivalent to

Ip(x, 20) — p(Tn, xn)| < &
Ve >03dngVn >ng:
0= { p(20, 2) — plz, )| <

and so in particular lim, oo p(zn,z) = p(x,z). Corollary 5.2.2 assures that
limy, 00 p(Tp, Tpn) = p(z, x), that is,

Ve > 03n1 Vn > ny @ |p(zn, zn) — plz, z)| <&,
and so for any n > ng V ny also
Ip(z, 2n) — p(z,2)| < |p(x, 2n) — p(@n, 2n)| + |P(Tn, 2n) — Pz, )| < 26

Therefore lim,, o0 p(z, z,) = p(x,z) too. Hence we proved the necessity of the
three limits.

14Precisely, in [19] it is required that lims, n— oo P(Tm, Tn) = p(x,z) instead of our condition
limp 00 P(@n, xn) = p(x,z). Conceptually, our simple limit expresses that the type of x,, should
converge to the type of x (but nothing more); therefore our notion of convergence is directly applicable
to the typed sequences of Definition 5.3.1 further on.
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Conversely, knowing that lim,,_, p(z, x,) = p(z,x) = limy, 00 p(Tn, Tn),
we find also

0< |p(x,xn) *p(linal'n” < ]p(x,a:n) —p(:v,x)| + |p(x,:L‘) *p(xn,l‘n”,

whence lim,,_, oo (p(z, ) — p(2n, y)) = 0. Together with lim,, o0 p(2p, x) =
p(z, x) this shows the sufficiency of the three limits. O
The middle limit in the above proposition is crucial, as the following example indi-

cates:

Example 5.2.4 For A a (non-empty) finite alphabet, let X be the union of all non-
empty words and all sequences in that alphabet: it is a finitely typed generalised
partial metric space if we put p(z,y) = (%)”C where k is the position of the first
letter in which = and y do not agree. Now consider a sequence (), with xg € A
and each z,1 is equal to =, concatenated with one extra letter: we then have
that lim,, o0 p(20, ) = p(x0,x0) = limy_00 p(xn, o), but it is against all in-
tuition to say that (x,,), converges to xy! Precisely because lim,,,oc p(xn, ) #
p(xo, xo) this pathological behaviour is excluded.

Note that Proposition 5.2.3 contains the usual convergence criterion in an ordinary
metric space, where we would have p(z,z) = 0 = p(zp,z,) and p(z,x,) =
P(@n, ).

5.3 ... and completeness

We now turn to the study of Cauchy sequences in, and completion of, finitely typed
partial metric spaces (for the categorical topology).

Recall that a finitely typed generalised partial metric space (X, p) is a D(R)n,-
category X with object set Xg = X, type function tx = p(x, ) and hom-arrows
X(y, z) = p(y, z). The crucial rdle of the type function as “indicator of partialness”
was already apparent in the previous subsection. To facilitate our discussion of
sequences in (X, p) we find it useful to introduce some further terminology:

Definition 5.3.1 A sequence (x,), in a finitely typed generalised partial metric
space (X, p) is typed whenever lim,,_,c p(yn, xy) exists in [0,00[; that limit is
then called the type of (zn)n.

Because we only consider sequences in a finitely typed (X, p) (for the reasons ex-
plained in Subsection 4.3), any typed sequence is in fact of finite type too.

Lemma 5.3.2 For any finitely typed generalised partial metric space (X,p), the
following defines an equivalence relation on the set of all typed sequences in (X, p):

def, . .
(Tn)n ~ (Yn)n & lim P(Tn, yn) = lim p(y,, z,)

= lim p(yn,yn) = im p(yn, z5).
n—o0 n—o0
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Proof. Reflexivity and symmetry are obvious. If (zy,)n ~ (yn)n and (yn)n ~ (2n)n
then all three must have the same type, say ¢, and since both extremes of the double
inequality

p(xn, xn) \ p(Zm Zn) < p(xn, Zn) < p(m‘n, yn) - p(ym yn) + p(yna zn)

converge to ¢ when n goes to co, so does the middle term. Similarly we can compute
that lim,, o p(2n, Tn) = q. O
Let us stress that the equivalence relation only pertains to typed sequences, and that
equivalent sequences necessarily have the same type. As was also done in [18], we
furthermore define:

Definition 5.3.3 A sequence (x,), in a finitely typed generalised partial metric
space (X, p) is Cauchy if (p(Tn, Tm)) (n,m) is a Cauchy net in [0, 0o].

Here we regard [0, co] canonically as a generalised metric space: d(a,b) = max(a—
b,0). By our general considerations, its categorical topology is metrisable by the
symmetric distance function

Oifa=0c0=0>
ds(a,b) = d(a,b) Vd(b,a) = la —b|ifa#o00#b
oo otherwise

If a net (@(m,n))(m,n) is Cauchy in [0, oo] then it is either eventually constant oo
or eventually finite. Since (X, p) is finitely typed by assumption, the former can-
not happen for @, ) = p(Tn, Tm), so every such Cauchy net lies eventually'® in
[0, 00]. As this is a complete space, the Cauchy net (p(x,, xm))(n,m) converges to
the “double” limit lim,, ,—o0 P(Zn, ) in the usual sense (see [15] for details on
sequences and nets).

The following results use the equivalence relation on typed sequences to ex-
press the expected interplay between convergent sequences and Cauchy sequences
in partial metric spaces:

Proposition 5.3.4 In a finitely typed generalised partial metric space (X, p),
i. any constant sequence (x)y, is typed, with type p(z, ),
ii. (xpn)n — xifand only if (x,)y (is typed and) (xp)n, ~ (T)n,
i, if () —  and (yn)n is typed, then (n)n ~ (yn)n if and only if (yn)n —
€,
iv. any Cauchy sequence (), is typed, with type limy, 500 P(Tn, Tm),
Vo 1if (xn)n ~ (Yn)n then either one is Cauchy if and only if the other one is too,

5Thus this notion of Cauchyness narrows down to the one in [5, 18] which is only concerned with
partial metrics satisfying p(z,y) < oo forall z,y € X.
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vi. every convergent sequence is Cauchy.

Proof. (1) Is trivial. (2) This is a reformulation of Proposition 5.2.3. (3) Follows
from the previous assertion and transitivity of ~. (4) If the net (p(Zn;, Zm)) (n,m)
converges in [0, o], then the subnet (p(zy, z,,)), converges to the same value. (5)
Assume that (x,,), and (y,), have type ¢ and that (y,), is a Cauchy sequence.
Then, for all natural numbers n and m,

p(xnaxn) < p(xn,mm)
< p(xm yn) - p(yna yn) + p(ym ym) - p(yma ym) + p(yma xm);

and since both extremes of this double inequality converge to ¢ when (n, m) goes
to (00, 00), so does p(zy, T ). (6) If (zy,)n — x, then (z,)n ~ (2)y; since (z)y, is
Cauchy, (xy,)y, is so too. O

To convince the categorically inclined that Definition 5.3.3 makes perfect sense,
we shall show that there is an essentially bijective correspondence between Cauchy
sequences in a finitely typed partial metric space (X, p) on the one hand, and
Cauchy distributors on the D(R),,-category X (still defined by Xo = X, tz =
p(z,x) and X(y,z) = p(y,x), of course). Recall that a D(R),,-distributor ¢ :
1,-e+Xis (in terms of the partial metric) defined by a number ¢ € [0, oo| together
with a function ¢: X — [0, co] such that

qVp(y,y) < o(y) <ply,r) —p(r,x) + () (15)

for all z,y € X. Similarly, a D(R),,-distributor ¢): X-e+1, is a number ¢ €
[0, oo together with a function ¢): X — [0, oo| such that

qVoy,y) <vy) <yY) —plx,z) +plz,y) (16)

for all z,y € X. Such distributors form an adjoint pair ¢ 4 ¥ (and so ¢ is a Cauchy
presheaf, and then we rather write ¢* = ¢) ifand only if 1, < 9 ®¢ and p®1 < X
in Dist(D(R)nz), that is, for all z,y € X,

N ©(2) = p(z,2) + 6(2) < ¢ and ply, ) < b(y) — g+ ¥(z). (A7)
zeX
Fixing x € X, the representables X(—, z): 1;; —o+X and X(z, —): X-o+1;, al-
ways form an adjoint pair; they correspond to the functions p(—, z): X — [0, 0o
and p(z, —): X — [0, 0], with ¢ = p(z, x).

Lemma 5.3.5 If (z,,), and (yn)n are Cauchy sequences in a finitely typed gener-
alised partial metric space (X, p) then (p(xy,, Ym))n,m is a Cauchy net in [0, 0.
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Proof. Lete > 0. Since (zy,)y, and (y, ), are Cauchy sequences in (X, p), there is
a natural number N so that for all n, m,n’,m’ > N,

P(Tn, Tnt) = D(Trrs Tr) < € DYty Ym) — DY/ Ymy) < €,

P(Tn, Tn) = D(Tn, Tn) <€ P(YmsYm!) — P(Yms Ym) < €.

From these inequalities (and the triangular inequality for p) we obtain

P(Tny Ym) — P(Tnrs Ymr)
< (P(@ns Twr) = (@0, Tnr) + P(T0rs Ym)) — P(Tnts Yo
<e+p(@ns Ym) — P(Tnss Ymr)
< e+ P@ns ym) = Wmes Ymr) + PYnr, Ym)) — (@0 Y
<e+p(@ns Ym) + € = D(Tw, Y )
< 2¢;

similarly (and simultaneously) p(x,/, Ym/) — P(Tn, Ym) < 2¢ too. This tells us
that |p(zy, Ym) — P(Tn, Yy )| < 2e, for all n,m,n’,;m’ > N, which establishes
Cauchyness of the net. O
In particular, if (z,), is a Cauchy sequence in a finitely typed generalised partial
metric space (X, p) then, for every y € X, both (p(y,x,))n and (p(zn,y))n are
Cauchy sequences in [0, 0], and therefore converge. This guarantees the existence
of the limits in the statement of the next theorem.

Theorem 5.3.6 Let (X, p) be a finitely typed generalised partial metric space, and
X the corresponding D(R)n,-category (with Xg = X, tx = p(x, ) and X(y,z) =
p(x,x), as always). If (xy)n is a Cauchy sequence in (X,p), and we put ¢ =
limy, ;00 D(Zn, T, then

¢ : 1,—e+ X with elements ¢(y) = lim p(y, zy,)

n—o0

is a Cauchy presheaf of finite type, whose right adjoint is
Y : X—e 1, with elements 1 (y) = lim p(zp,y).

n—oo

This correspondence is bijective between equivalence classes of Cauchy sequences
on the one hand, and Cauchy distributors of finite type on the other. Moreover, a
Cauchy sequence converges (to x € X) if and only if the corresponding Cauchy
distributor is representable (by x € X).
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Proof. First we verify (15) to make sure that ¢: 1, -+ X is a well-defined presheaf
on X. Because p is a partial metric we certainly have p(y,y) V p(zn,z,) <
p(y,xn) < p(y,x) — p(x,x) + p(x,z,) for all n. Letting n go to 0o, we there-
fore find that p(y,y) V¢ < ¢(y) < p(y,z) — p(z, z) + ¢(z), as required. A similar
reasoning holds to verify (16) for .
To show that ¢ - 1), we have to verify (17); applied to the case at hand, this

means that

/\ lim p(xy,z) —p(z,2) + lim p(z,z,) < ¢

zeX n—oo n—oo

and p(y,z) < lim p(y,z,) — ¢+ lim p(z,,z)
n—oo n—oo

for all x,y € X. To see the first inequality, let ¢ > 0. Since (x,), is a Cauchy
sequence of type ¢ in (X, p), there is a natural number N so that for any n > N

plen,zn) <qg+e, plan,z,) <g+e and q—c <plzy,zNn).

Therefore
p(zn,zN) — pzn,2N) +p(ZN, 2n) < g+ 3¢,

and the assertion follows by choosing ¢ arbitrarily small and letting n go to co. To
show the second inequality, for € > 0 let IV be a natural number so that, for all
n,m> N,

P(Tn, Tm) — p(Tn,2n) <€ and ¢ —e < p(Tm, Tm)

for all n,m > N. It then follows that

p(y,x) < p(y,zn) — (Tn, Tn) + p(Tn, Tm) — P(Tm, Tm) + P(Tm, Y)
< p(y,xn) + &= p(@m, Tm) + P(Tm, Y)
< py,xn) +e—(q—¢)+p(Tm,y)
< p(y, ) — g+ p(xm,y) + 2.

Choosing ¢ arbitrary small and letting n and m go to oo, this proves the point.
If (yn)n is a Cauchy sequence with (yy, ), ~ (Zn)n, then we have in particular
that limy, o0 P(Yn, Yn) = limy, 00 p(yn, ). For any 2 € X we know that

p(z,2n) < p(2,9n) = PUns Yn) + P(Yn, Tn),

and therefore lim, o0 p(z, ) < lim, oo p(2,yn). A similar argument shows
the reverse inequality, which proves that both sequences define the same Cauchy
distributor. Conversely, if two Cauchy sequences (z,),, and (yy, ), induce the same
Cauchy distributor ¢ : 1,-e+X, with right adjoint ¢) : X-e+ 1, then they are of the
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same type q. Moreover, for every € > 0, there exist some natural number N so that,
foralln > N

q < ¢(xn) = lim p(rn,zm) < g+eand g < YP(yn) = m p(yYm, yn) < g +e.
m—o0 m—0o00

Hence, p(zn, 2n) < p(@n,Yn) < ¢(2n) — ¢+ P(yn) < g+ 2¢, foralln > N,
which proves (z,,)n ~ (Yn)n-

Let now ¢ < ¢ with ¢ : 1,—+X and ¢ : X-e+1, (for some ¢ € [0, o0]).
Thanks to the first inequality in (17) we can pick, for every natural number n, an
element x,, € X so that

$(2n) — P(@n, 2n) + (x0) < + %

But (15) and (16) say that p(zy, z,) V ¢ < ¢(zp) A Y(zy), so we find

p(zn, on) < g+ % and g < p(zn, zn) + %

P 20) < 0n) < o, 20) +

and  p(zp, zn) < Y(zn) < plon, ) + %,
which implies that

q= lim p(zn,r,) = lim @(z,) = lim P (zy,). (18)
n—00 n—00 n—oo

By the second inequality in (17) we know that

p(xnv xn) S P(xm xm) S ¢(xn) —q + ¢(96m)

for all n and m, so with (18) we obtain limy, ;,—c0 P(Tn, Zm) = ¢, and we proved
(zn)n to be a Cauchy sequence in (X, p). Finally, this Cauchy sequence in turn
determines the Cauchy presheaf it was constructed from: because from (15) and
(16) we get

o(z) < p(x, zn) — p(Tn, T0) + ¢(2n) and P(z) < Y(wy) — p(T0, T0) + (T, T)
for all z € X and all natural numbers n, and with (18) we find that

(ZS < lim p(_axn) and ”¢ < lim p(l‘n, _)

n—o0

too; and these inequalities are equalities because ¢ - ¢ and (as attested by the first
part of this proof) lim,, o p(—, ) 3 limy, 00 p(Tn, —). O
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Combining the above Theorem 5.3.6 with the remarks in Subsection 4.3, we arrive
at the following conclusions.

Corollary 5.3.7 A generalised partial metric space (X, p) is categorically Cauchy
complete (meaning that every Cauchy distributor on (X, p) qua D(R)-enriched cat-
egory is representable) if and only if the finitely typed part of (X, p) is sequentially
Cauchy complete (meaning that every Cauchy sequence in (X, p) converges) and
(X, p) has at least one point of type .

Especially Proposition 4.3.2 helps us with:

Example 5.3.8 The Cauchy completion of a generalised partial metric space (X, p)
viewed as a D(R)-category X, is the sum in Cat(D(R)) of the Cauchy completion
qua D(R)n,-enriched category of X, plus a singleton of type oo:

ch - (an)cc + Iloo~

But X, is exactly the finitely typed part of (X, p), and we know by Theorem 5.3.6
that the finitely typed Cauchy presheaves on the finitely typed part of (X, p) are in
one-to-one correspondence with equivalence classes of Cauchy sequences. There-
fore, the Cauchy completion of (X, p) has as elements the equivalence classes of
Cauchy sequences in the finitely typed part of (X, p), plus an extra point which we
shall denote by oo, and comes with the partial metric defined by

(00, [(@n)n]) = P([(zn)n], 00) = p(00, 00) = o0
and
p([(@n)nl, [(yn)n)]) :/\ T}Lngop(xna 2)—p(z, Z)+n1LII;op(Z, Un) = T}ergop(xn, Yn)-
zeX

Indeed, the first equality in the line above is exactly the formula for the hom-arrow
in X between the corresponding Cauchy distributors; the second equality can be
proven as follows. Thanks to Lemma 5.3.5 we know that (p(=7, Ym)(n,m)) i @
Cauchy net in [0, oc], so it converges, and therefore so does the subnet (p(Z, Yn )n);
so we may put ¢ = limy, 00 p(Zn, Yn ). Since we always have

p(xn, yn) < p(l'na Z) —p(Z, Z) +p(zvyn)

we can let n go to 0o, and then take the infimum over z, to see that the “>" in the sec-
ond equality always holds. For the “<”, let ¢ > 0. Since both (p(zs, Zm)) (n,n) and
(P(Tn, Ym)) (n,m) are Cauchy nets in [0, 0o] (as, again, attested by Lemma 5.3.5),
there is some natural number NN so that, for alln > N,

p(zn,ny) —plan,on) <e  and  plan,yn) < q+e.
Therefore lim,, o0 p(zn, zN) — p(zN, N ) + limy 00 P(TN, Yn) < g+ 2¢, and the

assertion follows.
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The above results for partial metric spaces of course apply to metric spaces too—and
almost produce the “usual” results. Indeed, a Cauchy sequence in a (generalised)
metric space (X, d) in the sense of Definition 5.3.3 is exactly a Cauchy sequence
in the usual sense; and it converges in (X, d) qua partial metric if and only if it
does so in (X, d) qua metric. Put differently, a Cauchy distributor on (X, d) qua
R-category is neither more nor less than a Cauchy distributor on (X, d) qua D(R)-
category of type 0 (because the type of a Cauchy presheaf ¢ = lim,,_,oc d(—, x,,)
on X = (X, d) is necessarily lim,,_, o d(zy, x,) = 0); and it is representable qua
R-enriched distributor if and only if it is qua D(R)-enriched distributor. However,
the Cauchy completion of (X, d) qua metric space does not create that “extra point
at infinity”, which the Cauchy completion of (X, d) qua partial metric space always
does!

5.4 Hausdorff distance, exponentiability

In [21] we developed a general theory of ‘Hausdorff distance’ for quantaloid-enrich-
ed categories; applied to the quantaloid D(R) this produces the following results for
partial metrics.

Example 5.4.1 The Hausdorff space H (X, p) = (HX, py) of a generalised par-
tial metric space (X, p) is the new generalised partial metric space with elements

HX ={SC X |Va,2' € S: p(x,x) = p(z’,2")}

(i.e. the typed subsets of X') and partial distance

po(T, ) = \/ )\ p(t,5). (19)

teT seS

The inclusion (X, p) — H(X,p): = — {z} is the unit for the so-called Hausdorff
doctrine H{: GPMet — GPMet, and as such enjoys a universal property: it is the
universal conical cocompletion (see [21, Section 5]).

The naive extension of the formula in (19) to arbitrary subsets of (X, p) fails
to produce a partial metric, for the following reason. Suppose a and b are elements
of a partial metric space (X, p), with p(a,a) < p(b,b). Then {a, b} is not a typed
subset of X, but if we nevertheless use the sup-inf formula we find in particular that

pﬂ{({(l}, {a’ b}) = p(CL, a)7 pﬂ'f({a’ b}7 {b}) = p(a, b),

pﬂ{({a}v {b}) = p(a, b)’ pg{({a, b}7 {(Z, b}) = p(b, b)
We have py¢({a},{a,b}) — psc({a, b}, {a, b}) + ps({a, b}, {b}) 2 psc({a},{}).

so that pq¢ fails to be a partial metric.
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We gave a general characterisation of exponentiable quantaloid-enriched categories
and functors in [4]; this specialises to the case of partial metric spaces as follows.

Example 5.4.2 A generalised partial metric space (X, p) is exponentiable in the
(cartesian) category GPMet if and only if

for all zp, 22 € X and u, v, w € [0, 00| such that
p(wo,0) Vv < wand p(z2,72) Vv <w:

/\ {(u\/p(xo,xl)) — v+ (wVp(xr,z2)) | x1 € X, p(z1,21) = v}
= (u—v+w)V p(xo,z2).

(20)

This literal application of the very general Theorem 1.1 of [4] (but see also Section
5 of that paper) to the specific quantaloid D(R) can be simplified somewhat. First,
using the triangular inequality for the partial metric, it is straightforward to verify
that the “>" in (20) always holds. Second, the “<” is trivially satisfied whenever
either of p(zg, z2), u or w is co (because the right hand side is then c0); because
p(zo,x0) V p(x2,22) < p(z0,72) We may also exclude the cases where either
p(xo, o) or p(xa,x2) is 0o; and because v < u A w (in the hypotheses) we may
exclude the case v = co. The above condition thus becomes:

for all zp, 22 € X and u, v, w € [0, oo such that
p(zo0, r2) < 00, p(x0,70) Vv < wand p(rz,r2) Vv < w:

/\ {(u\/p(xo,xl)) — v+ (wVp(z1,22)) | 21 € X,p(x1,21) = v}
<(u—v+w)Vp(xg,x2).

@2y

It actually suffices to check this condition only when p(xg, x2) < u—v+w. Indeed,
whenever u— v +w < p(zg, z2) we may apply this (hypothetically valid) condition
onu — v+ w = p(xg, z2) for the appropriate ' > w in the first inequality below,
to find that

(u—v+w)Vp(re,x2) = (u' — v+ w) V p(xo, 72)
> /\{(u’ Vp(zg,z1)) — v+ (wVp(xr,x2)) | 1 € X, p(z1,21) = v}

> A{(uV p(xo, 21)) = v+ (w V p(w1,22)) | 21 € X, plar, 21) = v}

anyway. But for p(xg, x2) < u — v + w, the inequality in (21) is further equivalent
to

/\{(u Vp(xo,x1)) + (wVp(xy,x2)) | 21 € X, p(z1,21) = v} <u+w
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sincev < u+w < oo and {x; € X | p(x1,z1) = v} cannot be empty. Therefore
we finally find that a generalised partial metric space (X, p) is exponentiable in
GPMet if and only if

for all zg, 29 € X, u,v,w € [0,00[ and £ > 0 such that

p(zo,z2) < u—v+w, p(zo,zo) Vv < uand p(ze, x2) Vv < w
there exists 1 € X such that

p(x1,21) = v, p(xo, 1) < u+eandp(xr,x2) < w+e.

(22)

This immediately implies that an exponentiable partial metric space is either empty,
or has all distances equal to oo, or has for every r € [0, oo[ at least one element with
self-distance r. In particular a generalised metric space (X, d) is exponentiable in
GPMet if and only if it is empty (even though a non-empty (X, d) may still be
exponentiable in GMet!).

Furthermore, with the same proof as in [11, Theorem 5.3 and Corollary 5.4], we
obtain that every injective partial metric space (in particular, every partial metric ob-
tained from the presheaf construction in GPMet = Cat(D(R)), see Subsection 2.3)
is exponentiable; moreover, the full subcategory of GPMet defined by all injective
partial metric spaces is Cartesian closed.
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